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In this talk we investigate the boundary behavior of finitely bi-Lipschitz homeomorphisms between
Finsler manifolds. Our study involves the module technique and classes of mappings whose moduli
of the curve/surface families are integrally controlled from above and below. The Lusin (N)-property
with respect to the k-dimensional Hausdorff measure for the finitely bi-Lipschitz mappings is also
established. The talk is based on a joint work with A. Golberg; see [1].

Let M be an n-dimensional differentiable manifold, n > 2. By the differentiability we mean C°°—
differentiability. For a point © € M, T, M denotes the tangent space at x, and TM = UpemT.M is
the tangent bundle. The Finsler manifold is a differentiable manifold M equipped the Finsler metric
O (z,¢) : TM — R satisfying the conditions:

(1) reqularity: ® € C*° on TMy :=TM \ {0};

(ii) positive homogeneity: ® is positive homogeneous that is ®(z,af) = a®(x,&) for all positive
a € R and ®(z,£) > 0 for £ # 0;

(ili) the Legendre condition or strong convezity condition: g;;(x,§) =
whenever £ # 0.

Following [3], an element of volume on the Finsler manifold is defined by dog(x) := Ig:} dxt...dx",

where |B™| denotes the Euclidean volume of the unit n-ball whereas |BZ| is the Euclidean volume of
n

the set B = {(51, L&) eER D <x, Z(fi,ei(a:))> < 1} with an arbitrary basis {e;(z)}l"; in R"
T
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is positive definite

depending on z.
Suppose that D and D" are two domains on M and M/, respectively, f : D — D’ is a continuous

mapping. Let L(z, f) = limsup,_,, %, xz € D and l(z, f) = liminf,_,, W.
Following [2], we say that f: D — D’ is finitely Lipschitz if L(x, f) < oo for all x € D and finitely
bi-Lipschitz if
0<lz, f) <Lz, f) <oo

for all z € D.
A Borel function p: Ml — [0, oc] is called admissible for the family I" of k-dimensional surfaces S in
M, k=1,...,n—1, (abbr. p € admT), if

/pdeq>21, vV Ser. (1)
S

Following 2], the function p : M — [0, co] measurable with respect to the measure of a volume og is
called extensively admissible for a family T' of k-dimensional surfaces S in M (abbr. p € extadmT), if
the admissibility condition (1) holds for almost all (a.a.) S €T

The conformal module or module (called also the conformal modulus) of a family I" of k-dimensional
surfaces in D is defined by

M) nt / o () dow (z),

D
where D is a domain in M.
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Let @ : M — (0,00) be a measurable function. A homeomorphism f : D — D' is called lower

Q-homeomorphism at a point xg € D, if there exists §g € (0,d(zo)), d(zo) := sup de(z, x0), such that
z€D

for any €9 < dp and any geodesic rings A, = A(zg,e,60) = {x € M : € < dg(z,20) < €0}, € € (0,€0),
the inequality

MUE)) = / Q@) ‘@) @)
DNA.

holds. Here X, stands for the family of all intersections of the geodesic spheres S(zg,r) = {x € M :
de(z,x9) = r},r € (g,e0), with the domain D. We say that the homeomorphism f : D — D’ is a
lower Q-homeomorphism in D, if f is lower Q-homeomorphism at every point z¢ € D.

For sets A, B and C, we denote by A(A, B; C) the set of all curves 7 : [a,b] — M, which join A and
Bin C,ie. vy(a) € A, v(b) € B and 7(t) € C for all t € (a,b).

Let @ : M — (0,00) be a measurable function. We say that a homeomorphism f: D — D’ is ring
Q-homeomorphism at a point xq € D, if

M (AU FE) D) < [ Q) (dal,no)) doo(a) 3)
DnNA.
holds for any geodesic ring A. = A(zg,¢e,20), 0 < £ < g9 < 00, any two continua (compact connected

sets) K C B(xo, )N D and Ko C D\ B(z,£0) and each Borel function 7 : (¢,e9) — [0, o0], such that
€0 —
[ n(r)dr = 1. We say that f is a ring Q-homeomorphism in D, if (3) holds for all points zo € D.
€
Recall that a metric space M is called hyperconves if Naep B(7q, 7o) # () for any collection of points
{za}aca in M and positive numbers {ry}aea such that d(zq,z5) < 7o + g for any o and 3 in A.
The main result of talk is following

Theorem 1. ([1]) Let D and D' be two domains in Finsler n-dimensional manifolds (M, ®) and
(M, ®"), respectively, n > 2, and let M be a hyperconvexr space. If f : D — D' is a finitely bi-
1

Lipschitz homeomorphism then f is both lower Q-homeomorphism with QQ = Kl”f1 (z, f) and ring
Q«-homeomorphism with Q. = C - Ki(x, f), where K(z, f) € Llloc stands for the inner dilatation of
mapping f, and C is a constant arbitrarily close to 1.
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