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Èçâåñòíà êëàññè÷åñêàÿ ôîðìóëà äëÿ ïðåîáðàçîâàíèÿ Ëåæàíäðà [1]:

f∗(p) = max
x∈Rn

[(p, x)− f(x)] , (1)

ãäå Rn � åâêëèäîâî n-ìåðíîå àðèôìåòè÷åñêîå ïðîñòðàíñòâî, (p, x) � ñêàëÿðíîå ïðîèçâåäåíèå
x, p ∈ Rn, f(x) � âûïóêëàÿ ôóíêöèÿ, f∗(p) � äâîéñòâåííàÿ ê f(x) èëè ïðåîáðàçîâàíèå Ëåæàíäðà
ôóíêöèÿ f(x). Â ðàáîòå [2] áûëî ââåäåíî àíàëîãè÷íîå ïîíÿòèå äëÿ êîíôîðìíî-ïëîñêèõ ìåòðèê
íà åäèíè÷íîé n-ìåðíîé ñôåðå Sn ⊂ Rn+1;

f∗(y) = max
x∈Sn

‖y − x‖2

2f(x)
, (2)

çäåñü f(x) êîíôîðìíî-âûïóêëàÿ ôóíêöèÿ íà ñôåðå [3], òî åñòü ôóíêöèÿ äëÿ êîòîðîé êîíôîðìíî-

ïëîñêàÿ ìåòðèêà ds2 = dx2

f2(x)
èìååò íåîòðèöàòåëüíóþ îäíîìåðíóþ ñåêöèîííóþ êðèâèçíó, ‖y − x‖ �

õîðäîâîå ðàññòîÿíèå ìåæäó òî÷êàìè íà ñôåðå, f∗(y) y ∈ Sn ôóíêöèÿ çàäàþùàÿ äâîéñòâåííóþ èëè

ïîëÿðíóþ ìåòðèêó ds∗2 = dy2

f∗2(y) . Â ðàáîòå [5] áûëî ïðåäëîæåíî íàçâàòü ýòî ïðåîáðàçîâàíèå òàêæå

ïðåîáðàçîâàíèåì Ëåæàíäðà ôóíêöèè f(x) x ∈ Sn. Ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ ôîðìóëà (2)
èìååò äèñêðåòíûé âèä;

f∗(yj) = max
xi∈Sn

‖yj − xi‖2

2f(xi)
, (3)

ãäå {xi} êîíå÷íàÿ ñåòêà òî÷åê íà ñôåðå. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àáñòðàêòíîå îáîáùåíèå
ôîðìóëû (3) äëÿ èäåìïîòåíòíîé ìàòåìàòèêè.

Îïðåäåëåíèå 1. Ïóñòü n > 1, R+
n � ìíîæåñòâî íàáîðîâ f = {fi}, i = 1, . . . , n ïîëîæèòåëüíûõ

÷èñåë, A = ‖Aji‖ i, j = 1, . . . , n ñèììåòðè÷íàÿ êâàäðàòíàÿ ìàòðèöà íåîòðèöàòåëüíûõ ÷èñåë ñ
íóëåâîé äèàãîíàëüþ. Îáîçíà÷èì ÷åðåç LA � îòîáðàæåíèå ìíîæåñòâà R+

n â ñåáÿ LA : R+
n → R+

n

îïðåäåëÿåìîå ôîðìóëîé LA [{fi}] = {f∗j }, ãäå

f∗j = max
i

Aji

fi
. (4)

Çàìå÷àíèå 2. Â ôîðìóëå (4) ó÷àñòâóþò òîëüêî äâå îïåðàöèè íàä íåîòðèöàòåëüíûìè ÷èñëàìè
óìíîæåíèå (äåëåíèå) è max (min), ñ ïîìîùüþ ôóíêöèè log ýòî ìíîæåñòâî ÷èñåë ìîæíî îòîæ-
äåñòâèòü ñ èäåìïîòåíòíûì ïîëóêîëüöîì Rmax = R ∪ {−∞} ñì.[6], [4].

Òåîðåìà 3. Ïðåîáðàçîâàíèå (4) ïîëóêîëüöà Rmax = R ∪ {−∞} îáëàäàåò ñâîéñòâàìè:

f∗∗i ≤ fi, f∗∗∗i = f∗i i = 1, . . . , n, (5)

ãäå {f∗i } = LA [{fi}], {f∗∗i } = LA [{f∗i }], {f∗∗∗i } = LA [{f∗∗i }].

Ñëåäñòâèå 4. Â óñëîâèÿõ òåîðåìû 3 ñïðàâåäëèâî íåðàâåíñòâî: f∗j ·fi ≥ Aji � àíàëîã íåðàâåíñòâà
Þíãà�Ôåíõåëÿ.

Ïðèìåð 5. Ðàññìîòðèì êàê âûãëÿäèò LA ïðè n = 3, ïóñòü ìàòðèöà A èìååò âèä:

A =

 0 a b
a 0 c
b c 0


1



2

Òîãäà {f∗i } = LA [{fi}], {f∗∗i } = LA [{f∗i }] èìåþò âèä:

f∗1 = max

(
a

f2
,
b

f3

)
, f∗2 = max

(
a

f1
,
c

f3

)
, f∗2 = max

(
b

f1
,
c

f2

)
;

f∗∗1 = max

(
amin

(
f1
a
,
f3
c

)
, bmin

(
f1
b
,
f2
c

))
,

f∗∗2 = max

(
cmin

(
f1
b
,
f2
c

)
, amin

(
f2
a
,
f3
b

))
,

f∗∗3 = max

(
cmin

(
f1
a
,
f3
c

)
, bmin

(
f2
a
,
f3
b

))
.

Çàìå÷àíèå 6. Êàê ïîêàçàëè ÷èñëåííûå ýêñïåðèìåíòû åñëè ìàòðèöà A â òåîðåìå 3 íå îáëàäàåò
òðåáóåìûìè ñâîéñòâàìè, òî òåîðåìà íå âåðíà.

Ãèïîòåçà 7. Òåîðåìà 3 ñïðàâåäëèâà â ñëó÷àå àáñòðàêòíîãî ïîëóêîëüöà.
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