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Ïóñòü íàì äàíî äèôôåðåíöèàëüíîå óðàâíåíèå ïîðÿäêà

∆(x, u(m)) = 0 (1)

îò n íåçàâèñèìûõ x = (x1, x2, ..., xn) è q çàâèñèìûõ ïåðåìåííûõ u = (u1, u2, ..., uq) , ñîäåðæàùåå
ïðîèçâîäíûå îò u ïî x äî ïîðÿäêà m.
Îïðåäåëåíèå-1 Ãðóïïà G ïðåîáðàçîâàíèé, äåéñòâóþùàÿ íà ìíîæåñòâåM ïðîñòðàíñòâà íåçà-

âèñèìûõ è çàâèñèìûõ ïåðåìåííûõ äèôôåðåíöèàëüíîãî óðàâíåíèÿ íàçûâàåòñÿ ãðóïïîé ñèììåò-
ðèé óðàâíåíèÿ (0.1) , åñëè äëÿ êàæäîãî ðåøåíèÿ u = f(x) óðàâíåíèÿ (0.1) è äëÿ g ∈ G òàêîãî,
÷òî îïðåäåëåíî g ◦ f, òî ôóíêöèÿ ũ = g ◦ f, òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ.
Íàõîæäåíèþ ãðóïï ñèììåòðèé äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèìåíåíèÿì äëÿ èññëå-

äîâàíèé ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ [1],[3],[2]. Â ðàáîòå [1] íàéäåíà àëãåáðà Ëè
èíôèíèòåçèìàëüíûõ îáðàçóþùèõ ãðóïïû ñèììåòðèé äëÿ äâóìåðíîãî è òðåõìåðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè. Íåêîòîðûå èíâàðèàíòíûå ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
íàéäåíû â ðàáîòå [2].
Ðàññìîòðèì äâóìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè
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ãäå u = u(x1, x2, t) ≥ 0 � òåìïåðàòóðíàÿ ôóíêöèÿ, ki(u) ≥ 0, Q(u) � ôóíêöèè îò òåìïåðàòóðû
u. Ôóíêöèÿ Q(u) îïèñûâàåò ïðîöåññ òåïëîâûäåëåíèÿ, åñëè Q(u) > 0 è ïðîöåññ òåïëîïîãëîùåíèÿ,
åñëè Q(u) < 0.
Ðàññìîòðèì ñëó÷àé êîãäà êîýôôèöèåíòû òåïëîïðîâîäíîñòè k1(u), k2(u) â óðàâíåíèè (1) ÿâëÿ-

þòñÿ ýêñïîíåíöèàëüíûìè ôóíêöèÿìè òåìïåðàòóðû ò.å. îíè èìåþò âèä k1(u) = k2(u) = exp(u).
Ïðåäïîëîæèì, ÷òî Q(u) = −exp(αu), ãäå α− äåéñòâèòåëüíîå ÷èñëî. Â ýòîì ñëó÷àå óðàâíåíèå

(1) èìååò ñëåäóþùèé âèä:

ut = exp(u)∆u+ exp(u)(∇u)2 − exp(αu) (3)

ãäå ∆u = ∂2u
∂x21

+ ∂2u
∂x22

� îïåðàòîð Ëàïëàñà,∇u = { ∂u∂x1 ,
∂u
∂x2
} �ãðàäèåíò ôóíêöèè u.

Ïðåäïîëîæèì, ÷òî α 6= 0. Â ðàáîòå [1] ïîêàçàíî, ÷òî ñëåäóþùåå âåêòîðíîå ïîëå ÿâëÿåòñÿ
èíôèíèòåçèìàëüíåé îáðàçóþùåé ãðóïïû ñèììåòðèè óðàâíåíèÿ (2):
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Ýòî îçíà÷àåò, ÷òî ïîòîê ýòîãî âåêòîðíîãî ïîëÿ X ïîðîæäàåò ãðóïïó ïðåîáðàçîâàíèé ïðîñòðàí-
ñòâà ïåðåìåííûõ (t, x1, x2, u), ýëåìåíòû êîòîðîãî ïåðåâîäèò ðåøåíèÿ óðàâíåíèÿ (4) â åãî ðåøåíèÿ.
Ïîòîê âåêòîðíîãî ïîëÿ X ïîðîæäàþò ñëåäóþùóþ ãðóïïó ïðåîáðàçîâàíèé

(t, xi, u)→ (te2αs, xie
(α−1)s, u− 2s), s ∈ R (4)

Ìû íàéäåì ðåøåíèÿ óðàâíåíèÿ (2), èíâàðèàíòíûå îòíîñèòåëüíî ãðóïï ïðåîáðàçîâàíèé (4).
Äëÿ ýòîãî ñíà÷àëà íàõîäèì èíâàðèàíòûå ôóíêöèè ýòèõ ïðåîáðàçîâàíèé.
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Èçâåñòíî, ÷òî [3] ãëàäêàÿ ôóíêöèÿ f : M → R ÿâëÿåòñÿ èíâàðèàíòíîé ôóíêöèåé ãðóïïû
ïðåîáðàçîâàíèé G, äåéñòâóþùåé íà ìíîãîîáðàçèè M òîãäà è òîëüêî òîãäà, êîãäà Xf = 0 äëÿ
êàæäîé èíôèíèòåçèìàëüíîé îáðàçóþùåé X ãðóïïû G.
Èñïîëüçóÿ ýòîò êðèòåðèé ìû íàõîäèì, ÷òî ôóíêöèè

I = e
u
2 t

1
2α , ξ =

x1 − x2
tβ

,

ãäå β = α−1
2α , ÿâëÿþòñÿ èíâàðèàíòíûìè ôóíöèÿìè ãðóïïû ïðåîáðàçîâàíèé (3), ÷òî âûòåêàåò èç

ñëåäóùèõ ðàâåíñòâ X1(I) = 0, X1(ξ) = 0. Ðåøåíèå óðàâíåíèÿ (3) èùåì â âèäå

u = ln
V (ξ)

t
1
α

(5)

Ïîäñòàâëÿÿ ôóíêöèþ (5) â óðàâíåíèå (3) ïîëó÷èì ñëåäóþùåå îáûêíîâåííîå äèôôåðåíöèàëü-
íîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè V :

2V ′′ + βξ
V ′

V
− V α +

1

α
= 0 (6)

Â ñëó÷àå, êîãäà α = 1 óðàâíåíèå (6) èìååò ñëóäþùèé âèä

2
d2V

dξ2
− V + 1 = 0. (7)

Äåëàÿ çàìåíó p(V ) = dV
dξ ïîëó÷èì ëèíåéíî óðàâíåíèå ïåðâîãî ïîðÿäêà

2p
dp

dV
+ V + 1 = 0.

Ðåøàÿ ýòî óðàâíåíèå íàõîäèì, ÷òî

p =
1√
2

√
V 2 − 2V + C1.

Òåïåðü èç óðàâíåíèÿ

dV

dξ
=

1√
2

√
V 2 − 2V + C1

íàõîäèì, ÷òî

V − 1 +
√
V 2 − 2V + C1 = C2e

ξ√
2 ,

ãäå C1, C2 � ïðîèçâîëüíûå ïîñòîÿííûå. Åñëè C1 = 1, òî ôóíêöèþ ìîæíî íàïèñàòü â ÿâíîé ôîðìå:

V = C2e
ξ√
2 + 1. Òàêèì îáðàçîì â îáùåì ñëó÷àå, êîãäà α 6= 0, ìû èìååì ñëåäóþùóþ òåîðåìó

Òåîðåìà 1. Èíâàðèàíòíûå ðåøåíèÿ óðàâíåíèÿ (3) îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé (4)
èìåþò ñëåäóþùèé âèä

u = ln
V (ξ)

t
1
α

(8)

ãäå V (ξ)− îáùåå ðåøåíèå óðàâíåíèÿ (6).

Â ñëó÷àå α = 1 ïîñêîëüêó â óðàâíåíèè åñòü èñòî÷íèê ïîãëîùåíèÿ òåïëà, èç âèäà ðåøåíèÿ (8)
âûòåêàåò, ÷òî ïðè 0 < t ≤ 1 òåìïåðàòóðà â êàæäîé òî÷êè ïëîñêîñòè óâåëè÷èâàåòñÿ. Íà÷èíàÿ ñ
t ≥ 1 òåìïåðàòóðà óìåíøàåòñÿ è ñòðåìèòñÿ ê u = lnV (ξ) ïðè t→∞.
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