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Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric g.

De�nition 1. Di�erentiable mapping π :M → B of maximal rank, where B is a smooth Riemannian
manifold of dimension m, called submersion for n > m.

Submersion of π :M → B generates a foliation F of dimension k = n−m on the manifoldM, whose
leaves are the submanifolds Lp = π−1(p), p ∈ B. For a point q ∈ Lp we denote by TqF the tangent
space of the leaf Lp at the point q, by H(q) the orthogonal complement of the tangent space TqF of
the leaf Lp, i.e. TqM = TqF ⊕H(q). We have two distributions TF : q → TqF, H : q → H(q). Each

vector �eld X can be represented as X = Xv +Xh, where Xv, Xh are the orthogonal projections of
X onto TF, H respectively. Here, for convenience, TF,H are considered as subbundles of the tangent
bundle TM. If Xh = 0, then X is called a vertical �eld (it is tangent to the foliation), and if Xv = 0,
then X is called a horizontal �eld.

De�nition 2. A di�eomorphism ϕ : M → M is called a di�eomorphism of the foliated manifold
(M,F ), if the image ϕ(Lα) of each leaf Lα is a leaf of the foliation F.

The di�eomorphism ϕ :M →M of the foliated manifold (M,F ), is denoted by ϕ : (M,F )→ (M,F ).
The set of all di�eomorphisms of a foliated manifold is denoted by DiffF (M). The set DiffF (M)
is a group with respect to the superposition of mappings and is a subgroup of the group Diff(M)
of di�eomorphisms of the manifold M. The group DiffF (M) was studied in [2], in particular, it was
proved that this group is a closed subgroup of the group Diff(M) with respect to a compactly open
topology.

De�nition 3. A di�eomorphism ϕ : (M,F ) → (M,F ) is called an isometry of the foliated manifold
(M,F ), if the restriction of the mapping ϕ to each leaf of the foliation F is an isometry, that is, for
each leaf Lα the map ϕ : Lα → f(Lα) is an isometry between the manifolds Lα and ϕ(Lα).

Denote by GF (M) the set of isometries of the foliated manifold (M,F ). The group GF (M) is
subgroup of Diff(M) and therefore it is topological group in compact open topology.

Let us consider submersion π : Rn+1 → R1, where

π(x1, x2, · · ·, xn, xn+1) = xn+1 − f(x1, x2, · · ·, xn), (1)

f(x1, x2, · · ·, xn) is a di�erentiable function.

Theorem 4. Di�eomorphism ϕ : Rn+1 → Rn+1, de�ned by formula

ϕλ(x1, x2, · · ·xn, xn+1) = (x1, x2, · · ·, xn, xn+1 + λπ) (2)

at λ 6= −1 is an isometry of foliation, generated by submersion (1).

Theorem 5. The set of di�eomorphisms

GΛ = {ϕλ : λ ∈ R1, λ 6= −1}, (3)

is a subgroup of the group GF (M).
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Using the mapping ϕλ → λ we identify the set GΛ with the set R1 \ {−1} of real numbers other
than −1. On the set R1 \ {−1} we de�ne the multiplication as follows

λ1 · λ2 → λ1 + λ2 + λ1λ2, (4)

The inverse element is determined by the formula

λ→ − λ

1 + λ
(5)

and it is obvious that they are di�erentiable. Therefore, we have following.

Proposition 6. The set GΛ is a one-dimensional Lie group.

Example 7. Consider the submersion π : R3 → R1, where π(x1, x2, x3) = x3 − f(x1, x2), f(x1, x2) =
x2

1 + x2
2. This submersion generates a two-dimensional foliation F. The following vector �elds

V1 =
∂

∂x1
+ 2x1

∂

∂x3
, V2 =

∂

∂x2
+ 2x2

∂

∂x3

are vertical vector �elds. Vector �eld

X = −x2
∂

∂x1
+ x1

∂

∂x2
+

∂

∂x3

is a foliated vector �eld for the foliation F, as shown by the following equalities [V1, X] = V2, [V2, X] =
−V1. It is known that the �ow of foliated vector �eld consists of di�eomorphisms of foliated manifold
(M,F ) [1]. The vector �eld X is a Killing vector �eld.Therefore, the �ow of a vector �eld X consists
of isometries of a foliated manifold. Indeed, the �ow of the vector �eld X consists of di�eomorphisms

x→ A(t)x+ bt

where t ∈ R, b = {0, 0, 1}T , x = (x1, x2, x3)
T ,

A(t) =

 cos t − sin t 0
sin t cos t 0

0 0 1

 ,

which are isometries of the foliated manifold (F,R3).

Theorem 8. Suppose for a vector �eld

V =

n∑
i=1

ξi
∂

∂xi

holds equaality V (f) = 0. Then the �ow of the vector �eld

X = V +
∂

∂xn+1

consists of di�eomorphisms of the foliated manifold (F,Rn+1) generated by submersion (1). If the �eld
V is a Killing �eld, then the �ow of the vector �eld X consists of isometries of the foliated manifold
(F,Rn+1).
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