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On the geometry of submersions

G. M. Abdishukurova
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)
E-mail: Abdishukurova93@yandex.ru

A. Ya. Narmanov
(National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan)
E-mail: narmanov@yandex.ru

Let M be a smooth connected Riemannian manifold of dimension n with Riemannian metric g.

Definition 1. Differentiable mapping 7 : M — B of maximal rank, where B is a smooth Riemannian
manifold of dimension m, called submersion for n > m.

Submersion of 7 : M — B generates a foliation F' of dimension kK = n—m on the manifold M, whose
leaves are the submanifolds L, = 7~ 1(p),p € B. For a point ¢ € L, we denote by T, F' the tangent
space of the leaf L, at the point ¢, by H(q) the orthogonal complement of the tangent space T,F of
the leaf L, i.e. T,M = T,F & H(q). We have two distributions T'F : ¢ — T,F, H : ¢ — H(q). Each
vector field X can be represented as X = XV + X", where XV, X" are the orthogonal projections of
X onto T'F, H respectively. Here, for convenience, T'F, H are considered as subbundles of the tangent
bundle TM. If X" = 0, then X is called a vertical field (it is tangent to the foliation), and if XV = 0,
then X is called a horizontal field.

Definition 2. A diffeomorphism ¢ : M — M is called a diffeomorphism of the foliated manifold
(M, F), if the image ¢(L,,) of each leaf L, is a leaf of the foliation F.

The diffeomorphism ¢ : M — M of the foliated manifold (M, F'), is denoted by ¢ : (M, F) — (M, F).
The set of all diffeomorphisms of a foliated manifold is denoted by Dif fp(M). The set Dif fr(M)
is a group with respect to the superposition of mappings and is a subgroup of the group Dif f(M)
of diffeomorphisms of the manifold M. The group Dif fp(M) was studied in [2], in particular, it was
proved that this group is a closed subgroup of the group Dif f(M) with respect to a compactly open
topology.

Definition 3. A diffeomorphism ¢ : (M, F) — (M, F) is called an isometry of the foliated manifold
(M, F), if the restriction of the mapping ¢ to each leaf of the foliation F' is an isometry, that is, for
each leaf L, the map ¢ : L, — f(Lq) is an isometry between the manifolds L, and ¢(L,).

Denote by Gr(M) the set of isometries of the foliated manifold (M, F'). The group Gp(M) is
subgroup of Dif f(M) and therefore it is topological group in compact open topology.
Let us consider submersion 7 : R"*! — R!, where

(X1, X2, * s Ty Tpt1) = Tpy1 — f(x1, 22, -+, ), (1)
f(x1, 29, -+, xy,) is a differentiable function.
Theorem 4. Diffeomorphism ¢ : R*' — R"1 defined by formula

ox(T1, X2, Ty Tny1) = (T1,22, ", T,y Tpg1 + AT) (2)
at X # —1 is an isometry of foliation, generated by submersion (1).
Theorem 5. The set of diffeomorphisms

Gr={pr: AR\ £ -1}, 3)

is a subgroup of the group Gp(M).



Using the mapping ¢y — A we identify the set G with the set R\ {—1} of real numbers other
than —1. On the set R\ {—1} we define the multiplication as follows

AL A9 = AL+ Ao+ A, (4)

The inverse element is determined by the formula

P 5)

and it is obvious that they are differentiable. Therefore, we have following.
Proposition 6. The set Gp is a one-dimensional Lie group.
Example 7. Consider the submersion 7 : R® — R!, where 7(x1, 22, 23) = 23 — f(71,22), f(x1,22) =
2% + 22. This submersion generates a two-dimensional foliation F. The following vector fields
0 0 0 0
Vi=o—+2m5—, Vo= 57— +2m0—
o0x1 Oxs T

are vertical vector fields. Vector field

is a foliated vector field for the foliation F, as shown by the following equalities [Vi, X| = Vo, [Va, X]| =
—V1. It is known that the flow of foliated vector field consists of diffeomorphisms of foliated manifold
(M, F) [1]. The vector field X is a Killing vector field. Therefore, the flow of a vector field X consists
of isometries of a foliated manifold. Indeed, the flow of the vector field X consists of diffeomorphisms

x— A(t)z + bt
where t € R, b= {0,0,1}T, = (21,22, 23)7,

cost —sint 0
A(t) = sint cost 0 |,
0 0 1

which are isometries of the foliated manifold (F, R?).

Theorem 8. Suppose for a vector field

- 0
V:Z;EZ(M

holds equaality V(f) = 0. Then the flow of the vector field
0
0T 41
consists of diffeomorphisms of the foliated manifold (F, R"*) generated by submersion (1). If the field

V is a Killing field, then the flow of the vector field X consists of isometries of the foliated manifold
(F, R™*1).

X=V+
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Hyperbolic 4-cobordisms, Teichmuller spaces and quasiregular
mappings in space

Boris N. Apanasov
(Univ of Oklahoma, Math Dept, Norman, OK 73019, USA)

E-mail: apanasov@ou.edu

We present a new effect in the theory of deformations of hyperbolic 3-manifolds/orbifolds or their
uniform hyperbolic lattices I' C Isom H? (i.e. in the Teichmiiller spaces of conformally flat structures
on closed hyperbolic 3-manifolds, cf. [1, 2]). We show that such Teichmiiller space or the corresponding
variety of conjugacy classes of discrete representations p : I' — Isom H* may have connected compo-
nents whose dimensions differ by arbitrary large numbers, cf. [3, 5]. This is based on our “Siamese
twins construction” of non-faithful discrete representations of hyperbolic lattices related to non-trivial
“symmetric hyperbolic 4-cobordisms” [8] and Gromov-Piatetski-Shapiro interbreeding construction [11].
There are several applications of this result, from new non-trivial hyperbolic homology 4-cobordisms
(cf. [9]) and wild 2-knots in the 4-sphere (cf. [5]), to bounded quasiregular locally homeomorphic map-
pings in 3-space, especially to their asymptotics in the unit 3-ball and to quasisymmetric embeddings
of a closed ball inextensible in neighborhoods of any boundary points (cf. [10, 12, 13, 14, 15]).

The last part is based on our construction of a new type of bounded locally homeomorphic quasireg-
ular mappings in 3-sphere (and in the unit 3-ball), see [6]. It addresses long standing problems for such
mappings, including M. A. Lavrentiev problem, Pierre Fatou problem and Matti Vuorinen injectivity
and asymptotics problems (cf. [7]). The construction of such mappings comes from our construc-
tion of non-trivial compact 4-dimensional cobordisms M with symmetric boundary components and
whose interiors have complete 4-dimensional real hyperbolic structures (cf. [4]). Such bounded locally
homeomorphic quasiregular mappings are defined in the unit 3-ball B3 C R3 as mappings equivariant
with the standard conformal action of uniform hyperbolic lattices I' C Isom H? in the unit 3-ball and
with its discrete representation G = p(I') C Isom H* (cf. [6]). Here G is the fundamental group of
our non-trivial hyperbolic 4-cobordism M = (H* U Q(G))/G and the kernel of the homomorphism
p:I'— G is a free group F,, on arbitrary large number m generators.
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Representation of gravi-electromagnetism using matrix algebra

Ismail Aymaz
(Kiitahya Dumlupinar University, Graduate School of Sciences, Department of Physics, Kiitahya,
Turkey)
E-mail: aymazismail7@gmail.com

Mustafa Emre Kansu
(Kiitahya Dumlupinar University, Faculty of Art and Science, Department of Physics, Kiitahya,
Turkey)
E-mail: memre.kansu@dpu.edu.tr

The vector, matrix and tensor algebras are frequently used in order to formulate many physical sys-
tems and engineering problems [1]. The nature of quantum mechanics, which is one of the significant
areas of physics, has increased the importance of matrix algebra due to including non-commutative
structures. Therefore, matrix algebra satisfies the great contributions and developments. In this study,
after defining matrix definitions of quaternion algebra |2, 3|, which is one of the member of higher di-
mensional algebra, both electromagnetism and linear gravity [4, 5, 6] are combined by using matrix
representation with dual [7] and complex [8] units. By this way, we have firstly showed the isomorphism
and similarity between quaternion and matrix algebras for gravi-electromagnetism [9, 10].
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Uniqueness of pretangent spaces at infinity
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The pretangent spaces to an unbounded metric space (X, d) at infinity are, by definition, some limits
of rescaling metric spaces (X , %d) with r, tending to infinity. The Gromov-Hausdorff convergence and

the asymptotic cones are most often used for construction of such limits. Both of these constructions
are based on high—order logic abstractions (see, e.g., [5]), which makes them very powerful, but it does
away the constructiveness. In [2, 3] we present and consider a more constructive approach to building
an asymptotic structure of unbounded metric spaces at infinity.

The object of the present abstract is metric spaces having with unique pretangent spaces at infinity.
The theorem below gives the necessary and sufficient conditions under which an unbounded metric
space X has an unique pretangent space Qéi at infinity for every fixed scaling sequence 7.

We will denote by 2 the class of spaces having the property

((X,d) € A) < ((X,d) is unbounded and V 7 there is a unique Qﬁ;)
Let (X, d) be a metric space and let p € X. For each pair of nonempty sets C, D C X write
A(C, D) :=sup{d(z,y): x € C,y € D}.
In addition we define, for every € € (0, 1), the set S? as
52 .= {(r,t) € Sp*(X):r#0+#tand ‘g - 1) > 5},
where Sp?(X) is the Cartesian square of Sp(X) = {d(z,p): = € X}.
Theorem 1. [4] Let (X,d) be an unbounded metric space and let p be a point of X. Then (X,d) € 2

if and only if the following conditions are satisfied simultaneously.
(1) The limit relations

i A k di
lim lim sup diam(A(p, r, k)) — lim M -0
k=1 r—oo r r—00 r

hold, where r € (0,00), k € [1,00), A(p,r,k) is the annulus {x € X: ¢ < d(z,p) < rk} and
S(p,r) is the sphere {x € X : d(z,p) = r}.
(2) Let e € (0,1). If ((qn,tn))nen C S? and

lim ¢, = lim t,, = oo,
n—oo n—oo

and there is

lim & = ¢ € [0, o0},
n—oo t,,

then there exists a finite limit

o AS.00). S(0:t2))

n—00 ‘qn — tn‘

‘= KQ.

It can be proved that conditions (1) and (2) from Theorem 1 are mutually independent in the sense
that no one of them implies the another.
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Corollary 2. Let (X,d) be a metric space and let Y be an unbounded subspace X. Then (X,d) € 2
implies (Y,d) € 2.

Consider, for simplicity, logarithmic spirals having the pole at 0. The polar equation of these spirals
is
p = kb?, (1)
where k and b are constants, k € (0,00) and b € (0,1) U (1,00). The rotation of the polar axis on the
angle ¢ = —% transforms (1) to the form

p=Db%. (2)
Let us denote by S* the set of all complex numbers lying on spiral (2) and let
S =S*u{0},

i.e., S is the closure of S* in the complex plane C. In the following theorem we consider S as a metric
space with the usual metric d(z, w) = |z — w].

Theorem 3. [4] Each pretangent space to (S,d) at infinity is unique and isometric to S.

These results have natural infinitesimal analogs (see [1]).
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Foliations of 3-manifolds with small module of mean curvature

Dmitry Bolotov
(B. Verkin ILTPE of NASU, 47 Nauky Ave., Kharkiv, 61103, Ukraine)
E-mail: bolotov@ilt.kharkov.ua

A taut foliation is a codimension one transversely oriented foliation of an oriented 3-manifold M
with the property that for each leaf there is a transverse circle intersecting it.

D. Sullivan proved that F is taut iff each leaf is a minimal surface for some Riemannian metric on
M which is equivalent that F does not contain generalized Reeb components [1|. Recall that a surface
F' is called minimal if the mean curvature H of F is identically zero.

In the present work we announce the following result.

Theorem 1 (Main theorem). Let (M, g) be a closed oriented Riemannian 3-Manifold sutisfying the
following properties:

(1) the volume Vol(M,g) < Vo,
(2) the sectional curvature v of (M, g) satisfies v <~y for the constant vo > 0;
(3) min{inj(M, g). 7%=} > io.
Then there is a constant Ho(Vy, Y0,10) such that any transversally oriented foliation F of codimension

one on M with the mean curvature of the leaves satisfying |H| < Hy, must be taut. The constant Hy
15 defined as wollowing:

. 2V/3i2 .
Hy = Hlln{ \‘COZO’ v %}7 if %0 =0,
= ,
mln{ 2\(/§107$0}7 Zf Yo > 07
(%)
where xq 18 the positive root of the equation
T 2V¢
— arcctg? —— — =0

Let us recall that, by the Novikov’s theorem [2], if m (M) < oo or ma(M) # 0, then excepting the
foliation of S? x S' by spheres, F contains a Reeb component. Thus we obtain the following corollary.

Corollary 2. Let (M,g) be a Riemannian manifold that satisfies the properties in the theorem above.
If 1 (M) < oo or (M) # 0, then excepting the foliation of S? x S' by spheres, (M,g) does not
admit a foliation with the mean curvature H of leaves satisfying the inequality |H| < Hy, where Hy is
determined from (x).
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On integrability of geodesic flows on 3-dimensional manifolds

Alexey Bolsinov
(School of Mathematics, Loughborough University, Leicestershire, LE11 3TU, UK)
E-mail: A.Bolsinov@lboro.ac.uk

The goal of the talk is to discuss the behaviour of geodesics on 3-manifolds M with SL(2,R)
geometry, one of the eight natural geometries according to Thurston, appearing on three-dimensional
manifolds. It has been known that the corresponding geodesic flows cannot be integrable, however,
this particular case has not been studied in detail. The situation turned out quite interesting: we have
observed (joint work with Alexander Veselov and Yiru Ye [6]) that the phase space T M contains to two
open domains, complementary to each other and having common boundary, with integrable and chaotic
behaviour of geodesics. In the integrable domain, we have integrability in the class of real-analytic
integrals, whereas in the chaotic domain the geodesic flow has positive topological entropy. As a specific
example, we study in more detail the geodesic flow on the modular 3-manifold M = SL(2,R)/SL(2,Z)
homeomorphic to the complement of a trefoil knot X in 3-sphere.

I will try to talk about these results in the context of a more general problem on topological ob-
structions to integrability of geodesic flows on smooth manifolds following papers by V. V. Kozlov [1],
I. A. Taimanov |6, 4] and L. Butler |3, 5].

This work was supported by the Russian Science Foundation grant no. 17-11-01303 “Topological
and algebraic aspects of the theory of integrable systems: new trends and applications”.
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Algebraic and geometric questions about the EM helix

Enzo Bonacci
(Liceo Scientifico Statale “G.B. Grassi”, Latina, Italy)
E-mail: enzo.bonacci@liceograssilatina.org

The recent proposal to detect Dark Matter through the Aharonov-Bohm effect [10] has renovated
the interest for cosmological solutions based upon magnetic monopoles [8]. Challenging the A-CDM
paradigm, some alternative representations are grounded on interactions with hypothetical magnetic
charges [6] whereas others suppose the influence of relic magnetic atoms [4]. This raises two apparently
separate issues about why magnetic monopoles have never been spotted and where those elusive parti-
cles come from. More than a decade ago [1, 2, 3] we described the materialization of mass from radiant
energy as a process requiring the indistinguishability between the inertial reference frames at v = ¢
(SOL, i.e., speed of light) and those at v < ¢ (STL, i.e., slower than light). Such rigorous interpretation
of the relativity principle could clarify the entanglement between temporally separated photons [7] and
would allow the self-interacting electromagnetic rings, possible in SOL reference frames (characterized
by atemporality), to be perceived as electromagnetic helices for STL observers. Namely, we assumed
that a charged mass (both electric and magnetic) could be an electromagnetic helix, thus explaining
some intrinsic quantities of particles and the absence of magnetic monopoles at low energies. Our
model has been indirectly corroborated by the observation of the light self-torque [9] and could find
future confirmation from a promising method to determine the geometry of an electron [5]. We wish to
illustrate the algebraic and geometric questions behind a so formulated mathematical-physical theory,
included a falsification test currently being assembled at CERN’s MoEDAL.

REFERENCES

[1] Enzo Bonacci. Absolute Relativity. Turin : Carta e Penna, 2007.

[2] Enzo Bonacci. Ezxtension of Einstein’s Relativity, volume 42 of Physical Sciences. Rome : Aracne Editrice, 2007.

[3] Enzo Bonacci. Beyond Relativity, volume 43 of Physical Sciences. Rome : Aracne Editrice, 2007.

[4] Vladimir V. Burdyuzha. Magnetic Monopoles and Dark Matter. Journal of Erperimental and Theoretical Physics,
127(4) : 638-646, 2018.

[5] Leon C. Camenzind et al. Spectroscopy of Quantum Dot Orbitals with In-Plane Magnetic Fields. Physical Review
Letters, 122(20) : 207701, 2019.

[6] Valentin V. Khoze & Gunnar Ro. Dark matter monopoles, vectors and photons. Journal of High Energy Physics,
10(61), 2014.

[7] Eli Megidish et al. Entanglement Swapping between Photons that have Never Coexisted. Physical Review Letters,
110(21) : 210403, 2013.

[8] Arttu Rajantie. Magnetic Monopoles in Field Theory and Cosmology. Philosophical Transactions of The Royal Society
A Mathematical Physical and Engineering Sciences, 370(1981) : 5705-5717, 2012.

[9] Laura Rego et al. Generation of extreme-ultraviolet beams with time-varying orbital angular momentum. Science,
364(6447) : eaaw9486, 2019.

[10] John Terning & Christopher B. Verhaaren. Detecting Dark Matter with Aharonov-Bohm. Journal of High Energy
Physics, 12(152), 2019.



13

Geodesics on regular tetrahedra in spherical space

Alexander A. Borisenko
( B.Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine)
E-mail: aborisenk@gmail.com

Darya D. Sukhorebska
( B.Verkin Institute for Low Temperature Physics and Engineering of the National Academy of
Sciences of Ukraine, Kharkiv, Ukraine)
E-mail: suhdaria0109@gmail.com

The full classification of closed geodesics on regular tetrahedra in Fuclidean space follows from the
tiling of Euclidean plane by regular triangles [1].

In [2] we described a complete classification of simple (without self-intersections) closed geodesics
on regular tetrahedra in hyperbolic 3-space. In addition, we presented the asymptotic of the number
of simple closed geodesics of length not greater than L as L tends to infinity.

In current work we described all simple closed geodesics on regular tetrahedra in three-dimensional
spherical spaces. In this space the tetrahedron’s curvature is concentrated both into its vertices and
into its faces. The value « of the faces’ angle of a tetrahedron satisfies 7/3 < o < 27/3. The intrinsic
geometry of a tetrahedron depends on a.

By definition a simple closed geodesic on a tetrahedron has the type (p, q) if it has p points on each
of two opposite edges of the tetrahedron, ¢ points on each of another two opposite edges, and there
are (p + q) points on each edges of the third pair of opposite one.

We proved that on a regular tetrahedron in spherical space there exists the finite number of simple
closed geodesic. The length of all these geodesics is less than 27w. Furthermore, for any coprime
integers (p,q) we found the numbers a3 and as depending on p, ¢ and satisfying the inequalities
/3 < a1 < ag < 2m/3 such that
1) if the faces’ angle of a regular tetrahedron is measured « € (7/3, 1) then in spherical space there
exists unique, up to the rigid motion, simple closed geodesic of type (p, ¢q) on this tetrahedron,

2) if the value « of faces’ angle is in (awe,27/3) then there is no simple closed geodesic of type (p, q)
on the tetrahedron with such faces’ angle in spherical space.
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The determination of a hypercohomology as cohomology group where are defined the solutions of the
field equations obeys to the triangulated derived categories that permit an scheme (triangle) commu-
tative whose integrals are solutions of the field equations. The determination of this hypercohomology
arises of the fact of that derived motivic category DMgy (k), which is of the motivic objects whose
image is under Spec(k), that is to say, an equivalence of the underlying triangulated tensor categories,

compatible with respective functors on Smgp. The geometrical motives will be risked with the moduli
stack to holomorphic bundles. kewise, is analysed the special case where complexes C = Q(q), are
obtained when cohomology groups of the isomorphism HY, (X, Fs) = HR, (X, Fyis), can be vanished
for p > dim(Y). We observe also the Beilinson-Soulé vanishing conjectures where we have the van-
ishing HP(F,Q(q)) = 0, if p < 0, and ¢ > 0, which confirms the before established. Then survives
a hypercohomology H?(X,Q). Then their objects are in Spec(Sm;). Likewise for the complex Rie-
mannian manifold the integrals of this hypercohomology are those whose functors image will be in
SpecySymT(OP (D)), which is the variety of opers on the formal disk D, or neighborhood of all
point in a surface 2.
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Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C = C|J{oo}
be its one point compactification, U be the open unit disk in C and Rt = (0,00). Let 7(B,a) be an
inner radius of the domain B C C relative to a point a € B [1-4]. The inner radius of the domain B
is connected with Green’s generalized function gp(z,a) of the domain B by the relations

gB(z,a) = —In|z —a|+Inr(B,a) +o(1), z— a,

gB(z,00) =In|z| +1Inr(B,o0) +0o(1), =z — oc.
The system of points A, := {ax € C,k =1,n}, n € N, n > 2, is called n-radial, if |ax| € RT for
k=1,nand
0=arga; <argas < ...<arga, < 2.

Consider the following extremal problem.
Problem. For all values of the parameter v € R™ to find estimate of the maximum of the functional

Jn(7) = [r (Bo,0) 1 (Boo, 0)] H (B ak) , (1)

wheren € N,n > 2, ag = 0, A, = {ay}7_; € C/{0,00} be any fixed n-radial system of different points,
By, Beo, {Bi}}_, be a system of mutually non-overlapping domains, 0 € By C C, co € By C C,
akEBkC@, ]{5:1,71.

The following proposition is true.

Theorem 1. Let n € N, n > 2, v € R*. Then, for any fired n-radial system of different points
A = {ap}i_ € C/{o, oo} and any mutually non-overlapping domains By, Beo, By, ag =0 € By C C,
00 € By, CC, ay, € B, C C, k =1,n, the following inequalities hold

_ 2y

1 n+2 N 2
(n 1 1)-758 [HMBk,ak)} I laxl 2, i e (0,22];
k=1 k=1

Jn(')’) <
n

(TL+ 1)— n+2

if >

Remark 2. If v = 22 and H lax| < 1, then from above posed Theorem 1, the following inequality
holds

[ (Bo, 0) 7 (Boo, 00)] "”Hr (Bp,ax) < (n+ 1)~ "5
k=1

In this case the structure of points and domains is not important.
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For any n-radial system of points A, = {ar}}_;, lax| = 1, and any pairwise non-overlapping domains
{Bk}Z:p ar € By C C, k = 1,n, the inequality

n n
H T(Bk, ak) < H o
k=1 k=1

is valid (see Corollary 5.1.3 [1]). In Theorem 6.11 [2] for any different points ax on the circle |ax| = 1,
k=1,n (n > 2), and any pairwise non-overlapping domains By C C such that ay € By, k = 1,n, the

inequality
n n
4
| | (Bg, a) (>
n

is proved. Thus, from Theorem 1 we have next result.
Corollary 3. Let n € N, n > 2, v € RT. Then, for any system of different points {ar}}_, of the
unit circle |gk] = 1 and any mutually non-overlapping domains By, Beo, Bk, ap = 0 € By C C,
00 € Bso CC, ap € B, C C, k =1,n, the following inequalities hold
Y
NEES R n+2
7B (2 e g

n

Jn(7) <

n+1

(n+1)""

Zf > n+2

If By C U, then from the proof of the Theorem 1, the following results are valid.
Corollary 4. Letn € N, n > 2, v € R" and By C U. Then, for any system of different points {ax}}_,

of the unit circle |z| = 1 and any mutually non-overlapping domains By, a € B, C C, k =0,n, ag = 0,
and the domains By, k = 1,n, are mirror-symmetric relative to the unit circle |z| = 1, the inequality

holds

n

1 (Bo,0) [ [ r (B, ax) < (n+ 1)~

k=1

+1

Corollary 5. Letn € N, n>2, v € R", R >0 and By be an arbitrary domain belonging to the open
circle |lw| < R. Then, for any n-radial system of different points A, = {axr}}_, such that |ay| = R,
k = 1,n, and any mutually non-overlapping domains By, ar, € B, C C, k = 0,n, ag = 0, and the
domains By, k = 1,n, are mirror-symmetric relative to the circle |lw| = R, the inequality holds

n

1 (Bo,0) [ [ r (B, ax) < (n+ 1)~

k=1

- R,
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Finite-dimensional spectral problems on an interval were considered in [1] (some recent results see
in [4], [3] and applications in [2]). Finite-dimensional spectral problems on graphs occur in various
fields of physics (see e.g. [5], [6] and [7]).

We consider a tree T' rooted at a pendant vertex. All edges are directed away from the root. Each
edge e; of this tree is a Stieltjes string with point masses m) (k =1,2,...,n;, j =1,2,...,q) and

. ng o
subintervals i (k = 0,1,...,n;). The total length of e; is ; = ;;o l7. We denote nj = nj — 1 if

l,jlj =0 and n; = n; if l%j > (. The Dirichlet problem on this tree consists of the following equations.
For each edge:

J J J J

Uy, — U Uy, — U

k k1, Tk k—1

o o
7 7 —miXNu, =0, (k=1,2,...,n5 j=1,2,..,q). (1)
k k—1
For each interior vertex with incoming edge e; and outgoing edges e, we have
u%ﬁ_l = ug, (2)
and ' ‘
J J j
Uzi41 — Un, up — uf 0, if 1. >0,
anrj n]+z Olr 1:{ ; 21j njf,] _ (3)
lﬁj - 0 —Min; A Un;, if I, =0.

For an edge e; incident with a pendant vertex (except of the root) we have the Dirichlet boundary
condition:

u%jH =0. (4)
If e; is the edge incident with the root then at the root we have
ug = 0. (5)

The Neumann problem consists of equations (1)-(4) and
up = uy. (6)
at the root.

First of all we notice that interior vertices of degree 2 do not influence the results and we can
assume absence of such vertices without losses of generality. Let P be a path in the tree T involving
the maximum number of masses. Obviously it starts and finishes with pendant vertices. We denote
the initial vertex of P by vy and choose it as the root of the tree. The enumeration of other vertices
is arbitrary. We denote the edge incoming into a vertex v; by e; for all . Then P : vy — v1 — vs, —
Vsq —> ... = Vs,_, — Us,.. Deleting vp and e; we obtain a new tree 7" rooted at the vertex vy.

Since the degree of vy is d(vy) > 2 we can divide our tree 7" into subtrees 17, T5, ..., Té(vl)_l having

v1 as the only common vertex. (We say that 77, 15, ..., Té(vl)_l are complementary subtrees of T".
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Denote by ¢,  (z) (where z = A?) the characteristic polynomial of problem (1)- (4), (6) on the
tree T' and by ¢p, | (z) the characteristic polynomial of problem (1)~ (4), (5) on this tree. These
polynomials are normalized such that

v0) (0
Pw)(©) _ B ,
¢N(vo)(0) d vi):_l PNy (vy)(0)
r—1 ¢Dr(v1>(0)

@D r(v)(2) is the characteristic polynomial of the Dirichlet problem (1)~ (4), (5) on 7y and ¢y ,(v,)(2)
is the characteristic polynomial of the Neumann problem (1)- (4), (6) on T’ and so on.

The inverse problem lies in recovering the spectral problem data {mk} vy {0 } o using the spectra,
{titi——n, k2o @and {vk}i__,, ko of the Neumann and Dirichlet problems.

The following theorem gives sufficient conditions for existence of solution of such inverse problem.

Theorem 1. Let {pup}y__, 1.0 and {vili__, .o be symmetric (u_p = —pp, v—) = —vi) and
monotonic sequences of real numbers which interlace:

0< (1)< (11)? < oo < (n)* < ()%
Let T be a metric tree of a prescribed form rooted at a pendant vertex vy with prescribed lengths of
edges [; >0 (j =1,2,...,q, q is the number of edges in T).
Then A
1) there exist numbers n; € {0} UN (j =1,2,...,q), sequences of positive numbers {mj },., (point
masses on the edge ej, j =1,2,. ,q) and numbers {1}, } o (1. >0 forallk =0,1,...,n; —1,1,, >0

for all j = 1,2,...,g such that Z l] =1, Z nj = n, the spectrum of Neumann problem (1)-(4),

(6), coincides with {pk}p__,, 1.0 and the spectrum of Dirichlet problem (1)-(4), (5) coincides with

(v} i, kos
2) the two spectra {prtp__,, z0 and {vk}i__,, 1o and the length Iy of the edge incident with the

root uniquely determine the masses {mk}k 1 (pomt masses on the edge e1) and lengths {1} vl of the
subintervals on this edge.
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Formal groups and algebraic cobordism
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We present our algorithm for constructing of Lazard‘s one dimensional universal commutative formal
group. We apply it to some constructions of complex and algebraic cobordism.

ALGORITHM FOR CONSTRUCTING OF LAZARD‘S ONE DIMENSIONAL UNIVERSAL FORMAL GROUP

Here we follow to |1, 5, 8]. We extract from Lazard |1] an algorithm of constructing of Lazard‘s one
dimensional universal formal group law. The constructions of n(n > 1)-buds, formal groupoids and
moduli spaces of one dimensional formal groups are investigated and are used. Let A, and A:] be the
rings of polynomials A, = Z[a, . .., 4] and A:I = Qlai, ..., aql.

Proposition 1. The structure of the algorithm has the next form. For the (one-dimensional) 1-bud
T+ vy + ayxy we put:

1
filz,y) =z +y+aizy; g1 =z — 5@1:}62;

for1(@,y) = fo(@,y) + h (2, y) + agr1Cora(z,y), fylx,y) € Ag;
compute Qgi1, Pg+1 € A:I.
Remark 2. The algorithm and expressions for g1, h'(z,y), Cy+2(x,y) will be given in my talk.
Definition 3. The ring L = Z[ay, g, - - - | is called the Lazard ring.

FORMAL CGROUPS IN COMPLEX COBORDISM

Here we follow to [2, 3, 4, 6].
Let M be a smooth manifold, T'M be the tangent bundle on M and R™ the trivial real m-dimensional
bundle of M.

Definition 4. A manifold M is stably complez if for some natural m the real vector bundle TM € R™
admits a complex structure.

Let M; and My be two smooth manifolds of dimension n, and W be the smooth manifold of
dimension n + 1 with a boundary that is the union of My and My, i.e. OW = M; + Mo.

Definition 5. Let Mj, Ma, W be stably complex manifolds. In above notations the complex (unitary)
cobordism between M; and Mz is a manifold W whose boundary is the disjoint union of My, My,
OW = Mj + My where the corresponding structure on OW is induced from W and Mj denotes the
manifold with opposite structure.

Remark 6. Suppose we have the relation of complex cobordism. Then the relation divides stably
complex manifolds on equivalence classes called classes of complex cobordisms.

Lemma 7. The set of classes of complex cobordisms with operations of disjoint union and product of
stable manifolds form commutative graded ring L = Z[vi,ve,---] .
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Theorem & (A. S. Mishchenko). Let g(t) be the logarithm of Lazard universal formal group, and [CP"|
are classes of unitary cobordisms of complex projective spaces. Then

gty =>_ @t”“, [CP% = 1.

n20n+1

FORMAL GROUPS IN ALGEBRAIC COBORDISM

Here we follow to [7]. Let k be a field of characteristic zero and Sm(k) be the full subcategory
of smooth quasi-projective k-schemes of the category of separable finite-type k-schemes. Let A* be
an oriented cohomology theory on Sm(k) and let ¢;(L) be the first Chern class of line bundle L on
X € Sm(k).

Proposition 9 (Quillen, [7]). Let L, M be line bundles on X € Sm(k). There exists formal group
law Fa with coefficients in A* such that

c1(L ® M) = Fa(e1(L), e1(M)).

Theorem 10 (Levine-Morel). There is a universal oriented cohomology theory Q2 over k called algebraic
cobordism. The classifying map ¢q : L — Q*(k) is an isomorphism , so Fq is the universal formal
group law.

Problem 11. It seems that very little is known about applying n(n > 2)-dimensional commutative
formal groups to cobordism theory. For instance what is the application of a two-dimensional 1-bud ?
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A note on tensor product of Archimedean vector lattices
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Let £ ,F and G be Archimedean vector lattices. We say that a linear operator T' : ¥ — F'is a lattice
homomorphism if T'(z Vy) = Tax V Ty for every x,y € E. A bilinear map ® : E x F' — G is said to be
positive if |®(x,y)| < ®(|z|, |y|) for all x € E and y € F. The bilinear map ® : £ x F' — G is said to be
lattice bilinear map (or lattice bimorphism) whenever it is separately lattice homomorphisms for each
variable or equivalently, |®(z,y)| = ®(|z|,|y|) for all z € F and y € F. Let E and F be Archimedean
vector lattices. Then, by [6] and [7] there exists an Archimedean vector lattice EQF (called Fremlin
tensor product) and a map @ : £ x F' — EQF with the following well-known properties :

(i) & is a lattice bimorphism and represents E' ) F' as a linear subspace of EQ)F.

(ii) If G is any Archimedean vector lattice, there is a one to one correspondence between lattice
bimorphisms ¢ : E x F' — G and lattice homomorphisms 7 : EQF — G given by ¢ = 7 Q).

(iii) EQ@ F is dense in EQF. It means that for any u € E® F there exist 0 < z € E and
0 <y € F such that for every 6 > 0 thereisav e EQ F with |u—v [< iz ®y.

(iv) EQ® F is order dense in EQF. That is, if 0 < u in EQF there exist 0 < zin F, 0 <y in F
such that 0 <z ®y < u.

(v) fue EQF there exist 0 <z € E, 0 <y € F such that |u |[<z®y.

(vi) If G is any Archimedean vector lattice and ® : E' x F' — G is a lattice bimorphism such that
®(x,y) > 0 whenever z > 0in E and y > 0 in F', then EQ)F may be identified with the lattice
subspace of G generated by ®(E x F).

Definition 1. Let E be a vector lattice and U be a subset of E. U is called a solid subset if | z |<| y |
and y € U imply = € U. A solid subspace of F is called an order ideal. An order closed ideal is said
to be a band.

In this talk, we deal with tensor product of two order ideals. Let E be a uniformly complete vector
lattice and x € E. An order ideal generated by z is given by

Us={y:ly|<A|xz]| for some >0}
Order unit norm on U, is given by
Iyl = inf{iA>0:]y[< Az}

U, is algebraically and order isomorphic to an AM space with unit. Every AM space with unit is a
C(K) space for some compact Hausdorff space K with unit. Hence, Fremlin tensor product of two
order ideals generated by single elements is an order ideal. For general case, we need the definition of
orthomorphism. A linear operator T': F — F is called an orthomorphism if it is both band preserving
and order bounded. By using orthomorphism, we can show that Fremlin tensor product of two order
ideals is an order ideal.

Theorem 2. Fremlin tensor product of two order ideals generated by single elements in a uniformly
complete vector lattice is an order ideal.

For this subject, we give the following references.
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Let #H be a separable Hilbert space and let S1[#] be the trace class operators on ‘H (First Schatten
Class, [3]).

Consider H; = L?(H; [0,7]) and define an inner product on H; by:

(f 9y, = / (). g(t) gt
for all f,g € H;.

e With this inner product, H; is also a separable Hilbert space.

Here, we study the same problem in [2], with H replaced by a arbitrary separable Banach space B,
under the following conditions:

(1) Q(t) has a weak second-order derivative in [0, 7] and for ¢ € [0,7], Q¥ (t) (i = 0,1,2) is a self

adjoint trace class operator on B.

(2) [Qlly, <1.

(3) Hi1 has an o.n.b. {p,};2; such that > 7% | |Qwnlly, < oo.

(4) HQi(t)Hsl 5] (1=0,1,2) is a bounded measurable function on [0, 7.
It is clear from (4), that this is a nontrivial problem since, among other things, in the standard
approach, there are a number of possible definitions of S1[B] (see [3] and Pietsch [9]).
We assume that B is a continuous dense embedding in a separable Hilbert space H and for each
f,9 € B, (f,9), = (f,9)y is the Hilbert functional on B.

Theorem 1 (Polar Representation Theorem). Let B be a separable Banach space. If A € C[B], then
there exists a partial isometry U and a self-adjoint operator T, with D(T) = D(A) and A = UT.
Furthermore, T = [A* A]"/? in a well-defined sense.

Def. If A € S;[B], we called it a trace class (or nuclear) operator on 5.
* Since Sp[H] is a two sided *ideal, it follows that the same is true for S,[B].
* For 1 <p<oo, AeSy[B] and B € L[B] then AB, BA € S,[B] and

IABls, iz < 1Bl 215 1 Alls, 5
I1BAlls, iz < 1Bl 21z 1 Alls, 5
Lemma 2. If A\ & o(Lg) then QRo()\) € S1[H1]

Lemma 3. The operator valued function R(A\) — Ro(\) is analytic in p(L), the resolvent set of L, with
respect to the S1[Hi1] norm.

Theorem 4. The reqularized trace formula for operator L on B with the conditions on operator func-
tion Q(t) is given by

> [ O = ) = [ tr@(t)dt] = {1r(@(0) + rQ(r)

4
m=0 Ln=1
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Let us consider the semi-direct sum G x C;;‘eg of the loop Lie algebra G := c/lmf(Tl‘N), consisting of

the superconformal vector fields on a supertor TV in the forms:
~ 1 N
a:=ad/0xr + 3 Zizl(Dﬁia)Dﬁ'“ a:=a(x,%;\), (1)

where a € C°(T!V x (DL UDL); Ag), (,9) € TV ~ St x AN, A := Ag @ A; is a infinite-dimensional
Grassmann algebra over C D Ag, ¥ := (¥1,72,...,9y) and Dy, := 9/09; + ¥;0/0x, i = 1, N, which
are holomorphic in the "spectral" parameter A € C on the interior ]D)}r C C and exterior D! ¢ C
regions of the unit centrally located disk D' C C, and its regular dual space Gyeg With respect to the
parity:

7~ —1 N 7 N 5%

(I,a)o = res A / dzdV (la), ©:=1(z,9;\)(dz+ >~ 0idd;) € G, (2)

TN i=1

where [ € C°(THE =D » (DL UDL); Ay) if N =2k — 1 and [ € C®°(TH? x (DL UDL); Ag) if N = 2k,
k € N. The superconformal loop Lie algebra G possesses the commutator:

.7 U 1 N
[a,b] =¢, ¢:=c0/0x+ 5 Zizl(DﬁiC)Dﬂi,

— a(0b/0x) — b(da/Ox) + % S (Doa)Dyb). abed,

splits into the direct sum of its Lie subalgebras G = g+ a5, Q for whi~ch the fqllowjng dual spaces are
identified: G reg = ~G_,G* reg = ~ G,. Here d(o0) = 0 for any a()\) € G_. On G x G, one determines
the commutator:

[a 5 1,b x ] = [a,b] x (adgim — adil), a,beG, I,meq;

reg»
where ad* is the co-adjoint action of G with respect to the parity (2) and
(_1)N+1 N

4 — N
adyl = lya + lay + :
2 i=1

(Dﬁil)(Dﬁia)

for any vector field a € G and a fixed element Il e G
form:

regr a8 well as nondegenerate symmetric bilinear

(@ 1,bxm)=(I,b)+ (m,a)o.
One constructs the central extension & := & @ C of the Lie algebra & := Hzegl(é X Q:eg) by the
2-cocycle [1]:
wa(@ x 1,b x m) = / dz((1,0b/02)o — (1,0a/d2)0), (axl),(bxm)e&, zeS.
St

The Lie algebra & permits the standard splitting G = (’5+ @ G_ of the Lie algebra ® into the direct
sum of its Lie subalgebras & := [Lesi (G xG* reg) and &= [Lesi(G6-xGx reg)). Thus, by means
of the R-operator approach [2] one introduces the following Lie-Poisson bracket:
{m,v¥r = (@ x L [RV,u(@ x 1), Vip(a w D)) + V(@ x 1), RVw(a x 1)) +
+wa(RV, (@ x 1), Viv(a x 1) + wa(Vep(a x 1), RV (a x 1)), (3)
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where p,v € D(B*) are arbitrary smooth by Frechet functionals on &* R = (P —P.)/2, P, and
P_ are projectors on Q5+ and &_ respectively, on the dual space ®* ~ & to the Lie algebra ®. Here
Vih(ax 1) == (Vih; x Vihg) € & and V,h(ax 1) := (Vih; x Vihg) € ® are left and right gradients of
any smooth functional h € D(&*) at a point (@ x [) € &*. Due to the Adler-Kostant-Symes theory [2]
the Lie-Poisson bracket (3) generates the hierarchy of Hamiltonian flows:

d(awx 1)/ot, = ad;,w(p>(m)(ap<z>_{a><zh@}R (axl)e®, pel,,

where P, V@) (ax [) = (vlhlﬁi x Vihd)), Vih®) (aw D) = WYih(@ax D), Vi ~ Y ey, Vihi A9 and

tha ~ Zj€Z+ Viha jA™9 as |A| = oo, for any Casimir invariant h € I(QS*), satisfying, by definition,
the following relationship:

adg, h(ax l)(alxl) (axl) e®”.
Any two Hamiltonian flows on &* in the forms:
dawxi)/oy={ax,h®(@ax g, 0@xi)/ot={axl,h@xli)}z,
where V;hW) = APV h(a x 1), Vih® = XNeeVih(a x 1), py,pr € Z, and h € I(&*), give rise to the
separately commuting evolution equations:
0a/dy = —[Vih") ] + O(Vih")) [0z, 040t = ~[Vih{"),a] + O(Vih{")) 0z, (4)
and
01/0y = —ad;, " [+ ad;VihY) + 8(VihY)) [0z,

ol/0t = —ady, 0 [+ ad;Vin +a(vin),)/ox.

Proposition 1. The commutativity of evolutions (4) is equwalent to the relationship:
Vb, Vih" ]~ a(V, h@ )0t + O(V, h )0y =0, (5)

which is reduced on every coadjoint orbit of the Lie algebra & to the Laz-Sato representation for some
system of nonlinear heavenly type equations on a functional supermanifold. The relationship (5) is a
compatibility condition for the following linear vector equations:

/0y +Vihp =0, 99/0z +a =0, 9/t +Vih{ vy =0,
where (y,t; X, z,z,0) € (R? x (C x S' x TUN)) and ¢ € C*(R? x (C x S' x TUN)Y); C).

By use of the Lax-Sato compatibility condition (5) one can construct integrable systems of heavenly
type equations on functional supermanifolds, which can be considered as generalizations of Lax-Sato
integrable superanalogs [3] of the Mikhalev-Pavlov heavenly type equation, choosing the smooth func-
tions a := Zf:_ll w (2, 0)A* — AK and [ := EkK:_ll €ex(2,0)NF, K € N, in (1) and (2) respectively.
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Structure of functions on an oriented 2-manifold with the boundary
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Smooth functions are the tool of investigation in many scientific fields. Thus, their classification are
important enough. There is a number of papers devoted to functions with non—-degenerate singularities
on a surface with the boundary [1-5]. Furthermore, there are significant results dedicated to topological
structure of spaces of smooth functions with isolated critical points was presented in [6-10].

Let M (and N) be smooth compact connected oriented surface with the boundary M. We consider
the class of functions Q(M) = {f : M — R|CP(f) = NDCP(f) D> CP(flomr) = NDCP(f|or)}.
where CP(f) (NDCP(f)) is the set of (non-degenerated) critical points of f.

Theorem 1. The following statements hold true:

1) for arbitrary function f € Q(M) there exists the m-function g : M — R which is topologically
equivalent to f;

2) for arbitrary m-function g : M — R there exists the function f € Q(M) such that f and g are
topologically equivalent.

Definition 2. Smooth functions f € Q(M) and g € Q(N) are called O-equivalent if there exists a
homeomorphism A : M — N, which maps the components of the level sets of f onto the components
of the level sets of g, preserve the growing directions of functions and preserve the orientation. The
O-equivalence class of the pair (U, f|y) is called and O-atom for an oriented surface, where U is the
union of connected component of the (small enough) neighborhood of critical level, which contain the
critical points.

Let f € Q(M). The components of level lines of the function f are said to be layers. These layers are
homeomorphic to the circle or to the line segment for regular values of the function. Then, the surface
M can be considered as the union of layers and we get the foliation with singularities. We call a layer
by the layer of the first (the second) type if it corresponds to the component homeomorphic to the
line segment (circle). Let us consider the equivalence relation on M, such that points are equivalent if
and only if they belong to the same layer. Thus, after examining of nature factor-topology we get the
graph I'; with edges of two types. In such a way we get the classification of edges being called edges
division of graph I'y.

Definition 3. The vertices with degrees 3 and 4 of graph I'; of function f, which are incident to the
first type edges are said to be Y and X-vertices correspondingly.

Definition 4. Equipped Reeb graph of a function f € Q(M) is graph I'; with edges division, orientation
and cycle order at Y and X-vertices.

Definition 5. Equipped Reeb graphs I'y and I'y of functions f,g € Q(M) are said to be equivalent
by means of the isomorphism ¢ : I'y — I'y (denote by I'y ~ I'y or I'y ~, T'y) if ¢ satisfies the following
statements:

(1) preserve the division of the edges;

(2) preserve the cycle orders of the edges at each X and Y-vertex;

(3) preserve the edges orientation.
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Theorem 6. Let M, N be smooth compact surfaces (with the boundaries), such that f € Q(M),
g € Q(N). Then f and g are O-equivalent if and only if their equipped Reeb graphs I'y and 'y are
equivalent.

Further the first and the second type edges of the graph I'; are said to be | and O-edges corre-
spondingly. To define the genus of the surface we consider the following designation: let E; (Eg) be
a number of l-edges (O-edges) and Vj (Vo) be a number of the vertices which are incident only with
l-edges (O-edges). The number of components of the boundary of the surface M we denote by 0.

Theorem 7. Let graph I'y of a function f € Q(M) includes either O-edges, or |-edges. Then the genus
of the surface can be calculated from the formulas (1) and (2) correspondingly, where
go=FEo—Vo+1 (1)
E-Vi+2-0
. 2

Definition 8. A vertex with degree 2 (3) of the graph I'y of a function f, which are incident with the
edges of both types, are said to be T-vertex (D-vertez).

g =

Theorem 9. The genus of a surface can be calculated from the following formula
g=go+g+Vo+Vr—co—a+1 (3)

where go is a summary genus of the subgraph which consists only edge of the second type, such that
the genus of each graph components is defined by the formula 1, g is a summary genus of the subgraph
which consists only edge of the first type, such that the genus of each graph components is defined by
the formula 2, Vp is the number of D-vertices and V1 is the number of T-vertices, co is the number of
connected components of the subgraph which consists only edge of the second type and ¢ is the number
of connected components of the subgraph which consists only edge of the first type.

Corollary 10. Let f be m-function. Then the formulas 1, 2 and 8 hold true.
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The Cauchy problem for matrix factorizations of the Helmholtz
equation in a multidimensional bounded domain
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It is known that the Cauchy problem for elliptic equations is unstable relatively small change in the
data, i.e., is incorrect (Hadamard’s example). In unstable problems the image of the operator is not
closed, therefore the solvability condition can not be written in terms of continuous linear functionals.
Thus, in the Cauchy problem for elliptic equations with data on a part of the boundary of the region,
the solution is usually unique, the problem is solvable for an everywhere dense set of data, but this set
not closed. Consequently, the theory of solvability of such problems is essentially It is more difficult
and deeper than the theory of solvability of the Fredholm equations. The first results in this direction
appeared only in the mid-1980s in the works of L.A. Aizenberg, A.M. Kytmanov, N.N. Tarkhanov
(See, for instance [1]).

Let z = (z1,...,2n),y = (y1,...,Yn) be are points of the Euclidean space R™ and G C R™ be a
bounded simply-connected domain with piecewise smooth boundary counsisting of the plane T": y,,, =0
and of a smooth surface S lying in the half-space y,,, > 0, that i.s., 0G = SJT.

We consider in the domain G a system of differential equations

D (51) U(z) =0, (1)

0
where D <0> is the matrix of first-order differential operators.
x

We denote by A(G) the class of vector functions in a domain G continuous on G = G'|JOG and
satisfying system (1).

Problem 1. Suppose that U(y) € A(G) and
U)ls = fly), y €S

Here, f(y)— a given continuous vector-valued function on S.
It is required to restore the vector function U(y) in the region G, based on its values f(y) on S.

Theorem 2. Let U(y) € A(G) it satisfy the inequality
U(y)| <M, yeT.
If
Unl) = [ Noly, U (w)ds,, € G
S

then the following estimate holds
|U(z) — Uyp(z)| < C(x)oe 7% o >1, x€G.
Here and below functions bounded on compact subsets of the domain G, we denote by C(x).
Corollary 3. The limiting equality
lim Uy(z) = U(x),

T—00

holds uniformly on each compact set in the domain G.
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In the future, we will construct the Carleman matrix for matrix factorizations of the Helmholtz
equation in multidimensional bounded domain and based on it we will find an approximate solution
to the Cauchy problem in explicit form, using the methodology of previous works (See, for instance
[2,3,4,5,6, 7,8, 13]).

In many well-posed problems for a system of equations of elliptic type of the first order with constant
coefficients, the factorizing operator of Helmholtz, the calculation of the value of the vector function
on the whole boundary is inaccessible. Therefore, the problem of reconstructing, solving a system
of equations of elliptic type of the first order with constant coefficients, the factorizing operator of
Helmholtz, is one of the topical problems in the theory of differential equations (See, for instance
[9, 10, 11, 12, 14]).
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Fejer Sums and the von Neumann Ergodic Theorem
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The Fejér sums of periodic measures and the norms of the deviations from the limit in the von
Neumann ergodic theorem are calculated, in fact, using the same formulas (by integrating the Fejér
kernels), so this ergodic theorem is a statement about the asymptotics of the growth of the Fejér sums
at zero for the spectral measure of the corresponding dynamical system.

As a result, well-known estimates for the rates of convergence in the von Neumann ergodic theorem
can be restated as estimates of the Fejér sums at the point for periodic measures. For example, natural
criteria for the polynomial growth and polynomial decrease in these sums can be obtained.

On the contrary, available in the literature, numerous estimates for the deviations of Fejér sums
at a point can be used to obtain new estimates for the rate of convergence in this ergodic theorem.
For example, for many dynamical systems popular in applications, the rates of convergence in the
von Neumann ergodic theorem can be estimated with a sharp leading coefficient of the asymptotic by
applying S.N. Bernstein’s more than hundred-year old results in harmonic analysis.
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We denote by N:={1,2,...}, R, R" := {z € R: z > 0}, R} :=R"\0, and C the sets of natural, of
real, of positive, of strictly positive, and of complex numbers, each endowed with its natural order (<,
sup / inf), algebraic, geometric and topological structure.

Mixed areas/volumes. Let S be a bounded subset in C with the support function |1, Ch. 1], [2]

t
o — o it o /
Sps(2) =, supRe(=a),  sps(t) iz, Sps(e”). and  As(t) =, (5P)ien(t) + /0 sps(w) dz,

where (spg)eq is the left derivative of spg. The mized area (of Minkowski) F(S1,S2) of bounded sets
S1,S2 C Cis integrals [1, Ch. 1, 3], [2], [3, § 4]

1 27 1 27
FS1 82 1= 5 [ 50, (0485, = 5 | (sps,5ps, = (5P, Jn (5P, ) (1)t = F(S2.50).

Convexity with respect to a pair of functions. Let I C R be an open interval, and let f;: I — R
and fo: I — R be a pair of functions. A function ¢g: I — R will be called convezr with respect to the
pair fi1, fa, or, briefly, (f1, fa)-convez if there is a number d > 0 such that for each zj,z9 € I with
|x1 — x2| < d and for each C1,C5 € R such that

g(x1) < Crfi(xr) + Cof(x1), g(w2) < Crfi(w2) + Caf(22),

we have g(x) < Cyfi(z) + Cof (x) for each x € (z1,22) [4, Ch. L, § 1]. So, if g: R} — R is (f1, f2)-
convex for the pair f1: x — and fi: =z — 1/x, then we say that g is (x, 1/x)-convex.
z € R} z € R}

Entire functions in C. Even the following special result develops [3, § 4], [5], [6, Ch. 3, 4.2].
Let f # 0 be an entire function of exponential type with the indicator of growth of f denoted by

Indy [£](2) := lim sup In|f(rz)]

0<r—+o0 r zeC

R.

The function Ind;[f] is convex and positive homogeneous on C. Therefore, there is a non-empty convex
compact set Iy C C with Sp;, = Indy[f] called the indicator diagram of this entire function f.

Theorem 1. Let f # 0 be an entire function of exponential type with the indicator diagram I;. Suppose
that the function f vanish on a sequence Z = (zx)gen C C, i.e., f(zi) = 0 for each k € N. If K is a
non-empty conver compact subset in C, and g: R} — R} is an increasing (x,1/x)-convez function on
R}, such that

0 < liminf 9(x) < limsup 9(x) < 400, (1)
0<z—+00 I 0<z——+00
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then

. . 7T 1 Zj
limsup limsup o;——— Z g(m>spK<m) < F(Iy, K). (2)
om0 THeo [ o(1/a) da r<lzil<ar K K
T

Besides, for the identity function g: x — and for any non-empty conver compact subsets S and
r € RY

K in C, there is an entire function f # 0 of exponential type with zero sequence Z = (zg)ren C C and
the indicator diagram Iy = S such that we have the equality in (2).

Theorem 1 can be extended to entire functions of finite order p € R™ of one or several complex
variables with significant generalizations of mixed areas/volumes for p-convex sets. Thus, we obtain
numerous exact results on the completeness of systems of entire functions in classical function spaces
on sets in C" for n € N in terms of the mutual indicator of entire function and set [5], [6, Ch. 3, 4.2].

Here we note only the simplest version of the application of Theorem 1 to completeness questions.

Completeness of exponential systems. For a compact subset S of C, we denote by C(S)NHol(int.S)
the normed space of all continuous functions f: .S — C such that the restriction f to the interior int.S
of S is holomorphic if this interior int.S is non-empty, equipped with the norm || f||s := sup| f (s)|

seS

Theorem 2. Let S be a compact subset of the complex plane such that C\ S is connected. Lel
Z = (zi)ken C C be a sequence of pairwise distinct numbers. If there are a non-empty compact conver
subset K C C and an increasing (x,1/x)-convex function g: Rf — R} satisfying (1) such that

. . 7T 1 Zi
limsup limsup ——— Z g(—,z |>spK<—|Z |> >F(I,K).
1<a—+oo r——+oo f g(l/x) dx r<|zk|§ar k k
T

then the closure of the linear hull of {€**: k € N} in C(S)NHol(intS) coincides with C(S)NHol(intS).

Holomorphic functions in the unit disk/ball. In [7] and [8], we first used p-trigonometrically
convex and p-subspherical functions to study zero sets of holomorphic functions on the unit disk in C
and on the unit ball in C", respectively. Some of these results can be obtained in a more general form
in terms of mixed areas/volumes and Hausdorff measures of zero sets.

The research was supported by a Grant of the Russian Science Foundation, Project No. 18-11-00002.
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Definition 1. Let M be a n-manifold. A foliation of dimension p on M is a partition F = {Fu }aca of
M into subsets of F, such that for each point x € M there exist a neighborhood U, and a diffeomor-
phism ¢: U, — R™ with the following property: if U, N F, # (, then for each connected component
K the set U, N Fy, ¢(K) coincides with the plane of the form {x,, = C} for any C' € R.

Let X be a smooth compact manifold and p: £ — ¥ a vector bundle over Y. Denote by FE, the leaf
p~1(x) above the point z € X.

Definition 2. A partition F of the total space E will be called a singular foliation of class Z, if it
satisfies the following conditions:

1) X (as a zero section) is an element of F and the restriction F|p\y is a foliation (in the usual
sense, see Definition 1);

2) there exists an open tubular neighborhood U of ¥ in E such that for any points (z,v) and
(y,w) € E, belonging to the same leaf L and for any number ¢ > 0, if (x,tv) and (y, tw) are contained
in U, then they also belong to the same leaf.

Let F be a foliation of class Z on E. Denote by D(F) the group of diffeomorphisms of E, which leave
invariant each leaf of the foliation F, and by D(F, ¥) the subgroup of diffeomorphisms D(F) fixed on X.
Let Y = {(x,v) | [|v||> £ 1} C E be a neighborhood ¥. We also denote by D" (F,¥;Y) the subgroup
of D(F,X), consisting of diffeomorphisms h having the following properties: h(Y N E,) C E, for each
point x € ¥, and the corresponding mapping of the restriction on Y N E,, i.e. hlyng,: Y NE, — E,
is linear.

Theorem 3. The following inclusion D" (F,%;Y) C D(F, %) is a homotopy equivalence.
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Let T" be a family of curves v in R"”, n > 2. A Borel measurable function p : R" — [0, 00| is called
admissible for T, (abbr. p € admT), if

/p(x)ds > 1

gt
for any curve v € I". Let p € (1,00). The quantity

M(r) = inf [ 9w dm(a)
R?’L
is called p—modulus of the family I'.
For arbitrary sets E, F' and G of R™ we denote by A(E, F,G) a set of all continuous curves = :
[a,b] — R™ that connect E and F' in G, i.e., such that y(a) € E, v(b) € F and (t) € G for a <t < b.

Let D be a domain in R", n > 2, 29 € D and dy = dist(xg,dD). Set
A(zg,r1,m2) ={x € R" : ry < |z — x0| < T2},
Si = S(xo, i) ={z €eR": |z —xo| =1}, i=1,2.

Let a function @ : D — [0, o] be Lebesgue measurable. We say that a homeomorphism f: D — R”
is ring Q-homeomorphism with respect to p-modulus at zg € D if the relation

My(A(fS1, 52, D)) < / Q) 1P (| — o) dm(z)
A

holds for any ring A = A(zg,r1,72), 0 < 11 < ro < dy, dy = dist(xg,0D) and for any measurable

function n : (ri,72) — [0, 00] such that
T2

/n(r)drzl.

T1

Denote by wy,_1 the area of the unit sphere
sl = {z eR": || =1}
in R™ and by
1
Qoo (1) = m / Q(z)dA
S(zo,r)

zo,r

the integral mean over the sphere
S(zg,r) ={z € R": |z — x| =1},
where dA is the element of the surface area. Let L(xo, f,R) = sup |f(z)— f(xo)]|.

le—zo|<R
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Theorem 1. Suppose that f : R” — R" is a ring Q-homeomorphism with respect to p-modulus at a
point xg with p > n where xo is some point in R™ and for some numbers ro > 0, K > 0 the condition
0z (1) < K t°

holds for a.e. t € [ro,+00). If a € [0,p —n) then

p—1

i L@ L R) et (H) ~0.

e p—n—o«
R—oo R pn p—n—«

If « = p—n then

p—1

L _n\ =
im 20 LL) 5 ety (p ") >0,
R=oo (InR)»r p—1

This work was supported by the budget program “Support of the development of priority trends of
scientific researches” (KPKVK 6541230).
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In general, if f : M — R is an arbitrary smooth function with isolated critical points, then a
certain part of its “combinatorial symmetries” is reflected by a so-called Kronrod-Reeb graph Ay, see
e.g. [6,2,5,4, 14, 13, 12, 1]. Such a graph is obtained by shrinking each connected component of each
level set f~1(c), c € R, of f into a point.

Let D(M) the group of diffeomorphisms of M and

S(f) = {he D(M) | f(h(z)) = f(x) for all z € M}

be the group of diffeomorphisms h of M which “preserve” f in the sense that h leaves invariant each
level set f~1(c), c € R, of f. Hence it yields a certain permutation of connected components of f~1(c)
being points of Ay, and thus induces a certain map p(h) : Ay — Ay. It can be shown that p(h) is a
homeomorphism of Ay, and the correspondence p : h — p(h) is a homomorphism of groups

p:S(f) = H(Ay),

where H(Ay) is the group of homeomorphisms of Ay. One can also verify that the image of p(S(f))
is a finite group.
Let also D;q(M) be the identity path component of D(M), and

S'(f) = 8(f) N Dia(M)

be the group of f-preserving diffeomorphisms which are isotopic to the identity via an isotopy consisting
of not necessarily f-preserving diffeomorphsms. We will be interested in the group

Gy =p(S'(f))
of automorphisms of Ay induced by elements from S'(f).

Suppose that the set Fix(G'y) of common fixed points of all elements of G in Ay is non-empty. Let
also v € Fix(Gy) be a vertex of Ay fixed under Gy and Star(v) be a star of v, i.e. a small Gy-invariant
neighborhood of v. Then each v € G induces a homeomorphism of Star(v), and we can also define
the group

ngoc = {/7|Star(v) | Y€ Gf}

of restrictions of elements of G to Star(v). We will call GI¢ the local stabilizer of v.

Remark 1. We will give now an equivalent description of the group G'¢. TLet K be the critical
component of a level-set of f corresponding to the vertex v € Ay. Since v € Fix(G), we obtain that
hK) = K for all h € §'(f). Let ¢ = f(K) be the value of f on K, and £ > 0 be a small number
such that the segment [c — &, ¢ + €] contains no other critical values of f except for c. Let also Ng be
the connected component of f~![c — ¢, c + €] containing K. Notice that the quotient map p induces a
bijection between connected components ONg and edges of Star(v). Moreover, h(Ng) = Nk for all
h € 8'(f), and hence h induces a permutation o, of connected components of 9N . Then G°¢ is the
same as the group of permutations of connected components of Nk induced by h.
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In [9, 7, 8, 10, 11], the groups G'¢ were calculated for all Morse functions on all orientable surfaces
distinct from S2. In the present paper, we give a complete description of the structure of the group
Gl°¢ to the case when M = S2. For the convenience of the reader we present a general statement about
the structure of the group G!°¢ for all orientable surfaces.

Theorem 2. Let f € C°(M,R) be a Morse function and v € Fix(Gy) be some vertex.
(1) If M # S?, T2, then GI°¢ ~ Z,,, for some n > 1, [9].

(2) If M = T?, then G'°° = Zpy X Lpp, for some m,n > 1, [7, 8, 10].
(3) Let M = S%. Then the following statements hold.

(a) For each vertex v € Fix(Gy), the group Glo¢ is isomorphic to a finite subgroup of SO(3),
that is, to one of the following groups, see |3, pp. 21-23|:

Zn) ]D)na A47 S47 A57 (TLZ]_) (1)

(b) If Fix(Gy) has at least one edge, then for any vertez v € Fix(G), the group GI¢ is cyclic.

(c) IfFix(Gy) consists of a unique vertez v and G is non-trivial and cyclic, then GY%¢ = Z,.
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The report presents a new method for constructing exact solutions of the classical linear equations
of mathematical physics of parabolic, hyperbolic, elliptic and variable types. The method is a gener-
alization of the theory of finite-dimensional dynamics proposed for evolutionary differential equations
[2, 5]. The theory of finite-dimensional dynamics is a natural development of the theory of dynamical
systems. Dynamics make it possible to find families that depends on a finite number of parameters
among all solutions of PDEs (see [3, 3]).

Consider the following class of second order linear partial differential equations

g + 20(x)ury + c(2)ugy + h(x)uy + g(x)uy + f(x) =0, (1)

where b, ¢, h, g, f are functions of the class C*°. Such equations are equivalent to the following evolu-
tionary systems

Ut = v, (2)
vy = =2b(x)vy — c(T)uge — h(x)v — g(2)uy — f(y).
We call the system of ordinary differential equations of order k + 1

y(k—‘rl) = Y (‘/'I:?y? Z’ y/7Z/’ * "y(k)7z(k)) )
Z(k—‘rl) = Z (':U?y? Z? y/7zl' * '7y(k)7z(k)>

a dynamics of equation (1) if the vector function

(¢, 1) := (20, —2b(z) 21 — c(z)y2 — h(x)z0 — g(z)y1 — f(7))

is a generating function of infinitesimal characteristic symmetries of this system [2]. Here x, yo, 20, y1,
21, Yo, 22 are canonical coordinates on the space of 2-jets J2(R!,R?).
Theorem 1. The vector field on J*(R',R?)
0 0 0 0 0 0
S=¢p— 4+t +D(p)5— +DW)s— + -+ D) s + DF () =— 4
03+ V5 + DO+ D)+ + DA+ D)5 @

is an infinitesimal characteristic symmetry of system (3) if the following conditions hold:

D*(p) — S(Y) =0,
DFtl(y) — S(Z) = 0.

Here

A RN R U R R )
0z Ko " oz Oy Oz,
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Let I'* ¢ J?(R',R?) be a k-graph of some solution of system (3) and let ®; be the shift along the
vector field S. Then the surface ®;(I'¥) is a k-graph of a solution of system (2).
Example 2. Consider the telegraph equation
Uy — Uze = au + bug + ¢, (6)

where a, b, c are constants. This equation admits two types of dynamics:

Yo = Y1
r+a’
+ ™)
zZ9 =
T+
and
2ba — (z + B)a? " 4o "
= - z
Y27 42 + 160 — a?(x + B)? N7 402 + 160 — a2(z+p)2 b (8)
dac 2ba + o?(x + B)
Z9 = X 21.

4% + 16a — a?(x + 5)2 YT 2 16a — a?(z + B)?

Here «, 8 are arbitrary constants. The general solution of equation (7) is
y(z) =C3 + Cy(x + a)?,
2(z) =C1 + Co(z + )?,

and the general solution of equation (8) is

1
y(z) 25023:2 + Csx + Oy,

(10)
z(x) :i (z(CoB — C3)(28 + z)o+ + (8C) + 2b2°Cy + 4bCsx)or — 32 <a + lf) CQZL‘) :

Here C4, ..., Cy are arbitrary constants. Applying the shift transformations ®; to the obtained general
solutions, we obtain particular solutions of equation (6). For example, the function

1 /5
u(tvz) =—1+ TO <2£L'2 +5+ (10l‘ +1 - t)\/5> e_%(t\/g_l)_|_

1
+ 75 <2x2—|—5+ (—10z — 1+t)\f5> e2(tV5-1) (11)

is a solution of equation (6). It corresponds to solution (10) witha =b=c=1, a =1,8 =0 and
C1=0,Co=1,C3=0,C4 =0,C5 = 0.

This work is partially supported by Russian Foundation for Basic Research, project 18-29-10013 (A.
Kushner).
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Let M be a surface and D(M) be the group of C*°-diffeomorphisms of M. There is a natural right
action of the group D(M) on the space of smooth functions C*°(M,R) defined by the following rule:
(h, f) — foh, where h € D(M), f € C>*(M,R).

Thus, the stabilizer of f with respect to the action

S(f)={heDM) | fo h=f}
consists of f-preserving diffeomorphisms of M.
Endow D(M) with Whitney C*°-topology and its subspaces S(f) with induced one. Denote by
Sia(f) the identity path component of S(f).

Definition 1. Denote by F(M) the space of smooth functions f € C°°(M, R) satisfying the following
conditions:
(1) The function f takes constant value at each connected component of M and has no critical
points in OM.
(2) For every critical point z of f there is a local presentation f,: R? — R of f near z such that
f- is a homogeneous polynomial R? — R without multiple factors.

Definition 2. A smooth vector field F' will be called Hamiltonian-like for f € F(M) if the following
conditions hold:
(1) F(z) =0 if and only if x is a critical point of f,
(2) f takes constant values on orbits of F,
(3) Let z be a critical point of f. Then there exists a local representation of f at z as a homogeneous
polynomial g: (R2,0) — (R, 0) without multiple factors such that in the same coordinates (z,y)
near the origin 0 in R? we have F = —g;a% + g;a%.
The smooth flow F: M x R — M generated by a Hamiltonian-like vector field for f will be called
Hamiltonian-like flow for f.

Denote by A™(f) the set of diffeomorphisms from S(f) leaving invariant each regular connected
component of each level-set of f and reverses its orientation.

Theorem 3. Let D? be a 2-disk, f € F(M). Suppose there exists h € A~(f), i.e. A=(f) # @. Then
there exists another g € A= (f) such that g = h in a neighborhood of D and g € Siq(f).

Theorem 4. Let M be an orientable connected compact surface and f € F(M). If A=(f) # &, then
there exists another g € A= (f) such that g> € Sia(f).
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A tensor field 7" in a Riemannian manifold is called recurrent if it satisfies VxT = A(X)T for a
certain 1-form A which is called recurrent I-form, where V means the covariant differentiation with
respect to the Riemannian metric.

Recently, we introduced the notion of (C'H R)-curvature tensor field in an almost contact Riemannian
manifold.

In this talk, we consider the (CHR)-curvature tensor field is recurrent in a trans-Sasakian man-
ifold M, that is, (Vy(CHR))(X,Y,Z,W) = A(U)(CHR)(X,Y,Z,W) for any tangent vector fields
U, X,Y,Z,W on M. Then, we show that the Riemannian curvature tensor (resp. (CH R)-curvature
tensor) is written by A, « and 5.
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The topology of hyperspaces of sets of given dimension is investigated in numerous publications (see,
e.g., [3, 5, 2, 1]). In particular, in [7] the author described the topology of the hyperspace of sets of
given Hausdorff dimension.

There are different definitions of dimension for the probability measures (see, e.g., [4, 6, 6]). The
present talk is devoted to the spaces of probability measures of given box dimension.

Let us recall some necessary definitions.

Let (X,d) be a complete metric space. For F C X and r > 0 denote by N,.(F) the least number of
closed balls of radius r needed to cover the set F'. The lower and upper box dimensions of a set F' are
defined as follows:

| C logNy(F)
d F)=1 = .
ﬂbox( ) um,. .o 10g(1/7n) )
- —  logN,.(F)
dimpe, (F') = limy 0—F——,
o (F) = limr 07y 001
and the box dimension of a set F is defined as
log N,.(F)

impoq (F) Iy log(1/r)

whenever the last limit exists.

Note also that the lower (upper) box dimension of a set coincides with the lower (upper) box
dimensions of its topological closure.

Additionally, let the quantity Ag be given by the formula

Ao = Ao(X) = inf{dimpoe (B, (7)) | z € X,r > 0},

where B, (z) denotes the closed ball of radius r centered at z, is called the smallest local upper box
dimension of X.

Now, let P(X) denote the space of probability measures on X and k£ > 0. We endow P(X) with the
weak* topology. The lower and upper boz dimensions of a measure u € P(X) are defined, respectively,
by the formulae:

dimy, (1) = lim inf{dimy,.(F) | F' € B(X), p(F) 21— k};

k—0
Titpos (1) = lim i (it (F) | F € B(X), p(F) > 1~ k.
_>
where B(X) denotes the set of Borel subsets in X.

Theorem 1. Let X be an infinite complete separable metric space, then the set

{:U’: @box(ﬂ) = 0}

is homeomorphic to the separable Hilbert space 1°.
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Theorem 2. Let X be an infinite complete separable metric space, then the set
{p: inf{dimp,,(F): F € B(X), u(F) >0} > Ao}
is homeomorphic to the separable Hilbert space 12

The proofs of these theorems are based on results by Myjak and Rudnicki [9]. They proved that the
mentioned sets are residual in the space of probability measures. We also apply some characterization
theorems from infinite-dimensional topology [8].
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In this talk we will show how framed cobordism of systems of non-separating 2-sided submanifolds
in a closed manifold can be used to classify epimorphisms onto free groups up to equivalence and
strong-equivalence. Such a classification is known for surface groups and was done by Grigorchuk—
Kurchanov—Zieschang by using other methods. We use an extended Pontryagin—-Thom construction to
associate for any system of submanifolds an induced homomorphism to a free group. We will present
geometric operations on submanifolds which realize elementary Nielsen transformations on induced
homomorphisms. These results are motivated by the notion of Reeb graph of a function on a manifold,
which leads to both free quotient and system of submanifold.

The results are from joint work with Wactaw Marzantowicz.
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The density and the 7—placed of the N¥—nucleus of a space X
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Let X be a topological space and let £ be a system of closed subsets of X. The system ¢ is called
linked, if any two elements of it have nonempty intersection. A linked system & of closed subsets of X
is called complete, if for any closed set F' C X, the condition

" any neighborhood OF contains the set ® € £~ (%)
implies that F' € £ [1]. The set of all complete linked systems (CLS) in the space X is denoted by N X.

Let Uy,..., Uk, Vi,...,V, be a set of nonempty open subsets of X. Set O(Uy,...,Ug)(Vi,...,V,) =
{£ € NX : for any ¢ = 1,...,k there exists F; € £ such that F; C U;, and for any j = 1,...,n and
any ® € &, the intersection ® NV; is nonempty }. It is easily seen that the set of subsets of NX of the
form O(Uy,...,Uk)(Vi,...,V,) is an open basis of some topology on NX.

Definition 1. Let X be a T1—space, ¢ be a cardinal-valued function, and 7 be a cardinal number.
The N/ —nucleus of a space X is the space

NZX = {€ € NX : there exists F € £ such that o(F) < 7} [2].
Definition 2. A topological space X is said to be N —nuclear if NYX = NX.

As ¢, we take a density function d. Let 7 = Ng.
The definition implies that any space X is Nf_l—nuclear, where 7 = d(X); in particular, any separable
space X is Nkfo—nuclear.

Theorem 3. Let X be an infinite T1—space. Then
1) mw(Ng X) = mw(X);
2) d(NgOX) = d(X) (taken from [2]).

A set A C X is called 7—placed in X if for each point x € X \ A there is a set P of type G, in X
such that x € P C X \ 4 [3].

Put ¢(X) = min{T > Rg : X is 7—placed in X }; q(X) is called the Hewitt-Nachbin number of X.
We say that X is a Q,—space if ¢(X) < 7.

A space X is called an m,—space, where 7 is given cardinal, if for each canonical closed set F' in X
and each point x € F' there is set P of type G in X such that x € P C F.

Clearly, X is an m,—space for 7 = | X|. This allows us to give the following definition: put m(X) =
min{T > Ny : X is an m,—space }. The space X is called a Moscow space if m(X) < Ny.

Theorem 4. Let q(fooX) <7 and m(NX) <, then NgOX is T—placed in NX.
Theorem 5. Let m(NX) <7 =d(X), then an Ngo—nucleus NzﬁloX is T—placed in NX.
Theorem 6. Let NX is a Moscow space and X is a separable, then NgOX 1s T—placed in NX.
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Ricci-flat Kidhler metrics on tangent bundles of rank-one symmetric
spaces of compact type

I. V. Mykytyuk
(Institute of Applied Problems of Mathematics and Mechanics, Naukova Str. 3b, 79601, Lviv,
Ukraine.)
E-mail: mykytyuk_iQyahoo.com

We give an explicit description of all complete G-invariant Ricci-flat Kdhler metrics on the tangent
bundle T(G/K) = G€/KC of rank-one Riemannian symmetric spaces G/K of compact type, in terms
of associated vector-functions.

Over the latest decades there has been considerable interest in Ricci-flat K&hler metrics whose
underlying manifold is diffeomorphic to the tangent bundle T(G/K) of a Riemannian symmetric space
G /K of compact type. For instance, a remarkable class of Ricci-flat K&hler manifolds of cohomogeneity
one was discovered by M. Stenzel [1]. This has originated a great deal of papers. To cite but a few:
M. Cveti¢, G. W. Gibbons, H. Lii and C. N. Pope [2] studied certain harmonic forms on these manifolds
and found an explicit formula for the Stenzel metrics in terms of hypergeometric functions. Earlier,
T.C. Lee [3| gave an explicit formula of the Stenzel metrics for classical spaces G/K but in another
vein, using the approach of G. Patrizio and P. Wong [4]. Remark also that in the case of the standard
sphere S?, the Stenzel metrics coincide with the well-known Eguchi-Hanson metrics [5]. On the other
hand, and as it is well known, Stenzel metrics continue being a source of results both in physics and
differential geometry. We cite here only to G. Oliveira [6] and M. Ionel and T. A. Ivey [7].

We give an explicit description of all complete G-invariant Ricci-flat Kahler metrics on the tangent
bundle T'(G/K) of rank-one Riemannian symmetric spaces G/K of compact type or, equivalently, on
the complexification G¢/K® of G/K. To this end, we use the method of our article [8], giving the
result in terms of associated vector-functions (see below). It is also shown that this set of metrics
contains a new family of metrics which are not d0-exact if G/K € {CP",n > 1}, and coincides with
the set of d0-exact Stenzel metrics for any of the latter spaces G/K.

Remark here that until now, in the case of the space CP™ (n > 1), all known Ricci-flat K&hler metrics
were Calabi metrics, so being hyper-Kéhlerian and thus automatically Ricci-flat (see O. Biquard and
P. Gauduchon [9, 10] and E. Calabi [11]). Since by A. Dancer and M.Y. Wang [12, Theorem 1.1]
any complete G-invariant hyper-Kéhlerian metric on G/K = CP" (n > 2) coincides with the Calabi
metric, our new metrics are not hyper-Kéahlerian.

Note also, that in [12] the K&hler-Einstein metrics on manifolds of G-cohomogeneity one were clas-
sified but only under one additional assumption: It is assumed that the isotropy representation of
the space G/H (see our notation below) splits into pairwise inequivalent sub-representations. This
condition is crucial for the fact that the Einstein equation can be solved. But this assumption fails,
for instance, for the symmetric space CP™ (n > 2).

Let G/K be a rank-one symmetric space of a compact connected Lie group G. The tangent bun-
dle T(G/K) has a canonical complex structure JX coming from the G-equivariant diffeomorphism
T(G/K) — G®/KC. The latter space is the above-mentioned complexification of G/K. In our pa-
per [8] we described, for such a G/K, all G-invariant Kahler structures (g, JX) which are moreover
Ricci-flat on the punctured tangent bundle T%(G/K) of T(G/K). This description is based on the
fact that TH(G/K) is the image of G/H x Rt under certain G-equivariant diffeomorphism. Here
H denotes the stabilizer of any element of T(G/K) in general position. Such G-invariant Kéhler
and Ricci-flat Kéhler structures are determined completely by a unique vector-function a: RT — gy
satisfying certain conditions, gy being the subalgebra of Ad(H)-fixed points of the Lie algebra of G.
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On the group of isometries of foliated manifolds
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Let M be a connected Riemannian C°°-manifold of dimension n. We will denote by (M, F') manifold
M with k-dimensional foliation F' on M.

Definition 1. If for the some C"- diffeomorphism ¢ : M — M the image ¢(L,) of any leaf L, of
foliation F'is a leaf of foliation F', we say that the ¢ is C"- diffeomorphism of foliated manifold and
write as ¢ : (M, F) — (M, F) [2].

Let’s denote as Diff (M) the set of all C"- diffeomorphisms of foliated manifold (M, F'), where
r > 0. The group Diff p(M) is subgroup of Diff (M) and therefore it is topological group in compact
open topology.

Recall a vector field X is called a foliated field if for every vector field Y, tangent to F, Lie brocket
[X,Y] also is tangent to F. It is known that flow of every foliated field consists of diffeomorphisms
of foliated manifold (M, F') [1]. The set L(M, F') of foliated vector fields is a Lie subalgebra of Lie
algebra V(M) [2]. It follows from here that the group Diff z(M) contains the Lie group for which the
Lie algebra is an algebra L(M, F).

Let M be a smooth connected finite-dimensional Riemannian manifold.

Definition 2. An isometry ¢ : M — M is called an isometry of foliated manifold (M, F) if it is
diffeomorphism of foliated manifold (M, F') [1].

We will denote by Isop(M) the set of all C"-isometries of foliated manifold (M, F'), where r > 0.
We have that

Isop(M) = Diff (M) () Iso(M).

Let us recall that vector field X on riemannian manifold (M,g) is called Killing field if its flow
consists of isometries of Riemannian manifold (M, g), that is Lxg = 0, where g is riemannian metric,
Lxg denotes Lie derivative of the metric g with respect to X. If X is foliated Killing vector field,
it’s flow consists of isometries of foliated manifold (M, F').) The set K (M, F') of foliated Killing vector
fields is a Lie subalgebra of Lie algebra L(M, F'). It follows from here that the group Isor(M) contains
the Lie group for which the Lie algebra is an algebra K (M, F).

Theorem 3. Let (M, F) be a foliated manifold where M is a smooth connected finite-dimensional
Riemannian manifold. Then the group Isop(M) is closed subset of Iso(M) in compact open topology.

Really Cartan’s theorem states that on a closed subgroup of a Lie group there exists a differential
structure with respect to which the closed subgroup is a Lie subgroup of a given Lie group.By using
this fact we formulate following .

Theorem 4. Let (M, F) be a foliated manifold where M is a smooth connected finite-dimensional
Riemannian manifold. Then the group Isop(M) is Lie subgroup of Lie group Iso(M).
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equations

Igor Petkov
(Admiral Makarov National University of Shipbuilding, Mykolaiv, Ukraine)
E-mail: igorpetkov@i.ua
Vladimir Ryazanov
(Institute of Applied Mathematics and Mechanics of National Academy of Sciences of Ukraine;
Bogdan Khmelnytsky National University of Cherkasy, Physics Dept., Lab. of Math. Physics)
E-mail: Ryazanov@nas.gov.ua, vl.ryazanovi@gmail.com

It is shown that each homeomorphic I/Vlicl solution to the Beltrami equation is the so-called lower
Q-homeomorphism with Q(z) = K, (z) where K,(z) is the dilatation quotient of this equation. It is
developed on this basis, see e.g. [2], the theory of the boundary behavior of such solutions.

Let D be a domain in the complex plane C and let u : D — C be a measurable function with
|i(2)| < 1 a.e. in D. The Beltrami equation is the equation of the form

fE = N(Z)fz (1)
where fz = 0f = (fo+ify)/2, f- =0f = (f—ify)/2, 2 = x+iy, and f, and f, are partial derivatives
of f in x and y, correspondingly. The function p is called the complex coefficient and

L+ [u(2)]
Ku(2) = -— 5 (2)
" 1 —u(2)]
the dilatation quotient for the equation (1) that is degenerate if esssup K, (z) = ooc.
In [2] and [3], we follow Caratheodory in the definition of the prime ends for bounded finitely
connected domains in C and refer readers to Chapter 9 in [1]. In what follows, Dp denotes the

completion of the domain D by its prime ends with the the topology of prime ends, see Section 9.5
in [1]. Further, we assume that K, is extended by 0 outside of D.

Theorem 1. Let D and D’ be bounded finitely connected domains in C and let f : D — D’ be a
homeomorphic I/Vli’cl solution of the Beltrami equation (1) with

6(z0) J
r
—— = 0 YV 29 € 0D (3)
/Tl G )
where 0 < 6(z0) < d(z0) = sup |z — 20| and ||K.|l(z0,7) = [ K,(2)|dz|. Then f can be
zeD |z—z0|=r
extended to a homeomorphism of Dp onto D'p.
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Some topological obstructions for strong coloring of uniform
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A hypergraph H = (V, E) based on the vertex set V and with the edge set FE is called k-uniform if
all its edges have cardinality k. A strong l-coloring of the hypergraph H is a map h: V — [l] where
(] = {1,2,...,1} such that for each edge e = {v1,va,...,v;} € E the vertices vy, va, ..., vy are labeled
with different colors. Note that a strong coloring of a uniform hypergraph H is just a proper coloring
of its 1-skelethon H®, which is covered by a collection of k-cliques.

Let S be a family of nonempty subsets of some base set X. The generalized Kneser hypergraph
Kgk (S) where m < k — 1 is defined as follows. The vertices of Kg¥ (S) are the elements S; of S and
there is a k-edge e = {S;,,..., i, } in KgF,(S) if and only if S;, N---NS;,.,, = 0 for any distinct sets
Siys- -8, from S (see also [1, 12]).

In the present talk, we represent k-uniform hypergraphs H as generalized Kneser hypergraphs
K g,’:_l(S). For the given k,l with [ > k we define the generalized Kneser k-uniform hypergraph
Kg,lj_l(T) which is called the testing hypergraph for [-coloring of k-uniform hypergraphs. Both
Kgt (S) and Kgf |(T) have the natural geometric interpretation as cell complexes, denoted by
Bi(Kgr_,(S)) and By, (T), respectively. The cell complexes By(KgF ,(S)) and By (T) are en-
hanced with natural action of the symmetric grup Si. The action of the group Sy is effective on
both cell complexes. For each I-coloring of a k-uniform hypergraph H there is a natural homo-
morfizm g: Kgf (S) — Kgf ,(T) of hypergraphs Kgf ,(S) and Kgf ,(T). The homomorfizm
g: Kgf (S) — Kgf ,(T) induces an Sp-equivariant cellular map ¢': Bg(Kgf_,(S)) — By (T).
Therefore, the nonexistence of such Sy-equivariant map from By (Kgf ,(S)) to By, (T) is a topo-
logical obstruction for existence of strong [-coloring of the k-uniform hypergraph H. We discuss the
conditions under which such topological obstructions do not vanish.
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On quotient spaces and their spaces of continuous maps
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Let p : X — Y be a factor map between topological spaces, that is p is surjective and a subset
A C Y is open if and only if p~!(A) is open in X.

Let A = {p~!(y) | y € Y} be the partition of X into the inverse images of points of Y. A continuous
map h: X — X will be called a A-map if for each w € A its image h(w) is contained in some element
w' of A. Hence every A-map h induces a map ¥(h) : ¥ — Y making commutative the following
diagram:

X " x

] v

v 0y

It is well known that v (h) is continuous whenever h is so.

Let £(X, A) be the monoid of all A-maps of X, and £(Y) = C(Y,Y) be the monoid of all continuous
self-maps of Y. Let also H (X, A) be the subgroup of £(X, A) consisting of homeomorphisms and H(Y)
be the group of homeomorphisms of Y.

Then the correspondence h — 1 (h) is a well defined map

P E(X,A) = E(Y) (2)

being a homomorphism of monoids.
The following statement gives sufficient conditions under which ¢ will be continuous with respect
to compact open topologies on £(X,A) and E(Y).

Lemma 1. Let p: X — Y be a factor map having the following property:

(K) for every compact subset L C'Y there exists a compact subset K C X such that p(K) = L.
Then the homomorphism of monoids ¢ : E(X,A) — E(Y) is continuous with respect to compact open
topologies.

Recall that a continuous map p: X —Y

e is called proper if p~1(L) is compact for each compact L C Y;
o admits local cross-sections if for every y € Y there exists an open neighborhood V and a
continuous map f : V — X such that po f =idy.

Corollary 2. Suppose Y is a locally compact Hausdorff space. Then each of the following conditions
implies that the map ¢ : E(X,A) — E(Y) is continuous with respect to compact open topologies:

(1) p is a proper map;

(2) p is an open map and admits local cross sections;

(8) p is a locally trivial fibration.

Let Y be a topological space. Say that two points y,z € Y are Ty-disjoint (in Y') if they have
disjoint neighborhoods. Denote by hcl(y) the set of all z € Y that are not Ts-disjoint from y. Then
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z € hel(y) if and only if each neighborhood of z intersects each neighborhood of y. We will call hel(y)
the Hausdorff closure of y.

We will say that y € Y is a branch point whenever hel(y) \ y # 0, so there are points that are not
T5-disjoint from y. The set of all branch points of Y will be denoted by Br(Y').

Theorem 3. Let X be a locally compact Hausdor[f topological space, Y be a Ti-space whose set Br(Y')
of branch points is locally finite, and p : X — Y be an open continuous and surjective map. Then for
every compact L C'Y there exists a compact subset K C X such that p(K) = L. In particular, due to
Lemma 1, the map (2) ¢ : E(X,A) — E(Y) is continuous with respect to compact open topologies.
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We investigate the topological structure of flows with collective dynamics on the sphere. Flows
with fixed points of hyperbolic type and focus in which there is one heteroclinic (or as a partial case
homoclinic) cycle which divides a surface into two parts and contains all saddle points are considered.
One part is connected, homeomorphic to the open disk and has Hamiltonian-type dynamics with focus
inside, and the other is divided into regions that have gradient-like dynamics and the same properties
as the Morse field. Namely: 1) all points of hyperbolic type; 2) there are no trajectories connecting the
saddles, except for trajectories belonging to the selected heteroclinic cycle; 3) each trajectory begins
and ends at a fixed point (sink, source, saddle). A complete topological invariant of these flows is
constructed.

This invariant is a planar graph, which has the form of a circle with some segments drawn inside
it. The circle (the selected cycle on the graph) corresponds to a closed trajectory in the Hamiltonian
region, which is quite close to the selected heteroclinic cycle. The vertices correspond to the saddle
points and sources, and the saddle lying on the boundary of the two components of the connectivity
of the gradient region corresponds to two vertices. Segments (edges that do not belong to the selected
cycle) correspond to separatrixes coming from a source and chords connecting vertices corresponding
to one saddle. By sequentially numbering the vertices on the circle, we divide them into groups and
selected pairs. One group includes those vertices of the saddle, which include separatrixes from one
source (we mark it as (1,2,3)), the chords correspond to the numbers of pairs of vertices (we mark it as
{1,2}). Using these invariants, all possible structures of such flows with no more than 6 saddles were
found. Thus there is a single flow with one saddle: (1). Two flows with two saddles are 1): (1), (2)
and 2): (1,2). Four flows with three saddles are: 1): (1), (2), (3); 2): (1,2), (3); 3): (1,2,3); 4): (1),
(3), {2,4}. 18 flows with 5 saddles and 47 flows of different structure with 6 saddles were also found.
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Let F be a field of characteristic zero. Denote by My, »(F) the set of m x n matrices over F and by
Mo, n(F[A]) the set of m x n matrices over the polynomial ring F[\].

In the ring F[A] we counsider the operation of differentiation D. Let a(\) = Zé:o a; N7t e AL
Put D (a(\)) = Zé:o(z — )a; N1 and D¥(a())) = D(a*"D(\)) = a®(\) for every natural k > 2.
The differentiation of a matrix A(X) = [ ai;(A) | € My (F[A]) is understood as its elementwise

differentiation, i.e., AMN(X\) = D(A(N)) = [D(a;;(N\)] = [agj)(x)] and AR (\) = D(AF-D()\))
Let b(A) = (A = B1)" (A = Bo)2--- (A = B,)" € F[N], degb(N) = k = ki + k2 + --- + k;, and
A(X) € My, »(F[A]). For the monic polynomial b(\) and the matrix A(\) we define the matrix

Ny A(Bj)
W) (g,
MI[A,b] = A@ € Mk (F), where Nj = A _(5]) € My, n(F), j=1,2,...,7.
NT A(kj_l)(ﬁj)

The Kronecker product of matrices A = [a;;] (n x m) and B is denoted by A® B = [ a;; B | . Let non-
singular matrices A(\), B(A) € M, ,(F[A]) be equivalent and S(\) = diag (s1(A), ..., Sn—1(A), sn(N))
be their Smith normal form (see [5], Chapter 1). For A(X\) and B(\) we define the matrix

D) = ((s1(N)s2(N) -+ 501(V) B*(N)) @ A'A) € Mz (BN,

where AY()\) denote the transpose of A()\). It may be noted if S(\) = diag (1,...,1,s()\)) is the Smith
normal form of the matrices A(\) and B()\), then D(X) = B*(\) ® AY(\).

Definition 1. Two families of n x n matrices A = {A1, Ag,..., A} and B = {B1, B, ..., B, } over
a field F are said to be similar if there exists a matrix T € GL(n,F) such that A; = TB;T~ for all
i=1,2,...,r

The task of classifying square matrices up to similarity is one of the core and oldest problems in
linear algebra (see [1]- [7] and references therein), and it is generally acknowledged that it is also one
of the most hopeless problems already for r = 2. Standard approaches for deciding similarity depend
upon the Jordan canonical form, the invariant factor algorithm and the Smith form, or the closely
related rational canonical form. In numerical linear algebra, this leads to deep algorithmic problems,
unsolved even up to this date, that are caused by numerical instabilities in solving eigenvalue problems
or by the inability to effectively compute sizes of the Jordan blocks or degrees of invariant factors, if
the matrix entries are not known precisely. At present such problems are called wild ([2], [3]).

The families A and B we associate with monic matrix polynomials

AN = LN + AN T+ AN 2444, and BV =LN +BN 14BN 2+...4B,

over a field F of degree r respectively, where I, is the identity n x n matrix. It is clear that the families
A and B are similar over F if and only if the matrices A(A) and B(\) are similar over F. The purpose
of this report is to give a criterion of similarity of two families of matrices over a field.
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Theorem 2. Let matrices AN) = I\ + Y1 AN L B(A) = LA + Y0 BN € M, ,(F[\])
of degree r be equivalent, and let S(\) = diag (s1(\), ..., 8n—1(A), sn(N)) be their Smith normal form.
Further, let s,(\) = (A — a1)" (A — ag)*2 - (A — a,.)Fr, where o; € F for all i =1,2,...,7.

The families A = {A1,Ag,..., A} and B = {B1, Ba,...,B,} are similar over F if and only if
rank M[D,s,] < n? and the homogeneous system of equations M[D,s,]r = 0 has a solution v =
[v1,V,...,v,2]" over F such that the matriz

U1 (%) e Un
Un41 Un42 e V9
V= nt nr "€ My, (F)
U'I‘LQ—TL-I—I U7‘L2—n+2 e Un2

is nonsingular. If detV # 0, then A; = VB,V for all i =1,2,...,r.
Example 3. Let F = Q be the field of rational numbers. Further, let

NI ) A R TN

families of 2 x 2 matrices over the field Q.
Monic matrix polynomials A(\) = IoA%2 + A1\ + Ay = [

PRIEEDY 0
—4AN+1 N2 —3)\+2

)

0
2]} be two

2 _
A —3\+1 1 ]and

—AN+1 AN+ A+1

B(\) = IbA\%2 + B\ + By = [ ] with entries from Q[\] are equivalent and

S(A\) = diag (1, (A2 — 1)(A\%2 — 2))) is their Smith normal form. It may be noted that s;(A\) = 1 and
s2(A) = A(A 4+ 1)(A — 1)(X — 2). Construct the matrix

D(A)ZB*(/\)®At(>\):{A2—3A+2 0 ]@[,\2—3/\+1 —4A+1]

AA-1 N4 1 A +A+1
and solve the system of equations M[D, spJxz = 0. Crossing out zero rows in the matrix M[D, so] and

after elementary transformations over the rows of this matrix we get the following system of linear
equations

1 1 0 0 1 0

39 2 6 r2 | |0

7 49 6 42 | | 0

Ty 0
From this system of equations we obtain 1 = —xo = t, 3 = 0 and x4 = t. It is obvious that the
matrix V = [ é _tt ] is nonsingular for nonzero t € Q. Thus, the families of matrices A and B are

similar, i.e., 4, =V IB;V,i=1,2.
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Invariant factors and their connections play an important role in the studying of matrix’s structure
[3, 5]. For instance, at augmented one matrix with a single row to obtain another matrix are used
the relationships between the invariant factors of these matrices. B.W. Jones [2] state a fact that a
unimodular m x n (m < n) matrix A over a principal ideal domain may always be augmented with
a single row to obtain a unimodular (m + 1) X n matrix B. Some relationships between the invariant
factors of an arbitrary matrix A and those of a one row prolongation B over the same area was
established by R. Thompson [4]. D. Carlson [1] obtained similar results in terms of a finitely generated
module.

In this paper, we give necessary and sufficient conditions that a matrix A may be augmented with
a single row to obtain a matrix B over elementary divisor domains.

Let R be an elementary divisor domain [4] with 1 # 0, i.e., every m X n matrix A over R have
diagonal reduction, namely A ~ E = diag(e1,...,ex,0,...,0), gileir1, ¢ = 1,...,k — 1, where the
matrix F is called the Smith normal form, the diagonal elements ¢; are invariant factors of the matrix
A. The notation a|b means that the element a is the divisor of the element b, i.e., b = ac, where ¢ € R.

Theorem 1. Let R be an elementary divisor domain, A be an m X n matriz over R, A ~ E =
diag(ey,...,€k,0,...,0), gileit1, © = 1,...,k — 1. Let also 61,...,0r € R be nonzero elements such
that 8;|0;+1, @ = 1,...,k — 1. Then the matric A may be augmented with a single row to obtain an
(m+ 1) x n matric B ~ A = diag(d1,...,0,,0,...,0), §[0ir1,i=1,...,k —1, if and only if

51|€1|(52|62| e |5k:|5k
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The Cartan group is the free nilpotent Lie group of rank 2 and step 3. We consider the left-invariant
sub-Riemannian problem on the Cartan group defined by an inner product in the first layer of its Lie
algebra. This problem gives a nilpotent approximation of an arbitrary sub-Riemannian problem with
the growth vector (2,3,5).

In previous works we described a group of symmetries of the sub-Riemannian problem on the Cartan
group, and the corresponding Maxwell time — the first time when symmetric geodesics intersect one
another. It is known that geodesics are not globally optimal after the Maxwell time.

Now we study local optimality of geodesics on the Cartan group. We prove that the first conjugate
time along a geodesic is not less than the Maxwell time corresponding to the group of symmetries.
Geodesics for which the first conjugate time is equal to the Maxwell time are presented.

Earlier we conjectured that the Maxwell time is equal to the cut time — the time when geodesics
lose optimality. Our result is an important step in the proof of this conjecture.
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A permutation group X is the group of all permutations (i.s.one-one and onto mappings X — X.
A permutation group of a set X is usually denoted by S(X). If X = {1,2,3,..n}, S(X) is denoted by
Sy, as well [1].

Let X™ be the n-th power of a compact X. The permutation group S, of all permutations, acts on
the n-th power X™ as permutation of coordinates. The set of all orbits of this action with quotient
topology we denote by SP"X . Thus, points of the space SP"X are finite subsets (equivalence classes)
of the product X™. Thus two points (z1, z2, ..., ) , (Y1, Y2, ..., Yn) € X" are considered to be equivalent
if there is a permutation o € S, such that y; = z,(;).The space SP"X is called the n -permutation
degree of a space X. Equivalent relation by which we obtained space SP™X is called the symmetric
equivalence relation. The n-th permutation degree is always a quotient of X™. Thus, the quotient map
is denoted by as following: m; : X — SP"X.

Where for every x = (21,22, ...,x,) € X", ©5 (21,22, ..., xn)) = [(z1,22, ..., y)] is an orbit of the
point X = (x1,z2,...,x,) € X™.

The concept of a permutation degree has generalizations. Let G be any subgroup of the group
Sp-Then it also acts on X" as group of permutations of coordinates. Consequently, it generates a
G -symmetric equivalence relation on X™. This quotient space of the product of X™ under the G-
symmetric equivalence relation is called G-permutation degree of the space X and it is denoted by
SPf. An operation SPZ = SP™ is also the covariant functor in the category of compacts and it is said
to be a functor of G -permutation degree. If G = S,, then SP7; = SP". If the group G consists only
of unique element then SPS = X™.

We say that the local density of a topological space X is 7 at a point z, if 7 is the smallest cardinal
number such that x has a neighborhood of density 7 in X.The local density at a point x is denoted by
ld(x). The local density of a topological space X is defined as the supremum of all numbers ld(x) for
x € X Id(X) = sup{ld(z) : z € X} [2].

It is known that, for any topological space we have ld(X) < d(X).

Theorem 1. Let X be an infinite T1—space and Y is a dense in X. Then SP™Y is also dense in
SP"X.

Theorem 2. Let X be an infinite Th—space and Y is a local dense in X. Then SP™Y is also local
dense in SP™X.
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Theorem 1. Let X be an e-space and let T be an ideal having a pseudounoin, then X satisfies
S tin(Q2, OF9P) if and only if X has Hurewicz property [4].

Lemma 2. [1, Theorem 4.1.2| (see also [5]) An ideal Z of N is meager if and only if there is a partition
{P, :n € N} of N into finite sets such that each A € T contains atmost finitely many P} s.

Proposition 3. For a space X and a meager ideal T, X satisfies Spin (A, O%-97) if and only if X has
Hurewicz property.

Problem 4. Is there a Lindel6f non-e-space such that S, (€2, OT9p) holds but S fin (A, OT9p) fails?.

Definition 5. A space X is said to have Z-Hurewicz property (in short ZH) if for each sequence
(Uyn, : n € N) of open covers of X there is a sequence (V, : n € N) such that for each n € N,V is a
finite subset of U, and for each z € X, {n e N:z ¢ UV, } € Z|2|.

Theorem 6. Let X be an e-space satisfying CDRgup(A, A) and let Z be a meager ideal of N. If X has
I-Hurewicz property then X also has Hurewicz property.

Theorem 7. If a filter { does not have Z-Hurewicz property then x(F) > b(Z).

Remark 8. C'H denotes the Continuum Hypothesis. Assume =C'H. Let 7 be an ideal of N and let
k be an infinite cardinal satisfying b < k < b(Z). There is X C NN of size b which is not a Hurewicz
space. But X is Z-Hurewicz.

Example 9. There exists a non-Z-Hurewicz filter of character b(Z). Consider a set {f, : @ < b(Z)}
which is not Z-bounded. Let F be a filter on N x N generated by the family {F,, : o < b(Z)} where
Fy ={(n,m) : m > fo(n),n € N}. For each n € N, U = {U(n,m) : m € N} is an open cover of F
where for each n,m € N, U(n,m) ={ACNxN=min{k e N: (n, k) € A}}.
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The kinetic equation Boltzmann is the main instrument to study the complicated phenomena in the
multiple-particle systems, in particular, rarefied gas. This kinetic integro-differential equation for the
model of hard spheres has a form [1, 2|

D(f) = Q(f, f). (1)

We will consider the continual distribution |3

f= / (t,z,u)M(v,u, z)du, (2)

which contains the local Maxwellian of spemal form describing the screw-shaped stationary equilibrium
states of a gas (in short-screws or spirals) [4]. They have the form:

3
2
M(U,u,x) — poeﬁoﬂﬂ <£> efﬁ(v—uf[wxz])z' (3)

Physically, distribution (3) corresponds to the situation when the gas has an inverse temperature
8= 2T, where T' = 1 f u)? fdv and rotates in whole as a solid body with the angular velocity

w € R3 around its axis on which the point zg € R? lies,

[w X ul

o = OJ2 ) (4)
The square of this distance from the axis of rotation is
1
r? = E[W X (z — m0))? (5)

and the density of the gas has the form:

p = poe" (6)
(po is the density of the axis, that is r = 0), u € R? is the arbitrary parameter (linear mass velocity
for ), for which z||w, and u + [w x z] is the mass velocity in the arbitrary point z. The distribution
(3) gives not only a rotation, but also a translational movement along the axis with the linear velocity

(w, u)

w?

Thus, it really describes a spiral movement of the gas in general, moreover, this distribution is stationary
(independent of t), but inhomogeneous.

The purpose is to find such a form of the function ¢(t, z, u) and such a behavior of all hydrodynamical
parameters so that the uniform-integral remainder |3, 4|

A= sup /yD P)ldv, 1)

(t m)GR‘l

or its modification "with a weight":

A w R41+|t|/ QUf. f)ldv, 8)
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tends to zero. N
Also some sufficient conditions to minimization of remainder A and A are found. The obtained
results are new and may be used with the study of evolution of screw and whirlwind streams.
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Denote by C’g’rC, a >0, r>0, (see, eg., [1]) the set of all 2r—periodic functions, sucht that for
all x € R can be represented in the form of convolution

1 ™
F@) =9+ 1 [ Parpla =~ tholt)dt, ao € R o L1, 1)

—Tr

where ¢ € C, and P, , g(t) is a generalized Poisson kernel of the form
Po,s(t) = Ze*a’" cos (kt — 7), a>0,7r>0 8eR.
k=1

If f and ¢ are connected with a help of equality (1), then the function f in this equality is called
the generalized Poisson integral of the function ¢ and is denoted by Jg’r(go). The function ¢ in the
equality (1) is called the generalized derivative of the function f and is denoted by fg’r.

By pn(f; ) we denote the deviation of the function f from its partial Fourier sum of order n — 1:

pu(fix) == f(z) = Sna(fi2),
where
1
Sn-1(fix) = % + Y (ag cos kx + by sin kx)
1

3
|

B
Il

ar = an(f) = i/f(t) cosktdt, by = by(f) = jr/f(t) sin ktdt,

and by E,(f)c we denote the best uniform approximation of the function f by elements of the subspace
Ton—1 of trigonometric polynomials ¢,,—1(-) of the order n — 1:

En(f)c =, inf 1 |f = Sn—1(f)llc-

n—1€T2n—

The norms ||pn(f;-)|lc can be estimated via E,(f)c, using the Lebesgue inequality

o759l < (23 1un + 00 ) Eu(es ne . )

On the whole space C the inequality (2) is asymptotically exact. At the same time for the sets of
functions C’g’rC the inequality (2) is not asymptotically exact.

We establish the asymptotically best possible Lebesgue-type inequalities for the functions f € Cg’rC )
in which for all n, starting from the number ny = nj(«,r), an additional term is estimated by absolute
constant.
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For arbitrary a > 0, r € (0,1) we denote by n; = ni(«a,r) the smallest integer n € N, such that

1 1—r

1 ™m ar 1
— (141 ) < . 3
ar nr< i 1=r = (3r)3 (3)

Theorem 1. Let « > 0, r € (0,1), 8 € R and n € N. Then, for any function f € Cg’rC and all
n > ni(a,r) the following inequality holds

—om” 4 n
lon(Fs e < ¢ (m

2 ar

n

1—r

+'Yn> En(fgyr)c' (4)

Moreover, for arbitrary function f € Cg’rC one can find a function F(x) = F(f,n,x) from the set
CF"C, such that E,(Fy" o = E,(f3")c, such that for n > ni(a,r) the equality holds

B B B
1—r

T 4 n
lon(Fs e = (5

o +'7n> En(fgﬂd)c- (5)

In (4) and (5) for the quantity v, = vn(,r, B) the estimate holds |y,| < 207,
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Definition 1. Let M, B be smooth manifolds and p € M. Let f,g : M — B be smooth mappings
satisfying the condition f(p) = g(p) = q.

1) f has a first-order tangency with g at the point p if (df), = (dg), as the map T,M — T,,B.

2) f has a contact of k th order with g at the point p if the map (df) : TM — TB has a contact
of order (k — 1) with map (dg) at each point T, M. This fact can be written as follows: f ~j g at the
point p (k -positive number) [2].

"

We denote by J*(M, B),.q the sets of equivalence classes with respect to the "~ at the point
p" in the space of mappings f : M — B satistying the condition f(p) = q. We put J*(M,B) =
U(p,q)GMXB ‘]k<M7 B)ZLQ'

Definition 2. The set J*(M, B) is called the space of k -jets.

The action of the group G on M gives rise to some action of the group on J*(M, B). This action is
called the k -prolongation of the group G on J*(M, B).

We let G¥) denote the associated prolonged group action on the jet space J¥(M, B). The infinitesimal
generators of the k -th prolongation of the group G to J*(M, B) are k - prolongations of infinitesimal
generators of the group G.

Definition 3. The function I € C*=(J*(M, B)) is called a differential invariant of order k of the group
G if it is preserved under the action of the k -th prolongation G on J*(M, B), that is, g(I) = I for any
transformation g € G,

Differential invariants of Lie group of transformations are studied in the papers [1], [3], [4].
Let G be a Lie group of transformations of the space of two independent u,v and three dependent
x1, X2, x3 variables, and following vector field

(1)

0 0 < 0
X = §1(u,v,x)% —&—&(u,v,x)% + Zm(u,v,m)am
i=1 ¢

is infinitesimal generator of the group G.

It is known that any Lie group is similar to the group of translations. This property of the groups
is remarkable and its use permits simplification of finding of differential invariants of the group.

In order to use this possibility we produce the replacement of variables.

Let us consider functions Fi(u,x) and Fy(v,x) which are solutions of following equation

X(F)=1. (2)
Let I1(u,v,x), Is(u,v,z) and I3(u,v,z) be are functionally independent invariant functions of the

group G, i.e. they are satisfy following equations

X(I;)=0,i=1,2,3. (3)
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We will replace the variables in the space of (u,v,z1,x3,z3) by putting
SZFl(uax)vt:FQ(U>$>7 <4>
Yi = Ii(’UJ,’U,SU), (5)

where i = 1,2, 3. Using easy deductions, we can verify that in variables (s, t, y1,y2,ys) the vector field

(1) has the following form

g 0
x=2,.9 6
s ot (©)
This form of the vector field X shows that the group G is similar to the group of translations. Moreover

in the coordinates (s,t,y1,y2,ys) for any k € N for k — th prolongation X*) of the vector field (6) it
holds equality X*) = X,
Let us recall differentiation operator D is called invariant differentiation operator with respect group
G if it holds DX (F') = X D(F') for any smooth function F.
It follows from the form of the vector field (6) invariant differentiation operators for the group G
are following operators of total derivatives: D = Dy + Dy.
If we put
Oy _ OFy
Pik = ﬁ;%‘,k = otk
then we can write total derivatives in following forms:

+szl +sz2 (7)

0 = 0 < i
D; = i1 — io—— + ... 8
b= +;qz,18% +;qu2aqi’1 + (8)
We have the following equalities
1 1
D ——Dy,Dy=——D 9
s D Fl us Mt — DvFZ Vs ( )

which will allow us to return to the old variables, where D,,, D,— also operators of total derivatives
with respect u,v.

Let denote by D*(F) derivatives D¥ 4 DF(F) of order k.

Thus we have the following theorem.

Theorem 4. Suppose Iy, I, I3 are independent invariants of the group G, Fi(u,z), Fa(v,x), are so-
lutions of the equation X (F) = 1. Then functions I;(u,v,z) and D*(IL;) are differential invariants of
order k.
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In this talk, we will show that the newly introduced F-metric spaces, introduced by Jleli and Samet
in [1], are metrizable. Also, we deduce that the notions of convergence, Cauchy sequence, completeness
due to Jleli and Samet for F-metric spaces are equivalent to that of usual metric spaces. Moreover, we
show that the Banach contraction principle in the context of F-metric spaces is a direct consequence
of its standard metric counterpart.
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This is a paper in classical geometry, namely about triangle conics and cubics. In recent years,
N.J. Wildberger has actively dealt with this topic using an algebraic perspective. Triangle conics were
also studied in detail by H.M. Cundy and C.F. Parry recently. The main task of the article was to
develop an algorithm for creating curves, which pass through triangle centers. During the research, it
was noticed that some different triangle centers in distinct triangles coincide. The simplest example:
an incenter in a base triangle is an orthocenter in an excentral triangle. This was the key for creating
an algorithm. Indeed, we can match points belonging to one curve (base curve) with other points of
another triangle. Therefore, we get a new intersting geometrical object. We may observe the method
through deriving one of the results:

One can consider as a base conic Jarabek Hyperbola [3]. It passes through circumcenter, orthocenter,
Lemoine point, isogonally conjugated to the de Longchamps point, and vertices of a triangle. We may
study this hyperbola in the excentral triangle. Omne can notice that all of the above points have
correspondence with points in the base triangle: Bevan point, incenter, mittenpunkt, de Longchamps
point, and centers of the excircles, respectively. Therefore, we got a new cubic, which passes through
the above points. All of the properties of the base hyperbola could be analogically converted in a new
view perspective.

Theorem 1. As a consequence, one may apply the described above method to various curves and
various constructed triangles, such as excentral, medial, mid-arc, Euler triangles, etc. The application
yields the following results:

Corollary 2. The first obtained conic is ractangular conic that passes through centers of the excircles,
Bevan point, incenter, mittenpunkt and de Longchamps point. The new hyperbola is isogonaly conjugate
to the line, which passes through incenter, citcumcenter, Bevan point, 1sogonaly conjugated point to the
mittenpunkt with respect to the base triangle, and isogonaly conjugate to the mittenpunkt with respect
to the excentral triangle. Moreover, its center lies on the circumscribed circle.

Corollary 3. The second derived conic has vertices in the centroid and de Longchaps point, focus
i the orthocenter. Directriz of the hyperbola is perpendicular to the Fuler line and passes through
circumcenter.

Corollary 4. The third derived conic is the rectangular hyperbola that passes through circumcenter,
ncenter, midpoint of mittenpunkt and incenter, Schiffler point, and isogonaly conjugate point to the
Bewvan point.

Corollary 5. The first obtained cubic passes through vertices of the triangle, bases of the altitudes,
middles of the triangle sides in the orthic triangle, orthocenter, Euler point, centroid in orthic triangle,
Lemoine point, and gomotetic center of the orthic and tangent triangles.

Corollary 6. The second constructed cubic passes through vertices of the triangle, bases of the alti-
tudes, orthocenter, Euler center, and circumcenter.
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Corollary 7. The third developed cubic passes through Speaker point, center of the Euler circle, cir-
cumcenter, orthocenter, complementary conjugate of orthocenter.

Corollary 8. The fourth obtained cubic passes through Lemoine point, cenlroid, circumcenter, mit-
tenpunkt, incenter, and orthocenter.

Corollary 9. The fifth derived cubic passes through circumcenter, orthocenter, Euler center and mid-
point of the incenter and the orthocenter.

Jarabek and Yff hyperbole; Thomsom, Darboux,and Lucas cubics were taken for construction of
the above curves. The properties of the invented curves and the algorithm of their construction are
described in more details in the paper. The originality of the obtained results could be verified [4].

The beauty of the idea of the corresponding points lies in the fact that it can be applied to various
geometric objects. Many wider results are obtained by applying this technique to straight lines passing
through triangular centers. Also, one can apply this method to other curves.

The developed idea completely closes the question of curves passing through triangular centers.
However, it opens up a number of new questions. What is the topological nature of these transforma-
tions? Is it possible to apply a similar idea to non-FEuclidean objects? Could one use the same method
over an arbitrary finite field? Can this idea be further generalized?
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The idea of loess as a natural multi-fractal was formed in the works of Bird [1], Russell [2]. On the
basis of the fractal characteristics of the pore and particle structure, there were obtained theoretical
models describing diffusion, deformation of the compaction and the shift of the medium [3], [4]. In [2]
the distribution function Ns(L > ds) of the particles sizes is defined as the number of particles of the
size L such that L > ds, where ds runs over the real numbers. The fractal dimension of the particle
size distribution function is defined as follows

D, = lim In(N,(L > dy))
ds—0 ln(ds)

In the presented paper we study subsidence of soils, which are eluvial, eluvial-deluvial loess-like
deposits of the Middle-Upper Pleistocene age, lying on the Right-Bank Loess Upland Plain (Middle
Dnieper, Ukraine).

On the basis of the fractal characteristics of the pore and particle structure, there were obtained
theoretical models describing diffusion, deformation of the compaction and the shift of the medium
[3], [4]. Under some additional conditions of fractal nature of the loess soil and developing methods
introduced in [5, 6] we obtained certain predictive estimations of the coefficient of porosity after the
disintegration of micro-aggregates. In this note we obtain some estimations of soil subsidence volume,
based on the introduced above fractal dimension.

The particles forming the ground may have only a finite set of sizes. We denote these sizes
di,ds,...,dn—1,dy ranging in decreasing order from the largest. We assume that o = a; = d;/d;j_1,
where 2 < j < n, does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
As the structures formed by particles of a fixed size are self-similar, we also assume that all these
structures have the same coefficient of porosity k, as well as the same porosity K, = k,/(1 + k). We
discovered that under such conditions two different situations may occurred. Let &’ be the coefficient
of porosity and K’ be the porosity of the soil after the disintegration of micro-aggregates.

Theorem 1. In the above denotations we have :

_ ' 3—Dg
D r_ (tkp)di P ’_ i1 d; .
I.Ipr>aS,thenk—w—landK—l—W,
j=1%
kpd>~Ds / kpdoDs
2. If K, < aPs, then k' = 2%~ and K' = pin ,
f p < ’ Z?:1 df_Ds kpdgz_DS +Z?:1 d?_Ds

The results of our experiments and calculations show that on the basis of a new theoretical models
and the "Microstructure" technique, having the values of the fractal dimension of the particle size
distribution by volume, it is possible to forecast the volume deformations after the disintegration of
the micro-aggregates. Depending on the type of soils and the specific experimental conditions, this
may be the amount of subsidence deformation, swelling or suffusion. The details of our experiments
and techniques are described in [6].
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In this talk on the joint work [TTU20] with Ryoto Tange in Kogakuin university and Anh T. Tran
in the University of Texas at Dallas, we study irreducible SLo-representations of twist knots. For each
n € Z, the twist knot J(2,2n) is defined by the diagram below, the horizontal twists being right handed
if n is positive and left handed if negative.

We have J(2,0) = 01 (unknot), J(2,2) = 3; (trefoil), J(2,4) = 59, and J(2,—2) = 4, (figure-eight
knot). Regarding a 1/2-full twist to be a half twist, J(2, —2n) and J(2,2n 4 1) are the mirror images
to each other, hence we only consider J(2,2n). The knot group m, = m(S® — J(2,2n)) of J(2,2n)
admits the presentation
T, = (a,b] aw™ = w"b), w=[a,b"'] =ab ta"'h.

by [HS04, Proposition 1]. Since twist knots are 2-bridge knots, the Culler—Shalen theory of character
variety together with Riley’s calculation assures that conjugacy classes of p € Hom(m,, SL2(SL)) are
parametrized by = := trp(a) and y := tr p(ab). A representation p is said to be acyclic if H;(mw,p) =0
holds for every i and non-acyclic if otherwise. Here is our first theorem.

Theorem 1. Conjugacy classes of non-acyclic irreducible SLo(SL)-representations of J(2,2n) are ex-
|3n — 1| —1
2

2mk
actlygz‘venbyJU:y:I—Q(:os3 T 1,O<k§

,keZl.

This implies that every such representation corresponds to a point on the diagonal z = y in R? € SLZ.
In order to prove this assertion, we investigate the intersection of curves defined by Chebyshev-like
polynomials f,(x,y), Tn(x,y) € Z[x,y|. The polynomial f,(x,y) defines a component of the character
variety and coincides with the Riley polynomial ®,(x,u) via —u = y — 22 +2. The polynomial 7, (z,y)
is the Reidemeister torsion regarded as a function so that 7,(x,y) = 0 iff a representation p with
(tr p(a), tr p(ab)) = (z,y) is non-acyclic. We first prove that the intersection of their zeros lie on x =y
and then determine all common roots of f,,(z,z) and 7,(x,z). We also introduce several Chebyshev-
like polynomials g, hy, ky, € Z[x] and prove f,(x,z) = gnkn, To(z, ) = hyky, where k, is the greatest
common divisor. We in addition prove the following theorem, generalizing [Bén20, Remark 4.6].

Theorem 2. The two curves fn(z,y) = 0 and 7,(z,y) = 0 in R? have a common tangent line at
every intersection point, while the second derivatives of their implicit functions do not coincide. In other
words, every zero of T,(x,y) on fn(x,y) = 0 has multiplicity two in the function ring SL[x, y]/(fn(z,y)).

The following theorems characterize non-acyclic representations.

Theorem 3. The conjugacy class of an irreducible SLo(SL)-representation p of J(2,2n) is on the line
x =y if and only if p factors through the —3-Dehn surgery.

Theorem 4. The conjugacy class of an irreducible SLo(SL)-representation p of J(2,2n) on © =1y is
non-acyclic if and only if p(a=*w™) is of order 3.

Our study is indeed motivated by a problem in arithmetic topology. We finally investigate the
L-invariants of universal deformations of residual representations, which was introduced in [KMTT18|
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in a perspective of the Hida-Mazur theory. Let p : m, — SLa(F) be a representation over a field
F with char = p > 2 and a completed discrete valuation ring (CDVR) O with the residue field F. A
deformation (or a lift) of p over a complete local O-algebra R is a representation p : m, — SLo(R) with
the residual representation p. A universal deformation p : w, — SLa(R) of p over O is a deformation
such that any deformation over any R uniquely factors through p up to strict equivalence. If p is
absolutely irreducible, then p uniquely exists up to O-isomorphism and strict equivalence.

When R is a Noetherian UFD and the group homology Hy (7, p) with local coefficients is a finitely
generated torsion R-module, the L-invariant L, € R/ = is defined to be the order of Hy(m,, p), where
= denotes the equality up to multiplication by units in R. Let A,;(t) denote the i-th p-twisted
Alexander polynomials. Then we have L, = A, 1(1). A general theory of twisted invariants yields L,
= 7,05,0(0). For most cases we have A, = 1, so that we have L, £ 1if and only if 75 = 0, that is,
p is non-acyclic. Now B. Mazur’s Question 2 in [Maz00, page 440] may be varied as follows:

Problem 5. Investigate the L-invariants L, of the universal deformations p over O of absolutely
irreducible non-acyclic residual representations p.

The following theorem completely answers to this problem, that is, it determines all residual repre-
sentations with non-trivial L-invariants, as well as explicitly determine the L-invariants themselves.

Theorem 6. Every absolutely irreducible representation p : 7, — SLa(F') of a twist knot corresponds
to a root of k, in F. Suppose that p corresponds to a root @& of k, with multiplicity m and that

d
a1 = ay -+, oy, are distinet lifts of @ with k,(a;) = 0 and a € O. If %(a, @) # 0 holds, so that
Y

there is a universal deformation p : m, — SLa(O[[x — a]]) over O, then the equalities

Lp=kn(x)*= [J(z — )
in R = O[[z — a]] hold. If in addition p{3n — 1, then m =1 and L, = (x — ) holds.
If instead égg(a, @) # 0, then a similar equality holds in R = O[[y — o).

We remark that our work is derived from the scope of the following dictionary of analogy between
knots and prime numbers (cf. [MT07, MTTU17, KMTT18], [Mor12, Chapter 14]).

] Low dimensional topology H Number theory ‘
Deformation space of hyperbolic structures || Universal p-ordinary modular deformation space
Dehn surgery points with Z-coefficient Arithmetic points
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The class of mappings with finite length distortion was introduced in [2] for R™, n > 2, see also [3].
This class is a natural generalization of the classes of isometries and quasi-isometries.

Here we follow Caratheodory in the definition of the prime ends for finitely connected domains
on Riemann surfaces and Dp denotes the completion of the domain D by its prime ends with the the
topology of prime ends, cf. Chapter 9 in [1]. We prove criteria in terms of dilatations K for the
homeomorphic extension to the boundary of these mappings f between domains in compactifications
by Kerekjarto-Stoilow of Riemann surfaces by prime ends, see definitions and notations in [4]-[5].
Further, we assume that K is extended by 0 outside of D.

Theorem 1. Let S, S* be Riemann surfaces, D, D* be finitely connected domains on S, S*, 0D C S,
0D* C S*. Suppose that f : D — D* is a homeomorphism with finite length distortion and, for all
po € 0D,

&(po)

dr
[ @i =00 WEleen = [ K dso) &
’ h(p,po)=r

Then f can be extended to a homeomorphism of Dp onto D'p.
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The quotient group of the restricted and unrestricted wreath product by its commutator is found.
The generic sets of commutator of wreath product were investigated.

We generalize the results presented in the book of Meldrum J. [1] about commutator subgroup of
wreath products since, as well as considering regular wreath products, we consider those which are not
regular (in the sense that the active group A does not have to act faithfully). The fundamental group
of orbits of a Morse function f : M — R defined upon a Mobius band M with respect to the right
action of the group of diffeomorphisms D(M) has been investigated.

Denote the set of all the orbits of A on X by O, if this set is finite then by O;. Recall that the
direct product indexed by infinite set consists of all infinite sequences, and the direct sum consists
only of sequences with finitely many elements distinct from zero. Denote by Z(A(B)) the subgroup of
diagonal subgroup [2] Fun(X, Z(B)) of functions f : X — Z(B) which are constant on each orbit of
action of A on X for unrestricted wreath product, and denote by Z(A(B™)) the subgroup of diagonal
Fun(X, Z(B™)) of functions with the same property for restricted wreath product, where n is number
of non-trivial coordinates in base of wreath product.

Theorem 1. A centre of the group (A, X)1B is direct product of normal closure of centre of a diagonal
of Z(B") i.e. (Ex Z(A(B"))), trivial an element, and intersection of (K) x E with Z(A). In other
words,

Z((A,X)1B) = ((1; h,h,... k), e, Z(K,X)1E) ~ (Z(A)NK) x Z(A(B)),

where h € Z(B), | X|=n.

For restricted wreath product with n non-trivial coordinate: Z((A, X)1B) =
((1; ... hhyo o by o), e, ZIK,X)E) 2 (Z(A)NK) x Z(A(B ”)):
~ @ (Z(A)NK) x Z(B).

JjEOF
In case of unrestricted wreath product we have: Z((A,X)1B) =
((L; ...;hoy,hoyhyy oo hishivr,.ony), e, Z(K, X)E) ~ (Z(A)NK) x Z(A(B))
= [ (Z(A)NK) x Z(B).
jeo
Theorem 2. If W = (A, X)(B,Y), where | X| = n, |Y| = m and active group A acts on X
transitively, then

d(G') < (n—1)d(B) + d(B) + d(A).

Theorem 3. The quotient group of a restricted wreath products G = Z1x Z by a commutator subgroup
is isomorphic to ZxZ. In previous conditions if G = Alx B then, G/G' = AJA'xB/B'. If G = Z, Z,
where (m, n) = 1, then d(G/G") = 1. If G = Z 1 Z is an unrestricted reqular wreath product then
G/G ~ZxE~Z.
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H. Toruriczyk and J. West [11] considered the construction of (completed) infinite iteration of the
hyperspace functor and established some of its geometric properties. A counterpart of this construction
for the superextension functor was investigated in [12]. Later, V. Fedorchuk [3] introduced a general
notion of perfectly metrizable functor and obtained generalizations of results from [12].

Having in mind increasing interest to the fuzzy metric spaces we are going to extend the notion of
perfectly metrizable functor over the class of fuzzy metric spaces in the sense of George and Veeramani
[5].

Let X be a set, *: [0,1] x [0,1] — [0,1] be a continuous t-norm. A GV-fuzzy metric on X is a
mapping m: X x X x Ry — (0, 1] satisfies the following conditions for all z,y,z € X, s,t € R;:
(1GV) m(z,y,t) > 0,

(2GV) m(z,y,t) = 1 if and only if z = y;

(BGV) m(z,y,t) = m(y, z,1);

(4GV) mlz, 2,6+ 5) = m(z,y,t) * m(y, 2, );

(5GV) the function m(z,y, —): Ry — [0, 1] is continuous.

m
m

We will consider the class of (closed to) normal functors in the category Comp of compact Haus-
dorff spaces and continuous maps. For any such a functor F', there exists a natural transformation
n: lcomp — F.

Suppose that to each compact fuzzy metric space (X, mx, *) a fuzzy metric mp(x) on the space F'(X)
is assigned (with respect to the same triangular norm *). We will make the following assumptions:

(1) If f: (X,mx) — (Y,my) is an isometric embedding, then so is
(2) The map nx: (X,mx) — (F(X),mpx)) is an isometric embedding.
(3) diam(X,mx) = diam(F(X), mpx)).
We suppose now that the mentioned functor F' is a functorial part of a monad (F,n,). Then we
additionally require that the following holds.
(4) The map ¥x: (F?(X), mp2(x)) = (F(X), mp(x)) is nonexpanding.
The condition in the definition from [3] that concerns the preservation of uniform continuity (this

is equivalent to the preservation of (g,0)-continuity) does not have a unique counterpart in the case
of fuzzy metric spaces, as in the latter case there are different notions of uniform continuity (see, e.g.,

[6, 4]).
In the talk, we discuss the question of completion of the metric direct limits of the form

FHX) =lim{X = F(X) = F*(X) = ...},

with bonding maps F™(X) — F"*(X) taken from the set {F7(ng=—;(x)) | 0 < j < n}. Remark that
the completion of fuzzy metric spaces does not necessarily exist [7].
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Next, we consider the question of embedding of the (completions of the) spaces F'7(X) in the spaces

of the form
F(X) = Im{F(X) + F}(X) + F*(X) ...}

As an example, we consider the hyperspace functor ([8]; see also [1]). Another example is the functor
of idempotent measures; its fuzzy metrization is constructed in |2]. Recall that the idempotent measures
are counterparts of the probability measures in idempotent mathematics, i.e., the part of mathematics
in which at least one of arithmetic operations in R is replaced by an idempotent operation (e.g., max
or min).

In the paper [10], a metrization of functors of finite degree is constructed. The considerations of
this paper are significantly extended in [1], where the so called ¢P-metrics are defined on the sets of
the form F(X), where F' is a functor with finite supports on the category of sets.
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Acumnrormani 306paxenss F,(Y, Y, 0)-po3s’askis qudepenmianibamx
PIBHSIHb JPYroro HOpsi/iKy, IO MiCTATh 100yTOK Pi3HOrO THIy
HeJliHiliHOCTEll y mpasiii yacTuHi

Yenok Oubra OJgerisua
(Opecwkuit Hanionanbuuii yaisepcurer imeni . I. Meanukosa, Omeca, Ykpaina)
E-masil: olachepok@ukr.net

Pozrnanaerscst nudepeniiianbie piBHIHHS JIPYTOro MOPSJIKY

y" = aop(t)eo(y)e1(y), (1)
y gkomy ap € {—1;1},p: [a,w[—=]0,400[ (—o0 < a < w < 400), @i Ay, —]0,+00] (i € {0,1}) —
uenepepsui dyukiii, ¥; € {0, +o00}, Ay, — oxHobiunmit okin Y;.
Beakaemo Takox, 1o (ByHKIS @1 € IpaBuibHO 3MinHO0 (auB. 1], posain 1.4, crop. 17) npu z —
Y1 (z € Ay,) nopsaznky o1, a dbyHkiis o gsiun menepepsuo gudepenniiiosta Ha Ay, Ta Taxa, 10

"
in o) ={ 200 0 i DA 2
yye_;)% ’ zze_)A;/)O (‘Po(z))

B cuny ymos (2) dyskuist g Ta i moxigaa neprioro nopsaiky € [1] meuako smiHHUME npu mpsi-
MyBaHH] aprymenty g0 Yp. Takum umHOM, HOCTiXKyBaHe mudepeHiiajibHe PIBHAHHS MICTUTH V IpaBiit
qacTuHl JOOYTOK MIBUIKO T4 TPABUIBHO 3MIHHUX (PYHKITIH.

Hudepennianbae piBastaas (1) mocaimKyerbes moa0 ymos icaysanns y aporo P, (Yp, Y7, 0)-po3s’as-
KiB, & TaKOXK aCUMITOTUIHAX 300paskeHb TAKMX PO3B’A3KIB Ta TX MOXIJAHUX HEPHIOTO MOPSIKY.

Posp’s30k y piasinag (1) nasusaerses P, (Yp, Y7, 0)-po3s’a3koM, sIKINO BiH Bu3HAYEHUT HA TPOMIZK-
Ky [to,w[ 1 3a0BOTBHSIE YMOBU

lmy®(®) =, (i=0,1), lm-LO

tw trw y (Oy(t)
OcHoBHI pe3ysbraTn J0BOAATLCA y npunyinenni icaysanus 1 B, (Yp, Y1, 0)-po3s’a3kiB ckinueHHOT
9¥M HECKIHIeHHOI T ili mu(t)y” (1) i 2]. 3 i
pamunti tlTI(f}l o () Ta BUKJaJeH] y [2]. 3a anpiopHuMM BIACTHBOCTSME TaKUX
POBB’A3KIB MaeMO
)y (¢ )y (t
i OV w0 5
o y(t) the Y (1)
Jie
() = t, AKIIO W = 400,
WY t—w, dKIIo w < +00.

Hapasi yrounena kimbkicts takux P, (Yp,Y7,0)-po3s’askie pisugnuga (1). Bymao orpumano, mo y
!/
BUMAIKY, KoK lim (D 5(t) =c€ R,
tTw 2 t)
(1) upu ¢(1 — 1) > 0 pisusuus (1) mae ogronapamerpuuny cim’io P, (Y, Y1, 0)-poss’askis,
(2) mpuc(l—o01) < 0rTa B(1—01) < 0 piBagrng (1) Mae nBONIapaMeTpudHy CiM'10 TaKUX PO3B’A3KIE,
(3) mpu ¢(1 —o1) <0 1a B(1 —01) > 0 — Mae npuHaliMHI OMH TAKUI PO3B’S30K, j1€

1—0q

dr npu t € [b;w|[C [to, w].

t sien 0
I(t) = sign(yY) - / ™o (7)p(7)601 <|77gw((17/;|)>

w
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Y BUDAAKy, KOJIu lim TeW® 400, piBagnusa (1) mae omnomapamerpuuny cim’to P, (Y, Y1,0)-
Y, w [2(t)

PO3B’I3KIB.
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T'onoMop@dHO-TPOEKTUBHI IEPETBOPEHHS JIOKAJIbHO
KOH(OPMHO-KeJIePOBIUX MHOTOBHU/IIB Y CUMETPUYHI F-3B’sI3HOCTI.

€. B. YepeBko
(Omecbka HaIOHAJTBHA aKaJeMist XapdoBUX TexHooTii, Bya. Kanarna, 6. 112, m.Ozeca, 65039,
Ykpaina)
E-mail: cherevkoQusa.com

B. €. BepezoBcbKuii
(VYmanchbkuit HanuoHabHU yHIBEpCUTET CaIiBHUITBA, By. lHCTHTYTCHKA, 0. 1, M.YMaHb,
Yepkacbkag 06.1., 20305, Ykpaiuna)
E-mail: berez.volod@gmail.com

M. Mikem
(Vuisepcurer IMananpkoro 8 Onomoyne, Byr. 17 Jlucronmana, 6. 12, m. Omomoyr, 77147, Yecbka
peciryfika)
E-mail: josef .mikes@upol.cz

Osuauenns 1. Epwmitosuit muorosum M, Mae Ha3By A0KAABHO KOHPOPMHO-KEAEPO6020 (KOPOTIIE,
JIKK-) mnozosudom, axio icaye Bimkpure noKputts U = {Ua}a cA MHOIOBH[Y M Ta cucrema

Y ={0a:Uy— R}aeca

—204

rIakuX BYHKINH TaKuX, 110 {J U, 00 =€ Q\Ua} — KeJIepoBa CTPYKTYpa s Oyab IKOTO v € A.

[lepexia Big MeTpuK: ¢y, D0 METPHKH €~ 2% g|y. Mae Ha3BY AOKGALHO KOHEHOPMHO20 MEPEMeopers

cmpyxmypu. OyHKIA 0 Mae HA3BY GUSHAYAALHONW dynKkyicto KOHMDOPMHOTO TepeTBOpeHHsi|2].

Ha JIKK-muorouai rimobanbao BusHadeno dbopma Jli(Lee):
2

n —

w =

25QOJ

Bimowmo, mo JIKK-muOroBrmm me 10myckaioTh romoMopdHO-TIPOEKTUBHUX TTEPEIBOPEHD M 3B A3HOCTI
Jlepi-Uisira [3]. Ase MoxkHA Ha TAKOMY MHOIOBHJ 33JaTu CUMeTpuuHy F-3B’a3HicTh, TOOTO Taky, B
AKIil KOMIIJIEKCHA CTPYKTYPa € KOBAPIAHTHO CTAJIO0:

VxJ =0.

e ue Tinpku Bijoma 3B s3nicTh Beitns. Hanpukiian, cumerpuyany F-3B'93HICTE, MOXKHA, TOOYIYBATH
inmuM unnoM. Hexait mykana F-38’s3icTb 3a/1ana GHoOpMYJIoH0:

k k
T, =Tl + P,

k e . k y . C T
Je P — rensop acinol gedopmariii, a CHMBOJJIOM I'}; mosHaweno KomioHeHTH 38’s13H0CTI Jlesl-'iBira,
ysrogzxenoi 3 JIKK-merpukoto g;;. Tersop adinoi gedbopmartii gna F-38’a310CTi Oy1b-AKOTO €pMiTO-
BOI'O MHOTOBM/Iy MOYKHA 3ajaru Tak [1]:

1 1
Pk = — (Vi + ViJl) Tk + Z(ij{j — VuJ§)JE. (1)

CumvBomom V mosHateno KoBapianTHy moxigmy v 3B’asnocti Jlesi-Uisita, y3romxenoi 3 JIKK-meTpu-
Kot0. Bpaxosytouu, 1o na JIKK-maorosumi

1
Vit = 5 (6] Tiwn — iy = Tfwi + Jfw'ei),
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3 (2) orpumyemo:
1
Py = =5 (0w + 0fw; + JjTjw + I Tjwr = 20hgi5).

Hexait ro1oMop@HO-IIPOEKTUBHUX TIEPETBOPSIHHS TOPOKYIOThC Maiizke aHAJITUIHAM BEKTOPHUM I10-
aeM &, ToOTO TaKuM, /g STKOTO BUKOHYETHCS

LeJl = 0.

Toni moximua JIi 06’exty 3B’azmocti Jlesi-UiBita mpu roaoMOp@HO-NMPOEKTUBHUX TEPETBOPAHHIAX
TOZI MaTUME BUTJIST:

LI = i(&?vi (wal®) + 0!V (wal®) + J) TV (wal®) + J]' TV (wal®)

—g""V, (wa€®) gij — W Legi; + 9w (Lega)gij) + piOf + pidl — pr T T — py LT
Josemeno, mo 00’eKT

1 1
05 =I5 + 5w g3 — g (Tt w;) 8 + (T3, + wi) o)

+(T5, — gwt)JfJf + (I3, — gwt)J;J{L)

€ imBapianTHUM Tpu MuX neperBopenugax. [likasum € Te, mo Takuit camuit 06’ekT Oyme inBapianTHUM,
SIKITIO CKOPHCTATHCS JIJIsl TOJIOMOPHO-ITPOEKTHBHIX [IepeTBOpeHb 38 sa3HicTio Befia [4].
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I'padu Kponpona—Piba dynkiiiit Mopca Ha 2-Topi Ta ix
aBTOMOpPdizMu

Boranan ®PeieHko
(JTaboparopis Tomosorii y ckaai Biaaiay aare6pu i Tomosorii, [ncrutyr maremaruku HAH Ykpainun)
E-mail: fb@imath.kiev.ua

Hexait M — rnajgka opienToBaHa KOMITAKTHA moBepxHs. I'pyna audeomopdizmis D(M) nie Ha mpo-
cropi riagkux Gyukmnit C°°(M) 3a rakum npasmwiom: 7y : C°(M) x D(M) — C*°(M), v(f,h) = foh.
Bignocro niei aii Busnauumo crabinizarop S(f) ra opbiry O(f) npupogHum 9uHOM:

S(f)={heDM)|foh=f},  Of)={foh|heD(M)}.

Haninumo mpocropu D(M) ta C°°(M) cunbanmu TonosorisvMu Yitai. L Tomosorii iHayKy0OTh IesKi
tonosorii Ha mpocropax S(f) Ta O(f).

Hexait Diq(M) — 38’d3Ha KOMIOHEHTa TOTOXKHBOIO Bigobpazkenus npocropy D(M), Of(f) — xom-
nonenrta 38’si3nocti O(f), mo micturs f 1 S'(f) = S(f) N Dig(M) — rpyna mudeomopdizmis M, mio
36epiraroTh MIAJAKY bDYHKI0O f.

TComoromiiiai BJACTHBOCTH KOMIOHEHT 3B’sa3H0CTI TpocTopis S(f) ta O(f) misa dyukniit Mopca Ha
KOMIAKTHUX MOBEPXHSX JOCHKyBasch y poborax E. Kynpssiesoi, C. Makcumernka Ta #ioro y4His.
Boxpewma, 6ys10 Beranosseno, mo Of(f) € romoromniiino eksisanentHoo daxrop-npocropy (S1)™/G(f)
y Bumajxy xomu M # S? i SO(3) x (SYH)™/G(f), axmo M = S?, ne G(f) — rpyma aBToMopdizMin
rpacdy Kporpoga-Piba dyukuii Mopca na M, mo € imgykosannvn gudeomopdismamm 3 S'(f), ska
BiabHO fie wa (S1)™, m € N, mus. ors y [4].

C. Makcumenko ta A. Kpasuenko BuBuasn MiHiMasbHy MHOXKHHY KJjacis i3omopdizmis rpyn G(f)
mia dyuakiit Mopca Ha KOMIAKTHHX TOBEPXHAX KPIiM 2-TOPa Ta MiAMHOXKWHY I1i€] MHOXKWHU JJIst
npocTux Ta 3aragbHux (generic) dyukuiit Mopca [1, 2, 3]. Mu namo onuc MiHiMaIbHOT MHOKUHW KJIACIB
isomopdiamy rpyn G(f) mna dynnii Mopca Ha 2-ropi. Marepian re3 6a3yerbes Ha crarti [4].

Jlnsa bopMysTIOBaHHSA PE3YJIBTATIE MU HAraJa€MO O3HAYEHHS BIHIEBOTO M00YTKY 3 TKJIYHUMUA TPY-
MaMy Ta PO3TVITHEMO MEeKiIbKa KJACIB TPYI, M0 BU3HAYAIOTHCA 32 JOIMOMOTOI0 BIHIEBUX MOOYTKIB.
Hexait G — rpyna i n,m > 1 — marypasshi uucia. Posrngremo asi edpextusHi il « : G X Zy,, — G™ i
B G" X (L X L) — G™ vpynt Ly, 18 Ly X Loy, 52 G™ 2. G™™ Bignmosinno, mo 3aaani hopmynamu:

- - —1,m—1 —1,m—1
a((gi)?:olv (1) = (gi-‘ra);l:(]la B((g’b,j)?,]:om 7(67 C)) = (gi+b,j+0)2j:0m y

Je yci inekcn B34t 3a Mogyasivmu 1 ta n, m. Hamisnpsimi mo6yTru GUZy, = G" X0 Zp i GU Ly X L) =
G™ Xg (ZLp, X L), WO BiAIOIBAAIOT UM AisM, MU OGyaeMo Ha3uBaTH Binnesumu nobytkamu G 3 Zy,
ta G 3 (Zy, X Zy,) BIATOBIIHO.

g HaTypaabHOTO N, Hexail P, — MiHIMaJbHA MHOKHUHA KJIACIB 130MOpdI3My TPy, 10 330BOJIb-
HSIOTH TAKUM YMOBAM:

e onmanvHa rpymna {1} Hamexuth 10 Py,

e axmo A, B € P,, To A X B ta A Z, naugexars 1o P,.
Hexat P minimasibHa MHOXKMHA KJIACIB i30MOPQI3My IPYIL, IO MICTSITh P, 9K MJIMHOXKWHEA JJIsi YCIX
n € N. Hexait takox &;, ¢ = 0,1, 2 — MiiMaJbHI MHOXUHU KIACIB 130MOP}IZBMY TPYIT TAKUX, IO

o &y micturs rpyiy Agl (Zn X Znn), n,m > 1 gia 6yas-axol Ag € P,

e & micrurh rpyny A1l Zy, n > 1 ana 6yap-saxoi Ay € P,

e & mictuth rpyny As i Z,, n > 1 maa Oynb-gaxol As € Ps.
Bimowmo, mo rpad Kponpoga—Pida dbyukmii Mopca una 2-topi € abo gepesom, abo mictuthb rukr. Mi-
HiMa/bHY MHOXKUHY KjaaciB i3omopdismy rpyn G(f) ans dbysxuii Mopca ma 2-topi rpadmu skux €
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nepesaMu 11o3Haunmo uepes 9o (T?), a B inmomy sunagky gepes 4 (T2). Ioznaunmo yepes G5™P(T?)
MiHIMAIBLHY MHOXKHHY KjaciB i3omopdismis rpyn G(f) ais npocrux dynkuit Mopca wa 2-topi.
OCHOBHUM DPE3y/JTIbTATOM € TaKa TEOPEMA.

Teopema 1 (Theorem 2.5 [4]). Maoms micue pisnocmi:
G (T?) = &, G (T?%) = &, GIT(T?) = &.
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IIpuknaay MOBEPXOHHb 3 MJIOCKOI0 HOPMAJIBHOIO 3B’A3HICTIO TA CTAJIOO
KPUBUWHOIO TPACCMAaHOBOTO 00pa3y B mpocTopi MiHKOBCHKOTO

M. I'peunena
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II. Crerannesa
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E-mail: stegpol@gmail.com

BukoprcTaHHs TOHATH TPACCMAHOBOTO MHOTOBHIY Ta T'PACCMAHOBOTO 00pa3y MOBEPXHI JO3BOJISIE
DOBIIUPATH KOJI0 3a7ad andepentiaasrol reomerpil [1], [2]. B poboti [10] BecTanoBmeHo, 1m0 CeKITiii-
na Kpusnna K (o) rpaccmanoBoro mMuorosuay G(2,4) eskmimosoro mpocropy R4 mpmiiMae 3HaYeHHS 3
Biapisky [0, 2], a mia mpocropy MinkoscsKoro B [6] moBesieno, mo 1s KpuBuHA MOXKe GyTu Oy/Ib-sIKUM
miticanM aucaom. docaimxeni B [9],[3] moBepxHi eBK/ILIOBOTO MPOCTOPY 3 MiHIMAIBHUM Ta MAKCHMAJIb-
HUM 3HAYEHHSIMEH KPUBUHU TPACCMAHOBOTO MHOTOBUIY B3J0BXK IIOIINH, JOTHIHAX 0 TPACCMAHOBOTO
obpasy noBepxHi (KpUBHHU IPAcCMaHOBOTO 00paldy mosepxHi). s mpocropy MiHKOBCEKOTO aHAIOTiY-
He JIOCJIJIKEeHHST TIPOBeJIEH0 B [4].

B [5] mocainzkeni 6araToBuMipHi MOBEPXHI €BKJIIOBOIO IPOCTOPY 3 TJIOCKOI0 HOPMAJILHOIO 3B I3HICTIO
Ta, TOCTIHHOI0 KPUBUHOIO IPACCMAHOBOTO MHOTOBHWIY. B 1i#f pobOTi jisi TAKWUX TOBEPXOHL MPOCTOPY
MiHKOBCHKOTO 3 METPUKOIO CirHaTypu (— -+ ++) OTpUMaHi HACTYIHI PE3yJIbLTaTH.

Teopema 1. Hexati V? C' Ry € peeyaaproo «4aconodibHoto NoSepIHero 3 NAOCKOI0 HOPMANLHOIO
36 AZHICTNIO | HEBUPOONCEHUM 2PACCMatosum 0bpasom cmanoi kpusunu K. Todi K npuiimae snavenns
3 eidpisky [0, 1].

Teopema 2. Hezati V2 C! Ry e peeyaaprorn npocmoposonodibroro noseprHero 3 NA0CKON HOPMANLHOT0
36 A3NICIMI0 | HEBUPOOHCEHUM 2PACCMAN08UM 00pasom cmanroi kpusury K . Todi snanenma yiei xpusuny
naaesrcamo muoocuni (—oo, —1] {0}, axwo epaccmanosuts obpas npocmopoeonodibrud i mmoocumi
[0, —00), akwo epaccmarosul obpas waconodibrud.

Jltst obunc/ienHsa KPUBWHU TPACCMAHOBOTO 00pa3y wacomoaibHOl Ta MPOCTOPOBOTOIIOHOT TOBEPXOHE
3 MJIOCKOI0 HOPMAJIBHOI 3B’ SI3HICTIO BUKOPUCTOBYEMO BinmoBiAHO GOPMYIIH, siKi BUBEAEHI 3 3amporo-
HOBaHOI B po6ori [8] dopmysn auis cekuiitHoi KPUBUHKM IPACCMAHOBUX MHOTOBH/IIB [ICEBIOEBKIIIIOBUX
TPOCTOPIB
2 12 1 71\2
K(0) = —5—p (511522 + L221L112) -
(Lf1L33)? + (LygLi1)* + (L1 L35)? + (L11Lgy)?

(1)
Ta,
K(o) = — — (11;%1532 - L%inhf .
(L11L35)? — (LgpL71)? — (Ly;L35)* + (L1, L3p)?
B SIKUX ij - KoeiIieHTH APYIUX KBAPATHIHNX POPM BiIMOBIIHIX TOBEPXOHbD.
Hagenemo mpukiaim, ies sikux B3gra 3 pobotu |7].

(2)

Ipuknan 3. Yacononitua mosepxus 3a1aua Gy amenTasbanyu gopmamu ds? = —du? +dv?, [T =
a’du® — b2dv?, {12 = h(du® + dv?), a,b,h = const. Kpusuna i1 rpaccManoBoro 06pasy 3a/10BO0JIbHSIE
nepisaocri 0 < K (o) < 1 upu Oyjp-sikux 3Ha4enusx a, b, h.

Ipuknan 4. IpocroposononiGaa mosepxas, 3aj4ana GyHIaMenTatbauMu popmamu ds® = du® +
dv?, II' = du? — 4dv?, I1? = du® + dv?, mae npocroposooaibuuii rpaceManoBuii 06pas. Kpusuna
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i1 rpaccmanosoro obpasy zopismioe K (o) = —%. [TpocropoBomoaibua moBepxHs, 3a7aHa QyHIAMEH-
ranpEnMu opmamu ds? = du® + dv?, II' = du® + 4dv?, I11? = 2du® + 3dv?, Mae waconoibHuit

rpaccManoBuii o6pas. Kpusnna i1 rpaccmanoBoro o6pasy jopisaioe K (o)

— 4
T

IcuyBaHHS PO3NIAHYTUX MMOBEPXOHB BUILJIMBAE 3 TOTO, 10 KoedinienTn X (pyHIaMeHTaAIbHUX (POPM

33TOBOJIBHAIOTE piBHAHHAM [aycca-Komari-Pivyi.

(1]
o
[4]
(5]
(6]
(7]
(8]
19]
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IIpo umcJ/i0 TOMOJIOriYHO HEeeKBiBAJEHTHUX HAIIiBMIHIMAJIbHIX
riaaknx PYHKINN Ha JBOBUMIPHOMY KPeH/aeJIi

0. A. Kanyboscbkmit
(IBH3 «/loubacbkuii gepxkasauii negaroriaauii yuisepcurers, Cros ssHCbK, YKpaiHa)
E-mail: kadubovsQukr.net

Hexait M, — 3amKHena riaika opienrosta nosepxus poay g > 0, a Cp (M) — kiac riaagkux dyHKIi
Ha M, (3 TppoMa KPUTHYHAMU 3HAYEHHSMHE), AKi OKPIM JIOKAJIbHUX MIiHIMyMiB Ta JIOKQJIbHUX MAaKCU-
MyMiB MafOTh JIKIIE OTHY (B 3arajbHOMY BUIAJKY 6upoddiceny) KPUTUIHY TOUKY THIY CLIJIA, HIEKC
[lyankape skoi cranoBuTh 1 —n = 2 — 2g — A, ge A > 2 — cymapHe 4uCJI0 JIOKAJbHUX MIHIMYMIB Ta
makcumywmis (Hanp. [4], [5]).

Oyuknii fi i fo 3 xknacy Cp(My) HA3UBAIOTH TOMOJIOTIYHO €KBIBAJEHTHUMH, SIKIIO iCHYIOTH IOMEO-
mopdizvu h: My, — M, i b/ : RY — R (k' 36epirae opientarito), Taxi mo fo = h' o fj o h~L.

ko h 36epirae opienTaiiito, To dbyHKINT f Ta fo HA3UBAOTH TOMOJIOTIYHO CpsizKeHUME (Hamp. [4])
abo k O-tomosoriyHo ekBiBaseHTHUME (Hamp. [5]).

Yepes C (My) C C,(My) noznaunmo kiac GyHKIii Ha My, SKi MaloTh TOYHO k JIOKAILHUX Mi-
HIMyMiB (MakcuMyMiB), | JTOKaJbHUX MaKCHUMyMiB (MiHIMYMIB) Ta ONHY KPUTHYIHY TOYKY THILY Ci/jIa.
dArmo k =1 =1, o dyHKIIT 3 BIANOBIIHOrO KJACy HA3WBAIOTh MiHIMAJbHUME; KO XK k = 1,1 > 1
(abo I = 1,k > 1), o dyHKii 3 BiAmOBiIHOTO KIacy 0y1€MO HABUBATU HANIGMIHIMAALHUMU.

Basa4i 1Ipo mijpaxyHoK YHUCJIa TOLOJIONYHO HeekBiBasenTHuX ¢yuknii 3 knacis C1(My) (g > 0) i
Cri(Mp) (k,l € N) 6ymno nosmicTio po3s’st3ano qmre y 2015 p. B poborax [5] Ta [6] Bigmosigro.

B zaransroMy BUNAIKY, Ay HATYpaIbauX ¢, k, 1 (a60 x k, lin = 2g+k+1—1, To6r0 nas GyHKIiin
3 (bIKCOBAHUM CHHTYJSPHUM THIOM), 3aja4a PO T IPaxyHOK UHCIa TOMOJOTIYHO HEeKBIBATEHTHUX
bynkiit 3 kmacy Cy(My) BUABAIACH JOCHTH BaXKKOIO Ta HEPO3B’A3aHOIO J0 ChOTOAHI TTPOGIEMOIO.

Sk 3’acysanoca (B [2] 3 mocunanuaM Ha pobory [1]), 3axada npo nepepaxyBaHHsT OJHOKJIITHHKOBAX
JIBOKOJTLOPOBUX KapT 3 N pebpamu (ogHe 3 gdxux € moMidenum), k Giaumu Ta | 9OpHUMM BEPITUHAMEI
TICHO TIOB’sI3aHa 13 33/1a9€I0 PO MAPAXYHOK YKWCJ3 TOMOJOTIYHO HEeEeKBIBAJEHTHUX (PYHKINH 3 Kaacy
Ch,1(Myg). Bigomocti mpo xapTi MOKHA 3HAHTH, HAIPUKIAI, B otz [1] Ta pobori [2].

SIsni bopmym as migpaxynky uncaa O-Tomnosoriuno neexsisasentux dbyukmii 3 kiacy Cp(T?) =
Cy (M) anoncosano B [7]. Jnst dikcoBanux narypaabaux k i [ 3ajada npo mipaxyHoK 4Uc/a TOIOJI0-
rigno HeexsipatenTHux dynKmift 3 Knacy Ck(T?) TaKokK 3aIUIIAETHCA HEPO3B A3AHOIO0.

3 ypaxyBaHHsM pesy/braris pobir [2] 1 [3] BcraHoB/I€HO ClpaBeIMBICTh HACTYIIHUX TBEPIZKEHb J/Is
JBOBUMIPHOrO Kpenjiess P2.

Teopema 1. Jlaa dosiavhozo namypaavrozo n = m + 4 > 5 yucao d*(n) O-monoaoziuno neeksisa-
AEHMHUL PYRKEYLG 3 KAACY C’l,m(P2) MOHCHA, 0OMUCAUMNU 3G GOPMYA0I0

n?—n—
e D S U NI N B M

gln, 7€{2;3;4;5;6;8}

)=

de:  ¢(q) — Ppynxyia Einepa; Vj € N : ? ¢ N seaununu p (n, %) =0, a
Vi € {2;3;4;5;6;8} : % € N sesu urts p (n, ?) BUSHANANMDBCA 30 CONOMOZ0N0 CNIGEIOHOUEHD

A )
p (” g) - n(n6_ 2 (" %) - n(n32_ Y (" g) — 2)(n38_44)(5n+ 23
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Teopema 2 (ocuosHa). Jlas 006iavH020 Hamypasvhozo n = m + 4 > 5 yucao d**(n) monoaoziuno
neexeisasenmuus Pynxyit 3 xaacy Cpm(P?) mosicna obuucaumu sa Gopmyaamu

4 (n) = 5 (@ (n) + S(n). g
e
(n—3)(n 1;éz+1)(5n+7)’ = 241
5n) = (1
(n —4)(n —2) (5n% + 34n + 96)
, n=2k.
384
n d(n) d*(n) | d**(n)|n d(n) d*(n) d**(n)
5 8 4 4121 12 087 306 875 592 288 951
6 84 16 13 | 22 17 968 566 816 858 409 959
7 469 67 44 | 23 26 212 571 | 1139 677 571 516
8 1 869 237 140 | 24 37 589 475 | 1 566 377 785 361
9 5 985 667 366 | 25 53 068 015 | 2122723 | 1063 721
10 16 401 1649 883 | 26 73854 495 | 2840 739 | 1 423 367
11 39 963 3 633 1894 |27 101 437 245 | 3 756 943 | 1 881 702
12 88 803 7417 3 836 | 28 137 637 045 | 4 915 841 | 2 461 957
13 183 183 | 14 091 7203 |29 184 664 025 | 6 367 725 | 3 188 185
14 355 355 | 25405 | 12945 | 30 245181 573 | 8173019 | 4091 833
15 654 654 | 43 650 | 22112 |31 322 377 804 | 10 399 284 | 5 205 312
16 | 1154062 | 72166 | 36503 | 32| 420045 164 |13 126 768 | 6 570 279
17 11958 502 | 115 206 | 58 086 | 33 542 668 764 | 16 444 518 | 8 229 569
18 | 3215 142 | 178 678 | 90 018 | 34 | 695 524 060 | 20 457 020 | 10 237 300
19 | 5126 010 | 269 790 | 135 660 | 35 884 784 516 | 25 279 560 | 12 649 062
20| 7963 242 | 398 242 | 200 162 | 36 | 1 117 639 908 | 31 046 082 | 15 534 091

Tapnuud 2.1. Ilowarkosi 3navenns seanauH d(n), d*(n) Ta d**(n)
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leonesuyni BimoOparkeHHns PocTopiB 3 p(Ric)-BEeKTOPHUMU TOJISTME

B. Kiocak
(Odesa State Academy of Civil Engineering and Architecture, Didrihson st., 4, 65029 Odesa,
Ukraine.)
E-mail: kiosakv@ukr.net

0. Jleceuko
(Odesa State Academy of Civil Engineering and Architecture, Didrihson st., 4, 65029 Odesa,
Ukraine.)
E-mail: lesechko@ukr.net

Buxopsau 3 anrebpaiunux MipkyBaHb Oysu BBeAeHI B po3risiy ¢( Ric)-BeKTOPHI 1o @, gKi 33710~
BOJIBHSAIOTH PIBHAHHSIM:
ij = sRi;;  s,,=0,
Jle KOMa — 3HaK KoBapiaHTHOI moxijgHoi, a R;; — Tesop Piudi. /leaxi reomeTpudni BJIaCTHBOCTI TaKWX
BEKTOpHUX 10J1iB BuBYeH] B poborax B. Kiocaka ra I. Tinrepasiitaep |1, 2|. Jliniitna dopma ocHoBHEX
piBHSIHB Teopii reoje3nuHnX Bijo6paxkensb mMae Buris |3, .c121]

@ik = Nigjk + AjGik- (1)
nAij = pgij + aaily — aaﬁR,aijév
TYT [ = )\aﬁgo‘ﬁ; R;- = Rajgo‘i; Rhijk = R?jago‘k, gij — MeTpuuHMit TeH3op Vp, a g — enemenrn
MaTpHIl 0bepHeHoI 10 HLHOTO.
Bymno moeeneno:

Teopema 1. Hrxuwo ncesdopimanie npocmip V, donyckae nempusiaavni zeodesusni 6idobpastceria, mo
ONs MEN30Pa Q;j Ma 6EKMOPA \; 6UKOHYIOMBLCA YMOGU )\maja-‘ — A =0, de Njj = A ;.

Teopema 2. [Ipu HempueiaaoHOMYy 2e00e3UNHOMY 61000padiCerti NCeSIOPIMAHOBUT NPOCMOPIE, U0
donycraroms p(Ric)-noaa, 6eKkmop \; € 6AACHUM BEKMOPOM MEHZOPA Gjj :

/\aam = u)\i .

Teopema 3. Hrwo ncesdopimanic npocmip Vy, wo donyckae @(Ric) sexmopni noas, donyckae me-
MPUBIAALHI 2€00€e3UdHi 61000PANCEHHA, MO BEKMOPYU ©; MaA N\; KOAIHeAPHT, Mobmo p; = pA;, de p —
deaxuti tneapianm.

Teopema 4. Axwo ncesdopimanise npocmip, wo donyckae o(Ric)-noas, donycrae i nempueiaivii 2eo-
desunni 61006padNCEntA, O 6 HLOMY 34 NEOOTIONICI0 Mae PO36 A30% cucmema pisHans (1) ma

Aij = Agij + Baij,
1 1
de B = —0,Y A= —(uha — avy ).
n n
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Jesiki muTaHHsa Teopii 2F-mjiaHapHUX B1JIOOpa’keHb IICEBAOPIMaHOBUX
ITPOCTOPIB 3 aOCOJIOTHO MapPaJIeJIbHOIO f-CTPYKTYPOIO

H. I Konosenko
(OHAXT, Ogeca, Ykpaina)
E-mail: ngkonovenko@gmail.com

I. M. KypbaroBa
(OHY, Oneca, Ykpaina)
E-mail: irina.kurbatova27@gmail.com

Mu npomoBxKYyeMO BUBYEHHS 0A30BUX MUTAHbL TEOPil 2F-mmamapHux BimoOpaxKeHb MHOTOBUIIB, AKi
Haiteni adinoprooo crpykrypoto nesuoro tumy (1], [2], [3]-

Paninre Mmu goBesiu, M0 KJ1aC MCEBIOPIMAHOBUX IIPOCTOPIB 3 aDCOIOTHO MapaJieibHOK f -CTPYKTYPOIO
BaMKHYTHH 100 PO3IVIAHYTHX Bi00parkeHb, & TAKOXK [0 338 YMOBOI KOBapiaHTHOI craaocti adinopa
f-crpykrypu y BinoOparkyBaHUX ITPOCTOPaxX HeTpuBiajibHi 2F-1raHapHi BiJoOpakeHHsT MOXKYTh OyTh
TphOX THMiB: moBHI 1 Kauowiuni I, II Tumis. 3apa3 mMu pocaigkyeMmo Timbku moBHe 2F-manapHe Bij-

o6pazkeHHsi TPOCTOPIB 3 abCOMIOTHO 1apasenbaol f-crpykrypowo (Vi gij,FZ-h) i (Vi 955, F;), axe B
3arajibHii 33 Bijobpazkennam cucremi Koopaunar (') XapaKTepU3yeThCsl OCHOBHUME DiBHSIHHSMU:
1 2
T h h h h
Uy (@) = Tj5(2) + ¥adj) + o) + o Fj),
—=h
th(x) =F; (),
FLF§F] + F}' =0,
1 1 EER 1 1 1 1
Fij+Fji=0, Fij+F;i=0, Fj=giaFj, Fij=0giFj,
1

ho_ . B
F' =0, ihapB,...=12,...,n,
7h . ) L .
Je F?j, T - xkommonenty 06’exris 38 s3n0CTi Vip, Vi Vi(x), pi(x), 04(x) - meski KOBEKTOPH, & Ay KKAMU

[IO3HAYEHA, Olepallisd CuMeTpyBaHHd, ~,” - 3HAK KOBAPIaHTHOI MOXimHOI B V.

Tyr no3na4ueHo

1 2
Fz‘h = Fz’h7 Fih = Fgﬂa-

2FTIB BBakaeThCsd TpUBIAIBHUM, KOIU ; = ¢; = 0; = 0.

B [3] 6ys10 BugiseHo Kjaacu mpocTOpiB 3 abCOJIOTHO MAPAJIeIbHOK f-CTPYKTYPOIO, IO JIOMYCKAITh
2F-mumanapue BimobpaskeHHs Ha MJIOCKUN MPOCTIP, i 3HANIEHO X METPUKHU B CHEIiaJbHIl CUCTEMI KO-
OPIMHAT.

Jlasi BuHWKAE 3aKOHOMipHE MUTAHHSA PO T€, UM ICHYIOTH iHIMI K/TACU TAKUX MPOCTOPIB, AKi JOMYC-
KaioTh 2F-mnanapri Bigobpakennd, i gk ix 3maiiTtu. BukopucroByoun meromu, po3pobseni B Teopil
reojie3naHuX Bijo6pazkens [4], Mmu 3BosMMO OCHOBHI piBHsHHS 2F-11aHApHUX Bi06parkeHb OCHOBHOTO
THUITY 710 BUY, 9Kl OMyCKae epeKTUBHE TOC/TIIKEHHS - 11 TaK 3BaHA HOBA (POPMA OCHOBHUX PiBHSIHbD.
Bukopucrosyroun o OBy opMy, MU, 30KpEMA, TOKA3AJIH, [0 TICEBI0PIMaHOBU POCTIP 3 aDCOTIOTHO
HapaJIeJIbHOI f-CTPYKTYPOIO, B SIKOMY iCHY€e KOHIIpKyJsipHe [4] abo kBasikoHuipkyssipae |1]| BekTopHe
oJie, JIONyCKae nerpusBiasibhe 2F-nnanapue Bimobparkenusi ocHOBHOTO Tuity. /loBegeno Teopemu, sKi
JAI0Th PEryJIsiPHUIM METOI, IO JI03BOJISIE Jjid Oy/Ib-gKOI'0 IICEBIOPIMAHOBOIO POCTOPY 3 abCOIIOTHO
napasessHoio f-crpykrypoto (Vo i, FJY) abo smafitn Bei mpocropn (Vmﬁij,F? ), Ha gKki V,, nomyckae
2F-mtanapae BigoOparkeHHsT OCHOBHOI'O THITY, aD0 JIOBECTH, 110 TAKWX IIPOCTOPIB HEMAE.
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CI)paKTa.Hbﬂl BJIACTUBOCTI HEMEPEPBHUX epeTBOPeHb KBajpaTa,
MOB’s13aH1 3 JIBOCUMBOJILHUMU 300parKeHHAMU JAIICHUX YUCEJI

I. M. JIucenko
(HITY imeni M.II. JIparomamnosa)
E-mail: iryna.pratsiovyta@gmail.com

M. B. IlpanpoButuii
(HITY imeni M.II. Iparomanosa, IM HAH Vkpaiuu)
E-mail: prats4444Qgmail . com

Haramaemo, 1o nepemeopertanm MHoJiCuny, Ha3UBAEThCA OIEKTHBHE (0JHOYACHE 1H €KTUBHE 1 CIOp’€K-
THBHE, TOOTO B3aEMHO OJIHO3HAYHE) BiIoOpazKeHHs i€l MHOXKWHEU Ha cebe. 3 IrpymoBOi TOYKH 30Dy
OKpeMa I'eOMEeTpUYHA TeOpis BUBYAE iHBapiaHTH MEBHOI I'DYNU IEPETBOPEHBb IPOCTOPY. 3 Iii€l TOYKu
30py ppaxmanvra 2eomempiall] BuBUae iHBapiaHTH TPYIM NEpPeTBOPEHbL TPOCTOPY, siki 306epiraroTh
dpakransny posmipuicts Taycnopda-Besnkosnua muokMH (MaeThes HA yBasi, mo 06pa3 i mpoobpas
MAIOTh OJJHAKOBY PO3MIPHICTH ).

Bukopucrosyioun pizui 306pakenHs (KOyBaHHS) JIHCHUX 9HUCEN, Y Pl POOIT BUBYAIUCH TIEpe-
TBOPEHH BiZpi3ka, dKi MaTh (ppakTaabHi BJACTHBOCTI, CAMOIOMiOHOCTI, aBTOMOIE/IHLHOCTI, 30epira-
0Th U1 TPAHCHOPMYIOTH Mipy, PO3MipHICTE ab0 iHIT YUCIOBI XapAKTePUCTUKN OOPETIBCHKUX MHOXKIH
abo meBHI BacTMBOCTI 300paxkenns yucesn. KoMmOiHaIT Takux mepeTBopensb (npsimuii 100yToK abo iH-
i «omeparii» ) TPUBOJATH JI0 MIKABUX IIEPETBOPEHD KBAJPATIB Ta NPAMOKYTHUKIB 3 (hpAKTATBHUME
BJIACTUBOCTsIMEU. JaCcTO B SIKOCTI iHBAPIAHTHUX MHOYKWH TAKMX NEPETBOPEHb BUHUKAIOTH rpadiku He-
NEePEPBHUX JIOKAJIBHO CKIAAHUX (DYHKIIH (CHHIYISpHUX, Hijle HE MOHOTOHHNX, HeAU(DEPEHIIHOBHNX ).

VY momoBimi npOoOHYIOTHCS PE3YIBTATH JOC/TKEHH (PPAKTAILHUX BJIACTUBOCTEN T€PETBOPEHD KBa~
apara: K = [0;1] x [0;1] Ta C = [0; go] % [0; go], se napamerp go € (%, 1) ikl BU3HAMAIOTHCA y TEPMIHAX
JIBOCUMBOJIBHUX KO/lyBaHb (300pazkenn) aificaux wuces: QQo-300pakenns i Go-306paxenns. Harajaemo
ix 3micT

k—1
0;1] 52 = 1qi—a, + Z Uti-op [ do; | = Ay 0y
k=2 7j=1

o0
0:90] > 2= 110, + > | @hg1-00 [[ 90, | = AG20s 0.

e a € A={0,1}, gqo — dikcosane aucso 3 inrepsany (0;1), g =1 —qo, g1 = go — 1.

Jlema 1. Axwo @1 i p2 — HenepepsHi nepemeopenti 00uHUH020 610pi3Ka, Mo Gopmyaiu

r_ r_
v= pr(@) z e1(y),
Y = 2(y) Yy = pa2(z)
3a0010Mb NePemeopets 00UHUYH020 K6adDAMa.

Binbmicts (y neBHOMY CeHCl) HEIEepepBHUX MEPETBOPEHb OJUHUYHOTO BiAPI3KA MAOTh CKJIATHY JIO-
KaJbHY CTPYKTYPY, Oarati MHOXKWHU PI3HUX oco6m/IBOCTe171, 30KpeMa, AudEepPeHIiajlbHOTO XapPaKTepPy.

Hampuknian, mepersBopents 3ajame (opmynoo [ (Aa1a2 ag...) , dKe Ha3WBa-

= A[12—a1][1—&2]...[1—ak]...
eThea ineepcopom (Qo-300parkennas. BOHO € HEImepepBHOIO CTPOro CHaIHOK CHHTYJIAPHOI (DyHKINEO
(mae noxigry pisay 0 maiizke Ckpisb y posymini mipu Jlebera).

Jlo iHIOro KJacy HelmepepBHUX NEePeTBOPEHb KBAJIPATa MPUBOJATEH MEPETBOPEHHS, MO 30epiratoTh
XBOCTHU 300pazkKeHb JIACHUX 9IMCENT Y PI3HUX CHCTEMAaX KOJLyBaHHSI.
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/
=1z
Hpukmaam 2. Anasor «cuMerpisgs BiIHOCHO Bijpizka: , (@),
Yy =y
[HBapiaHTHI TOYKM IIHOT'0 MEPETBOPEHHS YTBOPIOIOTH BIAPI30K, AKHUI 3aJa€ThC PIBHAHHAM
r = A9 _ A@
T T TIHo)
/ /
=1z =1
IMpuknazn 3. Asanor «cumerpily BiAHOCHO TOUKEH Y1 @ { (z), Y2:s, (),
y' =1(y); y =1(x).
[HBApIAHTHOIO TOYKOIO IBOTO MEPETBOPEHHS € TOYKA 3 KOOPOUHATAMHI (A(f(%); A;‘?(%)).
z' = fi(z,y)

Binbm mikaBumu € HemepepBHi mepeTBOpeHHd 33aaHi hopMysTaMu , ne fi(xz,y) ne-
y = f2 (1’, y),
nepepBHa byHKINA 3 (ppakTaJIbHUMU BJIACTUBOCTSMU, BU3HAYEHA B TEPMiHAX BUINE 3a3HAYEHUX JBO-
CHUMBOJIBHAX 300pazkeHb 9ucesa. Y TOIOBIII HABOAATHCS MPUKIAIN TAKUX (PYHKINH I BUCBITIIOIOTHCS
JedKl 1X BJaCTHBOCTI.

CyrreBo CcKAaIHINIUMKU € aHajoriuyHi ob’ekTw o3HadeHHI B TepMmiHax (2-300paKeHHsI YUCEN, sIKE
BHUKODPHCTOBYE Bl PI3HO3HAKOBI OCHOBH go 1 g1 = go — 1. IEBepcop /ts Takoro 300parkeHHst € PyHKITEI
HiJTe He MOHOTOHHOTO 1 pO3pUBHOIO B Go-OiHapHUX ToOUKax. 1 MOmIeTIOBAHHST TIEPETBOPEHD, TTOB’ A3AHNX

3 UM 300ParKEeHHAM BUKOPUCTOBYIOTHCST OITEPATOPH JIIBOCTOPOHHBOTO Ta MPABOCTOPOHHBOTO 3CYBIB i
crrenucpivuni yHKITI.
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IIpo reomeTpuyHy XapaKTEPUCTUKY CIEIiaJbHUX Maii>Ke Ie0Ie3uTHUX
BiJIOOpa>keHb ITPOCTOPIB aiHHOTO 3B’A3KY 31 CKPYTOM

Jlaga IlasaiBua JlagnHeHKO
(I3 «ITHITY imeni K.JI. Yumucekoro», Omeca, Ykpaina)
E-mail: kolyalada74Qgmail.com

Y pobori posrngmatoThes npocropu adinnoro 38’s3ky A" (n € N, n > 2) xkpacy C" (r > 1) 3i
ckpyrom. fk Bigomo [1]|, KpuBy <y HazMBalOTL MaiiKe reoe3udHO JiHiero npocropy A", akmo y A"
iCHye TaKWil KOMILTAHAPHUN B3I0BXK Y JBOBUMIPHUIM PO3IOILT, 9KOMY y KOXKHIHN OO TOYIN HAJEKUTH
BEKTOD, JOTUYHHUN JIO0 JaHOI KPHUBOI. 3 TOYKM 30PY Teopil KPUBUHM KPUBUX Yy MPOCTOpax adiHHOTO
3B’g3Ky MaiiKe reome3ndHi JiHil € KPUBUMY, EPINa KPUBUHA SKUX € JOBIJILHOMI. 8 BCI HACTYIHI KPU-
BUHH TOTOXKHBO JIOPIBHIOIOTH HyJHO

Hnst mpocropis adinaoro 38’s3ky A" Ta A" posrasnanTs BigoGparkeHHs f:A" — A", 3ri;LHo
SKHUX 06pa30M KOXKHOI reo1e3mdHol Jinii npoctopy A™ € Maiizke reoxesmuna jinis npocropy A’ . Taki
BiToOpaskenHst jiist TpocTopis A™ i A" Ha3UBAIOTH MaiiKe DeoNe3nTHIMM [1].

Buokpemioors Tpu TN MaiiiKe Teome3udHnX BiI0OpaskeHb IPOCTOPIB adiHHOTO 3B’A3KY 31 CKpY-
ToM [2]. MabyTb, HANOLIBIT IKABUMHU Cepejl HUX TPEeJCTABIIOThC Bimobpaxkenus [l apyroro Tumy,
AKI XapaKTePU3yIOTLCS THUM, IO, 3TiTHO HIIX, KOZKHA [e0/Ie3nIHa qinisg mpocropy A" mepexoauTh y Ta-
Ky Mali>Ke reQIe3udHy JIHII0 ITPOCTOPY A" s SKOT BiAIOBIIHE MOJTE KOMILIAHAPHOIO JBOBHMIPHOTO
PO3MOIIY BU3HAYAETHCH JOTUIHUM BEKTOPOM A" i BEKTOPOM Fo}f)\a, ze F(i‘ — KOMIIOHEHTH TIEBHOT'O
acdinopa F, y rtak 3Bany F-kpusy (2, 3|. Ilp-Binobpazkentsi f Ha3upBaroTh TakuMm, 110 3a/0BOJIbHSIE
YMOBY B3a€MHOCTI, AKINO BimoOparkeHHsi, 0OepHEHE /10 HBOro, TakKokK € Bimobparkenusm tuiy Ila, mo
BlIoBIlae ToMy 2k camomy adinopy. I3 cykynnocti tux sBijobpaxens ruity Ilo, 1110 38/10B0/IBHHAIOTH
YMOBY B3a€MHOCTI, BUALIAOTH BimoOpaxkernus tuny I15(e), n € N, n > 1, mo XapaKTepu3yOThCs
CHIBBIIHOIIEHHAMN

F'h=est, ne FP"=F! -F2 - .. FM7! e=xl

Ha Bigminy Big nonepeaix gocimkens |2, 3], v ganiit pobori Buasocs st JoBiabHOTO uncaan € N,
n > 1 y 9BHOMY BUTJISIII OTPUMATH Taki Au(EpeHIiaIbHO-aIredpalaHoro xapakrepy oOMeXeHHd Ha
adinop F, 1m0 103BOJIAIOTH OXxapakTepusyBaTu Bigobpaxenus tumy 115 (e), n € N, n > 1 reomerpu-
HHO, AK BiflobOparkeHHs, 33, JOMOMOTO0 dKuX F-Kpuei mpoctopy A" mepexomsatsk y F-kpusi mpocropy
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IIpo kBa3i-reoie3uyHi BigoOparkeHHs y3araJbHEHO-PEKYPEHTHUX
MIPOCTOPiB

M. I. IlicTpyin
(OHY, Oneca, Ykpaina)
E-mail: margaret .pistruil@gmail.com
I. M. Kypbarosa
(OHY, Opneca, Ykpaina)
E-mail: irina.kurbatova27@gmail.com

Posrusmenmo (miceso-)pivanosuit mpoctip (Vy,, gij, FI), B saxomy ichye adinop FJ', mo 3agoBombhse
yMOBaM

h h pa . h h
iy + FaFG65) = oy + aal),

Fo}:Fia = e(szhv

ne e = —1,41 abo 0; p;, q; - Hedki koBekTOpH, & ~,” - 3HAK KOBAPIiaHTHOI MOXiAHOI BiHOCHO 3B’ A3HOCTI
I'sV,.

Byaemo wasusarn taky adiHOpPHY CTPYKTYDY Y3a2aabHeno-pexypermuoto (eminTuaHoro, rinepbo-
JiaHoro abo mapabosiivHOro TUIly 3a/exKHO Big 3HadeHHsa e = —1,+1 abo 0.), a cam upocrip V,, -

Y3020AHEHO-PEKYPEHMHUM BIIIOBLIHOTO THUIY. ADIHOPHI CTPYKTYPH 3 TAKMMHU YMOBAMU BUHUKJ/IU B
[2] mpu moctimKenH] IeBHOTO THITY BiToOpaykeHb abiHHO3B SI3HUX POCTOPIB.

PosriagryTo BAaCTUBOCTI y3arajbHEHO-PEKYPEHTHOI CTPYKTYPHU TapaboiaHoro TUIY. 30KpeMa, J0-
BeJIeHO, M0 Ko adinopia cTpyKTypa F!' y3araibHeHo-peKypeHTHOT0 TPOCTOPY Mapabo TiaHoro THITy
(Va, gij, F. jh) Y3TOKEHA 3 METPHIHIM TEH30POM ¢;j HACTYITHUM THHOM:

a . o
giaFj = —gja ki,
10 11 qudpepentiianbui piBHAHHA HAOYBAIOTH BUTISIIY

h  _ ph
Fig) = Fay)

Mu Ha3zwBaeMO BEKTOD ¢; B IiX PIBHIHHSX GEKMOPOM Y3G2AABHEHOI DEKYPEHMHOCMI CTPYKTYPH

Fih. Haui, moseseno, 1mo Ten3op Pimana y3arajibHEHO-PEKYPEHTHOTO TPOCTOPY MapabosivyHOTO THUITY

(Vs gij» FI?) saosonbuste cnipsimromen sy
3( Ry + Bygrs + By + Biji) = 2Qinki + Qjrni — Qnkjis
e
Qhjki = i, j1Fki + Qi Fhy-

Hexait y3aramabHeHo-pekypenTHIIt npocTip napabosianoro tumy (Vi gij, F, l-h) JOITyCKae HeTPUBIATbHE
KBazi-reosiesnyne Binobpaxkenns [1] ma mpoctip (Vp,g;;). Toai B cymicniit 3a imobpazkennsam cucremi
KoopauHaT (7') BUKOHYIOThCS OCHOBHI PiBHSHHS

Tjj(@) = Tl () + (@)} + 6 (@) Fjj ()
ij — Lij (4 7) (3 7) )

Fij=~Fj, Fj=giF}, Fy=-Fj, Fij=7giF}

FhEe =0
h _ 1ph
Fag = Fat)
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PosrngryTo Bumaiok, Kom y3arajabHEHO-PEKYPEeHTHUH IPOCTIp Napado/iaHOr0 THITY 3 iIHTErPOBHOIO
adinoproro crpykrypoto (Vi gij, Fih) JOMYyCKAaE KBa3i-reome3ndne BioOparkenus 3i 30€peKEeHHAM BEK-

TOpa y3araabHEeHO! peKypeHTHOCTI Ha IIocKuit mpoctip V, = E,, T06T0 E?jk = 0. HoBeneno, mo Toml
V, 6yne Piudgi-mrockum:
Rz‘j =0,
BEKTOD ¢; - TPAJIEHTHUM
~_ 0Oq(7)
q; = Ozt

a tenzop Pimana npocropy V,, HeoOXiHO Mae BUTISI
Ryiji, = Ce 24 <Fhk~Fz‘j — FpjFip + 2Fm’ij>

npu Jeskiit craniit C.

st pekypeHTHO-T1apaboivHOT0 TpocTopy, TeH30p PiMaHa gKoTO Mae 03HAUYEHY CTPYKTYPY, OTPH-
MaHO KOMIIOHEHTH METPUTIHOTO TeH30pa B OKOJI Jiesskol Toukn M, mpoctopy V,, B crermiambHiil cucTemi
KOOD/IMHAT.
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MinimaJjabHi moBepxHi Ta ix aedopmarrii

T. FO. Ilonoycosa
(OTABA, Oneca, Ykpaina)
E-mail: tatyana_topQukr.net

H. B. Bammnaunosa
(OHAXT, Opneca, Ykpaina)
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Busuennus wmeckinuenno manux (H.M.) medopMariiii HOBepXOHb 3aK/IIOYAEThCA Y BUABJICHHI HETPHU-
BlaabHUX H.M. jgedopmariii (BeKTOp 3MileHHsT y # const Ha BCiit S). ZKINO K TOBEPXHS JIOMyCKAE
TiTBKK TpuBiaJabHi H.M. JAedopmarii (y = const), To BOHA 3BEThCs KOPCTKOO MO BIAHOIIEHHIO JI0 X
nedbopMariii.

Y Es-upoctopi OyneMo po3rjisgiaru H.M. jgedopMaliiio Iepiioro MOPsAIKY OJHO3B’A3HOI IOBEpXHi
kiacy C3, Ha Ky HaK/IaeHi MeBHI 0OMeKeHHs:

1) ninii reogesuunoro ckpyry (LGT-ninii) cranionapni (B rososromy) [1];

2) nosra kpupuHa S (K # 0) 3MiHIOETHCS 332 YMOBU

0K =2Kpu (1)
ne 6 K-papiamia mosuoi xpusuan S,pu(x!, 2?) - geaxa mepimoma dbymkmia kmacy C3.
Mg misiManbaux noBepxoub (H = 0, H-cepentsg KpuBnHa S) MaTEeMaTHIHOIO MOJEJITIO TTOCTABICHOT

3ajadi 6yae HacTymHa crucTeMa, nudepenniafbHuX PiBHAHD 3 YACTHHHIMU IOX1THIME BiTHOCHO OyHKITIiT
afl .2y 1.2y,
u(zt,z%) i p(z, z°):

) « s s, « o 100
g7 (u”) ji — 5207 ull — Ku® = pip™. (2)
TyT koMo 1O3HaUeHO KoBapiaHTHe JudepeHIlifoBaHHd Ha 06a3l METPUIHOIO TEH30DA §ij, o = 687‘3,

Pl =¥ by —H de, i = giagih Cafs CaB - AUCKPUMiHAHTHUH TeH30p S.
[amexcn HabyBaioTh 3HAYEHD 1,2.
Hepes KOKHHI PO3B’SI30K CHCTEMU PiBHSIHD (2) YacTUHHI TOXiTHI BEKTOpa 3MIIeHHs TaHOT TedopMariil
MaTUMYTh HACTYITHE [IPEJICTABJIEHHS

Yi = pr; + cioun, (3)
1e rq,n (opt HOpMasi S) - 6a3uCHI BEKTOPH.

OueBuno, 1o Tinbku y Bunajaxky p = 0,u® = 0 gana gedopmariis byne TpUBiaJIbHOIO, a OBEPXHS
S-xkopcrkoro. 3okpema, ko u = 0,u® # 0, ro marumemo A-medpopwmarii 3i cramionapunvu LGT-
JIHISIMU MIHIMaJIBLHUX TIOBEPXOHbB, sIKi BUBYAJINCS B PoOOTI [2].

Or1xe, crupasesausa

Teopema 1. Koocha MIHIMAADHG NOGEPTHA DONYCKAE HEMPUBIANDHY H.M. 0ePOPMAULIO NEPULOZO NO-
padky 3i cmavionaprumu LG T-AtHiamu ma nosHOW KPUSUHOW, WO 3MIHIOEMBCA 30 Yymosor (1),
YACMUHHE NOTIOHE 6EKMOPA 3MIWEHHA AKOT NPU UbOMY MaoMb 6uzaad (3), de dynruii u® i u e
DPO36 AZKOM cucmemy pieHans (2).

[Tpunycrumo, 110 ,u(xl,x2) 3a3asterie 3aana dynkiis Toukn nosepxui kiaacy C2. Toni xowxme

piBEsiHES 13 (2) B 3amkHeHIH obnacti G 3a70BOIBHSE PIBHOMIPHIN einTHaHOCTI (é > Ay >0, =

const). ITe o3mauae, mo (2) MOXKHA TPUBECTH A0 HACTYITHOIO KAHOHIYHOTO BULJIALY BIIHOCHO U®:

ufy +usy + e'uf + e*uy — Ku® = F(p), (4)

2 . .
Te Upg = 8;1#’ el, e?- Bimomi dyukmii Touok S.
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Mae wmicme

Teopema 2. Byodv-AKa MIHIMAALHE NOSEPTHA JONYCKAE HEMPUBIAALHY H.M. OEPOPMAUTIO NEPULOZ0 TO-
PAOKY 31 CMAYIOHGPHUMY ATHIAMU 2600€3UNH020 CKPYMY Ma NOSHOI0 KPUSUHOI0, W0 340080AOHAE YMOGH
(1), sexmop smiwenta AKOi 6upastcacmuvea wepes sasdanezido sadany Pynryio p € C3(@), dosirvhy
pynryito w(zt, v?) € C3(G) ma dymmuii u®(zt, 2%) € C3(G), axi e pose’askom cucmemu pienans (4).

[TpumycTumo Temep, 1m0 B cucTeMi piBHSHD (2) 3as3maserigp 3amani dyskmii u®. Tom orpumaemo
HEOJIHOPiTHe mMubepeHIiiajibie PIBHIHHS JPYTrOro MOPSAAKY 3 YaCTUHHUMU MOXIMTHUME TirepboJiaHOoTO
THUITY BIJIHOCHO (i, siKe HAOyBa€ KAHOHITHOI'O BUDVIAIY:

p11 — poo + dpn + epp = ®(ut,u?), (5)

ne d, e - BioMi (pYHKITT TOUOK mOBepxHi S.
JloBemena HACTYITHA

Teopema 3. Bydo-aka MiHIMAADHG NOGEDPTHA ONYCKAE HEMPUBIAADLHY H.M. JehOPMAULI0 NEPUI020 TO-
PAOKY 31 CINGUIOHADHUMU ATHIAMUY 2€00€3UNH020 CKDPYMY 1 NOBHA KPUBUHG AKOT 3MIHIOEMBCA 30 YMO-
6u (1). Bexkmop 3Miwenna npu 4bomy Mamume npeicmasienna wepes 3azdaneziov 3adani Gymxyii
u® € C3, dsi dosinvmi dymwuii xaacy C2, wooicna 6id odwici sminmoi ma dynwyio p € C3, axa ¢
036’ askom pisnanna (5).

Hexait na mromuni x'Oz? 3a1ana Jyra KpUBOI [, dKa IIepeTUHAECTHCS He OLIbIe HiXK B OJHIN TOUI 3
HPSIMIMHE, TTAPAJTIETLHIME BICSIM KOOD/IMHAT 1 PIBHSIHHS sIKOT MOKe 6YTH 3aIMCaH0 Y BUIIIS 12 = g(a:l).

3a/1aMo B3/I0BXK KPUBOI | 3HAYEHHS [ Ta %:
o
:U'|x2:g(:131):wo(xl)a @u?:g(azl):wl (z1) (6)

Ta posrisHeMo 3aja4dy Komi (5), (6), po3s’si30k sikoi 3aBxK/ ¢ icHye 1 eauunii [3].
Omrke, cupaseinBa

Teopema 4. Bydv-aka MiHiMAALHG NOGEPTHA NPU 2DAHUNHIT YM0o6E (6) donyckae Hempusiasbuy H.m.
depopmaito nepuiozo nopadky 31 cmationapHumyu LG T-AtHIAMU M NOBHONW KPUSUHOMW, U0 3MIHIE-
mues 30 ymosu (1), 6exkmop amiuenns AKOT 6UpadCaemvbes wepes 06t 006iavHi GyHKyii, Kookcha 610
o0niei 3minnoi ma 3a3daneziov zadanur u® € C3.

Cria BiggaaunTn, 110 H.M. JedopMariii mepuroro nopsaky 3i cramionapauyu LGT-iHisyMu 1 moBHOO
KPUBHMHOI MiHIMaJIbHUX IIOBEPXOHb Oy/iu posriisinyTi B pobori [4].
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IIpo HecKiHYeHHOBUMIPHI MHOTOBU/IM, MO/AEJIbOBAHI Ha JEAKNX
k. -mipocTopax

Opucaasa IlonuBoaa

(Vkpaincbka akagemis apykapcrsa, dgakynabrer Komn’torepuoi nmomirpadiunoi imxenepii, 79000, By..
ITiy Tonockom 19, JIbsiB)
E-mazl: shaborQukr.net

B octanHi mecaTraiTTS IHTEHCHBHO PO3BUBAETHCS TOTOIOTIS MHOTOBHIIB, MOJEIHOBAHNX HA, JESIKNX
k,-pocropax, To6TO POCTOpax, AKi € npaMuMu (1H'€KTHBHUME) TPAHUIISIMM KOMIIAKTHUX TIPOCTOPIB.
[MpuknagaMu Takux MHOTOBUJIB € R-MHOTOBH M Ta Q°°-MHOTOBU N (R = h_H)an, Q> = hi>nQ", e

() osnauae rinbbeptis Ky6). Omep:kani B 1BOMY HANPIMKY PE3YJIBTATH BUKOPUCTOBYIOTHCS JIJIS OIUCY
TOTIOJIOTI] JedKWX TPOCTOPIB, 10 BUHUKAIOTH Y TOMOJOTIUHIN asreOpi Ta (yHKIIOHAILHOMY aHATII3i.
Xapakrepusaniitai Teopemu st R*- ta, Q°>°-muorosuis jgosis K. Cakai [1]. 3rogom T. Banax ta
K. Cakal [2| goBenn xapakrepusaiiiiny Teopemy s 6iTONOJOITYHUX MHOIOBHJIIB, MOJEIBOBAHUX HA
napax (R, o) ra (Q*°,%), ge 0 — muOx)wuHA (DIHITHUX TOCTIIOBHOCTEH, a X — JiiHiliHA 000 I0HKA
cranHgapTHOrO riibbeproBoro Kyba y cenapabesbHOMY Tiab0ePTOBOMY IIPOCTOPI.

VY 38’s13Ky 3 pesyabraramu T. Pagyna [3], 1o crocyrorbes normsanoumnx npocropis jyisi C-KOMIIAKTIB,
MU PO3TJIAIAEMO MHOTOBUIN, MOJEIBOBAHI Ha, IeIKUX K,,-IPOCTOPAX, IO € ky,-aHaJoraMu JJs TPOCTO-
piB, gki ozmaums Pamyir.

Bigem perambro, Hexait dimg o3uavuae TpancdiniTHE po3mupeHHst BuMipy Jlebera dim, sxe 3a-
nposajus I1. Boper i sike xapakrepusye Biactusicts C' y cenci [4]. (Haramaemo, mo mpoctip X Mae
BraactusicTs O SIKIIO JJIst [T KOKHOI TOCTLTOBHOCTI (U, )52 | HOT0 BIIKPUTHX HOKPHUTH iCHY€E BiIKpHTE
HOKPHUTTH BHIIANY V = U2 Vp, Zle KoxkHa ciM’a V), CKIaJaeThCsd 3 MONAapHO JU3 IOHKTHUX MHOXKUH,
M0 MIiCTAThCS B eeMeHTax ciM’i Uy; aue. [5].) T. Pamyn 10BiB, 1m0 /it He3/1iUeHHOT MHOXKUHA 3JT19€H-
HUX OpJHMHAJIIB 3 icHye nepeAriasbeprosnit npocTip Dg, AKHit € IONIMHAIOUYAM IIPOCTOPOM JJif KJIacy
kommakTiB X 3 dime X < . Mu mokasyemo, 1o iCHye aHAJOr IHOTO MPOCTOpPY (MO3HAYAETHCS D/B)
JUts KJjaacy k,,-pocTopib.

ma D/’B—MHOI‘OBI/II];iB JIOBeJIeHO XapaKTepu3alliiHi TeopeMH, a TaK0XK TEOPEMH TPO BIIKPUTE i 3aMK-
HEHE BKJIAJEHHS Y MOJIEJIbHUN TPOCTip 'Dlﬁ.

PosrngaparoThbes TakoxK 3a74a4i XapakTepr3aliil 6iTomoIorigHnx (D/ﬁ’ DB>—MHOI’OBI/I,Z[1B Ta 3aaadi 30e-

pexXeHHs D/B—MHOFOBI/I,ZLiB IedKUMHU PYHKTOPAMY CKIHIEHHOTO CTEMEHd.
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Y reomerpii YHCIOBUX DsiIiB, sika Oepe cBiit mowaTok 3 poboru Kakes [4], omHiero 3 ocHOBHEUX €
3a/1ava PO TOIMOJIOTO-METPUYHI BJIACTUBOCTI MHOYKUHY HEMOBHUX cyM (Mmifcym) abCOTFOTHO 30612KHOTO
psany aj + ag + ..., a caMe MHOXWHA

E(fan}) ={z:x= Y anMe2"},

neMCN

sIKa, 9K BIJIOMO, € 06MEKEHOK, KOHTUHYAJIbHOK), JIOCKOHAJIOK (3aMKHEHA 1 He Ma€ 130/IbOBAHUX TOUOK ).
BinnocHo HemaBHO BCTAHOBJIEHO, 1110 ICHYE JIMINIE TPU TOMOJIOITYHI TUIIM MHOXKWH HEIIOBHUX CYM:

1) Bigpizok abo ckinuenne o6’eTHAHHS BIIPI3KiB; 2) Hije HE MIUIbHA MHOXKUHA; 3) KAHTOPBAJL.
OcTaHHIi THAI € CBOEPIAHOIO «CYMIIIIIIOY ABOX MONEepenHIX TUMB. [lepIm mpuKAaaiB pdaaiB 3 TAKIMU

MHOKHHAMHU HEMOBHUX CyM MOOYIOBAHO He Tak jaBHO (mpo e ausuch B [1]). Onaum 3 Hadimpoctimmx

3 HUX € P/l

EORE R S A
titetetetEtate

Crorojini B OCHOBHOMY KOPUCTYIOTHCH HACTYITHUM O3HAYEHHSM KaHTOpBaJa. KaHTopBajioMm HazuBa-

o o
eTbest MEOKHMHA Tomeomopdua MuaoKuHl T' = C'U |J Gop—1 = [0;1]\ U Gan,

n=1 n=1
ne C={z:z=>72, 23% = Aglw_._ak._., ai € {0,1}} — muoxuna Kanropa,
_ 3 A3
Gk - U U (Aal.‘.ak,ll((})’ Aal...akfll(Q))'

a1€{0,2} ak—1€{0,2}
MI/I IIPONOHYEMO aJIbTEPHATUBHE (eKBiBaJ[eHTHe) O3HAQYCHH{A KaHTOPBaAJIA, HABEJCHEC HMZKYC.

OzHavennst 1. Basom HA 9muCAOBiH npsaMili HazuBaruMeMo MHOXKuHY W, sika € TakuM 00 e qHaAHHIM
HECKIHYEHHOI'0 YUCJ/Ia IHTepBaJIiB, 110

1) iHTEpBAIM TONAPHO HE NEPETHHAITHCS;

2) MiXK KOXKHUMHE JIBOMA IHTEPBaIaMU 00 €/ THAHHS JIE2KUTh IIPUHARMHI OJIMH IHTEPBA/ IHOTO 00 €/ IHAHHS.

ITpuk/ragom Banmy Ha YMCJIOBiH npaMiit € 00’ €qHAHHS ITUIIHAPUYIHUX 1HTEPBAJIB TPifikoBoro 306pa-
wenng uncen siapiska [0;1] suay V9, Ve o, ne ¢ € {0,2}, k€ N.
MHOKMHOIO KAHTOPIBCHKOI'O THIY HA3UBAETHCS 0OMEKEHA Hijle HE IIJIbHA, JOCKOHAIA MHOXKHUHA.

OzHauenHs 2. Kanumopsa.som HA3UBAETHCS 0OMEKEHA TOCKOHAIA MHOXKMHAE K 9rCI0BOT IPsMOT, gKa
¢ ob’eHAHHAM MHOXKWHEM KaHTOpiBCchKOoTO THIy C 1 Bamy W, KOXKeH iHTEpBAT AKOTO € CYMIXKHHUM 3
muozkuuoio C' i npu npomy ponosaenns K g0 K e sanom. Cmpyxmyporo xanmopsasy K nasusaerscs
upejacrasiaents (poskniamn): K = CUW.

KanTopsaiu € monyngpaum 06’€KTOM Cy9aCHUX MATEMATUIHUX JOC/IZKEHD, aJjie 70 IUX TP KPpUTe-
pif KaHTOPBAJILHOCT] MHOYXKWHM TIJICYM PAJly He 3HalijieHo.
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KauTopBasu Bunukaiors i y Teopil jraHioroBux Apobis, e CroCTePIiraloThCd aHAIOTIgHA KAPTUHA, 3
reoMeTpii YMC/IOBUX PS/IiB.
Haramaemo, mo HeCKiHYEHHNM JIQHIIOIOBUM JPOOOM HA3UBAETHCA BUPA3 BUIY

ao—i—L1 = [ag; a1, az, ...]. (1)
ay + ag+...

Hexait 1 < s — ¢ikcoBane Harypasphe uncio, A = {cp,c1,...,Cs_1} — MHOXKWHA JHCHUX IHCEIT
Takux, mo 0 < ¢g < ¢1 < ... < Cs_1, dKa HAa3UBAETLCA aaasitoM; Ly = AX A X A X ... x A X ...
—MpOCTIp TOCTiMoBHOCTEH enemenTiB andarity A. Hac mMiKaBIgaTh TOMOIOrO-METPUIHI BIACTHBOCTI
muoxkuun G4 3HAYEHb HECKIHUYEHHUX JAHIIOrOBUX MpobiB Buny [0;ai,as, ..., ay,...], 1€ (ay) € L4.

Bumasiok s = 2 3acsiyroBye Ha OKpeMy yBary, sika OpujijieHa iffomy y poborax |2, 3, 5, 6].

Teopema 3 ([2]). Hxwo s = 2, mo G4 ¢ sidpisrom [a;b], de a = [0;(c1,¢0)], b = [0;(co,c1)], woAU
coc1 < 55 mide me wiavnor MHOdNCUNON0, KOAU Cocy > 5. TTpu ymoei coer > 5 Kooene wucao x € G
Mae edune 306PaNCEHNA HECKIHYEHHUM AGHUIO208UM ODOGOM, TPU CoCl = % YUCAQ 3ATYEHHOT WIADHOT Y
eidpisky [Bo; Bi], de Bo = [0; (c1,c0)], B1 = [0; (co, €1)], Muoorcunu maromo deéa 306pasicenma, a pewsma

— Mamov e0urne 300padCena.

Teopema 4. Mnoowcuna G 4 3HaueHb HECKIHUEHHUT Aanyto206us 0pobis sudy [0;a1, a2, . .., ay,. . |, de
(an) € LA, € KOWMUNYaAb1010, QOCKOHAA0I0 T OOMEINCEHON0, TPUHOMY

_ Veoes—1(cocs—1 +4) — cocs—1

min G = [0: e 1,c0)] = - = i, )
S— S— 4) — S—
max Gy = [0 (co. cor)] = Vcocs—1(coc 2010+ ) —Cocs—1 _ dr. 3)
: 1 : V2 -1
Hacumipok 5. SHxwo A = {5, 1,8}, mo minG 4 = 1 max G =4v2 —4=4(v/2-1).

Teopema 6. Muoowcuna eciz aanyrozosuxr dpobie 3 obmescenum andasimom A micmums 6idpizox
modi i MiAbKu Modi, KOAU ICHYOMb MAKE eACMENMU aAPasImY Cp & Crp1, WO Cp - Cpt1 < 5.

Teopema 7 (OcuoBHuii pesynbrar). Muoowcuna G 4 3nauens AaHy10206ux dpobie 3 obmedrcerum arfpa-
gimom A € 06MeNCen010, KOHMUHYAADHOI0, JOCKOHOARIO T HAAEHCUMD 00HOMY 3 MUL MPLOT MONOAO2T-
YHUT MUNIG, U0 T MHOACUNA HENOGHUT CYM aBCOMOMNO 30i01CH020 PAdY (€ 6I0pisKkom abO CKINUEHHUM
06’ ednanmnam 6i0pI3KIG, MHONCUHOI KANMOPIBCHKO2O MUNY, KAHMOPEAAOM).
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Konyc, HanOymoBa Ta J>KOMH B aCUMIITOTUYHUX KaTEropisx.
JlimmnieBa Ta rpyb6a eKBIiBaJIEHTHOCTI JeIKnX (PYHKTOPIaJIbHUX
KOHCTPYKITiit

Muxaiino PomaHcbKuit
(JJJITY imeni Isana @panka)
E-masl: Romanskiy.mihaQukr.net

OCHOBH aCHMIITOTHYHOI TOMOIOTIT BUKJIaIeHo B ctarti [2] Apanimuikosa. JpaHiniHuKoB TakoXK po3-
DJISIIa€ PI3HOMAHITHI KOHCTPYKIIT ¥ acCHMITOTHYHIi Kareropii A (To6To Kareropii BJaCHUX METPUIHUX
OPOCTOPIB 1 ACHMIITOTHYHO JIIIIUIEBAX BiZ0OPaXkKeHb), 30KpeMa MPOTOHYE HOBUH MiAXis 10 MOHATTS
100yTKy. BiH TakoxK 03HaUye KOHYC, HaAOYIOBY 1 I2KOIH.

Hexapris mobyrox (X x Y,dx + dy) He € KaTeropHuM B aCHMITOTHYHIN Kareropil A, OCKUIBKH
OPOEKTIil Ha MHOXKHUKN He € Mopdizmamu. B pobori [2] A. /IpaHinHikoB 03HAYNB ACHMITOTHIHUIT
100y TOK

X xY (w0,y0) = {(z, y)ldx (xo, ) = dy (yo,y), x € X,y € Y},
1e x, Yo — (biKCOBaHI TOUKM B MeTpUUHHX mpocTopax X Ta Y Bimmosimmo. Merpuka ma X XY immy-
KOBaHA BKJIaJCHHIM X XY C X x Y.

Y crarti [2| o3maueno kouyc C'X i wHagbymoBy », X B ACHMIOTOTHIHHX KATETODIsIX JJIs KOKHOTO
MeTpIdHOro mpocTopy 3a amatoriero: CX = XxR2 /i (X) 1Y X = XxR2 /iy (X) = CX/i_X ne
iy: X — X xR prmasenns, osnadeni dopmynamu iy (z) = (z, £||z|,0). B miit e crarTi cTBepaKye-
ThCH, IO JJs reojie3ifiaux mpoctopis X KoHyc MoXKHa 3ajgasaTu mpocroio (ropmyiow CX = X x Ry,
ane y crarri [5] B jemi 1 gosemeno, mo kouyc CR me izomopdHuii miBmpoctopy Rﬁ_ B aCUMIOTOTH-
anift kKareropii A. Amajoriumo MoykHa joBecTH, mo HajabyaoBa Y R we izomopdma mpoctopy R? B
acUMTITOTHIHIH KaTeropii A.

Jlema 1. Konyc CR ne isomopdruti nienpocmopy Ri 6 acumnmomusnit xamezopii A.
Teopema 2. IIpocmopu C(Ry) i > (Ry) ne € epybo exsisanrenmii.

st 6yab-aKHX JBOX METPHYIHUX IpocTopiB X 1Y 3 diKCOBAaHMMHN TOYKAMU MOXKHA O3HAUNTH OyKeT
X VY. Ixoita X x Ry ne miampocrip npocropy Po(X V R, ) #iMOBIpHICHUX Mip, HOCISIMH SKHX €
nporoukoBi muoxkuuu. Popmysia st merpukn Kanroposuua-Py6inmreitna va jexoiini X + Ry mix
JIBOMa JIOBLIBHUMHE {iMOBipHiCHUME Mipamn p = ady + (1 — a)dy i v = B, + (1 — B)d, Mae HacTyHuIT
BUTUISA]

dip(p,v) =l a =B | (y +¢) + min{e, S}d(z,2) + (1 — max{a, B}) |y — ¥/ | .
Jlema 3. Jlocotin R™ x Ry is3omopdrut nienpocmopy ]Rfrl 6 acumnmomuuniti xamezopii A.

Y crarri [5] aHasioriuHMit pesysibTaT J0BEJAEHO JJist Y-c1abo omyK/mx Ta J-c1abo BrHyTUX reojesiiinux
MIPOCTOPIB.
3 qem 11 3 orpuMyeMo HACTYIHUI HACTIIOK.

Hacuimok 4. [oicotin R x Ry ne isomoppruti xonycy CR 6 acumnmomuunit xamezopii A.

Jlema 5. Hexati X = {n? | n € N} C R. Jorcotin X * Ry ne isomopdruti xonycy CX 6 acumnmo-
muqnit xamezopii A.

Hnst merpuanoro npoctopy (X, p) depes exp X MO3HAYAIOTE MEPIPOCTIp MpocTopy X, TOOTO MHO-
JKUHY HEMOPOXKHIX KOMIAKTHUX IMiAMHOXKWH B X, Hajlyieny MeTpukow Laycnopda pr:

pr (A, B) =inf{e > 0|A C O(B),B C O:(A)}.
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Hna xkoxuoro n € N yepes exp,, X nosnaunmo uijupocrip exp X, 1110 CKI3JA€ThCA 3 yCIX MHOXKUH
nmoryx)uocTi < n.

Hexaii ~ — BigHomenus exsiBasenTHOCTi Ha creneni X', 1m0 3aJa€ThCst YMOBOW (I, ..., Ty) ~
(Y1, - Yn) TOAL B TiNBKM TOAI, KOM icHye nepecranoBka o MHOxuHEM {1,...,n} TaKa, WO T; = Yu(;)
mig kKoxkuHoro ¢ = 1,...,n. @akTopupoctip mpoctopy X' 3a TakmWM BiTHONIEHHAM €KBIBAJEHTHOCTI
HA3WBAIOTH CUMETPUIHUM cTermeneM npocropy X i mosHadators SP™(X).

Teopema 6. Iinepnpocmip exps Ry , cumempuunut cmenino SP3R, ma npocmip Ri ANWULEBO
EKBIBANEHMH .

. . . . 3 3 . . .
Teopema 7. I'inepnpocmip exps R, cumempuunui cmenine SP° R ma R ainwuyeso exsisanermns.
3 Teopem 6 1 7 OTPUMYEMO TaKWii HACJIIJIOK.

Hacuaimok 8. Tinepnpocmopu exps Ry, exps R, cumempuuni cmeneni SP3R,, SP3R ma Ri AN~
WUYUEBO EKBIBANEHMHI.

Konyc Cone(X) naj xommnaktHum MerpudaumM npocropom (X,d) — ue dakroprupocrip go6yTKy
(X xR4)/ ~, ne BigHOmeHHs ekBiBasieHTHOCTI ~ 3ajaeThcs ymoBowo (x,0) ~ (y,0), z,y € X. dxmo
(X, d) — merpuanuit npocrip i diam(X) < 2, ro merpuka d nHa Cone(X) 3amaerscsa Hopmysion:

d((z,1), (y, 5)) = min{t, s}d(z,y) + |t — s|.

JIema 9. ‘Txwo xomnaxmui mempuuni npocmopu (X,d) i (Y, p) ainwuueso exsisasenmui, mo me-
mpuuni npocmopu Cone(X ) 4 Cone(Y) makoorc ainwuyeso exeieasenmmsi.

Jlema 10. ITiscepa S'} ma xyb 1" ainwuyeso exsicarermmns.

3 nem 9 Ta 10, Bpaxysasmm, mo Cone(S"!) ~ ]R’}FH, OTPHUMYEMO TaKWil HACIIIOK.
Hacuinok 11. Konyc Cone(I") ma R pinwuueso exsisanenmmi.

Hacrymay TeopeMy MOxKHA BBaxKaTH rpyOuM aHasjoroM omHoro pesyabrary 1opi [4].

Teopema 12. Iinepnpocmip expy, R™ sinwuueso exsisarenmmuuti R™ x Cone (RP™1), de RP™1
— npoexmueruti npocmip.

Teopema 13. Ilpocmopu Ri ma Py(R) ne e epybo exsisarermui.

BayBaxkennsi 14. Anasnoriuaumii pesyabrar MOXKHA J0BECTH 115 cynepposmmupents \3(R). Haramae-
Mo, mo A3(R) moxkna BuznaunTn sk daxropnpocrip SP3(X) 3a HacTynHEM BijHOIEHHAM eKBiBaJieH-
tHoCT [, T, Y] ~ [2, T, 2]. Baysaxumo, o npocrip A3(S!) romeomopduuit S (nus. [1]).

Baysaxumo Takox, wo npocropu R ta P(R) e romeomopdi.
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AcumMmnroTukKa HallKpaliux pPiBHOMIPHMX HAOJIMXKEHb KJaCiB 3rOPTOK
nepioanvHUX (PYHKITN BUCOKOI TJIAKOCTI

A. C. Cepaiok, I. B. CokoJjsieHko
(Tacruryr maremarukn HAH Vkpainu, Kuis, Ykpaina)
E-mail: serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Hexait C'i Ly, 1 < p < 0o, — npocropu 27-nepionuauux GyHKIHN 31 crangaprauMu HopMaMi || - ||¢
Ta || - ||p, BiamoBinwo.
Tloznagumo uepes C@p, 1 < p < 0o, MHOXKUHY BCiX 27m-niepioguunux GyHKINH f, gKi 300paxKyioThCs
9.
34 JIONOMOTOK0 3rOPTKHI

apg 1
f(z) = 5 + p / p(x —t)Wa(t)dt, ag€R, ¢e Bg ={pely,: |lplp <1, ¢ L1},

—T

1 1
i3 (bikcoBanum TBipHUM dapom Vi € Ly, — 4+ — =1, pan Pyp’e akoro Mae BUTIISIT
B v Ty » P yp

S[WE)(1) = > (k) cos (kt - 5’;”) . BreR, (k) >0. (1)
k=1

Ockinbkn ¢ € Ly, a Vg € Ly, To dynxuisa f e HenepepeHoo dyHKIIE0, TOOTO Clb,p cC.
dkmo f € C, uepe3 E,(f)c nosnaunmvo naitkparie pisHomipHe Habankenus dbyHkuii f mignpocro-
poM Ta2,_1 TPUTOHOMETPUYHUX TOJIHOMIB T}, 1 MOPSAKY HE BUINOTO HiXK 1 — 1
n—1
Tho1(z) = Z(ak coskx + B sinkx), g, Bk € R.
k=0
Axmo N — geskuit dynknionansuuii kaac 3 npocropy C' (9 C C), To Besmunny
En(M)c = sup En(f)c (2)
fen
HA3UBAIOTH HARKPAIMM PIBHOMIPHAM HAOJMKEHHAM Kaacy Dt mianpocropom Ta,_1 TPUTOHOMETPUYHUX
nosiinomiB 1,1 MOPSAKY HE BUIIOTO Hik 1 — 1.
Posrasiiaerbes 3aaua 11p0 3HAXO/ZKEHHST aCUMIITOTUYHUX PiBHOCTEH Besimumb (2) npu n — 00 y

BUIAJIKY, KO y poii Il BUCTYIAIOTH KJacu C’g’p, 1 < p < o0, a mocainosrocti (k) cranaoTs 10
HYyJISL JIy2Ke TIBUJIKO, 30KPEMa KOJIH ’

Y w(k) = o(1)y(n). (3)

k=n+1
BazHaunMo, IO y BUMAAKY P = OO aCUMOTOTHYHI PIBHOCTI i, HaBiTh, TOYHI 3HAUEHHS BEJIUUUH
En(Cgp)c npu okpecaeHux obmekennax Ha (k) Bimomi (ams., Hampukam, (2, 3|).
Ioznaunmo wepes £, (MN)c BeanauHM
EnMe = sup [[f(-) = Sua(f5-)lle, (4)
fen

ae Sp—1(f;+) — gacrunna cyma Pyp’e nopsiary n — 1 dbysknii f.
Ockinpkn

E,.(Meo <&Mo, NCC, (5)

10 BesimumHu (4) MPUPOHBO BUKOPUCTOBYBATH JIjIs OIIHOK 3BEpPXy Hafikpaiiux HaOmKenb kaacis .
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Bajada npo 3HAXOKEHHS CHJILHOT ACUMITOTHKE BeqnduH (4) mpu n — 00 HOCUTH HA3BY 3324l
Kommoroposa—Hikobeskoro s cym @yp’e. Borna mae Besinky icTOpifo, MO3HAKOMUTHUCEH 3 KOO MO-

JKHA, Hanpukiaazg, no moHorpadii [1]. Jus meuako cnaganx (k) acuMnToTvKa BesndnH En(Cgp)C

Bigoma nipu yeix 1 <p < ooi fx € R (uus. [4]).
Hexait n € N. Hagani 6ymemo Bumararu, 1mob moc/IigoBHICTE MonyaiB koeditientis @Pyp’e TBipHOTO

anpa ¥ 5(t) 3a10B0aBHEATA YMOBY
o0

> w(k) < p(n). (6)

k=n+1

Teopema 1. Jaa dosinvrux {Br}72,, B € R, 1 <p < oo, n € Niv(k), wo sadosorvnaroms ymosy
(2), suronyromovca nacmynmi cnigeioHOWEHHA

|| cost|, < || cost|,

(v = 30 ¥0) < Ba(C )0 S E(CY Jo < (v + Y v(k). (1)
k=n-+1 k=n+1

s

Hxwo oc (k) sadosorvnac ymosy (3), mo marms micye acumMnmomuuni pieHocmsi

! - 3)
B, _ leostly oy 4+ 01) > (k)
En(cgp)c " o (9)

6 axux O(1) e pisHomipHo obmedceruMU GIOHOCHO YCIT PO32AAOYSAHUT NAPAMEMPIE.

Baznaunmo, mo acumrornysi pisrocti (8) i (9) npu geskux CHiBBIAHOIIEHHAX MiXK Iapamerpamu
BUILIMBAIOTE 3 pobit [1]-[6].
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IleBHiI XapaKTepuCTUKU CIIEMIAJTBHOL reOMeTpi'l' JOTUHOI O
posmapyBaHHs IPOCTOPY adiHHOI 3B’A3HOCTI, MOPOAKEHOT
iHBapiaHTHOIO TEOPi€I0 HAOIM>KEHb 6230B0OTO IIPOCTOPY

Cunrokosa Onena MwukoJsaiBHa
(I3 «ITHITY imeni K.JI. Yumucekoro», Omeca, Ykpaina)
E-mail: olachepok@ukr.net

Posrasimanns y gosinbmiit Touri M (2%),i = 1,n,  mpocrtopy adinmoi 3’asmocti A", n € N,
n > 2, piMaHOBOI CHCTEMH KOOPAWHAT JI03BOJISIE sl KOMIOHEHT thj (x!,...,2") adinnoi 38’a3H0CTI THO-
ro MPOCTOPY OTPUMATH iHBapiaHTHI BimHOCHO BUOOPY CHCTEMU KOOPAWHAT Paau TUy Pagis Teiyiopa,
YleHN SKUX 3a/1eKaTh HE JIUIIE Bij KOOPAMHAT MOTOYHOI TOUKH, a i Bijg KoMmonenT y',i = 1,n, 10Tu-
YHOIO €JIEMEHTA Y Hill. K pe3ysbTarT HEXTYBAHHA y WX PAAaX JO0JTAHKAMU TPETHOrO i OLIBIT BUCOKHX
HOPSIKIB MaJIOCT] BiIHOCHO KOMIIOHEHT ¥', yTBOPIOIOTHCH KOMIOHEHTH adinuol 38’a3H0CT

~ 1
F?-(zl, anxhyt Lyt = I’{-Lj(xl, ezt Ly — gR?ij)a(xl, e xM)y e,

ae h,i,j,a = 1,n, R(ma( ,...,a:") — KOMIIOHEHTH TeH30pa KPUBUHU TIpocTopy A", KpyTil AyKKu
[O3HAMAIOTh CHMETDYBAHHS 6e3 AiIeHHsT 33 BMIMICHUMH V HHAX IHIEKCaMH. BUXomsdnm 31 CTpyKTypu
KOMIIOHEHT FZ_]’ MOZKHa CTBEPA2KYBATH, IO BOHU XaPAKTEPUIYIOTH IIEBHUI I‘eOMeTpI/I‘{HI/Iﬁ 067€KT Ipo-
cTopy poTudHOro po3mapysants T'(A™), usHadators Ha A" fesKy «mommupenys adiuny 38’sg3HicTh I,
y meBHOMY ceHcl moibHY 10 3B’sizHocTeit Kaprana i bepsanbia dircieposol reomerpil.

Ba gomomoror «nomupenoi» adinuol 38’a3uocti I' ayst Tensopraux nosis npocropy T'(A™), BBoau-
Thest |1] kKoBapianTHe judepeHnioBaH S «;» 3a IPABUIOM

T} ot
T} (wiy)y = 55 —v rfwa b —TT]

Ha migcrasi kommonenT F Y y TIPOCTOP1 JOTHIHOrO poamapyBaHHﬂ T(A™), 3a j0mOMOroI0 oreparii
TUMy 1MOBHOTO JiichbTy [2] HO6yILOBaHO 3B’A3HICTH F KoMIoHenTH L/ h,i,j7 = 1,2n Kol 3HAXASITHCA

arigno dopmyn

Z]’

A~ ~h . .
F?j(xl?“wxn;yla 7yn) = Fij(‘rla "'7xn;y1> 7yn)7 h7l7] = 1an;

afh—n
Th o1 n,, 1 ny __ ij 1 n., 1 ny, a. _ . . _ .
Lo,z 7y,...,y)—7axa (7 2™y, Yy h=n+1,2n; j,ka=1n;

=~ ~h— L .
Th(at, . a™yt, oy = =T (2l a™ oyt oy hyj=n+12n; i=1,n;

fh-(xl, ...,ac";yl7 syt = _Th-n -(xl, ...,x";yl, sy hyi=n4+1,2n; j=1,m;

lA“@(a:l,...,x”;yl,...,y”):—F’-‘ < (xl,...,x”;yl,...,y"); i,j=n+1,2n; h=1n;

Th(zt, .2yt ™) =0, =n+1,2nh,i=1,n;
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F?j(xl, nxyt Lyt = =T (1, .., 2%yt .y, hi,j=n+1,2n.

n—in—j
3a A0MOMOT0I 3B A3HOCTI r y upocropi T'(A™) npuposHuM 9uHOM BBEJEHO KOBapianThe judeperti-
IOBAHHS < | ».
JIoCHiIKEHO B3a€MO3BA3KH MiXK CTAHIZAPTHUM KOBAPIAHTHUM IM(PEPEHIIIOBAHHAM «,» Y IPOCTOPI
A", xoBapianTHUME nudepenmioBarHIME «;» 1 « | » v T(A™). Ilpu mpoMy MaeTbcst Ha yBasi, 1Mo
mpocTip A™ PUPOTHUM YHHOM BKJaIeHO y mpoctip T(A™).
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HocaigxkenHs 1(-To1oJioriii Ha n-eJeMeHTHil MHOXKHMHi 3 Baror
k c (Qn—Z’ 2n—1]

Crerannesa Ilosina l'eopriiBaa
(3anopisbkuil HaioHAIBLHWIT YHIBEpCHTET, 3AII0PizKAKst, YKpaiHa)
E-mail: stegpol@gmail.com

Ckpsabina Auna BikTopiBaa
(3amopi3pKuil HAIIOHAJBHUIT YHIBEDCUTET, 3aTOPiKAKsI, YKpaiHa)
E-mail: anna_29_95Qukr.net

Hna mochimzkenns 1p-TOMOIOTI BUKOPUCTOBYETLCA 1X OMMCAHHS BEKTOPOM TOIIOJIOTIT — HECIa HOI0
HOCJIOBHICTIO (1, (9, ..., (v ) HEBITEMHUX TIHX YHCEI, siKe OyJI0 3ampornonosane B pobori [4]. Baroro
TOMOJIOTI] MPUHHATO HA3WBATU KIJBKICTb BIIKPpUTHX MHOXKWH B Hi#t. Bei Tomosorii ognakosoi Baru k
YTBOPIOIOTH k-K.aac Tomotorii. BexTopu Beix Tomostoriit 3 Baromo k € (271, 2" smaiizeno B po6ori [4].
B po6orax [1]-[3] ommcani Ty-Tomoorii 3 Baroto k > 5 - 274,

B miit poboti mokasano, 1Mo BCl k-kaacu TOMOJNOTIH Ha m-eleMeHTHI MHOXKUHI 3 Barow k € [5 -
2n—4 2n=1] vicrars npuraiivai oaHy TH-TOTIOIOT IO 3 HACTYIHOIO BIACTHBICTIO: icHye (n—1)-e/eMenTHa
OiIMHOZKUHA, HA sIKIH [1sT TOTOJIOTis 1IHAYKY€E OJU3BKY JI0 TUCKPETHOI TOMOJIOTI0 (B IEOMY BUNAJKY TO-
BODSITH, IO TOIOJIOTIsS Y3rojzKeHa 3 OJIU3bKOI0 70 JuCKperHOi). Ll BaacTuBicTh 103BOJISE BKA3aTH
BEKTOPU TAKUX TOMOJIOTI. 3HANIEHO KJIACH, B IKUX BCl TOIMOJIOTI MalOTh BKa3aHy BJIaCTHUBICTb. Kpim
[IBOr0, MU JOCTIIKyBaJn moMideni 7y-romoorii 3 Barowo k € (2”_2, 13- 2”_5). TepMiH ABOICTA BUKO-
PUCTOBYETBLCS JJIs TOTOJIOTIT, OTPUMAHOI 3 33JaH0l MIJISIXOM Mepexoy A0 JTOTNOBHEHD 11 eJIeMeHTIB.

Teopema. Y Kjacax TomoJoriit 3 Baroro k € [13-2"75 2771 3a pukmouennay Tp-Tomooriit, y3ro-
JIZKEHUX 3 OJU3BKUMHU JI0 JUCKPETHUX Ta JBOICTUX JI0 HUX, IHIIUX TOHOJOriil Hemae. Icuytors kKjacu
Tomosoriit 3 Baroto k € [5-2""4 13- 2"75), axi me muwuepmyioThest T)-TOMOTOTIAME, Y3TOKEHIME 3
OIMBLKIMH JI0 AUCKPETHAX Ta BOTCTIMHE 0 HIX. [CHYIOTH KJIacH TOMoIoriit 3 Barofo k € (272, 5.2774),
B 9KWX HEMAE JKOIHOI TOTOJIOTil, Y3TOAKeHOl 3 OIM3bKUMU 10 AUCKPETHOI TOO/IOTIIMU.
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IIpo posmiervienas napauX (QyHKITIH

2Kyk Okcana
(M. Hporo6ud, . Crpuiiceka, 3, 82100)
E-mail: oksanalakomchak@gmail.com

BoiitoBuu Xpuctuna
(M. HIporobuu, B. Crpuiiceka, 3, 82100)
E-mail: khrystyna.huk2711@gmail.com

Tans FOpiit

(M. Jdporobuu, B. Crpuiiceka, 3, 82100)
E-mail: yuriyhal@gmail.com

Hexait W2, o > 0, npocrip Ileni-Binepa minnx ¢yHKII# f eKCIOHeHIaIbHOro THIly < o, 10 Ha-
qexkars 10 LP(R). Bin moxke 6yt Bu3HAYeHUIT 1 K TPOCTIP TMUX (DYHKILH, 1715 IKAX BUKOHYETHCS
yMOBa

400 1/p
sup / |(fre'®)[Perorlsingl gy < +o00.
pe(0:2m) | o

Hexait EP[C(a;5)],0 < f— a < 2m,1 < p < +00, € npocropom anamituaanx dbyskniii f B C(a; ) =
{z:a<argz <} gua srux

+o0o
sup /|f(rew)|dr < 4o00.
0

a<p<f
Bunnnnekwuit B., digeauit B. Ta limak T. po3ragnanm HacTyIHY 3a7ady PO3MIETLIeHHS.

Bamaua 1. Yn xoxna dynknia f € W) momyckae posmertenns f = x + u, 1e dYHKII y Ta p €
anamitnaanmn B C4 = {2 : Rez > 0} i x € EY[C(0;3)], p € E'[C(—5;0)]?

T. Tl'imax 3ampomnonyBaJja MyKaTu (DYHKIN X Yy BUTIAIL
x(2) = x1(2) +ixa(—iz), (1)

ze
0

1 [ . itz 1 . itz
x1(z) = m/go(zt)e dt,  xa(z) = v o(it)e™*dt.
0 —o

[Moguaummo gepes W; 4 migmpocrip f € W1 mo ckinajaerses 3 napuux QyHKIi.

Teopema 2. Hezati f € Wc},+' Todi pynruin x, susnauena piswicmio (1), € poze’askom suwenasedeoi
npobaemu.

Jlosemennst 6a3yeThCs HA HACTYIHOMY TBEPIKEHH].

Jlema 3. Hexaiti (c;) €12 i 0 > 0. Todi nacmynni ymosu € ex6i6aienmmumu:

1) nocaidosnicms (ci) € naphoro;

2) pynruia p(t) = ;:Oioo cke_ikom € NAPHOI0;

TSINC Z

3) ¢ynxuia f(z) = z?ioo(—l)kckm € NAPHO10.
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I'pynnet JIn madnEITE3NMAJIBHBIX KOH(POPMHBIX ITpeobpa3oBaHMii
BTOPOIl CTEeIIeHN B CUMMETPUYIECKOM PUMAaHOBOM ITPOCTPAHCTBE
MMepBOTO KJlacca

. N. Benokobblabekuii
(Opecckuit Hapuonanbubiil yuusepcurer umenn .1, Meunukosa, Onecca, Ykpanna)
E-mail: indalamar42000gmail.com

C. M. Ilokach
(Onecckuit HarmonaapHbIil yruBepcuter uMenn .11, Meunukosa, Onecca, YKpanHa)
E-mail: pokas@onu.edu.ua

1. A. IupokoBbiM B 1| OBLIN HAlIEHBI BCE HETPUBOINMBIE CHMMETPHYECKHE PUMAHOBBI TPOCTPAH-
crBa Vp(x; g(x)) mepsoro kmacca. Merpudecknii TeH30p gi;(2) TaKUX OPOCTPAHCTB B PUMAHOBOI CH-
cTeMe KOOpAMHAT ¢ HauajgoMm B Touke Mo(xz" = 0) umeer crepyromuii Bu:

1
9i5(%) = gij + g(héahjﬂ — hijhag)z"z’, (1)

el O

(0= (g ) (hu) = Oe” Nl

rne F — enuanunag marpuna a, e; = 1, =1,...,n
st npoussosbHOro puManosa npocrpanctsa Vi, (z; g(x)) C. M. Tokacs 2] BBest nonsiTre npocrpa-
cTBa BToporo mpubsmkenus V,2(y; (y)):

~ 1
3i5(y) = 9ij + = Riagv™y’, (2)
RINEE
9ij = gz‘j(M0>7 giaﬁj = Ria,@j(Mo), My € V,.
o]

Cpasrenne (1) u (2) moKa3eIBaeT, 9TO PHMAHOBO IIPOCTPAHCTBO BTOPOTO NpHO/HKeHns V,2 T CHM-
METPHYECKOT0 PUMAHOBA MMPOCTPAHCTBA MEPBOTO KJIACCA M30METPUYUHO HCXOHOMY IPOCTPAHCTBY V.
Mosromy Tpyrma JIn wrbHHANTE3NMATBHBIX TTpeobpasosanmii G mpocTpancTea V.2 m3oMopdHa rpyT-
e JIn nadunnresnManbHbIX npeobpasosannii (G, CUMMETPUYECKOr0 PUMAHOBA, IPOCTPAHCTBA, IEPBOTO
Kjacca V.

. 72

Nzyuenue nuduHITE3NMATBEHBIX KOH(MOPMHBIX IPE0OPA30BAHUN B IPOCTPAHCTBE V,¥ CBOOUTCH K HC-

ciieioBaHnio 06061menHbx ypasaenniit Kummara [4]

§ig) = V(Y)3ij
Baech Gbl Hosyudenu caejpyomnii pesyssrar [3].

Teopema 1. B npocmpancmee eémopozo npubausicenua V.2 das pumanosa npocmpancmesa Vi, nenyae-
801 crasapnol kpususnuv, 6 mowke My cywecmsyrom undurumesumasvrove KoH@Popmmsie npeobpaso-
BAHUA C BEKTNOPOM CMEUWEHUA 8UIG

& =a" + iyt + ah Lty (3)

h _h _h
(a",aj,aj,, — const)
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h

oOMAUNHBIE OM dsUMNCEHUL, M020a U MOoABKO To2da, K020a KOHCMaHmbL a' U a.}} YJOBAEMBOPANTN G-

2ebpauveckumM YpasHeHUAM

agjo =0 (4)
o

i) iz)a + 1, By ij)a = 0 ()

3
G | B Reiiin — 5 (ba{?.cfmhglzlz - blljji(lzls)j>] =0 (6)

ede l ZC’Z - 03Havaem yuxauposarue no undexcam lilsls,
162¢3
al Lyt = a® LR ey 4+ L (bt = Lotgy gty (7)
111209192 ,30.120( 2 1 2 012

U(y) = by’ (8)

Tak Kax ckajggpHasg KPUBU3HA CUMMETPHUYECKOTO PUMAHOBA MPOCTPAHCTBA PaBHA HYJIIO, TO aHAJIO-
rugHo Teopeme 1 moKazaHO yTBEpXKIeHHE.

Teopema 2. B cummempuyeckom pumaHo8OM NPOCMPAHCMEE NEPEO20 KAACCE Vi CYUWECMBYIOM UMH-

Punumesumasvrbie KonPopmmrvie npeodpasosanui ¢ 6eKmMopom cmeuenus euda (3) mozda u mMmoavKo

moec?a, %0200, KOHCTMAHITIb Cl.h u CL% ydoeﬂemsopmom GJL2€6]QGUH€C’I€UM YpasHEHUAM

aGgjo = bg; 9)
aagR® P =0 (10)
0 (if).
a i By i2)e + a7, By (iya = 0 (11)
Y(y) = b+ by (12)

Uccnemyst ypasrenus (9)-(11) npu ycnosuu (1) mpuxomum K Takoil TeopeMe:

Teopema 3. Ungunumesumanvrvie Konbopmivie npeobpasosanus ¢ 6eKmMopom cmewerua uda (3) 6
CUMMETNPUYECKOM DPUMAHOBOM NPOCTIPAHCIIBE NEPE020 KAACCE MO HEODTLOOUMOCTNU ABAAOMCH UHPU-
HUMESUMAADHBMU 20MOMEMUYECKUMU NPEOODA30SAHUAMU.

Jng n = 4 mokazaHa

Teopema 4. Cummempuueckoe pumarnosoe npocmparcmeo Vy 1-20 kaacca donyckaem epynny Jlu 20-
MOMEMUNECKUT UHPOUHUMESUMANHUL npeobpasosanul G1a.

Haiinen 6a3uc sToit rpynmnsl u eé CTpyKTypa.
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KOHe‘{HOMeprIe AVMHAMMWKHN W TOYHBbIC Pell€eHNnsd YypPaBHEHUA
BO3HUKHOBEHUS MOJIHUN

1. B. 2ZKepebaTHukoB
(Mockoscekuit ['ocynapersennniii Yuausepcurer M. B. Jlomonocosa, Mocksa, Poccns)
E-mail: zherebiatnikov.iv16@physics.msu.ru

B pafore [1] 6bL1a TpemIoKeHa MaTeMaTHIeCKasi MOIENb I 00bsSICHEHWsT BO3SHUKAMOMIUX B 00-
JIAKaX CKa9YKOB HAIPSKEHHOCTH JIEKTPUUIECKOTO I0JIsI, TMPUBOALIINX K BO3HUKHOBEHHIO MOJHUM. B
OCHOBE 9TOr0 IIOIXO0Ia JIEXKUT IMPEIIOI0KEHIE O TOM, UTO 3apsaKeHHYI0 JaCTh 001aKa, MOYKHO OIIHUCATD
C TIOMOIIBIO OCHOBHBIX YPAaBHCHUN I'MJIPOJAVHAMUKU 3aPAZKEHHON Cpelibl, ABUXKYIIEHcd 101 AeicTBUEM
BHEITHUX CUJT (TOTOKH BETPA, KOHBEKIIUS 1 T. 1.). TaM ke mpuBeneHo HeuHelnoe nuddepeHuaibHoe
YPaBHEHUE /1 OMUCAHUSA PACHPEICTICHAS 3JCKTPAYECCKOTO IO AJd OJHOMEPHOIO IBUZKCHUA 3apd-
JKEHHOT'O ra3a:

du(g, ™) PulE,T) du(€, ) ,
or - agg - (u(€77—) - Of) T’ ( )

rie u(&, 7) — 6e3paszmepHasi HANPSIKEHHOCTh JIEKTPUYECKOro 1moJis, &, 7 — Ge3pasMepHble IPOCTPaH-
CTBCHHad W BpeMEHHad KOOPAWMHATHI, O — IMIOCTOAHHAA.

B noknane mpescraBieH MeToJ| MOCTPOEHUs TOYHBIX perneHuii ypasHenus (1) ¢ mcnosp3oBanmeM
Teopur KOHeYHOMepHbIX guHaMuk [2|. [TpaBas gacts 910ro ypaBHeHus! HOPOXK1aeT (DYHKIHMO

© (Y0, y1,92) = Y2 — (Yo — @) 11 (2)

Ha TpocTpaHcTBe LKeToB J2(R) ¢ KAHOHIYIECKIMI KOOPIHHATAMIE T, Yo, Y1, Y2. DTy BYHKIIIO MBI pac-
CMATpPUBaEM KAaK MPOU3BOJSIIYI0 (DYHKITUIO CUMMETPHil JJid HEKOTOPOro oBBIKHOBEHHOTO mudepeH-
IIMAIbHOTO yPAaBHEHMUsI TIEPBOrO MOPAIKa (Tak HasbiBaeMoil dunamuru) [2]. Bymem uckars takoe O1Y
B BUJIE:

F:=y1 — h(y) = 0. (3)
[Mpumensist cranpapTayio TexHuky (cM. [2, 3]), Haxoanuwm, uro dbyHKIus h uMeer Buj KBajipaTHIHON

dbyuKIITIN

1
h(yo) = §y§ +ayo + b,

rie a,b — Npou3BOIbHBIE MOCTOHHEbBIE. Pemas ypasaenne (3), HAXO M

y(§) = —a — th (5—;0\/022()) Va2 — 2b, (4)

e a, b, ¢ — npousBosbHbIE TOCTOsIHHBIE. COOTBETCTBYIONIEE SBOJIIOIMOHHOE BEKTOPHOE TI0JIE, KOTOPOE
ABJIsIeTCd MHMUTEIUMATBHON cuMMeTpueil it ypasHerust (1), nmeer Bu

1 0
S — 92 b —. 5
(a+a) (508 +amw+0) o )
[Ipeo6pazosanue ciasura ®,, oTBedAlOIEE STOMY MO0, UMEET BU/T
£— ¢,
1. Va2 —-2b—a—
Yo — —a — th oo a? — 2b+ ~In Y2 4= a? — 20b,

2 Va2 —-2b+a+yo
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rjie T — mapamMerp CJBUTA BIOL TpaekTopuu. [IpuMenss obpataoe mpeobpaszosarue P! k permennio
ypaBrenus (3), IPUXOIUM K TOYHOMY perenuto ypasHernus (1):

(a+d) [1 +th (%dﬂ eT(ata)d 4 (g — q) [1 —th (%’Cdﬂ
[1 +th (%dﬂ er(ata)d | [1 ~th (%d)]

rae d = va? — 2b. 31ech TpOU3BOIBHBIE TOCTOSHHBIE BRHIOPAHBI TAK, 9TOOLI BBIIOTHAIOCH HEPABEHCTBO
a®? —2b > 0. Ha puc. 0.1 npencrasien rpadux pemrenns ypasuenns (1). Ha mem Bemenena o61acTs,

u€,7) = (27" (y(€)) = ; (6)

1
)

Illl$i|rllf'lll

-1.85

-1.75

-1.70
-1.65
-1.60 £

Puc. 0.1. I'padux nanpszkéHuoCcTn 31eKTpUiueckoro noust u(&, 7) upu a = 22, b = 42,
c=0,a=1.

B KOTOPOi1 HABJIOMAIOTCH PE3KME CKAYKKM HAPSIKEHHOCTH DJAEKTPUIECKOrO TOJId B 00JIaKe, ITO MOXKET
MPUBECTU K BOBHUKHOBEHUIO Pa3PAIA.
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ITouck TOYHBIX pelneHnit ypaBHEHU TUIPOINHAMUIECKON MOIe N
3apdA2KEHHOT0 ra3a ¢ MOMOIIIbI0 TEOPUU CUMMETPUit

C. M. Kusxauzajep
(Mockosckuit ['ocymapersennniii Yuusepcurer uM. M.B. Jlomonocosa)
E-mail: kliakhandler.sm16@physics.msu.ru

Omnucanne MexaHU3Ma BOSHUKHOBEHUsI PAZHOCTH DJIEKTPUIECKUX [TOTEHITUAJIOB, OCHOBAHHOE Ha ['UJI-
POJIMHAMIYECKOI MOJIETH 3apAyKeHHOTO Ta3a, 66110 npesoxkeno B.J. Ilycrosoiitom B pabote [1]. Um
OBLIIO TIOJIYUYEHO CJIesyIolee HeuHelHoe JuddepennuaibHoe ypaBHeHne /11 OMUCAHUS pacipeiesie-
HUA JIEKTPUYECKOTO TTOJIA TIPU OJHOMEPHOM JIBUXKEHUN 3aPAXKEHHOTIO ra3a:

O*y(&, T o (Py(&, T oy&,
er) - 2 (TS - e - w ™). )

rae y(&, 7) — GespasMepHast HALPSKEHHOCTD JIEKTPUYECKOrO 10/, £, T — HPOCTPAHCTBEHHAS U BPe-
MEeHHAasl KOOPJIUHATHI, Y — TIOCTOSTHHASL.

B noksazie mpeacTaBier MeTO T TOCTPOEHNUST TOUHBIX pellieHnii ypasHeHust (1), OCHOBAHHBIN Ha TEOPUN
cummerpwuii [2].

Teopema. Aneropa Jlu Touednsix cummerpuii ypasHenus (1) 6eCKOHEUHOMEpPHA U ITOPOXK/ICHA BEK-
TOPHBIMUA TIOJIAMMT

X, = <F1(7)+T€> £+T—22+ <F1(T)+m0—7y+£> ﬁ,

2)0¢ " 20r 2 2 2)0y
Xy = <F2<T>+§) et (B R0 )
9 d
X3:F3( )87§+87+ 3(7-)87’

rne Fy(7), Fo(T), F3(7) — mpousBoJibHBIe DYHKIINH, & TOYKA — IPOU3BOJIHAS IO T.

DTa asredpa CUMMETDHil IIPHMEHSIETCs JIJIsT IOCTPOEHHsI TOUHBIX perennii ypasuenus (1). Hampu-
Mep, paccMaTpuBas cuMMerprio X9 u nonarasg F(7) = 1, moaydnM mOTOK o, TIOPOKIAEMBIH 9THM
BEKTOPHBLIM T10/1eM. OH MMeeT Cieyromuii Bu, 1

@t:{x—>(x+2)e%—2,T—>Tep,y—>(y—u0)e g—i—uo}, (3)

IIe p — mapaMeTp CABHUTa BIOJL TpaekTopuil. Torma nHBapHaHTHOE pelleHre HMEET BHIT
xr+2

y(Tv g) = 7‘](2) + uop, = \/{ ) (4)

S

rae J(z) — mpousBosbHAsS (DYHKITHSI.

[Monyuanm pemyrmpoBantuoe 00bIKHOBEHHOE MudhdepeHIma IbHoe yPaBHEHNEe, KOTOPOe HHTErPUPYeTCs
B KBaJIpaTypax, OJHAKO BBUY TPOMO3IKOCTH 0DIIee perienne 3amuchbiBaTh e Oymem. OJTHO U3 YaCTHBIX
pemmennii MeeT BUJ,

" 2z +2) exp (52 — 6Kummen (5,3, - C42) .
Uz) = , 5
(= + 4 exp (— 42,
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rae KummerM(u, v, z) — dyaknua Kymmvepa, pemnienne BhIPOKIEHHONO THIIEPIeOMETPUYIECKOrO yPaB-
HEHWA

S R R ©)
dz? dz
Pe]ﬂeHI/Ie UCXOJHOI'O YpaBHEHUA TIOJYYUM, TIOACTABUB BBIPDAKEHUE Z Y€PE3 MCXOAHBbIE TIEPEMEHHBIE
cucTeMsbl T, &

AT HAGT + E2\/T + 6732 4 127 + 667 + dugr? + 2uoT/? + ugér>/?

y(7,€) m3/2(4\/T + € +2)

(7)

&%
-
P

.
S e

-
S e e
-
o

Puc. 0.1. I'paduk HaAOPA2KEHHOCTH JIEKTPUIECKOTO OIS

MozKHO YBUJIETH, YTO Ha TpaduKe IPUCYTCTBYET 0COOEHHOCTb B BUJE KPUBOIl, OlIpe e sieMoil HyIieM
suamenaresia 44/7 + & + 2 = 0. Vmenno Ha 9701 KPUBOIl HAIIPSIKEHHOCTH TI0JIsI CTPEMUTCS K GECKOHed-
HOCTH — CKallJITUBAIOTCH 3apsAIbl U BO3MOYKHO TIOSIBJIEHNE MOJTHUH.
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O6 oagnoit anredbpe oneparopoB bBeprmana ¢ runepboJimdeckoit
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Mozean B. A.
(Opecca, yn. Cpennedonranckas, 19-B, xB. 270, 65039, Oaecca, Ykpaunna)
E-mail: mozelQukr.net

[Iycte D — OTKPBITHIH €MHUYHBIH KPYT KOMIJIEKCHOH 110cKoCcTH. B ruyib6epToBoM MpOCTpaHCTBE
L?(D) BBeseM cIeIyIomIie OHepaTophl:

K — xoporo m3BecTHBIN onepaTop BeprMana;

W = W, — yunTapHblil (H30MeTPUYECKNUil) OlepaTop B3BEIIEHHOIO C/IBHIa, 00pa30BaHHbIi rumepbo-
JITYeCKUM JIpoOHO-JIMHeHbIM TpeobpasoBanueM g € G kpyra D B cebs, ryie G — GecKkoHedHas UKJIH-
Jeckasi KOMMYTaTUBHAs IPYIIA, MTOPOKIEHHAS 0TOOPAaYKEHUEM ¢, C JIBYMs HEIOJIBUYKHBIMU U [IPEJIE/Ib-
HBIMU TOYKAMU BCEX CJBUTOB, JIEXKAIIUMU Ha abCcoJiroTe.

B pabore nzywaerca kommyTtatusnas C*-aarebpa, KOTOpas MOPOXK/I€HA BCEMH OITEPATOPAMHU BUIA

“+o00
B= > AW
j=—o00
rae A; — omepaTopbl KOMMyTaTuBHON C*-anredps! omepaTopos Oe3 casura:
Aj = aj(2)] +b;(2)K + L;

I - epunuanbiii, Lj — KoMIakTHbIN, Ko3bdumenTsr a;, bj spsrorcs aBToMOPGHBIMA (T.€. yI0BIETBO-
psommmu yeaosusiv a;(g(2)) = a;j(z), bj(g(2)) = bj(2)) dyHKIESME, HOCTOSHHBIME HA, MUIEPIIKIAX
— JIydax, BBIXOJAIIMX W3 OJHON HEMOJBUIKHONW TOUKM (OTTAJTKUBAIONIEH) U TPUXOIANIUX B JIPYTYIO
(IPUTSITUBAIOIIYIO), — U HEMPEPLIBHBIMY HA JIyTe OKPYKHOCTH, JIEYKAITEl BHYTPH eINHIUIHOTO KPYTa, U
OPTOTOHAJBLHON K abCOJTIOTY.

B pabore cTpouTcs anrebpa CUMBOJIOB H yCTaHABAUBAECTCA KPUTEPHil (DPEATOIbMOBOCTH JIJIS OMEpa-
TOpoB yKazauHou C*-ajnrebphl.
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OO0 mHBapuMAHTHBIX peENieHunii JIByMEPHOTO YPAaBHEHUS
TETJIONPOBOJHOCTH

Hapmanos Orabex A6auramnmnapoBud
(TamkenTckuit yHuBepcuTeT HHMOOPMAIHOHHLIX TexHosoruii, Tamkent, 100174, V36ekucran)
E-mail: otabek.narmanovOmail.ru

Ilycts mam gano guddepennmaibHoe ypaBHEHNE TOPIIKA

Az, u™) =0 (1)

oT n mezapucuMbx = = (2!, 22 ... 2") n ¢ 3aBucEMBIX mepemennbX u = (ul,u?,...,ud) , comepxKamee

OPOU3BOJHBIE OT U 1O T J0 MOPAIKA M.

Omnpenesienne-1 'pynna G npeobpazosanmnii, IeliCTBYIOIIAs HA MHOXKeCcTBe M TTPOCTPAHCTBRA, HE3a-
BUCUMBIX ¥ 33BUCUMBIX MTEPEMEHHBIX TudpPEePEeHITnaj bHOTO YPABHEHNS HA3BIBACTCA T'PYIION CHMMeT-
puit ypapuenns (0.1) , ecan jus kaxgoro perennst u = f(x) ypasuenus (0.1) n gasa g € G rakoro,
9TO OmpeseseHo g o f, To pyHKIm 4 = g o f, TaK¥Ke sIBISETCs PeleHneM YPABHEHWSI.

Haxoxxmenuto rpynn cummerpuit quddepeHnmnaibHbIX YPABHEHUH U WX TPUMEHEHUSIM JJIsT UCCTIe-
JIOBaHM MOCBsIeHbl MHOrOUnCIeHHble uccaegosanus [1],[3],[2]. B pabore [1| naiinena anrebpa Jlu
MHQUHATEINMATBHBIX 00PA3YIOMUX TPYIILI CUMMETPUH [IJId IBYMEPHOTO U TPEXMEPHOTO YDPABHEHUS
TeIJIOIIPOBOAHOCTH. HeKOTOpre WHBAPUAHTHBIC DEIMCHUA ABYMEPHOTO yPaBHEHUA TEIJIOITPOBOAHOCTHU
Halizens! B pabore [2].

Paccymorpum gByMepHOE ypaBHEHNE TEILJIOMPOBOSHOCTU

2
u =3 () O + Q) e
i=1 " !

rae u = u(xy, o, t) > 0 — Temmneparyphas dbyukims, k;i(u) > 0, Q(u) — GyHKIUH OT TeMmepaTypbl
u. Dysrimsa Q(u) OMUCHIBAET TPOIECC TEIIOBBIIeIeH s, ecar (Q(u) > 0 U MPOTIece TemIOnOTIONEH S,
ecm Q(u) < 0.
PacemorpuM caygait kKorma KoadhunuenTsl TermmonposogaocT ki (u), ko(u) B ypasuenun (1) sBis-
FOTCsI 9KCIIOHEHITHATBHBIME (DYHKITUSIMHU TEMIIEPATYPBI T.e. OHU uMeroT B ki(u) = ko(u) = exp(u).
IIpeamonoxum, aro Q(u) = —exp(au), Tae a— AeHcTBUTETBHOE YncI0. B 9TOM citydae ypasHeHue
(1) mmeer coremyroruit BU/T:

up = exp(u)Au + exp(u)(Vu)? — exp(au) (3)
_9? ot _r0 0
roe Au = 87? + 87%‘ — onepatop Jlamaaca,Vu = {8—:]2‘1, J25 ) —TPajuent QyHKIUM U.

ITpeanonoxkum, uro o # 0. B pabore [1] mokaszano, 4To CjeIyIOIIee BEKTOPHOE TOJE SBJISIETCS
nHbUHITE3UMATbHEH 00pa3yoIeil TPYNIbl CHMMETPUN YpaBHeHus (2):

DTO 03HAYAET, YTO MOTOK STOIO BEKTOPHOTO MoJist X MOPOXKIaeT IPYINY IMpeodpa3oBaHuii MpocTpaH-
CTBa epeMeHHbIX (¢, T1, T2, U), S7IEMEHTH KOTOPOTO TIEPEBOIUT PEIleHUs YpaBHeHusT (4) B €ro perneHws.
ITorok BEKTOPHOrO moJist X MOPOKIAI0T CJIIYIONLYI0 TPYIINy Ipeodpa3oBaHuii

(t, 25, u) — (e, ziel s gy — 2s),s € R (4)

Mb1 maiinem penienusi ypasHeHusi (2), MHBAPMAHTHBIE OTHOCUTENBbHO Ipymn npeobpasosanuit (4).
JIyist 3TOrO CHavYa A HAXOJAMM MHBapHaHTHIE (DYHKIUU STUX NPEoOpa30OBaHuA.
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NsgectHo, uro [3]| rnagkas dyukuusa f : M — R sapisiercs MHBApUAHTHON (DyHKIMEH IDyIIIbI
npeobpazosanuit G, nmeficTByromeit Ha MHOr0OOpazuu M Torga m ToJbBKO Torda, Korma X f = 0 mist
KazK 01 mHOUHUTE3NMAILHON obpagytomeit X rpymnms: G.

Ncnosp3ys aToT KpuTepuit Mbl HAXOAUM, 9TO (DYHKIUN

1 — 22

u 1
I:€2t20‘,€: tﬁ s

roe B = %1, apnarorca mHBapHARTHEIME (QYHIUAME TPYIIE! Tpeobpasosannii (3), 4TO BbITEKACT 3
crepymux pasencrs X1(I) = 0, X1(§) = 0. Pemenune ypasuenus (3) umem B Buje
\%
u=In (15) (5)
to

[oxncrasagas dyukimio (5) B ypasHenue (3) moayduM cieayoniee oObIKHOBEHHOE Aud depeHnab-
HOe ypaBHeHHe OTHOCUTeJbHO pyHKImu V :

Vv’ 1
2V" — —V¥4+—=-=0 6
vpey vt )
B ciayuae, korma o = 1 ypasaenue (6) umeeT CIIyTIONIHI BH/T
d*v
2l L _vi1=0.
e V+ 0 (7)

Henas zameny p(V) = Ccll—‘g MOJTy9rM JIMHEHHO YPaBHEHUE MEPBOTO TOPSIKA

dp
2y 1=0.
pdV+V+ 0

Permmag 310 ypaBHEHWE HAXOAUM, ITO

1
p= —2\/V2—2V+Cl.
Tereps U3 ypaBHEHUS

dVv 1
—=—\V2_2v+C
&~ 2 !

£
V—1+V2-2V+C) =Ches,

e C1, Cy — mpousBojbHbBIE TIocTostHEBIE. Kean C = 1, To (hyHKINIO MOXKHO HAIIUCATH B ABHOU dopMe:
5

HaXO0duM, 9TO

V = Cyevz + 1. Takum obpasom B obmem cuayvae, Korga « 7# 0, MBI IMEEM CJIEIYIONLYI0 TEOPEMY

Teopema 1. Hnsapuanmnve pewenusa ypashenusa (3) ommnocumenvno epynnv npeobpazosanut (4)
umerom caedyrowuti sud

u=1In L(lﬁ) (8)
ta
2de V(&)— obuwee pewenue ypasrenua (6).

B cayuae o = 1 mOCKO/IbKY B ypaBHEHMM €CTh UCTOYHUK IOIJIONICHWs! TeIa, U3 Buaa perrerus (8)
BeiTekaer, 9To npu 0 < ¢ < 1 Temneparypa B KaXK/J0# TOYKH ILJIOCKOCTH yBenuuamBaercd. Hauunas c
t > 1 remneparypa ymeHImaercst u crpemurcs K u = In V(€) upu t — oo.



121

JIUTEPATYPA

[1] Dorodnitsyn V.A. Knyazeva I.V.,Svirshchevskii S. R. Group properties of the heat equation with source in the two-
dimensional and three-dimensional cases,Differential equations,1983,vol. 19,issue 7, 1215-1223.

[2] Narmanov O.A. Invariant solutions of the two-dimensional heat equation.Bulletin of Udmurt University. Mathematics,
Mechanics, Computer Science, 2019, vol. 29, issue 1, pp. 52-60

[3] Olver P. Applications of Lie Groups to Differential Equations. Springer 1986, P. 513 p. Translated under the title
Prilojeyniya grupp Li k ditferentsialnim uravneniyam, Moscow: Mir, 1989, 639 p.



122
ToxxmecTBa KpuBU3HBI 00001IEeHHBIX MHOTO0Opa3uiit Keamory
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Mycts (M2 & € n,g = (-,-)) — TOITH KOHTAKTHOE METPHIECKOE MHOTOOOpasme.

Onpepenenne 1. ([1], [2]). Knacc moutn KOHTAKTHBIX METPUYECKMX MHOr00Opas3uil, XapakTepusye-
MbIX TOXKIeCTBOM Vx (@)Y + Vy (®)X = —n(Y)PX —n(X)PY; X,Y € X (M), nazsiBaercs 06ob1ien-
HBIME MHOTO0Opasusmu Kenmony (kopoue, GK-muOT000pasusmu).

Onpegesnienre 2. HazoBeMm moUTH KOHTAKTHOE METPUYECKOE MHOT0O0OpA3Me MHOrooOpasmeM K/acca
Ry, ecam ero TeH30p KpuBU3HBI yoBseTBopsier pasenctey R(£, X)E = 0; VX € X(M).

Teopema 3. GK-mnozoobpasue xiacca Ry ABAALMCA NAMUMEDHVIM NOYINU KOHMOKMHBIM MEMPUYEC-
KUM MH02000DA3UEM, NOAYYAEMBIM U3 MOYHETWE KOCUMNACKMUNECKO20 MH02000DA3UA KOGHOHUYECKUM
KOHUUPKYAADHBM NPEOODAZ0GAHUEM MOYHETULE KOCUMNAEKINUYBECKOT CIPYKMYPdE PA3MEDPHOCTIU J.

Teopema 4. Tensop pumanocoti xkpusushvr GK-m1ozo06pasus yoosAemeopaem cAedylouum mosic-
decmeam:

1) R(®%2X,0%Y)¢ = R(®X,PY)E = 0;

2) R(X,Y)¢ = n(X)F*(Y) = n(Y)F*(X) +n(Y)X - n(X)Y;

3) R(&,P2X)®%Y — R(£,X)PY = 0;

4) R(§, X)Y = R(§, 2X)QY = n(Y)F*(X) — n(Y)X + n(X)n(Y)§ VX, Y € X(M).

Hazosem Toxaectso R(E, ®2X)E = F2(2X) + ®2X; VX € X(M) nepevim 00nosnumesvrvim
mooicdecmeom kpususnv, GK-mnoz000pa3us. A TOXIECTBO

R(§, ®*X)(®*Y) + R(§, ®X)OY = 2(F(X), F(Y)) — (X, Y) + (X )n(Y)¢ ;

VX,Y € X(M), nHazoBeM 6mopvm 0OnoasHumesbHoimM moarcdecmeom kpusudnv, GK-mnozo-
obpasus.

Onpenesnenue 5. HazoBem 1mouTu KOHTAKTHOE METPHYECKOE MHOTOOOpazme MHOroobpasumeM KJacca
Ry, ecsiz ero TeH30p KPUBU3HBI YOBJIETBOPSAET PABEHCTBY:

R(&,9°X)(P?Y) + R(£, 2X)PY = 0;
VXY € X(M).

Teopema 6. GK-mmozoobpaszue asaaemca mrozoobpasuem xaacca Ry mozda u moavko mozda, xo2da
OHO ABAAENCA MHO2000pa3ueM Kiacca Ry.

Onpenenenue 7. HazoBeM mouTH KOHTAKTHOE METPUYECKOE MHOTOODOpa3me MHOrooOpasmeM KJacca
R3, ecyiu ero TeH30p KPUBU3HBI YIAOBJIETBOPSAET PABEHCTBY:

R(®?X,9?Y)D?Z — R(P%X,dY)DZ — R(®X,D?Y)DZ — R(PX,dY)P*Z = 0;



123
VX,Y € X(M).
Teopema 8. GK-mnozo06pasue asasemes muo2000pasuem xiacca Ry mozda u moavko moada, xoeda
OHO ABAAEMCA CNEUUAALHUM 0606UeHHVM MHo2000pasuem Kenmouy I poda, das xomopozo Cupeq = 0.

Hazoeem ToX7IECTBO
R(®’X,9?Y)D?Z + R(P%X,dY)DZ — R(OX, ?Y)DZ + R(PX, dY)P*Z =
= —4A(Z,X,Y) + Vary (C)(P*Z, 82 X) — Vary (C)(PZ, BX) 4+ Vay (C)(®*Z, dX )+

+Vay (C)(2Z,9°X) — 282X (DY, dZ) — 20X (Y, Z);VX,Y,Z € X(M)

yemeepmuvtM GONOAHUMEADHBIM TMOHCIECTNEOM KPUBsu3Hvl GK-m1o2006pa3us.

Onpenenenne 9. HazoBem modTw KOHTAKTHOE METPHUYECKOE MHOr000Opazme MHOT00OpasmeM KJiacca
Ry, ecnim ero TeH30p KPUBU3HBI YIOB/IETBOPIET PABEHCTBY:

R(®?X, 9?Y)D?Z + R(P*X, dY)DZ — R(®X, P?Y)PZ + R(PX,dY)P*Z = 0;
VX,Y € X(M).
Teopema 10. GK-mnozoobpasue asasemcs mhoeoobpasuem xaacca Ry moada u moavko moeada, xoeda
1
A(Z,X,Y) = {Vaay (C)(9?Z,8°X) = Vgoy (C)(PZ, 2X)+
+Vay (O)(2%Z,8X) + Vay (C)(®Z, d2X) — 202X (BY, dZ) — 20X (Y, DZ)}
VXY, Z € X(M).
Teopema 11. GK-mnozoobpasue xaacca Ry asasemes SGK-mnozoobpasuem I poda.
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[Iycts M — rnagkoe MHOTOOOpasue pasmeprocT n, V(M) — MHOXKECTBO BCEX TVIAJIKUX BEKTOPHBIX
nosieit, onpenenenabix Ha M. O6osnaumm uepes [X, Y] ckooky Jlu BekTopubix moseit X,Y € V(M).
OrrocurensHo ckoOkm JIn muO)KecTBO V(M) siBistercs anrebpoit Jln.

['magkocTs B mammo# paboTe 0O3HAYAET IVIAIKOCTL Kiaacca C™°.

Pacemorpum muoxkectBo D C V (M), yepes A(D) obo3HaunM HaWMEHbIIyO mogaarebpy Jlu, co-
nepkariy Mmao)kectBo D. CemeiicTBo D MOXKeT cOJIep2KaTh KOHEYHOe U DECKOHEUHOe YUC/I0 TJIAJIKUX
BEKTOPHBIX I10JIEH.

st rouku © € M uepes t — X'(x) 0603HaYMM HHTErpaJbHYI0 KPHBYIO BEKTOPHOIO Togs X,
IPOXOAIsAMLy o Yepe3 Touky x npu ¢t = 0. Orobpaskenue t — X'(x) ompejesieHo B HEKOTOPOIT 0bacTH
I(x) C R, KoTopast B 00ITeM CJIydae 3aBUCAT OT T0JIsT X, N OT HAYAJbHON TOUKH .

B nanbreiinrem, scrogy B dopmytax suga X(x) 6ymem cuaurars, uro t € I(x).

Onpenesienue 1. Opbuta L(x) cemeiictBa D BEKTOPHBIX IIOJIEH, IIPOXOIAIIA Yepe3 TOUKY T, OIpe-
) )
JIeJigeTcd KaK MHOXKECTBO TAaKHX TO4YeK y w3 M, I KOTOPBIX CYIIECTBYIOT ASHCTBUTE/TbHBIE UHCIIA,
ti,to,...,t, 1 BeKTOpHLIE IO X1Xo9,..., X, u3 D (roe k— npousposibHOE HAaTypaJbHOE YHCJIO) Ta-
5 L2, y Uk 2 s Nk
KHe, 9T0

y = XP G (XD (@).0),

Nzydennio CrpyKTypbl MHOXKECTBA JOCTUKMMOCTU W OPOUTHI CHUCTEM TJIAJKUX BEKTOPHBIX II0JICH
IIOCBAIMEHBI UCCJICAO0BAHNA MHOI'MX MATEMATHKOB B CBA3U C €€ BaKHOCTBIO B TCOPUU OIITHUMAJILHOTO
YIDaBJICHUS], JIMHAMUYECKUX CUCTEMAX, B leomerpun u B Teopun cioenuii( [1]-[3]).

B pa6orax [2], [3] mokazano, uro Kaxkmas opbura cemeiicTBa BeKTOPHBIX moseil (kmacca C",r > 1)
¢ romoJiorueit Cyccmana obmagaer auddepeHnuaabHOil CTPYKTYpPOit, 0 OTHOIIEHUIO KOTOPBIM OHA
ABJIAETCS TIAJIKIM MHOroobpasueM Kiacca CT, TIaaKo MOrpyKeHHbM B M.

MsBecrno, uro pasbuenune Muoroobpasust M Ha opOuThl ceMeiicTBa D SBISETCS CUHIYISPHBIM CJIO-
enneM [2].

Ecnn pazmepHocTH BeeX OpOUT OJMHAKOBDI, TO pasbuenne M mHa opOUTHl D SBJISETCS PEryIspHbIM
cioenneM. VI3BecTHO, 9TO 718t pasMepHOCTH op6uTH mMeeT MecTo dimAg (D) < dimL(x), tne Ay(D) =
{X(z) : X € A(D)} moanmpocTpaHCTBO KacaTesbHOTO pocTpancTsa 1, M [3].

[Iycts M = R3(x1,x9,23), Tae (1,22, 3) — AeKApTOBB KOOPAHHATHL PaccMorpnu cemeiicTso D,
COCTOsAIIEE U3 CJIEYIONUX BEKTOPHBIX MOJIeil

0 0 0 0
Xi=-—mos—+117—,Xo= +— + 20— (1)
81’1 83:2 81‘1 81‘3
Teopema 2. Opbumui cemeticmea D, noposicoatom 0sYMepHoe CA0eHUe, CAOAMY KOMOPO20 AGAAIOMCA
NOGEPTHOCTNU HEOMPUUATNEALHOTE KPUCHLIHAU.
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Amnajnor npeobpasoBanus JlexxaHapa B MJAeMIOTEHTHOM MaTeMaTHUKe
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NsBecrHa kiaccuveckas dbopmydia jisi ipeobpasosanust Jlexkanapa [1]:
f*(p) = max [(p,z) — f(z)], (1)
TER™

rge R" — eBKJIMJIOBO n-MepHOe apudMeTHYecKoe MPOCTPAHCTBO, (P, ) — CKAISPHOE TPOM3BEjeHne
x,p € R", f(x) — Boimykaas dyukws, f*(p) — asoiicreennas k f(x) wan npeobpasosanue Jlexkanpa
dyurius f(z). B pabore 2] 6bu10 BBEIEHO aHAJOrMYHOE TTOHATHE Jisi KOH(GOPMHO-IIJIOCKUX METPUK
HA eUHITIHOM n-MepHoit cdepe S C R*H:

Bl U 2
F(y) = max = @) (2)
suech f(x) kondopmHO-BhINyKIas dyHkust Ha cdepe [3], To ecTh DyHKIWMS 1715 KOTOPO#H KOHMOPMHO-

2
IJIOCKAsl MeTpuKa, ds’ = fd%(x) HMeeT HEOTPUIATEbHYO OTHOMEPHYIO CeKITMOHHYO0 KpUBU3HY, ||y — x| —

XOP/I0BOE PACCTOsiHME MEXK 1y TouKamu Ha cdepe, [*(y) y € S™ dynkuuns 3amatomast JB0HCTBEHHY IO 1IN

2
NOJIAPHYIO MeTPUKY ds*? = %. B pabote [5] 6B1710 TpeIIoKEHO HA3BATH ITO TPEe0OPA3OBAHIE TaKKe

npeobpazopanueM Jlexanapa yukiun f(z) x € S™. C BuuncaurensHoit Touku 3penns dbopmysa (2)
UMeeT AMCKPETHBIN BU;
2
*
i) = max ————— 3
f (y]) T;ES™ 2f(l‘z) ’ ( )
rie {x;} KoHeuHas cerka Touek Ha cdepe. B manHoii pabore npemsaraercs aberpakTHoe obobiienne
dopmynbr (3) g MAEMITOTEHTHOM MATEMATHKY.

Omnpenenenne 1. Tlycts n > 1, R} — muoxkectso nabopos f = {fi}, i = 1,...,n NOJOKATETLHBIX
ancen, A = ||[Aj] 4,7 = 1,...,n cumMerpudHas KBaJpaTHas MaTPHUIA HEOTPHIATENBHBIX YHCET C
HyJ1eBoil guaronanbto. O6oznaunm gepes Ly — orobpazkenue muoxkectsa R B ceba La @ R — Rf

onpesenstemoe opmynoit La [{fi}] = {f7}, tne

fjﬁ" = max A]Z (4)

Samedvanwue 2. B dopwmyse (4) yuacrByroT TOIBKO JIBE ONEPAIMU HAJ| HEOTPUIATEIbHBIMU YHCIAMI
yMHOXKeHue (jiesienne) u max (min), ¢ nomMomibio yHKIUK 10g 970 MHOKECTBO YHCEJ MOXKHO OTOXK-
JIECTBUTH C UJEMIIOTEHTHBIM MOJIYKOJIBIOM Rpyax = R U {—o0} cm.[6], [4].

Teopema 3. Ilpeobpasosanue (4) noayxoavya Rmax = RU{—00} obaadaem ceoticmeanu:
fl**gfl’ fi***:fz* 2:17777‘7 (5)
ede {7} = Lal{fi}), {f7} = Lal{fY, £} = Lal{£7}).

Caencrsue 4. B ycaosusx meopemvl 3 cnpasediuso HepaseHcmeo: fj*fZ > Aj; — ananoe nepasencmea
IOnza— @enxensn.

IMpumep 5. Pacemorpum Kak BRITISIUT L4 Tipu n = 3, MyCTh MaTpuiia A wMeeT BHI:

A=

QO
o O Q
oo o
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Torma {fi} = La[{fi}], {f7*} = La[{f]}] muetor Bun:

b
fl—max<](:2 f> fo = max<f f> fo = max<f1 f2>
(i (51 2) poin (5.

17 =max | amin bmin , ,
a’ ¢ b’ ¢

> = max (cmm(f1 f2> amin (f2 fS))

2 b’ c)’ a’b ’

(e (.52 oo (35

3" = max | cmin , ,bmin , .
a’ ¢ a’ b

3ameuanme 6. Kak mokasaawm IucIeHHbIE 9KCIIEPUMEHTHI ecin MaTpura A B Teopeme 3 He obmanaer
TpebyeMBbIMH CBOMCTBaMU, TO TEOPEMA HE BEPHA.

T'unore3a 7. Teopema 3 cnpasediusa 68 CAY4GE GOCMPAKMHO20 NOAYKOADUG.

Pabora Bbinosninena npu dunancopoii nmozuep:kke Poccuiickoro dpouna dyHaaMenranibbix ucciemsoBanuii (Ko

npoekTos 18-47-860016, 18-01-00620), npu noxaepxke Hayunoro ®onga FOT'Y Ne 13-01-20/10.

(1]
2]
[3]
[4]
[5]
[6]
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B poboti gocaimkyerbes HecKiHUeHHO MaJia AedopMaliist MOBEPXHI BUTJISITY
7™ (u,v,t) = T(u,v) + tU(u,v),

ne 7(u,v) — 11 BekTopHO-IapaMerpuune pipusHHA, a U (u,v) — moje amimenns, t —s 0, npu axiit
Bapialis ejjeMenTa oM ddo € 3a7aH010 pyHKIEH. Taki gedopmallii Ha3NMBAOTHCS KBa3iapeaJbHIMI
abo koporko QA-nedopmarnisivn [1].

Bapiarig mormi ddo mpu HeckirgeHHO Matiit gedopMaliii BUpaskaeThCsa 9epe3 Bapialito METPUIHOTO
Tensopa 2¢;; = 6g;; 3a dopmy.to ddo = ;;9" do. 3a nonomoroio pisnocTeit %’ = ¢eij9"7 = —2u(u,v)
BBOZMMO dyHKI0O (1(u, v). OueBuaHo, 3aganus QyHKIT 0do piBHOCHIBHO 3aganHi0 dyHKiT 1. Hagamri
OyaeM0 TOBOPUTH, 10 (PYHKITS (4 BUPAXKAe 3aKOH 3MIHIOBaHHS ejgeMmenTa ot npu QA-mgedopmarrii
nosepxwi. [Ipu p = 0 Taka medopmariia € apeasbHOO.

Bagaua mpo icuysanns 3a3Hauenol gedopmarnii nosepxui S(K # 0) B E3—npocTopi 3B0JUTHCA 110
PO3B’s13yBaHHsl HACTYIIHOT cucreMu piBHsHb [1]

TP — T + pac® =0,
T*bag + T4 =0, (1)
ca,gTo‘ﬁ =0

BigrocHo dyHKIil 4 = p(u,v) Ta TEH30PHUX MOJIB Taﬁ,To‘(a,ﬁ = 1,2), gepe3 sKi BUPaXKAIOTHCSA
JaCTUHHI TOXimTHI BeKkTOpa 3MimtenHas U :

U; = <cmT“f8 — uéf) 73 + cio T 7.
Cucrema pisagnb (1) npejgcrasise coboo cucremy TphoxX JudepeHiaj bHUX PIBHAHBL BiHOCHO 6 HeBi-
nomux dynknii: TH, 712 = 721 722 7V T2 4.
Hexait T*® = 0, Toui cucrema pisHsiab (1) € cucremor TPHOX PIBHSHB BiIHOCHO TPHOX HEBIIOMHX
byHKITT
— To‘bg + uacaﬁ =0, )
75 =0,
Ilepmmit Tersop gedopmarii 2e;; = dg;; depes T8 13 |1 BUpasKa€TbCS Y BUTISLL [1]
2ei; = T (ciagjs + Cjagis) — 2193j.
Vmosa T = 0 pisnocmibra TOMY, 110 €ij = —Ngij. PYHKIIIO [, MO 3yCTPIYaEThCA B TaKUX PiBHHA-
HHSIX, Ha3uBalOTh dyHKiieoo KondopmuocTti [2]. Orxke, mpu T = 0 dbynuxmis p, Mo BIpazkae 3aKOH
3MIHIOBaHHS ejeMenTa aoim mpu QA-mnedopmariil noBepxHi € (DyHKITIEH KOHMOPMHOCTI.
Hexait BekTOpHO-TIApaMeTprUYdHe PIBHAHHA €IITTUYHOTO napaboi0ina 3a1aH0 v BATI I

u?
7(u,v) = {ucosv,usinwv, ?}

B po6oti orpumano po3s’s30K cucremu piBHSHB (2) 114 einTuaHOro napabosoina

T =0, TQZ%, p=—cln|u+ 1+ u?|+ co,
uvl+u

ge ¢ # 0, ¢y — mesKi KOHCTAHTH.
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Mae wicrie Teopema.

Teopema 1. llosepxha eainmuurnozo napaboroida donyckae QA-depopmauito, npu axid xoopdunamu
NOAA SMIUWECHHA MAIOMb GU2AAD

U(u,v) = {ucosv (cln\u +V1+u?+ co> + c1, usinv (cln\u +V1+u?+ co> + 2,
2
% (cln\u+ V1+ 2| +c0> - 2 <ux/1—i—u2 Flnju+ \/1+u2|> +es),

de ¢ £ 0,c1, co, c3 — deawi cmani. ITpu yvomy dynryis = —cln |u++v 1+ u?|+co, wo supasicae 3axon
SMIHIOBAHHA EAEMERHMNG NAOW, € PYHKUIEN KOHPOPMHOCT.
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