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Formation of algorithmic culture of students in the classroom of
higher mathematics

Absamatov Z.A.
(Karshi Engineering Economic Institute, Karshi city, Uzbekistan)
E-mail: zukhriddin-gqmii@inbox.uz

The paper deals with the study and application of algorithms in the lessons of higher mathematics.
The course of higher mathematics has sufficiently broad possibilities for the formation, study and
application of algorithms, since its content naturally lays down the algorithmic line. The task of
the formation of universal computer literacy should be solved when teaching all academic subjects
of higher educational institutions. A significant role is given to the course of higher mathematics.
When studying this course, students develop stable mathematical skills more successfully if special
educational instructions and plans for solving important problems are introduced. They serve as
propedeutics of the formation of the algorithmic culture in the future. On the other hand, a firm
knowledge of the plans for solving the basic problems of a course in higher mathematics is the initial
foundation of students’ mathematical preparation.

Applying plans for solving problems in the process of teaching higher mathematics, students should
be guided by the fact that they should not just remember one plan or another, but the main thing is to
understand which theoretical sentences its application is based on, and each step of the training activity
perform consciously, not automatically. Students are familiarized with plans by solving problems at a
lecture, their further refinement is carried out in practical classes for various forms of work (frontal,
group, individual).

Algorithmic culture of the future teacher of mathematics is an integral part of his general culture.
The general culture of the future teacher of mathematics can be characterized as an expression of the
maturity of the entire system of professionally significant personal qualities, productively implemented
in the process of individual activity. General culture is the result of the qualitative development of
knowledge, skills, abilities, interests, beliefs, norms of professional activity and behavior, abilities and
social feelings of a future teacher of mathematics.

From the point of view of learning mathematical activity, algorithmic culture is part of mathematical
culture. Algorithmic training contributes to the formation and development among students, and
through them, students of specific ideas and skills related to understanding the essence of the algorithm
and its properties, the essence of the programming language as a means of recording the algorithm, the
algorithmic nature of mathematics methods and their applications associated with owning techniques
and means of recording problem solving in an algorithmic language.

An algorithmic culture is understood as a set of specific “algorithmic” ideas, knowledge and skills
that should be part of the general culture of a future teacher of mathematics at the present stage of
society’s development and, therefore, determine a purposeful component of a general cultural peda-
gogical education and student competence.

In conclusion, we note that the line of forming the algorithmic culture of students suggests the
prospect of its further convergence at the level of interdisciplinary connections both with the course
of mathematics and with other natural-mathematical and humanitarian academic disciplines.
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Behavior of the trajectories of a single cubic operator

A.Yu. Khamrayev
(Karshi State University, Karshi city, Uzbekistan)
E-majil: khamrayev-a@yandex.ru

Z.A. Absamatov
(Karshi Engineering Economic Institute, Karshi city, Uzbekistan)
E-mail: khamrayev-a@yandex.ru

In the paper for one cubic Volterra operator on a two-dimensional simplex found all the fixed points
and fully understood the behavior of the trajectories generated by this operator.

One of the main tasks in the study of a dynamic system is to study the evolution of the state of the
system. Usually, the "descendants” of the state of the system are determined by some law. Numerous
problems of biology are solved using the theory of measure and the theory of dynamical systems.
These dynamical systems are determined by iterations of nonlinear operators. We give the definition
of such operators:

Let £ ={1,2,...,n}.

Consider the set

n
sl = {x = (1, x2, ..., p) € R" 1 ; >0, Z:)}z = 1} .
i=1

The set 5" ! is called the n — 1 dimensional simplex. Each the element z € S™~! is a probability
measure on F and its can be interpreted as a state of the biological (physical, sociological, etc.) system
consisting of n elements.

One of the main tasks for this system is to study the evolution of the system state. Usually, the
descendants of the state of the system are determined by certain laws. For solving problems arising
in mathematical genetics is used quadratic operators whose theory is currently well developed (see
for example [1-3]). In [4] for one all fixed points were found on a Volterra cubic operator on a two-
dimensional simplex. A description is given of the limit set of trajectories for some subclasses of such
operators.

In this paper, we study dynamical systems defined by cubic operators. Fully studied trajectory
of a single cubic operator on S?, which arises naturally in the study of certain problems population
biology.

In the simplest problem of population genetics is considered biological system F, consisting of n
species 1,2,...,n. We consider that the species of parents ¢, j, kK uniquely determine the probability
of each species | for an immediate descendant. Denote this probability by Pjr;. Then P, >
0,> -, Pijky = 1 and the values of P;j,; do not change with any permutation 4, j, k if the varieties
are not related to gender. Population status is described by the set x = (x1, z2, ..., z,,) probabilities
of varieties. Therefore, x € S"1.
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On nonexistence of Kenmotsu structure on
Kirichenko—Uskorev-hypersurfaces of Kahlerian manifolds

Galina A. Banaru
(Chair of Applied Mathematics, Smolensk State University, Przhevalski str., 4, Smolensk — 214 000,
Russian Federation)
E-mail: mihail.banaru@yahoo.com

1. The almost contact metric (acm-) structure is one of the most important differential-geometrical
structures on manifolds. As it is known [2], an almost contact metric structure on a odd-dimensional
manifold N is a system {®, &, 7, g} of tensor fields on this manifold, where ® is a tensor of type (1,1),
& is a vector, 7 is a covector and g = (-, -) is a Riemannian metric. Moreover, the following conditions
are fulfilled:

n(€) =1; (&) =0; nod =0; &* = —id+ @,
(PX,0Y) = (X,Y) —n(X)n(Y), X,Y € X(N),
where R(NV) is the module of smooth vector fields on N. As one of the most meaningful and interesting
acm-structure we mark ut the Kenmotsu structure that is defined by the following condition [2]:

Vx(®)Y = (®X, V)¢ —n(Y)®X, X,Y € R(N),

In [3], V. F. Kirichenko and I. V. Uskorev have introduced a new class of almost contact metric
structure. Namely, they have defined the almost contact metric structure with the close contact form
as the structures of cosymplectic type. V. F. Kirichenko and I. V. Uskorev have also proved that their
structure is invariant under canonical conformal transformations [3].

Evidently, a trivial example of Kirichenko—Uskorev structure is the cosymplectic structure, and as
a non-trivial example we can consider the Kenmotsu structure.

2. Now let us consider the acm-structure induced on a hypersurface N of a Kéhlerian manifold
M?" n > 3. The Cartan structural equations of such acm-structure are the following [4]:

dw® = wg Awb + iagwﬁ ANw~+ iaaﬁwg A w,

dwe = —wl A wg — icrgwg ANw — iaagwﬁ Aw,
dw = —iog WP Awg 4 ionsw Aw? —ioBw A wg.
Here o is the second fundamental form of the immersion of N into M?"; wq =w% o, B=1,..., n—1;

a=a+n.
Taking into account the results on the matrix of the second fundamental form [5], we obtain the
first Theorem.

Theorem 1. The Cartan structural equations of Kirichenko—Uskorev acm-structure induced on a
hypersurface of a Kdihlerian manifold M*™, n > 3 are the following:

dw® = w§ A w? + iao‘ﬁwg A w;
dwe, = —wg Nwg — iaagwﬁ A w;
dw = 0.
Comparing these equations with well-known Cartan structural equation of a Kenmotsu structure [2]
dw® :wg/\wﬁ—kw/\wa;
dw, = —cug/\wﬁ—i-w/\wa;
dw =0,



we obtain our second result.

Theorem 2. Krichenko—Uskorev almost contact metric structure induced on a hypersurface of a
Kiéhlerian manifold M?™, n > 3, cannot be a Kenmotsu structure.

Note that the presented Theorems develop some results on hypersurfaces of Kahlerian manifolds [5], [6].
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On almost contact metric hypersurfaces in W,-manifolds

Mihail B. Banaru
(Chair of Analytical and Digital Technologies, Smolensk State University, Przhevalski str., 4,
Smolensk — 214 000, Russian Federation )
E-mail: mihail.banaru@yahoo.com

1. The famous work by Alfred Gray and Luis M. Hervella [1] contains a classification of the
almost Hermitian structures on first order differential-geometrical invariants. In accordance to this
classification, all the almost Hermitian structures are divided into 16 classes. Analytical criteria for
each concrete structure to belong to one or another class have been obtained [1].

The class of Wy-manifolds is one of so-called small Gray—Hervella classes of almost Hermitian
manifolds. Some specialists identify this class with the class of locally conformal K&hlerian (1cK-)
manifolds that is not absolutely correct. In fact, the Wy-class contains all locally conformal Ké&hlerian
manifolds, but coincides with the class of lcK-manifolds only for dimension at least six [2]. Wj-
manifolds were studied in detail from diverse points of view by such outstanding mathematicians as
Alfred Gray (USA), Vadim Feodorovich Kirichenko (Russian Federation) and Izu Vaisman (Israel).

We remark also that the present communication is a continuation of researches of the author in the
area of Wj-manifolds (see, for example, [3], [4], [5] and others).

2. As it is known, an almost Hermitian manifold is a 2n-dimensional manifold M?" with a Rie-
mannian metric g = (-, -) and an almost complex structure J. Moreover, the following condition must
hold

(JX, JY)=(X,Y), X, YeRM™"),
where R(M?") is the module of smooth vector fields on M?" [1]. The fundamental form of an almost
Hermitian manifold is determined by the relation

F(X,Y)=(X, JY), X,Ye&XM™").
An almost Hermitian structure belongs to the Wy-class, if

1
Vx (F) (Y,2) = T2 —1) {({(X,Y)0F (Z2) = (X, Z2) 0 F(Y) -
" —
(X, JY) §F(JZ)+ (X,JZ) § F(JY)}, X,Y,Z€R(M™),
where 0 is the codifferentiation operator and V is the Riemannian connection of the metric g = (-, -) [1].

3. The main results are the following:

1) The Cartan structural equations of the general type almost contact metric structure on an
oriented hypersurface in a Wy-manifold are obtained;

2) The Cartan structural equations of almost contact metric structures on an oriented hypersurface
with type number 0, 1 or 2 in a Wy-manifold are selected;

3) A characterization in terms of the type number (Takagi-Kurihara characterization [6]) of some
important classes of almost contact metric structures on hypersurfaces in Wy-manifolds is obtained;

4) A criterion of the minimality of such hypersurfaces in the terms of their type number is estab-
lished;

5) Tt is proved that 2- and 3-hypersurfaces in Wy-manifolds do not admit almost contact metric
structures belonging to any well-studied classes of almost contact metric structures (cosymplectic,
nearly cosymplectic, Kenmotsu, Sasaki etc).

Using the above mentioned fact that the class of Wj-manifolds contains all lcK-manifolds, we
conclude that the obtained result are also related to almost contact metric structures on oriented
hypersurfaces in lcK-manifolds.
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Quantum calculus and singularities of quasi-discriminant sets

Alexander Batkhin
(Keldysh Institute of Applied Mathematics of RAS (Moscow) & Moscow Institute of Physics and
Technology (Dolgoprudny), Russia)
E-mail: batkhin@gmail.com

Let g : R — R : z +— g(x) be a given smooth one-to-one map of the real axis, which is the domain
of polynomial f(x) with arbitrary coefficients. We want to find conditions on the coefficients of the
polynomial under which it has at least a pair of roots t;,t; satisfying the relation g(t;) = t; and
investigate the structure of the algebraic variety in the space of coefficients possessing such property.

Here we consider a generalization of the classical discriminant of the polynomial. This general-
ization naturally includes the classical discriminant and its analogs emerging when the g¢-differential
and difference operators are used. The aim of this research is to propose an efficient algorithm for
calculating the parametric representation of all components of the g-discriminant set Dgy(f) of the
monic polynomial f,(z) of degree n.

Define the g-bracket [a],;, ¢-Pochhammer symbol (a;q),, ¢-factorial [n],!, g-binomial coef-

@1
ficients (Gaussian) coefficients [Z]q, g-binomial {z;t},., as follows: [a], = qq_ T (a;q)n =
n—1 n (¢;9) | kit
ok . _ | _ q;9)n n _ [n]q! _ q .+ -1
kl;lo (1 aq )a (aa Q)O - 17 [n]q - kl;ll[k]q - (1 _ q)na q 7é ]-a [k]q - [n,k}(ﬁ [k]q! - z’l;ll -1

{z;thng = [] (= - g'(t)), {z;t}o,q = 1. Here g¥ is the k-th iteration of the diffeomorphism g, k € Z.

As g — 1, all these objects become classical.

Let f,(x) be is a monic polynomial of degree n with complex coefficients defined by f, () def
z"+a12" ' +asx™ 2+ - 4a,. Let P be the space of polynomials over R and let g : R — R : 2 — gz +w,
¢, w € R, ¢ # {—1,0}, be a linear diffeomorphism on R that induces a linear Hahn operator A, on P,
satisfying the following two conditions: (1) the degree reduction: deg(.Ayf,)(z) = n —1; in particular,
Agz = 1; (2) Leibnitz rule analogue: (Agzfn)(x) = fn(z) + g(x)(Agfn)(z).

The Hahn operator A, called below g-derivative has the form

flgr +w) = f(x)

(A N)@) L G- Drtw
I (wo), T = wp,

’ x#WOa

where wy = w/(1 — q) is the fixed point of g. Parameters ¢ and w are satisfied the following conditions
¢ w€eR, ¢g#{-1,0} and (¢,w) # (1,0). The g-derivative A, can be considered as a generalization of
the g-differential Jackson operator A, at w = 0, ¢ # 1, as the difference operator A, at ¢ =1 and as
the classical derivative d/dz in the limit ¢ — 1 and w = 0.

The g-calculus has became a part of the more general construct called quantum calculus [1, 2]. Tt
has numerous applications in various fields of modern mathematics and theoretical physics. The pair
of roots t;, t;, i, =1,...,n, i # j of the polynomial f,(x) is called g-coupled if g(t;) = t;.
Problem 1. In the coefficient space IT = C" of the polynomial f,,(x), investigate the g-discriminant

set denoted Dy( f,) on which this polynomial has at least one pair of g-coupled roots.

The sequence Squk)(tl) of g-coupled roots of length k is defined as the finite sequence {t;}, i =
1,...,k in which each term, beginning with the second one, is a g-coupled root of the preceding term:
g(t;) = tit+1. The initial root ¢; is called the generating root of the sequence Squk) (t1) .
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For each fixed set of parameters ¢, w, the g-discriminant set Dy( f,,) consists of a finite set of varieties
Vi on each of which f,(x) has k sequences Squli)(ti) of g-coupled roots of length ; with different
generating roots t;, ¢ = 1,...,k. To obtain an expression for the generalized (sub)discriminant of
the polynomial f,(z) in terms of its coefficients, any method available in the classical elimination
theory can be used. If we replace the derivative f, (x) by the polynomial A, f,(x), then any matrix
method for calculating the resultant of a pair of polynomials gives an expression of the generalized
k-th subdiscriminant D_,(,k)( fn) [3)-

Theorem 2. The polynomial f,,(x) has exactly n—d different sequences of g-coupled roots, iff the first
nonzero element in the sequence of i-th generalized subdiscriminants Dél)( fn) is the subdiscriminat

Déd)(fn) with the index d.

Consider the partition A = [1™12"23™ .. ] of a natural number n. Every partition A of n deter-
mines the structure of the g-coupled roots of the polynomial f,(x), and this structure is associated
with the algebraic variety Vli, i = 1,...,p(n) of dimension [ corresponding to the number of dif-
ferent generating roots t; in the coefficient space II. The partition [nl] corresponding to the case
when there is a unique sequence of roots of length n specified by the generating root t;. Then, the
polynomial f,(z) is a g-binomial {x;%;},., and its coefficients a; can be represented in terms of the
elementary symmetric polynomials o;(z1, 22, ..., 7,) calculated on the roots ¢/ (t1), j = 0,...,n — 1,
a; = (—1)i0'i (tl,g(tl), ... ,gn_l(t1>), i=1,...,n

Theorem 3 ([4]). Let there be a variety V;, dimV; = | on which the polynomial f,(x) has different
sequences of g-coupled roots and the sequence of roots Squm) (t1) has length m > 1. The roots of

the other sequences are not g-coupled with all roots of the sequence Seqém) (t1). Let ri(t1,...,t;) be a
parameterization of the variety V;. Then for 0 < k < n, the formula

I‘l(tl, .. tl,tl+1) =1y tl, .. + Z |: :| ']q (A I‘l) (tl){tl—l—l;tl}i;g (1)

specifies a polynomial parameterization of the part of Vix1 on which there are two sequences of roots

Seq(m B (g*(t1)) and Seq(k) (9(ti+1)), and the other sequences of roots are the same as on the original
vamet'y V.

The structure of singular points of each variety V41 can be described in terms of varieties V),
connected with it by (1).

The same results on the structure and parametrization of the g-discriminant set Dgy(f,) can be
obtained for other variants of g-derivative, e.g. for the case of Hahn symmetric derivative [2]

T g o flattw) — fla7M - w))
Agf(t) = (q—q Ot+(1+q Hw

as well.
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Derivative Thomae formula for singular half-periods

Julia Bernatska
(National University Kyiv Mohyla Academy, 2, Skovorody vul., Kyiv, 04070, Ukraine)
E-mail: jbernatska@gmail.com, bernatska.julia@ukma.edu.ua

A complete generalization of Thomae theorems [1] in hyperelliptic case is obtained, that is values at

zero of the lowest non-vanishing derivatives of theta functions with singular characteristics of arbitrary
multiplicity are expressed in terms of branch points {ei}?ﬂ_Z and period matrix w.
Theorem 1. Let T, U Jn with Iy = {i1, ..., igr1—2m} and Ji = {j1, ..., Jg+142m} be a partition
of the set of indices of all 29 + 2 branch points of hyperelliptic curve, and [Ly] denotes a singular
characteristic of multiplicity m corresponding to A(Zy) — K. Let A(Zy) and A(Jm) be Vandermonde
determinants built from {e; | i € In} and {ej | j € Tu}. Then with a set K C Jn of cardinality
t =2m — 1 or 2m the following relation holds

0 0

Ovp, Ovn,,

detw
w9

1/2
0[Zn) (v)],_, = e( ) A(Zn) YA (T) A
o (1) sy 1 (T UK P gy,
X Z H =1 iy
P1,e-,Pm €L i=1
all different

(1)

erlC\{p1,...,pm} (ep; — ex)

where sj(Z) denotes an elementary symmetric polynomial of degree j in branch points with indices
from T, and K®P) = K\{p;}, and € satisfies €8 = 1.

Theta function with characteristic [¢] is defined by the formula
0] (vs 7) = exp (in(e"/2)7(/2) + 2im(v + €/2)' /2)0(v + € /2 + 7€' /2; 7). (2)

All half-integer characteristics are represented by partitions of 2¢g 4 2 indices of the form Z,,, U 7,,, with
T = {i1, ..., ig+1—2m} and Tm = {Jj1, ..., Jg+1+2m}, where m runs from 0 to [(g + 1)/2], and [/]
means the integer part. Number m is called multiplicity. Infinity with index 2g 4 2 is usually omitted
in the sets. The characteristic [Z,,] corresponds to partition Z,,, U 7, in the following way

D Ales) — K = e(Zm)/2+ 7€' (Tn) /2,
i€Lm,
where K denotes the vector of Riemann constants. According to Riemann theorem 0(v + A(Z,,) — K)

vanishes to order m at v = 0, Characteristics of multiplicity 0 and 1 are called non-singular even and
odd, respectively. All other characteristics are called singular.

Some further results are derived from Theorem 1.

Corollary 2. Let Io U Jo with Iy = {i1, ..., ig—¢} and Jo = {j1, ..., jg+14+¢}, where € =3 or 4, be
a partition of the set of 2g + 1 indices of finite branch points, such that singular characteristic [Zs],
corresponding to A(Zz) — K, has multiplicity 2. Let A(Z3) and A(J2) be Vandermonde determinants
built from {e; | i € Iy} and {e; | j € J2}. Then

o 0 det w
I =
OUn, avnze[ 2](U)|”=0 6( w9

1/2 g
) A@) AT S (SUD ) wimsing 3)

ij=1
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with g X g matrix

(8[Z2))iy = (1) (28i—s+1(12)81—8+1(12) — si-t+2(Z2)sj—e(T2) — Si—é(I2)8j—E+2(I2))» (4)
where € satisfies € = 1, and elementary symmetric functions s;(Iz) are replaced by zero when | < 0.

Theorem 3. For hyperelliptic curves of genera g > 3, when characteristics of multiplicity 2 exist,
rank of every matrix of second derivative theta constants equals three, that is
rank(920(I»)) = 3.
Therefore, det (026[Z5]) = 0 in genera g > 3.
Conjecture 4. With a characteristic Ly of multiplicity m corresponding to a partition Ly U Jm with

T = {i1, oy ig—e} and Tm = {j1, -, Jg+1+¢}, where € = 2m — 1 or 2m, of indices of 2g + 1 finite
branch points the following holds

O™ Lin] (w1 ur) |u:0 = e<

where u are non-normalized variables, and order m tensor S[Ty] belongs to the m-th tensor power SE™ |

of the vector space Som—1 spanned by 2m — 1 wvectors sg, S1, ..., Som—2 Such that sq = (sj_u_d(Im))?:l.

det w
w9

1/
) 2A(Im)1/4A(Jm)1/4§[ImL (5)

The basis spanning S(Iy) could be found from partitions of m(m—1) of length m formed from numbers
{0,1,...,2m — 2}.

As a byproduct a generalization of Bolza formulas [2] are deduced.

Proposition 5. Let Ty, be a set of g—t indices, and m = [(£+1)/2]. Elementary symmetric polynomials
in branch points {e; | i € In} of genus g hyperelliptic curve with period matriz w are defined by

-1
8312574(m71)71 yeen s U2e—5,U2e+425—1 0 [Im} (w U’)

5(Tm) = (=1 Ol )

Uge—4(m—1)—15--U2e—5,U2e—1

u:O.

In particular,

e — _ 81[192/(31710112”1,---7u29—7,u2g—10[{L}] (wilu)
DL ooy sitizg —rvizg O {0} ] (w0 L) [0=0

Here uw = wv are non-normalized coordinates of Jacobian of the curve.
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Kuratowski limits of subsets of real line and their applications to
pretangent spaces

Viktoriia Bilet
(Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Sloviansk)
E-mail: viktoriiabilet@gmail.com

Oleksiy Dovgoshey
(Institute of Applied Mathematics and Mechanics of the NASU of Ukraine, Sloviansk)
E-mail: oleksiy.dovgoshey@gmail.con

Let (X,d) be an unbounded metric space and 7 = (r,,)nen be a scaling sequence of positive real
numbers tending to infinity. We define the pretangent and tangent spaces Qg(o,f to (X,d) at infinity
as metric spaces whose points are equivalence classes of sequences (z,)neny C X which tend to infinity
with the speed of #. The detailed description of constructions of these spaces and their basic properties
see, e. g., in [2].

Let (Y,0) be a metric space. For any sequence (A, )nen of nonempty sets A, C Y, the Kuratowski
limit inferior of (Ap)nen is the subset Li A, of Y defined by the rule:

n—oo
(ye Li An) o (Ve >03ng € NVn>ng: By,e) N A, # 2),

where B(y,¢) is the open ball of radius € > 0 centered at the point y € Y,
B(y,e) ={z €Y : §(z,y) < e}

Similarly, the Kuratowski limit superior of (Ap)nen can be defined as the subset Ls A, of Y for

n—oo
which

(ye Ls An)@(V5>0Vn€NElnozn:B(y,s)ﬁAno#@).

The Kuratowski limit inferior and limit superior are basic concepts of set-valued analysis in metric
spaces and have numerous applications (see, for example, [1]).

We denote tA := {tx : x € A} for any nonempty set A C R and t € R, and, vy := Xgof € Qg(oi for
any pretangent space Qfo - of an unbounded metric space (X, d). Moreover, for every scaling sequence
7, we denote by Izi(o + the set of all pretangent at infinity spaces to (X, d) with respect to 7. Write

Sp (Qfoi) ={p(vo,v): v € Q‘;(Oi} and Sp(X) :={d(p,z): z € X}.

Proposition 1. Let (X, d) be an unbounded metric space, p € X, 7 = (rn)nen be a scaling sequence
and let R be the set of all infinite subsequences of 7. Then the equalities

U sp(eXs)= Li (:nSp(X)) ,

X X
Qoo,felzoo,i‘

U sede= s (ssen)

- Tn
Qi %,eﬁii T ER

hold.
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Corollary 2. Let (X,d) be an unbounded metric space, T be a scaling sequence and let ng(Of be
tangent and separable. Then we have

Li<1SMX0:3£§<;SMX0:;%CQQQ.

n—00 \ Tp,

Corollary 3. Let (X,d) be an unbounded metric space, 7 be a scaling sequence. Then the sets

U sp@X; and U Sp(Q )

X X =~/ -T2
Q7 ~eXE - Qij, e&i‘oyf,,r’eR
are closed subsets of [0, 00).

Recall that a metric space (Y,0) is said to be strongly rigid if for all z,y,z,w € Y the conditions
d(z,y) = d(w, z) and = # y imply that {z,y} = {z,w}. Let us consider a strongly rigid metric space
(Y, 6) such that:

(i1) d(x,y) < 2 for all points z, y € Y (i2) sup{d(z,y) 1 x,y € Y} = 2;

(i3) The cardinality of the open ball B(y*,r) = {y € Y : §(y,y*) < r} is finite for every r € (0,2)
and every y* € Y.

Corollary 4. Let (X,d) be an unbounded metric space, 7 be a scaling sequence, Qéi be tangent and
let (Y, 9) be a strongly rigid metric space satisfying conditions (i1)-(i3). If Y1 CY and f : Qii -V
is an isometry, then QX - is finite.

oo,

Example 5. Let (Y,0) be a metric space with Y = N and the metric ¢ defined such that:

1

1,2) =1+ —;

6(1,2) = 1+ 5;

ML$=1+§ Mz$:1+%
4
0(1,4) =1+¢, MZ®:1+% M&®:1+%

6(L,5) =1+ ¢ 5(25)—1+§ 5(35)_1+ﬂ 5(45)_1+9.
s g O\ =Ty SR =T

Then (Y, 6) is a countable, complete and strongly rigid metric space satisfying conditions (i1)-(i3). By
Corollary 4 no tangent space fooi is isometric to (Y, 6).

Corollary 6. Let (X,d) be an unbounded metric space and let ¥ be a scaling sequence. Then the
following statements are equivalent:
X

(1) There is a single-point pretangent space 0 =

(i) All Qéi are single-point;

(iii) The equality

u(é%uo_m}

n—oo

holds.
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Algebraic and geometric questions about a FTL physics

Enzo Bonacci
(Liceo Scientifico Statale “G.B. Grassi”, Latina, Italy)
E-mail: enzo.bonacci@liceograssilatina.org

The recent proposal of a negative mass fluid to explain both the dark matter and energy [7] has
renovated the interest for cosmological solutions based upon non-ordinary masses. Challenging the
A-CDM paradigm, some fringe models are grounded on hypothetical interactions with antimatter [5]
whereas others suppose the influence of faster than light (FTL) imaginary mass ([4], [6], [8]). More
than a decade ago (|1, 2, 3]) we supplied an organic description of all the possible states (positive,
negative and imaginary mass) subsequent to modified Lorentz’s equations giving physical significance
to the energetic condition absE < moc?. Namely, we assumed that a fermion could pass from negative
energy (identified as antimatter) to positive levels (i.e., the ordinary matter) through the interval
between —mgc? and +moc? where it would behave like a luxon (v = ¢)or a tachyon (v > ¢) keeping its
half-integer spin. We wish to illustrate the algebraic and geometric questions behind a so formulated
FTL physics, included a falsification test currently being assembled at CERN’s Antiproton Decelerator.
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Algorithms for solving an algebraic equation

Alexander Bruno
(Keldysh Institute of Applied Mathematics of RAS (Moscow))
E-mail: abruno@keldysh.ru

For finding global approximate solutions to an algebraic equation in n unknowns, the Hadamard
open polygon for the case n = 1 and Hadamard polyhedron for the case n = 2 are used. The solutions
thus found are transformed to the coordinate space by a translation (for n = 1) and by a change of
coordinates that uses the curve uniformization (for n = 2). Next, algorithms for the local solution of
the algebraic equation in the vicinity of its singular (critical) point for obtaining asymptotic expansions
of one-dimensional and two-dimensional branches are presented for n = 2 and n = 3. Using the Newton
polygon (for n = 2), the Newton polyhedron (for n = 3), and power transformations, this problem
is reduced to situations similar to those occurring in the implicit function theorem. In particular,
the local analysis of solutions to the equation in three unknowns leads to the uniformization problem
of a plane curve and its transformation to the coordinate axis. Then, an asymptotic expansion of a
part of the surface under examination can be obtained in the vicinity of this axis. Examples of such
calculations are presented.

Jlia HAXOXKIeHUs TJI006AbHBIX MPUOJINKEHHBIX PEIIeHUN aJredpandeckoro ypaBHEHUs C 7 HEU3-
BECTHBIMU TIpu 1. = 1 mpemyraraercs JoMmanass Ajgamapa, a mpu n = 2 — MHOIOIDAHHUK A mamapa.
Haiinenubie perenns mepeBoasaTCsa B KOOPAUHATHOE TOIIIPOCTPAHCTBO: Jjid 1 = 1 — cABUTOM, a Jjid
n = 2 — 3aMeHON KOOpAWHAT, MCIOJB3YIOIeHl yHIuDOPMHU3AIN0 KPUBOH. 3aTeM M3IaratloTCs aJro-
PUTMBbI JIOKAJILHOT'O PEIIeHUsI aarebpandeckoro ypasHeHusi BOJIu3u 0co00i (KPUTUIECKON) TOUKY JIJist
n=2wumn =3 AId NOJyIeHUs ACUMITOTUIECKUX PA3JIOKEHNN OJHOMEPHBIX U JBYyMepHbIX BerBeii. C
HOMOIIBI0 MHOTOYTOIbHIKa HbloTona (npu n = 2), muororpannuka Heiorona (mpu n = 3) u cremneH-
HBIX [TPe0bPA30BaHUIl 3Ta 33/1a9a CBOJINTCS K CUTYAIUSIM, AHAJJOTUIHBIM TeopeMe O HeSIBHON (DYHKIUN.
B wacTHOCTH, TTPM JIOKAIBHOM aHAJN3E PENIeHUil OJHOTO YPABHEHUS OT TPEX HEU3BECTHBIX ITPUXOINM K
3ajsiade 00 yHIUMOPMU3AIUH IIJIOCKOI arebpanviecKoil KpUBOil u MpeodPa30BaHnn €€ B KOODJIUHATHYIO
och. Ilocse aToro BO6JIM3M 9TOR OCK MOXKHO ITOJIYIUTh ACHMITOTHIECKOE PA3JIOKEHIE KYCKa, U3y TaeMOii
roBepxHOCTH. [IpuBeIeHBI TPUMEPBI TAKUX BBIYUACICHUN.
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Around the homologous sphere of Poincare and its applications

V.S.Dryuma
(IMI «Vladimir Andrunachievici», Moldova, Kishinev )
E-mail: valdryum@gmail.com

Topology of a 3-dim manifolds defined by the system of equations
|2 + |22 4 |z —1=0, 244200428 =0, (1)

where z, = x + iy are the complex coordinates, depends from the values of the parameters I, m, n.
In the case [ =2, m =3, n =25 the manifold defined by the conditions (10) is a famous homologous
sphere of Poincare, which has a set of homologies same with standard 3D-sphere |21|? + |22|? =

but differs from it by self fundamental group. It has an important applications in various branch of
modern algebraic topology (J.Milnor,1968).

In this report will be told how to represent the homologous sphere defined by intersection of the
fife-dimensional sphere with singular manifold (I =2, m =3, n=25)

2112 + [z + [z3]* = 1, 27 + 25 +23 =0. (2)
in the form of an explicit expression for one function between of the four variables H(x,y,u,v) = 0.
Theorem 1. In the Fulerian coordinates

21 = cos (0) e 2/31V3¢ 1) — _gin (9)sin (1/2 ) e~ V/2i(a—014/3V36)

z3 = sin (0) cos (1/2 ) el/2i(a+0-4/3V30) (3)

the equation of the unit five-dimensional sphere is identically satisfied and the equation of the orbifold
22 + 23 + 25 = 0 takes the form

(cos(6))? e~ /313 _ sin(9) sin(1/2 B)e~1/2V3(Via—vBitae) |
+sin(6) sin(1/2 f)e1/2V3(V3a=VE19) (cos(1/2 )2 +
+sin(0) sin(1/2 B)e1/21V3(V3a—VBI+40) (005(9))? —
—sin(6) sin(1/2 f)e /2 V3(V3a=VEH19) (cos(9))? (cos(1/2 5))* +
+sin(0) (cos(1/2 B))® e?/61V3(V3atv3i—16)

—2 sin(0) (cos(1/2 B))? ¥/61V3(VBatvBI—16) (co5(9))2 +

+sin(6) (cos(1/2 B))° 2/61V3(VBatvBI-16) (05(9))* = 0. (4)

Using then the variable x, defined by the condition ¢8/21a+5/2i6-10/3iv/3¢ _ ¢5x — 0, we express the
variable ¢ as ¢ = —1/4i(ia +i6 — 2x) /3 and after separation of the real and imaginary parts of
complex equation ((4)), are obtained two equations into the five variables o, 0, x and 6, (3 .

As result of elimination of the variable x from both equations is derived equation of homologous
sphere of Poincare in the form of one function of the four variables. The equation is the summa of
the functions sin() and cos() with linear arguments. It contains more than 200 items.
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By analogy can be considered the case of tetrahedral space which corresponds to the intersection
of the fife-dimensional sphere with singular manifold (I =2, m =3, n=4)

|21 + |22 + 23> =1, 27+ 25 + 23 = 0. (5)
and the octahedral space defined by the condition
|21)? + |22 + |23° = 1, 2] + 25 + 2025 = 0. (6)

Proposition 2. The relation between a four variables F(x,y,a,b) = 0 which defines some 3D-variety
can be considered as General Integral of the par of the second order ODE’s f(x,y,y',y") = 0 and
g(a,b,b;,b") = 0.

v F(x,y,a,b) =07

y'=flz,y,y) <= V' =h(a,b})
The Liouville-Tresse invariants of both equations with respect to non degenerate transformations
of the variables © = X (u,v),y = Y(u,v) or a = A(p,q),b = B(p,q) can be used for the studies of
topological properties of the manifold F(x,y,a,b) = 0.

Theorem 3. Spatial homogeneous the first order system of the equations

d
gx(s) =4ap2® + (dasy + (3a;— bo)x) 2 +dany*+

+ (3 alp — 2()22) Ty + (2 all — b12) .TZ,
d
—y(s) =4bp22 + ((3bs— ar)y +4b1x) 2+ (2boy — a12) y°+

ds
+ (—2 a1 + 3 b12) xy + 4 b1y CEQ,
d
£z(s) = (—bg — aj) Z2 + ((—2 b22 - alg) Yy — b12 T — 2(111 x) z, (7)
is projective extension of planar polynomial differential systems
dx d
=5 = a0 + a1z 4 agy + anz? + arxy + asny?, di; = Do + by + boy + b112% + brazy + basy®  (8)

with the parameters a;, a;; and b;, b;;.

After eliminating of the variables (y(x) or z(x) it is reduced to the second-order differential equations
F(z,y,y,y") = 0.

As a result of the exclusion of the function y" from the system

oF
F($, Y, y/v y”) = 07 w = 07
a first order differential equation is arised C(z,y,y’) = 0. Through each point M of integral curve
C = Q(z,y) passes the integral curve of the equation F(x,y,y',y’) = 0, for which the point M is the

return point of the second type and this allow to study the limit cycles of the system (6).
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On the generalization of the Darboux theorems

Kaveh Eftekharinasab
(Institute of mathematics of NAS of Ukraine)
E-mail: kaveh@imath.kiev.ua

We refer to [1] for the definitions concerning the category of M C¥-Frechet manifolds.
We prove that vector fields have local flows.

Theorem 1. Let F be a Fréchet space, X an MC*-vector field on U C F, k > 1. There exists a real
number o > 0 such that for each x € U there exists a unique integral curve €;(t) satisfying €;(0) = x
forallt € I = (—a,a). Furthermore, the mapping F : I x U — F given by Fy(x) = F(t,x) = £,(t) is
of class MC*.

Therefore we are able to apply Moser’s approach, that is constructing an appropriate isotopoy
generated by a time dependent vector field that provides the chart transforming of symplectic forms
to constant ones to prove the Darboux theorem in the category of MC*-manifolds.

Definition 2. Let M be a bounded Fréchet manifold. We say that M is weakly symplectic if there
exists a closed smooth 2-form w such that it is weakly non-degenerate i.e. for all x € M and v, € T, M

Wm(vmawx) =0 (1)
for all w, € T, M implies v, = 0.
Let F} be the strong dual of F and define the map wy : F — F} by
(w,w (v)) = wy(w,v),

where (-,-) is a duality pairing. Condition 1 implies that w” is injective.
Let € U be fixed and define H, = {w,(y,.) | y € F}, this is a subset of F} and its topology is
induced from it. We assume that all Fréchet spaces are reflexive.

Lemma 3. wj : F — H, is an isomorphiam.
Theorem 4. Let (M,w) be a weakly symplectic smooth bounded Fréchet manifold modeled on F. Let
wh = wp + t(w — wp) fort €[0,1]. Suppose that following hold
(1) There exits an open star-shaped neighborhood U of zero such that for all x € U the map
w;‘i : F'— H, is isomorphism for each t,
(2) for x €U the map (W)=t : Hy — E is smooth for each t.
Then there exists a coordinate chart (V,¢) around zero such that ¢*w = wy.
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Discrete sets, discrete measures, quasicrystals Fourier, pure
crystals

S. Favorov
(Karazin Kharkiv national university)
E-mail: sfavorov@gmail.com

Let 11 be a measure in R? which is a tempered distribution, let j be its Fourier transform, in a
general case it is a tempered distribution. If p and ji are measures with closed discrete supports, then
p is called Fourier quasicrystal. For example let = >, 74 6(x —n), where ¢ is Dirac’s measure. By
Poisson’s formula, we get i = p. If the support of i is a finite union of translates of a single full-rang
lattice, then p is called a pure crystal. If the support of u is a finite union of translates of several
full-rang lattices, then p is called a comb.

In our talk we show some well-known and new results when Fourier quasicrystal is a pure crystal
or a comb. Some of these results we expand to the class of tempered distributions.



21

Algebraic-geometric aspects of function field analogues to abelian
varieties

Nikolaj Glazunov
(NAU, Kiev, Ukraine)
E-mail: glanm@yahoo.com

This communication is a continuation of [6, 7, 8, 9].

Let p be a prime number, ¢ = p", F, be the field with ¢ elements and characteristic p, F be a finite
field extension of a finite field F,.
We extend the case of algebraic number fields [6, 7| to the case of function fields in characteristic
p > 0 and construct function field analogues to abelian varieties of elliptic and hyperelliptic curves
appeared in [8, 9]. In the last case we investigate function field analogues to abelian varieties which are
Jacobian varieties of hyperelliptic curves in characteristic p > 0. Recall that for hyperelliptic curves
the function field analogues to abelian varieties are function field analogues to Jacobian varieties of
the curves. For Jacobians it is possible to define corresponding p—divisible groups. We plan to present
results on function field analogues to p-divisible groups of the Jacobian varieties.

Moduli and estimates for hyperelliptic curves of genus g > 2 over F), .

Let

C:y* = f(z)

be an algebraic curve and let Disk(C') be the discriminant of f(xz). Consider hyperelliptic curve of

genus g > 2 over prime finite field F,,

Cy 1y’ = [(), D(f) #0.

For projective closure of C, the quasiprojective variety

Sgp = {P*772(Fp) \ (Disk(Cy) = 0)}

parametrizes all hyperelliptic curves of genus g over F,,. By well known Weil bound (affine case)

[#Cy(Fp) — p| < 29v/p.
where #C' is the number of points on the curve C' over ground field. As we can see from Weil
(and some more strong) bounds, for p > 17 any hyperelliptic curve of genus g = 2 has points in
F, for these prime p. Also for ¢ = 3 every hyperelliptic (h) curve of genus 3 has points in F, for
p > 37. For p = 2,3,5,7,11 there are examples of h-curves of genus 2 that have not points in IF,.
By author’s computations any h-curve of genus 2 over Fi3 has points in the field. Similarly, for
p=2,3,57,11,13,17 there are examples of h-curves of genus 3 that have not points in [,

Theorem 1. [8]|. Let p =3 mod 4. Under p > 11 there is such a € IF,, that the equation
2 p—1
Yy =x 2 +a
has no solutions in Fy,.
Global &-shtukas and local P-shtukas [1, 2, 3, 4].

Definition 2. (Hartl, Rad [1, 2]) Let C' be a smooth projective geometrically irreducible curve over
F,. A global &-shtuka G over an F,-scheme S is a tuple (G, s1,..., Sy, 7) consisting of a &-torsor
G over Cg := Cxp,S, an n-tuple of (characteristic) sections (s1,...,s,) € C™(S) and a Frobenius
connection 7 defined outside the graphs of the sections s;.
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For Jacobian varieties it is possible to define corresponding p-divisible groups and their function
field analogues.

Definition 3. (Hartl, Rad [1]) Let PP be a flat affine group scheme of finite type over Spec F|[z]] and
® is a flat affine group scheme of finite type over a smooth projective geometrically irreducible curve
over F,

Recall that local P-shtukas are the functional field analogs of p-divisible groups with additional
structure and moduli stacks of global &-shtukas are the functional field analogs for Shimura varieties.
In some cases P is a paraholic Bruhat-Tits group scheme by Pappas, Rapoport [5] and & is a
parahoric Bruhat-Tits group scheme over a smooth projective curve over finite field I, with ¢ elements
of characteristic p. Investigations by U. Hartl [3|, by Hartl, Arasteh Rad [1, 2|, by U. Hartl, E.
Viehmann [4] continue works of V. G. Drinfeld , L. Lafforgue, G. Faltings.

If will sufficient time we plan to give a short review of history of these research.
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Let EF ,F and G be vector lattices. We say that a linear operator T : E — F is a lattice homomor-
phism if T'(z Vy) = Tx V Ty for every z,y € E. A bilinear map ® : E' X F — G is said to be positive
if |[®(x,y)| < ®(|z|,|y|) for all z € E and y € F. The bilinear map ® : £ x F — G is said to be
lattice bilinear map (or lattice bimorphism) whenever it is separately lattice homomorphisms for each
variable or equivalently, |®(x,y)| = ®(|z|, |y|) for all z € E and y € F. Let E and F be Archimedean
vector lattices. A bilinear map T : E x E — F is called an orthosymmetric if £ A y = 0 implies
T(x,y) =0 for all x,y € E. A vector lattice E is called Dedekind complete if every non-empty subset
of E¥ which is bounded from above has a supremum. A Dedekind complete vector lattice M is said to
be a Dedekind completion of the vector lattice E whenever E is Riesz isomorphic to a majorizing order
dense Riesz subspace of M. Denote by E° the Dedekind completion of E. Every Archimedean vector
lattice has a unique Dedekind completion. A vector lattice F is said to be universally complete if £
is Dedekind complete and every pairwise disjoint positive vectors in £ has a supremum in E. Every
Archimedean vector lattice E has a universal completion E*. It means that there exists a unique (up
to a lattice isomorphism) universally complete vector lattice E* such that E is Riesz isomorphic to
an order dense Riesz subspace of E".

Definition 1. Let E and F’ be Archimedean vector lattices. A bilinear map T : F x E — F' is called
an almost orthosymmetric if z Ay = 0 implies T'(z,y) AT(y,z) = 0 for all z,y € E, [13].

Every orthosymmetric bilinear map is an almost orthosymmetric, but the converse is not always
true.

Let E be an Archimedean vector lattice and F' be a Dedekind complete vector lattice.

In this talk, we show that if T': F x ' — F' is an almost orthosymmetric lattice bimorphism, then
extension of T , T™ : E% x E% — F, is an almost orthosymmetric lattice bimorphism.

Theorem 2. Let E be an Archimedean vector lattice and let E° be its Dedekind completion and
let F' be a Dedekind complete vector lattice. If ® : E x E — F is an almost orthosymmetric lattice
bimorphism, then ® can be extended to an almost orthosymmetric lattice bimorphism U : ESxE% - F.
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The properties of the surface of the Euclidean space, which determine the values or boundaries of
the values of the curvature of the Grassmann manifolds along planes tangential to the Grassmann
image of the surface have been investigated [1], [2], [3]. The results of solving the similar problems
for the surfaces of the Minkowski space depend on the type of their Grassmann image. In this paper,
the properties of the surfaces of different types that determine the type of their Grassmann image are
investigated.

In Minkowski space 'Ry (with metric ds* = —dz} + dzd + dz} + dz?), the submanifolds of the
space-like and the time-like planes of the Grassman manifold PG(2,4) are pseudo-Riemannian four-
dimensional manifolds of the pseudo-Euclidean space >Rg. The tangent space for each of these sub-
manifolds is the space with a signature metric (— — ++) [4].

The Grassmann image of the space-like (time-like) two-dimensional surface of the space 'Ry is a
two-dimensional submanifold of the manifold of time-like (space-like) planes [4]. The induced metric of
the Grassmann image may be sign-definite, sign-indefinite or degenerated, and, hence, the Grassmann
image can be a two-dimensional space-like, time-like or isotropic surface.

Proposition 1. If the time-like surface V2 C' Ry has a flat normal connection, then its Grassmann
image is a time-like surface.

Proposition 2. If the time-like (space-like) surface V? C' Ry is minimal (mazimum), then its
Grassmann image is a space-like surface.

Proposition 3. If the surface V2 C' Ry is a hypersurface of a some three-dimensional subspace, then
the type of its Grassmann image coincides with the type of the surface.
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We follow the terminology of [1, 2|.

We shall introduce the notion of a star partial homeomorphism of a finite dimensional Euclidean
space R™. By Sto(R™) we denote the set of all stars at the origin 0 of R™.

We describe the structure of the semigroup PStHgn of star partial homeomorphisms of the space
R™.
Proposition 1. PStHg~ is an inverse submonoid of the symmetric inverse monoid .%.

Proposition 2. (1) An element o of PStHgn is an idempotent if and only if a: S — S is the
identity map for some star S € Sto(R™).
(13) The band E(PStHgn) is isomorphic to the semilattice (Sty(R™),N).
(13i) € < ¢ in E(PStHgn) if and only if dome C dom ..
(iv) a < B in PStHgn if and only if Blaoma = «.

Proposition 3. Let be o, 5 € PStHgn. Then the following statements hold:
(1) aZB in PStHgn if and only if ran o = ran §3;
(17) aZB in PStHgn if and only if dom o = dom 3;
(1i1) aB in PStHgn if and only if rana = ran 8 and dom o = dom /3.

Proposition 4. PStHg~ is a bisimple inverse semigroup.

Corollary 5. Every two mazimal subgroup in PStHgr are isomorphic. Moreover every maximal
subgroup in PStHgr id isomorphic to the group of all star homeomorphisms of the unit ball By in R™.

Theorem 6. FEvery non-unit congruence on PStHgn is a group congruence.
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We study the semigroup extension .#*(S) of a semigroup S by symmetric inverse semigroups of a
bounded finite rank.

Definition 1. An subset D of a semigroup S is said to be w-unstable if D is infinite and aBUBa ¢ D
for any a € D and any infinite subset B C D.

Definition 2. An subset D of a semigroup S is said to be strongly w-unstable if D is infinite and
aBUBb ¢ D for any a,b € D and any infinite subset B C D.

It is obvious that a subset D of a semigroup S is strongly w-unstable then D is w-unstable.
Definition 3. An ideal series (see, for example, [1]) for a semigroup S is a chain of ideals
hchclhc---Cl,=8.

We call the ideal series (strongly) tight if I is a finite set and Dy = Iy, \ I is an (strongly) w-unstable
subset for each k=1,...,n.

A finite direct product of semigroups with tight ideal series is a semigroup with a tight ideal series
and a homomorphic image a semigroup with a tight ideal series with finite preimages is a semigroup
with a tight ideal series too [2].

Proposition 4. Let S be a semigroup which admits a strongly tight ideal series. Then the direct
power (S)™ admits a strongly tight ideal series too.

Theorem 5. Let \ be an infinite cardinal and n be a positive integer. If S is a finite semigroup then
Iy={0} C L= A(S) C L= I5(S) C--- C I, = 73(S)
is the strongly tight ideal series for the semigroup #\'(S).

Theorem 6. Let S be a semigroup which admits a strongly tight ideal series. Then for every non-zero
cardinal A and any positive integer n < X the semigroup J\'(S) admits a strongly tight ideal series
too.

Definition 7 ([2]). An algebraic semigroup S is called algebraically complete in the class of semitopo-
logical semigroups &, if S with any Hausdorff topology 7 such that (S, 7)eS is H-closed in &.

Theorem 8. Let S be an inverse semigroup which admits a strongly tight ideal series. Then for every
non-zero cardinal X and any positive integer n < X the semigroup #'(S) is algebraically complete in
the class of Hausdorff semitopological inverse semigroups with continuous inversion.
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Let (F;u1,u2;v1,v2) be a genus 2 Heegaard diagram of a closed 3-manifold M. Here F is a closed
surface which decomposes M into two handlebodies Hy, Ho of genus 2, uj, uo are meridians of Hy,
and v, v9 are meridians of Hs.

Assume that all crossing points of the meridians are transversal and that the diagram is normalized
(the latter means that among the regions into which the meridians split F' here are no biangles).
The total number of those crossing points is called the Heegaard complezity of the diagram.

Let us cut F' along uj, us. We obtain a sphere with four holes Dli, D;E which are conveniently
interpreted as distinguished disks on the sphere. The meridians vy, v9 will then be cut into arcs which
join the holes. We agree to depict k parallel arcs as one arc marked by the number k£ > 0. We also take
into account the orientations of the glued boundaries 8DZTJE by assigning (+1) for orientable gluing and
(—1) for non-orientable one. Therefore we get (+1,+1), (+1,—1), (=1,+1) and (—1,—1) for pairs of
holes.

It is well known that the set of all genus 2 Heegaard diagrams can be decomposed into three types.
Each such diagram can be determined by a 7-tuple (a,b,c,d, e, f,g), where a, b, ¢, d are the arcs
joining the holes, e, f determine the gluing maps ¢;: 0D, — 8Di+, 1 =1,2, and g is defined to be 0,
1, 2 and 3 for (+1,+1), (+1,—1), (—1,41) and (—1, —1) respectively.

In order to give exact descriptions of ¢1, we introduce topological symmetries s;: 0D, — 8DZT" and
topological rotations r;: 9D; — dD; by the following results:

(1) si: OD; N (v1Uve) — OD; N (v1 Uvg) such that the endpoint of each b-arc (respectively, c-arc)
is taken to the other endpoint of the same arc.
(2) r; shifts each point of D;” N (v1 Uwvs) to the next point of D N (v1 Uwvg).

Now we define 1, @9 as follows: ¢1 = r{s;, and 2 = 7{32.
A Heegaard diagram (F'; ui, ug;v1,v2) of genus 2 has type I, IT or IIT if it can be described as follows:
Type 1

e Each a-arc joins D} and Dy as well as D] and Dj .

Each b-arc joins Df and Dy .

Each c-arc joins Dy and D, .

Each d-arc joins Df and Dy as well as D; and D; .

Type 11

e Each a-arc, b-arc and d-arc can be described in the same way as type I while each c-arc joins
Df and Dy.
Type IIT

e Each a-arc, b-arc and c-arc can be described in the same way as type II while each d-arc is a
loop with ends at Df' and D] embracing Dy and D, respectively.

Theorem 1. If the Heegaard complexity of a non-orientable 3-manifold M is no more than 5, then
M is homeomorphic to Lpﬂ#Slez.
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There exists a manifold of complexity 6 that is not homeomorphic to prq#SlgSQ. Its diagram can
be represented by the 7-tuple (1,1,1,1,0,0,3).
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The talk deals with many-dimensional analogs of some classical two-dimensional and three-dimensional
geometric problems on an extremum. The asymptotic behavior of parameters of extremal geometric
objects with increasing dimension of the space is studied.

It is shown that in some extremal problems (such as in the problem of a cylinder of fixed volume with
a minimum total surface area and the problem of the shape of a right circular cone with a maximum
volume of an inscribed ball in it) these parameters do not depend on the dimension of the space.
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In the paper it is considered the problem of regularization of the Cauchy problem for matrix fac-
torisations of the Helmholtz equation in m—dimensional bounded domain of the type of a curvilinear
triangle. Using the results of works [1]-[2], is constructed explicitly Carleman matrix and, based on
the regularized solution of the Cauchy problem.

Let R™ be a m—dimensional real Euclidean space,

= (21, .., Tm)ER™, y = (y1, ..., Ym)E R™.

Let G, C R™ be a bounded simply connected domain whose boundary consists of the surface of a
cone
s
2p
and a smooth piece of the surface S lying inside the cone, i.e. G, =SUT, T = 0G,\S.
We consider in the domain G, a system of differential equations

’y":Tym, T=t9—, Yym >0, p>1,

D (i) U(z) =0, (1)

0
where D (8) is the matrix of differential operators is of the first order.
x

We denote by A(G)) the class of vector functions in the domain G, of continuous on G, = G, |J G,
and satisfying system (1).

Problem 1. Let U(y) € A(G),) and
Uly)ls = fy), y € S. (2)

Here, f(y) is a given continuous vector function on S.
It is required to restore the vector function U(y) in the domain G, based on its values f(y) on S.

Theorem 2. Let U(y) € A(G)) on the entire boundary of 0G, satisfy the boundary condition
Uy <1, yeT.
Then we have the estimate
U (z) = Uys) (@) < Cp(A, 2)06(2)", 6> 1, 2 € G,
Corollary 3. The limiting equality
li =
lim Uy 5) () = Uf2),
holds uniformly on each compact set in the domain G ,.

Thus, the functional U, s)(z) determines the regularization of the solution of problem (1)-(2).
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A combinatorial tree is a finite connected acyclic undirected graph. For aself-map o : V(X) — V(X)
on the vertex set V' (X) of a combinatorial tree X, its Markov graph I' = I'( X, 0) is defined as a directed
graph with the vertex set V(I') = E(X) and the arc set A(T") = {(uqv1, ugv2) : ug,v2 € [o(u1),0(v1)]x}
(here [a,b]x denotes the metric interval between a,b in X).

A map o : V(X)— V(X) on a tree X is a neighborhood map provided o(u) € N¢[u] for all vertices
ue V(X) (ie. if o(u) = u or uo(u) € E(X) for all u € V(X)).

Denote by dg(u) the vertex degree of u in a graph G and by L(G) the set of all leaf vertices (i.e.
vertices u with dg(u) = 1) in G. Also, let fixo denotes the set of o-fixed points.

Theorem 1. For any neighborhood map o on a tree X with |V (X)| > 2 the number of weak components
in the corresponding Markov graph T'(X, o) equals ) dx(u) — |fixo| + 1.

uefixo

Corollary 2. A neighborhood map o on a tree X with |V (X)| > 2 has a weakly connected Markov
graph if and only if fixc C L(X).

For a map o on a tree X an edge uv € F(X) is called o-positive (o-negative) provided dx (o (u),u) <
dx(o(u),v) and dx(o(v),v) < dx(c(v),u) (dx(o(u),v) < dx(o(u),u) and dx(c(v),u) < dx(c(v),v)).

Let p(X,0) and n(X, o) denote the number of o-positive and o-negative edges in X, respectively.

Theorem 3. For any neighborhood map o on a tree X the number of arcs in the corresponding Markov
graph T'(X, o) equals |E(X)| +2p(X,0) = Y, chive dx ().

For a number a € R — {0, 1} the first general Zagreb index [4] of G is defined as the sum Z{(G) =
>_uev(c) d¢:(u). Similarly, for every number a € R — {0} the general Randic index [1] of a graph G is

the sum R*(G) = }_ e p(q) (da(u)da(v))”.

Theorem 4. For every n-vertex tree X the average number of arcs in Markov graphs for neighborhood

maps on X equals

2 2 3
3— ) ZT YK+ X))+ 2R YK+ X))+ = — 2 3.
( n) (K +X) + (K1 + )+n2 "

Given a graph G, its Narumi-Katayama index [5] is the product NK(G) = [[,ev(q) dc(u) of degrees
over all vertices in G.

Proposition 5. For every n-vertex tree X the number of its neighborhood maps equals %-NK(Kl +X).
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Let G be a minimal class of groups satisfying the following conditions: 1) 1 € G; 2) if A,B € G,
then A x B € G; 3) if A€ G and n > 1, then the wreath product A, Z € G.

In other words a group G belongs to the class G iff G is obtained from trivial group by a finite
number of operations x, !,Z. It is easy to see that every group G € G can be written as a word in the
alphabet A = {1,Z,(,), X,,, U, ... +. We will call such word a presentation of the group G in the
alphabet A. Evidently, the presentation of a group is not uniquely determined.

Denote by Z(G) and [G, G| the center and the commutator subgroup of G respectively.

Theorem 1. Let G € G, w be an arbitrary presentation of G in the alphabet A, and 1(w) be the
number of symbols Z in the presentation w. Then there are the following isomorphisms:

Z(G) = G/[G,G] = 7AW,
In particular, the number B1(w) depends only on the group G.

The groups from the class G appear as fundamental groups of orbits of Morse functions on surfaces.
Let M be a compact surface and D be the group of C"**°-diffeomorphisms of M. There is a natural right
action of the group D on the space of smooth functions C*°(M, R) defined by the rule: (f,h) — foh,
where h € D, f € C®(M,R). Let O(f) = {f oh | h € D} be the orbit of f under the above action.
Endow the spaces D, C*°(M,R) with Whitney C*>°-topologies. Let O (f) denote the path component
of fin O(f).

A map f € C°(M,R) will be called Morse if all its critical points are non-degenerate. Homotopy
types of stabilizers and orbits of Morse functions were calculated in a series of papers by Sergiy
Maksymenko [3], [2], Bohdan Feshchenko [4], and Elena Kudryavtseva [1]. As a consequence of
Theorem 1 we get the following.

Corollary 2. Let M be a connected compact oriented surface distinct from S* and T?, f be a Morse
function on M, G = mO(f) € G, w be an arbitrary presentation of G in the alphabet A, and [ (w)
be the number of symbols Z in the presentation w. Then the first integral homology group Hi(O(f),Z)
of O(f) is a free abelian group of rank (1(w):

Hi(O(f),Z) ~ 7P,
In particular, 51(w) is the first Betti number of O(f).
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Let M be a smooth compact manifold and F be a codimension one foliation on M having singular
leaves of Morse-Bott type. This means that there the set X of singular leaves of F is a disjoint union of
compact submanifolds Let also D(F) be the group of diffeomorphisms of M leaving each leaf invariant,
and D(F,X) be the subgroup of D(F) consisting of diffeomorphisms fixed on 3.

Theorem 1. [1| The “restriction to ¥ map”
p: D(F) = D),  p(h)=hls,,
is a locally trivial fibration with fibre D(F,X).

This result can be regarded as a “foliated” variant of the well know results by Cerf and Palais on
local triviality of restrictions. In particular, the map p has a path-lifting property, and so it contains
a “foliated” variant of isotopy extension theorem:

Corollary 2. [1] Let H : ¥ x [0,1] — X be a C* isotopy with Hy = ids. Then it extends to an
isotopy H : Mx — M such that H; € D(F,X) for all t € [0,1].
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Singular monotonic functions defined by a convergent positive
series and a double stochastic matrix
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Let
2

o0
1)1= % + > ﬁ =3- % + 2% — 2% + ... be normalized alternating binary series that defines a
n=1

binary negapositional image of the number of the segment [0;1]:

2 ai(x)  ag(z)  az(x) =2
=5+ + + t.o. = Aal(:ﬂ)ag(w)...an(w)...;

3 (=2 (=22 (=2

2) ||pixll = (g(ig gi) be a positive double stochastic matrix i.e. p;; > 0, pio+pi1 = 1, poj +p1j =

1,:=0,1, yj=0,1
3) D= (po; p1) be a vector py = 212 :%andplz o1 _

1.
: ] Po1+p1o poi+pio 2’ ) . .
It is known that a binary negapositional number representation is a recoding of a classical binary

representation:
2
? + ? +..F 27 +...= Aal(x)ag(x)...an(x)..ﬁ
Considered in the talk is function F', defined by equality

a, € {0;1}

00 k—
1 (k)
F(z) = F(A 0‘1(““)0‘2(””) -an(x).. )= Bon (@) + 9 Z (604k(£v)05k+1($) Hpai(x)ai+1(9€))7 where (1)
i=1

agn(T)aant1(z) — Poon(@)ozn ()

k=1
3 0, if a(z)=1,
(@) = 3, if ai(z) =0,
- . 0, if agn(z)=0,
B =B =1 w0, i az1(z) # ase(x) = 1,
2n—1(®)a2n () 2n—1(z)azn(z) .
pro, if aop_1(z) = aop(x) =1,
9 0 0, if 2n41 (I’) = 1,
B 5( : =< po1, if agn(x) = aopyi(z) =0,
)

poo, if on(z) # aznri(x) =0,
and oy (x) is k negapositional digit of representation of the number x.
Definition 1. Let (¢, co,.. cm) be a orderly set of positive integers. The Cylinder of m rank with
basis c1cy . .. ¢y is called a set ACICQ ¢, of numbers of z € (0;1] that is first m negapositional digits

of which are ¢y, co, ..., ¢, respectively, i.e.

A’ :{x:m:ZQ am+i€N,i:1,2,3,...}.

C1C2...Cmy.-- C1C2...CmaAm+41Am+2...7
Lemma 2. For a function F defined by the equality (1) the mapping of the cylinder ACICQ o, 18 a
segment [a; b], where

m—1 m—1

1 k
a = fe, + 9 Z gkf)fk+l H Qejejn | » b=a+; H Qejejvns

k=1 J=1
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Theorem 3. Images of different cylinders of the same rank with the mapping F do not overlap and
in the union give the whole segment [0, 1].

Theorem 4. The function F(x) denoted by the equality (1) is:

1) correctly identified,

2) continuous,

3) strictly increasing,

4) linear for poo = 0.5 and singular for poo # 0.5 (has a derivative equal to zero almost everywhere
in the sense of the Lebesgue measure).

The report proposes the results of studies of the above-mentioned functions.
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A Flat (CHR)s-curvature tensor in a Trans-Sasakian Manifold
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Recently, we defined a (C'H R)s-curvature tensor in almost contact Riemannian manifolds([3]) using
M. Prvanovic’s paper ([4]).

On, 2009, A. A. Shaikh and Y. Matsuyama considered a trans-Sasakian manifold which is a gener-
alization of a Kenmotsu and Sasakian manifold and got some interesting results([5]).

In this paper, we consider this tensor field in a trans-Sasakian manifold. Moreover, we define the
notion of the (CHR)s-flatness in an almost contact Riemannian manifold. Then, we consider this
notion in a trans-Sasakian manifold and determine the curvature tensor, the Ricci tensor and the
scaler curvature. Finally, we get a condition which the Ricci tensor becomes a generalized quasi- or
quasi-Einstein ([1], [2]).
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On some fractal-based estimations of subsidence volume for
various types of soils
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In [1, 2], the particle size distribution Ng(L > ds) was defined as the number of particles being of
any size L larger than ds, where dg runs over the real numbers. In the same way we can introduce the
particle size distribution by volume Vi(L > ds) (and by mass My (L > d;)) as the volume (mass) of
particles being of any size L larger than ds, where dg runs over the real numbers. Certainly, Ns(L > ds),
Vs(L > dg) and M(L > d,) are real functions.

The fractal dimension DV of the particle size distribution by volume is defined then as the following:

DV, = lim ~ In(Vi(L > dy))
ds—0 In(ds)

It implies that —DV; In(d,) ~ In(Vi(L > d)) hence In(dsP"*) ~ In(Vs(L > ds)) and finally
Vi(L > dy) & yds =P,

where v is a constant coefficient and the sign ~ means "approximately”.

On the basis of the fractal characteristics of the pore and particle structure, there were obtained
theoretical models describing diffusion, deformation of the compaction and the shift of the medium
[3], [4]. Under some additional conditions of fractal nature of the loess soil and developing methods
introduced in [5, 6] we obtained certain predictive estimations of the coefficient of porosity after the
disintegration of micro-aggregates. In this note we obtain some estimations of soil subsidence volume,
based on the introduced above fractal dimension.

The particles forming the ground may have only a finite set of sizes. We denote these sizes
di,ds, ...,dp—1,d, ranging in decreasing order from the largest. We assume that a = o = d;/d;j_1,
where 2 < 7 < n, does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
As the structures formed by particles of a fixed size are self-similar, we also assume that all these
structures have the same coefficient of porosity k, as well as the same porosity K, = kp/(1 + k,). We
discovered that under such conditions two different situations may occurred. Let &’ be the coefficient
of porosity and K’ be the porosity of the soil after after the disintegration of micro-aggregates.

Theorem 1. In the above denotations we have :
1 if Kp > PV then k' = Utk =D 4 gy g1 =1 (@

DV&:)’"‘,l

(aPVs)"—1 T +kp)(@PVa—1)
. k —_a—DVs k _~—DVg
2. if K, < aPVs then k' = % (5.18) and K' = kp(lia}’,g/s)ilf(all,vs)n .

Since we estimate volumetric characteristics of soils subsidence, the introduced above fractal dimen-
sion of the particle size distribution by volume is more convenient and allows us essentially clarify and
simplify our calculations.

The results of our experiments and calculations show that on the basis of a new theoretical models
and the "Microstructure” technique, having the values of the fractal dimension of the particle size
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distribution by volume, it is possible to forecast the volume deformations after the disintegration of
the micro-aggregates. Depending on the type of soils and the specific experimental conditions, this
may be the amount of subsidence deformation, swelling or suffusion. The details of our experiments
and techniques are described in [6].
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The Shanin number and the predshanin number of N?-kernel of a
topological spaces

F. G. Mukhamadiev
(National University of Uzbekistan, Uzbekistan)
E-mail: farhod8717@mail.ru

A cardinal 7 > Ry is said to be a caliber of the space X if for any family p = {U, : o € A} of
nonempty open in X sets such that |A| = 7, there exists B C A, for which |B| =7, and ([{Uy : a €
B} # 0. Set k(X) = {7 : 7 is a caliber of the space X}.

The cardinal number min{7 : 71 is caliber of X} is called the Shanin number of X and denoted by
sh(X), where 7T is the least cardinal number from all cardinals strictly greater that 7.

A cardinal 7 > Ry is said to be a precaliber of the space X if for any family u = {U, : « € A} of
nonempty open in X sets such that |A| = 7, there exists B C A, for which |B| =7, and {U, : « € B}
is centered. Set pk(X) = {7 : 7 is a precaliber of the space X }.

The cardinal number min{7 : 77 is precaliber of X} is called the predshanin number of X and
denoted by psh(X), where 77 is the least cardinal number from all cardinals strictly greater that 7.

A system £ = {F, : a € A} of closed subsets of a space X is called linked if any two elements from
¢ intersect [1].

A.V. Ivanov defined the space NX of complete linked systems (CLS) of a space X in a following
way:

Definition 1. A linked system M of closed subsets of a compact X is called a complete linked system
(a CLS) if for any closed set of X, the condition
“Any neighborhood OF of the set F' consists of a set & € M”
implies F' € M|2].

A set NX of all complete linked systems of a compact X is called the space NX of CLS of X. This
space is equipped with the topology, the open basis of which is formed by sets in the form of

E = O(Uy,Us, ..., Up)(V1,Va,...,Va)={M € NX : for any i = 1,2,...,n there exists F; € M
such that F; C Uj, and for any j = 1,2,...,s, FNV; # @ for any F € M}, where Uy,Us,...,Up,
Vi, Va, ..., Vs are nonempty open in X sets [2].

Definition 2. Let X be a compact space, ¢ be a cardinal function and 7 be an arbitrary cardinal
number. We call an N - kernel of a topological space X the space

NfX ={M e NX:3F € M : o(F) <7}.
Theorem 3. Let X be an infinity compact space and ¢ = d, 7 = Ry. Then:
1) sh(NY X) < sh(X);
2) psh(N¥ X) < psh(X).
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The effectiveness of the use of computer programs in the teaching
of mathematics in academic lyceums

J. Sh. Najmiddinov
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The article substantiates the role of mathematics in the general education system and reveals the
expediency and possibility of using a computer program in mathematics lessons in academic lyceums.

The use of computer in the learning process, in essence, is a formative experiment aimed at study-
ing and developing new personality traits. Important for the modern period of computerization of
education is the realization of the fact that the use of computer technology will make the learning
process more effective if they are used as a tool of knowledge, and not the transfer of knowledge.
The computer is able to realize the many benefits of technical training. Modern computer programs
allow you to create texts, various types of graphics, animation with sound, video. With their help,
you can simulate the objects under study and conduct experiments to study their properties, simulate
processes and phenomena, etc.

Interconnected training in computer science, mathematics and physics provides an opportunity to
acquaint students with the use of applied mathematical packages as a tool in solving typical problems.
Modeling is one of the difficult sections in the math course. The content-structural component of the
model and mathematical modeling is an important component of the discipline, which is constantly
being improved, as a result of which the study of the methodology for its study has not yet been
completed. At the moment there is a large number of methodical training in computer modeling,
which are actively used in the lessons of mathematics.

A model is a simplified resemblance of a real object or process. A key concept in modeling is
considered a goal. The purpose of the simulation is the purpose of the future model. The target
determines the properties of the original object to be reproduced in the model. You can model both
material objects and processes. An information model is a description of a simulation object. On the
basis of the presentation of the model are divided into tabular, graphical, object-informational and
mathematical.

One of the available modeling tools is the Microsoft Excel office application, since almost all com-
puter labs have MS Office. Microsoft Excel is a spreadsheet program that allows you to analyze
large amounts of data. This program uses more than 600 mathematical, financial, statistical and
other specialized functions, with which you can link various tables to each other, select arbitrary data
presentation formats, create hierarchical structures. Mathcad is an application for engineering and
mathematical computing, an industry standard for performing, distributing and storing calculations.
Mathcad is a universal system, i.e. can be used in any field of science and technology - wherever math-
ematical methods are used. Blender is a free program for 3D modeling. The trick in this program is
that during the creation of a 3-dimensional scene, the utility window can be divided into parts, each of
which will be an independent window with a certain type of 3D scene, a timeline ruler, object settings.

Thus, the construction of simple graphical models, such as solving simple mathematical problems,
is appropriate in the basic course of computer science. Independent development of graphical models
requires programming knowledge, and this applies to material of increased difficulty, which is studied
in a specialized computer science course or as part of an elective course [1].
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Gromov-Witten invariants and identification of the energy levels
of solitonic states
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Calabi-Yau manifold can be represented in terms of toric data [1]. Such presentation allows us to go
to the dual polyhedron, through which are defined the gauge groups. As an example, we can consider
Calabi-Yau manifold Xo4(1,1,2,8, 12)31’421;3 determined by Gromov-Witten invariants [2]|, presented in
table 1. Calabi-Yau manifold is defined by n - Gromov-Witten invariants, the analogue of the principal

Table 1
Gromov-Witten invariants for X ,,(11,28]12 )_3;12&]3
ab,c n a, b, c n a, b, c n a b, c n
0,01 1 (L1 1 (012 2 (013 3
0,14) -4 (015 -5 (023 -3 (0,24 .16
(1,0,0) 240 (1,01) 240  (1,1,1) 240 (1,12 720
(1,1,3) 1200 (1,1,4) 1680  (1,2,3) 1200  (2,0,0) 240
(2,02) 240 (2,22) 240  (3,0,0) 240  (3,0,3) 240
(400) 240 (500) 240 (6,00 240  (0,1,0) 0

quantum number in physics and by (a, b, ¢) - the internal quantum numbers.
An embedding of Gromov-Witten invariants is presented by the formula

Nab,c = Z Nab,c,d - (1)
d

Such an embedding suggests the possibility of a phase transition between different manifolds charac-
terized by different n. In [3], for the case of an elliptic fibration representing Calabi-Yau manifolds,
the matter content of the charged fields of the effective theory is associated with divisors of the base
of the fibration. The representations of groups of these fields is determined by the of intersection
number of these divisors, in other words, gauge groups are associated with curves of singularities of
the manifold and intersecting singularity curves define charged fields classified by gauge groups. Table
2 from [3| represents such a set of fields and the corresponding groups. From table 2 it can be seen
that matter content presented by gauge groups can be embeded according to formula (0.1) through
transitions between gauge groups

E; — Eg — SU(6) — SU(5) — SU(4) — SU(3) — SU(2) ,

characterized by different sets of the matter content of the charged fields.
The presence of Gromov-Witten invariants, n signals about the presence of a central charge, Z or
mass, M of a solitonic object, [4]
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Table 2

Matter content of Calabi-Yau models, characterized by gauge groups (for n=2,4,6,8,10,12)

Group Matter content
SU(2) (6n+16)2
SU(3) (6n+18)3
SU®4) (n+2)6+(4n+16)4
SU(5) (3n+16)5+(2+n)10
SO(10) (n+4)16+(n+6)10

Es (n+6)27
E; |5+4] 56

Here the holomorphic 3-form  is defined on Calabi-Yau X, (D is a cycle in X). Gromov-Witten
invariants, n; are connected with the cohomology classes, ¢; of rational curves in X into central
charge, Z.

Solitonic objects of instanton type are characterized by the condition on the action, S

82
s> <;>IQI=E

1 -
Q=—1:> / d*zTr[F Fu)

Pontryagin’s homotopy index, defined by the Yang-Mills field strength, F,,, [5]. Consequently, the
central charge has an interpretation of a multiple topological quantum number or the number of
the Bogomolny-Prasad-Sommerfeld, corresponding to the multiplicities of degeneration of different
configurations of solitonic type in Calabi-Yau space.

where
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We consider certain perturbation of family of pairwise orthogonal isometries. Namely, we study
properties and representation theory of C*-algebra £J | generated by isometries ¢, s;, j = 1,n, subject
to the relations

sis; =0, 1#7j, t's;=qs;t".
In recent paper [1] was studied the C*-algebra & ,,, with n,m > 2, generated by families {t;}7L, and
{si}i_,. In particular, it was shown that for |[¢| < 1 one has &, ~ &), and for |¢| = 1 the C*-
isomoprphism class of quotient of &1 ,,, by the unique largest ideal is independent of ¢ and isomorphic
to the tensor product of Cuntz algebras O, ® O,,.
We show that the result for [g| < 1 remains true for £F .

Theorem 1. For any q € C, |q| < 1, one has an isomorphism Ef}n ~ E?,n'

Notice that the proof contains an explicit construction of the required isomorphism, which is similar
to the one given in [1].
For the case |g| = 1 we obtain the following facts.

Definition 2. The Fock representation, 77%, of & 18 the unique up to unitary equivalence irreducible
s-representation having the vacuum vector €2, ||Q2|| = 1, such that

Tp(s5) =0, 7L )N=0, j=1,n.
Theorem 3. The Fock representation of £, exists and is faithful.

Theorem 4. The C*-algebra 5?@ is nuclear.

Also we prove an analog of Wold decomposition Theorem for such family of isometries, and study
irreducible representations corresponding to each of its components.
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Three-color graph of the Morse flow on a compact surface with
boundary
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We consider the Morse flows [1] (Morse-Smale flows without closed orbits) on the compact surfaces
with boundary. There was constructed a complete topological invariant of these flows — an equipped
three-colored graph.

The graph T will be called three-color graph, if all its vertices have a degree not bigger 3, and edges
are painted in three colors, so that edges of different colors converge at each vertex. Colors are denoted
by the letters s, ¢, u.[2, 3] The vertices of three-colored graph correspond to the standard areas on the
surface, that look like a curvilinear triangle or quadrilateral. There were found conditions in which a
three-colored graph generates a flow.

Theorem 1. For a connected tricolor graph having properties

1) each edge of the graph is marked with one of the three letters: s,t,u, and each vertex is white or
black;

2) two edges of the same type can not come out from each verter;

3) for each black inner vertex there is a su -cycle of length 4 that contains it;

4) if two black vertices are connected by a u— or s— edge and one of them is bounded, then the
other will be bound;

5) each white vertex is internal. And if it is connected to the black vertex u— edge (s— edge), then
this black vertex will be the limit.

there exists a Morse flow on a connected surface with a boundary, the three-color graph of which is
a given graph.|1]

The number of topologically non-equivalent flows with 2, 3, 4, and 5 standard areas was calculated.
For each of them, the surface on which this flow is set is determined. The distribution of the number
of flows on the surfaces is shown in the table.

2 stand.areas | 3 stand.areas | 4 stand.areas | 5 stand.areas
Disk (D?) 5 3 18 22
Myobius leaf 1 5 15
Myobius with a hole 2 2
Ring(ST x 1) 1 10 10
Ring with a hole 1 1
Klein bottle 3
Torus with a hole 1
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The Ricci Iteration on Homogeneous Spheres

Artem Pulemotov
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The Ricci iteration is a discrete analogue of the Ricci flow. Introduced in 2007, it has been studied
extensively as a new approach to uniformisation. In this talk, we will discuss the Ricci iteration on

spheres that are equipped with transitive Lie group actions. Joint work with Timothy Buttsworth
(Queensland), Yanir Rubinstein (Maryland) and Wolfgang Ziller (Pennsylvania).
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The paper contains the original method for the construction of squaring the circle, one of the famous
Greek problems more than 25 centuries old, known to be unsolvable by using only a ruler and compass.
The solution of the problem is possible if the diameter of the given circle is divided by a point using
the Thales theorem on proportional length in and the ratio of large real numbers. The process of
solving the above-mentioned problem relies on the Euclidean geometry and contains a description of
the construction, construction, proof, and discussion. The construction leading to the solution of the
problem is based on the assumption that the tools (instruments) are perfectly precise and that the
solution is completed if used a finite number of times.

The proof contains two derived formulas in accordance with the rules of Numerical analysis, com-
bined into a single (universal) formula which can be used in practice. In discussion the conditions on
which the problem can be solvable, as well as number of solutions are given.

1. Squaring the circle using only a straightedge and compass is possible

Description of construction:

A given circle with a central point O and radius r are denoted by k(O,r). The length AB is diameter
of an arbitrary circle k. (Fig.1) As shown by the previous method, when constructing of the length
X = /2, we divide diameter AB by the point C' in the ratio of integers 11000000 and 3005681, i.e.
AC : CB = 11000000 : 3005681,

in the following way:

On the arbitrary ray A, we determine point M by “transferring” 11000000 arbitrary unit lengths.
Then we determine the point N so that the length M N equals 3005681 arbitrary unit lengths.

Then we construct a length NB. Through the point M we draw a line s parallel to the length N B.
The intersection of the line s and length AB is denoted by C'. Through the point C' we construct the
line I so that it is parallel to the ray A, and its intersection with the length NB we denote by the
point L. (Fig. 1) The length AB is divided in the above mentioned ration by the point C.

G
n
Ak *_Q
A
iy,

Fig.1
Triangles AMC and C'LB are similar, so we can form the proportion:

AC: AM =CB :CL...(3)



Based on relation (3), we replace:
AM =11-106 and M N = C'L = 3005681 = 3,005681-106
It follows that AC : CB = 11-10° : 3,005681 - 10, Q.E.D. (Quod erat demonstrandum)
After having it shortened with 106, we get:
AC : CB =11 :3,005681 = t...(4)
Based on relation (4) AC : 11 =t => AC = 11t and
CB :3,005681 =t => CB = 3,005681t....(5),

where t is a non-negative real number, i.e. t >0 and t € R.

Let us construct a line n through the point C' to be perpendicular to the diameter AB, and denote
its (one) intersection with the periphery of the circle by D. Then we draw lengths AD and BD. AD
represents the side of the square whose area is equal to the area of the given circle. Then we construct
the square ADGH (Figure 1).
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B. Riemann and F. Klein had laid different principles at the foundation of geometry: the length
principle which requires the possibility to measure the lengths of arbitrary lines no matter how they
are situated, and the equality principle which is established by coincidence of figures in the space by
miens of transformations belonging to a group of transformations of the space - the principal group
of the geometry under consideration. According to E. Cartan, there is an antagonism between these
principles owing to the absence of any homogeneity in an arbitrary curved Riemannian space.

In the work [1] was constructed the group of parallel translations DP, which realizes for a Riemann-
ian space the equality principle and has as a subgroup the group of Riemannian translations RT which
realizes the length principle. Therefore, the group DP unites the two approaches laid at the foundation
of geometry by B. Riemann and F. Klein, thus overcoming the Riemann - Klein antagonism.

In the present work the group of parallel translations DP is used for determination of energy-
momentum tensor of gravitational field.
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Topological Data Analysis (TDA) is a relative new branch of applied mathematics. It provides
some metric and topological structures for analyzing big data represented as point set in the euclidean
spaces or more general metric (topological) spaces.

The persistent homology is one of the most important topological tools in TDA (see [1]). In order
to visualize the persistent homology one uses the so-called persistence diagrams (see, e.g., [2] and
the references therein). The sets of persistence diagrams bear natural metrics or topology and the
studying of the metric and topological properties of the obtained spaces is important for understanding
properties of the data sets.

Following [3] we consider the generalized spaces of persistence diagrams. Let X be a set. A diagram
on X is a function D: X2 — Z = 0 such that D(p) = 0 for all but finitely many p € X2, and D(p) = 0
forallp € Axy = {(z,2) | * € X} C X2 In [4] it is remarked that the set D = D(X) of all persistence
diagrams can be naturally identified with the infinite symmetric product SP>(X?/Ax) (with the
base point * = Ax).

If X is a topological space and X = lian, where X; C X9 C X3 C ..., then one can topologize D
as ligSP”(Xg/(AX NX2) having in mind a natural identification of [y, ..., x,] € SP"(X2/(AxNX2)
with [x1,..., 2., %] € SP”“(X?LH/(AX N X72L+1)'

Our result is a generalization of one of the main results of [4]. Recall that R* is the direct limit of
the sequence R ¢ R? € R? € .... An R*®-manifold is a k,-space, which is locally homeomorphic to
R,

An ANR-space is an absolute neighborhood retract in the class of metrizable spaces.

Theorem 1. Let X = liﬂXn, where (X,,) is a sequence of finite-dimensional compact metrizable
ANR-spaces. If dim X > 0, then the space D(X) is an R*>-manifold.

One can also find some sufficient conditions on X such that the space D(X) is a °°-manifold,
where () is the Hilbert cube and @Q° is the direct limit of the sequence

Q=Qx{:x} =2 QxQ=0xQx{:}=>QxQ@xQ=...,
for an arbitrary % € Q.
The proofs are based on Sakai’s Characterization Theorem for R> and Q> (see [5]).
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The kinetic equation Boltzmann is the main instrument to study the complicated phenomena in
the multiple-particle systems, in particular, rarefied gas. This kinetic integro-differential equation for
the model of hard spheres has a form [1, 2]:

D) = QU ), )
(=03 2

2
n=15 [ don [ dalto = o l(ft . 2)s (00" )
R3 P

- f(t,’Ul,:E)f(t,’U,l‘)],

We will consider the continual distribution [3]:

f= /gp(t,x,u)]\/[(v,u,x,t)du, (4)
R3

which contains the local Maxwellian of special form describing the acceleration and condensation flows
of a gas (is an analogue of vortices) [4]. They have the form:

3

M(’U, u, t) _ poeﬁ((u—[th])2+2[w><a:]) (B> 2 efﬁ(vfuf[th})Q‘ (5)

T

The purpose is to find such a form of the function ¢(t, 2, u) and such a behavior of all hydrodynamical
parameters so that the uniform-integral remainder |3, 4]

A= sup / D(f) — QUf, f)dv. (6)

(t,:n)E]R4

or its modification "with a weight”:

A= ; 7
(tm)eR41+yt| /' Qf, f)ldv, -

tends to zero. _
Also some sufficient conditions to minimization of remainder A or A are found. The obtained
results are new and may be used with the study of evolution of screw and whirlwind streams.
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Let C and L,, 1 < p < o0, be the spaces of 27-periodic functions with the standart norms || - ||¢
and || - ||p. Further, let Wi .1 < p < 0o, be the sets of all 27-periodic functions f, representable as
convolutions of the form

™
a 1
f@ =2+ [le- B0t weR oLl el <1, (1)

—T

where B, g(-) are Weyl-Nagy kernels of the form

B,s(t) =Y k™" cos (kt - 5;) , r>0, BeR. (2)
k=1

The classes Wj , are called as Weyl-Nagy classes (see, e.g., [1]). If r € N and 8 = r, then the
functions of the form (8) are the well-known Bernoulli kernels and the classes W} coincide with the
well-known classes W, which consist of 2m-periodic functions with absolutely continuous derivatives
up to (r — 1)-th order inclusive and such that |||, < 1 and f)(z) = p(z) for almost everywhere
x € R, where ¢ is the function from (10).

For arbitrary 91 C X, where X = C or L,, 1 < p < 0o, we consider the quantity

en(M)x = sup [f(-) = Sn-1(f3 )l x, (3)
fen

where S,,_1(f;x) is the partial Fourier sum of order n — 1 of the function f.
In the case of Weyl-Nagy classes Wj . and X = C for the exact upper bounds (3) the following
asymptotic estimate holds

w2 nr

41 1
en(W}hoo)e 1o <n> . r>0, BeR (4)

For r € N and 8 = r this estimate was obtained by A.N. Kolmogorov (1935), for arbitrary r» > 0
by V.T. Pinkevich (1940) and S.M. Nikol’skii (1941). In the general case the estimate (4) follows
from results, which were obtained in the works of A.V.Efimov (1960) and S.A. Telyakovskii (1961).
It should be also noticed, that a similar asymptotic equality holds for the classes W/g1 in the metric
of the space Li. In these works the parameters r and § of the Weyl-Nagy classes were assumed to
be fixed, and the question about the dependence of the remainder term in the estimate (4) on these
parameters was not considered.

The character of the dependence on r and § of the remainder term in estimate (4) was investigated
by I.G. Sokolov (1955), S.G. Selivanova (1955), G.I. Natanson (1961), S.A. Telyakovskii (1968, 1989)
and S.B. Stechkin (1980). In the work of S.B. Stechkin [2] the asymptotic behavior, as n — oo and
r — 00, of the quantities sn(ng)o was completely investigated. Besides, S.B. Stechkin |2, theorem
4] proved that for rapidly growing r the remainder can be improved. Namely, for arbitrary r > n + 1



and 8 € R the following equality holds:

en (W5 )e = ni (j: +0(1) (1 + i) ) , (5)

where O(1) is a quantity uniformly bounded with respect to n,r and 8. If r/n — oo, then the estimate
(5) becomes the asymptotic equality. It also follows from [2] that for the quantity e,(Wj,)r, the
analogous estimate to (5) takes place. S.A. Telyakovskii (1989) showed that the remainder in formulas
(5) can be replaced by a smaller one, namely, write O(1)(1 +2/n)™" instead of O(1)(1+ 1/n)~".

We establish generalized analogs of estimates (5) for quantities &, (W3 )¢ and en(W§ )1, respec-
tively, for arbitrary values 1 < p < oo.

Theorem 1. Let 1 <p<oo, n € Nand S €R. Then for r > n+ 1 the following estimates hold:

(W )0 = ni <”C°7srt”p +0(1) (1 + i) _T> , (6)
W (Wh)s, = — (”W” o (14 ;)) , @

where 1/p+1/p" = 1 and O(1) are quantities uniformly bounded in all analyzed parameters. The
estimates (6) and (7) are the asymptotic equalities, as r/n — oo.

Let f € C. By S’n,l( f;x) we denote a trigonometric polynomial of degree n — 1, that interpolates
f(x) at the equidistant nodes x,(cn_l) = 2kn_ ke Z, ie., such that S,_1(f; x,(gn_l)) = f(;v](cn_l)), ke

- 2n—1>
Z.
For Mc Cand X =C or X = L,,1 <p < oo, consider the following approximative characteristic
E(M)x = sup [ £() = Sp-1(f3)llx (8)
fen

The problems of finding of asymptotic behavior for quantity of the form (8) in important functional
classes 91 was investigated by S.M. Nikol’skii, V.P. Motornyi, A.I. Stepanets, A.S. Serdyuk, and others.
The following statement is true [3].

Theorem 2. Let 1<p<oo, n €N and S €R. Then for r > n+ 1 the following estimates hold:

1 2 1\ 7"

= T I el , 1 14 = ’

5 (Wg,p)c o <7T|| cost||,y + O( )( + n> ) (9)
1 (2% 1 1"

~ r = P 2 - -

En(Wsa)L, = o <7r1+; [| costll, +O(1) (n + (1 + n) )) , (10)

wherel/p + 1/p" = 1 and O(1) are quantities uniformly bounded in all analyzed parameters. The
estimates (9) and (10) are the asymptotic equalities, as r/n — 0o, n — 0.

Comparing formulas (6), (7), (9) and (10) we see that
En(Wg o ~ 2en(Wg ),

1—1
P

- 2
En(Wi1)r, ~ —1 | costllp en(W5 1)L,
P

as r/m — oo, n — o0.
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Let Ly, 1 < p < oo, be the space of 2r—periodic functions f summable to the power p on [0, 27),
1

2
in which the norm is given by the formula | f|, = ( S |f(t)|pdt> . and C be the space of continuous
0

2m—periodic functions f, in which the norm is specified by the equality || f||c = max FGIE

Denote by Cg’TLp, a >0 7r>0 B€ecR, 1<p< oo, the set of all 2rperiodic functions,
representable for all x € R as convolutions of the form (see, e.g., [1, p. 133])

™
ag 1

f(.’l?) = 5 + ; /Pa,r,ﬂ('r - t)gD(t)dt, ap € R7 2 L 17 2 € Lp7 (1)

=T

where P, , 3(t) are generalized Poisson kernels
P s t)—Ze ak COS kt—i—w), a,r>0, BeR.

If the functions f and ¢ are related by the equality (1), then function f in this equality is called
generalized Poisson integral of the function . The function ¢ in equality (1) is called as generalixed
derivative of the function f and is denoted by fz"

Let E,(f)r, be the best approximation of the function f € L, in the metric of space L, 1 < p < oo
by the trigonometric polynomials ¢, _; of degree n — 1, i.e.,

Ea(f)1, = inf 1 = tos .

Our aim is to obtain of asymptotically best possible Lebesque-type inequalities, for functions from
the class Cy" L, where norms || f(-) — Sp—1(f;-)||c are estimated via best approximations En(f3" )z,
for 0 <r <1land 1< p<oo. Here S,_1(f;-) is the partial Fourier sums of order n — 1 for a function
f. For r > 1 such inequalities were established in [1]-[3].

For arbitrary a > 0, 7 € (0,1) and 1 < p < co we denote by ng = no(«, r,p) the smallest integer n
such that

11 arp

N
< 1 -
arn”  nl-T (37r)3~pp, 1<p<oo.

We use Gauss hypergeometric function F'(a, b;c; d) of the form
k(b k Z
F(a,bje;2) =1+
( Z 9

where () is the Pochhammer symbol, defined by (x)k =xz(z+1)...(x+k-1).
We showed that the following theorems hold.
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Theorem 1. Let0<r <1, a>0,8 € R, 1 <p<oo, andn € N. Then for any function f € C’g’TLp
and n > no(a, r,p), fthe following inequality is true:

rol-r cost|,y 1/1 3—p 3
176 = Suatriolle < emorn's (g (1220 )
T

1+F(ar)5 2
@)\ 1 (1 1o
ar P p P a,T - I
ﬂ"’p((l Ty )nlf ! (ar) 5 n">>E"(f6 Jop Ty =t @)

where F(a,b;c;d) is Gauss hypergeometric function.
Moreover for any function f € C’g’TLp one can find a function F(x) = F(f;p;n;x), such that

En(Fg" )1, = En(fg" )1, and for n > no(a,r,p) the following equality is true

- costll,y ~1,1 3—9p 3
||F() —Snfl(F; .)”C:e*a” nr <||||pr/ (77 p o, )+
m

1 bl b)
1+?(CM7’)% 2 2 2
@)\ 1 (7 1 1o
ar) »p pb)? a,r
1 ) 7) Eo(f%) ., =4 — =1. 3
ﬂ"’p(( Ty nr +(ar)1+i nr ) nlfs ") p P )

In (2) and (3) the quantity Ynp = Ynp(o, 1, B) is such that |y, < (147)2.

Theorem 2. Let0<r <1, a>0, € R, ne€N. Then, for any f € C’g’rLl and n > no(a,r,1), the
following inequality holds:

|um—&%mﬁwcs6”%1%:l+%u&$yl-%1 ))Enlf5 )1 )

Tor nt  nl-r

Moreover for any function f € Cg" Ly one can find a function F(x) = F(f;n,x) in the set C3" L1,
such that E,(Fg™" )1, = En(f3" )1, and for n > no(a, 7, 1) the following equality holds

|F() = Sn-1(F5)le = fmﬂ#_r(% + ’Yn,l((ojn)2 % + n1177)>En(f§’T)L1~ (5)

Ta
In (4) and (5), the quantity Ynp = Ynp(e, 1, B) is such that |y,,| < (14)2.
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I present a way to generate all primitive elements PB(n) in B(n) = (A(n — 1)/A(n))* modules over A*
dual Steenrod algebra, where A(n) are annihilator modules over Steenrod algebra A. This work began in [7].
For useful notions see also [1, 2, 3, 4] and references summarized in [8, 5, 6, 7]. The filtration described in [6]
Theorem 1 property 2 and 3 yields PB(n) = |J, PB(n); and PB(n); = @, PB(n);j, where s is the number of
7 operations and ¢ is the biggest index of such operations. From Theorem 1 [7] property 5 and 1 it is known
dimPB(n)?*9 < 1 and the following diagram is exact

0 — PC(n)y_1 > PC(n)y 25 PC(n — 1),

For given « € PB(n — 1);—1 how to find a primitive o’ € PB(n); such that m(a’) = a? Properties 2 and 6

state for even n that PB(n)_1 = PB(n)y = ( ?/2>; and for odd n: PB(n)y = (5:%7@ and for s > 1 that
aTg is also a primitive. And we can generate new primitives taking products of primitives. Do all primitives
in PB(n);\PB(n)} also have form aty ? So ar € B(n) yields coproduct ¢*(ati) = ¢*(a)(& @ 10+ 1@ 1)

and hence ar is primitive if and only if « = o/79p € PB(n —1). If & € PB(n)_; then am = gfn is not
n—1 n—1

primitive. But for example product of not primitive a = &, 2 + 1€, 2 € B(n){ with primitive 79 is primitive.

The primitivity condition in B(n) leads to the following inductive definition of transformations R; generating

primitives, preserving primitivity.

Definition 1.

pk—17

k—1 )
pk—1-1 pt i1
Ry(a) =& 7T ma— Y & 71 &L Ri(a)
=1

for k > 1 and Ry(a) = atp , Ri1(a) = an
These maps have the following properties.
Theorem 2. (1) Yi,k € N, Va € B: Ri(at;) = —R;(a) 1k
(2) Vi,k € N, Va € B: R;j(a&r) = Ri(a)&
(3) Vi,j € N, Va € B: RZR](CV) = —R]'Ri(&)

(4) Ya € PB(n) N ImRo: Ri(a) € PB(n+ 1+ 22 1

Remark 3. From the definition 1: R;(«) = aR;(1). Therefore by induction R;, R;, - - - Ri, () = aR;, Ry, - - Ry, (1).
And for example Ry(1), R3(1) e.t.c. are primitives in B(n).

Therefore all primitives have form ary except PB(n);\PB(n){. Induction arguments based on Theorem 1
[7] lead to the general form of primitive elements.

Definition 4. o, i, i, = 7,7, ... 7, + 8 is a primitive in PB(n)fk associated with (i1,40,...%;), ix >

i—1 > ...>i; = 0if it has projection on J(n)*4°9 = B(n)*9 /(I N B(n)*49) equal a&lr;, 7, ... 75, | = 5%,
a€Z/p.

Corollary 5. There exists the primitive o, 4, ;, associated with (i1,i2,...05), i > ik—1 > ... > 191 =0 and
it is satisfied c, iy, i & = RiyRiy -+ Ry, (1) .

Remark 6. Corollary 5 also presents a way to calculate all associated primitives.

The following theorem is a result of construction of all primitive elements in B(n).
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Theorem 7. All PB(n)*%9 in PB(n) = UyPB(n);, where PB(n);, = &PB(n); are zero or one dimensional
spaces. PB(n)*%9 has dimension one if and only if there is a sequence (iy,dz,...1z), is > is_1 > ... > i3 =0
with conditions

(1) n— s is even,

(2) degree of PB(n)*%9 is deg = (p —1)(n — s) + >y dim(Tiy),

(3) "5 > 1, where [ is calculated below:

il g —1 phi—1
(4) 1= o g — i s

When 252 =1
PB(n)* Y = (e, is...i.)
When “52* > 1
PB(n)™* = (6,7~ Qi)
where oy, iy 0. = 1T, T, + B is the primitive in B(n);. associated with the sequence (i1,ia,...1t),
is >ig1 > ... > 11 = 0 with conditions 1,2,4 mentioned above and "5* = 1.

Knowledge of primitive elements on B(n) = (A(n — 1)/A(n))* make a feasible to find all indecomposable
elements of (A(n —1)/A(n) [8, sec 4] .
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We present a geometrization of the Hamiltonian approach of classical electrodynamics, via (non-canonical)
Poisson structures. This relativistic Hamiltonian framework (introduced by Morrison, Marsden, Weinstein) is
a field theory written in terms of differential forms, independently of the gauge potentials. This algebraic and
geometric description of the Vlasov kinetics is well suited for a perturbation theory, in a strong inhomogeneous
magnetic field (expansion in 1/|B|, with all the curvature terms...), like in magnetically confined plasmas, and
in any coordinates, for instance adapted to a Tokamak (toroidal coordinates, or else...).
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Note on congruent numbers
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A positive integer A is said to be a congruent number if A is the area of a right triangle with rational sides.
One may consider only A square-free.

In 1998, F. R. Nemenzo [3] listed all congruent numbers less than 40 000, and non-congruent numbers were
studied by F. Lemmermeyer [2] and W. Cheng and X. Guo [1] among others.

I will present short proof of the following
Theorem 1. Every positive integer A fulfilling the Diophantine equation
A2 — .2?2 + y4
is a congruent number.
REFERENCES
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HpO YHCJIO TOIIOJIOTiYHO HeeKBiBaJIEHTHUX I‘JIa,Z[KI/IX (bYHKHII/I 3
O,Z[HIGIO KPUTUYHOIO TOYKOIO TUILY CI,D;JIa Ha rZI;BOBI/IMI];)HOMy TOpl

Kany6oschkuii O.A.
(IBH3 «/oubacbkuii nepkapHuil negaroriunmii yaisepcurers, CioB’sHCbK, YKpaiHa)
E-mail: kadubovs@ukr.net

Hexait M, — 3aMKHeHa, [VIaIka Opi€eHTOBHa IOBepxHs poxry g > 0, a Ci (M) — kinac rmankux dyHKiit Ha M,
(3 TPHOMA KPUTUYHMME 3HAUEHHIAMH), sKi MAIOTh TOYHO Kk JIOKAJIbHUX MiHIMYyMiB (MakCUMyMiB), | JIOKAQJIbHUX
MakcuMyMiB (MiHIMyMiB) Ta OfHy (B 3araJbHOMY BUIAJKY 6UPOOXHCEHY) KPUTHYIHY TOUKY THITY Cijjia, HJIEeKC
ITyankape sakol cranoButb 1 —n =2 — 2g — k — [ (manp. [6], [7]).

Yepes Cp (M) mosHaunmo Kirac Maaxkux GyHKmii Ha My (3 TppoMa KPATHIHUME 3HAYCHHAME), dKi OKPIM
JIOKAJILHUX MIHIMyMiB Ta JIOKAJBHAX MAKCHMYMIB MAalOTh JIWIIE ONHY (B 3arajbHOMY BUIAJKY 6UPOOHCEHY)
KPUTUYHY TOYKY THUIy cimta, iHjaekc [lyankape sgkol craHoBuTh 1 —n = 2 — 29 — A\, 1e A > 2 — cyMapHe YucJio
JIOKAJIbHUX MiHIMyMiB Ta MaKCHMYMIiB.

Dyukuil f1 1 f2 3 kiacy Cp,(M,) HA3UBAIOTH TOLOJIOTIYHO €KBIBAJIEHTHIMH, AKIIO ICHYIOTH roMeoMOpdizmMu
h: My, — Myih': R* - R' (I 36epirae opienTaniio), taxi mo fo = h'o fi o h™'.

Skumio h 36epirae opienranio, To GyHKUii f1 Ta fo HA3MBAIOTH TONOJOrIYHO cupskenumu (Hanp. [6]) abo x
O-ronostorivno exBiBasenTHuME (Hanp. [7]).

B zarambHOMY BUNAJIKY, /IS JIOBLIBHAX HATypaabHux ¢,k,l (a6o x k, lin =29+ k+ 1 — 1, To6ro mns
dbyHKIiil 3 GIKCOBAHMM CHHIY/ISPHAM THUIIOM), 3aJa4a PO MiJAPAXyHOK YHCJA TOIOJOrIYHO HEeeKBiBATEHTHUX
dbyukuiit 3 kxacy Cy(M,) BUABMIIACH JOCHTD BazKKOIO Ta HEPO3B S33HOIO JI0 CHOTOAHI IPOBIEMOIO.

Cepe, HAUOIIBII CyTTEBUX IPOCYBaHb B ILOMY HAIPSIMI CJIiJ BiZ[3HAYNTH HACTYIIHI.

Bazady mpo minpaxyHOK YHCIIa TOLOJOridHO HeekBiBatenTHuX (yHkuiit 3 kmacy Ci1(My) (s nosimbHOTO
poxy ¢ > 1) mosHicTiO po3s’a3ano B pobori [7].

Ounepzxani B po6ori [2] Touni popMyIH 1ITKOM BUPINILYFOTH IIMTAHHS TIPO MiZAPAXyHOK YuCIa stk O-TONOIOrMHO
HEEKBIBAJIEHTHUX, TAK | IMCJIAa TOMOJIOTIIHO HeekBiBasmeHTHNX byHKIii 3 kmacy Cp,(My).

B pobori [8] mius nosinbHUX HaTypasbHEX k 1 | mOBHICTIO PO3B’sizaHi 3aga4i mpo migpaxyHoK uuciaa O-
TOIOJIONIMHO Ta TOMOJIONiYHO HeeKBiBaseHTHUX yHKIii 3 Kiacy C (Mo).

Sk 3’sacysasocs ([1] 3 mocunanusam na podory [4]), 3aaua npo nepepaxyBaHHs OQHOKJIITHHKOBHUX IBOKOJIBOPOBHX
Kapr 3 n pebpamu (ojiHe 3 sIKUX € moMivdernM ), k GimMu Ta | 9OpHUMEU BEPITMHAME TiCHO NOB’s3aHA 13 33189610
PO MiIPaxyHOK YHCJIa TOLOJIOTYHO HeeKBiBaseHTHUX byHKI{i 3 Kiacy Cy ;(My). Bizomocti npo kapru MoxKHA
3naiiTy, Hanpukiams, B orsl [4] Ta pobori [1].

Tak, HAIPHUKJIAJ], 3 ypaxyBaHHdM pe3ysbraTis poboru [1], mus goBlibHOrO pory g > 0 ta HarypajabHux k i
l, upu skux n = 2g + k + 1 — 1 € upocrum uncsioMm, B [10] HaBegeHo TowHi HopMynIn i MAPAXYHKY THCIIA
O-romnonorivno HeeksiBagenTHEX QyHKIiil 3 KiIacy Cy(Mg).

Ins nposuMipaoro Topy T2 = M, 3azadi npo migpaxyHok umciza O-TOMOJIOrMHO Ta TOMOJIOT MHO HeeKBiBaICHTHIX
dbysKuiit nosHicTio po3s’azani e Ha kiaacax Cq(1?) (Cy1(T?)) B pobori [9] Ta Co 1 (T?) (Ck2(T?)) B poboti
[11].

B zarampromy Bumaaky — a71s dikcoBaHUX HATYpaabHUX k i [ — 3a/1a1a Mpo miApaxyHOK YUC/Ia TOMOJIOTITHO
HEEKBIBAJIEHTHUX (DYHKIIIH 3 KJIacy Ck’l(Tz) TAKOK 3AJIUIIAETHCSA HEPO3B SI3aHOIO.

SIkmo x posraaryTn (6inbm emumit) kirac dynxmiit Cp,(T?), To, 3 ypaxysanusM pesymbrartis pobir [1], [5] i
[3], MoKHA BCTAHOBMTH CHIpABEIMBICTD HACTYITHOTO TBEP/ZKEHHS

Theorem 1 (ocrosHa). Yucao O-monosoziuno neexsisarenmuux dyrwyit 3 xaacy Cp(T?) modicra obnuciumu
3a opmy.noto

* 1 1 n— 2n n n
den >3, ulp) = pp, =Cy,,
a(2p+1) =0, a(2p) = HE=L- CF, = PEL - u(p);

c(2p+1)=0, c(2p)=p-C§ =p-u(p);
d2p+1)=0, d(2p)=p-C5, =p-up);
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b2p+1)=0, b(2p)=(2p—1)-Chl =(2p—1)-ulp—1).

n [3[45 6|7 8 9 10 11 12 13 14
t*(n) |14 |14 |76|330| 1522|6680 |29 256 | 125 970 | 539 292 | 2 288 132 | 9 659 416

TABLE 1.1. ITouaTkoBi 3HaueHHs 4mcia (J-TOMOJIOTIYHO HEeeKBiBaJEHTHUX (DYHKIHH 3
kacy Cy,(T?)

Ha aymky aBTopa, IITKOM JOCSKHUM € OfEpKAHHS TOYHUX (DOPMYJI JIJId MiAPAxXyHKY # THcJIa TOMOJIOTITHO

HeexBiBasenTHEX bymKMiit 3 Kmacy Cp(T?).

(1
2]

B3l
(4]

(5]
6
[7]

18]

9
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IITogo reoMeTpUYHOI XapaKTEPUCTUKM CIEIiaJIbHUX Mal>Ke
reoIe3NYHNX IIepPeTBOPEHDb IIPOCTOPiB adiHHOrO 3B 43Ky 3i CKpyTOM

Jlaguunenko JIaga ITaBaiBHa
(I3 «IIHITY imeni K. /. Yumacsroro», Omeca, YKpaina)
E-mail: kolyalada74@gmail.com

Posrusnatorsest mpocropu A™ kmacy CT (n > 2, r > 1) adinsoro 38’sa3Ky 3i ckpyrom. Kpusa L HazuBaeTbcs
Maiizke reoJIe3UIHOI0 JIiHiE npocTopy A”™, sIKIo icHye Takuil KOMILIAHAPHUH B310BXK L JIBOBUMIpHUIT PO3IIOIIII,
AKOMY y KOXKHIM TOUIl HAJIEXKUTH AOTUYHUI BeKTOp 1€l Kpusol, [1]. 3 Touku 30py Teopil KPUBUHU KPUBHX Y
npocTopax adiHHOTO 3B’sA3KY, Mail’Ke Te0/Ie3UdHi JIiHil XapaKTepU3yIOThCA K KPHUBi, IepIna KPUBUHA SIKUX €
JIOBIJIBHOIO, & JIpyra i BCI HACTYIHI KPUBUHHU TOTOXKHO JOPIBHIOIOT HYJIIO.

Heckinuenno mase nepeTBopeHHs

= ol peth(at 2?2
npocropy A" HAa3MBAETHCS MaiizKe Te0Ie3MIHAM IIEPETBOPEHHSIM, SKIIO Y HACJIIOK TAKOIO IIEPETBOPEHHS KOXKHA
reojie3ndHa JiiHist npoctopy A™ mnepexomurh y KpHUBY, siKa, HEXTYIOUU JIOJAHKAMU JIPYroro i GijbIn BHCOKUX
MOPSAIKIB MaJIOCTI BiIHOCHO TTapaMeTpy &€, € Maii’Ke TeoIe3nTHOI0 JIiHielo mpocTopy A™.

IcHyOTH TP THIM MaiizKe Te0e3UIHUX MEPEeTBOPEHb IIPOCTOpiB adinHoro 3B's3Ky 3i ckpyrom, [2]. Ilepe-
TBOpeHHs Apyroro tuiy Iy xapakTepuzyerbcs THUM, IO Y PE3Yy/IbTaTi TAKUX IMEPETBOPEHDb TeOJe3UYHI JIiHIl
IIePEXONIATh Y KPUBI, fKi, Y TOJOBHOMY, € MalizKe T'€0JIE3UTHIMH JIHISME CIIEIIaJIbHOTO BULY, TaK 3BaHuMU F-
KPUWBUMH, BU3HAUeHUME cnerjajabaumM addinopom F, [2].

Hocmimkeno nmeperBoperts tuily Iy, siki 3a0BOJIBHAIOTH YMOBY B3a€EMHOCTI, Y TOMY PO3YMiHHI, 1110 0OepHEeH]
JJ1s HUX II€PETBOPEHs TaKOXK € Maii2Ke I'e0JIe3MYHUMU IepeTBopeHHAME Tuity llo, mo Biamosimarors ToMy 2K
camomy addinopy. lnsa cneniampbuux meperBopenn Tumy Il 3uaiigeni audepeHIiaibHO-aaredpaiTHoro xapa-
KTepy obMmezkenus Ha addinop F, gKi BU3HAYAIOTH TaKi NEPETBOPEHHS, K IMEPETBOPEHHS, 110, y TOJOBHOMY,
36epirarorh Kjaac Bianosinaux F-kpusux. HaBemeni HeoOXiHI MIPUKJIIAIH.
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2KurreBuii Ta HaykoBuil nuigax Mapka I'puropoBuya Kpeitha

Osuapenko Osena BanepiiBua
(Harmjonanbauit Texuivamit ynisepcurer Yxrpaiaun «Kuiscbkuit nosmitexuivanmii incturyt im. Iropst
CikopchKOroy )
FE-mail: 1ena_rum@ukr.net

Hapomuses M.T'. Kpeita 3 ksiTas 1907 poky B Kuegi B 6araromiThiii (MaB Tppox GpaTiB Ta JBOX CeCTep) pe-
MicHU4IN pojmHi. 3allikaBJIeHHs MATEMATUKOK IIPOsIBUJIOCH 3 PaHHIX POKiB. B TpuHasmgTupiuHoMy Bili odyas
CJTyXaTHU JIEKITI OTHOTO 3 MOJIOAWX TOJi BUXOBAHINB 3HaMeHUTOI KHiBCHKOT anrebpaldHol Ko — mpodecopa
Bopuca Muxkomnaiiopuua demone (3romom wiena-gopecrnongenta akaaemil nHayk CPCP). 3 14 pokis moumnae
6patu yaacTh y pobori KuiBebkoro asrebpaitumoro cemimapy mpodecopa Imurpa Onexcanaposuda ['pase. B
ciMmHaIIATHPiYHOMY Bimi nepeizauts 10 Omecu. 3a omHi€lo 3 Bepciit IpruuHOIO nepeiny Oyio OaykKaHHS MOYaTH
caMocTiiine gopociie KuTTd i BTyl A0 OeChbKoro MUPKOBOro yumaniia. AJie TyT deKaJa BiIMOBa 1 IOHAK I10-
JaB 3aMUCTIOBATUACA HaJ Kap €poio Mopsika. BibIn fiMoBipHOIO mpranHoo mnepeizay a0 Omecu Gyimo Te, mo 3a
JaBa poku J10 1poro y 1922 poni go Omecu mepeixap mpaioBaTi BUXoBaHelb KHUIBCHKOI ajiredpaldHol Ko —
Muxkoga ['puroposut Yeborappos. Ilicns sucrymy M.I'. Kpeitrna na ceminapi M.I'. HeboraproBa 3 mH0OmOBI IO
IIPO CBOI HAYKOBi pe3ysbTaTu OyJI0 MPUHHATO PIllIeHHd BiJpaldy 3apaxyBaTH IOHOTO JOCJITHIKA JIO acipaHTypH,
6e3 mumtomy mpo Buity ocBity. HaykoBum kepiBaukom Kpeitaa cras mpodecop M.I'. Yeborapros. 3 11b0oro gacy
PO3IOYMHAETHCA CTPIMKa HAyKOBa Kap’e€pa MOJIOJOI0 MaTeMAaTHKAa: IICJId 3aKiHYeHHs acHipaHTypH, B 22 POKH,
BiH cTae morerToM, a B 26 pokiB — nmpodecopom. B 32-piunomy Bimi ftoro o6upaoTh WIEHOM — KOPECIOHIEHTOM
Axanemil nayk Ykpainu. [IpammoBas B HaBIaJIbHUX Ta HAYKOBO-JOCTiTHUX 3akaagax Omecu, Xapkosa, Kuesa.
Ha mogarky 50-x pokiB MUHYJIOrO CTOJITTsI, HiCJsi Tak 3BaHOl cupasu Jikapie, B Pagsacbkomy Corosi posmo-
Jajiacsd aHTuceMiTchbKa Kommanig. Ile me moro we Bimbmrues Ha mosi Mapka ['puroposuaa. B 1954 pori Bim
3aiiHsB mocay 3aBijgyBaua Kadeapu Teoperndnol MexaHiku B OIeCbKOMY iH2KE€HepHO-OyIiBeJIbHOMY IHCTHTYTI,
0 OYEeBMJIHUM YWMHOM He Bimnorimaso Suaummocti M.I'. Kpeitna sk maremaruka. [IparfoBas BiH Ha I 1mo-
cami axx 20 pokiB. B 1974 poni kepiBuunTso Bupimmuio Bigupasutu M.I'. Kpeitna Ha menciio, ajge BTpyTHIacs
MaTeMaTUIHa rpoMajchKicTh Kpainu i BiH OyB 3apaxoBaHuit Ha MOCaIy MPOBIIHOTO HAYKOBOTO CIIiBPOOITHHKA
Ilisgernoro Bigaitenus AH Ykpaiuu. Ha 1iit mocasi mparmosas 10 camol cmepti 17 koBTHs 1989 poky. Haykosa
cnaammua M.I'. Kpeitna Besuka ta 3uadnma. Bin € aBropom 6/1m3pK0 300 HAyKOBUX Mpallb, B TOMY YUCJI 8 MO-
morpadiit, aKi mepeKIATANNC I BUIABAINCS B HANOLIBIT MTPECTIKHIX BUAABHUIITBAX CBiTy. CIEKTp HAyKOBUX
inTepeciB Kpeitaa jy»xe mupoxuii: ajiredpa, QpyHKIIOHAJIBHUN aHAJI3, Teopist QpyHKIIiH, Teopisd iHTerpajbHUX
Ta audepeHIliajJbHIX PiBHAHB, MaTeMaTu4dHa (isnKa, aHaJiTudHa MexaHika. OcobmBO BiJOMUiT CBOIM BKJIAOM
Yy PO3BUTOK MeTO/IiB (DYyHKITIOHAJIHLHOTO aHaJsi3y, Teopil ormepaTopiB B (PYHKIIOHAJIBHUX IIPOCTOPAX, MOB’A3aHUX
3 KOHKpeTHHMH mpobseMamu MaTemMarndnol ¢isuku. Hanesue, He Oyme mepebiabIeHHIM CKa3aTH, 10 3HATHA
YaCTUHA CydacHOI MaTeMaTUKN MAa€ CBOI KOpeHi B Jociimkenasx KpeitHa.
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(Ozecbka HaliOHAJIbHA aKa/eMis XapIOBUX TE€XHOJIOTIH)
FE-mail: vasha_nina@ukr.net

Bigomo [1], mio 6yap-sikuii HeHyIb0BuUil po3B’a30K T HacTynHOI cucreMu nudepeHIiaabHUX PIBHAHD

i 5 Bia
ury N, (K (e aiTy)
2H? — K 2(2H? — K)

+ 081 =0 (1)
iyes
BU3HAYATHME HETPUBIATBHY apeasbHy HeCKiHueHHO Mauty (H.M.) gedopmariio (A-medbopmartio) 0qHO3B sA3HOI
peryaapuoi nosepxai S kaacy C* HeHyTbOBOI raycoBoi KpuBMHY 6€3 OMOLTITHIX TOYOK, roMeoMOpdHOT obacTi
G miomunn y Es- mpocropi, 31 cTamionapHuMy JTiHISME TEOIE3UTHOrO CKPYTY (LGT-ninisivn).

Byznemo myxaru poss’asox (1) y Bunaaky, kouau S-minimanbia nosepxus (2H = 0).

CupaseyiuBa

Teopema 1. Kootcha minimasvHa noseprhsa donyckae Hempusiasvny A-degopmanito 3i sbepescennam LGT-
AT 68 docmamivo manit obaacmi G. Tensopu dedopmanii’ maroms npedcmasienms

1 . ) )
Taﬂ = 5 (dazjjf + dﬁlT"?) ) Ta = _gazuh
de ynwuia u(xl,z?) € C? e poss’askom dudepenyianvoeo pieHANmA
u11 + U2 + pus + quz +eu =0
1 o)

. . . . cee 2 ) . . cen
i sanesicumy 610 dosinvroi dynruii v(zt, x?) € C3 u, = BBT“Q, Uaf = Fragers Dy G, € € CY(Q) - eidomi pymruii
mouky S.

Hexait - wactuna nosepx#i S, ska romeomopdna obacti D C G. Iloznaunmo rpamuitio () 1epe3 L, a 11 obpa3
Ha 1momuHi - yepe3 . BpaxoBytoun 3uaiieHuit reoMmerpuydnmii 3mict pyHKIIT u(acl7 ac2), OTPUMAHO HACTYIHUN
pesyJibTar:

Teopema 2. Bydv-aKa MiHIMAALHAG NOGEPTHA NPU KONHCHIT 18 HACTRYNHUT 2PAHUNHUT YMOB
1)c*Prg (6n) , = 2Kw(zt, 2?), (a',2?) €T

z)éaﬁpaﬁ = —Kw(zl,x2)7 ($1:$2) el
de w(zt,2%) # 0 - naneped zadana Pynxyia vaacy CH(T), donyckae eduny mempusianvny A-dedopmaito 3i
sbepeorcennam LG T-ainid.

Cnig Bimsnaunn, mo y sunajgxy w(z!,22) = 0 ma I' nosepxua @ Gyje KOPCTKOIO BiHOCHO BKazaHUX A-
nedopmarrii.
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E-mail: v.prokip@gmail.com

Hexait Fxpn 18 Frxpn[z] — xizbus (n X n)-marpuns #an noaem F ra xigbiem muorowenis Fx] siamosinHo.
IMosuauumo: I, — opuauuna (n X n)-marpuig i O — HyaboBa (N X N )-MATPUIL.

ar (z) 0 e e 0
" . . . _aa(z)  ax(x) 0 e 0
s neocobuBol HUZKHBOT TpUKyTHOI MaTpuni A(z) = , e a;(z) €
an1 ()  an2(x) ang(z) ... an(x)

Flz] — yuiransni muorowrenu i dega;;(z) < dega;(z) mns Beix ¢ > j, BKazKeMO yMOBH i1 306pazKeHHs y BUIVIAA]
nobytky A(z) = B(z)C(z), ne B(x) = I,a" +Y.,_, Biz"™" € F, ,[z] — yniransna mMuOrowienna MaTpus
crenens r > 1 i3 Busnaunukom det B(z) = b(x).
dxmo marpuug B(z) = I,a" + >, B;z"~" € F, ,[z] € niBum ainprukoM TpukyTHOT Marpuni A(z), To 3
pisrocti A(z) = B(x)C(z) orpumyemo A(x) = D(2)G(x), ne D(z) = [dij(x)] — anexas TpukyTHa MaTpuis
3 HaCTyHHI/IMI/I sraactuBocTamu: d;;(z) € Flz] — yuiransui muorowrenu, degd;;(x) < degd,;(z) mas Beix i > j,
deg Hz 1 dii(x) < kr, [T, dis(x) = det B(z) = b(z). Orxe, a;(z) = d;i(x)gii(x) s Beix 1 < 4 < n. Huxue
BKaKEMO aJITOPUTM Ho6y,q0131/1 yHiTaspHOro ninbHuKa B(x) i3 Heocobmusol TpukyrtHoi Marpuni A(x) € Fy, ,[x].
1). Hexaii BusHaYHUK HeocoOMBOI HIZKHBOI TpUKyTHOI Marpuii A(z) € F,, ,[z] 306paxennii y Burusni mo-
oyrxy [[i; a;(z) = b(z)c(x), ne b(z) € Fla] — ynitanpuuiit Maorownen crenens nr, r < deg A(z).
2). HiaronasubHi esementu a;(x) marpuni A(z) 3anumemo y BADI] ai(a:) = dglznl (a;)gl(ly)nz (z), ne dglzn (z) €
Flx] — yuitanpai MHOrowienu abo esementu moasd F g seix m; = 1,2,...5 1 = 1,2,... . 3a eqemenTamu

d( ) m, (T) TOOYIy€MO MHOMXKUHY JHArOHATBHUX (7 X 1)-MATPHIIL HACTYTTHUM THHOM:

D, =

{D(l)(x) = diz’:xg;(cl(li)m1 (z), g)mz, (z),... ,dgf)mn (), e degH d(l) ) < kri H dil,)nl )} .

3). Tt xkosuoi marpuri DY (z) € Dy, s A(x) Gymyemo dakropusarii A(x) = Tb(l)(m)G(x), e Ty(x) =

dg))ml() (l)o 0
tma1 (%) dajm,(2) 0 0 — TPUKYTHA MATPUIS TAKa, 10 degt (@) < deg d(l) L (z) msa eix
MA@ Do) @
7 <.
Ouesnro, o s gesknx marpuns DU (z) dakropusarniit marpumi A(z) = l)(a:)G (z) moxe i e icHyBa-

tu. Ilomryk enementiB t() j () Basyerbea na snaxokenni poss’askis {u;;(z), vij(z)} piBuannsa b;(z)u;(z) +

¢j(@)vij(x) = @;5(x) Takux, mo degv;;(z) < b;j(x). Axmio K ni po3sB’d3Ku iCHYyIOTb, TO OCTAHH:A HEPIBHICTD ra-
0
t

PaHTY€ 1XHIO G,HI/IHICTI). BayBa)KI/IMO, jaste] KOG(i)lIllSHTaMI/I MHOI'O4YJIE€H1B mi,j

F. MHO)KI/IHy TaKUX TPUKYTHUX MaTPUIIH IIO3HAYUMO YI€pe3

.(x) MOXKyTB 6yTH ITapaMeTpH i3 moss

t(l)( ) =0, AKIIO Jj>
o100 [ e |l =, o ke

7,Mp

degtmi (@) < deg a! (z) mug BCix  j < m;.

i,m;

3po3yMiJIo, SKINO OJIHA 3 HABEJIEHUX BUINE YMOB HE BHUKOHYEThCs, TO st A(r) He icHye JiBuX yHiTAIBHUX
JMnbHEKIB 13 BusHaunukoMm det B(x) = b(x). BpaxoByroun teopemy 2 i3 [1| Ta HaBejeHi Buile MipKyBaHHHS
OTPUMYEMO.
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Teopema 1. Jlas mpurkymnoi neocobausoi mampuui A(z) icnye gaxmopusayia A(x) = B(z)C(x), de B(z) €
F, nlz] — ynimasvna mrozousernna mampuys cmenens v > 1 i3 susnaunurom det B(x) = b(x), modi i miavku
modi, xoau 6 muoocuni Try, icnye mampuuya T(x) = S i_ Tix*~", dan axoi

T, O - O ] To O ... ... O
T1 Tg Tl TO : :
T, T .0 T, T . 0 O
rank | . . =rank | . . .
: : TO : : TO
. . 0
L Ts Ts—l Ts—r J L Ts Ts—l Ts—r In J
22 4z 0

Hpuknan 2. g marpuni A(z) = ) € Q22]x] Braxkemo ninbuuku lrx + By i3 Bu3HA-

2+1 z@@®+a+1
grukamu 2 + z, 2 i 2 + z + 1 Bignosimmo ta mineaukn 1,22 + Biz + By i3 BU3HAUHEKAME 122(:1:2 +z+1)i
(2% + 2)(2? + x + 1) BinmosigHO. PesymbraTn o6uncIeHb HABEIEHO Y TAGMTI.

2

b(x) 2%+ 22tz x? 2 +a+1
diag(dy (), d2()) | diag(z? + z,1) diag(z + 1, ) | diag(z, z) diag(1,22 + 2 + 1)
??>+x 0 z 0 1 0
Tro me—ﬁ—b p|jabe@ - 1 =z r ?+z+1
- - z 0 z+1 1
La+ Bo {1 z} { -1 A
b(z) 22(2?2 + 2+ 1) (22 4+ 2) (22 +2+1) (22 +2) (2 +2+1)
diag(d (), dy(x)) | diag(z, 2% + 22 + ) diag(x? + x, 22 +x +1) | diag(z+1, 23+ 22 +2)
Tr [ T 0 (22 + 0 ] i
b 222+ +1 2+ 2242 241 22+ax+1
- - -
9 x° 4+ 0,5z 0, 5x T+ 0 i
La”+ Bz + By 0,5(1 —x) z*+0,5(z+1) -z 2*+ax+1

JIITEPATYPA
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IIpo reoae3nydni Bimobpa>keHHsI MMOCTOPiIiB JOTUYHUX PO3IIapyBaHb
31 cremiaJgbHOIO METPUKOIO

CuniokoBa Osiena MukosaiBaa
(3 «ITHITY imeni K., Ymuucsroroy, Omeca, Ykpaina)
E-mail: olachepok@ukr.net

Hocmimkenns y mMexkax iHBapianTHOI Teopii HaOJMKEHb reoMeTpuiHUX 00’€KTiB pimanoBa mpoctopy V7,
n € N, 103BOJIAIOTH NOOYLyBaTH Ha JOoTUIHOMY posmapysarui T (V™) pisui meTpukn Ta pisai 06’ektn adinHOTO
3B’s13Ky [1]. KoxkHa 3 Takux meTpuk nopomkye Ha T'(V"™) neBHy reomMeTpiro, cX0xKy Ha (DiHCIEPOBY, ajle BiAMIHHY
Bz mel [2].

Y pobori posrustayTo npoctip 7'(V"™) 3 MeTpukoro

ds? = 3ga5($)dxadxﬁ — Gap(z; y)dz®DyP, (1)

Jie gos (%) — KOMIIOHEHTH METPHYHOIO TEH30py 6a30BOro pimanosa mpocropy V",

1

Jap(T;Y) = gap(z) + 3Rm;aj(x)yiyj ;

Dy = dy® + T, (z; )y’ dz”;

~ 1
5 (23y) = TG, (2) = 3 R{gy)o (2)y”,

neI'g (z), RE, (), Riapj(x) — Bianosiamo, komnonenty adinnoro 3s’a3Ky, Tenzopa Pivana i Tensopa Kpusunu

6azoBoro pimanoBa npocropy V.

Kowmrnonenru g;; («; y) Merpudsoro Tensopy Merpuku (1) minpaxosani y siromy Buriigl. Crupaioduch Ha HUX,
3a popMyIaMu, AaHAJOTTIHIMHE JI0 CTAHIAPTHUX (OPMYJT PIMAHOBOT TeoMeTpil, mobymoBani cumBosm Kpucrodes
JAPYTOro pojy, OTPUMAaHi PIBHSHHS, 110 BU3HAYAIOTh KPUBI, IKI HA3UBAIOTHCS I'€OAE3MIHUMU JIIHIAMU IIPOCTOPY
(V™).

Haii npuposHIM YMHOM BBEIEHO HOHSITTS TEOIE3UIHOro BinmobpazkerHsi mpocropy 1'(V'™), y nokambHOMY
acCIeKkTi MpoaHaI30BaHO MpobeMy iCHYBaHHS TaKUX BiMoOarKeHDb, 3HAWIEHO KpUTepiil iCHyBaHHS TAKWX BiJl-
oOpakeHb y BUIAJKY, Koau 6azosuil npoctip V™ e npocropom Eitnmrreiina.

JIITEPATYPA
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IToToukoBa omiHKa BigxmuiyieHHs moJiiHoMa KpsikiHa Bif
HellepepBHOI Ha BiApi3Ky yHKIIIT

M. B.IIlerJoB
(Kuisebkuii Harjonanbauit yuisepcurer imeni Tapaca Illesuenka, Bys. Bomogumupceska 64/13, 01601)
E-mail: santa-krusQukr.net

Hexaii C' - mpocrip Henepepsuux dyHKIi# Ha Bigpisky [ := [0, 1] 31 cTaRgapTHOIO HOPMOIO
1]} == max | f ()]

Hexait k£ € N, Busnaanmo
k

Ajf(@) =) () f(a + ih)
§=0
k—wuit Mmoxynb menepepprocTi dyHKIG f B Touni 1/k BU3HAYAETHCS HACTYIIHUM YHHOM:
we(f.1/k) == sup  [Ajf()]
z,x+khel

Posriisinemo MHOrO4IeHH, siKi iHTerpajbHO HAbIMXKaTh GyHKIio f Ha I, TOOTO

ik
[ 00 - Q=0 i =01k
0

ne degQr-1(f,t) < (k—1)
3 [1] Bizomo, mio
If = Qr—1ll < W(k)wi(f,1/k)

nme W(k) =2 npum k < 820001 W(k) =2+ exp(—2) npu k > 82000.

Onaak Taka omiHka “nocaraeTbesa JImIIe Ha KiHugx Biapiska I (axumo togno, To Ha Bigpizkax [0;1/k] 1 [(k —
1)/k, 1]. Tomy mocTae 3amuTanHs, 91 MOXKHA IF0 OIHKY MOKPAIUTA BCEPEMHI Bipi3ka, TOOGTO OTpUMATH, 10
st © € [1/k; (B — 1)/k] BukoHyeThCst HEpiBHICTD

|f(2) = Qr—1(2)| < p(2)wi(f, 1/k),
ze p(x) - dyHKuig, gKa 3a1eKUTh Big © (MOXKJIIMBO, € KOHCTAHTOIO), aJle 3HAYCHHS JKOI MEHIII 38 2, OIiHKH, IKa
BXKe € BiZOMOIO.
OCHOBHUM pPE3y/ILTATOM € HACTYITHA T€OpeMa:

Teopewma 1.
dmlink

i

lg(z)| <
dexem/k,(m+1)/kl,m<k/2,ag:=f—-Q.

Oujnka Ha Binpisky cumerpuana (Q(f(1—x),t) = Q(f,1—1)), Tomy g Tux x, y akux m > k/2, orpumMmaemo
anasoriuay dhopMysIy, MOMIHIBIIN B Hilt M Ha k — m.

Heit Bupas yzxe mpu m > 1 Oyme MajuM 3a paxyHOK Toro, mo C}' > k mpu m > 1 i € HabaraTo MEHIINM 38 2
(Bimomy piBHOMIpHY OIiHKY ). KpiM Toro, unm 6isbiie 1m, TUM I OLiHKa KPallla 38 [OIEePETHI0 OTPUMAHY OIHKY .

Otxke, TakuM uuHOM Ha Binpisky [1/k; (k — 1)/k| nokpameno pasinie orpuMaHy OLIHKY [IJIsi MHOIOYJIEHA

inTerpasbHOro Habmmzkenns. Orpumana B poGoTi ojiHkKa pubM3HO Jopisrioe O( 2™ ) Ha inpisky [m/k, (m+
k

1)/k]. e me pa3 migkpecsroe, Mo MHOTOYIEH IHTErPaJbHOTO HAGIMKEHHS "HAUTIpme moBoauTh cebe GIN3bKO
JI0 KiHIIB Bizpiska, a Bcepeanni Habmzkye oro nabararo kpaie. OCKIJIBKE 1€ He € JOCUTH TPUPOIHUM, TO A€
MICTABU M5 TIOJAJIBIIIOTO JOCTII2KEHHST HeITePEePBHOI Ha Bipi3ky (yHKIIT Ta MOJIHOMIB, gKi iX HAOINKAIOTH.

Kpim Toro, 3a ymoBn, 1mo MakcuMmyM i Minimym Ha Bigpiskax [0,1/k] i [(k — 1)/k, 1], To 3a paxyHOK 3MiHu
MmoJiiHOMa Ha cTajy abo JiHiiHY (DYHKI0, MOXKHA IMOKPAIUTHA OIHKY HAWKPAIIOro HAOJUXKEHHsS Ha BCbOMY
Binpisky. lle mokparmenus Oyme Tum Oiibie, yuM Oibmia OyJie pisHuid abCOTIOTHUX BEJIUYUH MAKCUMyMa, i
MiHIMyMa Ha KIHIFIX Bigpi3ka.
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IIpo P-medopmailiil moBepxoHb obepTaHHS

®demuenko FO.C.
(Onechka HAIIOHATBHA aKaIeMisl XapIOBUX TE€XHOJIOTIH)
E-mail: fedchenko_julia@ukr.net

Pasimte y po6orax [1], [2] Busuanucsa seckinueno maui reogesuani nedopmarii (P-medopmariii) nosepxons B
eBKJIiToBoMy mipocropi E3. Jlig Takux aedopMaiiii 3Haii1eHO HOBY (POPMY OCHOBHEX PiBHSHD, AKY IIPECTABICHO
o] — [o}
aepes TerzopHi moss T, T Ta dbyHKIio ¢ moximHol BekTopa 3Mimenns U; = Cjq (T“ﬂ — %wco‘ﬁ + 1P ) g+
Cio 1T, Buniucano o3uaku adinaux medopmariit. ¥ pe3yabTaTi JOCTiMKEeHHS OCHOBHUX PIBHSHB OTPUMAHO Ha-
CTYIHI pe3yJabTaTu.

Teopema 1. Jas mozo, wob neckinuernno mara dedopmayis noseprni S (henyavosoi nosnoi xpusunu K #
0 ) xaacy C3 6yaa 2eodesuunoto, meobTiono i docmammunbo, wob Mo NOGEPTHI iCHYSa PYnKuii b, ¢, AKi
3000804DHAIOMD HACTMYNHT DIGHANNA:

K; 1
3K? (BVrtm + Agmn) — 3K BVhitm + Aigmn) = YrGim — ViGhm + OmGhis
af
YT Kb, — 2K 5 H) + Va(pad™) + 2Hp = 0,

de A= —%Vﬁ¢a9a57 )‘1 = az>\7 vhi = Vivh-

o
Todi mensopii noas TP, T, wo npedcmasasoms NOTiOHY 6EKMOPE 3MIULEHIA, MAIOML GULAL)

o 1 (oK 1 1
af af = hB ka _ = ha kB
T I ( 5 9 4Vhl//1cg c 4Vh¢k9 c )7 (1)
1 -
T = (~nc"di + ppd™) . 2)

Tym K; = 0;K, H - cepednn wpusuna noseprhi, dJ = 1c"*cPbyog, di®bjo = 8.

Teopema 2. [loseprni obepmannaT = (ucosv, usinv, f(u))(K # const) donyckaromo nempusiarvri P-depopmanii
npu ¢ = 0. IIpu yvomy

o o o Cu

T 22— 12

N

2
T =0,T% = —%}f,w = c% + Cy, C, Cy — const.

Teopema 3. /Jaa moeo, wob noseprns S xaacy C° cmanoi noenoi xpueuny (K = const # 0) donyckanra
P-depopmasirto, neobxiono i docmamnvo, wob ichysasu Gynkyii ¥, @, wo 3a0060A5HANOMY DIBHAHNA

Vhihm = =K (2Vigmn + Yngim + Omgni),
Vs(9ad™®) +2Hp = 0.
Todi mensopri noas 70“0‘5 , T° noxionoi sexmopa smiwennsa U; maromo cuennd (1), (2).

Cepen oBepxoub K = const # 0 Bubpano cdepy Ta posrisinyTo Bunagok ¢ = 0.
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QA-nedopmariig 3i crarioHapHIM OPTOM HOPMAJIi €JIIITUYIHOTO
napaodoJioiga

FOaia Xomuua
(Opecvkuit HamionasbHuil yaiBepcuTer iMeni 1. I. Meunukosa)
E-mail: khomych.yuliia@gmail.com

Hexait BekTOpHO-TTapaMeTpUYiHe PiBHAHHS €TIITUIHOTO MapabosIoiia 3a/IaH0 § BUTJIS
2
_ . u
7(u,v) = {ucosv,usinv, ?}

B po6oti mocmimkyerbes #ioro kBasiapeanbaa HeckiHueHHO Masa medopmaris (abo koporko QA-nedopmartis)
BUIJISIY

7™ (u,v,t) = 7(u,v) + tU(u,v),
ae U(u,v) — mose smimenns, t — 0, Ipw AKiif 3aJHMAETHCA CTAIIOHAPHAM OPT HOPMaJIi MOBEpXHi.

Samada npo QA-medopmariito 3i crarioHapHIM OPTOM HOPMAJI IIOBEPXHI Bij'€éMHOI rayccoBol kpusuHa K pos-
risHyTa B crarti [1]. B mamiit po6oti mocsimKyeThest Taka medopmariisi MOBEPXHI JIOJATHOI rayCCOBOT KPUBHUHH,
3a3HAYMMO, IO HOBEPXHS EJINTUYHOIO MapadosIoiia 3a/I0BOJIbHSIE il YMOBI.

IIpencraBumo mosie 3mirnenns Yepe3 Horo KOMIOHEHTH

U(u,v) = U, + U°R.

PosriisiiyBana 3a1ava 3Besiach J10 BiJilIyKyBaHHsI PO3B’sI3KiB HEOTHOPITHOTO MU EpPEHIalbHOrO PIBHAHHS 3
JACTUHHUMU MOXITHUMHA JIPYTOTO MOPSAIKY BiTHOCHO HeBimomol dyukmil U° :

o e} KOé e o o
US pd™" = S2d*US + 2HU® = 2, K #0.

Ile piBHSHHS y3arajbHIOE BiZloMe OTHOPIiIHE XapaKTePUCTUIHE PIBHsIHHS BelHrapTeHa il HeCKIHYEHHO MAaJIUX
sruHaHb [2]. 3aKOH 3MIHIOBAHHSI €JIEMEHTA IO TIOBEPXHI IpU 11 HECKIHYEHHO MaJIiii JedopMariil BUParKaeThCst
gepe3 byrkuio p [1].

Mae micrie Teopema.

Teopema 1. [loseprha eainmuunozo napabosroida donyckae QA-dedpopmanito 3i cmayionapHum OPMOM HOPMANT,
nPU AKIL KOOPOUHAMU NOAA 3MIWEHHA MAIOTND BULAAD

Tu,v) {c((1+u2)sinv—u2vcosv) —c((1 4 u?) cosv + uvsinv) cv !
u,v) = 9 ) )
uv1+ u? uyv1+ u? V14 u?
. _ cv(24u?)
de cmana ¢ # 0. Hpu ywomy dynryis = W/
JIITEPATYPA
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KoundopmHbIEe 1 reoe3andecKne oToOOpa>keHnud Ha
Puyyu-cumMeTpudeckue MpoCcTpaHCTBa

B. E. Bepe3osckuii
(YMmaHCKnil HAIIMOHAJBHBIN YHUBEPCUTET CI0BOJCTBA, yi.HCTHTYTCKas, 1. 1, r.¥YManb, Yepkacckas o6,
20305, Ykpanna)
E-mail: berez.volodOgmail.com

. Muxkem
(Yuamsepcurer [Mananxoro 8 Onomoyne, yi. 17 Jlucronana, a. 12, r. Onomoym, 77147, Yermckast pecrybnka)
E-mail: josef .mikes@upol.cz

E. B. Hepesko
(Opecckmii HAMOHATBHBINA KOHOMUYIECKHi yHUBepcuTer, yi.llpeobpakenckasi, 8, m.Omecca, 65082, Ykpaunna)
E-mail: cherevko®@usa.com

Koudopmubre orobpakeHnst PUMaHOBBIX ITPOCTPAHCTB PACCMATPUBAJIACH BO MHOIMX paborax. ITu oTobpa-
JKEHUSI UMEIOT CYIIEeCTBEHHOE MPUJIOKEHNE B OOIIENl TEOPUN OTHOCUTETHHOCTH.

Bonpoc o Tom, momyckaeT uiu He JOMIyCKAaeT PIMAHOBO IPOCTPAHCTBO KOH(MOPMHOE 0TOOParKeHIe HA HEKOTO-
poe pocTpaHcTBO DitHiTeitna 6611 cBeen I'. Bpunkmanowm [1] k mpobiieme CyIecTBOBaHUS PEIEHUs] HEKOTOPOii
HeJIMHEHHON crcTeMbl T depeHITNATbHBIX ypaBHeHnii Tuma Kol OTHOCUTETbHO HeM3BECTHBIX (DYHKIHMA. DTa,
3a/1a9a eTajabHo u3soxkena B Mmonorpaduu A. 3. Ilerposa [2].

B paborax [3, 4] OCHOBHBIE yDAaBHEHUSI YKA3AHHBIX OTOOPA’KEHMI CBEJIEHBbI K JIMHENHHOH cucreme muddepen-
[UAJBHBIX YPABHEHUN B KOBADUAHTHBIX [TPOU3BOJHBIX.

Teopusi reoe3nvyecKkux 0TobpazkeHuit ueiHo Bocxoaut K padore T. Jlesu-Husura [5], B KOTOpOil OH TIOCTA~
BIJI U PEINJI B CHEIUAIBHON CUCTeMe KOODAMHAT 33/1a9y O HAX0XK/IEHUH COOCTBEHHO PUMAHOBBIX IIPOCTPAHCTB C
obmmmMu reosesndeckumu. [IpumedaresibHO, 9TO OHA OblLjIa CBA3aHA C U3YUYEHUEM yPaBHEHUN JTUHAMUKYA MEXaHU-
YeCKUX CUCTEM. 3aTEM TeOPHs TeOIe3MIECKIX 0TOOpazkeHnil paspuBaiach B paborax Tomaca, Beitna, [llupokosa,
Cononosuukopa, CunrokoBa, Mukeria u Apyrux.

CaMbIMI M3BECTHBIMHU YPABHEHUSIMHU TEOIE3NIECKUX OTOOPAXKEHNUT SIBAAIOTCH ypaBHenus Jlepu-Uusura. 3a-
tem I'. Beilb mosty4yw 9Tu ypaBHeHUs U JJIs T€0I€3UIeCKUX 0TobpakeHnit apPUHHOCBI3HBIX IIPOCTPAHCTE.

H. C. Cunrokos [6] q0Ka3a/, 9T0 OCHOBHBIE YPABHEHUS I'e0JI€3MIECKUX OTOOpayKeHui (IICEeBI0 )-PUMAHOBBIX
[IPOCTPAHCTB SKBUBAJIEHTHBI HEKOTOPOI JIMHENHHOM cucreMe ypasHeHnil Turna Kol B KOBADUAHTHBIX IIPOU3BO/I-
HBIX.

B pa6ote [7] atu pesysbrarbl 0600IIeHbl Ha CIyYail Teoje3ndeckux oToOparkeHHil skBuadUHHBIX IPO-
CTPAHCTB Ha (IICEBJIO)-PUMAHOBBI IIPOCTPAHCTBA.

AdduHHOCBSI3HOE UM PUMAHOBO IIPOCTPAHCTBO HA3BIBAIOT PUYYU-CUMMETPUYIECKUM, €CJIM TeH30p Pudun B
HeMm abcomoTHO mapasutenen. Takum o6pazom, Puaan-cummerprdeckue mpoctpanctsa A, (V,) XapakTepusyior-
Csl yCJTIOBUEM

Rijix =0,
e cumsoan | oboznadaeT kopapuanTHyio npoussoauyo B A, (V,,), R;; — Tenzop Puaun npocrpancrsa A, (V).

B pabore [8] paccmorpensr KoHMOPMHBIE OTOOPAKEHNST PUMAHOBBIX TPOCTPAHCTE V;, Ha Puaun-cummerpraeckmne
PUMAHOBBI IIPOCTPAHCTBA, V,,. OCHOBHBIE YPABHEHNS TAKHX OTOOPAIKEHMIT [T0JIYICHb B BIIE 3AMKHYTOI CHCTEMBI
ypaBueHwuii Tura Kommn B KOBApHAHTHBIX IPOM3BOJIHBIX. YCTAHOBJIEHO KOJIMIECTBO CYIIECTBEHHBIX [1aPAMETPOB,
OT KOTOPBIX 3aBUCUT 00Ilee pellleHre oIy YeHHOl cucreMbl ypapHenuil Tura Ko B KoBapuaHTHBIX IIPOU3BO/I-
HBIX.

B paGore [9] u3yueHbl reozjesumveckue oToOpazkeHHsi HpoCTpaHCTB adduuHol cBs3Hoctn A, Ha Puuun-
CHMMeTpHYecKHe TpocTpancTBa A,. OCHOBHbIC ypaBHEHNS YKA3aHHBIX OTOOPAsKEHMH MOy IeHBI B BUIE 3aMKHY-
TOI cuCTEeMBbI ypaBHeHui Tria Koy B KOBAPHAHTHBIX MPOU3BOIHBIX. YCTAHOBICHO KOJIUIECTBO CyIIECTBEHHBIX
mapaMeTpoB, OT KOTOPBIX 3aBUCHUT O0IIee PelleHre MOy YeHHO crucTeMbl ypaBHenuil Turna Ko B KoBapuanT-
HBIX TIPOU3BOJIHBIX.
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KOMHI:)IOTepHoe MoAeJIMpoBaHMue YIIPDOYHAIOIIIEro (baBOBOI‘O
Inmepexoga B AUCIIEPCHO-apMHUPOBaHHBIX MaTepHuaJiax

Kproisuenko 10.B., Kupunios B.X., I'epera A.H.
(Hayuno-nipoussogcreennbit entp, Omecca, Ykpauna)
E-mail: aherega@gmail.com

CymecTBeHHAST OCOOEHHOCTD TUCIIEPCHO-aDMUPOBAHHBIX TE€TEPOTEHHBIX MATEPUAJIOB — HAJTUINE B UX CTPYKTY-
pe KJ1acTepoB (GpubpbI, KOTOPHIE IPU KPUTUIECKON KOHIIEHTPAIIUU 00pa3yoT CBA3HYIO 00JIaCTh EPKOJISIIIMOHHOTO
tuna [1], [2], mposormpyst cTPyKTYpHBII ha30BBIi IEPEXO, U, CIETOBATENHHO, CKATKOOOPA3HO H3MEHSIST CBOXCTBA
obpasia.

B mpeoxkennoit Mot yIpoTHSIONEr0 CTPYKTYPHOTO (ha30BOro MepPexo/ia PeaaTn30BaHa BOSMOXKHOCTD HC-
CJIEIOBAHUS B KOMIIBIOTEPHBIX IKCIIEPUMEHTAX Pe3yJIbTATOB ADMUPOBAHUS MATEPUAJIA CMECHIO (DHOPBI U ITOPOII-
ka. g aroro cchopmymmpoBaHa HOBas KOHTUHYAJIbHASA MEPKOJISIIMOHHAS 33/1a9a, OMUCHIBAIOIIA KIACTEPHYTO
CUCTEMY C KBA3UTOYETHBIMUA U KBASUINHEHHBIME JIEMEHTAMUA.

Banaua pemraercsa meromoM Mounte-Kapio B xy6e pazmepom 108 ycloBHBIX equHuI mIHHBL DJIEMEHTEI, U3
KOTOPBIX (POPMHUPYETCs MOAETBHBIN KIACTED, CO3AI0TCA TeHEPATOPOM caryuaitabx uuces (I'CH) ¢ paBHOMepHBIM
pacmpejiesienneM. B Kaxx oM sxcepuMenTe hpubpa umeer (GUKCUPOBAHHYIO JIJIUHY, U €€ [TOJIOXKEHUE OIPEJIesIserT
I'CY: on 3amaér KoopawHATY ee Hadaja W BBIOMpAET yroJi IMOBOPOTa OTHOCUTEIHHO pebep Kyba. EnmHudanbie
GubpbI cunTaOTCH COEAMHEHHBIMU, €CJIU y HUX JUOO €CTh 0bIas TO4YKa, JInbO PACCTOSHHE MEXKJ/y HUMU He
TIPEBBINIAET HEKOTOPOE 33TAHHOE, UTPAIOIIEE B MOJIEN, KAK U JyInHA (DUOPHI, POJIb YIPABJIAIONIETO TAPAMETPA.

D10oT heHoMeH 0OHAPYKUBAET WHTEPECHYIO OCOOEHHOCTH HMEPKOJIAIMOHHON 331891 ¢ HEOOBIYHBIM COCTABOM
JIEMEHTOB, a 3HA4YUT, 1 CcaMOM TEeXHOJIOTUU — HEBO3MOXKHOCTb O6eCHe‘{I/ITb CTaTUCTUYIECKYIO yCTOﬁ‘{HBOCTb ABJIE-
uus. [lorepsa crabuabHOCTH TIPY (PUKCUPOBAHHOM 3HATEHUN MAKCHMAJIHLHOTO YTJIa MTOBOPOTa (DUOPHI U €€ JITHHDI
CBsi3aHA C 3aBUCUMOCTBHIO MHTEPBAJIOB Dsilla 3HAYEHUN [IApAMeTPOB 3aJladl, B YACTHOCTHU, [TOPOra IMPOTEKAHUS
u PpaKTATBLHON PA3MEPHOCTH OT CTEMEHW BAPUATUBHOCTU TAPAMETPOB KOHKPETHDBIX DPEATU3AIMIA TEePKOISIIN-
OHHOI'O KJIACTEpA, KOTOpas, KaK OKa3aJjoCh, m3JjuliHe Bejuka. OOCyXKI€HME CUTyaluyd BO3MOXKHO B DPaMKaxX
upeacraBjIeHud O FI/IHepCHy‘{aﬁHbIX BeJIMYNHAX, I KOTOPBIX «CTATUCTUYICCKHUE OLICHKHU B O6H_LeM CJIy4dae He dB-
JIFIOTCS COCTOATEJILHBIMY, T.€. DU yBeJUYeHUH 00'beMa BBIGOPKH MX IIOIPEIIHOCTh He CTPEMHUTCH K HyJo» [3].
[Ipu sTOM KaxKAbIit U3 Pe3yIbTATOB, Oy ICHHBIN TP (DUKCUPOBAHHBIX 3HAUCHUAX YIIPABIAIONINX TAPAMETDOB,
WMeeT CTAaHIAPTHYIO JIJI TAaKUX 3a/1a9 MOI'PEITHOCTD, PABHYIO, TPUMEpPHO, 12 <+ 15 mpoIeHTOoB.

W nest 07fHOBpEeMEHHOIO UCIOJIb30BaHUsi GUOPHI U MOPOIIKA JIJIsi yIIPOYHEHUsT MaTepHraJsia IPUHAIJIEKUT aBTO-
pam paboTs [4], KOTOpBIE YCIIENTHO UCIONB30BAJIN €€ TIPU CO3aHnU GETOHA, OIaIAI0NIEr0 MOBBIIEHHON MTPOY-
HOCTBIO IIPH PACTSKEHUU.
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Paccmarpusaem rpynmy Tanya Aut(C(z)/C), koropas uzomopdua rpynme Jlu PSLy(C) u npeobpasobanus

Mébuyca nmeror Bus,
az+b
Fem s (E57),

rae a,b,c,d € Cuad—be=1.

TIpeacrasnerne anre6pnt JIu sl (C) B BekTopHBIX monsx wa CP! mmeer sum: sly (C) = (9., 20., 220.).

Iycts X € sl (C) - BexToproe mose u3 amre6psr. O6ozmaxmm gepes X *) mpomosmkenie 5T0ro BeKTOpHOro
moss Ha MHOTOOGpasuy k-mxeroB J¥ dymkmmit. Torna coorsercreme X — X () nadr upexcrasieHue anareGpol
JTu sl (C) B BekTOpHBIX TOMAX Ha J*.

Hanpumep, B3sB kK = 3, MBI TIOJTy9aeM CJIEIYONLY0 peamu3armio anrebpsr Jlu sly (C):

05,20, — U100y, — 2u20y, — 3u30y,,

220, — 22u1 0y, — (42ug + 2u1)0y, — (62uz + 6u2)y,,

B CTAHJAPTHBLIX KOODJUHATAX.

MpsI roBopuM, UTO parnmoHabHas GyHKIusa F #Ha MHOr0OOpasun J k gBisieTcss IPOEKTUBHBIM
nuddepernmuampubiv urpapuantom mopsika < k ([1], [2], [3]), ecim X ) (F) = 0, nast Beex BekTopHBIX TOJTCH
X €sly ((C)

Teopema 1. (1) Cywecmeyem d6a HE3ABUCUMBLE NPOEKMUBHBIT OUPHEPEHUUANLHOIT UHBAPUAHMA NOPAJKG < 3

—4,2
Uy Ug,

2

U 6CE OCMAALHDIE UHBAPUAHTMLL NOPAOKG < 3 AGAAOMCA PAUUOHAALHbLMU dyrkyuamu Jy u J3.
(2) Omu unsapuarmo: pazdeastom pezyaaprvie opbumol, m.e. sly (C) - opbumv mouex, 2de uy # 0.

J() =u, Jg = ul_su?, —

OrmeTnM, ITO

(1) Bnavenwe wuBapmanTa J3 Ha parmoHanbHON dyHkUn f (z) paBHO mpomssommoit [Bapra dyHKIMN,
obpaTHoii K f (2).

(2) Perynsapnbie sly (C) - opbutst B J3 nmeror pasmeprocts 3. EcTh Taxske 0cobble OpOUTHI Pa3MepHOCTH 3,
ont sly (C) - opbursr B obnactu uy = 0, ug # 0.

(3) Cunrynsipasie opbuthbl pazmeproctu 2 sipysitorces sls (C) - opburamu B obmactu uy = ug = 0, uz # 0.

(4) Cunrysnspubie opoutbl pazmeproctu 1 sBisores sl (C) - opburamu B obmactu uy = ug = uz = 0.

(5) Cunrynsipable opbuTbl pazmepHocTeii 3, 2 u 1 COOTBETCTBEHHO 3aIa10TCs Y PABHEHUSMU:

U =c, u1:07 u27é0a
u=c¢, u =0, ux=0, US#Ov

u=c, u1 =0, uy=0, uz=0,
rae ¢ KOHCTaHTa.

Teopema 2. (1) Ilose npoexmushur OuPBPepeHyuasvrolT UHBAPUAGHMOE NOPOHCOGEMCA UHBApUaHMamy Jo,
J3 u npouseodnoti Tpecce V = u%d%, m.e. 110600 NPoexkmueHvlli JuPHepertuarvrvili UHGAPUAHIT, ABAAECTCA
PAYUOHANLHOT PYyHKyUed uneapuarmos Jo, J3 U uT uH8aPUAHMHBLT NPOUIBOOHBIT.

(2) Omo noae pasdeasem pezyaspuvie sls (C) - opbumor 6 npocmpancmeax 0xrcemos, 20€ Pe2yAAPHOCTID

opbumv, 6 J¥, k > 3, osnavaem, wmo ee npoexyus 6 J3 peayaapras opbuma.
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Yro6st onucars sl (C) - opéurer B C(z) ormerum, uro suavenus Jo (f) u Js (f) 6asucubix nuddepennnans-
HBIX UHBAPUAHTOB Jy, J3 Ha paruoHaabHOil dyHkmu f (z) Takzke paloHa/bHbIe (YHKIHUN.
Crenens Tpanciennentaoctr moyst C(z) paBra 1, u H09TOMY HIeas IOJHHOMUAIBLHBIX COOTHOIICHHI

P(Jo(f),J5(f))=0 (1)
MEXKJIy HUMU TIOPOXKIAETCSA HEIPUBOIUMBIM [OJAHOMOM.
KoaddunpenTs mocieaHero moanHOMa 3aBUCAT OT f, M03TOMY Mbl OyeM 0603HAYATH COOTBETCTBYOIIUI
nenpuBoguMblit Muorounen Py(X,Y). Torma coornomrenue (1) MOXKHO pacCMAaTPHBATH KAK yTBEPXKJICHHE, UTO
[ aBasiercsa pemenreM OOBLIKHOBEHHOrO AuddepeHuaabHoro ypaBHeHus: 3-T0 MOPSIIKA,

: 3
ef = {Pf <u7u1_‘SU3 — 2u1_4u§) = 0} - J3.

ITpoekrusnas rpynna PSLy(C) asisercsa rpymmoii cuMmMerpuit tud bepeHnnanbHoro ypasaenus £y U, CIe0-
BaTEIbHO, JIEHCTBYET HA €ro MPOCTPAHCTBE PEIICeHUIA.

Teopema 3. Cmabususamop payuorasvhol gynryuu h(z) das PSLy(C) - deticmeusn duckpemen, ecau h #
const.

Me1 roBopuMm, 4ro panuoHaibHas dbyHKms h (z) sBiasiercs peeyaaprot, ecau h # const.
2
_ z°41 - . -
Hanpuwmep, crabumasarop dbynxmun 2Kykosekoro f (z) = 5= ap/sercs rpymmnoit Zy, HOPOXKIEHHOH HHBEp-

cueit z — z7 1.

Teopema 4. /lse pezyaaprvie payuorarvrve gynkyun f u g asasmomea PSLo(C) - sxsusasenmmuovimu moada
u moavko moada, koeda Py = AP,.

OtmeTnM, ITO [T TPpAHCIEHIeHTHBIX pacmupennit moas C muddepennuaabHble THBAPUAHTHI, & TaK¥XKe CO-
orBercTByomue auddepeHIalbHble YPABHEHUST UIPAIOT POJIb HEIPUBOIAMMBIX MHOTOWIEHOB [[JIs KOHEYHBIX

pacmupennii [asya.
22 +1
2z

Tak nanpumep s bynkiuu 2Kykosckoro f (z) =
3
Pr(X,Y)= (X2 1)’y + iy

a COOTBETCTBYIOINEe OOBIKHOBEHHOE nudepeHImaaIbHoe ypaBHEHNE UMEET BUT,

3 3
(u2 — 1)2 <U1U3 — 2u§> + gu‘f =0.

Bce perysisipHBIe pellieHnst 3TOr0 yPABHEHUs SIBJISTFOTCS PAIMOHAJIbHBIME (DYHKIHsiME, KOTOpble PSLo (C)-sxBUBaI€HTHBI
dyuknun 2Kykosckoro.
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NudbuanresnMmaibHbIe Ipeodpa3oBaHUs B CUMMETPUYECKOM
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TI. A. Tupoxkoseim ([1]) 6BLI0 H3y9IEHO CUMMETPUYECKOE PUMAHOBO MTPOCTPAHCTBO 1-10 Kitacca Vy,. dnsa n = 4
METPUYECKUI TEH30P TAKOTO IIPOCTPAHCTBA V;, UMeeT BU/I:
1
3

9ij () = 945 + ljz‘aﬁjl’%@

Riapj = bajbip — bijbags

0010 e 0 0 0
o001 |0 e 00 B
(g”> 1000 |")=1g g oo [ a=F (1)
010 0 00 00

U3z (10) cmemyer, 9TO POCTPAHCTBO 2-TO npUOIIMZKEeHH V2 ([2], [3]) mnst cummerpuamoro Vi 1-ro kmacca
n30MeTprdHO ucxoaHomy Vi,. Iostomy rpymma Jln G, nndunuTesNMaTbHBIX Tpeobpasosanuii B V,2 nzomopdna
rpytmrne Jlu G, ucxomuoro V,,. Mcmonb3ysa 370 06CTOATENBCTBO, JOKA3AHBI CIEAYIONTHE YTBEPIKICHS.

Teopema 1. Cummempuueckoe pumaroso npocmpancmso V, 1-20 xaacca donyckaem epynny Jlu deusicenud
Gs.

Haiinen 6a3uc 9Toit rpynnsl U €€ CTPYKTYPHbIE KOHCTAHTHI.

Teopema 2. Hnpunumesumarvhvie Konpopmmvie npeobpaszosarus 2-ot cmeneny 6 CuMMEMpPUIECKOM PUMa-
HOBOM npocmparcmee Vy, nepeozo KAacca ABAAIOMCA 20MOMEMULECKUMY NPEOOPA3OBAHUAMU.

Haiinennr £ ;LI’ (p = 10) - juHeitHO HE3ABUCUMBIE C TIOCTOAHHBIMU KO3(hDMUIMEHTAME TOMOTETHIECKHAE BEKTOPBI
Kunnunra.
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Crpykrypoit Aduo-Xoy-Uena mbl HasbiBaeM ad@UHOPHYIO CTPYKTYDPY, CTPYKTYpHBIH addunop F KOTOpOi
yaoBJIeTBopseT ypasnenuio 4-ii crenenu F4 + F?2 = (. K nonaruio Taxoi xsagpucrpykrypsl K.fIno,C.Xoy u
B.Yen upuiiv npu u3ydeHun IOAMHOr000pa3uil B OYTH KOHTAKTHBIX MHOIOOOPa3udax [2].

Crpykrypa Auo-Xoy-Uena siByisiercsi €CTECTBEHHBIM 000OOIIEHNEM e-cmpykmypui [3], Koropast onpenesisiercst
HaJTIYHeM Ha MHOT00Opasnn X, TersopHoro mons tuma (1,1) FJ, ynosaeTsopsioniero yciosusm

F'F =esl, e=+1,0, i,ha,B,...=1,2,...,n,
a takxke f-cmpyxmypu (2], mia xoropoit
F'FSF + Fl =0,

MEe!I paccMaTpUBaeM IICEBIOPUMAHOBO IPOCTPAHCTBO (V,, ¢i;), Ha KOTOPOM OlpeeseHa cTpyKTypa fHo-Xoy-

Yena, coryiacoBaHHast ¢ METPUKOW B BHUJIE
Fij+F;; =0, Fj=giF},
¥ KOBAPUAHTHO MOCTOSIHHAS, TO €CTh
Fl'; =0.

37ech «,» - 3HAK KOBAPUAHTHO IMPOU3BOJIHOMN B V,.

Nsy1ammcsh pasnuanbie nuddeoMopdu3Mbl TAKUX MTPOCTPAHCTB. B wacTHOCTH, TOKa3aHO, 9TO Takue V;, He 10~
[IyCKAIOT HETPUBUAIBHBIX Teojie3ndeckux (3], F-mianapubix u 2F-miaHapHbIx orobpazkenuil [1] ¢ coxpanenunem
ahduHOPHON CTPYKTYPHI HA (Vn,gij), B KOTOPOM

Fij + Fﬂ' =0, Fi]' = giaFja.

OT1or dakT mpejcTaBisier coboit 0OOOIIEHHBI AHAJIOI W3BECTHOW B TEOPHUHU TIe0JIE3WYECKUX OTOOPaKEHU
KeJIEPOBBIX ITPOCTPAHCTB Teopembl fHo-Bectieiika.
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3aKOHOMEPHOCTU TEOPUU KBa3U-Te0de3UYeCKNX OTOOparKeHUit
PEKYPPEHTHO-TapaboJIMYeCcKX IMTPOCTPAHCTB

JIozuenko J1.B.
(OHY um. V.M. Meunukosa, Onecca, YkpanHa)
E-mail: lozienkodv@gmail . com

Kypb6arosa .H.
(OHY wm.M.M.Meunukosa, Onecca, YkpanHa)
E-mail: irina.kurbatova27@gmail.com

Paccmorpum pumarnossl npocrpasctsa (V,, gi;) u (Vn,3;5), Haxongmuecss B KBasu-TeojIe3MIECKOM 0Tobpa-
JKEHNW, OCHOBHBIE YPABHEHUsST KOTOPOTO B 00MmIeil 0 oToGpaxkennio cucreme kKoopamuar (x*) mmeror Bug, [1]:

Ty (@) = Tl (@) + ¥ ()% + o () Fly (@)
Fuj(x) =0,  Fij(z) = F{(2)g(x),
h

rae I, Ffj - KOMITOHEHTBI 00'beKTOB CBAZHOCTH TIPOCTPAHCTB V,, 1 Vj,, COOTBETCTBEHHO; ;, (0; - KOBEKTOPHI; FJ*

- adpduHOD.
B [2] 610 BBEIEHO TIOHATHE pekyppenmio-napabosuneckoti ctpykTypsl Fl'(z) ma (V,, gi;) , A7 KOTOpOt
FAFl =0, Fjj+F;=0, Fj=Fga,
Fl', = pj(@)F'(x), ihj,apB,...=1,2...n,
LIE pj - KOBEKTOP, «,» - 3HAK KOBAPUAHTHOI npou3soxuoil B V,. Camo V, Ipu 9TOM TakzKe HA3BAHO PEKYpPPEHMHO-
NaAPaboAUMECKUM.

MBI TOCTPOMIIN IO AaHAJIOTHH € TeM, KAaK 9TO CIeJIaHO B TEOPUHU TeONe3MYeCKIX OTOOPAsKeHIT PUMAHOBLIX IIPO-
CTpaHCTE [3|, nHBapuanTHOE Tpeobpa3oBanue, KOTOPOE W3 TAPhl PEKYPPEHTHO-TTAPABOJIUYECKAX TPOCTPAHCTE,
COCTOSIMUX B KBa3W-TEOJIE3MYECKOM COOTBETCTBUU, IIO3BOJISET HOJIYyHUTL HOBYIO Napy TaKKe PeKyppeHTHO-
napaboIMIecKX KBa3U-Te0le3nYecK COOTBETCTBYIONIUX MPOCTPAHCTB. BoJjee TOro, MpUMeHeHUe 3TOro MHBa-
PHAHTHOTO IPeobpPa3oBaHis MHOIOKPATHO JaeT BO3MOYKHOCTH MOCTPOUTH GECKOHEYHYIO HOC/IeI0BATEJbLHOCTD
Iap peKyppeHTHO-IapaboIMdecKuX IPOCTPAHCTB, HAXOAAIINXCA B KBA3U-TeONe3MIeCKOM 0TOOParKeHUH.
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I/IHBapI/IaHTebIe penmieaud ABYMEPDHOI'O YpaBHEHMNA
TEeIlJIOIIPOBOJHOCTHA

HapmanoB OTabek AGauranmapoBuy
(TamkenTckmii yauBepcuTeT MHMOPMAIMOHHBIX TEXHOJIOTHUI, Y36eKUCTaH)
E-mail: otabek.narmanov@mail.ru

MeTomp! rpyNIIOBOrO aHAIN3a MIKPOKO HCIOIb3YIOTCS JJIsl MCCAEOBAHIS yPAaBHEHNIl B YACTHBIX IIPOU3BOJI-
HBIX U JIsi UHTErPUPOBaHUs OObIKHOBEHHBIX Auddepeniuanbubix ypasuenuii B paborax [1], [2],[3], [4].[5][6]-
PaCCMaTPUBAETCS BOIPOCHI HHTEIPHPOBaHNe OOBIKHOBEHHBIX M depeHINaNbHbIX yPaBHEHNIT i INHEHHBIX 1iud-
(bepeHIMAIIBHBIX yPABHEHUIT B 4ACTHBIX IIPOM3BOJHBIX, HA OCHOBE U3BECTHBIX HH(DUHUTE3UMAJILHBIX CHMMETPUIL.
B pa6ore [3] pazpaboran BbIUUCIUTENBHBI METOJ, ABHO OLPEIEJSIONIMI IOJHYIO TPYIILY CUMMETPUHA [POU3-
BOJILHOTO JiddepeHInaIbHOrO ypaBHeHNs! B YaCTHBIX IPOM3BOAHBIX. B pabore [4] paccmarpuBaroTcs BOIPOCHL
rpymnoBoit Kiaaccudukanum quddepeHImanbHpIX ypaBHEHN n nx pernennii. B pabore [2] maiinena anrebpa Jlun
MHDUHATE3NMAILHBIX 00Pa3yIOINX TPYIIIILI CHMMETPUIl [Ist [BYMEPHOIO ¥ TPEXMEPHOI'O yPaBHEHHUS TEILIOIPO-
Boguocru. Asrebpa Jlu nndunnTe3nMAIBHLIX 06PA3YIONMX IPYIIILL CUMMETPHI JIsi OAHOMEPHOIO yPABHEHHUSI
TEeIJIONPOBOHOCTU UCIOJIb30BaHa B pabore [6].

Paccmorpum 1ByMepHOE ypaBHEHHE TEILIONPOBOIHOCTH

w= 3 (i) o) + Q) o

rae v = u(wy, x2,t) > 0 — remmeparypuaga byuxmuys, k;(u) > 0, Q(u) — dbyurmun ot Temueparypbl u. OyHKIHS
Q(u) omuceiBaer mpotiece TemoBbLIesenus, ecau Q(u) > 0 u nporece remtonoromenus, eciau Q(u) < 0.
Uccnenosarnst mokaseiBatoT, KosdbdummenTsl TermmonpoBogaoctu ki (u), ke(u) B ZOCTATOYHO MUPOKOM mua-
[IA30HE M3MEHCHHsI [APAMETPOB MOXKET OBITh OIMCAH CTEIeHHON (yHKIMe TeMuepaTypsl, T. €. MMeET BHJ
E(u) =u’.
Pacemorpum coyqait k1 (u) = ko(u) = u?, Q(u) = u. B arom cayuae ypasaenue (1.1) umeer coemyrommii B

ug = u’ Au+ ou’ 1 (Vu)? +u (2)
2 2
rae Au = 27? + ng — omneparop Jlamraca,Vu = {597“1, 86—;‘2} —TpaauenT MyHKIUN U.

Kaxk nokazano B pabore [2] ciremyionpe BeKTOPHBIE HOJIs SIBJASIOTCH MHOUHATE3UMATLHBIMU 00pa3y IOIUMU
IPYIIbI CAMMeTpuil jyist ypasaerust (1.2):

0 0 0 0 0
X, = oxla—xl + axga—m + 2u%,X2 = exp(—at)a + exp(—at)u%. (3)

IToroku BekTOpHBIX 1T0JIEN X1, X9 MOPOXKIAIOT CJIEIYIONIAE TPYIIIBI IIPEO0OPA30BAHUN COOTBETCTBEHHO

(t, 1, T2, u) — (t,x1€°, 20e%, ue®®), s € R (4)

1
(t,z1,22,u) — (; In(e”" + os), 21, 72, u(e”" + as)%,s eR (5)

Mp1 Haiinem penrennst ypasaernst (1.2), MHBApMAHTHBIE OTHOCHUTENBHO Tyt mpeobpaszosanmit (1.4), (1.5).
ljist 9TOro CHavYaJa HAXOJUM WHBApUAHTHIE (DYHKIMH TUX IPeodPa30BaHUii.

Useectro, uto [3, ¢. 117] rnaakas dbyakmms f : M — R aBiasieTcs MHBAPMAHTHON (DyHKIMEH TPYIIIBI IPE0s-
pazoBanuii G, neficTByoleil Ha MHOroobpasuu M Torja u ToJbKO Torma, Korga X f = 0 s Kax ot naduHu-
Te3uMaabHOM obpazytoreit X rpynmst G.

= _ (zi1t=zz)exp(at/2) _ oz
Wcnosib3yst 10T KpUTEpHii Mbl HAXOIUM, 9TO (ByHKIuU [; = B a— I, = 2! aBnsorcs uHBapU-

aHTHBIME (DyHIMAMHU Tpynbl peobpasosanuii (1.4),(1.5), uro BbITekaer u3 caepymux pasercts Xi([;) = 0,
Xi1(l2) =0, Xo(I1) =0, X2(I2) = 0.
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Teopema 1. Pewenus ypasnenus (2), un6apuanmmvie 0mHOCUMEIbHO 2pynn npeobpadosanuts (4),(5) umerom
sud

o ,(x x93/
5et( 1+22) V(e) (6)

20e V(§)— obwee pewenue duddepenyuarsvroe ypasrerue 6mopozo nopaoka:

u(t, 1, 22) =

FOVV" + JOV? +40(€ + DIS(E +6) — % +2VV' 442 +2(> ~ D]V =0, (7)
2de f(§) = (E+DXE + 1), 9(6) = o(E+ D[F(E + &) -2+ 2].
Terneps paccMOTpuM CiIydaii, Koraa ectsb noryomerne remna: ki(u) = ko(u) = u, Q(u) = —u. B atom cayqae

ypasaenue (1.1) umeer crenyiomuit Bu:
up = u” Au+ ou” " H(Vu)? —u (8)

Kaxk nokazano B pabore [2] ciremyionye BEKTOPHBIE HOJIS ABJIAIOTCA MHDUHATEIUMATLHBIMA 00Pa3y IOIIUME
IPYyTIBI CUMMETpUi 11 ypasaernst (8):

0 10) 0 d 0
X1 =0x1— + 09— + 2u—, Xy = exp(ot) — + exp(ot)u—. 9
1= 0t Gy Fotg s F g Ko = explot) 5+ eplotiugy ©)
Vlcnosib3ysi BBINIENIPUBEIEHHBIH KPUTEPUI Mbl HAX0omuM, 4To GyHKIuu [; = M, I, = % ABJIA-

I0TCS MHBAPUAHTHBIMU ByHIMAME Ipynnsl npeobpasosanuii (1.5),(1.6), 94T0 BbITEKAET U3 CIIELYNIUX DABEHCTB
X1(I) =0, X1(I2) =0, X5([1) =0, X2(I2) = 0.

Teopema 2. Pewenus ypashenus (2), un6apuaHmmvie 0MHOCUMEIbHO 2pynn npeobpazosanuts (4),(5) umerom
sud y

o _,(x1+x9)7/°
T Tt 2y g (10)

2de V(&) obwee pewenue duddeperyuanvroe ypasuernue emopozo nopsoka (7).

u(t, y,x2) =

BoiBoabl. B ypasaennn (2) eCTh MCTOYHUK TEIIOBBIIEIECHUS, TTOITOMY B KAXKJI0H TOUKe O0JIACTH TIEPEMEH-
HBIX (71, 2), ormmunbix oT Touek (0,0), Temueparypuasi dyHkius (6) BO3pacTaeT SKCIOHEHIUATBHO TIPU BO3-
pacratomem ¢. B ypasaernn (1.12) ecTh HCTOYHUK MOTJIOMEHUs], B KAXKJIOH TOUKE O0IACTH IEPEMEHHBIX (1, X2 ),
ormusbix or Touek (0,0), Temueparyprast GyukIws (10) yObBaeT 9KCIOHEHIUATIBHO IPH BO3PACTAIOIIEM t.
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M3BecTHO, 9TO HEXKECTKOCTH CUMILIUIIUAJIBLHOIO MHOTOIPaHHUKA poia 0 ¢ n BepIIMHAME OIPEIesISeTCs TeM
$daKTOM, 9TO paHI MATPHUIILI JUHEHHON CHCTEMBI

AX =0 (1)

JIJIsI KOMITOHEHT BEKTOPOB TI0JIsT OECKOHEYHO MAaJIoTO U3THMOaHUsl TOJIXKEH OBITH MeHbIe 3n — 6. DJjIeMeHThl MaT-
puribl A BbIpaskaroTcst Yepe3 KOOPAWHATHI COSTUHEHHBIX pebpaMy BEpIINH MHOTOIPAHHUKA W TOITOMY TIPH W3-
MEHEHHMH CHUCTEMbl KOODJIUHAT WJIU IPHU JIBUKEHUU MHOTOI'PDAHHHKA KaK TBEPJIONO TEeJia €€ JIEMEHTbI JOJIXKHBI
msMernThest. Ho ecim Mb ymuOzKIM ypashenwue (1) ciesa na Tpancronuposanmyio Matpuity AL momyamm ypas-
nenne Buga BX = 0, KOTOPOM 37IeMEHTBHI MaTpuiibl B y2Ke OyayT 3aBUCETh TOJIBKO OT KBaJIPAaTOB JJIUH pedep
W JIMATOHAJIEH, M TEM CaMbIM (DOPMAJBHO MOATBEPKIAETCA, ITO, BO-TIEPBBIX, KECTKOCTD/HE?KECTKOCTH MHOTO-
rPAHHMKA HE 3aBUCHUT OT BLIOOpA CHCTEMbI KOOPJIMHAT, BO-BTOPBIX, OHA 3aBUCUT HE TOJLKO OT JJIUH pebep, HO
TaK>Ke ¥ OT JIJINH JUaroHaJjei.
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3&y3JIeHHI)Ie C(bepbl C ITIOCTOAHHBbIM OTHOIII€EHMNEM

CaBeabeB Banepuit MuxaitiioBuu
(Ykpauna, r. Jlyranck, O6opounast 2)
E-mail: sym59@mail.ru

B monympocrpancTse Ei(O), ompejensemMom yciaoBuem x4 = 0, x3 > 0, Bo3bMeM JIyry 7y C KOHIAMU Ha
mwiockoct 7 : x4 = 0, c3 = 0. IoxynpocTpancTso Ei (0) 6yzem BpamaTh BOKPYT IJIOCKOCTH 7. I1pOCTpaHCTBO
E?(0), nosepuyToe Ha yrou ¢, Gynem obosnauars £ (). [Ipu Bpamennn na 360° TOUKH JyTH 7, HAXOASAIIMECS B
E3 (), sameryT muOKecTBO S, romeomopdroe chepe S2. Ilomyuennas nopepxHocTs 3aysiena (e [1]). TlosTomy
9Ta ryIaaKas MOBEPXHOCTD HA3BIBACTCA 3ay3aenholi cdepoti. Pammyc-BeKTOD 3ay3/IeHHOl chephl MOKHO 3aIIUCATH
B BUJIE

z1(u)
X(u,v) = z2(u) . , (1)
x3(u) cosv — z4(u) sinw
x3(u) sinv + x4(u) cosv
rie kpusas X(u,0) ects npodusbHas KpUBas 3TON MOBEPXHOCTH.

B macrositieit paboTe paccMaTpuBaeTCs CIIyuai 3ay37eHHON chephl Y KOTOPOH MpoduabHAsS KPUBAs MI0CKASI,

PAIyC-BEKTOP KOTOPOH MMEeT BH/I

X (u,0) = (p(u) cosu, p(u) sinu, p(u) cosu, p(u) sinu). (2)

Hec/103KHO HOACYNTATH KACATEIbHYI0 X 1 HOPMAJILHYIO X1 koMIOHEHTHI paIyc-BeKTOpa 3ay3JIeHHOM cde-
pbt. Umeem

p/
Ty . Ly —
X (X = =
p
Ecnu orHomenne auHbI KacaTeabHON KOMIIOHEHTBI K JJTHHE HOPMAJILHONW KOMIIOHEHTBI MOCTOSHHO HA IMOJI-

MHOro6pasun F™ C E™T™ 10 roBopaT 0 IOAMHOT000PA3HH NOCMOAHH020 omHoweHus. Takum o6pa3oM mMeeT
MECTO CJIEJIYIOIasl TeopeMa.

Teopema 1. ITycmv F? C E* ecmv saysaennan cfepa, sadannan paduyc-eexmopom (1). Tozda noseprnocmo
F? ecmb noseprnocms nOCmMOAHH020 OMHOWEHUA ECAU U TOADKO ECAU NPOPUALHAA KPUSALA ASAALMCA KPUEOT]
nocmosntozo omnowenus u p(u) = c1e2%, 2de ¢1 u co ecmb JETUCNEUMEALHBLE TOCTNOANHDLC.
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O mocTpoeHun MCeBJOPUMAHOBBIX ITPOCTPAHCTB C f-CTPYKTYPOIii,

HAXOOAMNINXCS B KAHOHMYeCcKOM 2F'-mmmanapaHom otobparkenuu 11
TUIIA

Cukauenko H.
(OHY, Ozecca, Ykpauna)
E-mail: inna.sikachenko@gmail.com
Kypbarosa U.H.
(OHY, Ogecca, Ykpauna)
E-magl: irina.kurbatova27@gmail . com
Paccmorpum pumanosst ipoctpanctsa (Vi gij, FI') n (Vnagij,Fi ), Ha KOTOPBIX ompesesensl abduHOpHbIE
— —=h
crpyxrypet. B [1] mokasamno, aro 2F-nnanapnoe orobpaxenne (2FII0) (Vy,, gi;, F') ma (VG5 F; ) o meot-
XOJIMMOCTH COXPAHZAET CTPYKTYPY, TO €CTb B 00mmeil 110 0ToGpazkeHuto cucreme Koopauaat ()

, —=h
F'(z) = F; (),
u ocHoBHble ypasuenus 2FTIO nmeror Buz
1 2

—h
Lji(x) = F?j (z) + 1/)(1-6;1) + ¢(iFJ% + U(iFJ%’

—h —
h .
ryie I, I';; - KoMToHeHTbl 00beKTOB CBAZHOCTH Vi, Vi 5 94(2), ¢i(), 0;(x) - HeKOTODBIE KOBEKTOPBI, & KPYTJIbl-
MU CKOOKamu 0bo3HateHa omneparusa cummerpuposanus. 2F 11O cauraercs TpuBHAJIBHBIM TIpU Y; = ¢; = o; = 0.

3mecs 0603HAYEHO
éh:Fihv I%h:FfFia-
Mpsr mokazasu, aro HerpuBnuabibie 2F 11O MOTYT OBITE JIUIIL OHOTO U3 TPEX THUIIOB:
I ¢;=0, ¢ #0, o0;#0;
II' 4 #0, ¢;=0, o0;#0;
IIT 4 #0, ¢i#0, o;#0.

ITpu srom 2 F-muanaproe oTobparkenue HaszBano karoruseckum I(11) muna (obosnagaercs 2FIIO(I)(2FTIO(II))
B caygae I(IT)) u mpocro 2FTIO B ciyuae II1.

T'oBopgar, aro Fih onpegenser f-cmpykmypy [2] Ha ncepropumanosoM npocrpancrse (Vi gij), €CIH UMEoT
MECTO yCJIOBUsI

F'FSF +FM=0, iha,B,...=12,....n,
Rg||[FM' =2k (2k < n).
TTonaraem f-cTpyKTypy COrJIaCOBaHHON C METPUKOI B BHJIE
Fij+ Fji =0, Fij =g}
B manpueiimem mostaraem ad@uHOP KOBAPUAHTHO MOCTOSHHDBIM:

1
Fl'; =0,
rJie € ,» - 3HaK KOBAPUAHTHON ITPOU3BOJIHON B V,.

Mpur pacemorpesu 2FTIO(II) nceBroprMaHOBBIX HPOCTPAHCTB ¢ aGCOIOTHO HAPAJUICJBHON f-CTPyKTYypoOii u
MIOCTPOMJIA TTPEOOPA30BAHIE, KOTOPOE JTAeT BO3MOYKHOCTD U3 OJHOHN MAapbl TAKUX IMPOCTPAHCTB, HAXOIAIIUXCSI B
2FTIO(IT), nostyuuTh HOBYIO TIApY MCEBIOPUMAHOBBIX MTPOCTPAHCTE ¢ aGCOMIOTHO MAPAJIETLHONR f-CTPYKTYpPOii,
[IPUHIUIAAIBHO OTINIAIOIINXCST OT UCXOIHON Hapbl U IPU 9TOM TakzKe Haxojsmmxcsa B 2FTIO(IT).
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