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Article [3] studies structures of modules over Steenrod algebra A and their duals in dual Steenrod
algebra A∗ [2], [4]. [1] studies modules A(n) over A generated by annihilators of cohomology classes
with degrees no greater then n. A(n)+ is de�ned as annihilators of cohomology operations with excess
greater then n [6]. In A∗, A(n)∗ is the corresponding dual module of A(n). A(n)+ as vector space over
Zp is generated by all monomials of A∗ with multiplicity no greater then n [5], [6].

This work studies structure of modules B(n) = (A(n− 1)/A(n))∗. B(n) as a Zp vector space has a
basis formed by all monomials with multiplicity n in dual Steenrod algebra A∗ [6], and B(n) can be
considered both left and right over A∗.

The result is stated here:

Theorem 1 (Properties of quotient A∗-modules (A(n− 1)/A(n))∗). 1) B(n) is a graded Hopf
comodule over Steenrod algebra A∗ with comultiplication

φ∗n : B(n)→ A∗
⊗

B(n), φ∗n([α]) =
∑
i

α′i
⊗

[α′′i ]

induced by comultiplication in comodule A(n)+, with homomorphism property

φ∗n([α] ∗ [β]) = φ∗n([αβ])

= (ψ∗ ⊗ ψ∗n)(IdA∗ ⊗ T ⊗ IdB(n2))(φ
∗
n1
([α])⊗ φ∗n2

([β]))

def
= φ∗n1

([α]) ∗ φ∗n2
([β])

where ψ∗n1+n2
: B(n1)

⊗
B(n2)→ B(n1 + n2) is a multiplication de�ned by

ψ∗n1+n2
([α]⊗ [β]) = [ψ∗(α⊗ β)] = [αβ] = [α] ∗ [β]

induced by multiplication ψ∗ in A∗, T is a transposition, [α] in B(n1), and [β] in B(n2).
2) B(n) =

⊕
sB(n)s is the direct sum of Hopf comodules

B(n)s = Span{τ s00 τ
s1
1 τ

s2
2 . . . ξr11 ξ

r2
2 ξ

r3
3 . . . ∈ A∗|

∑
i

si = s}

3) B(n)t =
⊕

sB(n)st is the direct sum of comodules B(n)t = (A(n)+ ∩A∗t )/(A(n− 1)+ ∩A∗t ) de�ned
on the �ltration of dual Steenrod algebra A∗ by Hopf subalgebras

A∗−1 ⊂ A∗0 ⊂ A∗1 ⊂ . . . ⊂ A∗n ⊂ A∗n+1 ⊂ . . . A∗,

where A∗t = Zp{ξ1, ξ2, . . .}
⊗
E{τ0, τ1 . . . τt} and A∗−1 = Zp{ξ1, ξ2 . . .}. The restrictions of the

comultiplication and multiplication (1) on the �ltration are well de�ned maps:

φ∗n,t : B(n)t → A∗ ⊗B(n)t, and ψ∗n1n2,t : B(n1)t ⊗B(n2)t → B(n1 + n2)t.

4) Any [α] in B(n)t has unique form [α] = [β]+[γ]∗[τt] where [β] ∈ B(n)t−1 and [γ] ∈ B(n−1)t−1, and
there are homomorphisms of comodules in,t and πn,t such that in,t([β]) = [β], and πn,t([α]) = [γ],
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and the following diagram with exact rows commutes

0 // B(n)t−1 //
in,t //

φ∗n,t−1

��

B(n)t
πn,t //

φ∗n,t

��

B(n− 1)t−1 //

φ∗n−1,t−1

��

0

0 // A∗ ⊗B(n)t−1 //
Id⊗in,t // A∗ ⊗B(n)t

Id⊗πn,t// A∗ ⊗B(n− 1)t−1 // 0
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