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ÏóñòüM � ãëàäêîå êîìïàêòíîå îðèåíòèðóåìîå n-ìíîãîîáðàçèå.Ôóíêöèåé Ëÿïóíîâà äèíàìè÷å-
ñêîé ñèñòåìû (ïîòîêà èëè êàñêàäà), çàäàííîé íàM íàçûâàåòñÿ íåïðåðûâíàÿ ôóíêöèÿ ϕ : M → R,
êîòîðàÿ ïîñòîÿííà íà êàæäîé öåïíîé êîìïîíåíòå ñèñòåìû è óáûâàåò âäîëü åå îðáèò âíå öåïíî ðå-
êóððåíòíîãî ìíîæåñòâà. Â ñèëó ðåçóëüòàòîâ ×. Êîíëè [1], òàêàÿ ôóíêöèÿ ñóùåñòâóåò äëÿ ëþáîé
äèíàìè÷åñêîé ñèñòåìû, à ñàì ôàêò ñóùåñòâîâàíèÿ íîñèò íàçâàíèå �Ôóíäàìåíòàëüíàÿ òåîðåìà äè-
íàìè÷åñêèõ ñèñòåì�. Ñëåäóåò îòìåòèòü, ÷òî ñàì ×. Êîíëè äîïîëíèòåëüíî òðåáîâàë, ÷òîáû îáðàç
öåïíî ðåêóððåíòíîãî ìíîæåñòâà â ñèëó ϕ áûë íèãäå íå ïëîòåí íà ïðÿìîé, à çíà÷åíèÿ ôóíêöèè
ϕ íà ðàçëè÷íûõ êîìïîíåíòàõ öåïíî ðåêóððåíòíîãî ìíîæåñòâà áûëè ðàçëè÷íû è íàçûâàë òàêóþ
ôóíêöèþ ïîëíîé ôóíêöèåé Ëÿïóíîâà. ×èñëà, ïðèíàäëåæàùèå îáðàçó öåïíî ðåêóððåíòíîãî ìíî-
æåñòâà, ×. Êîíëè íàçâàë êðèòè÷åñêèìè çíà÷åíèÿìè ôóíêöèè ϕ. Îäíàêî äëÿ ãëàäêîé ôóíêöèè åå
êðèòè÷åñêèì çíà÷åíèåì ïðèíÿòî íàçûâàòü îáðàç êðèòè÷åñêîé òî÷êè (òî÷êè, ãäå ãðàäèåíò ôóíê-
öèè îáðàùàåòñÿ â íîëü), êîòîðàÿ, âîîáùå ãîâîðÿ, íå îáÿçàíà ïðèíàäëåæàòü öåïíî ðåêóððåíòíîìó
ìíîæåñòâó. Â ñâÿçè ñ ÷åì, íàðÿäó ñ ôóíêöèåé Ëÿïóíîâà, â ãëàäêîé êàòåãîðèè èñïîëüçóåòñÿ ïîíÿ-
òèå ýíåðãåòè÷åñêîé ôóíêöèè, òî åñòü ãëàäêîé ôóíêöèè Ëÿïóíîâà, ìíîæåñòâî êðèòè÷åñêèõ òî÷åê
êîòîðîé ñîâïàäàåò ñ öåïíî ðåêóððåíòíûì ìíîæåñòâîì ñèñòåìû.
Ïåðâûå ðåçóëüòàòû ïî ïîñòðîåíèþ ýíåðãåòè÷åñêîé ôóíêöèè ïðèíàäëåæàò Ñ. Ñìåéëó [2], êîòî-

ðûé â 1961 ãîäó äîêàçàë ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà ó ãðàäèåíòíî-ïîäîáíûõ
ïîòîêîâ. K. Ìåéåð [3] â 1968 ãîäó îáîáùèë ýòîò ðåçóëüòàò, ïîñòðîèâ ýíåðãåòè÷åñêóþ ôóíêöèþ
Ìîðñà-Áîòòà äëÿ ïðîèçâîëüíîãî ïîòîêà Ìîðñà-Ñìåéëà.
Êàê çàìåòèë â 1985 ãîäó Äæ. Ôðýíêñ [4], ïðèìåíåíèå ðåçóëüòàòîâ Â. Âèëüñîíà [5] ê êîíñòðóê-

öèè Ê. Êîíëè äà¼ò ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè ó ëþáîãî ãëàäêîãî ïîòîêà ñ ãèïåð-
áîëè÷åñêèì öåïíî ðåêóððåíòíûì ìíîæåñòâîì. Òîãäà ñ ïîìîùüþ íàäñòðîéêè ìîæíî ïîñòðîèòü
ãëàäêóþ ôóíêöèþ Ëÿïóíîâà äëÿ ëþáîãî äèôôåîìîðôèçìà ñ ãèïåðáîëè÷åñêèì öåïíî ðåêóððåíò-
íûì ìíîæåñòâîì. Íî, ïîñòðîåííàÿ òàêèì îáðàçîì ôóíêöèÿ, ìîæåò èìåòü êðèòè÷åñêèå òî÷êè,
êîòîðûå íå ÿâëÿþòñÿ öåïíî ðåêóððåíòíûìè è, ñëåäîâàòåëüíî, ôóíêöèÿ Ëÿïóíîâà íå ÿâëÿåòñÿ
ýíåðãåòè÷åñêîé. Âñòàåò âîïðîñ î òîì, êàêèå äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû äîïóñêàþò ýíåð-
ãåòè÷åñêèå ôóíêöèè. Ïåðâûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè áûëè ïîëó÷åíû Ä. Ïèêñòîíîì â
1977 ãîäó, â ñâîåé ðàáîòå [6] îí äîêàçàë ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà ó ëþ-
áîãî äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà íà ïîâåðõíîñòè. Â 2012 ãîäó Ò. Ìèòðÿêîâà, Î. Ïî÷èíêà,
À. Øèøåíêîâà îáîáùèëè ðåçóëüòàò Ïèêñòîíà íà Ω-óñòîé÷èâûå 2-äèôôåîìîðôèçìû ñ êîíå÷íûì
íåáëóæäàþùèì ìíîæåñòâîì, ýíåðãåòè÷åñêàÿ ôóíêöèÿ Ìîðñà äëÿ òàêèõ äèôôåîìîðôèçìîâ áûëà
ïîñòðîåíà â ðàáîòå [7]. Â òîé æå ðàáîòå [6] Ä. Ïèêñòîí ïîñòðîèë äèôôåîìîðôèçì Ìîðñà-Ñìåéëà
íà òðåõìåðíîé ñôåðå, íå îáëàäàþùèé ýíåðãåòè÷åñêîé ôóíêöèåé Ìîðñà. Â ðàáîòàõ [8], [9] è êíèãå
[10] Â. Ãðèíåñîì, Ô. Ëàóäåíáàõîì, Î. Ïî÷èíêîé íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿõ
ñóùåñòâîâàíèÿ ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà ó òðåõìåðíûõ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà.
Êðîìå òîãî, ýòèìè æå àâòîðàìè â ðàáîòå [11] äîêàçàíî, ÷òî â ïðèìåðå Ïèêñòîíà ìèíèìàëüíîå
÷èñëî êðèòè÷åñêèõ òî÷åê ôóíêöèè Ëÿïóíîâà, îòëè÷íûõ îò ïåðèîäè÷åñêèõ òî÷åê êàñêàäà, ðàâíî
äâóì.
Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî íå âñå äèôôåîìîðôèçìû äàæå ñ ðåãóëÿðíîé äèíàìèêîé èìå-

þò ýíåðãåòè÷åñêóþ ôóíêöèþ. Òåì áîëåå óäèâèòåëüíûì ÿâëÿåòñÿ ôàêò íàëè÷èÿ ýíåðãåòè÷åñêîé
ôóíêöèè ó íåêîòîðûõ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì ñ õàîòè÷åñêèì ïîâåäåíèåì, äîêàçàí-
íûé Â. Ãðèíåñîì, Ì. Íîñêîâîé, Î. Ïî÷èíêîé â ðàáîòàõ [12], [13], [14] äëÿ íåêîòîðûõ êëàññîâ Ω-
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óñòîé÷èâûõ 2- è 3-äèôôåîìîðôèçìîâ ñ íåòðèâèàëüíûìè áàçèñíûìè ìíîæåñòâàìè êîðàçìåðíîñòè
îäèí. Òåõíè÷åñêè ïîñòðîåíèå òàêîé ôóíêöèè áàçèðóåòñÿ íà ïðîöåäóðå ñãëàæèâàíèÿ íåïðåðûâíî-
ãî îòîáðàæåíèÿ.
Íåñìîòðÿ íà èìåþùååñÿ çíà÷èòåëüíîå ïðîäâèæåíèå â âîïðîñàõ ïîñòðîåíèÿ ýíåðãåòè÷åñêèõ

ôóíêöèé äëÿ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì, îñòàåòñÿ ìíîæåñòâî îòêðûòûõ âîïðîñîâ. Â ÷àñò-
íîñòè, íåò àëãîðèòìà ïîñòðîåíèÿ òàêîé ôóíêöèè äëÿ ïðîèçâîëüíûõ Ω-óñòîé÷èâûõ äèôôåîìîð-
ôèçìîâ ïîâåðõíîñòåé, õîòÿ, ïî-âèäèìîìó, òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Áîëåå òîãî, íà ìíîãîîá-
ðàçèÿõ áîëüøîé ðàçìåðíîñòè íåò òåõíèêè ïîñòðîåíèÿ ýíåðãåòè÷åñêèõ ôóíêöèé äàæå â êëàññå
ðåãóëÿðíûõ äèíàìè÷åñêèõ ñèñòåì.

Áëàãîäàðíîñòè. Èññëåäîâàíèÿ âûïîëíåíû â ðàìêàõ ïðîåêòà ÐÍÔ 17-11-01041.
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On the existence of energy functions for dynamical systems

The paper is devoted to the presentation of results related to the existence of energy functions
for dynamical systems on manifolds. The energy function is a global Lyapunov function, which is
constant on chain components and decreasing along trajectories outside the chain recurrent set. The
main attention will be paid to the technique of constructing such functions for the content classes of
Ω - and structurally stable discrete dynamical systems de�ned on manifolds of the dimension 2 and 3.


