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Â ýòîé ðàáîòå ìû èçó÷èì ãåîìåòðèþ íåêîòîðûõ ñóáìåðñèé, êîòîðûå âîçíèêàþò ïðè èññëåäî-
âàíèè ãåîìåòðèè îðáèò âåêòîðíûõ ïîëåé Êèëëèíãà. Ãåîìåòðèÿ îðáèò âåêòîðíûõ ïîëåé ÿâëÿåòñÿ
îáúåêòîì ìíîãî÷èñëåííûõ èññëåäîâàíèé â ñâÿçè åå âàæíîñòüþ â ãåîìåòðèè è äðóãèõ îáëàñòÿõ
ìàòåìàòèêè [2].
Èçó÷åíèþ ãåîìåòðèè ñóáìåðñèé ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ ([1]-[5]), â ÷àñòíîñòè

â ðàáîòå [3] ïîëó÷åíû ôóíäàìåíòàëüíûå óðàâíåíèÿ ñóáìåðñèè.
Ïóñòü M−ãëàäêîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n ñ ðèìàíîâîé ìåòðèêîé g, ∇− ñâÿç-

íîñòü Ëåâè-×èâèòà, < ·, · > − ñêàëÿðíîå ïðîèçâåäåíèå, îïðåäåëåííîå ðèìàíîâîé ìåòðèêîé g.
Íàïîìíèì, ÷òî âåêòîðíîå ïîëå X íà M íàçûâàåòñÿ âåêòîðíûì ïîëåì Êèëëèíãà, åñëè îäíî-

ïàðàìåòðè÷åñêàÿ ãðóïïà ëîêàëüíûõ ïðåîáðàçîâàíèé x → Xt(x), ïîðîæäåííàÿ ïîëåì X, ñîñòîèò
èç èçîìåòðèé [2]. Ìíîæåñòâî âñåõ âåêòîðíûõ ïîëåé Êèëëèíãà íà ìíîãîîáðàçèè M, îáîçíà÷àåìîå
K(M), îáðàçóåò àëãåáðó Ëè íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë. Èçâåñòíî, ÷òî àëãåáðà Ëè K(M)
ÿâëÿåòñÿ êîíå÷íîìåðíîé.
Ãëàäêîñòü â äàííîé ðàáîòå îçíà÷àåò ãëàäêîñòü êëàññà C∞.

Îïðåäåëåíèå 1. Äèôôåðåíöèðóåìîå îòîáðàæåíèå π : M → B ìàêñèìàëüíîãî ðàíãà, ãäå B-
ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè m, íàçûâàåòñÿ ñóáìåðñèåé ïðè n > m.

Ïî òåîðåìå î ðàíãå äèôôåðåíöèðóåìîé ôóíêöèè äëÿ êàæäîé òî÷êè p ∈ B ïîëíûé ïðîîáðàç
π−1(p) ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì ðàçìåðíîñòè k = n−m. Òàêèì îáðàçîì ñóáìåðñèÿ π :M → B
ïîðîæäàåò ñëîåíèå F ðàçìåðíîñòè k = n − m íà ìíîãîîáðàçèè M, ñëîÿìè êîòîðîãî ÿâëÿþòñÿ
ïîäìíîãîîáðàçèÿ Lp = π−1(p), p ∈ B.
Ïóñòü F -ñëîåíèå ðàçìåðíîñòè k, ãäå 0 < k < n. Îáîçíà÷èì ÷åðåç TqF -êàñàòåëüíîå ïðîñòðàíñòâî

ñëîÿ Lp â òî÷êå q ∈ Lp, ÷åðåç HqF -îðòîãîíàëüíîå äîïîëíåíèå ïîäïðîñòðàíñòâà TqF . Â ðåçóëüòàòå
âîçíèêàþò ïîäðàññëîåíèÿ TF = {TqF}, HF = {HqF} êàñàòåëüíîãî ðàññëîåíèÿ TM è èìååì
îðòîãîíàëüíîå ðàçëîæåíèå TM = TF⊕HF. Òàêèì îáðàçîì êàæäîå âåêòîðíîå ïîëå X ðàçëîæèìî
â âèäå: X = Xv +Xh, ãäå Xv ∈ TF, Xh ∈ HF. Åñëè Xh = 0 (ñîîòâåòñòâåííî Xv = 0), òî ïîëå X
íàçûâàåòñÿ âåðòèêàëüíûì (ñîîòâåòñòâåííî ãîðèçîíòàëüíûì) âåêòîðíûì ïîëåì.
Íàïîìíèì, ÷òî åñëè äèôôåðåíöèàë ñóáìåðñèè π : M → B ñîõðàíÿåò äëèíó ãîðèçîíòàëüíûõ

âåêòîðîâ,òî îíà íàçûâàåòñÿ ðèìàíîâîé. Èçâåñòíî,÷òî ðèìàíîâà ñóáìåðñèÿ ïîðîæäàåò ðèìàíîâî
ñëîåíèå. Ñëîåíèå F íàçûâàåòñÿ ðèìàíîâûì, åñëè êàæäàÿ ãåîäåçè÷åñêàÿ, îðòîãîíàëüíàÿ â íåêî-
òîðîé òî÷êå ê ñëîåíèþ, îñòàåòñÿ îðòîãîíàëüíîé ê ñëîåíèþ âî âñåõ ñâîèõ òî÷êàõ.
Êðèâàÿ íàçûâàåòñÿ ãîðèçîíòàëüíîé, åñëè åå êàñàòåëüíûé âåêòîð ÿâëÿåòñÿ ãîðèçîíòàëüíûì.
Ïóñòü γ : [a, b] → B− ãëàäêàÿ êðèâàÿ â B, è γ(a) = p. Ãîðèçîíòàëüíàÿ êðèâàÿ γ̃ : [a, b] → M,

γ̃(a) ∈ π−1(p) íàçûâàåòñÿ ãîðèçîíòàëüíûì ïîäíÿòèåì êðèâîé γ[a, b]→ B, åñëè π(γ̃(t)) = γ(t) äëÿ
âñåõ t ∈ [a, b].
Îòîáðàæåíèÿ S : V (F )×HF → V (F ), çàäàííîå ôîðìóëîé S(X,U) = ∇v

XU íàçûâàåòñÿ âòîðîì
îñíîâíûì òåíçîðîì, ãäå V (F ), HF -ìíîæåñòâî âñåõ âåðòèêàëüíûõ è ãîðèçîíòàëüíûõ âåêòîðíûõ
ïîëåé ñîîòâåòñòâåííî.
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Ïðè ôèêñèðîâàííûì ïîëå íîðìàëåé X ∈ HF îòîáðàæåíèå S(U,X) îáðàùàåòñÿ â òåíçîðíîå
ïîëå SX òèïà (1,1):

S(U,X) = SXU = ∇v
UX,

ãäå ∇v
UX-âåðòèêàëüíàÿ êîìïîíåíòà âåêòîðíîãî ïîëÿ ∇UX.

Òåíçîðíîå ïîëå SX ÿâëÿåòñÿ ëèíåéíûì îòîáðàæåíèåì è ïîýòîìó çàäàåòñÿ ìàòðèöåé S(U,X) =
AU.
Ãîðèçîíòàëüíî âåêòîðíîå ïîëå X íàçûâàåòñÿ ñëîåíûì, åñëè äëÿ êàæäîãî ïîëÿ V ∈ V (F ), ïîëå

[V,X] òàêæå ÿâëÿåòñÿ âåðòèêàëüíûì. Â ñëó÷àå, êîãäà ïîëå X ÿâëÿåòñÿ ñëîåíûì, ñîáñòâåííûå çíà-
÷åíèÿ ìàòðèöû A íàçûâàåòñÿ ãëàâíûìè êðèâèçíàìè ñëîåíèÿ F. Åñëè ãëàâíûå êðèâèçíû ëîêàëüíî
ïîñòîÿííû âäîëü ñëîåâ, òî ñëîåíèå F íàçûâàåòñÿ èçîïàðàìåòðè÷åñêèì.
Ðàññìîòðèì ñëåäóþùèå n âåêòîðíûå ïîëÿ Êèëëèíãà â Rn, èç êîòîðûõ k âðàùåíèé, n − k

ïàðàëëåëüíûõ ïåðåíîñîâ, ãäå n = 2k + l.
Ïóñòü

Yi =
∂

∂xi
, åñëè i íå÷åòíî è 1 ≤ i ≤ 2k,

Yi = −xi
∂

∂xi−1
+ xi−1

∂

∂xi
, åñëè i ÷åòíî è 1 ≤ i ≤ 2k,

Yi =
∂

∂xi
, åñëè 2k + 1 ≤ i ≤ n.

Ðåçóëüòàòû ðàáîòû [2] ïîêàçûâàþò,÷òî îðáèòà ýòèõ âåêòîðíûõ ïîëåé äëÿ êàæäîé òî÷êè
ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì Rn. Ïîýòîìó ìû ìîæåì îïðåäåëèòü ñëåäóþùóþ ñóáìåðñèþ
π : Rn+k → Rn ôîðìóëîé:

π(t1, t2, ..., tn+k) = X
tn+k

n+k (...(X
t2
2 (Xt1

1 (O)...)),

ãäå O−íà÷àëî êîîðäèíàò â Rn.

Òåîðåìà 2. Ñóùåñòâóåò òàêàÿ ðèìàíîâà ìåòðèêà g̃ íà Rn, ÷òî

1) Îòîáðàæåíèå π : Rn+k → Rn ÿâëÿåòñÿ ðèìàíîâîé ñóáìåðñèåé è ïîðîæäàåò ðèìàíîâî

ñëîåíèå;

2) Ñóáìåðñèÿ π : Rn+k → Rn ïîðîæäàåò íà Rn+k èçîïàðàìåòðè÷åñêîå ñëîåíèå;

3) (Rn, g̃) ÿâëÿåòñÿ ìíîãîîáðàçèåì íåîòðèöàòåëüíîé êðèâèçíû;

Åñëè k ≥ 2, òî

4) Ñóáìåðñèÿ π : Rn+k → Rn ïîðîæäàåò íà Rn+k ñëîåíèå íóëåâîé êðèâèçíû.
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