The extremal problem for the area of an image of a disc
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Let I be a family of curves « in the complex plane C. A Borel function ¢ : C — [0,00] is called
admissible for I', abbr. ¢ € admT, if

/g(z) ldz| > 1

gt
for all v € I'. The p—modulus of I is the quantity defined by
M,() = inf /Qp(z) dedy, p>1.
ocadmI’
C

Let E, F and G be arbitrary sets in C. Denote by A(FE, F,G) a family of all continuous curves
v : [a,b] — C joining E and F in G, i.e. v(a) € E, v(b) € F and «(t) € G for a < t < b. Given
a domain D C C and zp € D, denote by A(zp,r1,m2) = {z € C:r; < |z — 20| < ro} < dp, where
do = diSt(Z(), aD)

Now let @ : D — [0,00] be a (Lebesgue) measurable function. A homeomorphism f : D — C is
called a ring Q-homeomorphism with respect to p-modulus at zg € D, if
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for every ring A = A(z0,71,72), 0 < 71 < ra < dp, and every measurable function 7 : (r1,r2) — [0, o]

T2
such that [n(r)dr >1.
T1
Let B={2€ C: |z <1} and Q : B — [0,00] be a (Lebesgue) measurable function. For p > 2
denote by H a set of all ring Q-homepmorphisms f : B — C with respect to p-modulus at the origin

satisfying
1 _
o) = 5 [ QU <0t a0 € 000), a € 0,00),
St

for almost all ¢ € (0,1). Here S; = {z € C: |z| = t}. Let S,(f) = |fB,| be an area functional over the
class H where B, = {z € C: |z| < r}. The following statement provides an extremal bound for the
functional S,(f).

Theorem 1. For all r € [0,1]

min S, (f) =« (

p— 2 p—2 % 2(a+p—2)
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