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Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, ∇ � the
Levi-Civita connection, 〈·, ·〉 - inner product de�ned by the Riemannian metric g.

We denote by V (M) the set of all smooth vector �elds de�ned on M , through a [X,Y ] Lie bracket
of vector �elds X,Y ∈ V (M). The set V (M) is a Lie algebra with Lie bracket.

Throughout the paper, the smoothness means smoothness of a class C∞.

De�nition 1. Di�erentiable mapping π :M → B of a maximal rank, where B is smooth manifold of
dimension m, (n > m), is called submersion.

By the theorem on the rank of a di�erentiable function for each point p ∈ B the full inverse image
π−1(p) is a submanifold of M dimension k = n − m. Thus submersion π : M → B generates a
foliation F on M of dimension k = n −m, whose leaves are connected components of submanifolds
Lp = π−1(p), p ∈ B.

To the study of the geometry of submersions were devoted numerous papers ([1]�[5]), in particular
in paper [3] derived the fundamental equations of submersion.

Let F be a foliation of dimension k, where 0 < k < n. We denote by Lp leaf of foliation F, passing
through a point q ∈M, where π(q) = p, by TqF tangent space of leaf Lp at the point q ∈ Lp, by H(q)
orthogonal complement of subspace TqF. As result arise subbundle's TF = {TqF}, TH = {H(q)}
of the tangent bundle TM and we have an orthogonal decomposition TM = TF ⊕ TH. Thus every
vector �eld X is decomposable as: X = Xv +Xh, where Xv ∈ TF, Xh ∈ TH. If Xh = 0 (respectively
Xv = 0), then the �eld X is called as vertical (respectively horizontal) vector �eld.

The submersion π :M → B is said to be Riemannian if di�erential dπ preserves lengths of horizontal
vectors. It is known that Riemannian submersions generate Riemannian foliation [5].

We remark that foliation F is called Riemannian if every geodesic, orthogonal at some point to
leaves, remains orthogonal to leaves at all points.

The curve is called as horizontal if it's tangential vector is horizontal.
Let γ : [a, b]→ B is smooth curve in B, and γ(a) = p. Horizontal curve γ̃ : [a, b]→M , γ̃(a) ∈ π−1(p)

is called as horizontal lift of a curve γ : [a, b]→ B, if π(γ̃(t)) = γ(t) for all t ∈ [a, b].
The map S : V (F ) × H(F ) → V (F ), de�ned by the formula S(X,U) = ∇v

XU , is called second
basic tensor, where ∇v

XU is vertical component of vector �eld ∇XU, V (F ), H(F ) set of vertical and
horizontal vector �elds respectively.

At the �xed �eld of normal U ∈ HF , map S(X,U) generates tensor �eld SU of type (1,1):

S(X,U) = SUX = ∇v
XU.

The tensor �eld SU de�nes the bilinear form lU :

lU (X,Y ) = 〈SUX,Y 〉.

The form lU (X,Y ) is called second basic form with respect to a normal vector �eld U .
The tensor �eld SU is linear map and consequently it is de�ned by the matrix S(X,U) = AX.
Horizontal vector �eld U is called basic if vector �eld [Y,U ] is also vertical for each vector �eld

Y ∈ V (F ). Eigenvalues of matrix A is called the principal curvature of foliation F , when vector
�eld U is basic. If the principal curvatures are locally constant along leaf, then foliation F is called
isoparametric.
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Let's consider some set D ⊂ V (M), which contains �nite or in�nite number of smooth vector �elds.
For a point x ∈ M through t → Xt(x) we will denote the integral curve of a vector �eld X passing
through a point x at t = 0. Map t → Xt(x) is de�ned in some domain I(x) ⊂ R, which generally
depends on �eld X and point x.

Recall that the vector �eld X on M is called the Killing vector �eld, if the group of local transfor-
mations x→ Xt(x) consists of isometries [2]. Geometry of Killing vector �elds is subject of numerous
studies in connection its importance in geometry and other areas of mathematics [1], [2].

We will denote through A(D) the smallest Lie subalgebra of algebra K(M), containing the set
D. Since the algebra K(M) �nite dimensional, there exist vector �elds X1, X2, ..., Xm, that vectors
X1(x), X2(x), ..., Xm(x) forms basis for the subspace Ax(D) for each x ∈M, where

Ax(D) = {X(x) : X ∈ A(D)}.
Results of [2] allows constructing various submersions π : Rm → L(x0) using the vector �elds

X1, X2, ..., Xm, by the formula

π(t1, t2, . . . , tm) = Xtm
m (X

tm−1

m−1 (. . . (X
t1
1 (x0) . . .))).

Let's consider the Killing vector �elds

Y1 =
∂

∂x1
, Y2 =

∂

∂x2
, Y3 = −x3

∂

∂x1
+ x1

∂

∂x3
, Y4 =

∂

∂x4

on R4. It is easy to check that the basis of subalgebra A(D) consists of following vector �elds

X1 =
∂

∂x1
, X2 =

∂

∂x3
, X3 = −x3

∂

∂x1
+ x1

∂

∂x3
, X4 =

∂

∂x2
, X5 =

∂

∂x4

and consequently the orbit L(p) for each point p ∈ R4 coincides with space R4.
We will de�ne following submersion π : R5 → R4 with formula

π(t1, t2, t3, t4, t5) = Xt5
5 (Xt4

4 (Xt3
3 (Xt2

2 (Xt1
1 (O))))),

where O−origin of coordinates in R4.

Theorem 2. There exists a Riemannian metric g̃ on R4 that:
1) Map π : R5 → R4 is Riemannian submersion;
2) Submersion π : R5 → R4 generates on R5 is isoparametric foliation;
3) (R4, g̃) is manifold of nonnegative curvature.
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