Boundary behavior of ring ()-homeomorphisms on Finsler manifolds
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By a Finsler manifold (M", ®), n > 2, we mean a smooth manifold of class C* with defined Finsler
structure ®(z, &), where ®(z, &) : TM" — R* is a function satisfying the following conditions:
1) & e Co(TM" \ {0});
2) for all @ > 0 hold ®(z,a&) = a®(x,&) and P(x,&) > 0 for £ # 0;
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3) the n x n Hessian matrix g;;(z,§) = %aaqgiézf) is positive defined at every point of TM" \ {0},
cf. [1].
By the geodesic distance dg(x,y) we mean the infimum of lengths of piecewise-smooth curves joining
z and y in (M"™, @), n > 2.
Later we consider the Finsler structure of a type ®(z, &) = 1(®(z, ) + ®(x, —¢)) thereby obtaining
a Finsler manifold (M", ®) with symmetrized (reversible) function ®. Clearly, if ® is reversible, then
the induced distance function d is reversible, i.e., dz(z,y) = dg(y, z), for all pairs of points x,y € M",
see |2]. It is also known that the reversible Finsler metric coincides with the Riemannian one, see, e.g.,

3]
Definition 1. The modulus of the family I' is defined by
M(T) = inf/p”(x) dog(),

D

where the infimum is taken over all nonnegative Borel functions p such that the condition

/p@(w,dm) = /pdsci >1
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holds for any curve € T'. The functions p, satisfying this condition, are called admissible for T, cf. [1].
Definition 2. Let D and D’ be domains on the Finsler manifolds (M”,%) and (Mf,i*), 2,

n >
respectively, and let @ : M" — (0,00) be a measurable function. A homeomorphism f : D — D' is
ring Q-homeomorphism at a point xg € D, if

M(AUC)FCoiD)) < [ Q)i (dla,a0)) dog (o) (1)
AND
holds for any geodesic ring A = A(xg,¢,€0), 0 < € < g9 < 00, any two continua (compact connected

sets) C' C B(xo, €) N D and Cy C D\ B(z,c0) and each Borel function 7 : (¢,0) — [0, 00|, such that
€0 —

[ n(r)dr > 1. We say that f is a ring Q-homeomorphism in D, if (1) holds for all points z¢ € D.
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Definition 3. We say that the boundary D is strongly accessible at a point xog € 0D, if for any
neighborhood U of zq, there are a compactum E C D, a neighborhood V' C U of g and a number
d > 0, such that M(A(E, F; D)) > § for any continuum F' in D, intersecting OU and 9V.

Theorem 4. Let D and D' be domains in (M", ®) and (M?, ®,), n > 2, respectively. Assume that D

is locally connected at a point xg € 0D, D’ is compact and the boundary of D' is strongly accessible. If
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a measurable function Q : M™ — (0,00) satisfies

[ 9 ([l]") w oo @

D(z0,¢,€0)
where D(xo,€,60) = {x € D : ¢ < dg(x,x0) < €0} for g0 < d(wo) = supdgz(w,z0), then any ring
xzeD
Q-homeomorphism f : D — D' can be continuously extended to xog on (ML, ®,).

Corollary 5. The assertion of Theorem 4 is true if the singular integral

/Q Sl 3)

converges in a neighborhood of the point xg in the sense of principal value.
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