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['EOMETPUYECKUE CTPYKTYPhBI HA TPEXMEPHBIX
MHOT'OOBPA3UAX

1. B. Boaoros
OTUHT wum. B.11. Bepkuna HAHY
bolotov@ilt.kharkov.ua

Mpui cobupaemcs garhb 0630pHBIN MUK JEKIUI 110 TeOMETPUE TPEXMEPHBIX MHOT000pa3wuil,
BKJIFOYAIOIIAIT B cebs CIIeyIonine pa3iaenbl:

e TepcronoBckue reomerpun. ['eoMeTpusanuontas runoresa Tepcrona;
e /IBymepubie opbuobpasus;

o Croenus 3eiidepTa;

e [eomeTpun Ha JIONOJTHEHUAX K Y3JIaM;

e JluckperHbie IPyHIbl M30METPUN MOJETbHBIX T€OMETPHUIA.

[1] V. Tépcron, Tpexmeprasn eomempus u monoaoeua: M., MITHMO, 2001.

[2] TI. Ckott, Teomempuu 1a mpexmepnux muozoobpasusx: Mam.H3H 89, Mup, 1986.



ON STABLE HOMOTOPY EQUIVALENCE OF POLYHEDRA

Yu. A. Drozd
Institute of Mathematics NASU

y.a.drozd@gmail. com

My lectures will be devoted to the problems related to the stable homotopical classification
of polyhedra (finite CW-complexes). I am planning to give two lectures on classification of
“small” polyhedra and one lecture on genera of polyhedra and related questions. The details
of the considered results and their proofs can be found in [5,6]. These papers can be obtained
from my site: www.imath.kiev.ua/~drozd/publ.html.

1. For general notions from topology we refer to [10]. Let Hot be the homotopic category
of pointed topological spaces. We denote by X VY the wedge (or bouquet) of spaces X and Y,
i.e. the subspace X x .y U:x XY C X x Y, where -x is the base point of X. We also denote
by X AY the factorspace X x Y/X VY. In particular, we set SX = S' A X, the suspension
(or double cone) of X, and S*X = S* A X the iterated suspension. There is a natural functor
S : Hot — Hot mapping X to SX and we define the stable homotopy category Hos having the
same objects as Hot, but with the sets of morphisms

Hos(X,Y) = limy, Hot(S* X, S*Y).

In particular, X ~ Y in Hos means that S*X ~ S*Y in Hot for some k. Such polyhedra are
called stably homotopic. Our aim is to study the subcategory CW of Hos consisting of polyhedra,
i.e. finite CW-complexes.

Let CWfL be the full subcategory of Hot consisting of (n—1)-connected polyhedra of dimensi-
on at most n+k and SWfL be its image in the category Hos. The generalized Freudenthal theorem
[3, Th. 1.21] implies that the functor S induces an equivalence of categories CW! — CW?!_, for
n > k+ 1, while for n = £+ 1 and X,Y € CW* the map Hot(X,Y) — Hot(SX,SY) is
surjective and reflects isomorphisms, i.e. Sf is an isomorphism if and only if so is f. Therefore,
CW* ~ SW* for n > k + 1 and, considering the category ./, = SW"™! we obtain a stable
homotopy classification of polyhedra having cells in at most n successive dimensions. Moreover,
if the smallest dimension of cells in such polyhedra is at least n (thus their dimensions are at
least 2n — 1), their stable homotopy equivalence is indeed their homotopy equivalence.

The category Hos has an advantage to be additive. Recall that it means that all sets
Hos(X,Y) are abelian groups, the multiplication of morphisms is bilinear and any two objects
have a direct sum. Actually, a direct sum of X and Y in the category Hos is their wedge
X VY, while the group structure on Hos(X,Y") arises from the H-cogroup structure on SX
(see [10, Sec. 2]). Moreover, this category is fully additive (or Karubian), which means that any
idempotent e € Hos(X, X) arises from a decomposition of X into a direct sum (that is, into a
wedge) [3, Sec. 4.1]. Following Baues [1], we use the next definition.

Oznauennsa 1. An atom is an indecomposable (into a non-trivial wedge) object A from
%, which does not belong to S.#,_; U S%.%,_;. In other words, any polyhedron isomorphic to
A in .7, must have cells of “ultimate” dimensions n and 2n — 1. If A is an atom, all polyhedra
of the sort S™A are called suspended atoms.

Obviously, any polyhedron is isomorphic in Hos (i.e. stably homotopic) to a wedge of several
suspended atoms. Note that such a decomposition is, in general, not unique.
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2. Another advantage of Hos is that it is ¢riangulated |7,8] having cofibration sequences
xLhyvLorhsx

as model exact (or distinguished) triangles. Here C'f is the cone of the map f, i.e. the factorspace
CX UY/ ~, where X = I x X/1 x X is the cone over X and ~ is the equivalence relation
identifying (0,x) € CX with f(x) € Y. The map ¢ sends y € Y to y € Cf, while the map h

sends y € Y to 0 x -x € SX and (¢,x) € CX to its class in SX. If X Ly % z2h sxis any
exact triangle in Hos, then for any space V' the sequences of abelian groups

Hos(V, X) LN Hos(V,Y) £ Hos(V, Z) LN Hos(V, SX) 2N Hos(V, SY)
and
Hos(SY, V) -5, Hos(SX,V) A Hos(Z,V) - Hos(Y, V) ZN Hos(X, V)

are exact and can be extended both to the right and to the left. Here f- denotes the multipli-
cation by f on the left and -f denotes the multiplication by f on the right.

Using this triangulated structure, we propose a recursive procedure for classification of
atoms in .7, starting from .7}, where the only atom is S*. Choose some integer m such that
n < m < 2n — 1. Consider two subcategories &/ and % from .7,. Namely, o/ consists of
(m — 1)-connected polyhedra of dimension at most 2n — 2 and % consists of (n — 1)-connected
polyhedra of dimension at most m. If X € ., and B = X™ is its m-skeleton, then B € % and
X/B ~ SA for some A € o/. It gives an exact triangle

AL B xMoga

Consider the category %, ,, whose objects are morphisms f : A — B, where A € &/, B € %,
and a morphism from f to f': A — B’ is a pair of morphisms (¢, 5) such that the square

A .B

S

AP
f/

commutes. Let Z be the ideal of .%#, ,, consisting of pairs («, 5) as above such that / factors
through f’ and J be the ideal of ., consisting of morphisms v : X — X’ which factor both
through an object from S and through an object from 2.

Teopema 1. There is an equivalence of categories C : Fy, /T — S/ T which maps f :
A — B to Cf. Moreover, J* = 0, hence isomorphism classes in .%,, and %,/ J are the same.

Let CT be the full subcategory of CW consisting of torsion free polyhedra X, i.e. such that
all groups H,(X,Z) are torsion free, and ST be its image in SW. Analogously CT* and ST
are defined, and we set .7, = ST”"'. We also denote by ), the full subcategory of 7,
consisting of all maps f : A — B such that A and B are torsion free and H,,(f,Z) = 0. Let
IO :Iﬂ?,?%n and jgzjﬂ%



Teopema 2. There is an equivalence of categories C° : F) [Ty — F,/Jy which maps
f:A—= B to Cf. Moreover, I? = 0 and J¢ = 0, hence C° induces a one-to-one correspondence
between isomorphism classes in F°  and .

n,m

These theorems replace the classification of polyhedra from .7, (.7;,) by the classification of
objects from .7, ,, (respectively, from %] ). The latter problems are actually a kind of bimodule
problems considered, for instance, in [4]. Using this approach, in particular the technique of
representations of bunches of chains from [2]|, we give a complete classification of polyhedra
from ¥, for n < 4 and from 9, for n < 7. It so happens that .%, for n < 4 and .7, for
n < 7 are essentially finite: their atoms have at most 4 cells in .%, (n < 4) and at most 6
cells for .7, (n < 7). On the other hand, the number of cells in atoms from .%; and from .7
can be arbitrary. During the lectures we will present this classification. We also show that for
bigger values of n such classification becomes wild in the sense of the representation theory, i.e.
includes classification of representations of all finite dimensional algebras over a field.

3. We also consider genera of polyhedra. Namely, let Hos, denotes the p-localization of the
category Hos. It means that Hos,(X,Y) = Hos(X,Y) ® Z,), where Z,) = {a/b € Q | p 1 b}.
Actually, an equivalent category is obtained if we consider the localization of polyhedra in the
sense of |9, Sec. 2|. We call the genus G(X) of a polyhedron X the set of polyhedra Y such that
X ~ Y in every category Hos,. One easily sees that if XVZ ~ YV Z for some Z, then Y € G(X).
Thus genera are closely related to the cancellation problem for wedges of polyhedra. Let g(X)
denotes the number of isomorphism classes (in Hos) of polyhedra from G(X). We establish the
following main properties of these notions as well as a sort of cancellation law in the category
Hos.

Teopema 3. 1. g(X) < oo for every polyhedron X.
2. If Ye G(X), there is a k-fold wedge kX such that kX ~Y VY’ for some Y’.

3. Let Y € G(X), B(X) = V,c.x) 5", where r(X) = {r € N | Hos(5", X) is not torsion}.
Then X V B(X) ~Y Vv B(X).
(Note that if r € 7(X), then r < dim X, hence r(X) is finite.)
4. If XV Z ~Y NV Z, where Z € G(X), then X ~ Y.
Here all isomorphisms are isomorphisms in the category Hos, i.e. stable homotopy equi-
valences.
Finally, we give an upper bound for the number g(X). Note that for every polyhedron X
there are an integer m and maps X = B LA X, where B is a wedge of spheres, such that

aff = m-1x modulo torsion and Sa = m-15 modulo torsion.

Teopema 4. Let m,«, 8 are as above and B = \/f:1 r;S™ with different dimensions n;. If
m =2, then g(X) = 1. If m > 2, then g(X) < (¢(m)/2)*, where ©(m) is the Euler function.

For instance, if Hos(X, X) is torsion or if m € {2,3,4,6}, then g(X) = 1. We will present
examples of description of genera.
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BIIKPUTI TEOMETPUYHI TA TOIIOJIOITYHI ITUTAHHS
MATEMATUYHOI'O AHAJII3Y

FO. B. 3eaincepkunii
Iacruryr maremarukn HAH Vkpainu, Kuis, Ykpaina
zel@imath.kiev.ua

B nexmii Oysie po3rigHyTO P 3a/ad Teopil BijmoOparkeHb, SKi TICHO MOB’s3aHi 3 3a1a4amMu
KOMIIJIEKCHOT'O Ta OIYKJIOI0 aHAJIi3Y.

3amaua 1. YUu MoKHA HA KOXKHOMY N-BUMIPHOMY MHOTOBHJII 3aJIaTH HEIEPEPBHY 1HBOJIIO-
mifo?

Samaua 2. Uu MoxKHA Ha KOKHOMY Nn-BUMipHOMY MHoroBuai M 3ajaTu HemepepBHE BiJIO-
OparkeHHsl, KOJKHA TOYKa 00pa3y sIKOro MicTuTh He Gijblie Hizxk jaBa npoodbpasu, a obpas f(M)
JIOTYCKAE BKJIAJIEHHSI B N-BUMIPHHI €BKJIIIIB MPOCTIp?

Oznauenns 1. CkaxkeMo, 1m0 MHOKHHA F C R" m-HamniBoIIyK/1a BiIHOCHO TOYKHI
x € R"\ E, gkmo 3Haiiierbcs m-suMipHa miBmiomuua P, taka mo x € Pi1 PN E = .

Oznauennsd 2. CkaxkeMo, 0 MHOKHMHA, M-HAIMIBONYKJIA, SIKITO BOHA 1M-HAIIBOIMYK.Ia Bij-
HOCHO KOKHOI TOukH = € R\ E.

3amaua 3. fka MiniMa/bHa KUIBKICTH KYJIb B TPUBHMIDHOMY €BKJIiJIOBOMY ITPOCTOPI 3 TEH-
Tpamu Ha cepi 3abe3mednTh HAJTEXKHICTD MeHTpa cdepu 10 ix 1-HamBomyk/10l 060710HKT?

3anaya 4. Yu icHye cKiHYeHa KiTbKICTh KyJb B eBKJI0BOMY mpocTtopi R™, n > 3 3 nen-
TpaMu Ha cdepi, gKa 3abe3meunTh HAJIeKHICTh MeHTpa chepn 10 X 1-HATBOIYKI0T 000JIOHKH !

3anaua 5. Hexait K C C" — jinifino onyk/auii KOMIAKT 3 HETPUBIAJIBHOIO I'DPYIIOKD KO-
romoytoriit H'(K). Yu BipHo, mo rpynu koromojoriii H7(K) rako:K HeTpuBiabHi JIs BCiX
7,0 < g <i?

g BCiX BIAOMHX HPHKJIAIIB e TakK.

Banaua 6.(npobaema cdepn). Yn icuye minifino omykmuit kommakt B C? (abo 2-omykmmit
KOMIIAKT B ]R4), yCi Ipynu KOroMoOJOriid sIKOro CHiBIaJ aloTh 3 BIIIOBIAHUMEA I'DYyIIaMU JIBOBU-
MipHOT cdhepu?

Banaua 7. Hexait C' — Taka 3aMKHYTa KOpJaHOBa KpnBa Ha muommHi R?, mo 11s 1oBiapHOT
aJireOpaianol 3aMKHYTOI KpuBOi L Mopsaky n 3 BaacTuBocTi “nepetun C'MN L MiCTUTH M TOYOK
BuruBae, mo C' N L micTuTh He MeHNIe HizK m + 1 Touky. Yu icHye Take 4dmciao m, Mo 3
BUKOHAHHS BKa3aHO! YMOBHU BHILTHBaE Te 1o C' Oyae aaredpaidnoio KpUBOO MOPIKy n?

3anaua 8. Hexaii B monepeswiii 3a1a4i kpusa L Oyze xosom i m = 3. Yu BipuO, mo C'
TakoxK Oyae KoJaoMm?

Sana4va 9. Hexait B 3amaqi 5 kpuba L Oyme eqincom i m = 5. Yu BipHO, mo C' Takoxk Oye
esincom?

[1] FO.B.3enunckuit Bunykaocmo. Hsbpannvie 2aaswvi, Ipami [HeTUTYTY MaTeMaTHKH
HAH Vxkpainu, 92, 280 c., 2012.
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OVHKIIT 31 3B’A3HUM I'PA®IKOM
O. Kapsosa

YepuiBenpkuit Harionaapunit yaisepcurer imeni [Opis @enpkoBuua
maslenizza. ua@gmail. com

CyKymHICTh yciX HemepepBHEX (DYHKINNH MixK mpoctopamMu X Ta Y MH MO3HAYAEMO de-
pe3 C(X,Y), a muoxkuny ycix dynkniii 3i 38’a3uum rpadikom — gepes CG(X,Y). Oyukiis
f: X — Y wmix TonosoriunmMu mpocropamu HasuBaeThesa: dynkuyicto Jdapby, f € D(X,)Y),
akimo Muoxuua f(C) 3’s3na 1 jgoBinbHOl 3B’a3u0i Muokuuu C C X 36’asnor, [ €
Conn(X,Y), akuio rpadik 3ByKenHus f|c Ha KoKHY 38’130y MHOKUHY C' C X 3B’si3HMIA.

[Ipu X =Y = R BipHi HACTYIHI CHiBBIIHONIEHHSA MiK BKa3aHUMHU KJacaMu (DYHKITIM:

C(R,R) C Conn(R,R) = CG(R,R) € D(R,R),

gKi B Kytaci Bi-dyukiiiit, To6T0, NOTOYKOBUX T'PAHUIlL MOCHII0BHOCTEH HenepepBHUX (DyHKIIIH,
neperBopioorses y taki: C(R,R) C Conn(R,R) = CG(R,R) = D(R,R). Hderanbuuit orsz
BHIIEBKA3AHUX CIIBBITHOIICHD MOXKHA 3HAHTH B [2,3].

@yukuig f: X — Y Mmix Tonojoriuanmu npocropamu X Ta Y HazuBaeThea caabro Jibco-

nosoto 4], axmo aist koxkuoro x € X Bipue Brmodenus f(x) € f(G) mas qoBLIGHOI BiIKpHTOT
38’3001 Muokuau G C X, Takoi, mo x € G.

Teopema 1. Hexaiti X = R", n € N ¢ Y — Ti-npocmip. Todi xoocha caabro sibcorosa
F-sumipna pynruia [ X — Y mae 36 as3nuti epagix.

Teopema 2. Hexati X — cnadkoso bepiscokut npocmip, Y — mempusosHutl npocmip i
f: X =Y — nomoukosa eparuuys nocaidosnocmi nenepepsHur Gymnruid. Srxuwo surxoHyemves
odna 3 ymos: (1) X — 36’asnudl i aokasvho 36°asnuil npocmip i f — caabko Jibconose, abo (2)
X — atnitino 38’ asnud npocmip © f — dynkuia Hapby, mo f mae 36°a3nutl epadix.

BayBaxkumo, 1m0 MHOKHHA BCix Bi-dyukiiit Japby f : R — R 3amkHeHa BijjHOCHO DPiBHO-
mipaux rpanuip [1|. Hacrynre nuranns Biakpure.

Iuranna. Hexat f : R? — R — pishomipna epanuuys nocaidosnocmi By -dynwuiti Japby
fo:R2 = R. Yue f dynwyicro Japby?

Oyukuist [ : X — Y wmae eaacmusicmo [-lapby, sximo obpas f(C') mnosiabHOL JiHiiiHO
38’3001 MHOXkUHU C' C X 3B'a3Hmii. CykynHicts ycix [-/lapdy dbyHKIiH MiXK npocTopamn
X Ta Y mu mosmagaemo depes D'(X,Y). HacTymmuit pesynbTaT Jae€ 9acTKOBY Bimmosimb Ha
chopMyThOBaHE TATAHHSI.

Teopema 3. Hexaii X — monoaozivnud npocmip, Y — mempuunutd npocmip i ()22, — no-
caidosricmy Fy-eumipnuz dynxuit 3 xaacy DY(X,Y), axa pienomipro sbicacmuves do dynruii
f: X =Y. Todi f — F,-eumipna dynwuia 3 xaacy DY(X,Y).

[1] Bruckner A. Differentiation of Real Functions [2nd ed.], Providence, RI: American Mathematical
Society, 1994.

[2] Ciesielski K. Jastrzebski J. Darbouz-like functions whithin the classes of Baire-one, Baire-two and
additive functions, Topol. Appl. 103 (2000), 203-219.

[3] Gibson R., Natkaniec T. Darbouz-like functions, Real Analysis Exch. 22 (2) (1996/97), 492-533.
[4] Kellum K. Functions that separate X x R, Houston J. Math. 36 (2010), 1221-1226.
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KATETIOPHI AKCIOMU TEOPII TOMOTOIIIN

B. B. JIio6anieHko
Tacturyr maremaruxkun HAHY
lub@imath.kiev.ua

Mera JiekIiiii — BUBECTH CHLIbHI PUCH 1 HACIJIKM JIJI PI3HOMAHITHUX TEOpPiit roMoTomii 3
nabopy akcioMm kareropuoro xapakrepy. [lepirmim, XxTo 3ampornonyBas Takuii Habip akciom, OyB
Ksuien (1967). Bin BBiB B y2KUTOK MOJIeJIbHI KATeropii — KaTeropii, mo MOJIEIITh Teopio
romotori#i. Moje/ibHi KaTeropil OCHAIIYIOTHCSA HiIKATeropisaMu cJIabKuX eKBiBaJeHTHOCTElH, (i-
Oparmiii 1 Kodibpariiit. Jlumre miakareropii clabkux ekBiBaJleHTHOCTEl Ta (bibpaliit BUKoOpucTo-
BytoTbest B akciomaruii K. Bpayna (1974) kareropiit dbibpanraux o6’ekris. Ha crabuii akciomu
cnupaerhest Pagynecky-bany (2006) nas ABC kareropiit dbibparii. YncnHcbKuii TaKOXK moc/1a-
610 akciomn BpayHna 1o audepenniiiopanx 3iBa Kareropiii (2010).

Brim BaxkmBo, mo akciomn bpayra ta KBuiena BUKOHYIOThCA Y TOJTOBHUX MPHUKJIAIaX: TO-
MOJIOTIYHUX MTPOCTOPaX Ta KOMILJIEKCaX MOJYJIB, Mal0ud MOYKJIUBICTH JOBOJUTHU JJIs HAX TBEP-
JIZKEHHST 3 Teopil roMoTotiii. 30KpemMa, rOMOTOIHa KATeropisi KOMILJIEKCIB € ITOXiIHOI0 KaTeropi-
€t0. Moxk/iuBicTb BECTH IOMOTOIYHI OOYHCIeHHS B KaTeropigax pidpaHTHUX 00 €KTiB BKIOYAE,
HANPUK,JIA]], HAMMCAHHS JOBIUX TOYHUX TOMOTOIIYHUX MOC/IOBHOCTEA.
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JIEGOPMALIT IVIAAKUX OYHKIIN HA KOMIIAKTHUX
[TOBEPXHSIX

C. I. MakcumeHKO
Tacruryr maremarukn HAH Vkpainn
maks@imath.kiev.ua

Mini-Kypc OpUCBAYEHUN OMHUCY JedKUX JdehopMaIifiHuX BJIACTUBOCTEH TIVIAJIKUX (DYHKIIii
(i, 30kpema, dbyukiiii Mopca) Ha KOMIAKTHUX MOBepXHAX. HuKdue HaBeIeHO TpUbIU3HUIL LIaH
JIEKITIHf Ta KOPOTKHIT OMHC 1X 3MICTY.

1. Knacudikariis KOMOAKTHAX IIOBEPXOHBL. KOMIIAKTHI IMOBEpPXHI pO3JILIAIOTHLCS HA JIBA
KJIACH OptEHMOBHT Ta HeopteHmosHs. TOMOMOrIYHHI TUIT KOXKHOI TaKOl IIOBEPXHI BU3HAYAETHCS
KIJIBKICTIO KOMIIOHEHT MeXKi Ta JesIKUM YucJIoM ¢ > 0, sike HA3UBAEThCS Pid MOBEPXHI.

2. 'pynu romeoTrorniii koMnakTHux moBepxoHb. Hexait H (M) — rpyna Beix romeomopdi-
3miB nosepxui M, a Hiqg(M)—1i (HopMaibHa) mArpyma, Mmo CKIATAETbC 3 roMeoMopdi3Mib
i3oTonmHuX 10 TOTOXKHOTO BimoGpaxkennst idys;. Tomi dakrop-rpyma H(M)/Hiq(M) nosnadae-
Thest depes3 moH (M) i Ha3suBaeThest TPYmoto 2omeomonid mosepxui M. B immriit Tepminostorii mo
IPYIy TAKOXK HA3MBAIOTH 2PYnoio kaacie eidobpasicens (mapping class group). Takum quHOM,
eneventu moH (M) ne romeomopdizmu nosepxui M, «gKi MH PO3TIATAEMO JHIIE 3 TOYHICTIO
J10 130TOIil».

Teipui rpyn moH (M) nnst 3aMKHYTHX OpieHTOBHUX moBepXoHb 3Hafimeni M. Dehn [6] B
1938 — e Tak 3BaHi ckpyuysanna /lena.

Hani itoro pesysapraru Oyim ysaraspmeni W.B.R. Lickorish [10], [11], [12], B 1963-1964.
3okpema, BiH 3HANITOB TBIpHI /I TPy TOMEOTOMil HEOPIEHTOBHUX MOBEPXOHB, TaK 3BaHI Y -
romeomopdismu, a J. Birman ta D.R.J. Chillingworth [3], [4], B 1972 BcranoBmiu 38’s130K MixK
rpymnaM#u TOMEOTOTi#f HeOPIEHTOBHOI MTOBEPXHI Ta 11 IBOJUCTHOTO OPIEHTOBHOT'O HAKPHUTTSI.

Kpim Toro J. Birman [2], [1] B 1969 3naiinuia 38’s130K MiK IpylaMi rOMeOTOTIi TOBEPXOHD
Ta rpynaMu Kic.

Jlani 6ymo 6araTo pobiT, SKi yTOYHIOBAJIM TBIPHI Ta CIIBBIIHOIIEHHS B IPyIax NOMeOTOIii
3 JIOIATKOBUMHU OOMEKEHHSIMU: JIJIsl TOBEPXOHB 3 MEXKeI0, /IJIsi TPYT roMeoMopi3MiB, 110 3a1m-
IAI0Th HEPYXOMHUMH CKiHYEHe YHCJI0 TOYOK Ha IMOBEPXHi, JIjId ToMeoMOpdi3MiB, M0 TPUBIAJILHO
TIOTH HA TPYI MEPIIUX roMoJIorii mosepxwi, mus. (8], [7], [9].

3. ®ynknii Mopca Ha KOMIAKTHUX IOBEpPXHAX Ta ixX Bjaactusocti. Hexait f : R? — R —
rnajka ¢ynkuig. Touka z = (xg,y0) € R? HasumBaeTbCa Kpumu4Holo, AKIIO B Hill 4aCTHHHI
noxiui gopisaoO0TE Hymo: f,(2) = f,(2) = 0. B npomy Bunmanky poskian byuknii f B pan
Teiimopa B OKOJII TOYKH MaTHUMe BULJIAL

1

f(z,y) = f(xo,90) + §(A<$ — 19)* +2B(z — x0)(y — yo) + C(y — w0)*) + -+~ (1)

e ancaa A, B,C' —mue apyri dactunHi nmoxigHi f B Touni z. Kpurudna ToYKa 2 HA3HMBAETHCS
HesUPodHCceH00, AKIINO BiAMOBIAHA KBaJpaTudHa dhopma

Q(u,v) = Au® + 2Buv + Cv?
€ HeBUPO/KEHOIO, TOOTO MATpUIld
" (Z) " (Z)) (A B)
H(f,z)= 3'/3/36 Q/Y/y =
= (0 #9)= (s ¢
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Ma€ HeHYJIbOBUH BH3HAYHUK.
obpe BimoMmo, 110 JTiHIKHOK 3aMiHOIO KOOPAUHAT, KOXKHA HEBUPOIZKEeHA, KBaIpaTUuIHa hopMa
3BOJIUTHCA JIO OJIHOTO 3 HACTYIHUX BUIJISIIB

u? +v° u? —v? —u? —?
MIHIMYM i1 MaKCUMYM
imgekc 0 ingekc 1 1HJIeKC 2

Yucmo MiHyCiB y bOMY PO3KJIa i HA3UBAETHCS (HOeKCOM KBaapaTudaHoi (popmu. Borno ne 3ase-
JKHATH Bijl, KOHKPETHOI JIHIHOI 3aMiHH KOOPIUHAT.

3rijmo jemu Mopca, SKImo, gK i BUINE, 2 — HeBUPOJIzKeHA KPUTUYIHA TOYKA TVIAJIKOI PYyHKIIIT
f, To B OKOII Ti€T TOYKHU icHYe (B3araii KaykKydu HeJiHifiHA) 3aMiHA KOODJIMHAT, Taka, M0 B
poskiaz (1) B3arani He MICTUTDH WIEHIB MOPsIKIB 3 1 BUIE, TOOTO

f(x,y) = f(zo,y0) + Q(x — 70,y — o).

[HmuMu cioBaMHu, 3 TOYHICTIO O HOCTIHHOTO HOJAHKY, [ € «CIHPaB:KHBOIO» KBaJIPATHIHOIO
dopmoro.

[Ipu mpomy iHgexc kBaapaTu4dnoi ¢popmu () TAKOXK HE 3a7€KUTH 3aMiHH KOOPUHAT i HA3U-
BAETHCS (HIEKCOM HEBHPOIKEHOT KPUTHIHOI TOUKHI

Cnagka dyukmis [ : M — R wa rmagkomy muoroBuai M nasuBaeThes gynkuiero Mopca,
SAKIITO

e [ mpuiimMae mocTiifHe 3HAYEHHS Ha KOXKHI KOMIIOHEHTI 3B’SI3HOCTI Mexki OM ;

e BCci KpuTu4ni TouKu PYHKIHT [ € HEBUPOKEHUMHU.

M. Mopc nosis, 1o MuoKuHA Beix dyHKIii Mopca Ha gamrHymomy (KoMmakTHOMY i 6e3
MezKi) MHOTOBH/I € BIZKPUTOIO i BCIOAM IiIbHOW migMHOXKHHOWL. 1le o3Havae, mo MoBiaAbHY
magKy dyokmiio f @ M — R gk 3aBrogHo MajguM 30ypeHHIM MOXKHA 3poOUTH (DYHKIIIEIO
Mopca.

Hexait f : M — R —¢yukniga Mopca #Ha kommakTHiil moBepxui M. Iloznaunmo depes
Co, C1, Co2 — KIJIBKOCTI KPUTHIHUX TOYOK [ KOXKHOIO iHIeKcy. TakmMm IHHOM, Co— Ie YHCJIO0 JIO-
KaJIbHAX MIHIMyMIB, €] — 9HCJIO Ciges, i ¢o — uncao makcumyMin f. Toxi mae micie criBBigHO-
IIeHHs, 9Ke HA3UBAE€ThCs piBHICTL Mopca:

co— 1+ ca = x(M),

ne x(M) — Faaeposa rapaxmepucmurka noepxai M. Takum 9uHOM, KiJTbKOCTI KDUTHYHUX TO-
q0K hyHKIIT Mopca B KOKHOMY iHJEKCI JI03BOJISIOTh BU3HAYUTU TOIOJIOITYHUNA THUII TOBEPXHI

M.

4. 'padp Kponpoga-Piba rimaakoi ¢pyHKIIIT Ta #10ro 3acTOCyBaHHS 0 TOIOJIOTiYHOL
kjaacudikanii dyskniit Mopca. Hexait f : M — R—dyukmiga Mopca Ha KOMIaKTHii
noepxHi M. “CTucHeM0” KOKHY KOMIOHEHTY 3B’S3HOCTI KOYKHOI MHOXKHUHU PiBHA QYHKIIT f B
TouKy. OTpUMAaHU TPOCTIPp MATUMe CTPYKTYPY CKIHUeHHOTO rpady, AKit HA3UBAETHCA IPadoM
Kpoupozga-Pida dyukii f.

[leit rpad Hece iHdOpMAIiO PO «TOMOJOTIYHY ¢TPYKTYPY» dyukiii, [15], [14]. 3okpema,
SIKITIO Ha KOXKHOMY KPHUTHYHOMY PiBHI f MICTUTBHCS piBHO OJHA KPUTHIHA TOYKa, TO Teil rpad
BU3HAYAE [ 3 TOYHICTIO O TONOJOTIYHOI €KBiBAJIEHTHOCTI.

5. Peanizamia ramaakux ¢pyHKIii Ha nmoBepXHaX y Buraganai ¢pyHkniii sucoru. Mosa
firume mpo pesyabratu O. Burlet ta V. Haab [5], a rakoxk O. O. Kyapsisuesoi [16], mpo Te,

16



Kosti it raakol pyukmii f @ M — R na moBepxui M icHye BKJIaJeHHs YU 3aHYPEHHA § :
M — R? rakoro surnany: g(m) = (z(m),y(m), f(m)), m € M, ro6ro dbynkuia f ¢ ogmiewo 3
KOOp/MHATHUX DYHKIINA. 3arajabHuil pe3yjbrar HoJsarae€ B TOMy, 0 He KOKHA 11a/ika QyHKIisa
(maBiTh dyukiis Mopca) peanizyerbes BKaajgenHaM. 3 inmoro 60Ky, koxkHa dyHkiis Mopca
Ha 0pIENMOBHL( TTIOBEPXHI Ta KOYKHA TUIaJKa (DYHKIS 3 130JIbOBAHUMU KPUTHUIHUMU TOYKAMU
Ha HeoplenmoeHiti TIOBEPXHI PeasTi3yeThcs 3aHYPDEHHIM.

6. KommonenTu 3B’a3H0cTi mpocTopiB dyHKIIi# Mopca Ha KOMOAKTHIUX MOBEPXHAX.
KoMmnonentu 3B’s3H0cTi mpoctopiB (byuknit Mopca f : M — R Ha Opi€HTOBHHX HOBEPXHSIX
nezasexkno onucani H. Zieschang, C. B. Marseesum, B. B. [Ilapko [18]. 11i pesyabraru y3sa-
ranpieri O. O. Kyapssresow [16| Ha gedopmarii, 1o aumanoTh HEPYXOMAMHE JIesiKi HabopH
kpuTudaEX T090K. Kpim Toro C. I. Makcumenko [17] orpumas kiacudikarito MOPCIBCbKIX BiJI-
obpazenb B Kosto f : M — S, a Takox Ie oJHe He3zajexkKHe JloBejleHHs KJacudikarii s
dbyukmiii, [13]. B niit jgeknii 6yge goBegeno TeopeMy Kiacudikanil KOMIOHEHT 3B 3HOCTI, siKe
BUKOPHUCTOBYE TBIPHI I'PyIl TOMEOTOIII#l TOBEPXOHbD.

[1] Joan S. Birman, Mapping class groups and their relationship to braid groups, Comm. Pure
Appl. Math. 22 (1969), 213-238. MR 0243519 (39 #4840)

2] , On braid groups, Comm. Pure Appl. Math. 22 (1969), 41-72. MR 0234447 (38

42764)

[3] Joan S. Birman and D. R. J. Chillingworth, On the homeotopy group of a non-orientable
surface, Proc. Cambridge Philos. Soc. 71 (1972), 437-448. MR 0300288 (45 #9334)

[4] , Erratum: “On the homeotopy group of a non-orientable surface” [Proc. Cambridge

Philos. Soc. 71 (1972), 437-448], Math. Proc. Cambridge Philos. Soc. 136 (2004), no. 2,

441. MR 2040584 (2005d:57027)

[5] Oskar Burlet and Velcy Haab, Réalisations de fonctions de Morse sur des surfaces, par
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(1985), no. 12, 401-406. MR 794748

[6] M. Dehn, Die Gruppe der Abbildungsklassen, Acta Mathematica 69 (1938), 135-206 (engli-
sh).

[7] Sylvain Gervais, Presentation and central extensions of mapping class groups, Trans. Amer.
Math. Soc. 348 (1996), no. 8, 3097-3132. MR 1327256 (96j:57016)

[8] Dennis L. Johnson, Homeomorphisms of a surface which act trivially on homology, Proc.
Amer. Math. Soc. 75 (1979), no. 1, 119-125. MR 529227 (80h:57008)

[9] Mustafa Korkmaz, Mapping class groups of nonorientable surfaces, Geom. Dedicata 89
(2002), 109-133. MR 1890954 (2002k:57049)

[10] W. B. R. Lickorish, Homeomorphisms of non-orientable two-manifolds, Proc. Cambridge
Philos. Soc. 59 (1963), 307-317. MR MR0145498 (26 #3029)

[11] , A finite set of generators for the homeotopy group of a 2-manifold, Proc. Cambri-
dge Philos. Soc. 60 (1964), 769-778. MR MR0171269 (30 #1500)
[12] , On the homeomorphisms of a non-orientable surface, Proc. Cambridge Philos.

Soc. 61 (1965), 61-64. MR MR0169221 (29 #6474)
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COMBINATORIAL EMBEDDING THEORY

S. Melikhov
Steklov Math. Institute (Moscow)
melikhov@mi.ras.ru

We will review some old and new results, examples and methods in combinatorial theory of
embeddings. (The skype lecture will be in Russian, based on slides written in English.)

One of the first results in this subject was Kuratowski’s graph planarity criterion, which
says that a finite graph is embeddable in R? (that is, is homeomorphic to a subset of the
plane) if and only if it does not contain a subgraph homeomorphic to either K5, the complete
graph on five vertices, or K33, the “utilities graph” (graf “domiki i kolodcy”). (This result
was first published by Kazimierz Kuratowski when he worked in Lviv, and was also obtained
independently around the same time by Lev Pontryagin in Moscow and by Orrin Frink and
Paul A. Smith in New York.) I have long had very uneasy feelings about Kuratowski’s theorem.
Perhaps one reason is that when I first encountered it, in the form of a starred (non-obligatory)
homework problem in the 9th grade, I failed to prove it despite some efforts. (One of my
classmates, Yura Makarychev, did find a proof, which turned out to be remarkably short and
has been published in J. Graph Theory.) But more importantly, I totally could not understand
— what is so special about these two graphs, K5 and K337 Looking at the proofs of the
theorem does not help with this question, because all known proofs are by exhaustion of cases.

Another interesting theme in combinatorial embedding theory emerged in the 1980s when
John H. Conway (also known for the Conway knot polynomial, sporadic simple groups, the
Game of Life, etc.) and Cameron Gordon (the 4-dimensional topologist), and independently
Horst Sachs observed that every embedding of the complete graph Kg in R? links some pair
of disjoint cycles of Kg. (Actually, at least one such pair must have an odd linking number.)
One can express this by saying that K is “intrinsically linked” or, in another terminology, that
it admits no linkless embedding in R3. Sachs also conjectured that a graph admits a linkless
embedding in R? if and only if it has no minor among the 7 graphs known as the “Petersen
family”. These are precisely all the graphs that can be obtained from Kj by the so-called Y-A-
transforms (“preobrazovanie treugol’'nik-zvezda”) which graph theory borrowed from the study
of electric circuits. A minor of a graph G is obtained from a subgraph of G by “contracting”
some of its edges. The conjecture of Sachs was proved in 1993 in an incredibly complex series
of papers by Neil Robertson, Paul Seymour and Robin Thomas. But as their proof is also by
exhaustion of cases, one cannot help wondering what is so special about these seven graphs?

To approach these questions, let us consider (regular) cell complexes, which are like simplicial
complexes but built out not only of simplices but also other cells such as pentagons, octahedra,
n-cubes, etc. (More precisely, they can be described as CW-complexes whose attaching maps
are piecewise-linear embeddings.) Let us call a cell complex K dichotomial if to each cell C of K
there corresponds another cell of K whose vertices are precisely all the vertices of K that are not
in C. (The empty set is not counted as a cell.) It turns out that all dichotomial complexes are
homeomorphic to spheres (of various dimensions) [1], so we call them “dichotomial n-spheres”.

Theorem 1. [1] (a) There exist precisely two dichotomial 3-spheres; their 1-skeleta are the
Kuratowski graphs Ks and Ks 3.

(b) There exist precisely siz dichotomial 4-spheres; their 1-skeleta are 6 out of the 7 graphs
of the Petersen family.
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Around the time of Kuratowski’s theorem (1930) people also realized that just like every
graph “very easily” embeds in the three-dimensional space, every n-dimensional compact poly-
hedron (that is, a space triangulated by a simplicial complex whose simplices have dimensions
< n) “easily” embeds in the (2n+1)-dimensional Euclidean space R***1. This is usually proved
by picking some triangulation of the polyhedron, sending its vertices “randomly” into R?"*!
(or more precisely, in “general position”: so that no three vertices lie on the same line, no four
vertices lie in the same plane, and so on) and then mapping each simplex linearly. (Exercise:
check that the resulting map is always injective.) It is a bit less trivial to explicitly describe a
specific embedding. One well-known way to do it is based on the following fact: any number
of points on the “moment curve” {(¢,#2,¢3 ... t*"*1) | t € R} is in general position. (Exercise:
check this.) As a starter we will discuss another, purely combinatorial explicit construction,
which does not seem to have been known until recently [2].

It did not take people long time to construct, for every n, an n-dimensional compact polyhe-
dron that does not embed in R?" (in early 1930s). This is actually very surprising, because both
types of non-embedability proofs were highly nontrivial. The algebraic approach by Egbert van
Kampen (who died of brain cancer when he was 33) was only made fully accurate thirty years
later (Shapiro, Wu; see [3]). The geometric approach of A. Flores (who also soon ceased to
publish) is in some way mind-blowing; it was fully accurate from the start, but it only started
being understood in a coordinate-free way sixty years later (T. Bier et al.). Towards the end
of the lecture we will review a fully combinatorial version of the Flores construction [1].

A major open problem in combinatorial embedding theory is that no higher-dimensional
analogue of Kuratowski’s theorem has been found so far, even in the simplest case of embedding
n-dimensional polyhedra in R**. In fact, the n-skeleta of dichotomial (2n + 1)-spheres are in
some sense “minimal” among n-dimensional cell complexes non-embeddable in R?", and the
n-skeleta of dichotomial (2n + 2)-spheres are in some sense “minimal” among n-dimensional
cell complexes that admit no linkless embeddings in R**** [1]. (We will discuss these results in
more detail.) However, it remains unknown whether there exist only finitely many dichotomial
m-spheres for any fixed m > 5. A result of Sarkaria implies that only finitely many dichotomial
(2n 4 1)-spheres have simplicial n-skeleta. In particular, only three dichotomial 5-spheres have
simplicial 2-skeleta; however, there are at least 10 further ones with non-simplicial 2-skeleta [1].
Probably, there are many more of them (their 1-skeleta are in some way analogous to, though
far from coinciding with, van der Holst’s “Heawood family” of 78 graphs, which all have Colin
de Verdiere’s parameter 1 = 6), and it is a good research project for a student to construct at
least some new ones.

[1] S. Melikhov, Combinatorics of embeddings, arXiv:1103.5457

[2] S. Melikhov, J. Zajac, Contractible polyhedra in products of trees and absolute retracts in
products of dendrites, Proc. Amer. Math. Soc. 141 (2013), 2519-2535; arXiv:1102.0696

[3] S. Melikhov, The van Kampen obstruction and its relatives, Proc. Steklov Inst. Math. 266
(2009), 142-176; arXiv:math.GT /0612082
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JIIATOHAJII HAPI3HO HEINEPEPBHUX ®YHKLIN TA iX
AHAJIOTIB

B. B. Muxaiiarok
YepuiBenpkuit Hamionaapunit yaisepcurer imeni FOpis @enproBuua
vmykhaylyuk@ukr.net

g BinoGpaxkenns f @ X? — Y oynknig g : X — Y, g(x) = f(zr,z), nazusarumemo
diazonannio eidobpascerns f.

Hocnigzkennda aiaronaJeii Hapisno HemepepsHEX dyHKHIN f 1 X2 — R GepyThb cBiif moyaToK
3 xaacuvnoi npani P. Bepa [1], skuil mokasas, mo jgiaronani Hapi3HO HemepepBHUX hyHKILi
JIBOX JIIFICHUX 3MIHHUX €, B TOYHOCTI, (DYHKIIIsIMH LEPIIOTO Kjacy bepa, TOOTO MOTOYKOBUMU
IPaHUISIMIA HellepepBHUX (PYHKILI.

Pazom 3 TuMm, TpupoaHO BUHUKAIOTH aHAJIOTIUHI 3a/a4i PO JiaroHaJi BigoOparkeHb JIBOX
qn OLIBIIOI KiIbKOCTI 3MIHHHUX, SKi BIIHOCHO KOXKHOI 3MIHHOI BOJIOJIIOTH BJIACTUBOCTSIMH, IO €
i ICUIEHHSIME HeTlepepBHOCTI (JIIIMUIeBicTIo, audepeHiioBHICTIO, TOIO).

Teopema 1. Hezxati X — monoaoziunut npocmip + g : X — R. Todi icnye napisno nene-
pepene eidobpastcenns f: X2 — 7 3 diazonasno g.

IMurauua Hexat X ¢ Z — monoaso2iuni npocmopu maki, wo 0iG20HAAb KOHCHO20 HAPIZHO
nenepepsnozo eidobpasicenns f: X X X — R e sidobpasicernmam nepuwozo waacy Bepa. Hu
0006°A3%K060 KoocHa napiano nenepepena Gyrruia f: X X X — R e dynruyiero nepwozo xaacy
Bepa 3a cyxynmicmio aminnux?

Hexait X i Z — Tononoriuni mpocropu. Binobpaxenusa f : X — Z nasuBaeTbcs 61dobpa-
HCEHHAM CMABIALHO20 Nepwo2o Kaacy Bepa, sKIMO icHYe MOCHiTOBHICTD (f,)0 | HemepepBHUX
Bimobpaxenb f, : X — , gKa IOTOYKOBO cTabLILHO 30ira€rbed jio f, TOOTO I KOXKHOIO
x € X nocainosHicTs (f, ()22, cTabinbHo 36iraetbes mo f(x). CykynmicTs yeix BimoOpakeHb
crabinbHoro meproro kiaacy Bepa f : X — Z mu noszagarumemo uepes B(X, 7).

Teopema 2. Hexati X — nopmosanut npocmip i g : X — R. Todi nacmynni ymosu exei-
BAAEHTIHE!

(i) g€ BYX,R);

(ii) icnye eidobpasicenna [ : X? — R 3 digeonaano g, axe nenepepene 6i0HOCHO NEPULOT
BMIHHOT 1 ATNUWUYEEE BIOHOCHO 0PY20i 3MIHHOT;

(ii1) icnye eidobpasicenna f: X2 — R 3 diaeonasno g, axe nenepepene GiOHOCHO NePULOT
aminnol 1 6 Koorcnit mowyi diazonani A = {(z,z) 1 x € X} mouroso ainwuyese 6i0HOCHO
Opy20i 3MiHHOT.

Teopema 3. Hexati X — mempuunutd npocmip © g : X — R. Todi nacmynni ymosu piero-
CUNDHI:

(i) icnye napiano mouroso sinwuyese idobpasicenna f: X* — R 3 diaeonasno g;

(ii) icnye eidobpascenmna [ X2 — R 3 diazonanrnio g, axe 6 xoscHiti mouyi diazonani
A ={(z,z) : x € X} mouroso sinwuyese 6i0HOCHO 3MINHUT T 1 Y;

(1ii) g € o-ainwuyesum;

(1v) dcnye nocaidosnicmo (g,)5e, moukoso sinwuuesux eidobpasicenv g, : X — R, aka
cmabinbHo NOMouKo6o 30ieacmubes 0o ¢.
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Teopema 4. Hezati X C R — npomiocox i g : X — R. Todi nacmynni ymosu pieHocusvHi:

(i) icnye napiano abcoamommo nenepepshe cidobpascenna f: X* — R 3 diazonarno g;

(ii) icnye eidobpasicenms [ : X? — R 3 digeonaano g, sxe nenepepene 6i0HOCHO NePULOi
aMinhoi i 6 KoocHild moyyi diazonani A = {(z,z) :x € X} mae ckinwenny eapiayiro i Hene-
pepsHa 8i0HOCHO OpY20i 3MIHHOT;

(1ii) sidobpasicenns g abeoatommozo nepuwozo kaacy Bepa.

[1] Baire R.Sur les fonctions de variables reélles // Ann. Mat. Pura Appl., 3, (1899), Ne 3, 1-123.

[2] Karlova O., Mykhaylyuk V., Sobchuk O. Diagonals of separately continuous functions and their analogs
// Topology Appl. — 2013. - V. 160. — P. 1-8.

[3] Karlova O., Mykhaylyuk V., Sobchuk O.V. Diagonals of separately absolutely continuous mappings coi-
ncide with the sums of absolutely converges series of continuous functions, Proc. Edinburgh Math. Soc.
(2016),D0OI:10.1017/s0013091515000103.

[4] Mykhaylyuk V., Sobchuk O. Diagonals of separately pointwise Lipschitz mappings // Journal of
Mathematical Sciences. — 2014. — V. 196, Ne5. — P. 652-664.
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DISCRETIZED CONFIGURATION SPACES: ALGEBRAIC AND
TOPOLOGICAL ASPECTS

L. P. Plachta
AGH University of Science and Technology (Krakow) and IAPMM NASU (Lviv)
dept25Q@gmail.com

The purpose of the presented lectures is to introduce the postgraduate students into elemen-
tary theory of configuration spaces and discuss some combinatorial and topological problems
arising in their studying. Configurations spaces arise naturally in the study of different mathe-
matical objects that originate in the following fields of mathematics: embeddings of polyhedra
in manifolds, arrangements of subspaces, knot and braid theory, discrete geometry, combina-
torics etc (see, for example, [4,5] for fundament and [6,7] for applications of the theory).

In the present lecture, we emphasize mainly on configuration spaces that are related to
some combinatorial objects (graphs, puzzles) and also appearing in robotics. We touch their
topological properties and consider certain algebraic structures associated with them (the braid
groups). We have restricted ourselves to several simple cases: the configuration spaces of
generalized puzzles [8] leading to graph theoretical objets and the configuration space of n
hard discs of the same radii r in the square or in the disc of a bigger radius. We supply our
consideration with several examples.

For convenience, the material of the lectures is divided into three parts.

Part 1. Here we present a general conception of the configuration space F(X,n) of the
space X and outline some topological properties of F(X,n) in the classical case X = R?. For
basic topological properties and the cohomological structure of F(R? n) see the fundamental
paper [4].

Part 2. The configuration spaces F' connected with combinatorial objects (graphs and plane
puzzles P, see [6,8]). We will discuss the topological properties of F' in a few simple cases only
and describe the braid group B(P) = m(F') of the puzzle P (see also [8]). We also consider
the k-discretized configuration space of the standard (n — 1)-dimensional simplex. For more
information on this subject, see [2].

Part 3. The configuration space F'(n,r) of n hard discs of radius r < 1 in the unit disc D
(or the configuration space Conf(n,r) of n hard discs of radius 7 in the box). The study of
these objects is now on the beginning stage. See, for example [1, 3, 6].

We supply our consideration with many questions and open problems.

[1] H.Alpert Support of cohomology of disc configuration spaces

[2] A.Abrams, D.Gay and V.Hower Discretized configurations and partial partitions, Proc.
Amer. Math. Soc., 141, 2013, pp.1093-1104.

[3] Yu.Baryshnikov, P.Bubenik, and M.Kahle, On configuration spaces of hard spheres: arXiv
1108.3061v2 [math AT], 2011.

[4] F.R.Cohen, Introduction to configuration spaces and their applications: In Braids, vol 19
of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., pp. 183-261. World Sci. Publ.,
Hackensack, NJ, 2010
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[5] E.Fadell and L.Neuwirth Configuration Spaces, Math. Scand. 10, 1962, pp.111-118.

[6] Robert Ghrist. Configuration spaces, braids, and robotics. In Braids, vol. 19 of Lect. Notes
Ser. Inst. Math. Sci. Natl. Univ. Singap., pages 263-304. World Sci. Publ., Hackensack, NJ,
2010.

[7] J.Matousek, Using the Borsuk-Ulam Theorem: Lecture on Topological Methods in Combi-
natorics and geometry, Springer, 2003.

[8] R. M. Wilson, Graph puzzles, homotopy, and Alternating group J. Combin. Theory, ser. B
16, 1974, pp.86-96.
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TOIIOJIOTIA MOTOKIB HA ITOBEPXHSIX 3 MEXKEHO

O. O. Ilpumuiak
Kuiscbkuit nanionaabuuii ynisepcurer imeni Tapaca I1leBuenka

prishlyak@yahoo.com

Bexmopne nose Ha MHOTOBHJII MOYXKHA PO3LVISIJIATU K LIE€PEPI3 JOTUYHOIO PO3IIApyBaHHSI,
TOGTO 3a,1aHHST B KOJKHifl TOUI JOTHIHOTO BEKTOPA. 1X TacTO 331a10Th TOKOOP/IMHATHO — HABO-
poMm (yHkIi#t B KoxKHiit KapTi. Takoxk, BEKTOPHI M0/ MOXKHA PO3T/ILAIATH K AudePeHIiIOBAHHS
aJireOpu I1aJKuX (PyHKIH HAa MHOTOBUL. Tpackmopis MO — 1@ KPUBa, BEKTOP IIBHIKOCTI
KOl B KOKHIill TOUIIl 36iraeThcst 3 BEKTOPOM BEKTOPHOIO 11014 B i To4ii. Ha 3aMKHeHOMY MHO-
TOBHUII JIJIST KOXKHOTO TapaMeTpy t MoxkKHa mobyayBatu andeoMopdizM MHOTOBUIA, IO 3CYBAE
KOXKHY TOYKY 3a TpPaekTopi€o Ha mapamerp t. [lomix — ne ognonapaMerpuyna rpymna jude-
omopdizmis. Ha 3amMKHEHOMY MHOTOBHJI BEKTOPHE I0OJI€ TOPOJXKYE MOoTiK. Ha KoMmakTHOMY
MHOTOBHJII 3 MeKel0 BEKTOPHE I0JIe MOPOIZKY€E TOTIK, IKITO BOHO JTOTUKAEThCA 10 Mexi. [Ipn
IILOMY BEKTOpHE IoJie Oyie moJaeM MIBHIKOCTEH MOTOKY.

[ToToku (BEKTOPHI TOJIS) € MON0A0ZINHO eksisarenMmHuMY (MAIOTH OJHAKOBY CTPYKTYDY),
JKINO iCHY€e TOMeoMOpdi3M MHOIOBHU/IA, 110 BiJ0OparKae TpaeKTOpii OJHOr0 OTOKA B TPACKTOPIT
inmoro, 36epiraroyn HAMPSAMOK PyXY 3a TPAEKTOPIAMU.

Ha zavmkreHnx moBepxHax moroku Mopca-CMmeiisia yTBOPIOIOTH BIAKPUTY CKpi3b MILIBHY
MHOXKWHY Ha MHOXKWHI BCiX MOTOKIB. KpiMm TOro, Il MOTOKN € CTPYKTYPHO CTIHKUMU Ha MHOTO-
BHJIAX JOBLILHOI po3MipHocTi. Cepel MOTOKIB, Y AKHX MHOXKHHA HEOJTYKAIOUNX TOYOK CKJIaIa-
€TbCsI 31 CKIHYEHOTO YHC/Ia TPAEKTOPIi, CTPYKTYpHO crifikumu € jumie noroku Mopca-Cwmeita.
Anasnoriuni pe3ysbpraTH MarOTh MICIe i /I MHOTOBUIIB 3 MexKero [2].

Bekropue nosie X #Ha ryiagkomy MaOTOBU I M 3 Mexkero Ha3uBaeThest nosem Mopca- Cmetina,
BOHO 3aJI0BOJIbHsIE TAaKUM yMoBaMm: 1) MHO)KMHa Hebsaykaoumx Todok (X)) ckiramaerbes i3
CKIHYEHOrO YHCJIa OCOBIMBAX TOYOK i 3aMKHEHWX OpOIT i BCl BOHU TinepGosivni; 2) cTiliki Ta
HeCTiiiKi MHOrOBU M JIBOX ejieMeHTiB 3 {)(X ) neperuHaloThes Tpancsepcaibio Ha Int M a gaxiio
JIS IBOX TAKUX eJeMEeHTIB iCHye TOYKa HeTPACcBEepPCAJbHOTO NMEPEeTHHY Ha MeXKi, TO mpuHaiiMi
OJIVH 3 IUX eJIEMEHTIB € 0CODJINBOIO TOYKOIO.

[loTik, mopojizkenunii BekTopauM mojieM Mopca-Cwmeitsta, Oynemo HazuaTu nmorokoMm Mopca-
Cweiina.

ITpocti moroku Mopca-Cwmeiina ma aBoBumipHoMy amucky. [lorik Mopca-Cwmeitia
Ha JIBOBUMIPDHOMY JHCKY OyIeMO HA3UBATHU IIPOCTHUM, AKINO Y HHOIO BCI OCODJMBOCTI JieXKATh HA
MexKi.

Jlema 1. Ilpocmuti nomix Mopca-Cmeting wa 0808UMIDHOMY QUCKY HE MICMUMD 3AMKHE-
HUT MPaexmopiil.

Bci HepyXoMi TOYKH MOTOKY Ha 2-JMCKY TOJLISIIOTHCS TPH TUTA: 1) BUTOKH, 2) CTOKH, 3)
cigga. B mogasnbmomy st CizyioBux 0coOJMBHX TOYOK Oy/eMO BHKOPHCTOBYBaTH Ha3Bu: 1) a-
Ci/TI0 Jyist 0COOMUBOT TOYKH, B AKY BXOJATH JBI TPAEKTOPIl 1 3 sIKOI BUXOAUTH OJHA (BOHA €
CTOKOM IIpu 06MezKeHHI MOTOKY Ha MexKY), 2) b-cimio mig ocobauBol TOUKH, 3 SIKOI BUXOJATH
JIBl TPAEKTOPIi i B Ky BXOJAUTH OJHA (BOHA € BUTOKOM IPH OOMEKEHHI MOTOKY Ha MEXKY ).

Jlema 2. Jlas npocmozo nomyky Mopca-Cmeting na 0808UMIPHOMY OUCKY 3 S HEPYTOMUM
moukamu wucao cidea | dopierioe
l=(s—2)/2. (1)
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CenaparpucHa aiarpama. Cenapampucoto HA3HBAETHCSI TPAEKTOPIsd, IO BXOIUTH abo
BUXOJIUTH 13 CijjIa Ta He JIeXKUTh Ha MexXKi jaucka. Cenapampuchoro diazpamoro ITpocTol pyHKIT
Ha3MBAETHCH OPIEHTOBAHUIN I'pady, BEPIIMHAMU SKOI'O € HEPYXOMIi TOYKH HIOTOKY, a pebpamMu —
TPAEKTOPIl MEXKM Ta CernapaTpuch i TaKuii, 1o OpieHTaIlid pedep BiJIIOBIIAE HAIPIMKY PyXY
3a TpaeKTOpigMHU i Ha Tpadi BUIIICHUI UK, 10 CKIAJTAETHCA 3 TpaekTopiit mexi. JIBi cema-
PATPHUCHI JllarpaMu HA3UBAIOTBCA €KGL8ANCHIMHUMY, SKITO MK 1X rpadamu icuye izomopdizM,
o 30epirae opienrtariii pebep Ta BijoOpazkae€ BUILICHHI UK Y BUILIeHuit mukjia. Pebpa ma
BHJIUIEHOMY HUKJII Oy/1eMO HAa3UBATH I'PAHUYHUMU, a cenaparpucu — BHyTpimuivMu. O1xke, TO-
[OJIOTIYHA eKBIBaJIGHTHICTH BiJloOparkae rpanudni pedpa Ha rpaHndHi pebpa, a BHYTPINIHI — HA
BHYTPITITHI.

Jlema 3. Cenapampucha diaepama mae maxi 6AACMUBOCTE:

1) Jlns wootcnoi cenapampucy, npunatimui 0duk 3 i7 Kinyi6 € 6ePUUHON BAAEHIMHOCTI 3.

2) Yucao cenapampuc | ma wucao eepuiur s nos’azani gopmyaoro (1).

3) Kootcna cenapampuca posbusae sudisennull yuks na 061 wacmuny (KL cenapampuct,
HAAEHCAMD KONHCHIT 3 YULT 4acmum) Mmak, U0 6 KONHCHIT 3 4acmut HENapPHe YUCAO0 SEPULLH; OAA
KootcHol tHwol cenapampucu 0budsa i Kinyl Hasesrcamv 001t 3 080T YACTNUH.

4) [ koocnoi eepuiunu, 06udea inyudeHmHi pebpa 3 epaHUNH020 YUKAY MAMb Mo 6i0-
HOWweHHIO J0 ULel 8epuwunY 00HAKOBUT HANPAMOK, Mmobmo obudsa exodambv 6 Hei abo 0budsa
BULO0AMD 3 HEL.

5) Srwo axitico 3 sepuwun ihyudenmui 6iavuie Hise 00Ha CENapampuca, mo 6ci Ui cenapa-
MPUCU MAIOMB NO GIOHOWEHHIO D0 BEPULUHU HANPAMOK MaKul, Ak 1 tHyudenmmuis i eparuywi
pebpa (uA 6epuwuna € cmokom abo 6UMOKoM).

TomoJiorigyaa eKBiBAJIEHTHICTE IIOTOKIB.

Teopema 1. (Kpumepiii monoaoziunoi exsisanenmnocmi). /leéa npocmux nomoku Ha 2-
ducky 6Ydymv MONOA0EYHO EKGIBAACHMHUMY TOJT MG MIALEU MOJE, KOAU IT Cenapampuchi
dia2pamu, 130MopPhHi.

Teopema 2. (Peanizauii). Opienmosanuti 2pad 3 6UNAEHUM YUKAOM € CENAPAMPUCHOIO
diazpamoro deaxoi npocmoi Pynruii, axuwo it 3a0060avnae saacmusocmam 1)-5) 3 aemu 3.

Koa nmoToky. 3ajilaM0 MUKJIYHY HYMepalliio BeplinH. BepmuHoio 3 mepuimM HOMEpOM BH-
GepeMo OJ[HY 3 BepIIUH 3 HaUWOGLIBIIOK BAJEHTHICTIO (AKIO BCI BEPIIMHU MAIOTh BAJEHTHICTH
3, To cTiK a60 BUTIK). CKIAAEMO CIUCOK, IO MOUYUHAETHCS 3 1, a JaJii 3a 3pOCTaHHAM HOMEPH
cijies1, o € KiHIgMH cenaparpuc, innuaentaux sepmuni 1. Hanpuksan, 1-3-5. ai, aiaa Bep-
MITAHAT 3 HAfMEHTITHM HOMEPOM, IO He € CiJIIOM, CKJIa/IeMO aHAJOTTYHH CIIHCOK, HAPUKJIaT 8-6.
[IpogoBKUMO 110 MPOIIEAYPY s IHIKUX BepmuH. OTpuMaeMo, HAOIp CHUCKIB. ZIKIO BepIiInHa
1 € cTokoMm, ToO 1it mpunuIemMo 3HaK -+, AKIIO BUTOKOM, TO 3HaK —. byJdeMo Ka3aTu, MO OJHUH
Takuil HaOIp MeHIIuil 3a iHIMNii, K0 B HbOMY JeKiIbKa MepIInX eJeMeHTIB Taki caMi, K y
JIpyroro Habopy, a HACTYHHUI — MeHIIuil. ZIKIO BCi eleMeHTH PiBHI, aJjie 3HAKH ITPU OJIMHUIIL
pi3Hi, To HalimeHmuM OyAeMO BBakaTu HaOIp 31 3nakoMm — . Kojgom nortoky OyaeMo Ha3uBa-
TH HaOIp CHUCKIB 31 3HaKOM Oind 1, gKuil HaiMeHIIuil cepejl yciX MOXKJIUBUX HAOOPIB CIIUCKIB,
nobyIOBaHUX TaK, sIK Oy/jo onucano Buine. [Ipukiaan komy: +1-3-5, 8-6.

Teopema 3. /lsa nomoku monoso2iuHo exksisareHmui modi i misvku modi, KoAUu Y HUT
00HaK061 KOOU.
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ZKINo y MOTOKY HEMae celapaTpHC, TO BiH Ma€ Bl OCOOJHBHX TOYKH — CTIK i BHUTIK.
1 IOoTOKIB 3 OJHIEI0 cemapaTpucol0 MOXKINBL ABa Koau: —1-3 Ta +1-3. g moToKiB 3 JBOMA
cenaparpucamu MOKJuBl dorupu koxu: 1) —1-3-5; 2) +1-3-5; 3) —1-3, 4-6; 4) —1-3, 6-4. Tlepmii
JIB& KOJIU BiJIPI3HAIOTHCA TLUIbKK 3HAKOM. Tomy Oyaemo 3anucyBaru ix gk £1 — 3 — 5, HacTymHi
JIB& MOPSAKOM — 3arucyeMo —1 — 3, +£4 — 6. /19 moTOKIB 3 TphOMa cenapaTpucaMu MOYKJIHUBI
JOTHpHAAIATL KomiB: 1,2) +1 —3 —5—7; 34) £1 —3 — 7,4 — 6; 5-8) £1 — 3 — 5, +4 — 6;
9-12) +1—3,4—8,4£5—7; 13-14) +1 —3,7—5,8 — 4. 3 worupm™Ma cenapaTpucamMu MOXKJIUBI 35
HOTOKIB, a 3 I'dTbMa cenaparpucamu — 190 pizHUX HOTOKIB.

OnTuMajibHI TOTOKHM HA IMOBEPXHAX 3 MexKkero. [[oTik 6e3 3aMKHEHHX TPAEKTOPiil 3
0CODJIMBOCTSMHU Ha, MEYKi TOBEPXHI HA3UBAETHCA ONMUMAALHUM, TKITO BIH Ma€ HAfIMEHIIe YUC/I0
HEPYXOMHUX TOYOK CepeJl YCiX TaKWX MOTOKIB Ha Il MOBEPXHI.

Teopema 4. [lomik Ha 36 43110 KOMNAGKMHIT NOGEPTHL 31 36 A3HON MENHCEN, U0 HE 20MEO-
mopdra aucmy Mvobiyca, 6yde onmumasvhum modi © MIALKU MOdl, KOAU 61H MICTUMb AUULE
00HY HEPYTOMY TOUKY.

BayBaxkumo, 1o Ha Jucti Mbobiyca icHYOTH moTOKH 6€3 HepyXoMux TO4YOK. Hampukjiasm,
Akio et Mpobiyca orpumano 3 kBaapary [0, 1] x [0, 1] cketoBamusam To4ok (0,t) 3 ToukaMu
(0,1 —1), t €0, 1], To morik mopoyzkenuit mosem X = {1,0} He MaTUMe HEPYXOMHUX TOUOK.

Cenaparpucu po30HBAIOTh JTOCUTH MaJIMii OKiT HEPYXOMOI TOUKH Ha YaCTUHHU, SKi OyIeMO
Ha3uBaTH KyraMu. MoxKIUBI Tpu THUIH KYTiB:

I'inepboriunutd xym. B HbOMY KOXKHA TPAEKTOPIS MEPETHHAETHCS 3 MM KyTOM 1O oOMe-
JKeHOMY 3HA4YEHHIO IMapaMeTpa, TOOTO HepyXoMa TOYKa He € T'PAHUTHOI0 TOYKOIO /I YacTHHH
TPAEKTOPIi, MO JeKUTh B KyTi. llo-iHITOMY MOYXKHA cKa3aTH, MO KOXKHA TPAEKTOpid ImepeTwHa-
€ThCST 3 MEKEI0 MAJIOr0 OKOJIY YV KYTi ¥V JIBOX TOYKAX.

Eammmuyunud kxym. B npomy KyTi JUisd JOBLJIBHOIO OKOJIy HEPYXOMOI TOYKY ICHYIOTH TPae-
KTOPIi, IO MOBHICTIO JIeZKaTh B ITbOMY OKOJII 1 KYTi.

Hapaboaiuruti kym. B HbOMY KOXKHA TPAEKTOPisST MEPETHHAETHCS 3 MeyKelo JIOBIIHHOTO Ma-
JIOTO OKOJIY B OfTHI# Toumi. HepyxoMma ToOUKa € TPAaHUIHOIO TOYKOIO KOXKHOI TPA€KTOpii. Y KyTiB
napaboJiTHOTO THUITY MOXKJIMBI JIBA, BHUIIAIKH:

1) Bci TpaeKTOPil MOYMHAIOTHCS B HEPYXOMIil ToUIl — Kym-6umik,

2) BCi TPAEKTODIl 3aKiHIYIOTHCS B HEPYXOMIll TOUI —KYm-Ccmik.

3 o3HaveHHs CemapaTpUCH BUILINBAE, IO IHINMUX KYTiB HE iCHYE.

Jlema 4. Bci cenapampucu po3busatoms noseprHio Ha obaacmi 6 xootchili 3 axuxr 6yde
edunutl Kym-cmix i edunutl xKym-eumix abo edunul napabosiunud Kym, a pewma Kymie €
21nepooNTHHUMU.

Tpaexropito, 1110 JIEZKUTH HA MEXKi TAKOXK Oy/IeMO BBaYKaTH CEMapaTPUCOIO 1 HA3UBATU I'Da-
HUYHOIO CENAPATPUCOIO.

IloBumii crpykrypHuuii iHBapiauT moTokKy. Pospisnarovum epadom TOTOKY OYIEeMO
Has3uBaTH opieHTOBaHuUil rpad G, 1Mo € ABOICTUM rpadoM 0 MHOKHHH CEHapaTpuc Ta MexKi
MOBEPXHi, B KOMY s KOYKHOI BEPIIVMHU 3a/aH0 IMUKTIYHUI TOPSIIOK IHIMUIEHTHUX JI0 Hel
pebep i 3aiKCOBAHO TOYATKOBY BEPIIIHY.

Jlema 5. Pospisnaouut epa) maec maki 6AGCMUBOCTNI:
1) Pebpo, axe inyundenmne 00 nouamro6oi epULURU, OPIEHMOBAHO MAK, WO B0HO GULO-
dumsv 3 yiel sepuUHU.
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2) Jlnsa KOHCHOT 6EPUUHL MHONCURY BCIT THUUIEHMHUT PEOEP MONHCHA PO3OUMU He biabuie
HIoHC Ha 061 2pynu, mak wo pebpa 6 KoHCcHIl 3 2pyn abo 8Ci BLOAMDB 6 U0 SePwuHYy, abo 6CI
BUT00AMD 3 Hei 1 Mak, WO ICHYE Pebpo, U0 NPU YUKMYHOMY 002001 pebep, novuraowy 3 4b02o
pebpa, cnowamky idymos 6ci pebpa odniel epynu, a nomim 6ci pebpa tHULOL.

3) Ienye waaz, axul nONUHGEMbCA | 3AKIHYYEMBCA 8 NOUYAMKOSIT 6EPUUNT, 6 AKOMY KOHCHI
084 NOCALI0BHL PEOPG € MAKONC NOCAIIOBHUMY PEOPAMU 6 UUKAIUHOMY NOPAOKY 6 iT CNiAbHITl
BEPUUMT | KOHCHE PEOPO 6 UbOMY UWAATY 3Yycmpivaemvea 2 pasu. Lle os3nauae, wo axwo sutimu
3 NOYAMEKOBOT BEPUWUHU 1 68 KOHCHIT BEPUWUHT 3MIHIOBAMU HANDAMOK PYTY 3210H0 UUKAINHO20
nopadky pebep 6 yill 8ePUIUHI, MO NPUTIEMO 8 NOYAMKOSY 8ePUIUHY, 00ITu06wY 6Ci pebpa dea
pasu (00un pas 3a opienmauicio i 00uH paz npPomu).

Teopema 5. Jlsa onmumanvti nomoxy monoso2iuHo eKeieaieHmmi modi ma miavku modi,
KOAU 1T PO3DIBHAIONU 2padU 130MOPPHI.

Teopema 6. Opicnmosanuti epagp, 3 3adaHUMY YUKATYHUMUY NOPAIKAMU PEOED OAfA KOAHCHOT
BEPULUHY 1§ 3a0GHON0 NOUAMEOBON BEPUUHON 0Yde PO3PIZHANNUM 2PaPOM 0EAK020 NOMOKY,
AKUO 61H 3a006804bHAE 6AGCTRUBOCAM 1) — 8) 3 Aemu.

[1] J. Palis and S. Smale: Structural stability theorems, Proc. Sympos. Pure Math. 14 (1970),
223-231.

|2] R.Labarca, M.J.Pacifico. Stability of Morse-Smale vector fields on manifolds with boundary.
Topology Vol. 29. No. 1, 1990. pp. 57-81.

|3] C.Robinson. Structural Stability on Manifolds with Boundary. Journal of Differential
Equations, 1980, 37 (1), p.1-11

[4] P.B.Percell. Structural Stability on Manifolds with boundary. Topology Vol. 12, 1973. pp.
123-144.

[5] M.B. JloceBa, A.O.Ilpunuisik. O ¢TPYyKTYPHO YCTORIUBBIX 0OBIKHOBEHHBIX THbhDepeHInATb-

HbIX YPaBHEHUSIX Ha IIOBEPXHOCTAX ¢ KpaeM. 2KypHas o04uc/i. Ta UPUKJIAJ]. MAaTEeMATUKH.
No.1(87), 2002.-c.45-48
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KOJIUIAHI/I, AJITEBPU TA CIIPA?KEHI ®YHKTOPU
K. FOcenko

lacruryr Maremaruku ta Craructuku, Yuisepcurer Can [Tayno, Can Ilaymo, Bpasuiis
wusenko@ime.usp. br

IIpo nekmii

Himto ganoro Kypcy JeKIiif € nepBuHHe 3HAKOMCTBO YUTa4da 3 OA30BUMH IOHATTAMH TeOopil
KaTeropiit Ta Teopiii 300parkeHb CKIHYEHHOBHMIPHUX aJyrebp. My BHBYAEMO KOHIIEIIIIIO CIIPSI-
KeHux (PYHKTOPIB, a TAKOXK JEeMOHCTPYEMO, 10 KOHCTPYKIIIO “Kojdan” S “ajnredpa’ MoxkHA
IHTEepPIpPeTYBaTH K IMapy CHPsSKeHUX (DYHKTOPIB MiK MEBHUMHU KaTErOpisiMH.

JIex1iil Maiizke He MICTATH J0BEIEHDb, TEOPETHYHI BUKJIAIKN CYITPOBOIZKYIOTHCS TTPUKJIAIAMMU,
a 1HOJIi BBOAATHCA Y BUTVIsAL Bipas. g OL1bIr riimboKoro 3HalfOMCTBa 3 TEOPIEI0 KaTeropii Ta
Teopi€to 306paXkKeHb CKIHYEHHOBUMIPHUX airefp MU DEKOMEHIYEMO (3aliKaBJIeHOMY YHTAYeB])
3BEPHYTHCS JI0 HOCIOHUKIB/OHstaiiH-pecypeiB, Bkazanux micast Jlexnii 2 ta Jleknii 3.

1 IIlo Take kareropii Ta pyHKTOpPU?

“Perhaps the purpose of categorical algebra is
to show that which is trivial is trivially trivial”
— Peter Freyd

1.1 Kareropii

Binbuiicrs MaTeMaTudHUX TEOPifl MalOTh CIpaBy 3 CHTyaIllisdMH, KOJU HasBHI 1eBHI BijgoOpa-
JKeHHd MiK o0’ekTtamu 1eBHOI mpupoau. Muooxkuna o6’ekTiB cama 1o codbi “cratudna’; a pos-
IS, BijIoOpazKeHb MiK 00’€KTaMU HPUBHOCHUTD “TMHAMIKY . 3a3Bu4ail HaKJIa1al0ThCs IIPUPO/IHI
oOMezKeHHs Ha BUJL BiToOpazkKeHb MizK 00’€KTaMu: HAIPUKJIAI, y2Ke PIIKO Ma€ CEHC PO3IVISIATH
yci MOXKJIUBI BLIOOpazKeHHs MiXK I'PyHaMH, HATOMICTb YacTO OOMEXKYIOTbCsI BUBUYCHHSIM JIUIIE
roMoMopdi3MiB IpyIL.

Konnenmnis xamezopii byna sBenena Camyenem Eitnenbeprom ta Caymaepcom MaxkJleitmom
AK THCTPYMEHT OJHOYACHOTO JOC/IIZKeHHsT 1 00’€KTiB, 1 BimoOparkeHb MixK HUME (sIKi Ha3WBa-
0ThCs Mopdizmamu). Buiesragana KOHIENIA € aGCTPAKTHO, MPOTe JiyzKe 3py4HO. [lepesn
THM, 9K JATH CTPOTi BU3HAYEHHSI, MH PO3TJITHEMO JeKiTbKa TPOCTUX MPUKJIIAJIIB.

Ilpukaan 1.

e Kareropia Sets: 00’€KTH — MHOXKHHH, a MOPDIZMH — AOBLIbHI (PYHKITT MizK MHOXKHHAMHY;
e Groups: 0o6’ekTu — rpynu, MopdizmMu — roMmoMopdi3zmMu Ipyir;

e AbGroups: 00’ekT — KOMyTaTUBHI TPy, MOp(dizMu — roMmoMopdizmu 1pyir;

e Rings: 06’ekTu — Kiblist, MOp(iZMH — roMOMOPhI3ME KijTelb;
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Alg,: 0b’ekTnn — anrebpu HaL k, MopdizmMu — romoMopdizmMu anredp;

Top: 06’ekTH — TOMOIOTIYHI TPOCTOPH, MOphiZME — HenepepBHi DYHKILI;

Mflds: o6’ekTn — rimaaki MHOTOBUIM, MOp(dIi3Mu — audepeHIiiioBHl BiToOpaKeHHsd MiK
MHOT'OBU AaMMU;

Vect;: 06’ekTn — BeKTOpHI TpocTopu HAJ k, MOpdi3Mu — JiHiiiHI onepaTopu.

Bapro 3a3navyuTu, 1mo B yCix 1uX MPUKIAIAX MA MOXKeMO (hOPMYBATU KOMIIO3UIIIO MOpQi-
3MiB, 1 IsT KOMIIO3WIIiST € ACOIATHBHOK (OCKUIBKY B yCixX Tpukaagax Mopdizmu — 1e QyHKIT
MizK MHOYKMHAMHU 3 TIEBHUME OOMEKeHHSIMH, a KOMIIO3uIlist (byHKII aconjiarusaa). Hacupasi,
ACOIMIATUBHICTD — 1€ €JIUHA aKCcloMa, HeoOX1THA I BU3HAUEHHS KaTeropii:

O3znauennsa 1. Kareropisa C cki1anaeTbesd 3 HACTYITHOTO:

o Kiracy o6’ekriB Ob(C). Curyamio “X o6’ekt B C” 3anucyemo X € Ob(C) abo X € C;

e Kiacy mopdismis Mor(C). Koxen mopdism f — ne nesne Bigobpaxenus: 6id X € C
do Y € C. ®opmansro Mor(C) — ne nuz’toukrusre o6’equanns kiacis Mor(X,Y') no

ycim moxkauBum X, Y € C. loznaunmo mopdizm f crpimkoro X Ly, Bynemo Takoxk
nosuadatn Mopdizmu Mixk X ta Y gk C(X,Y);

e [IpaBuia kommo3uilii Mopdi3zmin
Mor(X,Y) x Mor(Y, Z) — Mor(X, Z),
(f.9) = f9,
dKe MepeBOIUTh JiBa Mopdizmu X N Y,V AN/ Mopdizm X LN A
o Jlna koxuoro X € C icaye ToroxHiin mopdizm X — X.
3ajiaHa CTPYKTYpa IMOBHHHA 33/I0BOJIbHATH HACTYIIHHM aKCiOMaM:
o Kowmmnosurmis Mmopdi3miB acoriaTuBHa;

o Komnosumig gosiibHoro mopdizmy f : X — Y 3 ToTroxkuim piBHa f.

1.2 ®DyHkTOpPHU
Posrnsgpaioun jekijibka Kareropiit oiHodactHo, (hyHKTOPU J03BOJIAIOTH “TIOEAHYyBATH 1X.

Oznauennsa 2. KoBapianTuuii (BianosigHo koHTpaBapianTtauii) dyHKTOp F' 3 KaTe-
ropii C B xareropito D — 1e mpaBusio, 3a aKkuM JA0BiIbHOMY 00'€kTy X € C CTaBUTHCS y Biji-
noBigHicTh 06’'ekT F'(X) € D, a nosiabHomy mMopdismy f : X — Y craBuThCs y BiANOBIIHICTD
mopdism F(f) : F(X) = F(Y) (Bignosiguo F(f) : F(Y) — F(X)) Takuii, 1m0 BUKOHYIOThCS
HACTYITHI aKCIOMM:

o F(idx) = idp(x) ana posinbnoro X € C;

e [’ 30epirae kommo3uiio mik mopdizmamvu, T006To st goBibHuX f 1 X - Y, g:Y — Z
maemo F'(fog) = F(f)oF(g) (axmo F kosapiantuuit) ta F'(fog) = F(g) o F(f) (axmo
F konTpaBapiaHTHHUIL).
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Ilpukaan 2.

e Bxkurouennsa migkareropii. Hexait C minkareropia kareropii D. Lle o3nauae, mo o6’-
ekt Ta MOopdizmu B C Takok € 00’ekramu ta Mopdizmamu B D, ski MalOTh J0JATKOBY
CTPYKTYPY Ta 33/I0BOJILHSIOTH MIEBHIM OOMEKEeHHSIM Ha M0 CTPYKTYpy. Koxkue BRIIIOUe-
uHs 3a1a€ Gyakrop C — D, mo gie ToTo:kHO Ha 06’ekTax Ta Mopdizmax. Hampukiar,
MaeMO (PYHKTOD

AbGroups — Groups.

e 3abyBarouuit dbyHKTOp. Buznauumo ¢yukrop F : Groups — Set, gxuii nepeBoIuTh
JIOBLTBHY TPYIY V BLANMOBIIHY MHOXKWHY, Ha SKiil 3ajlaHa TPyNoBa CTPYKTYpa, a JIOBLIb-
HUE TOMOMOP(}I3M MizK I'pynamMu B PYHKINIO MixK BianoBianumu Muokunamu. OyHkTOp
“3abyBa€e” rpynoBy cTpykTypy (06’ekTiB Ta MOpdi3mMiB). AnasorivHo Maemo 3a0yBarunii
dyukTop Vect, — Sets, sgxkuit nepeBouTh JOBLILHUN BEKTOPHUHE MPOCTIP B MHOKHUHY
ycix HOro BEKTOPiB, a JOBLIbHE JiHiliHe BimoOparkeHHs MiXK IPOCTOPAMHU y BIIMOBLIHY
bYHKIIO HA MHOXKHHAX BEeKTOpiB. PakTHIHO MU 3a0YBAEMO, IO MOMKEMO JI0IaBATH Be-
KTOpU, MHOXKHUTHU 1X HA CKaJIgPH, a TaKOxK Te, 110 JiHiiiHI BioOparkeHHd € JIHIHHUMMU.
[loniormM™M criocobom MOzKHA BH3HAUYNTH 3a0yBatodi pyakTopn: Alg, — Set, Top — Set,
Ring — Set, R-Mod — Set,..., Alg, — AbGroup (dyHKTOD, 1110 320yBac MHOKEHHS).

e Binbunit dynkrop: g nosiabuol muoxkuaun X Busnauumo F'(X) sk BiabHy Ipyity,
nopomkeny MuOKuHOW A. Josinbua dywkmia f : X — Y, gka mepeBoguts x € X
B f(z) € Y, Busmagae romomopdism rpyn F(f) : F(X) — F(Y). Jlerko mepekona-
THCsA, Mo s Takoro cmieerasienust F(fg) = F(f)F(g), a orxke, BoHO 3ajmae dyH-
ktop F' : Sets — Groups. AHaJIOTYHO MOXKHA BH3HAYMTHU iHIN “BiabHI” GYHKTOpH:
Sets — Vecty, Sets — Ring,..., Sets — Top (muO)kuHa X HAAIAETHCS AUCKPETHOIO
TOMOJIONI€I0), Ta 6araTo iHIINX.

e ®yukTop Bymean. Busnaunmo dynkrop P : Sets — Sets, 3agaoun P[X| 9k MHOKHUITY
ycix migmuokua mHO)KuHU X . Temep, axmo f @ X — Y dyHkiig MizK MHOXKHHAME, &
U C X, susnaunmo P[f](U) ax obpaz U nix aieio f.

e PosrisinemMo npukJ/aj KOHTpaBapiaHTHOro pyHKTOpa: (PYHKTOP JAyaJTbHOCTL
Vect, — Vect,,

KU NePeBOANTD JIOBLIbHUI BeKTOpHUI 1ipoctip V' y BekTopHuii npoctip V* ycix jiniiftnux
dyuxiionanis B V. Jliniitnuii oneparop L : U — V nepeBojguThCA B CIPSAXKEHUIT O1lepaTop
L* : V* — U* (mo nepeBoauTh AOBUILHEI JiHiiiHM dyHKIOHAT © € V* B siHiitHmii
dbyuxmionan u — ¢(L(u)) na U).

o [ummit npuk/a KoHTpaBapianTHoro dpyarropa — 1e ¢pyukrop Top — Rings, gkwuii Ko-
YKHOMY TOIOJIOTTYHOMY HpOocTOpy X CTaBUTh Y BiAIMOBIIHICTD Kijblle HellepepBHUX (PYH-
kit C°(X,R), a moBinrbHOMY HemepepBHOMY Bimobpazkennio f : X — Y cTaBuThCa y
BiAmOBiAHICTH Tak 3Bame mynGek (pull-back) simoGpaxkemna f* : C°(Y,R) — C°(X,R)
(axe Kommosunisa dyHKIHT Ha Y 3 Bigobpakennsm f 3anae dynkmio va X).
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1.3 ExBiBaJIeHTHICTH KaTeropiii

Koan asi kareropii C ta D nasuBaiorbes ekpiBajenTaumu?! [Ipuponaso ckazaru, mo C ta D
isomopHi, gkmo icayiors dyakropu F : C — D ta G : D — C Taxi, mo € 06epHEHIMHI OIIH
110 ogHoro. Hacmpasi, Take BU3HAUEHHS JOCHTH BY3bKe, TMOSCHUMO Ha MPHKJIAIL TOMY:

IMTpuknan 3. Hexait D kareropis CKiH4YeHHOBUMIDHUX BEKTOPHUX TPOCTOPiB HayL k, a C
i1 migkaTeropisi, Mo MiCTHTH OJWH BEKTOPHUI NPOCTIp k™ (BEKTODIB CTOBIMYMKIB) 7151 KOKHOI
poamiprocti n. Binmitumo, mo Mor(k™, k™) moxkna otorokuuru 3 marpunsmun Mat,, , npu-
poxuim guHOoM. Kateropii C ta D mne izoMmopdHi, ocKiibKH D MIiCTUTH yC€i MOXKJIMBI BEKTOPHI
npoctopu. [Ipore 10BUIbHUI n-BuMipHUi BekTOpHUIT mpoctip V' i3oMopduuii k™ (micast BuGopy
6asucy), orxke kareropii C B meBHOMY CeHCl JocTaTHbo, 1 Mu MoxkeMo posrisgiaru C ta D sk
eKBiBaJIEHTHI KaTeropii.

s dpopMmastizalii OCTAaHHBOTO MPHUKJIAIY PO3LISHEMO HACTYIIHE O3HAYUEHHS.

O3zuavenns 3. KopapiaaThuit dyukrop F': C — D Ha3uBaeThCsd €KBIBAJIEHTHICTIO Ka-
TEeropii, Ko

e [ cyrreBO crop’ekTuBHUiA, T06TO J0BLIBHENE 06’¢kT B D i3oMopdHuii (mpore He 060-
B’s13K0BO piBHUit!) 06’ekToBl Buraay F(X) mias mesuoro X € C.

e [' moBHuU Ta TOUHUIA, TOOTO icHYE OIEKIIisT
Mor.(X,Y) ~ Morp(F(X), F(Y))
g nosibaux X, Y € C.

Posrngnemo kareropii 3 [Ipuksany 3. Ilepekonaiimocsd, 110 (pyHKTOpP BKJIaJIEHHS KAaTEropiii
F : C — D — ue ¢ynkrop eksiBajsenTHOCTi Kareropiit. Crupasmi, gxmo V'  — mAoBlthbHHII
n-BuMipHuit npoctip, To V. — i3oMmopduunit £". @ikcyioun 6asuc ei,...,€,, MH OTPUMYEMO
izomopdizm V' — k", gkuii nepeBoauTh JOBLIbHUNE BEeKTOp v € V' B CTOBIYHK KOOPJIUHAT U B
6asuci {e;}, a or:ke F' cyTTeBO crop’ekTuBHUiL. Jlerko mepekonarwucs, mo F' Takoxk moBHUIA i
TOYHU, TOMy [ — Iie eKBiBaJIEHTHICTH KaTeropii.

1.4 Bmpasmu
Bupasa 1. Hexait C nosinbna xareropis. [lokaxits HacTymme:

a) ToroxHii Mopdism idx : X — X enunuit st Koxkuoro o6’ekra X € C;
b) mosinbuuit i3omopdizm B C Mae enuHUil 3BOPOTHIiL;

¢) mexaii f: X =Y 1a f:Y — Z nsa mopdismu. [Tokaxirs, 110, SKmo asa 3 Mopdi3mis
f,g ma fogizomopdismu, To TpeTiii TakoK i3oMopdisM. (Taka BAACTHBICTH HABHBAETHCS
" nBa-3-TpHox" ).

Bupasa 2. Hexaii [ 10BijibHA 9aCTKOBO BIIOPSIKOBaHA MHOXKHHA (IIOCET), B sKifl 4aCTKO-
BHil MOPSIOK 3aaeThes BinHomenusm <. Ilos’skemo 3 [ kareropio Cj, B gKiit 00’ekTu — 1Ie
eleMeHTH MHOXKUHY [, a JjIsg ABOX MOBLIbHEX i, € [, Mor(i, j) — MOpOXKHS MHOXKHIHA, SKIIO
i A j Ta Ma€ OJUH eJIeMeHT, AKmo ¢ < j. Bukopucrosyoun pedIeKCHBHICTD Ta TPAH3UTUBHICTH
BIJIHOTIIEHHST =, BU3HAUTE KOMIO3UIii0 MOp(i3zmiB B C; Ta MOKAKITH, IO OMUCAHA KOHCTPYKILisT
cupaBi BusHadae Kareropimo Cj.
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BmopaBa 3. Hexaii [ ta J aBa noceru. IlokazkiTh, 110 JOBLILHKI (PYHKTOP MizK KaTeroOpigMu

C; ra C; 3amaerbest romoMopdizmom (Tobro dyHKIiew, mo 36epirae mopsaaok) mnoceris f : I —
J.

Bupapa 4. Hexait X posiibuuit Tonosorignuit mpoctip, a I(X) — 1me MHOXKHHA YCiX 3a-
MKHEeHUX miaMHOKUH B X . [Tokaxirs, mo [(X) — ne nocet (3 BiHOIICHHSM TOPSIKY BKJIIO-
deHHsl 1 MHOKHH). Busnaure kareropiio Top(X) ax Cjx) 3 Bupasn 2.

BmopaBa 5. Hexait V Bexktopuuit npocrtip nag R. [Tokaxirs, 1mo mporegypa KoMILTeKcui-
kauii V +— V ®r C Busnauae ¢pynkrop Vectr — Vectc.

BmpaBa 6. Hexait C, D nosinbhi Kareropil, a F' : C — D dyukrop. Ilokaxits nHactymnme:
a) F nepeBoauth i3omopdizmu B izomopdizvu;

b) skmo F nosauii i rounuit, a F(f) : F(X) — F(Y) isomopdizm 8 D, 10 f : X — Y
isomopdizm C.

Bopasa 7. Hexait G nosinbaa rpyna, a [G,G] ii komyrarop. Ilokaxires, mo G/|G, G|
abesieBa rpyma, a ciiscrasienus G — G /|G, G] puznavae dyuxrop Ab : Group — AbGroup.

Bupaga 8. Busnaunmo Top, sk Kareropiio, ob’ekramu sikoi € mapu (X, zg), X — Tomo-
Jgorigauit npoctip, ro € X Buminena roudka, a mopdizmu f 1 (X,z9) — (Y, y0) HemepepsHi
BinoOpazkennst f : X — Y maki, mo f(zg) = yo. [lepekonaiirech, mo Top, me kareropis, a
crniBBinnomenns 7 : Top, — Group, gke 3 napowo (X, xy) noB’a3ye byHIaMEHTATbHY TDYITY
(X, xo), 3aa€ KoBapiaHTHUI (DYHKTOP.

BunpaBa 9. Busnaunmo CHaus sk kareropiro, o0’ektamu sgkoi € komnakTHi ['aycmopdosi
IPOCTOPH, a MOpdi3Mu — HelepepBHI BimoOpazkeHHs. Ta BusHaunMo Bigoopaxkenns [ : Top —
CHaus, sike J0BLIBHOMY TOIOJOTIYHOMY NIPOCTOPY X CTaBUTH y BiANOBIIHICTH KOMITAKTH(]DI-

x99

karito Croyna —Hexa X (“mMakcumanbuuii” komnaktauii Taycaopdis mpoctip, “nopoikennii’
X). HokaxiTe, mo [ BusHavae GyHKTOD.

Bupasa 10. Hexaii R, S kinbig (He 000BA3KOBO KOMYTATHBHI). PO3mIsiHeMO KaTeropii mpa-
Bux MoayaiB Haj rumu Kigbisvu C = Modg ta D = Modg (e mopdizmun — 11e romomopddi-
3mu MoyaiB). TTokaxits, mo dikcyoun (R, S)-6imoaynb X, MoxKHA BU3HAYUTH JBa (DYHKTODH
F:C—DraG:D — C HACTYIIHUM YHHOM:

F(Y)=Y®rX, YeD,
G(Z) = Homg(X, 2), Z eC.

2 CropsxeHHda MiXK (pyHKTOpaMn

2.1 Harypaabphi TpancdopMarrii

“I did not invent category theory to talk about
functors. I invented it to talk about natural
transformations.”

— Saunders Mac Lane
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[1lo Take HarypaabHa TpaHcdopmamisa? Lle BimobparkenHs omgHOro (byHKTOpa B iHIMIi! Po3-
IVISHEMO IPOCTHH NMPUKJIAJ, IKHU HMOSICHIOE Ie JIOBOJII 3arajibHe Bu3HadeHHs. Haramaemo, 1o
JUIsl TOBLIBHOTO BeKTOpHOTO 1poctopy V ichye (“Harypasbhe”) siniiine Bimobpazkents

¢V V=V
v (f o f(0).
Axmo dimV < 0o, TO HEeBaxKKO MEePEKOHATHUCS, IO ¢y i30MOpdizM. Y YoMy MOJdrae HaTy-
paJbHICTD Bimobpazkenus ¢y 7 Hacnpapai, skimo dim V' < oo, To mpoctopu V' ta V* isomopdHi,
POTE He iICHYE KAHOHIYHOTO i30Mopdismy 6e3 Bubopy 6asucy B upoctopi V. 3 inmoro 60Ky, i30-
Mopdi3Mm ¢y He norpedye HigKoro joaaTkoBoro Bubopy. [11o6 dopmanizyBaT 110 KOHCTPYKILIIO,

PO3TJITHEMO OLJIbIIE JIeTaIbHO BJIACTUBOCTI Biobparkenus ¢y . JloBinbHe jiniiine BigoOparKenHst
L : U — V nopomkye Jiniiine Bigobpaxkenns L** : U** — V** gke pa3om 3 BigoOparkeHHIMHU

OU, ¢y TOPOJZKYE HACTYIIHY JiarpamMy

U $u U**

L L**

V v V**

Amnpiopi Hemae npuanH, M6 CTBEPIKYBATH, IO JiarpaMa KOMYTATHBHA (SIKINO ¢y — JOBLIb-
He JiHifiHe BioOpazkKeHHsI, TO OYEBH/HO, IO JiarpaMa He € KomyTaTuBHOIO). [Tpore giarpama
Hacupapi € komyrarupHow! TTokazkemo me. Hexait u € U, nepeBipumo 1o

¢v(L(u)) = L™ (¢u(w))- (1)

®ynkuionas B aiBiit yacTuni cnieignomenns (1) nopiabroMy JiHiliHoOMy dyHKIioHATY f € V*
craBuTh y Binnosiguaicrs 3nadenus f(L(u)). Toxni sk dyHKIioHas 3 IpaBol YaCTHHE TTEPEBOIUTD
JOBLIbHMH JiHiftHI] dyHKIonan f € V* B

Gu(u)(L*(f)) = L*(f)(u) = f(L(u)).
PexkoMmeH1yemMo dmTadeBi MpoaHaai3yBaTH CaMOCTIHHO Il TIepeTBOPEHHS.

O3zuauennd 4. Hexait F,G : C — D — nsa komapiantaux ¢yakropu. Hartypaabua
rpancdopmartig « : ' — G MixK HIMH — IIe IpaBUJIO, 33 AKHM 3 KOKHUM 06’ekToM X € C
acorioerbes Mopdizm ay : F(X) — G(X) Takuit, mo ans qosiabao mopdismy f: X3 — Xo B
C HacTymHa Jiarpama KOMYTY€

OéXl
F(X;) —— G(Xy)
F(f) G(f)

F(Xy) —2— G(X)

dArmo axy — izomopdism mrsa moBLIEHOTO 00’€KTY X, TO (v HA3UBAETHCA HATYPAJBHUM i30-
Mopdizmom.
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[IpoaranizyeMo momepesHi#l MPUKIaJl B KOHTEKCTI MBbOT0 O3HadeHHdA. Posrisaemo Vect,
— KaTeropiio BeKTOPHUX HPOCTOPiB HaJ moJseMm k, Ta apa ¢dynkropu: Id : Vect, — Vect,
(roroxwuiii), ta D : Vecty — Vect, (noxsiiina jyasbHicrb), sKuii 1epeBOIUTH JIOBIIbHUIT
BeKkTOpHUil mpoctip V' B fioro noasilinuit ayaabuuit V**, a gosiabauit mopdizm L : U — V B

L= U™ = V.

Buopasa 11. Ilokaxits, mo U — ¢y 3ajia€ HarypaibHy TpancdopManio Mix (pyHkTopa-
vu Id Ta D, a pozrgnaoun migkareropiio FVect, C Vect; ckinueHHOBUMIpHUX BEKTOPHUX
npoctopiB U — ¢y 3ajae HATYpaJbHUli i30MOp]i3M MizK BiIIOBITHUMHU 3BYKE€HHAME (DYHKTO-

piB.

2.2 CopsixkeHi pyHKTOPH

Haramzaewmo, mo mixk kareropisimu Sets ta Vect,, € apa dyukropu: Buthbauii F': Sets — Vect,,
ta 3abyBatounit G : Vect, — Sets. G(V) — ne MHOXKHHA YCIX BEKTOpIB Il 3aJ]aHOTO Be-
kTopraoro mpocropy V, a F(X) — mne BekTopHmii mpoctip Haj mosem k 3 6azmcom X s
3aganol muoxkunau X (ro6ro F(X) — me yci dopmanbhi ainiitni kombinanii ) . Az; 3 A; € k 1a
x; € X, HaJiTeH] O4eBUHAMHE OTepanisMu MizK BekTopamu). /loBinbHa dbyukiis g : X — G(V)
OJTHO3HAYHO TPOJOBKYEThCs 10 JiHiliHOTO oneparopa f : F(X) — V (omeparop f 3amaerbest
macrynaum duaoM f(Y . Az;) = >, Nig(x;)). Taxka Bimnosinmicts 7 @ g — f Mae obepHery
Biamosignicrs p: f — f [ X (aka gosiibHOMY JiniitHOMY omeparoposi f : F(X) — V craButh
y sBignosigmicts f [ X @ X — G(V), 3Byxyoun f #a 6asuc X). Takum qunom, n = nxy
BU3HAaYae OIEKIIIIO

n: Sets(X,G(V)) = Vecty(F(X),V) (2)

Binpmr Toro, 14 6i€KIisg Bu3HAUYeHA “KAHOHIYHUM YHHOM JIJId YCIX MHOXKHH X Ta BEKTOPHHUX
npocTopis V', ToOTO HOKOMIOHEHTHO 1)y v 33Ja€ HaTypaJ/ibHy TpancdopMaliio pyHKTopis, KO
YACTUHU CHIBBiIHOIEHHS (2) po3risaaTu g9k GyHKTOpH Bix 3Minaux X Ta V. Bigbun geranbuy
IHTEpIPETAITiI0 MU J]AMO Y BU3HAYEHHI CNPAHCEHHA.

Oznauennd 5. Hexait 3apano asa ¢pyukropu F : C — D t1a G : D — C. CupsaKeHHS MixK
F 1a G — ne 3aganns qis posinsuol napu (A € C, B € D) Giekuil 74 p Mi2>K MHOKHHAMEI MOD-
dismis C(A,G(B)) ta D(F(A), B), axi narypanabai o A ta mo B. B npomy Bunajaky GbyHKTOD
F masuBaeTbes JiBuM crpsizkeHum 10 G, a pyakrop G HA3WBAETHCS MPABUM CIPAXKEHUM
1o F.

Heckagao nepekoHaTucst, Mo HaTypaabHICTh ikl 7 o3Hadae, mo aas yeix f: A — A
Ta ¢ : B — B’ HacTynHi aiarpaMu KOMYTYIOTh

C(A,G(B)) — 22 D(F(A), B)

Ta
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C(A,G(B)) — ™2, D(F(A), B)
(G(9))+ g

C(A,G(B")) ———— D(F(A), B

Urw:%

B jmiarpaMax Mu BHKOPUCTATH KOPOTKi mo3uavenHsi g* = D(F(A),g) (oneparis KoMIo3uil 3
mopdismom g), a f* = C(f, G(B)) (onepamis nepea-koMmosutii 3 Mopdizmom f).

3ayBakennd 1. Hassa “cupszkennii GpyHKTOP” BUHHUKIA K MEBHE y3ara/JbHEHHS TOHATTS
“cupstkeruii oneparop”. Crupas/i, PO3rVISHEMO MHOXKHHY MOpdi3MiB 4K OipyHKTOD

Mor : C?? x C — Sets

Ta MOPIBHAEMO BU3HAYCHHS CIPSKEHOT'O (PYHKTOpPa 3 BU3HAYEHHSAM CIPIKEHOrO OlepaTropa B
KOMILJIEKCHOMY BEKTOPHOMY MPOCTOpi V' 31 CKaJAgpHUM JIOOYTKOM

(,):VexV =C,

jte V¢ no3nadae BeKTOpHUIT mpocTip, B skomy i mojst C nepea-koMmo3uriitoBana 3 KOMILIe-

KCHUM CIIPDAZKCHHAM.

Ilpukaan 4.

a)

[Tapu ¢dpyHKTOpPiB “BiNbHUI-320yBaOUUil” — 1€ TUIIOBHI ITPUKJIAJ CHPSIKEHHS MixK (DyH-
KTopaMmu. Binbuuit (byHKTOP — JiBHI cHpsizKeHUH 10 3a0yBai0voro, a 3abyBaiounii — mpa-
Buii cupsizkennit. OuH 3 TPUKIAIIB MU PO3IJIAIAIN HA TOYATKY THOro po3airy. [Toxibuumit
npukIa/: BiibHUR dhyukTop F': Sets — Groups — jiBuii cupskeHuii 10 3a0yBar040ro
dbyukropa G : Group — Sets. Cupasai, nosiabauit romomopdism rpyn F(X) — U
OHO3HAYHO Ta HATypasibHo (mepesipre!) 3amaerncs dyukiiero X — G(U). Awmasori-
YHO MOXKHA OYIyBaTH NMPHUKIAIN CHPsKeHUX (PYHKTOPIB g BLIBHUX KiJdellb, BLIBHUX
R-moayniB i Take iHie.

Babysatounii pyukrop G : Top — Sets mae i jiiBuii i npasuii cupsizkeni ¢gyukropu. Jli-
BUil crpskenuit pyukrop L Ha g€ MHOKUHY X JTUCKPETHOIO TOMOJIOTIEI0, OCKIIBKHA yCi
Binmobpazkennst L(X) — Y wenepepsHi (as noibroro Y € Top). A mpaswuii cripsizkeHuii
dyukTop R Hajgiige X TpUBIaIbHOIO TOIOJOTIEIO.

Hexait [ Ta J aBa noceru. Jlopinpunuit pyuakrop F : C; — C; — ne dyHKIis, mo 30epirae
nopsanok (aue. Bupasa 3). Toxi napa crpsizkenux dpyukropis F: C; — Cy, G : C; — C;
— 11e mapa YHKIIH, gKi 30epiraioTh TOPI0K, Ta 3a10BOJIbHIIOTH

Cr(F(a),b) = Cs(a,G(b))
i yeix a € I ta b € J. 3 inmoro 60Ky, 1e 03HAYAE, 1110
F(a) X5 b<a=; G(b).

OcranHi BifHOIIEHHS Ha3WBAETHCs BiANOBiAHICTIO [amya MixK moceramu (AuB. BIPaBH B
KIHI PO3JLTY JIJI KOHKPETHUX MPUKJIAIIB TAKOI BiIIOBIIHOCT).
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d) ®yukrop Ab : Group — AbGroup (quB. Bupasy 7) jiBuil cupskeruit 10 dbyHKTOpa
Braasgenus G : AbGroup — Group.

f) @ynkrop kommaktudikanii Croyna-Yexa [ : Top — CHaus € JiBUM CIpPSZKEHHM 10
dyukropa Braagenus kareropiit CHaus — Top.

g) Tensor-Hom cnpsxxkenns. Hexait U, V, W tpu BekTopHi npocropu. Crangapruuii (hakt
JITHITHOT aredpu TOBOPUTH, 110 iCHYE i30MOpdizm

Hom(U ® V, W) = Hom (U, Hom(V, W)),

ne Hom(+, -) mosmadae BekTopHuit mpocTip yceix miniitaux oneparopis. [logidone crissigHo-
menHs (i3oMopdizM abesneBux Tpym) BipHe 1 st MOJYJIIB Haj Kinbisimu (que. Bupasy
10):

Homg (Y ®r X, Z) = Hompg(Y, Homg(X, 2)).

A orxe byukrop —@r X (aus. Bupasy 10) — niuii cupsizkenuii 10 dbyakropa Homg (X, —).
CrpaBemnBa HACTYIHA TEOPEMA.

Teopema 1. 3adannsa cnpaoscenns mioc deoma dynxmopamu F 2 C — D ma G : D — C
EKBIBANEHMHE 3G0GHHIO HAMYPAALHUT mpanchopmayiidn : Ide — GF ma e : FG — Idp maxux,
Wo HacCMYnHL J1a2Pams, KOMYMYOms:

F—"™ | pGF G—" ., GqFra

eF > Ta Ge -

Harypanbua tpancdopmallisa 7 Ha3UBAETbCd OAMHUIIEIO CIPSKEHHS, & ¢ KOOAMHUIIEIO
CIIPSIZKEeHHS.

IMpuknaang 5. Posrasiremo crpsizkeny napy ("siapanii-3abysatounii) byukropis F : Sets —
Vect,, G : Vect, — Sets. Heckiiagno nmepekonaTncs, o 1 J0BiIbHOT MEHOXKHHE X € Sets
onuauIg crupsizkends nx : X — GF(X) 3a1aerbcsg BKIAJIEHHAM 0a3uCy, a JJIg JAOBLIBHOTO
BeKTOpHOro 1poctopy V koomumnuns ey : FG(V) — V 3anaerbes NpOIOBAKEHHSIM TOTOXKHOTO
BimoOpaxkenust Ha 6Gazuci npocropy FG(V).

2.3 BmpaBnu

Bmpaa 12. Hexaii 3agano tpu dpyukropu F.G, H :C - D. dxkmoa : F - Gif: G — H
HaTypaJbHiI TpaHcdopMmarlii, To komno3umia Sa : F' — H TakoxX HaTypaabHa. [lokaxKiTh, 110
dykropu F' : C — D dbopmytors kareropio F(C, D), ne MHoxuHAa MOPGI3ZMIB MizK 10BLILHHE-
Mu (PYHKTOPAMHE 33a€THCS HATYPAJIbHIME TpanchopMariamu. slke HaTypabHe TepeTBOPEeHHT
3aJa€ TOTOXKHiH Mopdizm?

Bupasa 13. Hexait X rtomonoriunuii mpoctip. Busnaunmo nocer [(X) sk MHOXKUHY yCix
3aMKHYTHX miaMHokuH X (quB Brpasu 2 ta 4), a nocer J(X) sik MHOKHHY YCiX miaMHOKEH X .
[ToxaxxiTs, mo ¢GpynrTop BKIaenHa Kareropiit Crx) < Cj(x) Mae miBuii cupszKenuit pyHKTOD,

SIKHIl TIepeBOIUTL JOBLIbHY miaMuOKUHY A B 11 3aMukanaa A.
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Bunpasa 14. Hexait I — 1ie mocer ycix igeanis B komyrtarusaomy kinbimi Clxy, ..., z,], a J
— 11e MHOXKHHA, ycix minMuoxkuH B C". Busnauumo f : I — J 9K HyHKIIIO, IO MEPEBOIUTD i1ea
B MHOXKHMHY CHLJIBHHAX HYJIB HOro ejiementis, ta ¢ : J — [, 1110 1€peBOJUTH MHOXKUHY TOYOK
B ijieaj1 TOJIIHOMIB, fKi OOHYJIAOTHCA Ha Hil. [lokaxits, mo f ta ¢ GOPMYIOTH BiATOBIAHICTH
Tanya (KO PO3MISTHYTH JIyadbHUI 0 OJHOTO 3 TIOCETIB), a OT¥Ke, 33JIAl0Th Mapy CIPSKEeHNX
(PYHKTOPIB MizK BiJITOBIIHUMHU KATErOpPisMHU.

Bopasa 15. Tlokaxirte, mo dbyrkrop kommiekcndikanii Vectg — Vecte (aus. Bupasy
5) niBmil cuipsizkenuii 10 HyHKTOpA 3BYKEHHs cKaysIpiB Vecte — Vectg.

Bopasa 16. Hexait G : Alg, — Vect, 3abyBaiounii dyukrop. Omunrits JiBuil crnpsizxke-
Huit 10 dbyukropa F. (Brasziska: M0 3aJaHOMY BEKTOPHOMY IpoCTOpy V' moOyIyiTe TeH30pHY
anreopy T'(V) =k V& (VRV)&. .. ta nokaxirs, mo Bianosiamicts V +— T(V) Busnavae
JiBuii cupsizkenuii 10 GyukTOpa F).

Bopasa 17. OuumriTh OJUHMINO Ta KOOJMHHINO CHpszKeHHs MixK Kareropismu AbGroup
ta Group.

Bopasa 18. Onuinirh OJUHUIO Ta KOOIWMHUIIO CHPSXKEHHS [JIs IPHUKJIAIIB, HABEIUX B
TIHOMY PO3JILI.
2.4 Bibmaioreuka
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OaraTo KOpHCcHOI iHdOpMaIlil 110 Teopii KaTeropiii.

3 Aunarebpm ta iX 300pake€HHd, 3B 430K 3 KOJT9aHAMMU

3.1 Koporko nipo aarebpu, ix paaukaJji, 6a30Bi ajredpu.

[IpoTsirom mpOro po3maiay MH BBaXKaTHMEMO, IO A — 1e CKiHYeHHOBHMIipHA aJredpa HaJ ajre-
OprYHO 3aMKHEHHM mojeM k, To0To A — e CKiHYeHHOBUMIpPHUH TPOCTip, HaIiAeHHi acomia-
TUBHUM MHOYKEHHSIM 3 OJIMHUTICIO.

ITpuknan 6.

a) A=k.

b) Tlpukiaan HeckinuenHoBuMipHuUX asrebp: aarebpa k[r] ycix mosiHoMiB Bif omHiel 3MiH-
HOT x 3 Koedimienramu B mosi k Ta amrebpa k[zi,...,x,| ycix nosiHOMIB Bij 3MiHHEIX
L1yeooy T,
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¢) Anrebpa k[r]/(x?) “nyanpamx ancen’ CKIQIa€Thed 3 YCiX nap BULIALY a+bkx, e a,b € k,
a x emement Takuit, mo r? = 0. Heckmaguo nepekonarucs mo dim k[z]/(z?) = 2.

d) dxmo A — anre6pa, o muoxuna M, (A) ycix n X n marpurp 3 koedinienramu B A — 11e
TaKOXK aJaredpa 31 3BUYAlHUMH OIePAIisaMHU JT0JaBAHHS Ta MHOXKEHHS MaTpuilb. SKimmo A

ckingenHOBUMIpHA, TO M, (A) Takoxk ckiHueHHOBHMIpHA. 30KpeMa PO3MIpHICTH aarebpu
M, (k) piBna n?.

e) [Minmuoxnna

k ok k
0 k k
Un(B) =] . . :
00 ... k

VCiX BepXHBOTPUKYTHUX MaTpuib B M, (k) — ne miganredpa B M, (k).

f) AcomiaruBae Kinbie k(x1,xs) ycix TONIHOMIB BiJ IBOX HEKOMYTATHBHUX 3MIHHUX 1 Ta
To — Il HeCKiHYeHHOBUMIpDHA ajirebpa (HA3MBAEThCS BLIBHOIO airebporo).

g) Hexait G — ckindyenHa rpyma 3 oaunuiero e. I'pynosa anrebpa k[G] — me anreGpa 3
6asucom {a, | g € G} Ta MHOXKEHHSM a4a, = ag,. Hampuknan, skmo G — nuKIidHA
rpyna nopsiaky m, 1o k|G| ~ k[z]/(z™ — 1).

Harasaemo, mo pagukas aaredpu J(A) — 1e mepeTuH ycix MakCHMaJbHUX TPABHX i/1€aiB
B A. Moxkna mokasaru, mo pagukasi J(A) — 1e nepeTuH ycix MakCHMAaJbHUX JIBUX i/easiB, a
orxke, J(A) — nBocroponniii igean. Anrebpa A Ha3MBa€ThCs HAMIBIIPOCTOXO, sAKINo J(A) = 0.
Hecknaano nepexonatucs, mo J(A/J(A)) = 0.

k k
0 k

= (1)

Bupasa 20. Hexait A = My, (k) ® --- & My, (k) (ne My, (k) — 1me anrebpa MaTpuilp Ha
nosieM k poamipom d; Ha d;). Ilokaxirs, mo A HamiBopocTa.

Bupasa 19. Hexait A = Uy(K) = ( ) [TokazxiTh, 110

Ta onumiTh pagukan aarebpu U, (k).

Bopasa 21. Tlokaxirs, mo rpymnosa anrebpa k|G| ckindennol rpynu G HamiBIpocTa.

Bupasa 22. Hexait f: A — B — romomopdism anreop. [oxaxits, mo f(J(A)) C J(B).
Axmo f — ciop’ekruBuuii, nokaxire, mo f(J(A)) = J(B).

Bupasa 20 cTBepKye, 110 J0BLIbHA aarebpa BULISTY
A= My (k)® @ Mg, (k) (3)

HamiBupocra. HacrnpaBai 3BopoTHE TBep:KeHHs TexK BipHe: Teopema /I:xozeda Benmepbepna
TOBOPUTH, IO JIOBLIBHA HAMNBIPOCTA CKIHYEHHOBUMIpHA aarebpa mae Buris (3), a oTke, Jis
JIOBLIBHOT ajireOpu A MagMo HACTYIIHE:

AJJ(A) ~ My, (k)@ --- @ My, (k). (4)
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Hasusarumenmo anre6py A 6a30Bor0, K10 B po3kiai (4) yci d; pisai 1, To6ro A/ J(A) ~ [, k.
Hanpuknasz, anrebpa A = U, (K) 6a3oBa, ockinbkn B 1poMy BHIagky A/J(A) ~ k x --- x k
—_———

n Komii

(nuB. Brupasy (19)).

Bupasa 23. Ilokaxirn, mo aarebpa A = k[z]/(2™) 6a3oBa, a 1i pagukas J(A) nopoazxennii

ko klx]/x?
0 klz]/z?

= (3 550

3.2 KopoTko po 300parkeHHs CKIHYeHHOBUMIPDHUX aJreodp

Bupasa 24. Tlokaxirs, o agredpa A = ( ) 6a3oBa, a 11 paJIuKaJj MAa€ BULJIS]L

Sob6paxkennsam anrebpu A (niBuii A-MoJy/ib) HA3UBATUMEMO BEKTOPHUIA mpocTip V' pasom 3
romomopdizmom anredp p: A — End(V).

Ilpukaan 7.
a) V=0.

b) V.= A ap: A — EndA susnadennit HacTynuuM 4uHoM: p(a) OmepaTop JIBOTO MHO-
KeHHs1 Ha a, 70610 p(a)b = ab (3Buuaitnuii 106yTOK). Take 306paskeHHsI HABUBAETHCS
peryaapHUM.

¢) dxuo A = k, Toji HECKIAIHO IEPEKOHATHUCSI, 10 JIOBLIbHE 300pakenHss A — 1ie OB TbHUIL
BEKTOpHHUI mpocTip Had k, B skoMy A i€ MHOKEHHSIM Ha CKAJSpPH TOJI k.

Ao 3azano apa 300paxkenus (Vi p1) ta (Va, pe) anredbpu A, 1o mopdism MmixK HuMU
3aJIAETHCA JIHIFTHUM omnepaTopoM ¢ : V) — Vo Takum, 1110 HACTyIHA jiarpaMa KOMYTY€E

Vi pi(a) Vi

Vo ——— 1,
p2(a)
I yeix a € A.
Takum annoMm, MoxkHa chopmyBaTn Kareropito Rep A 306pazkens anrebpu A. Bazosi anrebpn
BiirpaioTh (pyHIaMEHTAIBHY POJb B TeOopii 300parkKeHb CKIHYEHHOBUMIPHUX aJIre0p 3aB/IAKH
HACTYIHI# Teopewmi

Teopema 2. /[ 006iavHoi cKinverHOBUMIPHOT an2ebpu A icHye 6a306a CRIHYEHHOBUMIPHA
anzebpa B maka, wo xamezopii RepA ma RepB exeisanrenmmi (dus. oznavenns 3).

Orxke, BuBUeHHS 300paKeHb yCiX CKIHIEHHOBHMIDHUX ajredp “3BOAUTHCA’ JI0 BUBYEHHS
300pakeHb 0a30BUX ajiredp. B HacTynmHUX JABOX TiJCEKINAX MU MEPEKOHAEMOCH B TOMY, IO
JIoBlIbHA Gasosa anredpa A izomopdHa hakTop-agredpi aaredpu MLIIXiB IEBHOIO KOJIYAHY.
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3.3 Koagyanu ta ajgredpm IigxiB

Komuaau () — ne opienrosuuit rpad. Mu Oyemo 3a1aBaru kKo4an () MHOXKUHOIO Bepiina (),
MHOXKHHOIO pebep (cTpiaok) @1, a masa 3aganol crpinku h € @1, nosnagarumemo s(h), t(h)
BEPIUHY 11 TOYaTKYy Ta KiHII:

s(h) —— t(h).

3o6parkeHHs KoJidany () — Ie 3a/IaHHd JJIs KOXKHOI BePIIUHH ¢ € ()g BEKTOPHOI'O IPOCTOPY
Vi a ang KoxKHOL cTpinku h € Q1 — miniiinoro sinobpazkenna Vi @ Vi) — Vig.

Teopis 300pazkeHb KOJIYaHIB TICHO 110B’gd3aHa 3 Teopi€io 300paxkenb ajaredp. [ljng KokHOIO
kosgany () icaye anrebpa k(@ (tak 3BaHa anrebpa HuIaxiB () Taka, 10 300pazkeHHsI KOTIaHY
@ “raki cami” gk i 306pazkennst anrebpu k@) (Biamosigui kKaTeropii izomopdHi).

Anreopa mungxiB k() kosdany () — ne aarebpa naj nosem k, 6asuc gkoi cdopMoBaHHit
yciMa OpiEHTOBAHUME MLIAXaMU B () (BKJIIOYAIOYN TPUBIATIBHI NUISIXA P;, i € (o), & MHOKEHHS
33JIA€THhCS KOHKATEHAIIEIO TLIIXiB: ab — Ie MLISX, B SKOMY CIIOYaTKy Tpeba MpOoWTH mIax b, a
HOTIM ILIAX a. ZIKINO aBa IUIAXH He MOXKYTh OyTH 34ellIeHi, TO iX J00YyTOK BH3HAYAETHCA AK

0.
IMpukaan 8. Asrebpa nuiaxiB KoJ9aHy
122

Mae 6asuc 3 3-X eJIeMeHTIB p1, po (TpuBiaibHi muIsIXu B BepimHax) ta h (nuisix gosxkunu 1), 3
HACTYIHUM MHOXKEHHAM p? = p;,i = 1,2, p1ps = pap1 = 0, pth = hpy = h, hpy = poh = h? = 0.
k k
0 k

'_>10 '_>OO hr—>01
P1 00 /)’ D2 0o 1 /)’ 0o o0 /-

Bupasa 25. Ilokaxirts, mo anrebpa kQ) nopospkena p;, 1 € Qg ta ap, h € Q1 3 Hacryunumu
CIIBBiIHOIIIEHH IMHU:

Tomy HeckIaIHO MEPEKOHATHCS, MO icCHYE i3oMopdizm k() = < ), AKWI 33/Ta€ThC

2) anps(ny = an, anp; = 0, axmo j # s(h);
2) puman = an, pian = 0, saxwo i # t(h).

Bupasa 26. [lokaxirTs, mo pajaukas ajaredpu k() mopojpkennii ycima crpljikaMmu B KOJI9aHi

0.

Bupasa 27. Bukopucrosywoun Bupasy 26, mokaxits, mo kQ/J(kQ) ~ Hier k. A orxke
k() — ne 6a3oBa ajgredpa s JOBLIBHOTO KodaHy ().
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3.4 Koagan 6a30B0i ajredopm.

Hexait A — ckinuennoBumipna ajrebpa. Haragaemo, mo esiement ajaredpu e Ha3uBaeThCs 11€M-
OTEHTOM, Ko €2 = e. /IBa imemnorentn e, f € A Ha3MBAIOTLCA OPTOTOHAIBLHUMIU, AKIIO
ef = fe = 0. IneMnorenT e HA3WBAETHCS MPUMITUBHUM, SIKIIO € HEMOXKJIMBO PO3KJIACTU B
CYMYy € = e + eg, Jie €1, €y — HEeHyJIbOBi ilemnorentu B A. [JIeMIIOTEHT e HAa3uBaTUMEMO II€H-
TPAJIBHAM, SKIIO ae = ea 1ad ycix a € A. HasmBarumemo anredpy A 3B’a3HO0I0, gKkmo A
HEMOZKJIUBO TPEJCTABUTHU K MPsAMUil TOOYTOK ABOX ajredp, eKBiBaJeHTHO, aKito 0 Ta 1 — 11e
€MHI MEeHTPaJIbHI i1eMIoTeHTn B A.

Hexaii A — 6a30Ba ckindeHHO-BUMipHA asrebpa, a {e1, ..., €, } — MOBHA MHOKWHA TIPHMITHB-
HUX OpTOroHabHHX imemmorenTiB B A. Komagan I'abpiens ()4, moB’s3anuit 3 A, BUSHATHMO
HACTYITHUM YHHOM:

e “eprmHu’ B ()4 3aHYMEPYEMO eJeMEeHTaMU MHOXKHUHH {e1,. .., e, };
e KinbKiCTh “CTPLIOK” MiK BepIIMHAMH, HyMeDOBAHUMIE €; Ta ¢, pibHa dim e;(J(A)/J%(A))e;.

Heckiagno mosectu, 1mo KoadaH ()4 He 3a1eKUTh Bil BUOOPY MOBHOI MHOXKMHM HPUMITHBHUX
inemnorentis B A.

Ilpukaan 9.

e Hexaii A = k[z]/(2™). Jlerko mokasaru, mo e = 1 — €IUHUNA HEHYJIBOBUIl 1IEMIIOTEHT
B A. Buxopucrosytoun Bupasy 23, maemo J(A) = (z), tomy J*(A) = (2?), a orxe
edim(J(A)/J?(A))e = 1. Tomy Q4 Mae nacrynuy Gopmy:

17 )a

. Heckmagno nmepekonarucs, 1o

(o))l

— [OBHA MHOKMHA NPUMITHBHUX OPTOrOHAJBHHX i/IeMIOTEHTIB (ToMy Q4 Ma€ 1Bi Bep-

mmmn), i o ( 0 klz]/a? )7 P(4) = < 0 wklz]/z? )

[ ]
n)
e]
A
v
=
N
I
7N
5
=
B,
~
&
N—

0 zklx]/x? 0 0

(nmB. Brpasy 24). A orxe, dim J(A)/J*(A) = 2, tomy Q4 Mae aBi crpinkn. [Ipavuvu
004MC/ICHHAMHE MAEMO

) (i7j>:(172) abo (i,j):(2,2),

1
0, B NPOTHJIE2KHOMY BHIAJKY.

dime;(J(A)/J*(A))e; = {

Tomy Q4 mae mactynny dhopmy:

1—>2:>04
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fxmo () — JoBiIbHUI CKiHYeHHU KosI4aH, Hexalt Ry — JBOCTOPOHHIH ieas B aareOpi muis-
XiB kQ), mopozKenunii crpinkamu (). Hazsuarumemo naBoctoponniii izean I C k() momycTumMmm,
AKIIIO

m 2
RECICRY

Jutst iegHOTO M > 2. IHmmmu cioBamu, [ jomycTumuii, sIKIO HEe MICTATH KOIHOT CTPULIKH ()
Ta MICTHTH yCi HUIAXH JOBKUHOW > m. fkimo I — monycrumuii, To dbaktop anredbpy kQ /I
Ha3UBATHMEMO OOMEXKEHOI0 aJredpoio IMLIAXIB.

Hacrynna Teopema 3a/1a€ KaHOHIYHUN BUIIs) 0230BUX CKIHYEHHOBUMIPDHUX aJjrelp.

Teopema 3. Hexatli A — 6a3osa, 36°A3Ha, CKIHYEHHOBUMIPHG anzebpa. Icnye donycmumud
idean I 6 kQa maxui, wo A= kQa/l.

Bunpasa 28. Ilo6yryiite koauan Labpiesns anrebpu A = U, (k).

Bopasa 29. Hexait A = U;(k), a C i1 miganrebpa, 1Mo CKIaIAETHCS 3 YCiX MATPHUIb

A1 A2 Aig
A= 0 A2 A
0 0  Ass

TAKHX, IO A1 = Aoy = Az3. [lokaxirs, mo C' isomopdua kQ/I, ne I = (a?, 32, af) — ue igean
B k@), a () — HACTYIHHUI KOJTIaH

3.5

1.

2.

Totte]
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4 AuarebOpa magxiB gK JIiBuii cupszKeHnii PyHKTOP

“Adjoint functors arise everywhere.”

— Saunders Mac Lane

B nonepeniit ekl MU MepeKOHATHCS, 0 KOTYaHu (Ta iX 300paykeHHs ) BiairpanTs ¢yH-
JTaMEHTAJIbHY POJIb B CTPYKTYPi Ta Teopil 300parkeHb CKIHUeHHOBUMIpHUX ajaredp. B 1miit jekmil
MH CIIpOoGYEMO TTOKA3ATH, 10 KOHCTPYKIo “Komdan” S “anrebpa” (Q — kQ, A — Q1) MoxKHA
PO3TJIAIATH SK Mapy CIPSAXKEeHUX (PYKTOPIB MizK MEBHUMH KATErOPisMHU.

Posristremo kareropito Quiv, e 06’ekTn — 1ie CKiHYeHHI KOT9aHu, a MOpQI3MHu — Iie BKJIa-
JeHHsT KOJYaHiB (TOOTO BKJIAJIEHHSI MHOXKHH BEepIIUH Ta BiJAMOBITHAX MHOYXKHH CTPLIOK, SIKIIO
MoxkuB0). Hexait Quiv?® — kareropis anukmiunux kosrdanis. Posrisiaemo kareropito SBAIlg,
Jie 06’eKTn — 11e CKiHYeHHOBUMIipHI 0a30Bi ajrebpu, a MopdizmMu — 1€ CIOp’€KTUBHI TOMOMOP-
dizmu ajredp.

Bmpasa 30. Ilokaxits, mo Quiv ta SBAlg — kareropii, Quiv® — moBHa miakaTeropis
B Quiv. A Bignosianicre Q) — kQ nopoxkye xKourpasapianTHuii Gynkrop k[—] : Quiv® —
SBAlg.

Heckiagno nepexkonarucst, mo Bianosigaicts A — Q4 He HOPOAKY€e DYHKTOP MizK KaTero-
pismu SBAIlg ta Quiv. Miiicao, Bubip mOBHOT MHOKWHY TPUMITHBHIX OPTOTOHAJIBHUX 1€MITO-
TeHTiB B A, B3araai KaxKyuu, He €qunuii, a Bubip 6azucy B npocropi e(J(A)/J*(A))f (crpinku
Mixk e Ta f) He KaHOHIYHUI. MU pO3IJIsTHEMO TIeBHY IIPOMIZKHY KAaTeropito MixK “KoadaHamu’ Ta
“anmrebpamu’ Taky, IO BUIIOBLAHE BioOpaskeHHs € (DYHKTOPOM.

4.1 ®akrop-kKareropiga SBAlg,

Koncrpykiiig pakTop-KaTeropii aHaJIoriuna KOHCTPYKIIiT (paKTOp-MHOXKUHE U1 (paKTOp-aJredpu.
Hexaii 3agana noBiibHa KaTeropid C. [IpumycTumo, 1o BiIHOIIEHHS eKBIBAJEHTHOCTI ~ 3a/1a-
erbest Ha Mopdizmax Mor(C). To6ro mns mosinteaux X,Y € C muoxkuna Mor(X,Y) po3ou-
BAEThCS HA KJACH €KBIBaJEHTHOCTI [f], IKi 3a10BOJIbHSIOTH yMOBI: siK Tinbku [a] = [o], TO
[Ba] = [Bd'] ta [af] = [¢/f], akmo xkommosunis Bignosigunx mopdizmis mae cernc. Toai mu
MozkeMO copMyBaTH HOBY Kareropito C/ ~, sKy OyaeMo HasuBaTH (PaKTOP-KATEropie€ro.
O6’extn C/ ~ 1i X cami, mo i 06’ekru Kareropii C, a Muoxkuna Mopdizmis More,(X,Y) — ue
MHOXKHHA KJIACiB ekBiBaseHTHOCTI MOpdizMiB More (X, YY) no BigHomenmio 10 ~. Kommosurrist
mMopdismis 3amaernes npasuioMm [[][a] = [Bal.

Busnaunmo wactymme BigHOmeHHsI exBiBasienTHOCTI B Kareropii SBAlg. Hexait A, B €
SBAlg ta aj,ay € Mor(A, B). Kazatumemo, mo oy 1a g — n-24uboki (MO3HAYAOYH Tie
qepes aq ~y, (i), AKIIO

(y — an)(J(A)) C JTH(B), 0<i<n,
e JUY(A) = A.

Buopasa 31. [lokaxiTb, 1m0 ~, — Ie BiHOIICHHSA €KBiBaJeHTHOCTI B Kareropii SBAIg.
(BkasiBka: ckopucraiitecst Bupapoto 22).
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TakuMm gyuHOM, MOKHA CPOPMYBATU (PaKTOP-KATETOPIIO
SBAlg, = SBAlg/ ~,, .

[Mosnauarumenmo 11, : SBAlg — SBAlg/ ~,, Bianosinuuii haktop-pyHKTOD (SIKUIT € TOTOKHIM
Ha 00’eKTax, a KOKeH MOpdisMm « : A — B mepeBoIuTh B #Oro Kjiac eKBIBAJEHTHOCTI [, 1O
BIJIHOIIEHHIO 10 ~,).

4.2 Kareropig VkKoJ/4aHIiB

Cxkinuenuuit (ToukoBuii) Vkosdan

VQ = (VQo,VQ1)

3aJ1a€ThCsl CKiHYeHHol0 MHOKUHOIO Bepiun V Q5 = {*} UV Qy, 1e VQo = {e1, ..., e,}, pasom
3 CKIHUeHHOBMMIPHUMH BeKTOPDHUMHE IIpocTopaMu V Q). r 1Jid KOKHOI Iapu BepInuH e, f € V)
takuMu, o V@, . = V Q.. = 0 114 ycix e. Bepiuny * HazsuBaTuMeMo movkom.

[TozragaTumemo Xy BinbHUIT k-Momy/ab, nopomzkenuii V (o, AKuil MH PO3LISIATHMEMO SK
HAIMMBOPOCTY aJredpy, BU3HATAIOYIN

N B AR
FOT0 i

CumBonamu V()1 MH O3HAYATHMEMO MPAMY CyMY @e,feVQo VQe..f, Ha gKill HATYpAJbHUM Y-
HOM BH3Ha4eHa CTPYKTypa Yy o-0iMoyJis.
Mopdizm ckinuennux Vikomrdanis p : V) — V R 3amaerbes

e TOYKOBUM BisOpazkenusm po : VQ§ — VR (10610 TakuM, 110 po(*) = *), 0 3By KYEThCS
J10 Giexmii mix egemerntamu V Qo ta V Ry, gKi He Bi0OPaskatoThCs B *.

e nnifinum BinoOpaxenaM pe s @ VQep — VRy(e)po(f) A8 KOKHOI mapu BepHuH e, f €
V5.

Kazatumemo, 1m0 p cIOp’€KTUBHE, AKIIO KOKHE BiJOOpakeHHd p. ¢ CIOP’€KTUBHE.

3ayBakeunsa 2. Moxna nepesiputu, mo p — 1e Mopdizm V) — V R Toai i TIbKH TOI,
SIKIIIO

pvQ = @ Pes: VQ1 — VIR
e, feVQo

— 1e romoMopdizm Xy g-bimMomyib.

Busznaunmo kareropito SVQuiv, B skiit 06’ektu — 1e ckindenni VKoadanm, a MopdizmMu —
e Mopdizmu Vkosrganis. Kazarnmemo, mo Vkomdan VQ = (VQo, V Q1) aumkiaiyamii, sxmo
icaye n > 0 Take, 1o
VQ1®y - @V =0.
~

n

Cumpogom SVQuiv? nmosHadarumMeMo MOBHY MAKATErOPII0 alUK/IIIHIX VKOTIAHIB.

Bupasa 32. Busnaure npuponiit KOHTpaBapianTHuit GpyHKTOP MiKk Kareropismu Quiv ta

SVQuiv.
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4.3 ®yHKTOp “asiredpa muIgXxiB’.

3 napoo (X, V) (ne ¥ — ne goslibha aarebpa, a V — e L-6iMoj1y/ib) HOB's12keMO T€H30PHY
anarebpy 7'(X,V) HacTymHAM IHHOM

TE,V)=XaVeVesVae....
Tenzopna airebpa 3a0BO/IbHAE HACTYIHIN yHIBepcaabHiil BIACTUBOCTI.

TBepmxkeuta 1. Hexati A ma X — k-anrzebpu, a V. — X-6imodysv. punycmumo, wo €
08t pyrryli
QOOIE%A, @1:V—>A

maKi, U0
1. vo — ue 2omomopgiam k-anrzebp;

2. o1 — ue 20momopdizm S-0imodynis (axuo A poszeasdamu ax L-6imodyas, nopodscerud
sidobpasicennam g ).

Todi icrye edunuti 2omomoppiam k-anzebp ¢ : T(X, V) — A maxud, wo ©|s = @o, ¢y = 1.

Hexait VQ = (VQ§,VQes) — me cxindennnii, anukaiaanii Vkoadan. Hasusarumemo as-
rebporo muiaxis (i nosratarumemo k[V Q]) sBianosigay terzopry aareopy T(Xyq, VQ1). He-
CKJIQJTHO TepeKonaTucs, mo k[V Q] — 6asosa, a orxke k[V Q] € SBAlg. Hexaii p : VQ — VR —
e CIop’eKTHBHe BiaoOpazkenns VKoI9aHiB. AHAJIOTIYHO 10 HOIEPEIHBOr0 TBEPAKCHHS MOMXKHA,
orpuMaTtu BimobpaxkeHHs ¢o, 1. Cupaai, k[VR| = T(Xyg, VR;), oCKiTbKH py CIOP'€KTUB-
He BiJIOOparkeHHS Ha BEPIIUHAX, TOMY BOHO IOPOJIZKYE CIOp €KTUBHUN romMomopdizM asredp
o : Byg — Lyr C k[VR]. 3 inmoro 60Ky, p1 reHepye Bi1oOpaKeHHs

@Y1 - VQl — VRl - k[VR]
Bupasa 33. llepesipre, mo ¢; — 1e roMmoMopdisM Xy g-0iMory1iB.

Towmy, 3rigno 3 Teepazkenusam 1, orpumyemo eaunmii romoMopdizm k-aaredp klp| : k[V Q| —
E[V R]. OckinbKu p crop’eKTHBHE BioOpazkeHHs, TO k[p] — 1€ TeK crop’eKTuBHUHE TOMOMOPMhI3M
anre6p (mepesipre!).

TakuM YUHOM, MH OTPHMYEMO:

TBepmxkentsa 2. Hasedena Koncmpykuis nopodicye Ko6apianmms Gynkmopu.

k[—] :SVquiv* — SBAlg,
Jnl—] =11, 0o k[—] :SVquiv* — SBAlg, .

BayBakenus 3. Bigznaunwmo, mo kommosuris GyHkropis k[—] o V[—] — e dynkrop 3
Bupasu 30.
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4.4 ®Dyskrop “Kosuan I'abpiensa”

Tenep mu Buznauumo pyHKTOp B iHIOMYy Hanpsmky. Hexait A — ckingennoBumipHa asredpa.
Haragaemo teopemy Bemunepbepra-MasnbiieBa (B CKOPOU€HOMY BHIJISI):

Teopema 4. Ichye nidareebpa X 6 A maxa, wo A =SB J(A) ax k-eexmoprud npocmip ma
Y =2 A/J(A) ak areebpu. [ dosiavrur deox nidanzebp ¥ ma Y maxuzx, wo A =X 0 J(A) =
Y@ J(A), icnye w € J(A) maxe, wo

Y= (1+w)X(1+w)

KumouoBa ines — Busnaduru “Bepmuun’ gk opbitu mix mieo J(A). Hexait A € SBAlg,
J(A) — i1 pamukarn, a 74 : A — A/J(A) — kanoniuna mpoekiis. Tomomopdism anre6p
s: AJJ(A) = A — Ha3UBATHMEMO PO3UETAECHHAM T 4, AKIIO T4 05 = id y(4). [lo3Haunmo cumso-
JIoM S4 MHOXKHHY yCiX PO3YeILIeHb, a CAMBOJIOM &4 YCi MOXKIUBI MHOXKMHHU MIPUMITHBHHUX OPTO-
rorajbHuX imemmnorenTis A. Haramaemo, 1o 3rigno 3 reopemoio Begaepoepua-Manbnesa, Sy —
nenopoxus. Ockinbku A — 6aszosa, o A/J(A) = [[I_, k. Tomy nosinbue posuemtenns s € Sy
3aJ1a€ TIOBHY MHOXKMHY TIPUMITHBHUX OPTOTOHAJIBHUX igeMnoTeHTiB {s(j1),...,5(jn)} € Ea, ae
J1y- -+, Jn — L€ €JMHA MHOYKUHA MPUMITHBHUX OPTOrOHAJIBHEX imeMuorenTis B A/J(A). [lo3na-

YUMO HaBeJeHy BiamoBigHicTh ® : Sy — E4.
Bopasa 34. Ilokaxits, mo ¢ — me Giexiis.

Hosinpuuii eqement w € J(A) 3amae apromMmopdizm
a— (1+w)a(l+w)™, a€ A

[lozmagarumemo Takuii apromopdizm (=), BiANOBIIHO BUKOPHCTOBY BATHMEMO TaKe II03Have-
mag a = (1+w)a(l+w) ' Hexait G(A)<InnAut(A) — e rpyma ycix Takux aBroMopdizMin
(mosHAUATHMEMO 1110 TPYIY G, SIKIIO 3pO3yMLIO, PO Ky anrebpy iaerbes). Tlosnadarnvemo
qepes Ya = {1%a|w € J(A)} opbity enementy a € A uin gieto rpynu G(A).

Hexait A — me 6a3oBa ckindeHHOBUMipHA anarebpa, Ta § € Sy — JI0BiIbHE PO3UYECILTCHHS.
Hexait ®(s) € £4 — BiANOBiAHA MHOXKMHA TPUMITHBHUX OPTOTOHAJBHHUX iTeMIOTeHTIB B A.
Busnaunmo Vkomuarn GQ(A) anrebpu A HACTYIHAM THHOM:

GQ(A)o = {x} U {%ele € O(s)},

GQ(A)s.o; = e;@)

f it dikcoBanux e, f € D(s).

Bupasa 35. Ilokaxirs, mo Vkonuan GQ(A) kopekruo uznadenuii. Tooro GQ(A) ne
3aJIEKUTh Bil BHOOPY PO3YEILIeHHsT S € Sy.

Hexait A, B — ne anre6pu 3 Bianosiganmu rpynamu apromopdismis G = G(A) ta H = G(B).
Ha 3amanoro romomopdiszmy amrebp « : A — B susnaunmo mopdizm Vkomuanis GQ(«) :
GQ(A) — GQ(B) HACTYIHAM YHHOM:

GQ(a)(%e) ="a(e);
GQ()ge o :e%f — ale) :7];53))@(]”)

e(j + J*(A)f = ale)(a(s) + J*(B))a(f).
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BmpaBa 36. [lokaxiTh, 110 Bu3HauYeHe BigoOpazkeHHsT VKOJIYaHiB KopekTHe. Biapmr Toro,
neit MopdismM VKoJdaHiB clop €KTUBHUIM.

TakuM 4UHOM, MaeMO
TBepmxkentsa 3. Hasedena xoncmpykuia sadae Kosapianmmut Gyurmop
GQ(—) : SBAlg — SVquiv.
Bupasa 37. g goBiibHOrO n > 1 JI0BEIiTh, IO iCHYE €TUHUN (PYHKTOP
92,(—): SBAlg, — SVquiv
TaKHUil, 10 HACTYIHA JliarpaMa KOMYTY€

sBAlg — 27 . svquiv

I,
42,(-)

SBAlg,

[To6ymnyiite dyurTop 42, (—).

4.5 CopskeHHd MiXK (PYHKTOPaAMM.

[losrauammo cumBoiom SBAIlg® moBHy mizkareropiro 6a30BHX aJjredp TakKuX, IO VKOJTIaH
GQ(A) anukmivauit. IlimcyMmoBy0Un KOHCTPYKINI, HABEICHI BUINE, MH MAEMO HACTYIHY Jia-
rpamy

Aurebpa mgxiB

- V
Quiv™® SVQuiv* SBAlg“*

L GOC)

I

SBAlg®/ ~;

Tyt dbyukrop J[—] nosnagae komnosunio dbyuakropis I1; o k[—]. A byuxrop ¥Qq(—) — ne
3By KeHHs (hyHKTOpa, nmodyaoBanoro y Brpasi 37, Ha migkareropiro SBAIg®.
CrpaBe/TiBa HACTYIIHA TEOpeMa.

Teopema 5. Qynrxmop JH1|—| — aisutd enpascenuis do Pyrnkmopa GQ1(—).
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Bupasa 38. ¢k Hacaigok 3 momepegHBOI TEOPEMH, IMOKAXKITh, 0 TOBLIbHA aarebpa A €
SBAlg — e dpakrop-anaredbpa IMLISIXiB HEBHOI'O KOJTYAHY.

Bopasa 39. OuuniiTh OOUHHUITIO Ta KOOJUHHUINIO CIPAKeHHs, HapeaeHoro B Teopemi 5. Omnu-
miTh 06pas dbyukropa #1[—|. Leit dbyHKTOp MOBHWIA Ta TOUHMIA?

Iomgakmn

BT IK ri KCUMeHK MpOIITeHHS i/ITOTYBaTH JIAWH JIEKIIil T I H-
ABToO ¢ Cepriio Makcume 3a 3alpolire OTYBaTH O a e a 3a 1mpese
Tanio ganoro Kypcey Ha XI-if gitHil mkosi “Asre6pa, Tomosoris, Auaniz” (1-14 cepuns, 2016,
Ouseca, Ykpaina). A rakox Bastanuii Haranil Dosomanosiii Ta Bosogumupy Tecko 3a yBaKny
BUYHUTKY TEKCTY Ta CJIYIITHI 3ayBarKeHHs.
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3BAYKEHI ITIPOCTOPU AHAJIITUYHUX OVHKIIN HA
BAHAXOBOMY ITPOCTOPI

JI. AtamaHrok

[Ipukapnarcbkuit HamionabHUil yHiBepcuTeT iMeni Bacuis Credannka, IBano-OpaHKiBebK,
YKpaina

Hexait X - Komiuiekcnuii 6anaxosuii npoctip i U 36a/iancoBana BiKpuTa MHOXKHHA B X .
Posristnemo 3miveny cim’io menepepsaux Hesig'emuux Bar V = {v : U — [0, 00[: 17151 KOXKHOTO
x € U icuye v € V taka, mo v(z) > 0}. HaBememo mexinbka O3HAUEHDb (IUBUTHCH TAKOXK

s (1], [2], [5])-

Oznauennsa 1. [IpocTropom 3BakeHuX aHATITHIHUX (DYHKIIH OyIeMO HAa3HBATH MPOCTIp
HV(U), Beix anamituanux Gy f 3 U Takux, 1mo

po(f) == {supv(z)|f(z)| : x €U} < o0
s Beix v € V.

Oszuavenns 2. Muoxuna A C U mazuBaeThes U-00MeKeHO0, SIKIIO BOHA € 0OMEXKEHOIO 1

d(A, X\ U) > 0.

Ozmagennd 3. llpocrip HV,(U) := {f € HV(U) : nna xoxuoro v € V,v|f| nupamye o
HYyJIs Ha HeCKiHYeHOCTi, mo3a U-00MeKeHIMH MHOKUHAMA }.

[Mozraunmo P (™ X) npoctip HemepepBHUX N-OJHOPIAHIX MOJTIHOMIB, HaIlIeHnX HOpMoTo || P|| :
sup{|P(z)| : x € X, ||z|| < 1}. dns koxuoro n € Ny mu oznauanmo PV ("X) := P("X)NHV (U)
i PVo("X) :=P("X)NHV(U). dxmo ciM’st HemepepBHEX Bar CKIATAECTHCSA 3 OJHOTO eJIeMeH-
ta V = {v} makoro, mo v(x) > 0 mas seix & € U, roxi HV (U) i HVy(U), nagiseni Hopmoro
||l := pv, € GaraxoBumu nmpocropamu (no3uaunmo ix sk H, (U) i H,, (U) Bignosigso). Biabime
Toro, sikimo v = 1 roai H,(U) = H>®(U).

O3znauennsa 4. Barowo 0 : U — [0; 00[, aconifioBanoto 3 v, OygeMo Ha3uBaTH Bary, BU3HA-
YEeHY TaKHM YHMHOM

1 1
~ A{suwplf @) f € HAU) SN <1} el

ze 0, € PYHKIIOHAJIOM 3HAYEHHS B TOYUII.

0(x)

Oznadennsa 5. Haseemo Bary v pajiaibHOW0, SKIIO BUKOHYEThCS DiBHICTH v(x) = v(A\x)
st KovkHOTO A € C 3 [\ = 1.

Ozuauennda 6. byjaemo BBaxkaTu, 1o 3jidena cim’g Bar V' 3a/0BoJibHIE YMOBY [, gKIImo
1t KoskHOI U- obmeskenol muoKuEN A icaye v € V raka, 1o inf,cq v(z) > 0.

Hacryune Tepuzxenns, korpe B [5| gosean daniean Tapanso i Iasao Cesinia-Tlepic noka-
3y€, sIKi yMOBH MTOBHHHI 3aJ10BOJIbHATH Baru, mob npoctip HV (X)) 6ys anre6poro.
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Teopema 1. Hexati U ¢ sbanrancosana cidkpuma muoorcura ¢ X 4V - cim’a padiasvrur,
obmestcenux 6az, w0 3adososvnac ymosy 1. Illpocmip seasicenux 2oaomopdrux dymnruyit HV (X)
byde anrzebporo modi 1 Minvku Mmodi, KoAU 0aA K0dHCHOT 6a2u v Oyde ichysamu eaza w € V i
C > 0 maxki, wo dan ecix x € U 8UKOHYEMBCA HEPIBHICMD

v(r) < Cw(z)?.

Hexaii U = X - 6anaxoBuii npocTip, v € Barow Ha X, 3aJaH00 y BULJIAM v(x) = ezl e
(0;1), x € X 1 V = {w}. Toxi npocrip H,(X) ananirnunux dbyukuiii f: X — C takux, mo

1 £]lo = sup e 1| f(z)] < o0
zeX

€ DAHAXOBUM MPOCTOPOM.
[Tokazkemo, 1o JaHa Bara € pajiaibHo. Bisbmenmo t € C 3 |t| = 1, Toxi v(tx) = e
el = y(2). Braitnemo ¥(xg) A1 TOBLIBHOrO BIKCOBAHOTO T(. 3TiIHO O3HAYEHHS,

—rlltz]] —

1

(o) = T,
H5950H HT)(X)

e
1020 |22y = sup | (o)
[fllo<1
Hepisnicts ||f]l, < 1 osmauae, mo sup,.y e "7l f(x)] < 1. Ockinpku ocramms mepismicTh
BUKOHYEThCs JUIst BCIX & € X, T0, 30Kpema, 1 Aot @ = &, 10670 e TIeoll| f(20)| < 1, mas Beix
f ol flle < 1. Orox, oaep:kyemo |f(x0)| < st Beix f || fllo < 1. A ne i o3nagae, mo

*THIO‘“

1
< -
Il @0l < =g

TOOTO 1
100l 00y = —=ar

3BijIcH MaEMO, 1110
ool < L .
1102 [ (#4())*

Otxe, axmo v(z) = e "7l pispmenmo w(z) = e~ 217l i 6yne pukonysaTHch HepiBHicTS:

v(z) = w2(a:) < 7112(96).
Takum ynnoM, 3 Teopemu 1, BUILIUBAE HACTYITHE TBEP/IZKEHHS.

Teepmxennsa 1. 3easicenuti npocmip HV (X)), de cim’a sae V = {v.}, v, = e7"I7l 0 <
r<1,7r € Q e anreebporo Ppewe.

[Hozrmaunmo

[Pl = sup{[P(z)], [lz]| <1}, P € P("X),

TOAI

1Pl = sup e 1| P(a)] = sup e~ P (
zeX

up T H)III!EII” < supe ez Pl < ntr e
T

ol



OT10XK, 0JIePKYEMO
re TP < Pl < 7T || P (1)

Hexaii ¢ € jiniiiaum mysbruiiikarusaum gysxiionaiom Ha (HV (X)), Tlosuauumo depes ¢,
3By KeHHs @ Ha mianpoctip n-oaropinaux nominomis P,("X). Toxi ¢, € oOMekeHnM JiHIAHIM
dynkmionamom Ha P, ("X) i

[@nllo = sup{le(P)] : P € Py("X), || P[l, < 1}.

Bpaxosytoun HepisricTh (1), oTprMaemo

n=trte el < lenllo < reflenl|

[1] Bierstedt K.D., Bonet J., Galbis A. Weighted spaces of holomorphic functions on balanced
domains. Michigan Math., 40 (1993), 271-297.

[2] Bierstedt K.D., Bonet J., Taskinen J. Associated weights and spaces of holomorphic functi-
ons. Studia Math., 127(2) (1998), 137-168.

|3] Garcia D., Maestre M., Rueda P. Weigted spaces of holomorphic functions on Banach spaces.
Studia Math., 138(1) (2000), 5-16.

|4] Aron R.M., Cole B., Gamelin T.W. Spectra of algebras of analytic functions on a Banach
space. J. Reine Angew. Math. 415, 51-93 (1991)

[5] Carando D., Sevilla-Peris, P. Math. Z. Spectra of weighted algebras of holomorphic functions
263: 887(2009)
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ON THE EMBEDDINGS AND CLOSURES OF A TOPOLOGICAL
A-POLYCYCLIC MONOID

S. Bardyla, O. Gutik
Faculty of Mathematics, National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine
sbardyla@yahoo.com, ovgutik@yahoo.com

We prove that for every cardinal A > 2 any continuous homomorphism from a topological
semigroup P, into an arbitrary countably compact topological semigroup is annihilating and
there exists no a Hausdorff feebly compact topological semigroup which contains P, as a dense
subsemigroup. We give sufficient conditions when a topological inverse A-polycyclic monoid Py
is absolutely H-closed in the class of topological inverse semigroups and construct an example
of a topological inverse monoid S which contains the polycyclic monoid P, as a dense discrete
subsemigroup.

Theorem 1. For every cardinal X > 2 any continuous homomorphism from a topological
semigroup Py into a topological semigroup S such that S x S is a Tychonoff pseudocompact
space is annihilating, and hence S does not contain the X-polycyclic monoid Pj.

Theorem 2. For arbitrary cardinal X\ > 2 there exists no Hausdorff feebly compact topo-
logical semigroup which contains the \-polycyclic monoid Py as a dense subsemigroup.

Theorem 3. Let A be a cardinal > 2 and 7 be a Hausdorff inverse semigroup topology on
Py such that U(0) N L is an infinite set for every open neighborhood U(0) of zero 0 in (Py,T)
and every maximal chain L of the semilattice E(Py). Then (Px,T) is absolutely H-closed in
the class of topological inverse semigroups.

[1] S. Bardyla and O. Gutik, On a semitopological polycyclic monoid, Algebra Discr. Math. 21
(2016), no. 2, 163-183.

[2] S. Bardyla and O. Gutik, On a complete topological inverse polycyclic monoid, Carpathian
Math. Publ. (submitted), arXiv:1603.08147.
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O TIOYTHU 'EOJIE3UYECKNX OTOBPAYKEHUAX ITPOCTPAHCTB
ADODOVHHON CBSA3HOCTU

B. E. Bepesosckuii!, 1. Mukem?, E. B. Uepesko®

lVmanckuit HarmoHaIBHTI YHEBEPCHTET CaJoBOACTBa, 2Yaupepcuter Ilanankoro, OmoMoy,
Yexwusi, 3Qmeccknii HAIMOHAJBHBIH SKOHOMUYECKHH yuaupepcurer, Omecca, YKpanHa
berez.volod@rambler.ru

josef.-mikes@upol.cz
cherevko@Qusa.com

PaceMOTpEM KaHOHMYECKHe MOYTH Teoje3udecKue oToOparkenua my @ A, — A,, KoTopble
VIIOBJIETBOPSIOT yeaoBuio B3anMuoctu [1], [2]. Takue orobpazkenus: XapaKTepH3yIOTCsl YpaBHe-
HUAMUN:

Pz];(ﬂf) = Uz’(x)th(x) + o;(z)F(2), (1)
F'E = edl (e = +1), (2)

€
Fiy =505 + miF} + SN (3)
Vi + paF (4)

e Pf; () — rensop gedopmanun cBsi3HOCTEl, V; (), 11;(X) — HEKOTOPBIE KOBADHAHTHBIE BEKTO-
pet, NJi(x) — remsop Helienxelieca e-crpykrypst F}* (). 3amsroi Mb 0603Ha4aEM KOBAPHAHTHYIO
IPOM3BOJIHYIO, COIIACOBAHHYIO CO CBSI3HOCTBIO apPUHHOIO MPOCTPAHCTBA A,

Hamu nokaszana

Teopema 1. Eciu npu nowmu 2e00e3uMeckur 0mobpastcenuasr 6mopozo muna, onpeoend-
emwix ypaswernuamu (1)-(4), coxpansemes menzop Pumana, mo xosexmop o; ydosaemeopsem,

YCno6UAM
(&

(6% 1 6% (6%
Oij = o — 1F£(Bi6k - n——f—l( Bk Bkﬁi))‘

Tensop B»@k UMEET, CREUUALHYIO CIMPYKIMYDY, U GULPAAHCAEMCA Yepe3 MeH30pbvl Y, i, FI', N{]L-.

7 (2

|1] Cunrokos H. C. leodesuueckue omobpasicenna pumanosux npocmpancme M., Hayka, 1979
- 256 c.

[2] Mikes J., Berezovski V. E., at al. Differential geometry of special mappings, Olomouc:
Palacky University, 2015, 566 p.
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OB OLIEHKE IIJIOILIAJM OBPA3A KPYTA
B. B. Buaer!, P. P. Caaumos?

! Uncruryr npukaaanoit maremarnku u Mexannku HAH Vipannst, . CiraBanck
2 Mucturyr maremarnkn HAH Ykpannsr, r. Kues

biletvictoriya@mail.ru, ruslan623@yandex.ru

Sajlada 00 MCKaKeHWH ILIOmaeil mpu KBa3HKOH(MOPMHBIX OTOOparkeHusX OepeT cBoe Ha-
gano B pabore B. Bosipckoro, cM. [1|. Psa pe3yabraToB B 9TOM HalpaBJIeHWH TOJYYeH B pa-
Gorax [2], [3], |[4]- BuepBbie BepxHsst oleHKA MIOMATH 00pa3a Kpyra mpu KBa3UKOHMDOPMHBIX
orobpakenusax Bcrpedaercss B MoHorpadum M. A. Jlaspenrnesa, cum. [5|. B monorpadun [6],
CM. TpeJiyIoyKeHue 3.7, MOoJy4eHO YTOYHEHHe HEePABEHCTBA JIaBpeHTheBa B TEPMUHAX YIJIOBOIl
JIAJTATAIIAN.

llycts G — obmacTh B KomIIekcHo# mockoctu C. HamomanMm, uto orobpaxkenue f : G — C
HA3BIBACTCS PE2YAAPHLIM 6 mouke 2y € (G, ecan B 3Toit Touke f mMeeT moaHbIi nuddeperua
u ero Skobuan J; = |f.|2 — | fs|> # 0. Tomeomopdusm f knacca Cobosesa W, nassiaercs
pe2yaaproim, ecaa Jy > 0 mourn serogy. ['osopar, aro romeomopdusm f 1 G — C obmanaer
N-ceoticmeom (Jlysuua), ecaw st goboro muoxkectsa £ C G w3 yeaosus |E| = 0 caenyer,
aro |f(E)| = 0. HJanee mosaraem

B, ={z€C:|z|<r}, B={zeC:|z] <1}

Teopema 1. (cm. [7]) Hyemo [ : B — B — peeyaapnni 2omeomopdusm xaacca Coboaesa

1,1 . y
W, obaadarowuti N-ceoticmeom. Tozda npu p = 2 umeem mecmo oyenra

1
dt

f(B,)| < mexp —47r/— ,

£(B) S

a npup>2 —
1 =
fB) < |1+ Caro-2) [ 57
o)
2de
p—1
50 = | [Di @) L = fzeCifl=n)
Yr
’ folre®)
o(re”) P 0
= —— — <
D,(2) 12 ]y (reit) z=re”, 0< 60 < 2m,

— P-y2.208a4 JUAGMAUUA.

[1] Bosipcknii B. B., lomeomopgnme pewenus cucmem Beavmpamu // JAH CCCP. — 1955. —
Ne 102. — C. 661 — 664.
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[2] Astala K., Area distortion of quasiconformal mappings // Acta Math. — 1994. — V. 173. —
P. 37 - 60.

|3] Eremenko A., Hamilton D. H., On the area distortion by quasiconformal mappings // Proc.
Amer. Math. Soc. — 1995. — V. 123. — P. 2793 — 2797.

|[4] Gehring F. W., Reich E., Area distortion under quasiconformal mappings // Ann. Acad.
Sci. Fenn. Ser. A I Math. — 1966. — V. 388. — P. 1 — 15.

[5] JTaBperther M. A., Bapuayuonnvil memod 6 kpaeswur 3a0a4ar 0Af cucmem YpasHeHnudl
aanunmuveckozo muna, M., 1962, 136 c.

|6] Bojarski B., Gutlyanskii V., Martio O., Ryazanov V., Infinitesimal Geometry of
Quasiconformal and Bi-Lipschitz Mappings in the Plane, Tracts in Mathematics 19, Warsaw
- Donetsk - Helsinki, 2013, 216 p.

|7] Bilet V., Salimov R., The estimation of the area of a disk image for Sobolev classes,
arXiv:1604.07618, 6 p. (in Russian).

o6



SACTOCYBAHHSA I30TOINHUX OYHKIIIN

O. II. Bougap
KJIA HAY
bondarkla@ukr.net

B.B.ITlapko [1| moBiB 36ir romosorigaux iHBapiaHTiB MPABUIABHUX MiHIMATBHUX (DYHKITIH
Mopca Ha 0HO3B’43HOMY 3aMKHEHOMY MHOTOBH/II, 3aCTOCYBAaBINH 130TONHICTL (PyHKITIH Mopca.
Bin BKa3aB HEOOXIIHY 1 JOCTATHIO YMOBY CHPSI?KEHOCTI (MO CYTi, - i30TOMHOCTI) TaKuX (DYHKITIH
Ha MHOTOBHJIAX BUMIpHOCTI, OLIBIIOL 3a 5.

[3oTonHi dbyukuil [4], mo y3araapO0TE i30TonHI hyHKIii Mopca, € oJHIM 3 iHCTPYMEHTIB
po3B’a3aunnst npobaemu |2| npuaasexuocti GbyHKIii ogniit op6iTi mig giero rpymu

Gpis = Dif f(M) x Dif f(R"),
o gie Ha MuaOzKHHI C™° (M) Beix nudepenniiopanx dyuKiii Ha M nacrynaum anuom: (H h) f =

hofoH™' ne H e Diff(M) - rpyna audeomopdizmis muorosuuy M, h € Dif f, (R') - nu-
dbeomopdizmu npamoi RY, mo 36epiraoTs opienranio, f € C(M).

TBepmxenus 1. Izsomonni dynwuii fo i fi, nopodoceni isomoniero H(0 <t < 1) (Asu-
mo8 [3]) n-eumiprozo muoz06udy 3i 3sunaliHUMU DYwKAMU iHdekcie N i A + 1, npukaeerumu
HE3AALHCHO, Ma MHO208UJY 3 KpY2.a0t0 pyukoto tHdexcy N\ > 0), ne nasesxcamv 00nit opbimi
nid diero epynu Gpifs. A came, npu 0 < t <ty Ppynxuia f; mae deéi nesupodoiceni KpumuHi
MoYKU, 6 0KOAL AKUT Y 610N0610HIT cucmems Koopduram,

fi=—a— . —a3+a3, 4.+
048 OOHIET KPUMUYHOT MOYUKY, 1§
_ 2 2 2 2 2
Jo=—x] — ... — 15 — 23 + T3 + T

0AA THUWOT,
npu ty <t <ty ynkuia fi mae 00ny 6UPOIAHCERY KPUMUYHY MOYKY, 6 0KOAL AKOT

fr=m (=2l — .. =2y + 23, + ... +a2),

npu to < t < 1 ¢ynxuyia fi mae odne KpUMuUYHE KOA0, 8 HOPMANOHOMY NEPEPI3L KOHCHOT
MouKY AK020

— 2 2 2 2
ft — —l’l T oeee T $)\ + l’)\+1 + cen +{L‘n_1.

[1] B.B.IMTapko, @ynkyuu Ha MH02000pa3uar (ar2ebpauneckue U Monoi02UuY%eckue acnexmo.),-
Kues: Hayk. mymka, (1990), 296¢.

[2] B.B.Ilapko. Iadkas u monoio2uneckan sK6USAAEHMHOCTIL GYHKUULT HA NOGEPTHOCTNAL, -
YEKp. Mat. KypH.-55,N.5,(2003),-C.687-700.

[3] D.Asimov. Round handles and non-singular Morse-Smale flows, Ann. Math. -
102,N.1,(1975),-P.41-54.

[4] O.IL.Bounapb. O6 onpedeaenuu usomonnwx Pynryui,-Te3u A0mOBiTel MizZKHAPOJIHOT KOH-
dbepenuii "Teomerpist B Ogeci - 2015 (2015), C.67.
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CLASSIFICATION OF PAIRS OF LINEAR MAPPINGS UP TO
TOPOLOGICAL EQUIVALENCE

N.V. Budnytska, T.V. Rybalkina
Institute of Mathematics, Kyiv, Ukraine
nadya_vb@Qukr.net, rybalkina_t@ukr.net

We consider pairs of linear mappings (A, B) of the form

A

Vv

1474 (1)

in which is or ; V and W are finite dimensional unitary or Euclidean spaces.
We say that the pair of linear mappings (1) transforms to

A/
Bl

V/ W/

(with the same orientation of arrows) by bijections ¢; : V- — V" and ¢y : W — W’ if

Ao = A and B'yy =B for the case =—=
Ao = oA and B'p, = 0B for the case —x=

We say that two pairs of linear mappings (A, B) and (A’, B') are linearly equivalent if ¢4
and g are linear bijections and topologically equivalent if p; and @y are homeomorphisms.

Classification of pairs of linear mappings up to linear equivalence follows from [1] for the
case —= and from [2] (Section XII) for the case —=% .

Classification of pairs of linear mappings up to topological equivalence is obtained in [4] for
the case = and in [3] for the case —% .

[1] N. M. Dobrovoloskaya, V. A. Ponomarev, A pair of counter operators, Uspehi Mat. Nauk
20 (no. 6) (1965), 80-86 (in Russian).

[2] F. R. Gantmacher, The Theory of Matrices, vol. 2, AMS Chelsea, 2000.

[3] V. Futorny, T. Rybalkina, V. V. Sergeichuk, A regularizing decomposition of matriz pencils
and a topological classification of pairs of linear mappings, Linear Algebra Appl. 450 (2014),
121-137.

[4] T. V. Rybalkina, Topological classification of pairs of counter linear maps, Mat. Stud. 39
(2013), 21-28 (in Ukrainian).
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SHARP ESTIMATES OF PRODUCTS OF INNER RADII OF
NON-OVERLAPPING DOMAINS IN THE COMPLEX PLANE
L. Vygivska, I. Denega
Institute of mathematics of NAS of Ukraine, Kyiv
ludmila@ukr.net, iradenega@yandex.ru

The report is devoted to investigation of one problem of geometric function theory of a
complex variable. Let N, R be a set of natural and real numbers, respectively, C be a complex
plane, C = C|J{oo} be a one point compactification and Rt = (0, c0).

Definition 1. A finite set of arbitrary domains {B;}7?_,, n € N, n > 2 such, as By, C C,
B:NB,, =0,k #m, k,m=1,nis called a system of non-overlapping domains.

Denote for different points az, k = 1, n on the unit circle

— 1 k41 e k=
Qp = —arg , Qi = O, =1,n.
m ar

Definition 2. Let

expllim(g(2,) + loglz —al), 0 #oc
exp(lim(gg(z,a) —10g|Z|)), a4 =00

z—a

r(B,a) =

be a inner radius of the domain B C C with respect to the point a € B, gg(z,a) is Green’s
function for the domain B. Inner radius is a generalization of conformal radius for multiply
connected domains.

Consider an extremal problem which was formulated in 1994 in the paper [1, P. 68, N 9.2]
in the list of unsolved problems and then repeated in 2014 in monograph [2, P. 330, N 16].

Problem 1. Consider the product

L(y) =17 (Bo,0) [ [ r (Br. ).

k=1

where By, Bi,...,B, (n > 2) are pairwise disjoint domains in C, ag = 0, |az| = 1, k = 1,n, and
0 < v < n. Show that it attains its maximum at a configuration of domains B} and points ay
possessing rotational n-symmetry.

The proof is due to Dybinin for v = 1 [3] and to Kuz’'mina for 0 < v < 1 [4]. Kovalev [5]
solved this problem under the additional assumption that the angles between neighbouring line
segments [0, a;] do not exceed 27/,/7 and n > 5. We obtained estimate of the product I,,(7y)
for some vy > n.

Theorem 1. Letn € N, n >4, v € (0, ], 74 = 4,17, 75 = 5,71, 76 = 7,5, 77 = 9,53,
vs = 11,81 and v, = 0,12n2 if n > 9. Then for any system of different points which lie on
the unit circle |ag| = 1, k = 1,n, such that 0 < oy, < 2/\/7, k = 1,n and any system of
non-overlapping domains By, ar, € By CC, k=1,n, ag =0 € By C C, the following inequality

holds
rY (Bo,O)Hr(Bk,ak) < <%) i () (1 n ) . (1)

k=1 1+ 41

n




Equality sign is attained if ap and By, k = 0,n, are, respectively, poles and circular domains
of the quadratic differential

2 _ n
(" —yuw"+7v 2
w?(w™ —1)2

Q(w)dw? = —

The Theorem 1 strengthens main result of the paper [5]. Taking into account Theorem 1
we have the following statements.

Corollary 1. [5/ Letn € N, n > 5, v € (0, V], 7 = n. Then for any system of different
points which lie on the unit circle |ag| = 1, k = 1,n, such that 0 < o, < 2/\/7, k = 1,n
and any system of non-overlapping domains By, ar € By, C C, k = 0,n, the following sharp
estimate holds (1), where equality sign is attained in the same case as in Theorem 1.

Corollary 2. [6]/ Letn € N, n >4, v € (0, V], Yo = n. Then for any system of different
points which lie on the unit circle |ax| = 1, k = 1,n, such that 0 < o, < 2/\/7, k =1,n and
any system of non-overlapping domains By, ay € B, C C, k = 0,n, the following inequality
holds (1), where equality sign is attained in the same case as in Theorem 1.

[1] V. N. Dubinin, Symmetrization method in geometric function theory of complex variables.
Successes Mat. Science. 49, no.l (295), 3-76, 1994 (in Russian); translation in Russian
Math. Surveys, 49, no.1, 1-79, 1994.

[2] V. N. Dubinin, Condenser capacities and symmetrization in geometric function theory,
Birkhéduser /Springer, Basel, 2014.

[3] V. N. Dubinin, Separating transformation of domains and problems on extremal decompo-
sition. Notes scientific. sem. Leningr. Dep. of Math. Inst. AN USSR. 168, 48-66, 1988 (in
Russian); translation in J. Soviet Math. 53, no.3, 252-263, 1991.

[4] G. V. Kuzmina, Extremal metric method in problems of the maximum of product of powers
of conformal radit of non-overlapping domains with free parameters. Notes scientific. sem.
Leningr. Dep. of Math. Inst. AN USSR. 302, 52-67, 2003 (in Russian); translation in
Journal of Mathematical Sciences (New York), 129:3, 3843-3851, 2005.

[5] L. V. Kovalev, On the problem of extremal decomposition with free poles on a circle.
Dal’nevostochnyi Mat. Sb., 2, 96-98, 1996 (in Russian).

[6] A. K. Bakhtin, I. V. Denega, Addendum to a theorem on extremal decomposition of the
complex plane, Bulletin de la société des sciences et des lettres deL.odz, Recherches sur les
déformations, V. LXII, no.2, 83-92, 2012.
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BAPIAHTU KOMYTATHBHUX 3B’SA30K

0. /lecarepuk
KHY im. Tapaca lesuenka (acuipant)

sasha.desyaterik@gmail.com

Hexait @ — ikcoBanuit enement namisrpymnu S. J[ns gosiibHux =,y € S MOKJIJ1€MO
T %,y = zay. Toai (5, *,) € HANIBrpyNoOM0, siKa HA3MBAETHCS BAPIaHTOM HamiBrpymu S.

Bajady BUBUYEHHS BapiaHTIB HamiBrpym Brepine noctasus Jlamia y Bigomiit monorpadii [1].
Jlamin dopmy/ioBaB 3aa4y JIMIIIE /I HAOIBI'PYII IepeTBOPEHb, He3abapoM Pi3Hi aBTOpH IoYa-
JIM BUBYATH BapiaHTH 0araTboX iHIMUX KJACIB HAIBIPYIL.

Teopema 1 BCTAHOBIIOE KPUTEPiit 130MOPGHOCTI BapiaHTIB KOMYTATUBHHUX 3B SI30K 3 HYJIEM.
JaJi neit Kpurepiit BUKOPUCTAHO JJIsi ONUCY BapiaHTIB KiJbKOX KOHKPETHUX KOMYTATUBHUX
3B’s130K 3 Hy/jJeM. A came, 3a JIONOMOTOI I[LOTO KPUTEPII0 OMUCAHI BapiaHTH MHOKWHU HATY-
panbHux wucen 3 omeparigmu min(n,m) ta HCII(n, m), Gyjleany HeCKiHY€HHOI MHOKMHH Ta
PENNTKA MiAITPOCTOPIB 3JIY€HHOBUMIPHOTO BEKTOPHOTO TIPOCTOPY.

KomyTaTtusHa 38’g43Ka S € HIZKHBOIO HAIIIBPEITI TKOIO BITHOCHO YACTKOBOTO MOPSAJKY a < b <>
ab = a. 3ayBaxKuMo, 10 BapiaHTH CKIHYCHHUX HAMIBPENITOK BHBYAIHCH Y [2].

InTepBasnom S|, KOMyTaTHBHOL 3B’A3KH Oy/eMO Ha3HBATH MHOKIHY

Sy ={z€Slr-a=a, bz =ux}.

Hexaii a — ¢dikcoBanuii eremenT KOMyTaTuBHOI 3B’ 13K1 S 3 Hy/1eM. JI19 KOXKHOTO e/leMeHTa
x 3 inTepBasy Sjoq depes (x) noznauumo MuHOKHHY {y € S|a-y = x}, a Baroo w(x) ej1emenTa
& HA3BEMO TOTYKHICTh 1iel Muoxkuum: w(z) = |Q(x)].

Teopema 1. /Jlsa sapianmu (S, *,) ma (S, %) Komymamusnoi 36’asku S 3 Hyaem 130Mop-
¢ri modi 1 minvku modi, Koau ichye 1somopdism 3 inmepeany Sjo. 6 thmepsan Siop), AKUl
sbepizac sazu ycix eaemenmis. (osedena y pobomi [3])

Hacaigok 1. Bci sapianmu muostcunu N 30 36UMATHUM NOPAOKOM € NONAPHO HE 130MOD-
Pprumu.

Hexaii (N,|) — MHOXKWHa HATYPaJbHUX YHCE], BIOPSIAKOBAHA BiJIHOIMEHHSM HOIIIBHOCTI.
HarypanprOMy umncsy n, KaHOHIYHWI PO3KJIA IKOTO MA€ BUTVILAM N = p’flpgz - -p’flm, ImocTa-
BUMO Y BifnmoBignicTh MynbruMmuaoRuHY pow(n) = {kq, ko, ..., kpn} JOJATHUX MOKA3HUKIB HOTO

KaHOHIIHOTO PO3KJIAJLY.

Hacaimok 2. Bapianwmu ((N,|),*,) ma ((N,]),*,) idomopdri modi i miavku modi, xosu
Myavmumnosicuny, pow(n) ma pow(t) 3bizaromucea.

Hexaii (B(M), C) — Oysrean HeckindeHnoi MHOKUHA M, TOOTO BHODSIKOBAHA 33 BKJIIOYE-
HH{AM MHOXKHHA BCiX ILAMHOX@KWUH MHOKuHHA M.

Hacaimok 3. Hezatt A i B — nidmmoorcuny mmoorcunu M. Bapiawmu (B(M),*4) ma
(B(M), *p) izomopdni modi i miavku modi, KOAU BUKOHYEMBCA 00HA 3 D80T YMOE:

(1) muoorcunu A i B pisnonomyatchi i Mar0ms nomysicHicms Menwy, Hise muoocuna M

(2) xoorcna 3 mmoorcun A i B pisnonomyotcra mmnootcuni M, a iz donosnenmns M~ A i M\ B
PIBHONOMYNHCHS.
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Hexaii £(V') — BHOpsIKOBaHA 3a BKJIOYEHHSIM PENINTKA TMiIPOCTOPIB HECKIHYeHHOBUMIpP-
HOT'O BEKTOPHOTO TpocTopy V.

Hacaimok 4. Hexatt U i W — nidnpocmopu eexmoprozo npocmopy V. Bapiarwmu (L(V'), )
ma (L(V),*w) i3omopdni modi i miavku modi, Koau 6UKOHYEMBCA 00Ha 3 80T YMOE:

(1) nidnpocmopu U i W matoms 00nako8Yy po3mipHicmb MEeHULY, HIHC POSMIPHICMD NpoO-
cmopy V;

(2) koorcen 3 nidnpocmopie U i W mae posmipricmo npocmopy V', ma koposmiprocmi nio-
npocmopie U ma W enisnadaromo, mobmo dim(V/U) = dim(V/W).

[1] E.C.JLanun, IHoayepynne, ®usmarrus. Mocksa, 1960.

[2] O.G. Ganyushkin , O. O. Desiateryk, Variants of a semilattice, Bulletin of Taras Shevchenko
National University of Kyiv, Series: Phisics & Mathematics —2013. —V. 4. — C. 12-16.

|3] O. Desiateryk Variants of commutative bands with zero, Bulletin of Taras Shevchenko Nati-
onal University of Kyiv, Series: Phisics & Mathematics —2015. — V. 4. — P. 15-20.
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ON THE DIFFERENCES OF THE NEVANLINNA COEFFICIENTS OF
THE RADIAL PROJECTION OF ZEROS AND POLES OF
A MEROMORPHIC FUNCTION OF COMPLETELY REGULAR
GROWTH IN C\ {0}
O. Vyshynskyi
Ivan Franko National University of Lviv, Ukraine
vyshynskyi@Qukr.net

Let A be a growth function of moderate growth, that is there exists positive M such that
A(2r) < MA(r) for all » > 1. Let f be a meromorphic in C* = C\ {0} function not vanishing
identically, {b;} be the poles of f, v; = argb;. Denote (see [1]) for k € Z

E e n2(r, f) = E e > 1.

1<|bj|<r L<bs]<1

(t,1 — t, 1
Let Ni(r, f,1/f) = /n /f) nk( /f)dt, i=1,2,7 > 1. Consider the value

1
AN (r, f,1/f) = Ni(r, £, 1)) = NR(r, £, 1/f), k€ Z.

The functions ng(r,1/f) and ng(r, f) are also known as the Fourier-Stieltjes coefficients of the
radial projection of the zeros and poles of function f. While the functions Ny (r,1/f) and
Ni(r, f) can also be called the Nevanlinna coefficients of the radial projection of the zeros and
poles of function f. For a given meromorphic in C* function f, as r tends to +oco the functions
ANg(r, f) in some general sense describe the difference in the distribution of zeros and poles
while approaching the origin z = 0 and the point at infinity z = oo

For completely regularly growing in C* function f ([1]), a sufficient condition for the exis-
ANk(ra fa 1/f)

A(r)

quantities are obtained.

These relations also allow to establish a connection between the growth indicators (see [1])

of f.

tence of limits of on some sequences {r;},r; — 00, as well as relations for these

[1] M. Goldak, A. Khrystiyanyn, Holomorphic functions of completely reqular growth in the
punctured plane // Visnyk Lviv. Univ. Ser. Mech. Math., 2011, Issue 75, p. 91-96. (in

Ukrainian)
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I[ITPO BJIACTUBOCTI I BACTOCYBAHHSA W"-30BPAYKEHHS
TOYOK OJVMHUYHOTO TIIIEPKYBA

B. Boaomwuna
Hamnionaypuuii neparoriunmii ynisepcurer imeni M.II. [Iparomanosa
wictorria@gmail.com

Bceryn. Hocaiakenns BUCBITJIIOE HOBI iMOBipHiCHI (peHOMEHH, OTPUMAaHI IIPU y3araabHeHH1
Ha n-BUMipHuit BUmaI0K pe3yiabraTie M. B. Ilpambosuroro Ta I M. Topbina mpo BiIacTuBoO-
cTl po3Io/iIiB BUIIQIKOBUX BesimduH Tuny /Ixkeccena-BinTHepa, 30KkpeMa 1OPO/2KEHUX He3aJie-
JKHUMHI cHMBOJIamMu (- Ta Q*-306pakennb. ¥ poborax O.B. Illkoapnoro [6] nokaszano, mo 3a
YMOBU BUKOHaHHsI [N-BJIACTWBOCTi, BUKOHYIOTHCS po3IupeHHsi Teopemn /[Ixkeccena—BinTHepa
ta Jlesi |3, 5] npo "umcToTy PO3MOLTY BUIIAIKOBOTO BEKTOPA 3 HE3aJeKHUMH cuMBosiamu -
300pakKeHHsI Ta #oro HemepepBHicTh. [Ipyu mpoMy, 30KpemMa, 3a YMOBH iCHYBaHHs OLIBII HizK
sunciaennol Kinbkocri W2-306pazkens g xoda 6 ogniel Toukn Kpajapara F2, Taki Hacaiku e
MATUMYTbh MICITS.

Hamu Oyio mocaijgzkeHo psia HaiBakaupimmx BiaacTuBocTeil W-300parkeHHs, a TaKOXK
OTPUMAHO HEOOXi/IHY @ J0CTaTHIO YMOBY abCOIOTHOI HEEepPEePBHOCTI PO3IOJILIY BHIAIKOBOIO
BEKTOPa 3 He3aIe:KHUMHU cuMBoiaMu W"-300pazKeHHs.

1. W"-300pa>keHHsI TOYOK 7N-BHMIpPHOTO OAWHHYHOTO rimepkyba. Posrisaemo n-
BuMipauii (n > 2) ogmauuanmii rinepky6 E™ = [0;1] x [0;1] x ... x [0;1] C R"™. Bukonaemo
noxin E™ wa r (r > 2) samkuenux npocropi R™ mmoxun AV AV ANV T muokuER
Ha3BEMO IUJIIHIpAMK MepIIoro panry. [Ipu 1mbomMy MaioTh BUKOHYBATHUCS yMOBI/I.

r—1
Jar =g 2 (A ar) =0, i#j, i jelr—1,
=0

A (Agvn) DA (A‘lm) Dt A (AW") =dqo:q1: .. Qr_1,
r—1
e ¢; >0, > g =1, a A\ — n-Bumipna mipa JleGera.
i=0

Bci orpumani Ha mepriomMy KpOIli MHOXKHHH, TOOTO AWT, ge ap € 0,r—1 ma apyromy
n. Wn .
KpOIli JLIAThCS Ha 7 9acTHH, 3aMKHeHuX y R™: Aalo, Aall, e Aal[r_l]. i MHOKMHH HA3BEMO
MIIIHIpAMHA Apyroro panry. [1omia BUKOHYEThCS Tak, IMo0:

r—1
U A = B, (AZXJQAW) —0, i+, i,j€0,r —1,
1=0

AAYD) X (AT ) s AN (AY ) =@ q e g

a10 a1l a1 [r—1]

JIJIsI JOBLIBHOTO (DIKCOBAHOIO (vf.

Ha k-my (k € N) xpoui xo:kHa muoxuna A} o 1, Q2,01 € 0,7 — 1 (TobTo,
JIOBUIbHUN nUJHHAD k-0 paHFy) 3HOBY JIIJIUTHC Ha T YACTHH:

AW wn wn
araz...ap—100 “ajag...ap_117 0 Sajag..oap_1[r—1]"

OTpuMaHi MHOXKUHI MU Ha3BeMO MUIHApaMu k-ro panry W"-300paKeHHsT TOYOK OJUHUIHOTO
rinepkyoa. Koxkna 3 gakux mae Oyru 3amMKHenowo B R".

[Ipu mpomy it 1OBLILHOTO (hiKCOBAHOTO HADODPY (1, (g, ..., a1 € 0,7 — 1 MalOTh BUKOHY-
BATHUCA YMOBH:
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1.UA

— AW"
Q11 Q1"

2. )\(Ag""ak nav U) = 0,04 ]

3. A (AW" " 10) : A (AW” o 11) DA (AZZTL__%_I[TAJ =qo:q1: e Q-

diam (A" ) = 0, k — oco.

-

J11s BKa3aHOTO BHIIE PO3OUTTS OJUHUYIHOIO rinepkyda K" BUKOHYIOTHCS TeopeMu 1,2.

Teopema 1. Jas dosinvnoi nocaidosnocmi {oy )5, o € A, A == {0,1,...,r — 1} icnye
nocaidosricmoe AN D ANV D D AW D ... ma eduna mouka T maka, w0
o0
= (Al o
k=1

Teopema 2. /laa dosiavhnozo dixcosarozo x 3 E™ ichye nocaidosricms cumeonie {ou ()52,
maka, wo:

WTL WTL
= ﬂ A z)az(z)...ax(z A az(x)...op(x)...*

Ocmanhit 8upas Ha3UBGEMBCA W”—npe&cmae,/teHHﬂM MOYKU .

YacTUHHUM BHUIIQJIKOM BKa3aHOI'O PO30OUTTH € PO30UTTS OJMHUYHOIO KBaJpara y JIBOBU-
MIpHOMY €BKJIioBoMY mpocropi y poborax [4,6]. Orpumane 300pazkeHHsI TOYOK OJHMHHYHOTO
rinepky0a, TAaKUM YHHOM, € y3araJbHeHHAM ()—300paskeHHs TIHCHOTO YHCIa 3 OJWHWIHOTO
BiJIpizKa Ha N—BHMIPHHI BHUIIQIOK.

2. IIpo mpobjeMy YHCTOTH PO3MOAiMIB BUMAAKOBUX BEKTOPIB 3 HE3AJIEKHUMU
cumBojsiamu W"-300paxkenHsi. Bubepemo i 3adikcyemo posinbue W"-300pazkenns i3 auada-
Bitom A = {0,1,2,...,7 — 1} i posrusaemo 06’eKT BULy

£ = A&EQ oo
Jie & - He3aJIezKHI BUIAJIKOBI BEJIUYUHNA 3 HACTYITHUMH DPO3IO/ILTaMU:

& 0 1 2 ... n—1
Pik Pok Pik P2k -+ Pln—1lk

O3nmauenng. Hexaii

5 Aflfz Lo

Jie & - He3aJIerKHi BUITAJKOBI BUNAJIKOBI, fKi MOXKYTh HaOyBaTu 3Ha4deHHd ¢ i3 andasity A
dikcoBanoro Wn"-300pazkenns 3 WMOBIPHICTIO ;. Toji & Ha3UBATUMEMO BUIIAIKOBUM BEKTOPOM,
HOPOJIZKEHUM He3aeKHUMHU cuMBoamu W"-300pazKeHHs.

Teopema 3. Bidobpascenns £ i3 sumipnozo npocmopy (£2,S) e (R", B) € sumiprum .
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l'inoresza 1. BumakoBuit BeKTOp

5 A§1§2

HOPOJIZKEHUI He3aIe2KHUME cUMBOJIaMu W ™-300pazkeHHss Ma€ YHCTUH PO3IMOIL.
l'inoresza 2. BumaakoBuit BeKTOp

§= AE1§2
MOPOIKeHN He3aTeKHUMHI cuMBogaMu W-300pazkeHHsSI MAa€ UNCTO HEIepepBHHI PO3IIOILI
(o)
Tozi i Tinbku ToAl, Ko || max pi = 0.
k=1

s Bunasiky n = 2 o6u/Ba TBEP/ZKEHHS CIPOCTOBAHI y 3arajbHoMY Buji v [4].

Buiie crBepzKyBaJioch, 10 BigoOpaxkeHHsd & € BUMIpHUM. K HecKJIaJaHO Moka3aTh & € i
GiBuMipHuM 1 ju1st HBOTO Jii€ y3araiabaenns Teopemu Kaxkyrani 3 [1]. Hexait Q = {0,1,...,n—1},
Sj = 2%,

Pk(l) = Dik, Vi € Qk,Pk(L> = Zpk(’L), VL € Sk,

iel
(i) = qi, Vi € Oy vi(L) =Y wi(i), VL € Sy
icl
i
(9787 P) = H (Qk,Sk,Pk),
k=1
(€, 5, v) = H(QmSk,Vk)-

e
Il
—

Hexaii n-pumipua Mipa Jlebera na E™ crmiBnajae 3 o6pa3oMm Mipu v IpH Bigobpazkenni &, a
iimoBipuicHa Mipa P* = [, o BiANOBigae BHIAJIKOBOMY BeKTOpy &, € obpasom mipu P 1pu
BijgoOpazkenHi &:

P'(U) = pe(U) = P(&"(U)), YU € B,

MNU) =v*(U) =v(e1(U)), YU € B.

Teopema. Ilpunycmumo, wo vy () € abcomomio nenepepenoto 6idnocHo mipu i . To-
0t mipa (1 € abo “ucmo abCorOMHO HENEPEPBHON BIOHOCHO MIPU [t GO0 “UCTO CUHRYAAPHOW
(exmonarouu duckpemmuud sunadok). Biavwe moeo,

v < jt TOAL i TUIBKY TOJ, KOJIN H p(pg, vg) > 0, (1)
k=1

de p(pir, Vi) f W

d#k

dvy, . . .
SaYBa}KeHHH. BI/Ipa3éf \ drdiu cniBnagae 3 interpasom Xeainrepa [1,2].
k
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Hacainok 1. Posnodia sunadkosozo sexmopa & 3 neaaresncrumu cumsoramu Wm-posxaady
€ CUHYAAPHUM 810HOCHO Mipu Jlebeea modi i miavky modi, Koau

H (Z \/Pm%)) =0. (2)

=0

|1] Albeverio S., Torbin G. Image measures of infinite product measures and generalized
Bernoulli convolutions. Haykoswuit waconuc HITY imeni M.II. Iparomanosa. Cepis 1. ®izuko-
MaremaTtudri Haykn. — 2004. — Ne 5. — C. 248-264.

|2] Kakutani S. Equivalence of infinite product measures, Ann. of Math., 49(1948), 214-224.

[3] Lévy P. Sur les séries dont les termes sont des variables indépendantes. Studia Math.
3(1931), 119-155.

|4] Boaomuna B.O., Top6ian [.M.IIpo aesiki iiMoBipaichi dbeHOMeHH, MOB’s13aHi 3 PO3MOIiIa-
MH BUIAJIKOBUX BEKTOpPIB, mopozkenux W -zoopazkennam. Haykosuit qacomuc HITY imeni
M.II. [IparomanoBa. Cepist 1. ®@izuko-maremarudni nayku Kuis: HITY imeni M.II. JIparo-
manoBa. - 2014, - Ne 16 (1). - C. 258-278.

|5] M.B. Ilpanposuruii. @paxkranbuuii nigxig a0 J0CJHZKEHHsT CHHIYJISPHIX po3no/iais. Ha-
mioHaJIbHUI nejarorianuit yuisepcurer, Kuis, 1998. — 296¢.

[6] [Mkonbumii O.B. KommiekcHosHauHi BUTIaAKOBI Beqmunau Tuiy Jlxkeccena-BinTHepa: muc.
Ha 37100. cryn. Kau. ¢iz.-mar. mnayk. HAH Ykpainu, IM, Kuis, 2000 - 115 c.
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10 3AOAYI ITPO TIHb
I. FO. Buroscbka'l, X. K. Hakxis?

Uacruryr maremarukn HAHY, Kuis, Ykpaina 2Kuiscobknil Harionaabauii ynisepcareT iMeni
T.I'.ITleBuenka, Kuis, Ykpaina

vkirinata@gmail.com', moon5385@gmail. com?

B 1onoBiai gocaizKyoThes nesiki BapiaHT 3a1a4i npo Tieb [1-3], mo ekBiBagseHTHO 3HAXO-
JIKEHHIO YMOB HAJIE’KHOCTI TOYKH y3araJibHEHO OMYKJIiii 00O0JIOHTII ciM’T KOMITAKTHUX MHOYKWH.

Bapaua (npo TiHb). fka MiHIMATBHA KUIBKICTH 3aMKHYTHX KYJIb, IO HOMAPHO He IepeTH-
HaloThed 3 IeHTpamu Ha cdepi S~ i pajiyca menmoro Bij pajiyca cdepu gocuThb 1mo6 6yib
sIKa MpsMa, 10 TPOXOIUTH Yepe3 MeHTp cdepH, mepeTuHaaa xoda 6 OaHy 3 MUX KyIb?!

BceranosjieHo gocTaTHI yMOBH JIj1s TOTO 11100 CUCTEMa KYJ/Ib CTAJI0r0 paJiyca 3 HeHTPaMu Ha
cepi S? C R? zanasana Tinb B HeHTpi cdepn.

O3znauennda. Ckaxemo, mo MHOKWHa [ C R" omyksa BITHOCHO MPOMeHs 3 TOYKH T €
R™\ E, skino 3uaiiaersest npoMiab P, takuii mo z € Pi PN E = .

Teopema 1. Icnye cucmema 3 11 xyav cmanozo padiyca 3 yermpamu na chepi S C R3,
AKG 300e3neuye minv 6 uyeHmpi chepu.

Teopema 2. Ienye cucmema 3 32 xyav cmanozo padiyca 3 yenmpamu wa chepi S C R3,
AKa byde onyk.A010 6I0HOCHO NPOMEHA 3 UEHMPA chHepu.

[1] FO. Benunckuii, . Boirosckasi, M. Credanayk O606wénHo 8uNYyKAbE MHOHCECTEA U 30~
daua 0 menu, YKpalHCbKUE MaTeMaTudnui Kypuas, 67, Ne12, 2015, C.1659-1666.

|2] Y. Zelinskii, Generalized Convex Envelopes of Sets and the Problem of Shadow, Journal of
Mathematical Sciences, (2015), 211, No.5, P. 710-717.

|3] T. Xynaitbepranos, 06 00H0podHO-NOAUHOMUAALHO BINYKAOT 000A0UKe 00B€dUHEHUA UAPOE
Pykonuck gen. B BUHWUTHN 21.02.1982 r. Ne 1772, - 85 ler.
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SELF-LINKED SETS OF GROUPS

V. Gavrylkiv
Vasyl Stefanyk Precarpathian National University
vgavrylkiv@gmail.com

In the talk we shall discuss some properties of self-linked subsets of groups. By definition,
a subset A of a group G is self-linked if AN gA # () for each g € G.

Proposition 1. A subset A C G of a group G is self-linked if and only if AA™ = G.

In fact, this notion can be defined in the more general context of G-spaces. By a G-space
we understand a set X endowed with a left action G x X — X of a group GG. Each group G
will be considered as a G-space endowed with the left action of G. An important example of a
G-space is the homogeneous space G/H = {gH : g € G} of a group G by a subgroup H C G.

A subset A C X of a G-space X defined to be self-linked if AN gA # () for all g € G.

For a G-space X by sl(X) we denote the smallest cardinality |A| of a self-linked subset
A C X. Some lower and upper bounds for si(G) are established in the following proposition.

Proposition 2. Let G be a finite group and H be a subgroup of G. Then
1) sU(G) > (1 +/AIGT = 3)/2;

2) sU(G) < sl(H) - sI(G/H) < sl(H) - [(|G/H]| +1)/2].

3) sl(G) < |H| +|G/H].

We use these lower and upper bounds to characterize groups G with sl(G) > |G|/2 in the
following theorem.

Theorem 1. For a finite group G

1) sl(G) = [(|G| +1)/2] > |G|/2 if and only if G is isomorphic to one of the groups: Ci,
027 037 C147 02 X 02) 05; D67 (02)3;

2) sl(G) = |G|/2 if and only if G is isomorphic to one of the groups: Cg, Cs, Cy x Cy, Dsg,
Qs.

Theorem 2. For a group G the following conditions are equivalent:

1) for any partition G = AU B either AA™' = G or BB™! = G;

2) each element of G has odd order.

We were able to calculate the cardinalities sl(G) for cyclic groups G = C,, of cardinality
|C,| < 100 and for dihedral groups G = D,, of cardinality |D,,| < 80. Using these results we
give a negative answer for the Problem 1.4(2) from [1].

The results of (computer) calculations are presented in the following tables (here Ib(G) =

(1+ /4G = 3)/2):
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C.l T1 213456 [7[8[9[10[11[12][13[14[15[16]17[18]19] 20
WCHl 1223333 [4]4|4]4[4][4]5[5]|5]5[5]5]5
sSiCyl 1223333444444 ]5]5|5]5]|5]|5]6
IC.| [21722]23 24252627 [28[29[30[31[32]33[34[35]36]37]38]39] 40
WC,) | 5]6|6|6|6[6|6[6|6|6|6|7 7|7 |7|7[7]|7[7]|7
SC)[ 5166666667 76|77 |77 [7|7|8[7]38
|C,| 14142143 444546 [ 47484950 515253545556 57 58] 59 60
WC) [ 7778888888888 [8|8[8[8[9[9] 9
SC) 81888888 [8[8[8!8[9[9[9[9[9[8[9[9] 9
[C.] 161]62[63[64]65]66]67]68]6970]71]72]73[74]75]|76]|77]78]79] 80
WC) 9999999999 9]9|9][10][10[10[10]10]|10] 10
SC)19[9]9[9[9[10[10[10]10[10[10]10| 9 [10]10|10|10] 10|10 11
|C,] [81[82[83[84[85[86[87]88[89[90[91[92[93[94[95[96][97[98]99 100
Ib(C,) |10 |10 10|10 1010|1010 10|10 10| 1L | 11|11 | 1L | 11|11 | 11|11 11
S(Cy) |11 [ 11|11 |11 [ 10|11 |11 [ 10|11 |11 [ 11|12 (121212 [12[12]12[12] 12
D, [2[416 8 [10[12]14[16[18[20[22]24[26[28[30[32[34[36] 3840
WD) |2 3|34 [4]4]5[5]5|5[6]6|6|6]|6|7|7]|7|7]7
siDh) [ 2134455667 7|87 |8 [8[8][9[9]9]10]9
D] [42]44 46485052 54]56|58]60]62[64]66]68]70]72]74]76]78]80
WD, | 788|888 [8|8[9/9[9[9[9[9[9/[9][10[10/10]10
siDy) 1010|1110 1111|1211 | 12121313 |13 |14 |14|14[15]| 15|15 16

[1] T. Banakh, V. Gavrylkiv, O. Nykyforchyn Algebra in superextension of groups, I: zeros and

commutativity, Algebra Discr. Math. (2008), no. 3, 1-29.

[2] T. Banakh, V. Gavrylkiv, Algebra in the superextensions of twinic groups, Dissert. Math.

473 (2010), 74 pp.
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OLIHKM IHTETPAJIA BIJ] MOJYJIS MIITAHOI OXIJTHOI CYMU
KPATHOI'O TPUI'OHOMETPUYHOTI'O PSIIY

C. B. I'embapceka
CxinHoeBporneiicbkuil HamionabHUil yHiBepcuTeT imeni Jleci Vkpainku, m. JIynbk
gembarskaya72@mail.ru

B [1], a me panimte B [2], C. O. TeagKOBCbKUM TOCTIAZKYBATUCH DSATH

% +Zak cos kx (1)
k=1
i o
Z a sin kx, (2)
k=1

KOeIIMIEHTH AKHX NPAMYIOTH JI0 HYJId

lim aj, = 0 (3)
k—o00
1 kBaziBUILY K/, TOOTO
Zk‘ ‘Azak‘ < 00, (4)
k=1

ne Alay = Aap — Aagyy = a, — 2011 + Qryo.

Hobpe Bigomo, mo ymosu (3) Ta (4) 3abe3nedyiors piBHoMipny 36ixKmicTs paais (1) Ta (2)
Ha BiAPi3Ky [e, 7] npu Oymp-skomy € > 0, a ix cymu f(x) i g(x) BiAmoBinmo — HemepepBHO
mudepentiiiosri wa (0, 7]

B [1| noBeseno Teopemu, 1o micrsiTh orninku inrerpasis Bif |f’| i |¢'| B3arux no Biapizkax
Aim = [mLH, ﬂ , IbmeN, 1 <[ < 'm, mo gajo 3MOry BIiJIC/TIIKOBYBATH TMOBEAIHKY IUX iHTE-
rpajiB mpu m — oo il = 1, a Tousinre, sk 3pocTatoTh iHTerpasm Bix |f'| 1 |¢'| mo Biapizkax [e, 7]
npu € — +0, gkuo i GYHKIIT HeIHTerpoBHI HA [—7, 7] 1 4K CIaJal0Th iHTerpasn mo Biapiszkax
[0,¢] npu € — 40, axmo dyukuii |f'| i |¢'| inrerposni na [—m, 7).

B nomnosiai moBa 6yie it npo nommupennst pesyiabraris C. O. Teasxoscbkoro i3 1] na
KpaTHi (MOABiiiHI) TpUrOHOMETPUYHI PsIH.

Hexait 3agano mogsiitauii psi

oo o0

Z Z 9~ Vka Ak ko sin k121 cos koo, (5)

k1=1 ko=0
Je Yk, = 1 upu ko = 0, v, = 0 upu ky # 0, koedinieHTH FKOTO 3a10BOJBHIIOTH YMOBY
Ap = Ay ko — 0, kl + ]CQ — 00, (6)

1 KBa3iBHILYKJi, TOOTO

Z klz kQ ‘A272ak1,k2‘ < 00, (7)

k1=1  ko=1
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e

1,0 _ 0,1 _ 1,1 _ AL0 [ AO1L
A Ak kg = Qky,ky — Qky+1,kos A Ak kg = Qky,ky = Qky ko+15 A Ak ky = A (A ak17k2) )

2.0 _ 1,0 1,0 0,2 _ 0,1 0,1
A Aky,ky = A Qkyky — A Ay 41,k A Aky,ky = A Ak kg — A Ak ,ko+15

2.2 OALL (AL
A Ak ko =A (A akth)'

B [2] C. O. TeaskoBchKuii mokasas, mo npu BukoHanui ymoB (6) 1 (7) psix (5) 36iraerbes 3a
[puncxeitmom (gus. [3]) wa (0, 7] x (0, 7] mo dyukmii h(x) = h(zy, z2), To6TO

a ng
lim E E 272 qp k, sin kg cos koxg i= h (21, x2) ;

. na)—
min(ni,ng)—00 P "

3012KHICTD IBOTO sy € piBHOMipHOIO HA T2 := [£, 7] X [g9, 7| mpH Oyab-KuX €1, &9 > 0, a fioro
cyMa € HellepepBHO judepeHIifoBHOIO Ha (O 7] x (0, 7].

9%h(z1,22)

B34dTUX II0 MHOKHHaX
81‘18$2

Otke, OCHOBHA 3ajjava TOJIATAE B OIIHII iHTErpaJiB Bif ’
[ g 1}, liym; € N, 1 < l; < my, i = 1,2 B Tepminax CUMBOJIB

Pl7m = |:m17r+1’%i| X ma+17 2
Biji BUpa3iB, 10 BU3HAYAIOTHCA JIHINE 3a JA0TOMOrow KoedimieHTis ay psaay (5) i mapamerpis
li,mi, 1= ]., 2.

CrpaBemiBe TBepIKEHHS.

Teopema 1. fxwo xoedivienmu pady (5) sadososvnaroms ymosu (6) i (7), mo mae micye

OUIHKG

Pim

82h ZL‘1 $2

~0m0r, dridzy = O (Ym) (8)

de

l1—1

Vl’m::ml‘i‘l—llzkl"—lz leA Oéklkz‘_'_z min k1+1—l1,m1+1—l1)

kl 0 k2 lg kl ll
e m+1—lm+1—lll”21k:+1
. Z uk-z ’AQ’Oakl’kQ} + L ! 2 2 Z Z ! |A1 105]4:1,]62‘ +
ko=lo m k1=0 ko=0 1
T 1— 1— Fymatl=b)pon
Z mln kl—i— ll,m1+ ll Z 2 . ‘ Oékl,k2|+
k1=l ko=0
-1
my+1—1 ki+1
+ ! IZ ! Z min k2+1—l2,m2+1—l2 }A Oé]cL]gQ“"
k1=0 ko=lo
+Z min (ky +1—1;,m; +1—1) Z min (ks + 1 — lp,ma + 1 — b)) [A*?ay, 1, |,
k1=l ko=lo
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li,mi EN,]_ Slz sz,zz 1,2

[1] Tenaxosckuii C. A. OreHKu HHTErpaia OT IPOU3BOIHON CYMMbI TPUTOHOMETPHYIECKOTO PS/Ia
¢ KBa3UBBIIYKJIbIME Koeddbunuentamu // Mar. ¢6. — 1995. — 186.— C. 111-122.

[2] Tenskopckuit C. A. Hekoropbie OIEHKH I TPUTOHOMETPHYECKUX DSIIOB € KBA3WBHIIY-
KibiME Koeddurmentamu // Mar. ¢6. — 1964. — 63. — C. 426-444.

3] Kuxuamsmiu JI. B. Conpszkennbie GyHKINE H TPHTOHOMETPHYECKHE psaabl. — Tonmucn:
Uzn-so Touauc. ya—ta, 1969. — 102 c.
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[IEMIIOTEHTHO OITYKJII KOMBIHAILII HECKIHYEHHOT
KIJIbBKOCTI EJIEMEHTIB

I. . I'nmymak, O. P. Hukudopuun
[Ipukapnarcbkuit Harmiona sauit yaisepcurer im.B.Credanuka, IBano-PpankiBcbK
inna.hlushak@pu.if.ua, nick@pu.if.ua

Tpiiika (X, @, ®) nasubaerbes (I, maz, x)-naniemodysem (TiBAM 1IEMIOTEHTHIM ), AKITO X
— me MHOXKHHa 3 omepariamun @ @ X X X — X, ® : [ x X — X, gki g1g BCiX 7,9,z € X,
a, B € I MaloTh BJIACTHBOCTI:

l.z2oy=yPx;

2. (r@y)@2z=18 (Y& 2);

3. icaye eaunuit eement 0 € X, takuii mo x ® 0 = x 14 Beix ;

1 a®@ey) =(ao)e(@oy) mx{a,flor= (o) & (3 o)
5. (a*xf) @z =a® (f®x);

6. 1Qx=ux;

7. 0@z =0.

Hanaui 3amicts (I, max, *)-HamiBMOLYIb Oy1eMO BXKUBATH TePMiH [-HATIBMOJLY/Tb.

(X, ®,®) — komnaxmuud eaycdopdosuts aoyconie I-naniemodysv, skmo (X, H,®) e I-
HamiBmojysieM, i Ha X 3aJaHO KOMIIAKTHY raycaopdoOBY TOIOJOr0, IO poOUTH HOro Kom-
MAKTHOIO JIOYCOHOBOIO BEPXHBOIO HAINBrpaTKo [1] 3 momapuum cympemymom @ (I 4acTKOBAM
HOPSJIKOM, BU3HAYCHUM $IK & < Yy < x @y = y), a MHOKEeHHsI @ € HemepepBHUM. Taka Ha-
miBrpaTka € MOBHOIO, a 3 ICHYBaHHYA HAWMEHIOro ejeMenTa () BUILINBAE, IO BOHA € TOBHOIO
IPATKOIO.

st BCIX 21, T, . .. T, € X Ta KOeIIEHTIB O, (g, . . .,y € I, 0 max{ay, ag, ..., qa,} =1,
3a1aeM0O [ -onykay xombinayio CKiHIeHHOI KLTBKOCTI eJleMeHTiB

a1®$1@a2®$2@...@an®$m

AKY HaJIaJl MO3HAYATUMEMO TTPOCTO 1Ty B Qolo P ... B ayxy,.

[i oxnosHauno Mozkna BijHOBHTH 3a Omeparielo nonapHoi onykioi Kombinanii x @ (a ® ),
dka € Bimobpaxkennam X X [ x X — X.

Bamkuena [-omykia (To6TO Taka, sKa MICTHTD Bei [-0myKJti KOMOIHAIIT CBOIX €7IeMEHTIB) Iij-
MHOXKWHA KOMIIAKTHOTO TaycaopdOBOTro JIOYCOHOBOTO [-HANMIBMOY/S HAa3WBAEThCd [-onyxaum
Komnaxmom. MoxkHa JaTh pIBHOCWJIbHE «BHYTPINTHE» O3HAYEHHA [-OMYKJIOTO KOMITaKTa, K
KOMIIAKTa Ha SKOMY BU3HAYEHO HEIEPEPBHY TEPHAPHY ONEPAIIO MONAPHOI OIYKJIOl KOMOiHAIIIT,
0 33/I0BOJIbHSIE TPUPOH] anrebpaiani TorozkuocTi [2|. Takuili KOMIAKT OMYKJIO BKIAIAETHCS
y KOMIAKTHHI raycopdiB JIOYCOHIB [-HAIBMOJIYIb.

[IepeBara KOMIaKTHUX TaycA0op(OBUX JIOYCOHOBUX [-HAIIBMOIYJIB V TOMY, IO MOXKHA KO-
PEKTHO O3HAYUTH iIeMIIOTEHTHY OIYKJIY KOMOIHAIII0 HECKIHYEHHOI KiTbKOCTI €JIeMeHTIB, BUKO-
PUCTOBYIOUHM CKIHYEHH] ONYKJI KOMOIHAIIT

® a;x; = inf{supa; @ supz; & ... G sup; @ supx; [ n € NNZT =7, UZ,U...UZ,},
1€ i€y i€y i€In i€Tn
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dKa HellepepBHO 3aJIe’KUTh BiJ CBOIX apTyYMeHTIB, SKIMO OCTaHHI PO3YMITH SK 3aMKHEHY MHO-
JKHHY Y TOTOJIOTTYHOMY J0OYTKY KOMIIAKTA HA OJMHUYIHUN BiIPi30K.

Teopema 1. Hezai X — I-onykaul xomnaxm, a exp,(X X I) nosnauae nionpocmip 2i-
nepnpocmopy exp(X X I) 3 monoaoziero Biemopica , wo ckAadaemovca i3 3GMEHEHUT MHO-
orcun 6 X X I, axi micmamo npunatmmi oony napy suzaady (x,1). Todi eidobpascenns h :
expy (X x I) = X, axe dan A C X X I susnaveno Gopmyroro

cl
h(A) = @ faiz| (@i, a:) € A},
i€
€ HEnepepsHuM.

Hosenennst Teopemu npejcrapieso B [3|. Orpumani pesyjabraru € BazKJIUBAMU MPH PO3B’si-
3aHH] 3a/a49 HAOIMKEeHh HEAINTHBHUX Mip (EMHOCTEN) Ha KOMIIAKTi, OCKIJIbKH ampoOKCUMY0Ui
€MHOCTI B 6araThox BUTAIKaxX [4] € izeMmoreHTHUME OMYKJIMME KOMOIHAIIAME § KOMITAKTHOMY
HaMIBMOYJI, SKUM € MPOCTip €MHOCTeH Ha KOMIIAKTI.

[1] Lawson J.D. Topological semilattices with small semilattices , J.Lond. Math.Soc. — 1969. —
Nell. — 719-724.

[2] Hukudbopuun O.P. ITpocmopu neadumusnuz mip: Kamezopii i monoso2ivHi 64aCMusocmi:
nuc. n-pa diz.-mar. zHayk : 01.01.04 / Hukudopuun Ouer Poctuciasosud ; JIbBiB. Hall. YH-T
imM. IBana ®@panka. - JI., 2012. - 410 c.

[3] L. Tymak, O.P.Hukudopuun Henepepsricmsv idemnomenmuo onykioi komoinayii He-
CKIHYEHHOT Kiabkocmi enemenmis I-onykaozo xomnaxmmna, Ilpukapnarcekuit Bicank HTIII.

Yueno. - 2016. - No1(33), 152-156.

|[4] Hlushak I.D., Nykyforchyn O.R. Continuous approzimations of capacities on metric
compacta, Carpathian Mathematical Publications, Vol 8, Nl (2016), 44-50.
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ATOMS OF SADDLE CRITICAL LEVEL LINE OF SMOOTH
FUNCTIONS ON SURFACES WITH BOUNDARY

B. 1. Hladysh
Taras Shevchenko National University of Kyiv, Ukraine
biv92@ukr.net

In the work [1] was found the local representation of smooth function in some neighborhood
of non-degenerated critical point on the boundary of the manifold. Also in the work [2] there is
the theorem which gives the topological classification of smooth function around critical point
on the closed manifold.

Let M be a smooth surface with the boundary OM, f — smooth function, defined on M.

Theorem 1. Let py € OM is isolated critical point of function f and also of its restriction
to the boundary f|sy. Then exists the neighborhood U(py) of point py, such that py = (0,0) is
origin and function f is topologically equivalent with the function g(x,y) = Re(x +iy)*, y > 0
for some integer k, k > 1.

Further we will suppose that pg is saddle critical points which satisfies the conditions of
theorem 1 and f(pg) = 0.

Smooth functions f and g are topological equivalent in some neighborhood of their critical
level lines f~!(c;) and g '(c) if there are exist e > 0, eo > 0 and the homeomorphism
A fHer—er,c14¢€1) = g (o — €9, ca +€9), which transfer level lines of function f into level
lines of function g and save the direction of growing of functions.

Atom is the class of topological equivalence of restriction of function f to the set f~!([—e, €]).

Then we consider the neighborhood of point py, which is limited by f~'(—¢), f~'(¢) (for
some £ > 0), some trajectories of gradient field and by the boundary of the manifold. This
neighborhood can be represented in the view of polygon with k + 1 sides. After continuation
of previously described neighborhood, we get (k + 1)—polygon, some sides of which are clued.

Theorem 2. 1. Each atom of saddle critical point coincide with the atom A_x) for some
substitution 7(®) on the set {1,2,..., k}, which determine the cluing of the sides.

2. The number of atoms A_x can be calculated from the following formula:

N

-3

Ny =1,Ng =2, Ny =4, N, =2 P-(k)~|—P1§k)

7 —2
1

<
Il

where Pj(k), j =1,k — 2 is the set of sequences of numbers, which depend on k and are defined

by the recurrent correlation: Po(k) =1, Pl(k) =k—1, PQ(k) =k -2, Pj(k) = (Pék) + Pl(k) +...+
k . . = A

POk —4), 5 €3,k 2,

[1] Hladysh B.I., Prishlyak O.O. Functions with non-degenerated critical points on the boundary
of the surface (in Ukrainian) Ukr. Mat. Zh. 68 (2016), no. 1, 28-37.

[2] Prishlyak O.O. Topological equivalence of smooth functions with isolated critical points on
a closed surface Topology and its application 119 (2002), no. 3, 257-267.
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DETERMINANTS OF HESSENBERG MATRICES WHOSE ENTRIES
ARE h(x)-FIBONACCI POLYNOMIALS

T. P. Goy
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk
tarasgoy@yahoo.com
A large class of polynomials can also be defined by Fibonacci-like recurrence relations such
yields Fibonacci numbers. Such polynomials are called Fibonacci polynomials [1]. Nalli and

Haukkanen [2] introduced the h(x)-Fibonacci polynomials Fj,(x) are defined by the recurrence
relation
Funs1(®) = h(@) Fun(@) + Fupa(2) (> 1)
with initial conditions Fyo(x) = 0, Fpi(x) = 1, where h(z) is polynomial with real coefficients.
Let Pun(x), Qun(x), Rpn(z) be an n x n Hessenberg matrices given for all n > 1 by

Fhl(x) 1 0 0
th(x) Fhl(:c) 0 0
th 1(1’) Fhm,Q(SL’) Fhl(ﬂf) 1
Fhn(z)  Fhp-1(2) Fha(z)  Fia(z)
Fou () 1 0 0
th(l‘) Fhl(l‘) L 0 0
Qun(z) = ,
Fh2n 3($) Fh,zn—5($) Fhl(w) 1
Fy, 2n— 1(-70) Fh,2n73($) Fh3($) Fh1($)
th(a:) 1 0 0
Fh4(.7)) th(x) s 0 0
Fh,Qn—Q(fE) Fh,Qn—4(ZL") Fh2($) 1
Fron(z)  Fhon—2(x) -+ Fpa(z) Fpa(x)

Proposition. The following formulas are hold:

de(Pufe) = 3 3(1+ (-1 (7) (.7 hen™

k=0 j=0

Aet(Qum(e)) = (1" W) () +1)"

det(Rpn(7)) = h(z)det(Rpyn_1( +Z )™y anss1)(z)det(Rpi_1(2)).

[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley & Sons, New York,
2001.

[2] A. Nalli, P. Haukkanen, On generalized Fibonacci and Lucas polynomials, Chaos Solitons
Fractals 43 (2009), 3179-3186.
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ON THE HOLOMORPH OF MIDDLE BOL LOOPS

Grecu Ion
Moldova State University, Chisinau, Republic of Moldova

tongrecu21 @gmail.com

A loop (Q,-) is called a right (left, middle) Bol loop if it satisfies the identity (zy - 2)y =
x(yz-y) (respectively, y(z-yx) = (y-zy)x, z(yz\z) = (x/2)(y\x)), where ”\” (”/”) is the right
(left) division in the loop (@, ). The middle Bol identity is a necessary and sufficient condition
for the universality of the anti-automorphic inverse property (z -y)™! = y~!- 271 [1]. Middle
Bol loops are isostrophes of right (left) Bol loops [2,4].

Let (@,-) be aloop and let H = Aut(Q,+) X Q. Define (x) on H as follows:

(o, ) % (B,y) = (B, B(x) - y),

for all (o, x),(5,y) € H. (H,x*) is a loop and is called the holomorph of (@, -).

Gvaramija proved in [3] that the holomorph (H, ) of a loop (@, ) is a middle Bol loop if
and only if the following conditions hold:

1. (@, ") is a middle Bol loop;

2. x/0(x) € Nl('), Vo € Q,V0 € Aut(Q),-), where Nl(’) is the left nucleus of (@, -).

We give necessary and sufficient conditions when the holomorph of a middle Bol loop is a
middle Bol loop and when it coincides with the holomorph of the corresponding right Bol loop.

Proposition 1. The holomorph (H,*) of a loop (Q,-) is a middle Bol loop if and only if
the triple T = (I, 1, Ly 1:0) is an anti-autotopism of (Q,-), Vo € Q, Vi € Aut(Q,"),
where I, : Q — Q, I,(y) = y\a,Va,y € Q.

Corollary 1. The holomorph (H, ) of a middle Bol loop (Q,-) is a middle Bol loop if and
only if one of the following conditions holds:
1. the triple T = (Ly@) Lt e, Ly Ly 1) is an autotopism of (Q,), Yz € Q, Vi € Aut(Q,-);
2. the triple T = (Ly(z)z-1,€, Ly@)a-1) s an autotopism of (Q,-), Vx € Q, Vi € Aut(Q,-).

Proposition 2. Let (Q,-) be a right Bol loop and let (Q),0) be the corresponding middle
Bol loop. If (H,*) ((H,®)) is the holomorph of (Q,-) (resp. the holomorph of (Q,0)), then
(H,*) is a right Bol loop if and only if (H,®) is a middle Bol loop.

Proposition 3. The holomorpf of a middle Bol loop (Q,0) coincides with the holomorph
of the corresponding right Bol loop if and only if (Q,0) is a Moufang loop.

[1] V. Belousov , Foundations of the theory of quasigroups and loops, Nauka, Moscow,
1967.(Russian)

[2] A. A. Gwaramija, On a class of loops, Uch. Zapiski MGPI. 375(1971), 25-34. (Russian)

[3] A. A. Gwaramija, To the theory of B—3 Loops, Trudy Gruz. Inst. Subtrop. Hoz. Vol. XVIII,
1969, 653-656. (in Russian)

[4] P. Syrbu On middle Bol loops. ROMALI J, 2010, Vol 6(2) , p. 229-236.

78



[IPO KPATHICTH MHOI'OBHAYHUX BIIOBPAYKEHD OBJIACTEN
FO. B. 3eniuceknii, O. B. Cajdonona

Iacturyr maremarukun HAH Vkpainu, Kuis, Ykpaina; Kuiecbkuil Hamionaabamnit yHIBEPCHTET
im. Tapaca Illesuenka, Kui, Ykpaina
zel@imath.kiev.ua, olechkadeadin@ukr.net

Hexait M, N — n-sumipui muaorosmuan; D C M i D1 C N — Bigkputi 38’311 obaacti; D —
3aMuKaHHa obacti D, IntD — BayTpimHi Toukn obaacti D, 0D — mexka obsacti D.

19 MHOTO3HAYHUX AIMKJIIYHUX HalliBHEIEPEPBHUX 3BEPXY IMPOCTHUX BiloOpazKeHb CIIpaBe-
JIJIIBA TaKa TeopeMa.

Teopema 1. Hezaii F' : D — D, — mnozosnaune sidobpasicenns obaacmeti cmenena k
maxe, wo F(OD)NF(IntD) = @. Todi, abo F' ¢ sidkpumum eidobpasicernnam, abo icnye mouka
6 0bpasi, axa mae wonatimenwe |k| + 2 npoobpasis. Hrxuo F-nysveumipne sidobpasicenms, mo
Y dpyeomy 6unaiKy MHOMCUHG MOY%0K 00pa3a, w0 Mamov He merwe Hiowe |k| + 2 npoobpasis,
MAE NOBHY BUMIPHICTIL M.

AHanor nporo pesysbraTy Jis BJACHOTO HENEepePBHOTO BigoOpazkeHHs 3aMKHEHOI 001acTi
Ha MHOTOBHJI OTpUMaHO B poborax [1] - [3].
3 Teopemn 1 BHIIMBAE TBEPIZKEHHSA TaKOl TCOPEMH.

Teopema 2. Hexatli daa mroz03naunozo sidobpasicernns F : D — Dy sukonyomovcsa maxi
YMOBU:
1) F(OD)N F(IntD) = @;
2) icnye emeniny eidobpascenna F', wo dopishioe k.
Todi abo eidobpasicerna Flrup € 6idkpumum, abo suatidemves mouka y € F(IntD) maxa, wo
F~(y) mae wonatimenwe |k| + 2 npoobpasis. Sxwo sic eidobpascenns F nysveumipne i e
sidkpume, mo muoscuna mowox y € F(IntD), axi maromo ne menwe wiore |k| + 2 npoobpasis,
micmums eidkpumy niommoscuny 6 F(IntD).

[1] 1O.B. Beaunckuii, O nexomopux npobaemaxr Kocunckozo // Vkp. marem. xKypHat. — 1975.
— 27, N4, — C. 510-516.

[2] 1O.B. Benuuckuii, O kpamnocmu HenpepueHvix omobpascenut obaacmed // YKp. MaTem.
wyprait. — 2005. — 57, Ned. — C. 554-558.

3] A.K. Baxrtun, I'TI. Baxtuna, F0.B. Seannckuii, Tonoaozo-anzebpauueckue ecmpykmypul u
eeomempuueckue memodu, 6 komnaekcrom anaause // Tpami Tneruryry maremarnkn HAH
Ykpainu. — 73. — 2008. — 308 c.
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MULTIVALUED MAPPINGS AND THEIR PROPERTIES

B. Klishchuk
Institute of Mathematics of NAS of Ukraine
bogdanklishchuk@mail.Tu

K. N. Soltanov in his papers [1-3] proposed a method of finding of fixed points for noncon-
tinuous mappings in Banach space. Other approaches to a proof of an existence of fixed points
can be found in monograph of Yu. Zelinski [1].

Let E™ be n-dimensional Euclidean space (real or complex), (x,%) be a scalar product in
E™ and conv A be a convex hull of some subset A of E".

Let X and Y be some topological spaces. The mapping F': X — Y is called a multivalued
mapping if the set F'(x) C Y is the image of the point = € X.

Consider the multivalued mappings (including single-valued and discontinuous mappings)
of subsets of Euclidean space.

Let Fi, F5 : X — Y be two multivalued mappings. The mapping F; is the restriction of Fy
if Fy(z) D Fy(x) for all points z € X.

Let /20y = arccos—22%  where x, y are some points of K",
Y NEENIT) Y P

Definition 1. The set A C X is a radian e-net if for any ray, emanating from the origin,
there exists a ray that forms an angle less than some ¢ € (0; §) with the first ray and the second
ray intersects A.

Definition 2. The mapping F' : X — Y satisfies “c-specified condition of an acute
angle” on the set A C X if X =Y and for any point = € A there exists y € F(x) such that
Oy < § —e.

It was obtained theorems about includings for multivalued mappings whose restrictions to
some subset in a closure of a domain of Euclidean space satisfy “the e-specified condition of an
acute angle” [5].

Theorem 1. Let D be a domain in Euclidean space E™ containing the origin 0. Let K C D
be a subset of_a closure of this domain and K is a radian e-net. Suppose that the multivalued
mapping F' : D — E™ has the restriction Fy(K) satisfying “the e-specified condition of an acute

angle”. If conv Fy(K) C F(D) then 0 € F(D).

Corollary 1. Let K C D be a subset of the domain D and K is a radian e-net. Suppose
that the multivalued mapping I : D — E™ has the restriction Fy(K) and conv Fi(K) C F(D).
If 0 & F(D) then there exists the pair of points x € K, y € F(x) such that ZxOy > § —¢.

Let G = Id — F be a multivalued mapping G : X — X such that the set G(z) = {x —yl|y €
F(z)} is the image of the point = € X.

Corollary 2. Let K C D be a subset of the domain D and K is a radian c-net. Suppose
that the multivalued mapping G = Id — F : D — E™has the restriction G1(K) satisfying “the
e-specified condition of an acute angle”. If conv G1(K) C G(D) then the mapping F has the
fized point x € F(x).
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[IPOEKTUBHAST KJTACCUOPUKALIMST KPUBBIX TPETHLEI'O
TTOPAOKA HA TIPOEKTUBHOU IIJIOCKOCTU

H. T. Kouosenko
OHAIIT, Ogecca, Ykpanna
konovenko@ukr.net

Mpb1 paccmaTpuBaeM KJIacCHMUKAIIMIO KPUBBIX TPETHEro MOPA/IKa Ha MPOEKTUBHOI IIIOCKO-
CTH OTHOCHTEJIHHO TPYIIIBI MPOEKTUBHBIX mpeobpaszosamnuii SL; (C). D1o knaccuveckas 3a1a49a,
Bocxoasmasn K M. Hetorony (cm. [4]), roe obcyzxpaercs moaxon K 9T0i 3amade ¢ anrebpande-
CKOH TOYKH 3peHns. 37eCh MBI IIPeiaraeM aJbTePHATHBHBIN 1T0/X01, OCHOBAHHBIN Ha 1udde-
PEHIUAIBLHON| TeOMEeTPUN U NMPOEKTUBHBIX juddepennuanbabix nuBapuanTax. /lisg kpusoit L
Ha npoekTuBHO# mrockoctn CP? o6oznauum wepes Q7(L) ee MPOEKTHBHYIO KPHBH3HY, a 4epe3
Qs = V(Q7) - ee mpoussomuyio rymu ( [1] - [3]). IIpoekTuBnas Kpusnsna kpusoii QQ7(L) aBisi-
eTcsT MPOCKTUBHBIM MHBAPHAHTOM mopsizika 7, a ee Llltyan npoussoanas Qs(L) - naBapnanTom
8-ro MopsiaKa.

Js anrebpamdecknx KpuBbiX nHBApHAHTH Q7(L) u (QQs(L) ABIAIOTCS DalMOHAILHBIMI
dbyHKIEaME Ha KpHBOH L W HO3TOMY CYIIECTBYeT ajreOpandecKoe COOTHOIIEHWe MeXKJIy HH-

MH:

H(Q7 (L), Qs (L)) = 0. (1)
DTO COOTHOIICHUE 3a7aET AAreOpandecKyio KPUBYIO Ha ILUIOCKOCTH, KOTOPYIO MBI HA3BIBAEM
onpedeasrouied.

B paGore ( [3]) mokazamo, uro aBe HempuBOAUMEBIE anrebpanvecKue MIOCKHe KPUBBIE, KOTO-
pble He SBJIAIOTCS NPAMBIME JIHHASMH HIH KBAJAPHKAMH, IPOEKTHBHO SKBHBAIEHTHBI TOLAA I
TOJIBKO TOI/IA, KOT/IA X OIpe/Ie/IA0IIIe KPUBble COBIAIAIOT. Takke MOKa3aHO, 9TO KyOHIecKne
KPHBBIE SBJISIIOTCS PEIIEHUSIME CJIELYIONIEro ypaBHeHHsT 9-TO MOPsIKa:

11 216

VHQ0)Qr — (V@) Q@) ~ Q- Q=0 )

Paccmarpusas aro ypaBHenue, kKak jiuddepeHnuaibHoe ypaBHEHUE BTOPOIO HOP/Ka OTHO-
cureibHo mpou3Boanoit 1Ty n u uaTerpUpys €ro, TpUXoAUM K CJAEIYIONEMY YPABHEHUIO 8-I0
OPSIKA,

F3+nGQ3 =0, (3)
rjae
343, 2401 )
147456 Q'+ 5317760 ¢ * (199065600 192 @7 ) @sF
16807 , 343 , 343
* ( 25920 Qr' + 26873856000) Qs+ (Q7 1036800) <Q7 9331200)
n

G = 117649 — 6401203200 Q7> + 18151560 Qs + 583443000 Qs? 4+ 87071293440000 Q,°—
—493807104000 Q72Qg + 3174474240000 Q-3Qs> + 7001316000 Qs> + 28934010000 Qs*,

a 1) - KOHCTAHTa HHTerpupoBaHusd. IIpn 9ToM rpymmna nmpoeKTHBHBIX Npeodpa3oBaHuii geficTByeT
TPAH3UTUBHO Ha MPOCTPAHCTBe pellleHuil ypaBHeHus (3) npu (HUKCHPOBAHHOM 7).
CrpaBeiuBa CJaeayonast

Teopema 1. /[se nenpusodumvie Kybuueckue Kpusve npoexmusHo IK6USAAEHMHDL To20a
U MOALKO M020a, K0206 KOHCMAHMbBL 1) OAA HUL COBNGAAIOM.

82



[1] G. H. Halphen. Sur les invariants différentiels, Paris: Gauthier-Villars, (1878).
[2] F. Klein, W. Blaschke. Vorlesungen iiber hohere Geometrie, Berlin, J. Springer, (1926).
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KJTACU®IKAIISA TA PO3B’A3AHHSA O®VHKUIMHNUX PIBHAHb HA
ABOMICHMX OBOPOTHUX OYHKIIAX

P. Kosans!, ®. Coxanpkmnii?, I'. Kpaitgiayk?

! Hamionamnauit mequmannii yaisepenter im. M.IImporosa
23 JlomenpKnil HamionanbpHuit yriBepenteT iM. B.Cryca

rayisa_ koval@mail.ru, fmsokha@ukr.net, kraynichuk@ukr.net

O06’eKTOM JIOC/TI/IZKEHDb € 3arajbHi KBaIpaTU4Hi (PYHKIIHI PIBHAHHSA, AKi PO3TJIA/IAI0THCS
Ha,JI MHOKHUHOIO JBOMICHUX 060poTHUX GYHKIIH (GiIHAPHUX KBA3IrPYHOBUX ONMEpAaIliii) JOBLILHOT
MHOKHUHH, K CKIHYeHHOI Tak 1 HecKindeHnnoi. TyT posriasaaiorhes auine dyHKIIHH] piBHAHHS
(3arasbre o3navenus quB. 1. Anesb [1]), KoxKHe 3 IKUX € PIBHICTIO IBOX TEPMIB APYToro mopsii-
Ky, 1[0 MiCTATD JILIIE MpeMeTH] Ta PYHKIIHHI 3MiHHI, TPUIOMY BCi npeIMeTHI 3MiHHI 3B’ g3aHi
KBaHTOPOM 3arajibHocTi. OyHKINHI PIBHAHHS, 110 BUBYAIOTHCS, MAIOTh 33JJ0BOJTBHATH TaKUM
I'ATH YMOBAM:

1) dbyukiiini 3MiaHi HomapHo pi3Hi (Taki piBHSIHHS HA3UBAIOTH 3araJbHUMHA);

2) He MatoTh Hi QYHKIIHUX, HI IPEJIMETHUX CTAJIUX;

3) KoxkHa YHKIiHA 3MIHHA € TBOMICHOIO (Taki DiBHSIHHS HA3UBAIOTH OGIHADHUMH)

4) koxkHa dyHKIiiiHa 3MiHHa HaOyBa€e 3HAUEHb B MHOXKIHI 000pOTHHX dDYHKIIIA (Taki piBHSIHHS
HA3UBAIOTH KBA3IPYIIOBAUMH);

5) KOXKHA MpeJMeTHA 3MiHHA Ma€ TOYHO JIBi MOsiBH (TaKi PIBHSIHHSI HASUBAIOTH KBAJIPATUIHHU-
mi). MHOKUHY 3arajbHIX KBaJPATHYHUX KBa3irpynoBux dyHKIIHHUX DIBHSHD BiJ 90TUPHOX
[pEeJIMETHUX 3MIHHMX Ha MHOXKHMHI JBOMICHUX (DyHKIIIH nMo3HaYuMO Yepe3 Fy.

Harasaemo, 1o gBomicua dyrkiiist (6iHapHa omepailis) Ha3UBACTHCsT 0O0POTHOIO (KBA3IIPY-
[OBOI0), SIKIIIO BOHA OGOPOTHA MO KOXKHIN CBOIH 3MiHHIN, ToOTO icHye JiBa obepHeHa i mpaBa
obepuena dyukIil. g Bcix KBa3irpynoBux (pyHKIIHHUX 3MIHHUX F BHKOHYIOThCS TaKi PiBHO-
CTi:

‘F(F(z;y)y) ==, F(F(zy)y) =, "F(z;F(x;y) =y, Flz;"F(zy)=y. (1)

Ob6oporHicTb GDYHKII 103B0JsI€ BBeCTH Ha (DYHKIIHHUX PIBHAHHSIX BIIHONIEHHS eKBiBAJIEHTHO-
CTi, 3riJIHO IKOMY JIEI'KO HPOCJIJIKOBYETHCS 3aJIeZKHICTDh MizK MHOKHUHAMU PO3B’A3KiB PIBHIHD,
O BiIPI3HAIOTHCSA TEPBUHHUMU MEPETBOPEHHIMHU.

Osuauvennsa 1. Bamina y piBusiHHI w = v nigrepma F'(t1;ts) Ha uigrepm °F(ty;11) Ha3uBa-
ETBCST KOMYMYBUHHAM.

Bamina y pisnsHHi W = v miaTepma F(x;t) Ha T Ta 3aMina iHTI0T NosTBY 3MiEHOT 1 Ha CF (73 1)
HA3UBAETHCA SHYMPIUHIM MLACHHAM YePe3 3MIHHY .

Bamina piBusHna F(wi;wy) = v Ha pibuanng ‘F(v;wy) = w) HA3UBAECTBCA 306HiwMiM dine-
HHAM.

KomyryBanug, BHYTpIIIHE JiIeHHS Yepe3 JOBLILHY NPEJIMETHY 3MIHHY, 30BHIIIHE JIIJICHHSI
Ta X KOMIO3UIT HA3UBAEMO NEPEUHHUMY NEPEMBEOPEHHAMU.

[lepBunHi nepeTBOpeHHs, NepeiiMeHyBaHHs TPeIMEeTHUX 1 (DYHKIIHHUX 3MIHHUX Ta 3aMiHa
CTOPIH PIBHAHHS MICIIMHU YTBOPIOIOTH Irpymy [, mpudomy Jjisd OyJIb-9KOTO o € I BUKOHYETHCS
OéK4 = K4.

Posrngmaemo gito rpynu [ na muoxuni K. 1lin xkiacudikamiero muoxkuau Ky 6ymaemo po-
3yMITH ONUCAaHHs BCixX opOiT il rpynu I Ha MHOXKHHI Ky.
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OTpuMaHo Taki pe3yJIbTaTu:
1) 3Haii/IleHO HU3KY IHBAPIAHTIB MEPBUHHUX MEPETBOPEHb;
2) nano moBHy Kiacudikaiito MEHOKUHE [y, a caMe 3arajbHUX KBaJPATHIHUX OIHADHUX KBa-
3irpynoBux (hYHKIIHHAX PIBHAHB Biji YOTHPHOX MPEAMETHUX 3MIHHHUX, 30KPEMa, JIOBEJICHO, IO
K, posbuBaerhest Ha 17 kiaciB (op6iT);
3) PO3B’sI3aHO MO OJHOMY MPeICTABHUKOBI 3 KOKHOI OPOITH.

OTpuMaHi pe3y/IbTaTH € PO3MIUPEHHAM 1 YIOCKOHAJEHHAM JTOCJII2KeHHS, TPOBEICHOIO pa-
nime mepmm aBropom |2].

[1] Aczel J., Lectures on Functional Equations and their applications, New York: Acad. press,
1966, 510.

[2] Koval’ R.F. Kaacugirauis xeadpamuunur GyHKUITHUT PI6HAHD MAAOE Q08HCUNY HA KEaA3T-
epynax, Haykosuit vaconuc HITY im. M.J/Iparomamnosa, ¢dizuko-marematnani Hayku, 2004,
Neb5, 111-127.
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ON QUASIGROUP VARIETIES OF PARASTROPHIC ASSOCIATIVITY

H. Krainichuk
Donetsk National University
kraynichuk@ukr.net

A groupoid (Q;-) is called a quasigroup, if for all a, b € @) every of the equations = -a = b

and a -y = b has a unique solution. A o-parastrophe (Q;-) of (Q;-) is defined by

o
Tl * Tog = T3g <> T1*To = T3, 0'653.

A o-parastrophe of a class of quasigroups 2 is called a class %A, which consists of all o-
parastrophes of quasigroups from 2 [1]. A set of all pairwise parastrophic classes is called a
truss. A truss of varieties is uniquely defined by an identity which describes one of varieties
from the given truss.

A groupoid (Q; -) is called an isotope of a groupoid (Q;+) iff there exists a triple of bijections
(a, 5,7), which is called an isotopism, such that the relation v(z - y) = ax + By holds. An
isotope of a group is called a group isotope.

Let (@;-) be a group isotope and 0 be an arbitrary element of (), then the right part of the
formula

r-y=ar+a+ Py

is called a 0-canonical decomposition [2], if (Q;+) is a group, 0 is its neutral element and
a0 = 50 = 0. In this case, we say: the element 0 defines the canonical decomposition; (Q;+) is
its decomposition group; o, [ are its coefficients and a is its free member.

An arbitrary element of a group isotope uniquely defines a canonical decomposition of the
isotope [2]. Using this result the following theorem has been proved.

Theorem. Quasigroup identities of parastrophic associativity

z), 01,092,03,04 € S3

define ten trusses consisting of 25 quasigroup varieties, every of these trusses is defined by one
of the following identities:

1l lzy-z2=2-yz Variety of all groups

2 lay-z=x-2y Variety of all commutative groups

3 |lay-z=z2y-x Ty =ar+a+a®y, (Q;+) is a commutative group,
« is an automorphism

4 |xz(yx-2z)=z2y |z -y=axr+a—y, (Q;+)is a commutative group,

« is an automorphism, o? = —¢,

5 lay-z=xz-y |x-y=2x+ Py, (Q;+)is a commutative group,

[ is a permutation

6 |z -ylx-yz)=2z2|z -y=axr+ Py, (Q;+) is a commutative group,

« is a permutation,

B is an automorphism, 3% = —,

7T | xy-yz=1x2 Variety of all Boolean groups

8 | (z-y2)z=yx |z -y=axr+a+a?y, (Q;+) is a Boolean group,
« is an automorphism, o® = —¢, aa = a,
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9 | z(yz-220) =y |x-y=azr+a+a’y, (Q;+) is a Boolean group,
a is an automorphism, o’ = —¢, a?a = —a,

a+ ola+a’a+aba =0,

10| (zy-2)y=2z |x-y=x+ Py, (Q;+)is a Boolean group,

[ is a permutation

In this table: in the second column, an identity defining a truss of varieties is written; in
the third column, canonical decompositions of quasigroups from the corresponding variety are
given.

[1] F.M. Sokhatsky, Symmetry in quasigroup and loop theory. 3rd Mile High Conference on
Nonassociative Mathematics, Denver, Colorado, USA, August 11-17, 2013;
http://web.cs.du.edu/~ petr/milehigh/2013/Sokhatsky.pdf.

[2] F.M. Sokhatsky On group isotopes II. Ukrainian Mathematical Journal, 47(12) (1995),
1935 — 1948.
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[IPO EKBIBAJIEHTHICTD PI3BHUX O3HAYEHDb
G-MOHOTEHHUX BIJOBPAYKEHDB

T. C. Ky3bmeHKO
Iacruryr maremarukn HAH Vkpainu, Kuis, Ykpaina
kuzmenko.ts15@gmail.com

Hexaii H(C) — anre6pa xBarepHionis Ha moseM Komiiekcaux uncesa C, 6asuc skoi ckia-
JlaeTbed 3 ojunuill ajaredpu 1 i esementi [, J, K, jijigd g9KuX BUKOHYIOTHCS HACTYIIHI HPAaBUIIA
MHOZKEHHSI:

P=J=K2=-1, [J=-JI=K, JK=-KJ=I KI=-IK=1.

B anre6pi H(C) icuye inmmit 6asuc {eq, es, €3, €4}, Tabiuiist MHOKEHHSI €JIEMEHTIB SIKOTO Ma€
BULJISA]
| e | es|es|ed]
€1 €1 0 €3 0
ea |l 0 ley| O ]eql,
€3 0 €3 0 €1
() €4 0 €9 0

a opunuig anrebpu H(C) B mpoMy 6asuci € cymoro igemmnorenTis: 1 = e; + es.
Beenemo B posrias giniitai dysknionamn f; @ H(C) — C ta f; : H(C) — C, Busnaueni
PIBHOCTSIMU

filer) = fi(es) =1, fi(e2) = fi(es) =0,
fale2) = faled) =1, fa(er) = fa(es) = 0.
Hexaii
11 = e + ey, 1y = aieq + ages, i3 = bier + baey

upu ag, by € C, k = 1,2 — rpiiika JiHI/HHO He3a/1€2KHIX BEKTOPIB HAJL 1moJeM JiiicHux ducen R.
Buginumo B anre6pi H(C) niniitay o6osonky Fs := {( = wiy + yis + zi3 : x,y,z € R} Han
mojeM JificHux duces R, TOpomIKeHy BEKTOPaAMHU i1, io, 13. OUYeBUIHO, IO

&= [0 =2+ ay+ bz, o = f2(C) = o + azy + baz.

Bigmitumo, mo rouku (x,vy,2) € R, axi BianosigaoTs HeobopoTHuM ejleMentaM ( = xi; +
yis + ziz € H(C), yrBOpIOIOTH TIpstmi

L' r+yRea; +2Re by =0, ylm ay + 2Im b; =0,

L?*: z+4+yReay+2Re by, =0, yIm as + 2Im by =0
B TpEBHMipHOMY mpocTopi R3.

Muoxkuni S TpuBEMIpHOTO MpocTOpy R? TOCTABUMO ¥ BiAIOBIAHICTL MHOKHHY Se={¢ =
xiy + yis + 2i3 : (x,y,2) € S} B E3. Hexait Q¢ — obaacts B Es.

Henepepsue sigo6paxenns ¢ : Q — H(C) (abo - Q¢ — H(C)) 6ynemo HasuBaTu npaso-
G-moHozenHum (a60 /Liso—G—MonoeeHHum) B obusacti () C Ej, akmo ® (a60 </I\>) nudepeHiIi-
ffoue 3a 'aro y KoxxHiil Touni niei obsacti, T0O6TO AKIIO 118 KOXKHOTO ( € ()¢ icHye ejeMeHT
'(¢) (abo CTD’(C)) anre6opu H(C) Taxwuii, Mo BUKOHYETbCS PiBHICTB

o B(CHER) — Q)

e—0+0 £

— hd'(C) Vhe B
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<a60 lim (¢ +eh) = 2(C) S

e—0+0 g

Henepepsue sinobpaxkenus ® : Q — H(C) Burnsy

NE

D) =) Uiz, y,2)ex, z,9,2€R (1)

k=1
Oyaemo HasuBaTH H -mornozenrum B odacti () C Ey, akmo ® qudepenniitosne 3a Xaycaopdom

B KOXKHIN Touri ¢ € {2, TOOTO SKIIO KOMIOHEHTH BigoOpazkeHHs (1) MAarOTh YacTHHHI HOXiH
MEePITOro MOPSAKY 3a 3MIHHUMHU X, Y, 2, 1 (popMaabHnil TudepeHItian BiaoopakeHHs

4
L 6Uk 8Uk aUk
dd = ,;_1 ( pe dz + 3y dy + 5, dz) ek

€ JIiHITHENM OTHOPiTHUM TosTiHOMOM audepentiana d( = dx + iody + i3dz, TOOTO

16
d® =) " A.d( B,
s=1

ge A, By — pneski H(C) — 3nauni dynkui.
16

[Tpu npomy snavenus O, (¢) := > AB nazusaerncs noxidnoto Xaycdoppa H-monOreHHOrO
s=1
Binmobpazkennst ¢(¢) B Touni (.

H-monorenne Bigobpazkenus: ¢, nudepenrian gaxkoro nopaerbest y purisai dd = d¢ ¢, (()
Oy1eMO HA3UBATH npaso-H-monozenrum, a H-MOHOreHHe BioOpasKeHHSs (/I\D, nudepeHIiall SKoro
nogaerses y Burisaai d® = &, (¢)d¢ — aiso-H-monozernnum B obracti Q.

B poborax [1-4| moseneno pizni kpurepii G-monorenHocti Bigobpazxens. Hacrynne TBepizke-
HHSI € TEOPEMOIO PO eKBIBAJEHTHICTDh PI3HUX O3Ha4YeHb (G-MOHOTEHHUX Bi0OpazkeHb B aaredpi

H(C).

Teopema. Bidobpasicenna ® : Q¢ — H(C) (abo o Q¢ — H(C)) e npaso-G-monoeennum
(a,60 /Lieo—G-MonoeeHHum) 6 obaacmi e C E3 modi i miavku modi, KoAu 6UKOHYEMbLEA 00HA
3 HACYNHUL YMOG:

L. komnonewmu Uy, : Q — C posxaady (1) e R-dudepenyitiosnumu dynruismu 6 obaacmi
I BUKOHYIOMBCA aHar02U Ymos Kowi — Pimana:

oe 00 oe 00

ETRS E T
L B0 o _0b,
WOy Terr 92 0z ®

6 Kootcnilh movys obaacmi S¢;
II. xomnonenmu Uy : Q — C poskaady (1) € R-dudepenyitiosnumu dyrkuiamu 6 obaacmsi
Q i sidobpascerna (a50 (f)) — npaso-H -morozenme (a50 ,/Lieo-H-MOHoeeHHe) 6 obaacmi (¢.
Sxwo fi(Es) = fa(E3) = C (de fr(E3) — obpas npocmopy Es npu eidobpasicerni fr, k =
1, 2), mo sidobpasicenns ® b6yde npaso-G-morozerite (a60 d— /Liso-G-MOHoeeHHe) modi i mine-
KU modi, KOAU BUKOHYEMBCA 00HA 3 HACTMYNHUL YMOS:
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III. das woorcnoi mowku Co € e snatidemvea okia, 6 Axomy eidobpasicerna (a60 CID)
poskaadaemubesa 6 cmenenesut] pad

o0

@(C) = Z(C - CO)npm Pn € H((C)

n=0
n=0
IV. sidobpascerna ® (a60 &3) HENEPEPBHE 1 BUKOHYEMDBCA PIGHICTID

JEZ R

A¢

<a60 / (C)d¢ = 0)

A¢

O KOHCHO20 MPUKYMHUKG [N\, 3AMUKAHHA AKO20 ZC micmumoca 6 (.

Sxwo f1(E3) = fo(E3) = C i, xpim mozo, obaacms Q C R? onyxaa 6 nanpamxy npamuz L,
L?, mo sidobpasicenms ® (a60 ZI\D) byde npaso-G-monozennum (a60 > — meo—G—MOHoeeHHUM)
modi i miavKy modi, Koau

V. icnyroms eduni ananrimunni 6 obaacmi Dy == f1(Q¢) = {& = v +a1y+bi12 : (2,y,2) € Q}
Ppyrruii Fy, F3 (a60 F\l, ﬁl) i eduni anasimuuni 6 obaacmi Dy = fo(Q) = {& = v+ asy+byz :
(x,y,2) € Q} Pynruii Fy, Fy (a60 B, ]33) maxki, wo 6 obaacmi S eidobpasicerna (a60 EI\J)
nodaemuoca iy 6u2AA0i

O(Q) = Fi(&)er + Fo(&a)ea + Fs(&)es + Fu(&2)ea

~

(050 B(C) = Fi(&1)er + Fa(a)es + Fy(&)es + 134(51)64) -

|1| B. C. HInaxiscorut, T. C. Kysvmenko. Ilpo oaun kiaac kBarepHIOHHHX BijoOpazkenb //
Yikp. mar. Kypa. — 2016. — 68, Ne 1. — C. 117 — 130.

[2] V. S. Shpakivskyi, T. S. Kuzmenko. Integral theorems for the quaternionic G-monogenic
mappings // An. $t. Univ. Ovidius Constanta. — 2016. — 24, No. 2. — P. 271 — 281.

[3] T. C. Kysvmerxo. Crenenesi psau Ta psijau JlopaHa B anreOpi KOMILIEKCHUX KBATEPHIOHIB
// 36. mpaup In-ry maremarnku HAH Ykpaiau. — 2015. — 12, Ne 3. — C. 164 — 174.

[4] B. C. Illnaxoscxud, T. C. Kysvmerro. O MOHOTEHHBIX OTOOpasKeHUsI KBATEPHHOHHOI ITe-
pemennoii // mogano 10 Ykp. Mar. Bicuuka (http://arxiv.org/pdf/1605.08869v1.pdf).
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[TPO ONNC P-BU3HAYAJBHUX MTOJIHOMIB J1JIs1 JOJATHUX

KBAIPATUYHUX ®OPM TITCA YACTKOBO BITOPAJKOBAHUX
MHO>KIVH

B. A. JlicukeBuy4
Kuiscbkuit nanionaabuuii yuisepcuter imeni Tapaca ITleBuenka
vikadrug@ukr.net

Mu nocuikyemo pebepHo-10Ka bHI edopMaliii KBaApaTuIHuX (hpopM Ha/[ TOJIeM JTificHIX
gucen (BBegennx B. M. Bormapenkom y po6oti [1]) y Bumaaky, KOJn BOHH € KBaIpaTHIHUMH
dopmamu TiTca cKiHYEHHHX YACTKOBO BIOPSIKOBAHUX MHOXKHH. Haramaemo neski o3HadYeHHsI
pobotu [1].

Hexaii

f(z) = f(z1,.. 20 Zfzz +wazzzj (1)

1<J

— kBaJparudHa dopma Hazd moaeM mgificaux auces R. [T pebepro-sokarvroto dedopmaniero vHa-
3UBAETHCS KBaJpaTHIHA (POpMa BUIJIAILY

f(P‘Z) (2,t) Zfzz + tfpg2p2q + Z fijzizj, (2)

(,9)#(p,q)

e piq(p<gq)raki, mo f,, # 0, a t — mapamerp, mo npobirae noie R.

Ksaaparuuna dopma (2) HA3UBAETHCS TAKOXK A0KAADHOI0 dediopmauiero kKeadpamuyurol gop-
mu (1) sidnocro z,z,.

Yucno a € R nasuBaersesa P-zpanusnum wucaom keadpamuunoi gopmu f(z) daa z,z, abo
(p, q)-um P-epanusnum wucaom xeadpamuunoil gopmu f(z), akmo f(z,a) oe € 0IaTHOIO KBa-
JIPATHIHOIO (bOPMOIO 1 B KOXKHOMY OKOJIL UHCIA @ iCHYe 9mcyio ¢ Take, mo f(z,a) € T0JAaTHOIO
KBa/IpaTUIHOIO (DOPMOIO.

Y BunaJxy, Koau Kpaaparuana popma f(z) mogarTHa, icHye piBHO 1Ba (p, ¢)-ux P-rpaHuIHAX
qucia i Ko iX Ho3HauuTh by 1 by, TO moJsiHOM

AFO(t) = (t = by)(t — bo)

HA3UBAETHCA P-6usnauasvium noainomom xeadpamuunoi gopmu f(z) daa z,z, abo P-eusna-
wasvrum (p, q)-noairnomom keadpamuynoi gopmu f(z).

Hexait S — cKiHdeHHa 9acTKOBO BIOpAAKOoBaHa MHOHHA (6e3 exementa 0). i kBagpaTu-
4010 (popmoio TiTca HA3UBAETHCHA MIJIOYUCIOBA KBaJIparudna (hopMma, sdKa 3aJa€ThCsd HACTY-

ITHOIO PIBHICTIO:
2 2
qs(z) = z5 + g Z 4 E 2i%Zj — 2% E 2.
i€s i<ji,jes i€S

YacTKOBO BIOPSIKOBAHUX MHOXKHHA S 3 JI0AAaTHOIO KBaJiparudHoio ¢dopmoro Tirca Ha3uba-
€ThCsT CePItHOI0, KO st Oyab-sskoro N > |S| icHye 9acTKOBO BIODPsIAKOBaHA MHOKHHA 1)y
nopsiaky N 3 momarnow dgopmoro Tirca, sika mictuTh B 061 MHOXKHUHY S, 1 HeCepiiiHOIO B iH-
momy pasi). Y pobori [2| onncano Bei cepiiini Ta HecepiiiHi YaACTKOBO BHOPSIIKOBAHI MHOXKIHH.
3 TounicTio /10 i30oMopdizmy Ta aHTHIZOMOPGhI3MY, dnc/I0 HecepiftHux MHOXKUH jJopiBHIOE 108
(09eBUIHO, MO CePIHHUX MHOXKUH HECKIHUEHHO Gararo).
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OcHOBHUM pe3yJIbTaTOM POOOTH € OINC BCIX P-BU3HAYAILHUX HOIIHOMIB Ag”Q), p,qES (p<
q), kBagparudaroi dbopmu Titca Q) = gs(z) a1 1OBIABHOI HECEpiiiHOT YACTKOBO BIOPSIIKOBAHOT
MHOXKHHH S.

Ax onumH i3 HACTIIKIB OCHOBHOTO pPe3yIbTaTy HMPUBEIEMO ONHC P-BU3HAYAILHUX MOJIHOMIB
Ag’q), p,q € S (p < q), i UPUMITUBHUX HECEPIHUX 4aCTKOBO BIODSJIKOBAHUX MHOXKHH. 3
TOYHICTIO 710 i30MOp(]i3My icHye 3 TaKi MHOXKUHH, & caMe

1) Sy ={1,2,3,4,5|2 < 3,4 < 5}:

2) Sy ={1,2,3,4,5,6(2 < 3,4 <5 =<6}

.

3) Sy ={1,2,3,4,5,6,7]|2<3,485<6<T7}

.

Ksanparuany dopmy Tirca gg(z) 9acTKOBO BIODSAIKOBAHOT MHOKHUHE S = S;, JJisl IPOCTO-
™, ¢; = q¢(2>7 1=1,2,3.

Teopema 1. P-sustauasvhi nosinomu keadpamuyroi gopmu Timea wacmroso enopadko-
sanoi mmootcuru S = S1,S2, 55 (0as 2pz,, Akl 6idnosidatoms p,q € S, p < q) € HACMYNHUMU;

) AGY() =2 = 2t+ 4, ALY = — Rt + 4
2) ARV =82 —St+4,  ARV(t) =~ 3t + 1 npup,q € {4,5,6};

3) ARY() = —2t+ 2, ARV = =5t +§ npup,q € {4,5,6,7}.

Pobora Bukonana paszom 3 nupod. B. M. Bonjapenkom.

[1] V. M. Bondarenko, On types of local deformations of quadratic forms, Algebra Discrete
Math. 18 (2014), no. 2, 163-170.

[2] B. M. Borgapenko, M. B. Crenoukuna, (Min, max)-2k6u6aiemnocms 4acmusHo Yynopi-
doueHHBLx MHodcecms u keadpamuunan popma Tumca, TIpobaemu anamizy i aarebpm: 30.
npais -1y Maremarukn HAH VYkpainu, 2 (2005), no 3, 18-58.
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INFINITE DOUBLE STOCHASTIC MATRICES AND
Q;O-REPRESENTATION OF REAL NUMBERS GENERATED BY
THEM
V. Markitan
Institute of Mathematics NAS of Ukraine
v.p.markitan@npu. edu.ua

Definition 1. An infinite double stochastic matrix is a matrix ||g;|| having nonnegative
elements and such that the sum of elements in each row and each column is equal 1, i.e. both
the conditions hold:

1. qir = 0;
2. Y gk =1=>" g
k=1 =1

Obviously, the permutation of any two rows or columns of double stochastic matrix gives
a double stochastic matrix as well. The following statement implies that there is uncountably
many double stochastic symmeric matrices with all positive coefficients, and presents a ceratin
method of constructing them.

Lemma 1. If (a,) is any sequence of non-negative integers such that
a1 +a+---+a,+---=1;

Sp=a1+ay+---+a, (neN),

then the matriz ||qx|| with elements

— if 1# ks
g agi—1 + Si—1, if i=k;

1s infinite double stochastic symmetric matrix.

Among the infinite double stochastic symmetric matrices we distinguish a one-parametric
family constructed as in Lemma 1 via geometric progressions {bq'}2,, ¢ € (0,1).

Lemma 2. Let ||qix|| be a matriz for which following conditions hold:
1. go1 = b€ (0;1);
2.b+q=1;
3. g, =bg"* "t foralli #k —1, k€ N;
4. i =bP* YV 41 —g* ' foralli=k—1,k € N.
Then ||qix]| is an infinite double stochastic symmetric matriz.

Due to [1] for each = € [0,1) there exists a unique sequence of nonnegative integers (a,):

00 k—1
T = Baj1 + Z Bakk Hq%‘j = AQ;O (1)
k=2 j=1
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where
i—1

Bok = 0,8 =Y _qjr, i€ N,keN.

=0

Formula (1) is called the Q% -representation of = € [0, 1) generated by the matrix ||g;x||. If
the matrix ||g;x|| satisfies conditions of Lemma 2 then in the expansion of = into the series (1)
we have that

BOk = 07

Bak = ¢" 1 (1 —¢™) forall a,<keN, (2)
Lok =1 — qakJrk_1 for all ap > k € N;

ok = bg 7D for all oy #k — 1,k €N,
Japk = bq2ak +1—q* forall ap=k—1,keN.

It is worthwhile to say that if in (2) oy # k — 1 for all £ € N, then

00 k=l k—1)(k—2)
1 = a;+t
r=1—q" 4> Bau(l—q)f g5 o
k=2

where [,k are defined by the formulas (2).
Topological and metric properties of real number sets with restriction on using symbols in
the Q% -representation are investigated.

|1] Mpanposuruit M. B. @pakranbuuil maxig y mA0CHiKeHHSIX CHHTYJISIPHUX PO3MOIIIIB. —
Kuis: Bug-so HITY imeni M. I1. /Iparomanosa, 1998. — 296 c.

[2] TIpanposuruii M.B. Teomerpist mificHuX dnces y iX KOAYBAHHIX 3ac00aMH HECKIHYEHHOTO
asiaBiTy 9K OCHOBA TONMOJOTIYHUX, METPUYHUX, (DPAKTANbHUX 1 HMOBIpHICHHX Teopiii //
Haykoswuit waconuc HITY imeni M.II. JIparomanosa. Cepis 1. @izuko-mareMaTnani HayKH.
— 2013. — Ne 14— C. 189-216.
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TOIIOJIOTTYHA EKBIBAJIEHTHICTE ®VHKIIN BIJHOCHO
YCEPEJIHEHDb 3 PISBHUMMIM MIPAMU

O. MapyHnkeBu4
Tacruryr maremarukn HAH Vkpainn
oxanamarunkevysh@rambler.ru

Hexaii p— fimosipricaa mipa Ha Biapisky [—1, 1], To6T0 HeBix'eMHa o-aauTHBHA Mipa, BH-
3HaUeHa Ha OGopesiBebKiit anrebpi MmuoxkuH Bigpiska [—1, 1], 1 taka, mo p[—1,1] = 1. Toxi mias
KOKHOI HenepepsHOl dyHKIil f : (a,b) — R Ta uncaa a > 0 takoro, mo 2o < b — a MOKHA
BU3HAYUTH HOBY BUMipHY yHKIIL f, : (a + a,b — a) — R 3a dopmymnoro:

folz) = /_1 f(z + ta)dpu. (0.1)

Hazusatumemo i1 a-ycepednennam GyHkii f BigHOCHO Mipn L.
Taxki ycepeauenns (pyHKII#l BiirpaloTh BaXK/JIUBY POJIb 9K B TEOPETHYHUX JIOC/IIIZKEHHAX
Tak i MPAKTUIHUX 33/1a9aX 00pOOKH CUIHAJIB i HA3WBAOThC JiHiliHuME ditbrpamu, [4], [5], [7]-
B [6] mociKyBasioch nUTaHHS 3a SAKUX YMOB f, Oy/Je TOMOJOTIYHO eKBIBAJEHTHUM 10 f
JUTsE BCIX J0cuTh Maanx . ['pybo kaxkydu, me o3Havae, mo rpadikn f, ta f «MamoTh OJHAKOBY

dopmy».

Oznauennsa 1. jus. nanp. |2|, [8] Haranaemo, mo asi wenepepsui dbyuxiii f : (a,b) — R
ta g : (¢,d) — R Ha3uBaoOTHCS TOMOJJOTIYHO €KBiBAJIEHTHUMM, SKINO iCHYIOTH 36epiratodi
opierrario romeomopdizvu h : (a,b) — (¢,d) Ta ¢ : R — R raki, mo ¢ o f = g o h, To6TO
300parkeHa HHXKYe JiarpaMa € KOMyTaTHBHOIO.

(a,b) —L> R

| &

(c,d) 24— R

Ozmauennsa 2. Hexait f : R — R — nemepepua dyHKIg i g — iiMOBipHiCHA Mipa Ha
[—1, 1]. Ckaxkemo, 110 f € TOHOJIOTIYHO CTIHKOIO Bi/[HOCHO ycepenHeHb 110 Mipi ji, SIKIIO iCHY€E
e > 0, Take mo ais Beix a € (0,¢) byukuii f Ta f, € TONOJOriYHO eKBIBAJTCHTHUMH.

B crarti |6] orpumano jocrarhi ymoBu Tonosioridnoi crifikocti HenepepsHux yHkuiit 3i
CKIHYEHHUM YUCJIOM JIOKAJbHUX €KCTPEMYMIB Bi/IHOCHO ycepeaHeHb. 1lokazaHo, 1o 151 mpobiie-
Ma MOKe OyTH 3BejleHa 0 MePeBipKU JTOKATBLHOI TOMOJIOTTIHOT CTIHKOCTI ycepeHeHb f B OKo1ax
[UX JIOKAJBHUX eKcTpeMyMiB. B ctarti [6] Takozk oTpuMaHO J0CTaTHI YMOBHU JJIsl TOMOJOTTYHOT
CTIMKOCTL ycepegHeHb DYHKINN BIIHOCHO JUCKPETHUX MIp 31 CKIHYEHHMMHU HOCIAMH.

Teopema 1. (nus. [6]) Hezxal p — dmosipnicra mipa na [—1,1] ¢ f : R — R nenepepsna

PYHKULA, WO MAE AUUE CKINYEHHY KIALKICNG AOKAALHULT eKCIPEMYMIE X1, ..., Ty. Ilpuny-
cmumo, wo anavenna f(z;), (i =1,...,n), nonapno piswni i eidpisuaromovca 6id lim  f(x) ma
Tr—>—00

lim f(z). Todi nacmynni ymosu exsicarenmmi:
T—+00

(a) dynruia f e monosoziuno cmitikoto 6idHOCHO Ycepednens no Mipi [i;
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(b) das koorcnozo i =1,...,n napocmox f: (R, z;) = R 6 mouyi x; € monoaozivno cmitixum
810H0CHO YcepedHenb no MipL [i.

B pobGoti [3| HaBegeHo mocTaTHI YMOBH JIJIsi TOMOJOTIYHOI CTIHKOCTI MApOCTKiB (DYHKITIH
BIJIHOCHO Mip 3 KYCKOBO HemepepBHUMHE (i 30KpeMa 3 JIOKATBHO HOCTIHHUMME) MILTHHOCTSIMHE, JUB
Teopemnu 2 Ta 3.

Teopema 2. Hezaii f, g : [—¢,¢] = R — d6i kycroso 1 -dudepenyitiosni dynruii i h = f—g.
IIpunycmumo, w0 BUKOHAHT MAKT YMOBU:

(a) f ma g empoeo cnadatomv na [—e, 0] i cmpozo spocmaromo wa [0, +-€];
(b) icrnye maxe C > 0, wo daa ecix x € [—a, a] 6ukonana wepisnicmo

fa(x) = Ca;

(¢) noxiona h' = g — f' — nenepepsna ¢ mowuyi 0 ¢ h'(0) = 0.
Toodi pynruia g 6 mouyi 0 € Monoao2iuno cmitikoro 8i0HOCHO ycepednens 3a MIPoto [i.

Teopema 3. Hexai g: [—€,¢] — R — xyckoso 1-dudepenuitiosna Pyrrxyia, wo 3a0060nn-
HAE MAKE YMOBU!

(a) g cmpozo cnadae na [—¢€,0] i ecmpozo spocmae na [0, +el;

(b) ichyromo cKinven: eparuyl 34166 Ma CNPaBa

L= 1 ! = 1l ’.
esomo I i 2301077
Lasa1=0,....,n+ 1 susHawumo wucia
i—1 n
Xi = Lpulto, t;] + Rulti tn] = LZ(tj-H —t;)pj + R Z (tjix1 — tj)p;-
=0 j=i—1
ITpunycmumo, wo daz kootcnozo i € {0,...,n} zoua 6 odne 3 wuces X; abo X;11 6iomirne 6id

wyas. Todi pynkuia g 6 mouwyi 0 € Monoso2iuno cmitikor 8i0HOCHO Ycepeorersd 30 MIPOIo L.

[1] A. Antoniouk, K. Keller, S. Maksymenko, Kolmogorov-Sinai entropy via separation properti-
es of order-generated o-algebras // Discrete Contin. Dyn. Syst. — 2014. — Vol. 34 no. 5. —
Pp. 1793-1809.

[2] B. 1. Apuonba, Heuucaenue smets u kombunamopuka wuces Bepruyaiu, Diaepa u Cnpur-
eepa epynn Koxemepa // YMH. — 1992, — T. 47:1(283). — C. 3-45.

[3] C.I. Makcumenko, O. B. Mapyukesuu, Tonoaoziuna cmidixicms nenepeperus @ymnkyil 6io-
HOCHO YCEPEOHEHD 30 MIPAMU 3 KYCKOBO NOCMITHUMY WisbHocmAMU.,— // 30IDHUK IpaIlh
Incturyry maremaruku Harmionanbuoi akagemii Hayk Ykpainu — Kuis, [H-T MaremaTuku

HAH Vkpainn, (2015), N6 (12), C. 146-163.
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[5]

[6]

17l

18]

C. A. Axmanos, 1O. E. [psakos, A. C. HYupkun, Bsedenue 6 cmamucmuieckyio paduohusury
u onmuxy. — MockBa. — Hayka. — 1981. — 640 c.

Kenneth R. Crounse, Methods for Image Processing and Pattern Formation in Cellular
Neural Networks: A Tutorial // Transactions on Circuits and Systems-1: fundamental
theory and application. — IEEE. — 1995. — Vol. 42, no. 10. — Pp. 583-601.

C. I. Makcumernko, O. B. Mapynuak, Tonosaoz2iuna cmabiavhicmo Gyrkuyit idnocHo ycepe-
dnenv // Ykp. mar. Kypa. — 2015.

P. Milanfar, A tour of modern image filtering: new insights and methods, both practical and
theoretical // Signal Processing Magazine. — IEEE. — 2013. — Vol. 30(1). — 106-128 p.

R. Thom, L’équivalence d’une fonction différentiable et d’un polynome // Topology. — 1965.
— T. 3, N2 (suppl). — C. 297-307.
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ON ULTRAMETRIC FRACTALS GENERATED BY CLOSED CONVEX
SETS OF MEASURES

N. Mazurenko
Vasyl Stefanyk Precarpatian National University
mnatali@Qukr.net

In [3], the authors defined the notion of invariant idempotent measure on a complete ultra-
metric space. These measures are idempotent counterparts of the probabilistic fractals [2].

The probability measure functor P acting on the category UMET ultrametric spaces and
nonexpanding maps was considered in [1]. Given on ultrametric space (X, d) the space P(X)

A

of probability measures with compact supports is endowed with the metric d:

A

d(p,v) =inf{e > 0| v(O:(x)) = p(O(z)), for every = € X}.

This metric turns out to be an ultrametric on P(X). As usual, a nonempty subset A € P(X)
is called convex if tu+ (1 —t)v € A for every p,v € A and t € [0,1]. We endow the set ccP(X)
of closed convex subsets of compact support on X with the Hausdorf metric.

The aim of the talk is to obtain counterparts for the construction ccP of ultrametric fractals
described in [3].

[1] J. I. den Hartog and E. P. de Vink, Building Metric Structures with the Meas-Functor,
Liber Amicorum Jaco de Bakker; F. de Boer, M. van der Heiden, P. Klint and J. Rutten
(eds.), CWI, Amsterdam, 2002, 93-108.

[2] J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30(1981), 713-747.

[3] N. Mazurenko, M. Zarichnyi, Idempotent ultrametric fractals, Visnyk of the Lviv Univ.
Series Mech. Math. 79(2014), 111-118.
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HILBERT SCHEME AND MULTIPLET MATTER CONTENT

T. V. Obikhod
Institute for Nuclear Research NAS of Ukraine, Kiev, Ukraine
obikhod@kinr.kiev.ua

As a generalization of the concept of an algebraic variety, the scheme consists of a topological
space X, the sheaf Oy of commutative rings on X together with covering (X;);c; of X such
that (X, Ox,ex) is isomorphic to the affine scheme Spec I'(X;, Ox) of the ring of sections Ox
over X; [1].

The study of schemes can be divided into two tasks: local and global. Local tasks are
usually associated with coherent sheaves or with complexes of sheaves. For example, the study
of the local structure of morphism from topoloogical space X to scheme S, X — S is important
because of sheaves of differential forms Q% /s~ The global part is usually connected with the
fact that it is possible to calculate the cohomology of coherent sheaves, which are associated
with homotopy invariants, Betti numbers, b, = dim H}, for real manifold and so on.

One type of new schemes is algebraic space, the quotient by the equivalence relation on
scheme, the special case of which is an orbifold X/Z,, a generalization of the concept of an
algebraic variety. Universal family of objects from the category of schemes S to the category
of sets X, F(S) = Hom(S, X), parameterized by the scheme, is called the Hilbert scheme [2,3].

Since the vector bundle on a smooth manifold is a locally trivial bundle of modules, and
there is a correspondence between a locally free sheaves and vector bundles, it is possible to
make the transition from sections of the scheme to the space of sections of vector bundles.
Spaces of differential forms as a spaces of sections of vector bundles over smooth manifolds,
belong to linear spaces of functional analysis, which is widely used in theoretical physics, in
particular, in the string theory.

In accordance with [4], Hodge numbers as an elements of the cohomology groups, h?? =
dim AP in Kahler geometry (Hp} = @yt q=nH?? known as Hodge decomposition), correspond to
multiplet sets of particles, and the Euler characteristic, which is defined by the Hodge numbers
X =2.(=1)", =3, (=1)P*hP? gives the number of generations of particles in high-energy

physics [5]

[1] Grothendieck, A. and Dieudonné, J. A., Eléments de géométrie algébrique. I, B.-Hblb.-N.
Y., 1971

[2] David Mumford, Lectures on Curves on an Algebraic Surface, Princeton University Press,
1966.

[3] David Mumford, John Fogarty and Frances Kirwan, Geometric Invariant Theory, Springer-
Verlag Berlin Heidelberg, 1994.

[4] W. V. D. Hodge, The Theory and Applications of Harmonic Integrals, CUP Archive, 1989.

[5] P. Candelas and A. Font Duality between the webs of heterotic and type II vacua, Nucl.
Phys. B 1998. Vol. 511. P. 295- 325.
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ON THE SHADOW PROBLEM FOR DOMAINS IN THE EUCLIDEAN
SPACES

T. Osipchuk
Institute of Mathematics of NAS of Ukraine
osipchuk@imath.kiev.ua

The problem on shadow, generalized on domains of space R", n < 3, is investigated. The
shadow problem means to find the minimal number of open or closed balls satisfying some
conditions and such that every line passing through the given point intersects at least one ball
of the collection. In our case the conditions for the balls are following. We consider a domain
in R? (R?) and its any fixed point as the given point. So, we expect the balls are mutually
non-overlapping, do not hold the given point and with centers on the boundary of the domain.

Lemma 1. Let two open or closed non-overlapping balls of R™, with centers on a sphere
S™=L and with radiuses less than the sphere radius, are given. Then, every ball, homothetic to
the smaller ball (homothetic to one of the balls, if they are equal), relative to the sphere center,
with coefficient of homothety ki would not intersect every ball, homothetic to the bigger one,
relative to the sphere center, with coefficient of homothety ko, if k1 > ko.

Lemma 2. There are four closed (opened) non-overlapping balls of R, with centers in
the vertexes of reqular triangular pyramid and with radiuses less than the radius of sphere
circumscribed about the pyramid such that generate the shadow in the sphere center.

In [2], there are considered sets similar to the convex ones which are defined as follows.

Definition 1. The set E C R™ is m-convex relative to the point x € R™\ E, if there exists
an m-dimensional plane L such that x € L and LN E = (.

Definition 2. The set £ C R" is m-convez if it is m-convex relative to every point x €
R™\ E.

It is easy to verify that both definitions satisfy the axiom of convexity: the intersection
of every subfamily of such sets also satisfies the definition. For every set £ C R", it can be
considered the minimal m-convex set containing E which is called m-hull of the set F.

Theorem 1. In order that every given point xy of a domain D C R? belong to 1-hull of
mutually non-overlapping closed (open) balls which do not hold the point xo and with centers
on the boundary of the domain D, it is sufficient to have two balls. (taken from [7]).

Proof. Let us consider the circumference S! with center at the point zy and with maximal
radius such that its interior is contained in domain D. Then, let us construct the collection of
two mutually non-overlapping closed (open) circles which do not hold the point 2y and with
centers on the circumference as it was done in [8]. Along with, let us situate the center of the
bigger circle at the point € D N S'. Now, we construct the circle that is homothetic to the
smaller one relative to the point xy and with center on 0D. Then, due to lemma 1, this ball
do not intersect the bigger one. The theorem is proved. O]

Theorem 2. In order that every given point xo of a domain D C R? belong to 1-hull of
mutually non-overlapping closed (open) balls which do not hold the point xo and with centers
on the boundary of the domain D, it is sufficient to have four balls. (taken from [7]).
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Proof. Let us consider sphere S? with center at the point zq and with maximal radius such
that its interior is contained in the domain D. Then, let us construct the collection of four
mutually non-overlapping closed (open) balls which do not hold the point zy and with centers
on the sphere as it was done in lemma 2. Along with, let us situate the center of the biggest
ball at the point # € 9D N S?. Now, we use the homothety to the rest three balls relative to
the point x( in such a way as the centers of homothetic balls to be on dD. Then, due to lemma
1 each of the balls would not intersect each other. The theorem is proved. O

There exists domain of R? with point that belongs to 1-hull of three mutually non-overlapping
closed (open) balls which do not hold the point and with centers on the boundary of the do-
main. A prolate ellipsoid with value of ratio between its major and minor axis more then 2v/2
is the example of such domain and the ellipsoid center is the point ( [5], [6]).

You can fined more information about shadow problem and its variations in [3] - [8].

[1] Yu.B. Zelinskii Multivalued Mappings in Analysis [in Russian|, Naukova Dumka, Kyiv,
1993, 264 pp.

[2] Yu.B. Zelinskii Convexity. Selected Chapters [in Russian|, Inst. of Math. ot the NASU,
Kyiv, 2012, 92, 280 pp.

B8]  Yu.B. Zelinskii, I.Yu. Vygovska, M.V. Stefanchuk Sets convex in the extended sens and
the problem of shadow [in Russian], arXiv preprint arXiv:1501.06747, 2015.

[4]  Yu.B. Zelinskii The problem of shadow for a family of sets // Zbirn. Prats Inst. Math.
NANU, 12, No. 4 (2015)

[b] M. Tkachuk, T. Osipchuk The shadow problem for ellipsoids // Zbirn. Prats Inst. Math.
NANU, 12, No. 4 (2015)

6] M. Tkachuk, T. Osipchuk On the shadow problem and its generalizations to ellipsoids,
arXiv preprint arXiv:1501.06747, 2015.

[7] T. Osipchuk On the shadow problem for domains in the Euclidean spaces, arXiv preprint
arXiv:1602.01300, 2016.

8] G. Khudaiberganov, On the Homogeneous Polynomially Convex Hull of a Union of Balls
[in Russian|, Manuscr.dep. 21.02.1982, No. 1772, 85 Dep., VINITI, Moscow, 1982.
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FINITE ONE-SIDED DISTRIBUTIVE STRUCTURES

I. Yu. Raievska, M. Yu. Raievska
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
raeirina@imath.kiev.ua, raemarina@imath.kiev.ua

Complicated symbolic computations are being used to solve problems from different areas
of mathematics, in particular, to study of finite one-sided distributive structures.

Based on well-known system of computer algebra GAP [1] and package SONATA [2] we
construct and investigate local nearrings of small order.

[1] The GAP Group, Aechen, St Andrews. GAP — Groups, Algoritms, and Programming,
Version 4.6.5, 2013. (http://www.gap.dcs.st-and.ac.uk/ gap)

[2] Aichinger E., Binder F., Ecker J., Mayr P., Nobauer C. SONATA — system of near-
rings and their applications, GAP package, Version 2.8; 2015. (http://www.algebra.uni-
linz.ac.at/Sonata/)
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ON THE BOUNDARY BEHAVIOR OF MAPPINGS IN THE CLASS
W' ON RIEMANN SURFACES
V. Ryazanov, S. Volkov
Institute of Applied Mathematics and Mechanics of National Academy of Sciences of Ukraine

vl.ryazanovl @gmail.com, sergey.v.volkov@mail.ru

In terms of dilatations, it is proved a series of criteria for continuous and homeomorphic
extension to the boundary of mappings with finite distortion between regular domains on the
Riemann surfaces

Theorem 1. (Our definitions and proofs see [1]) Let S and S* be Riemann surfaces, D and
D* be domains on S and S*, correspondingly, 0D C S and 0D* C S*, D be locally connected
on its boundary and 0D* be strongly accessible. Suppose that f : D — D* is a homeomorphism
of finite distortion with Ky € Li.. and

loc

0

dr
_— = D 1
O/HKfmpm o Tmed W

where

1l o) = [ Kplp) dsute) ®)

h(p,po)=r

Then the mapping f is extended by continuity to D and f(OD) = 0D*.

Corollary 1. In particular, the conclusion of Theorem holds if

Ki(p) = O(log ) as p— po Y po € 0D (3)

1
h(p, po)

or, more generally,
1
kp,(e) = O <log E) as €—0 Y po € 0D (4)

where ky,(e) is the mean value of the function Ky over the circle h(p,py) = €.

[1] S. Volkov, V. Ryazanov, On the boundary behavior of mappings in the Sobolev class on
Riemann surfaces, ArXiv: 1604.00280v4 [math.CV] 9 Jun 2016, 24pp. (in English).
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OB OLIEHKE HUYKHEIO IPEJEJA

P. P. Canumos
Nucruryr maremarukn HAH Ykpaunst, r. Kues
ruslan623@yandex.ru

[Iycts D —obmacts B R™, n > 2. Hanmomuum, uto romeoMmopdusm f : D — R™ HazpiBaeTcs

1,1
omobpasicenuem ¢ KoOHeuHnvM uckasicenuem, ecan f € Wi u

1 @)" < K(x) - J(x, f) (1)

JTsl HEKOTOpOii mouTn Beoay Korewnoit dyukimun K(x) > 1, rae f'(z) akobuesa marpuna f,

|| f'(x)|| —eé omeparopnas nopma: ||f'(x)|| = sup |f'(x) - h| u J(x, f) = det f'(x) — axobuan
|h|=1

orobpazxkenus f.

p
p—n+1°

[Iyctbp>n—1,a= a-Brympennas dusamayus 0TOOparKeHusi B TOUKE OIPEIeIsl-

€TCs PaBEHCTBOM
J(zx,
lL((Jf/(J;))l)’ ecin |J(x, f)| #0
’ eCIn f/($) — O (2)

1
00, B OCTaJIbHBIX TOYKAX ,

Kl,a(xu f) =

rae I(f'(x)) = min | f'(z) - hl.

|h|=1

Caenyst Opandy, i 3aJanHoil BBITYKJI0ii Bo3pacratomeil dbyukmun ¢ : [0,00) — [0, 00),
©(0) = 0, obozradr™m cumBoOM L¥ mpoctpancTBo Beex dyuknuii f: D — R, Takux 910

[ (B2 dmie) < o s)

npu HeKoTopoMm A > (0. 31ech m — Mmepa Jlebera B R". [IpocTpancTBo LY Ha3bIBaeTCSI Npocmpat-
cmeom Opauna.

Kaaccom Opauna—Coboresa W,o¥ (D) nasbiBaeTcst KIacc BCEX JIOKAIBHO HHTEIPUPYEMBIX
dyuxiuit f, 3a1aHHbIX B D, ¢ HePBBIMU 0DOOIMEHHBIMU IIPOU3BOAHBIME 110 C000JIeBY, IpaIueHT
V f KOTOpBIX NpHHAIEKHUT Kiaccy OpJmda JiokaJabHo B obactu D. [lanee, ecan f — JIoKaJIbHO
HHTErpupyeMasi BeKTOPp—(hYHKITUS 7 BEMECTBEHHBIX TEPEMEHHBIX T, ..., Ty, [ = (f1,..+, fm),
fi GWl’l 1=1,...,m,u

loc?

/ o ([VF(2)]) dm(z) < oo, (4)

D

m n 2
rae [Vf(z)=,/>> (gf) , TO MBI cropa mumem f € W%,
i=1j=1 J

Berony ganee B" = {x € R" @ |z| < 1}.

Teopema 1. ITycmv f : B" — B".n > 3 — 2omeomopdudm ¢ KOHEUHBIM UCKAHCEHUEM
KAGCCa V[/lz’f, 2de ¢ : (0,00) = (0, 00) — HeybbisatOWGA PYHKUUSA, MAKAA MO OAL HEKOMOPO2O
t. € (0,00)

o 1

J o] e

tx
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u f(0) = 0. Ecau dasa nexomopozo o > 0

2e

d
80/1—T>CO>O, (6)
L okra ()
npu ecex 0 < € < %, 20e kio(r)= [ Koz, f)dA, a= p—z+1 , O NPU P > N UMEEM MECIOo
S(r)
OUeHKG
_ 1
lim inf |f(i)| <Gy ™, (7)
z—0 |I|p7n

20e Vg — NONOACUMENDHAA KOHCTNAHMG, 3A6UCAUAA TNOADKO 0M PA3ZMEPHOCTU NPOCMPAHCINGE
n,puo.

3ameuanue 1. [Ipusegem mpocroit npumep orobpaxkenust f : B" — B™ qua p > n > 3
n o > (), HOKa3LIBAIONIHI, YTO HANAEHHBI MOPSAIOK pOCTa B ONHeHKE (7) SIBJISETCS TOYHBIM.

Hmenmno,
x

f(x) |7 (8)

RE

mpu = # 0 u f(0) = 0.
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HU>KHUE OUEHKH IIJIOIMIAIN OBPA3A KPYTA
P. Camumos, B. Kanmyk

Nucruryr maremarukn HAH Ykpaunnst
ruslan623@yandex.ru, bogdanklishchuk@mail.ru

[TycTs 3amano cemeiicTso I KpuBLIX 7y B KoMILIeKcHO# miockoctn C. Bopenesekyio byHKImo
0: C — [0, 00] mazsiBator donycmumotd ngist Iy mmiyr o € adm I, ecom

/mwm\

Y

JUTs Kayk o kpuBoit v € I
[Tyctb p € (1,00). Torma p-modyaem cemeiictBa ' HazbiBaeTcst BemanHa

= f )dz d
My(T) ﬁﬁm/f v dy.
s mpousBosbubix Muoxkects E, F'u G B C uepe3s A(E, F, G) obo3naduM ceMeificTBO Beex
HEIPEePLIBHLIX KPUBHIX 7 : [a,b] — C, koropsie coennusiior Eu F'B G, T. e. y(a) € E, y(b) € F
uy(t) € Gupua<t<b.
[Tycts D — obaactb B KoMILTekcHO# miockoctn C, zg € D u dy = dist(zg, 9D). [omoxum

A(zg,r1,1m) ={2€C:ry < |2 — 20| <12},

S;=S(z0,m:) ={2€C: |z—2|=r}, i=1,2.

[Iycts Q : D — [0, 00] — u3mepumas 1o Jlebery dbyukims. Byaem roBoputh, 910 roMeoMop-
dusm f: D — C apisiercst KOJTbIEBBIM ()-rOMeoMOPMOU3MOM OTHOCUTETBHO P-MOJYJISI B TOUKE
29 € D, eciiu cOOTHOIIEHTE

Mp(A(fS1, fSa, fD)) /Q P(|z — 2o|) dz dy

BBINOJIHEHO JIj1s 100010 KoJibia A = A(zg, rq, 7"2) , 0 < ri <1y < dy, n a1 KazxKa0il m3MepuMoii
dbyukmum 1 : (rq, ) — [0, 00] Takoit, uro

/mmw>1.

T1

Huke npuBegensl HU2KHAE ONEHKH IO 00pa3a Kpyra Iph KOJIBIEBBIX ()-roMmeoMopdu3Max
OTHOCUTEJBHO P-MOJYAs TpH p > 2.

Teopema 1. llycmv D u D' — oepanuvennve obpracmu 6 C u f : D — D' — koavuesot
Q-20MeOMOPPHUIM OMHOCUMENLHO P-MOOYAA 6 mouke 2o € D npu p > 2. Toeda npu ecex
r € (0,dy), dy = dist(z9,0D), umeem mecmo ouenra

2(p—
— 2 p—2
|fB(z0,7)| =7 (}%)
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2de B(zo,r) ={z € C: |z — 2| <1} uqy(r) =5 [ Qz)|dz| — cpednee unmezpanvroe
S(zo0,r)
anavernue no oxpysrcrocmu S(zo,r) = {2z € C: |z — 2| =r}.

CaencrBue 1. Ilycmv D u D' — oepanuvennve obaacmu 6 C u f : D — D' — xoavuesot
Q-20MeOMOPPUIM OMHOCUMEALHO P-MOJYAA 6 mouke 2o € D npu p > 2. Ilpednosoocum, wmo
Ppyrryua Q) ydosaemeopaem ycro8ui0

q,zo(t) < qo tia, Qo € (0, OO), o &€ [0’ OO) ,
dna 2 € D un.e. scext € (0,dy), dy = dist(zo, ID). Tozda npu ecex r € (0,dy) umeem mecmo
OUEHKG

2(p—1)

B 275 (—E22) 7T g Bl )
0l 2w (L2 ) T g B
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OMEOMOP®U3MBI, UCKAYKAIOIIE HEKOH®OPMHBIE
MOJIYJIU

P. P. Canumos, P. B. CkyparoBckuii
Nucruryr maremarukn HAHY, HITY, Kues,
ruslan623@Qyandex.ru, ruslcomp@mail.ru

Hamomuum HeKOTOpBIE onpesietenns. bopenesa dyukuus o : C — [0, 0o] HazbiBaercsa dony-
cmumoti st cemeiictBa kKpuBbix I B C, iyt ¢ € adm I, ecomm

/ o(2)]dz] > 1

v

st Beex v € I, Ilyers p > 1. Torma p-modysem cemeiicTBa KpuBBIX ' Ha3bIBaeTCS BeJIMIWHA

o€admT

M,(I') = inf o (2) dxdy .
/

[Iycts G — obaacts B C. Tpeamonoxum, ato ¢ : [0,00) — [0,00) — HenpepbIBHASI BO3PAC-
tarorias GyHKIUs yaosaerBopsonas yeaosuo (0) =0, p > 1u g > 1.
Tomeomopduam f: G — C Gyaem HasbBaTh (1, p, ¢)-20MeoMOpPusm, eciu

My(fT) < ¢ (My(I)) (1)
JIJIsE IPOU3BOJILHOTO cemeiicTBa [' KpuBbix v B obJtactu G.

Teopema 1. ITyemv 1 <p <2, 1 <q<2u f:G— C — (¥, p,q)-eomeomoppusm. Tozda
CYULLCTNEYIOM, NOAOHCUMEALHILE NOCTMOAHNBIE (¢ U 3 marue, 4mo

oy L/2) =10

S 9T (alz — 2 )

<SP <oo

oas ecex 2y € G.

[pu p = q u Y(t) = kt, k > 0, mbl npuxoauM K pe3ysabraty [epunra, cM. Teopemy 2 B [1],
cM. Takxe [2].

[1] Gehring F.W. Lipschitz mappings and the p-capacity of ring in n-space // Advances in the
theory of Riemann surfaces (Proc. Conf. Stonybrook, N.Y., 1969), Ann. of Math. Studies.
- 1971. - 66. — P. 175-193.

[2] Nakai M. Royden algebras and quasi-isometries of Riemannian manifolds. Pacific J. Math.
40 (1972), no. 2, 397-414
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[TPO 3JITYEHHOKPATHI BIJOBPAYKEHHSA OBJIACTEN
EBKJITJOBUX ITPOCTOPIB

B. M. Cadonos
Hanionasibuuii yHiBepcuTeT Xap4oBux TexHo oriit, Kuis, Ykpaina
safonov_v_m@ukr.net

Binkpure 3iiveHHOKpaTHE Bi00parkeHHs! JIOKAJIbHO KOMITAKTHOTO XayCa0pdOoBOTO MPOCTO-
Py B METPUYHHUI IIPOCTIP Ma€ MLILHY MHOXKHHY TOYOK JIOKAJIHHOTO roMeoMopdizma. Bussiise-
ThCs, IO JIJISI MHOTOBHU/IIB OJHAKOBOI BUMIPHOCTI MPUIYIIEHHS IIPO BIAKPHUTICTD BigoOparKeHHsI
€ 3aiiBUM. BLIbII TOro, 3/1iYeHHY KPATHICTH HEMEPEPBHOIO BiTOOPaXKEeHHS MOYKHA IPUIYCTUTH
JIMIIE Ha MHOXKHUHI JIPYToi Kareropii. B o/iHOBUMIpHOMY BUIIA/KY BUCHOBOK TE€OPEMHU 3BOIUTHCS
JIO iCHYBaHHS CKPi3b MIJIBHOI Ha 33/ JAHOMY BiIPI3Ky MOCTIOBHOCTI iHTEpBAIiB 0€3 CHiJIHLHUX
TOYOK, B SIKHX BiT0OpaykeHHsI € cTPOro MOHOTOHHWUM |1] - [4].

OTke, Mae Miclle Taka TeopeMa.

Teopema 1. Hexati D — obmescena 064acmdb n-8uMipH020 €6KA10068020 npocmopy © [ -
D — R™ — mnenepepere HYAbBUMIpHE 6i006DUNCERHA TAKe, WO MHONCUHG (020 3AIYEHHUL
PIBHIG CKPI3b dpyeoi kamezopti. Todi icnye cxpidv wiavha idxpuma muoscuna G C D mouok
AOKANDHO20 20MeoMmopdiama f.

HeBaxkko nepekoHaTucs, 1Mo TBEPIKEHHS TeOpeMH 1 € CIpaBeJIMBUM JJIsd Oy/ib-SIKOl Bij-
KPHATOI MHOXKHHH.

Teopema 2. Hexati V — dosiavha 610KpUMaG MHONCUHG N-BUMIPHOZ20 E6K.A1006020 NPOCMO-
pY & Henepepsne nysveumipre cidobpasicenma f oV o — R Mae MHONCUNY 3ATYEHHUL DIGHIE
ckpiav dpyeoi kamezopii. Todi ichye ckpisv wiavna 6 V. sidkpuma muootcuna G mouok A0KaNb-
H020 20Mme0MOpPiama 6idobpascenns f.

[1] Anekcanapos I1.C., O cueTHOKpATHBIX OTKPHITHIX oToOpaxkenusx // Hoxa. AH CCCP.—
1936.— 4, Ne7.— C. 283-287.

[2] Tpoxumuyk FO.FO., uddepennuposanue, BHYTpeHHHE OTOOpayKeHUsT M KPHUTEPHU
anaauruanocTu.— Kuen: a-1 maremarukn HAH Vikpannsr, 2008.— 539 c.

|3] Cadonos B.M., ITpo 3naiuennokpathi dbyHKIii / Anamnis i 3actocysanns // 36. npaip [H-Ty
marematuku HAH Vkpainu, 2012. — C. 341-346.

[4] Tpoxmmuyk FO.FO., Cadonos B.M., O MHO)KecTBe BTOPOHl KATErOPHH CYETHBIX YDPOBHEN
HeNpepbIBHBIX oToOpazkennii / KoMiuiekcHuii aHai3, Teopis HOTeHIia y i 3actocyBantst / /
36. npanp [u-ty maremaruku HAH Vkpainu, 2013 — 1. 10, Ne4-5 — Kuis: [a-1 maremarukn
HAH Vxkpainu, 2013 — C. 526-531.
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HABINYKEHHS KJIACIB (1, 3)— IU®EPEHLINOBHUX OYHKIIIN
IHTEPTIOJISILIMHUMU TPUTOHOMETPUYHUMU ITOJIIHOMAMU

A. C. Cepaiok, I. B. Cokojienko
Iacturyr maremarukn HAH Vkpainu, Kuis, Ykpaina
serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Hexait C'i L,, 1 < p < 00, — npocTopu 27-nepiouaHux PyHKIil 31 cTaHIapTHIMEA HOPMa-
v || - |le |||, [Ho3maummo wepes C”—pp, 1 < p < 0o, MHOXKHHY BCix 27-1epioguaunx OyHKITIH
f, dKi 3006parKyIoThCs 3a JIOMOMOTOI0 3rOPTKHU

f(z) = % + % /go(x —t)Ws(t)dt, ag € R, € Bg, (1)

—T

By={p€Ly: el <1, ¢ L1},
i3 dikcoanum TBipHIM AapoM Yz € Ly, 1/p+1/p' =1, pang Oyp’e gkoro Mae BULIAL

Ws(t) ~ ki:w(m cos (k:t - 5%) |

e = (k)i B = P k=1,2,..., — n0BimbHi mocHigOBHOCTI miifcHux uncen. PyHKIIO @ B
so6pazkenti (1) masuparors (¢, B)-moxinnoro dynxiii f i nozHauaoTh fg’(x) Mousarra (¢, B)-
noxinnol manexuts O.1. Crenammio (qus., Hanpukiai, [1]). Ockinmbkn ¢ € Ly, a Wz € Ly, T0
(muB. |1, c. 144]) sroprka (1) € HenmepepBHOIO BYHKIIIEW, a, OTKe C’g’p C C. 3posymijo, mo npu
p = 2 ymosa Brmodennsg W € Ly eKBiBaJeHTHA BHKOHAHHIO YMOBH

> WP (k) < oo 2)

Hexait f(z) — noBinbra 2m-mepiogmuna menepepsua dyukmis. Uepes S, (f;x) Gymzemo
[O3HAYATH TPUTOHOMETPUYHMI MOJIHOM TOPSAAKY N, Mo iHTepnoaoe f(x) y Toukax :L’in =

2kw/(2n+1), k=0,1,...,2n, To6T0 TaKkwii, 1Mo
gn(f,m,(c")) = f(x,g")), k=0,1,...,2n.
Mg 6ynp-axoro kaacy 91 C C po3nisHeMO BeJIHYUHI

EM; gmx) = sup|f(z) — Sn(f;$)|, neN, reR.
fem

Teopema 1. Hezat nocaidosnicmo diticnux wucea (k) sadososvnae ymosy (2). Todi das
0061AbHOT nocaidosnocmi B = B, B, € R, 1 dosiavroeo n € N 6 koorcniti mouyi r € R sukxony-
EMDBCA PIBHICTND

00 m(2n+1)+n 1/2

E(Ch B = [ st B ST e
m=1

k=m(2n+1)—n

[1] AWM. Crenanen, Memodu meopuu npubsuscenut: B 2 4., Kues: Uu-1 maremarukn HAH
Ykpannsi, 2002, Y. 1.
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HABJIMXXEHHA CYMAMU OYP'€ HA KJTACAX YSATAJIbHEHUNX
IHTETPAJIIB [IVACCOHA B PIBHOMIPHIM METPUIII

A. C. Cepaok!, T. A. Crenanmok?

UacrnryT maremarnkn HAH Vipainn, 2CxinnoeponeiicbKuii HamioHaIbHI yHIBEPCHTET
imeni Jleci Ykpainku
sanatolit@Qukr.net, tania_stepaniuk@ukr.net

[Tozrauammo depes C’a’;,r >0, a>0, feR, 1< p< 00, MEOXKIHY BCIX 27 TI€PIOJANIHAX
dyHKIH, KOTpi mpu Beix £ € R 300pakyloTbes 3a JOIOMOIOI0 3TOPTKH
K

Qo 1

f(z) = 5 + - /Pamﬁ(x —t)p(t)dt, ap € R, ¢ € Bg,
T

—Tr

3 dApaMu BUTJIALY
00 L ﬂﬂ'
P, st :E ok kt — =).

k=1

Anpa P, ,p(t) Ha3uBalOTh y3arajabHeHNMHU sapamu llyaccona, a kiacu C’g’; — KJacaMH y3a-
raJpHeHux inTerpaJis [Iyaccona.

Posrigaernes 3a1a4a po 3HAXO/KEHHS aCUMITOTUYHUX HPU 1 — OO PIBHOCTEH i Be-
JIMYNH

gn( g:;)c = Sup Hf() - Sn—l(f; ')HC, r > 0, a > 0, 1< p < 00,
fECg:;

ne S, _1(f;+) — gacrunni cymu yp’e nopsaaky n — 1 dyukuii f.
[Ipu poBitpbaux v > 011 < s < 00 TO3HAYUMO

- 1
Js(U> T H\/m‘ Ls[0,0]’ (1)
e
b s
(Juora) 1<s <o,
Hf’ Ls[a,b] = a
esssup | f(t)], s = 00.
te(a,b]

Takox mpu mositbaux a > 0, 7 € (0,1) 11 < p < oo nokIamemo ng = no(a, r, p) — HaltMeHIHiA
3 HOMEPIB N, TaKui, 110

) p: )
11 ar 47
e iéff) <q Gy l<p<
armn n 1
(3ﬂ.)37 P = 0,

e x(p) =pupu 1 <p<ooix(p) =1upup=cc.
B npuilHATEX MO3HAYEHHAX Ma€ MicIle HACTYIHE TBepIzKeHH:I.
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Teopema 1. Hexati 0 <r < 1,1 <p < oo, a >01p € R. Todi npu n > ny(a,r,p)
CNPaseorUca OUiHKa

1

o 1= (][ cost|y ant" 1 ant=my 1 1
En(Cgp)c =e " n' . ~'( ) n ( ~/< )_—i__f) ’
(Coplo=e"n <7T1+;/(ar)11)dp ar ) T (ar)ui% ar Jnm 5t

de % + z% =1, a 0aa seaununy Yy = Ynpla,r, B) eukonyemvca nepiericmo |y, | < (14m)2.
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[IPO BJIACTUBOCTI ®YHKIIII POCTY IIETJIEBOT'O ABTOMATA

B. Ckouko
Kuiscbknit namionanbuuii yaisepcurer im. Tapaca [1leuenka

vovaskochko@gmail.com

Hexait MaeMo cKinyeHHy MHOXKHUHY X, 9Ky HAa3UBATUMEMO aJiDaBiTOM.
Osmauvenns 1. Apromarom man andasitom X masupaeThes nabip A = (X, Q,w, A), 1e:
1. @ - MHOXKHMHA (MHOXKHHA BHYTPIIIHIX CTaHiB aBTOMATA);
2. m: X X Q — Q - Bigobpazkennst (yHKIig mepexonin);
3. A: X x @Q — X - Bimobpazkennst (pyHKINS BUXOIIB).
ZIxkmo 3adikcyBaTn Jedakuil cTal gy gK MOYATKOBHUIL, TO OTPUMAEMO iHIMIaJbHHN aBTOMAT A .

[MoryxHuicTio aBromMara A Ha3WBaOTh KiABKICTH fforo crauis, To6To |@Q|. Hagamni posrisaia-
THMEMO TLIbKHU CKIHYEHHI aBTOMAaTH, TOOTO aBTOMATHU 3i CKIHYEHHOIO IOTYKHICTIO.
Ha muokuHI aBTOMAaTiB HaJ X MOXKHA BU3HAUYHTH OMEPAI0 KOMIIO3WIIT HACTYITHAM YHHOM.

Osnauvenna 2. Hexaii A; ta Ay - jgegxi jBa apromara Haj X. Toal TX KOMIIO3UIIEID Ha-
3UBa€TbCa aBToMaT B = A; * Ay 3 MHOXKHHOIO cTaHiB Q1 X (Jo, DYHKINEIO IEpexoiB m Ta
BYHKIEIO BUXOIIB A, IO BU3HAYEHI (pOpPMYyTIaMu:

m(z, (s1,82)) = (m1(z, 51), m2( A1 (, 81), 82)),

)\(SL’, (51, 82)) = /\2()\1(1‘, 81), 82).

Axmo posrnggatu iminiaapHi aBroMarn A 4 i Agg,, TO IX KOMmosumiero € aBromar B =
Ajx Ay 3 I09ATKOBUM CcTaHOM (1, ¢2). BapTo 3a3Ha4uTH, 1110 KOMIO3MILisl iHIIIaIbHIX aBTOMATIB
BIAIOBiIa€ X MOCIiIOBHOMY IiK/II0YeHHIO. ToOTO U1 Oy/1b-IKOTr'0 CJI0BA W Ma€ MicIie PiBHICTD
gbB(ql,qQ) (w> = ¢A11q1 (¢A2,q2 (w))

BayBaKuMO, 10 MOTY>KHICTh KOMIIO3HUIIIT JBOX CKIHYEHHHX aBTOMATIB JOPIBHIOE JOOYTKY 1X
noryskHOCcTel. OaHaK cepes CTaHiB KOMIO3HINT MOXKYTh 3’IBUTHCS TOTOXKHI, 8 TAKOXK HEI0Cs-
JKHi(Ko/iHa JTiTepa JKOJHOTO CJIOBO He TOTPANNTH HA Takuii ctan). ToMy JONIIBLHO PO3T/ISIATH
TaK 3BaHUN peqyKOBaHUU aBTOMAT, IO OTPUMYEThCS BIIKUIAHHAM HeJOCIKHUX CTAHIB Ta 3a-
MIHOIO KLJIBKOX TOTOXKHHUX CTaHIB Ha OJIMH.

Oznauennd 3. Hexait aBromar A mae mouaTkouii cran qo. Toxi dbyHKIiew pocty ya(n) :
N — N nazuBaoTh QyHKIO, MO CTABATH Y BIATOBLIHICTD KOXKHOMY 70 MOTYZKHICTH PeIYKOBa-
HOTO aBToMaTa Jist Ay .

SIKIIO POBIIISIATH ABTOMATH Y SIKUX JJIsl KOXKHOTO cTaHy ¢ dbyHKIist Buxoay (-, q) € mij-
CTAHOBKOIO Ha X, TO JIjId TAKOIO aBTOMAaTa icHye obepHenuit apromart. Takuii aBTomMaT Ha3uBa-
TEMEMO ODOPOTHHUM. 3ayBazKUMO, IO AKIIO PO3T/ILIATH JIHIIEe PeJIyKOBaHI aBTOMATH, TO BOHH
YTBOPIOIOTH IPYILY BIIHOCHO omeparii KoMno3uiiii. 3 iHImoro 60Ky, sKImo posristHyTd nosae | X |-
apHe jiepeBo 1', TO KOXKHOMY 0DOPOTHOMY aBTOMAaTy MOKHA ITOCTABUTH y BiMOBIIHICTD JeAKHi
aromopdism 3 Auto(T).
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Ozuauennd 4. [lopsiakom 060pOTHOTO aBTOMaTa HA3UBAIOTH MOPAIOK BIJIIIOBLIHOTO floMY
aproMopdisma sk exementa rpynu Auto(T).

Oznadennd 5. lletsieBuM iHinmiaTbHIM aBTOMATOM HA3MBATUMEMO aBTOMAT Ay 11 AKOrO
BUKOHYIOTHCS HACTYITHI YMOBH:

1. ¢dyukmii mepexo/iiB ycix craHiB, KpiM MOYaTKOBOT'0, TOTOYKHO JIOPIBHIOIOTH TPUBIAILHOMY
CTaHYy;

2. y nowarkoBomy craHi € piao oxxa neriasa( Iz € X : w(x, qo) = qo )-
PesyjibraroM j1OCaiIZKEHHS € HACTYIIHI TBEP/IZKEeHHS.

Teopema 1. Hezaii A, - nemaesuil asmomam, i y(n) - sidnosiona dynryia pocmy. Todi
icHye cmpozo 3pocmatoua nocaidosnicmy {n; 2, C N maxa, wo

AC; > 0,0y > 0Vi:  v(n;) < Cilogn; + Cs.

Teopema 2. [enepampuca Gyrryii pocmy NemMAL6020 ABMOMAMA MAE LO2APUPMIUHUT PICM.
Tomy sona € arzebpaivnoro modi © auuie modi, KoAU 681H MAE CKIHYeHHUT NOPAJOK.

SayBaxkeunsd 1. /I1g noBelleHHST TeOpeMHU BHKOPHUCTOBYETHCA TOOYIOBaHA CIEIIAJTbHUM
YUHOM 1OCAI0BHICTH cTaniB {a;},7 > 0 Taka, mo icuye iHaeKc i Ta 9ucio s s skux Vk,j > 0
Qiykst+j = Oirj- 1AKOXK MOXKHA IOOYIyBaTH AJArOPUTM, AKHil BU3HAYAE KUJIBKICTH CKIHYCHHHX
CTaHIB y n-iff iTepallil BUKOPUCTOBYIOUN JUTITE OCTadl BIJ JIJEHHS YUCJIa N HA BIAMOBIIHI JOB-
KHUHM OpOIT cTaHiB a;. ToOTO crovyaTrky n JUIMTHCA HA JOBXKUHY OpOITH @1, HOTIM OTpUMAaHA
YacTKa 3HOBY JILIUTHCS 3 OCTAYeI0 HA JOBXKHUHY OPOITH dg, IIPOIEC MPOIOBXKYETHCS JIOKH YacTKa
He crane pisnoio 0 ado 1.

[1] P. 1. Tpuropuyk, B. B. Hekpamesuu, B. U. Cymanckuii, Asmomamui, dunamuueckue
cucmemvr u epynno,, Tpyde. mamemamuueckozo uncmumyma um. B.A. Cmexnosa, 231,
134-214, 2000.

[2] S. Eilenberg, Automata, languages, and machines, New York; London: Acad. Press, 1974.
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KJTACCUDPUKAILINSA TOIMOJJOI'MI HA 4-3JIEMEHTHOM
MHOYKECTBE I10 BUAY 2-KH® 3AJAIOIINX UX BYJIEBBIX
OYHKIIUN

I1. I. Crerannesa', H. Il. Bamosa?, A. B. Ckpabuna'

13anopokekuit HAIMOHAILHLIH YHEBEPCHTET, '3amoposkcknii HauoHAILHBIH TeXHIIeCKTi
YHUBEPCUTET

steg _pol@mail.ru, bashovanp82@gmail.com, anna_ 29 95@mail.ru

[IycTh 3a/1aHO N - 9J€MEHTHOe YIopsiiodenHoe MHOKecTBO X = {x1, T, ..., T, }. Kaxmomy
13 TOIMHOZKECTB JTAHHOTO MHOYKECTBA MOCTABUM BO B3aUMHOOJTHO3HAYHOE COOTBETCTBUE OyJIeB
BeKTOD (21,2, ...,Ty) , B KOTOPOM ; = 1, ecm -ThIil 3J1eMeHT MHOXKecTBa X HPUHAJJIEKHAT
9TOMY TOJMHOXKeCTBY, n x; = (0 , ecin He NPUHAIEKUT. PacCCMOTPUM BCEBO3MOXKHBIE HAOOPHI
OJIMHOZKECTB MHO2KecTBa X . KaxKJ0My M3 HHX IIOCTaBUM B COOTBETCTBHE OyJieBY (DYHKIIHIO
f(z1, 2o, ..., 2,), OBJACTH HCTHHHOCTH KOTOPOii 33/1a€T BCe TTOIMHOYKECTBA, IPUHAIJIEZKATIIE BbI-
opannomy Habopy. COOTBETCTBHE MEYKIYy MHOXKECTBOM BCEX OYJIEBBIX (DYHKITUI OT n-MepHBIX
6yﬂeBbIX BEKTOPOB U MHOXKECTBOM BCEX Ha60pOB IIOAMHOZKECTB N-3JICMCHTHOTI'O MHOXZKECTBa X
OHEKTUBHO.

Bynem paccMaTpuBaTh TOJIBKO TakKue HADOPBI, KOTOPbIE 33/1aI0T TOIOJOTHH Ha MHOYKECTBE
X. BysieBbl QYHKIHH, COOTBETCTBYIOIIHE TAKUM Habopam, SBJIAIOTCS OMIOHKTHUBHBIMH CJI300
MOJIOKUTENbHBIME U ¢J1a00 oTpunareabusiMu Gyakuugmu [1]. OHu mpegcTaBuMbl B BHIE 2-
KH®, kaxaas Ju3bIOHKIHsT KOTOPBIX UMeeT BUI T; V T, 4, = 1,n [2].

Teopema 1. Ecau byaesa ¢pyrxuyua zadaem monoso2uro u 6 eé 2-KH®D npucymemesyem
xoms Ove odna napa Jussronkyutl euda x; V T; u T; V T;, MO MG MONOAORUA HE ACAACTNCA
To-mononozueti. Obpammoe mostce 6EPHO.

Omnpenenenune 1. Bygem naswiBars 2-KH® Oynepoit dyHKIum, 3ajaromiei TOITOJIOTHIO,
MAKCUMAALHOT, ecn ¢ 000 mapoil nu3boHKIWI x; V T; u x; V I B He¢ BXOJUT U JU3b-
IOHKIAA T; V Tg.

OueBuIHO, KayK /101 TOMOJOTUN HA KOHEYHOM MHOYKECTBE COOTBETCTBYET €MHCTBEHHAST MaK-
cumasbhiasg 2-KH® zanarotieii eé OysieBoit pyHKIMM.

Teopema 2. Byaesa ¢dynkuyus f(xl,xg,x3,904) sadaem To-monosozuo Ha 4-3AEMEHMHOM
mmoorcecmee X = (x1,x9, T3, x4), ecau e€é marcumarvnas 2-KHD umeem eud (¢ mownocmuio
do 0603naMeHUA nepeMeHHbLa:).'
d-xaacc:

(Il V j’g)([ﬁl V i‘g)(l’l vV ZE4)<I2 V ng)(l’g V i’4)((l]3 V 1_24),
6-xaacc:

(1’1 V fg)(ﬁl V Zi’g)(l'l V f4)(l’2 V fg)(l’g V {f4);
(l’l vV fg)(ﬂ?l V f’g)(l’l V IE4)<.’L‘2 V i’4)(l’3 V .’i’4);
(ZEl V i’g)(%’l V j’4)(l’2 V fg)(l’g V .f'4)(£ll'3 V .f'4)7
7-xnacc:

(IEl \% i’g)([ﬁl V fg)(xl V ZZ‘4)({L’2 V 54),

(Zlfl V Zi‘g)(Il V ZZ’4)(I2 V f4)(l’3 V 54);

(.%'1 vV .i’3>(.’131 V f4)(l’2 V fg)(l’g V f4);

8-xaacc:

(x1 V Z3) (21 V Zy) (22 V T3);
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([L‘l V ]—33)([E1 V f4)([173 V 54),
9-xaace:

(.731 V 3?2)(331 V fg)(l’l V f4);
(21 V Zq)(x2 V Tq)(x3 V Ty);
(131 V i’g)(IQ V CZ’4),
10-xnacc:

(IL‘l V fg)(fEl V Zf4),

(331 V Zf4)(332 V ZZ’4);
12-xnacc:

(21 V Zy);

16-%xnacc:

f(xla T2, T3, LU4) =1

st Tonosoruit Ha 4-3JIeMEHTHOM MHOYKECTBEe, He SABJIAIONINXCS 1(-TOMOJOTUSIMU, TaKKe
nosydenbl coorBeTcTByOmMMe 2-KH®. 91 17 HEeromeoMopdHBIX TOMOJOTHIT OTHOCATCS K M-
KJaccaM, rme m = 2,3,4, 5,6, 8.

|1] Bamosa H.II., Crerannes E.B. 2-KH® 6yaeenx dynryul, 3a0a0uus monoio2ut Ha Ko-
neunom muootcecmee. Becrank XHTY. — 2015. — Ne 3 (54). — C. 16-20.

[2] Tapacos A.B O ceoticmeaz gynruyud, npedcmasumuz ¢ eude 2-KH®. JluckperHas mate-
maTuka. — 2001. — T. 13, Bein. 4 — C. 99-115.
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BJIACTUBOCTI JIIHIMHO OIIYVKJIUX TA CIIPAKEHUX OYVHKIIIN
B I'lTTIEPKOMITJIEKCHOMY ITPOCTOPI

M. B. Credanuyk
Tacruryr maremarukn HAH Vkpainn
stefanmuvf3@gmail.com

Jlana pobora mpuCBAYeHa y3arajbHEHHIO JESKUX Pe3yAbTaTiB IMoao OaraTo3HavyHuX (yH-
KIIiif B KOMILJIEKCHOMY MPOCTOPi Ha TrinepkoMiuiekcuuit npoctip H”, n = 1,2, ..., mo € npgamum
n06yTKOM n-Komiil Tina kBarepuionis H (H' := H).

Oznauennd 1. Oyukniga f: H"” — H nasuBaeTbcst 6a2amo3Ha 41010, TKIIO 00pa30M TOUKH

x € H" € muoxkuna f(r) € H. Obmacts Bu3HaveHHsa Takol (bYHKIIT OyIeMO MO3HAYATH Yepes3
Eiy:={reH": icaye y € H, y = f(z)}.

OsnauenHsa 2. Bararosmauna dynkuia f: £y — H Ha3uBaeThCA A1HITUHO ONYKA0NW, AKITO
JUIs IOBLIBHOT TTapu TOYOK (g, y) € H™ \ T'(f) icuye adinna dbynkmia /, taka, mo yo = (o)
11(x) N f(x) =0 ana Beix € H?, ne gepes T'(f) nosnaueno rpadik dbyHkuil f.

Ozuauennd 3. bazamosnaunoro adinmoro gynkuyicro HazBeMo GYHKINIO JIHIHHO OMYKJIY i

JIHIFTHO YIHYTY OJJHOYACHO, JJId sIKOI 3HallieTbesd npunaiiMui ojina Touka v € H", B gkiit koxxHa
3 muoxkuH (f(z) (H), (H\ f(z)) € HEnopoxHOLO.

Ozuauennd 4. Jliniitno onykiay GYHKIIO HA3BEMO 84GCHO10, SKIO X04a O JIjIsd OJIHOTO I
BUKOHYEThC crisBianomenns: f(z) (H # () 1 aua Beix z mae micne mepisaicrs: H \ f(z) # 0.

Oznauennsd 5. QyHkiig

Waly) =H\ | (@.v)

z€E
Ha3WBAETbCA 0NOPHOO Pynkyicto muoxkuuau £ C H™.

Ozuavennd 6. dAxmo £ C H" — jiniitno onykjaa MHOXKHUHA, TO (DYHKITis
0 IKIo T € B
6(1‘|E) — ) H]; ?
0o, sk ¢ F,
Ha3WBAETHCA 11 tHAUKAMOPHOI PYHKUIEN.
Teopema 1. Sxwo fo, @ € A, € cim’ero ainitino onykaux Gynxyitd (A — dosiavra mHo-

orcuna indexcis), mo dynruia f = () fo € ainitino onykaomw.
acA

Oznauennd 7. Ckaxkemo, mo GYHKIISA ¢ = int f, gkimo i1 rpadik MoyKHa MOJATH ¥ BUTJILAIL
['(g) = int (I'(f)), me int(-) no3Hadae BHYyTPINIHICTD BiAMOBIAHOT MHOKIHH.

Teopema 2. Sxujo f — ainidino onyxkaa dynxuia @ By = Eiyp), moint f — ainidino onyxaa
Pyrryi.

Oznauennd 8. QyHKIIEO, cnpaxrcenoro 3 f, HazBeMo (PYHKIIIIO, 10 33/1a€ThCA PIBHICTIO
() =H\ | J((z,y) - f(2)). (1)
xr
Buaiigemo GyHKIio0, cupsikeny 10 GyHKIil f*(z).
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Fr) = (£ (2) = B\ J () — 1 ()-

Teopema 3. /Jlaa xoocroi pymuwuii f: H® — H cnpasedause exarouernna f C f**.

Oznauennd 9. Bararosnauna dbyukiis f: H" — H HasuBaerbes 6idkpumoro (6idnosio-
HO, 3AMKHEH0I YU KOMNAKMH010), Komu 11 rpadik € BiIKpuTon (BiAMOBIAHO, 3aMKHEHOIO Yu
KOMIIAKTHOIO) MHOKHUHOIO B H™?.

Teopema 4. Qyuxuia, cnpascena 0o 6idkpumol Gyrruii, b6yde 3aMEHEHOI0 MaA MHITHO
ONYKA010.

Teopema 5. Hexall f — saacha ainidino onykaa pynxuia. Todr f* — saacna dyrryia.
Teopema 6. 3adarno sidobpascenns A: H" — H", ake e 2inepkomniexcrno AtHITHUM 20-
meomopdizmom, i pynxuiro g: H* — H. Hexadl
f(@) = Ag(Az + wo) + (x, y0) + Yo,
de wy € H" yg € H™, 79 € H, A € H\ {0} Tooi
Fy) = Ag" (WA (y — o)) — (A wo, ¥ — yo) — 0.
Teopema 7. Hexat 6azamosnauna  dynkuia  f: H" — H maxa, wo

H\ f(z) # 0 das eciz x € H". Todi f** = f modi i mirvrku modi, xoau f € ainidino ony-
KA010.

Ozsnavennsa  10. Oyukuis [  Ha3uBaeTbest  odnopidnoto,  akmo  f(Ax) =
= Af(z) nna Beix ckangpis A € H \ 0.

Teopema 8. Hexaii f: H"\ © — H ¢ saachoro ainiiinoro onyxaoto 00nopidnoto @yrryicto
i f(©)=H\O0. Todi f e onoproto Pynruyieto dearoi MHOHCUHU.

Hacaimok 1. rxwo 0dnopidua ainitino onykaa gynkyia f: H*\ © — H e gidminnor 6id

aginmoi, mo
f*(y) = oyl Ey-).

Teopema 9. Hrxwo f: H"\ © — H — odnopidna ainitino onyraa Gymnkyis, 6idminna 6id

aginmoi, mo
f@ =1\ | ().
yEE i+

O3zuauennda 11. Hexait f,: H" — H,a € A, e¢ 6araroznaganvu (yukiismu. OyHKio
(U fa)(x) := U fo(z) HAZBeMO 00 cdnarnam dynruid fo, a () fo)() =) fa(z) — ix nepemu-
HOM.

Teopema 10. Hexaii f,: H" — H,«a € A, € bazamosnaunumu pymuryiamu. Todi surony-

EMBCA PIBHICTND .
(Us) =Nz

[1] Credanuayk M. B. Jinitino onykai ma enpasnceni Gynkyii 6 2inepromnierchomy npocmopi /
M. B. Credanuyk, M. B. Tkauyk // 36ipuuk npaip [Hcturyty maremaruka HAHY. —
2015. — T. 12, Ne 3. — C. 225—235.
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METAIJOCKOHAJII TPVIIU I IX BJIACTHUBOCTI

P. B. CkyparoBchKuii
HITY, Kues, Ykpauna

ruslcomp@mail.ru

Y nmaHiii poboTi MOCTIKYEThCs BBeeHUNA aBTOpoM [1| HOBHil Kjiac rpyn — MeTa 0CKOHAJ
IPYIH, BOHU € y3arajibHeHsIM BBeJEeHUX y cTarTTi [2,3] MerazHako3MiHHEX Ty, 60 3HAKO3MIHHA
rpyna € JTOCKOHAJIOI0 HIpU N > 5, TaKOXK 3p00JeHO OIIHKY /I KiTbKOCTI TBIpHUX KOMYTaHTA
BiHIIeBOTO 100yTKa Tpyn. Harajaemo, 1o panimie jijis ByKY0ro KJacy TPyl — HECKiHYeHHO
iTepoBanux BinneBux K00yTKiB A, 1AL . ., 1e n; > by [4] HekoHCTpYKTHBHUME MeTOomaMu Oyia
JIOBeJIeHa, IBOITOPOIZKEHICTD 3 10IaTHBOIO iiMOBIpHicTIO. [1i/1 10CKOHAIOI TPYTIOI MU PO3YMIEMO

taky, mo G = [G, G].

Osnauenns 1. Memadockonanow epynoto D(k), paury m, meracremens k = (ki, ..., k)
HasuBaeTbest Binnesuit 100yToK (Dy, Xi, ) L (D2, Xi,) U... U (D, Xy,,,) OCKOHAJUX TPYII THiCTa~
HOBOK (D1, X, ), - (D, Xk,,). Heckinuennor memadockonaroro TPYNOI HA3UBATHMEMO TAKY
MeTaJI0CKOHAJTY I'PYILy PAHTy m siKa MICTHTh X04 OJHY HecKiHuenHy miarpymy (D;, X;), mo aie
Ha HEeCKIHYeHHIN MHOXKXUHI X;.

Teopema 1. Hexatt W = D G memadockonana 2pyna i D = (tp,sp). Todi axwo G =
(to, s0) mpansumueno die na X max, wo icuyromo opbimu O(z) = %) = {2 |t € (to)}, de
xr — Koopdunama, de po3amawosaro meipni tp,Sp 6 basar mabauyb, wo € meiphumy oz W,

O'(z) = 21 = {2) |s € (s0) }

{(ord(to>/|0<x>|,ord(tD» — 1,
(ord(s0) /0 ()], ord(sp)) = 1

i epyna G € 2 — donycmumoro [1] ma D mae ckinvenny wupuny no xomymarnmy [5], modi G D
— 080M0POIIHCEHA.

(1)

[Ipu aii G D mMaeMo rpaTKy cucTeM IMOpUMITHBHOCTI 3 O10KaMu X; 1 sikimo H — HaiiMeHIa,
mazarpyna ana St (G) y G, o |7 /s, | = ‘O (xo )‘ = | X;|. Hexait Q(z0) = O(z) N O'(z).
Hexait & — naiimenmra rpaTrka 0JI0KIB IMIPUMITHBHOCI METa 0CKOHAJIO! rpynu rpynu Dy 3

D11 D5 ... Dy, 110 yTBOpEHa JIi€i0 KAaCiB CyMiKHOCTI Tpymu Dy 1 3a HAWMEHIIOI0 HAJIIPYIIO0
H crabinizaropa St (G) 3 Dy_1 na MHOXKIHI Xj 1.

Teopema 2. SHxuo \Q(Ig)| # | X;|, mo6mo nepemun op6im ne € pieronomyacrum 3 6A0KOM
imnpumimuernocmi epamxu S, modi Dy_y > H > St, (G), de D;, i < k — dockonana, mo mae
micue 2-donycmumicmo [1].

SayBaxkennst 1. Ymosa |Q(z)| # |H| 6yzne Bukonysarucs, akimo (|Q(xg)l,|H]|) = 1. Or-
Ke, I YMOBA € JOCTATHBOIO [T HASBHOCTI 2-JIOIyCTHMOCT.

Teepmxeunns 1. Memadockonana epyna D, akxa € obmestcenum inyuesum dobymrom 2pyn
€ dOCKOHAN0I0.

TsBepmxkentia 2. B kaaci HECKIHYEHHUT MEMAJOCKOHAAUT 2pyn icHye nidkaac Wa maxux
2pyn, AKL € HeOOMENCEHUM GIHUEeSUM J0OYMKOM MPAH3UMUSHUT 00CKOHANUT 2PYN aae He €
JOCKOHAAUMU, AKULO TOY 00HG NACUBHA 2DYNA MAE HECKIHYEHNY WUPUHY N0 Komymanmy [5].
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JdoBenenusa. BukopucracMo HeCKiHYEeHHY 3HAKO3MIHHY T'PYILY
A = UL Alt(D). (2)

I1a moBeaeHHsI HaBEIEMO THIIOBY KOHCTYPKIMIO SIKa JIETKO y3araJbHIOETHCSA Ha MPHKJIAI HEO-
OMezKeHHOTO BiHIIEBOTO JOOOYTKY JOCKOHAIUX TPYI, IO HE € JOCKOHAJIOK IPyo. Po3risHemo
Birnesuit 100yTok W = Bl A (Tyr A akruBHA) 1BOX JOCKOHAMUX Tpyn A Ta B i mokazkemo,
IO BiH HE € JIOCKOHAJIOI T'PYIOIO.

['pyna A gie Ha MHOXKHHI HATYpaabHuX ducen. ['pyma A nockonasa, 60 Bei Alt(i) nockonasi
st @ > 51 Alt(i + 1) > Alt(i). B — mesika J0CKOHAJA TPYHa 3 HECKIHYCHHOIO IUPHHOIO MO
KOMYTAHTY.

[Hpunyctumo W = Bl A pockonana. Tobro koxken enxement w 3 W MoxHA 1HOIATH SIK
JIOOYTOK 0OMEZKeHO1 KiJIbKOCTI KOMYTaTOPiB:

w = [z1,y1] - [0, yn) = (w1, w2, .. )7 (3)

B (wy,ws,...)T BUKOPHCTAHO HECKIHYEHHY MOCJIIOBHICTH eJeMeHTiB w; 3 , 00 3rigHo 3 (3) A
gie Ha N a B cumy HeoOMekeHOCTi 11 IMMUPUHE 1T0 KOMYTAHTY MOXKHA Il eJIeMeHTH BHOpaTH Tak,
o w;— 1e J0OyTOK 3 ¢ KoMyTaTopiB. Bunumemo BiHnesi pekypcil a1 x; Ta y;, 1e 0; CTablIi3ye
BCl TOUKH TOYUHAIOYN 3 1 + 1-10 MicCIl a 0, — MOYHHAIYA 3 A-TO MicIs:

T; = (%’,17 Ti2y-- -)Uu Yi = (?Jm, Yi2, - - -)02 (4)

3 o/iHOro GOKY MU MOKJIAJH, 10 JOBLIbHUA W = [T1,Y1] ... [Tn, Yn). A 3 iHIIOrO GOKY, OCKIIBKH
B mae HecKiHYeHHY IMUPHHY IO KOMYTAHTY, TO MH MOYKEMO HMOKJIACTH, IO KOKEeH wW; y Ipej-
crapienHi (wy, ws,...)m 3 (3) € 106yTKOM He MeHI i KOMyTaTopiB. BubepeMo HaiimeHIe Take
k, o Bci Touku | > k, € HEpYXOMHMH /I BCIX miacTanoBok o; ta o,. Tomi Bei wy mua l > k e
TOOYTKAMH KOMYTATOPIB Wy = (14, Y1) - [Ta1, Y2u] -+ [Tnt, Yna]. Tlpu mpoMy Hexait exement wy
[ = max{n+1,k}, B pe3yibrari Mu He 3MOKEMO 1H0JaTH HOOYJIOBAHUN €JIEMEHT W 9K J00YTOK
He Ginbiie HiXK 3 n kKomyTaropis. Cupasai BiH MiCTHTH w;, SIKHA Ma€ npejcraBieHus (3), Ha
w; 9K Ha eJeMEHT MACHBHOI I'DYIW BEPIINHHI IEPECTAHOBKN 0;,0, 3 A AifoTh TpuBiagbHo, 60
. . . . l ’
[ >k, l>n+1. 4k zHacaigok w; MicTUTh H00YTOK HE MEHII HixK [ KOMyTaTopiB szl[bl,j> by;,

/ e -
ae by j, by ; € B aorxe mu 3HalILIM W, KU HE € 100YTKOM N KOMYTATODIB i BiH He ¢annuil. [

[1] P. B. Ckyparoscbkuii, Minimaavhi cucmemu meipHux i 6AGCmMusocmi einyeeus 0o6ymxie
dockonasux epyn, // Haykosi sicti HTYY "KIII". 4, 2014, c¢. 94-101.

[2] M. B. Basomst, B. C. Cikopa, B. 1. Cymaucekuii. Cucmemu meiphux mMemasnarko3mMinHus
epyn ckinvennoz2o paney, Hayk. Bicn. UepniBenbkoro yu-ty. Hepwuisii Pyra - 2006. -V.314-
315. - C. 64-72.

[3] M. B. 3asons, B. C. Cikopa, B. I. Cymancekuii. /Jeyresemenmni cucmemuy meiprux me-
MASHAKOIMIHHUL 2pyn ckinyennozo panzy, // Mar. Cryail. — 2010. — T.34, C.3-12.

|4] Bhattacharjee M. The probability of generating certain profinite groups by two elements, //
// Israel J. Math. 86, 1994. — P. 311-320.

[5] Alexey Muranov. Finitely generated infinite simple groups of infinite commutator width.
arXiv:math/0608688v4 [math.GR] 12 Sep 2009.
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MVWHUMAJIBHBIE CUCTEMbBI OBPA3VIOIINX J1JIs1
BEHEYHOLINKJ/INMYECKUX T'PVIIII, 'PYIIIT ABTOMOP®N3MOB

'PAPOB PUBA U ®YHIAMEHTAJIBHBIX I'PYIIIT OPBUT
HEKOTOPBIX ®YHKINI MOPCA

P. B. CkyparoBckuii
HITY, Kues, Ykpauna
ruslcomp@mail . ru

Pacemorpum Kirace BeHeIHOIUKAMYeCKHX rpymin § (myerb G € ) mocTpoeHHBIX 110 Gop-

MyJIe:
kT’L

k1 ko
G=(J[Cu)U(J] Cny,) -2 (AH Cp,, )y 1<k < oo,

i1=1 i2=1 m=1

['e oy, ortepartiueii crijieTeHUsT TOHUMAIOT CIJIETEHHWE IPYII KaK TPYT HOJICTAHOBOK, BJIaJICIOIIEe
CBOMCTBOM aCCONMUATUBHOCTHU. VI3 ompesesienns caeayeT, 9TO Bece IPOU3BeIeHNsS KOHETHHI.

Teopema 1. I'pynna AAA0OUGACA CNAEMEHUEM YUKAUMECKUT 2PYNN KaK 2pynn nodcmano-
sox deticmsyrowur pezyaapro: Co, 1 Cpy .. 1 C,, , 2de (n;,nj) = 1 npu i # j, umeem pane 2
(on o6osnavwaemes d(G) [1]) m.e. ecmv 2-noposrcdentiodi.

O6osnauum G; = Hfj?:l Ci;. Myers rky = d(Gh), rhy = d([]}2, G5) — panrn ykaszanubix
CPYIIIL.

Teopema 2. ITycmv G € S, mozda d(G) = rky + rks.

OxasbiBaercs [2] mogkaac rpynn u3 kiaacca S uzomopden rpymnmnam apToMopdu3Mos rpada
Puba nexkoropsix dpyuknuit Mopca Ha KOMIAKTHBIX HOBEPXHOCTX.

k;
3ameuanwue 1. Ecian npousseaenune Hij:l Ci; u3 G BMECTO UKJIMIECKAX TPYTII COIEPZKAIIO
oot H", tne H = A X B, a A — upsamoe npou3ssejieHne abe/ieBbIX TPOCTHIX I'PyIi, B — mpsmoe
Ipou3BejieHne HeabeJeBbIX MPOCTHIX Ty, T0 B d(G) BMeCTO KOJHYecTBA 00pPA3YIONHX /I
ks n _ A
[1i)-1 Ci; nosurca konmuecrso obpasyrowux max {fn,d (B")}, rae f = d(*/a) 4.

Haiiena MEHEMATbHAS CHCTEMa 0OPa3yIOMUX U3 ABYX 3JI€MEHTOB Js rpynusl H = (Z)" x
Z, nMeroteil IpUIozKeHusl B TonoJoruu 3], Haiiaen romoMopdu3M U3 rpynnsl Z Kak MOArPY Iiibl

H B Aut(Z)" < H, 3apanusiii Ha obpasyomux rpymnsr (Z)".

[1] O. B. Borononbckuii, Beedenue ¢ meoputo epynn, M., Hayka, (2002), 148 c.

[2] S. 1. Maksymenko, Deformations of functions on surfaces by isotopic to the identity
diffeomorphisms, (2013) arXiv:math/1311.3347v2.

[3] S. I. Maksymenko, Homotopy types of stabilizers and orbits of Morse functions on
surfaces,// Annals of Global Analysis and Geometry, vol. 29, no. 3 (2006), P. 241-285.

|4] J. Wiegold, Growth sequences of finite groups 3, // J. Austral. Math. Soc. 20, (Series A).
(1975), P. 225-229.
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TWISTED EDWARDS CURVE AND ITS GROUP OF POINTS OVER
FINITE FIELD F),

R. V. Skuratovskii, U. V. Skruncovich
NPU, Kiev, Ukraine
ruslcomp@mail.ru, julian.skrunkovich@gmail.com

We consider the conditions of supersingularity of Edwards curve [1-3]. A normalization of this
curve was constructed by us in projective form, genus of twisted Edwards curve was count by
us and it equals to 1. We denote twisted Edwards curve having coefficients a and d as E, 4. It
was found the mistake in conditions of supersingularity for this curve in theorem 3 of article [4].
More particularly if p = —3(mod8) there is no degenerated twisted pair of curves as it states
in [4]. Also if condition p = £7(mod8) holds then the orders of correspondent curves are such
Ng, = Ng, , = p — 3 that are not equal p + 1 as it states in [4]. For instance theorem 3
from [4] is also rejected by the following data if p = 31 then Ng, = Ny, , =28 =8-3+7—3.
The main result of this paper is the theorem.

Theorem 1. Ifp =3 (mod 4) and p is prime, then numbers of points on x>+y* = 1+2x2y?
and on 2* +y* = 1+ 27'2%y? over F, are equal Ng, , = Ng, ,, = p+ 1 when p = 3(mod8)
and Ng, = Ng, , = p— 3 when p = T7(mod8).

There are two fundamental points [5] ((0,+£1), (£+/a,0)) on E, 4. The interesting relations
between points of £, ; were found.

Theorem 2. For every no fundamental point (x,y) of E, 4 holds the condition <#> (1_pr> =
()

-

If a is a quadratic residue over F), then it exists the isomorphism between Edwards curve

E) 4 and twisted Edwards curve E, 4, which is given by the mapping X — /ax,Y > y. This
fact and the theorem 1 lead us to a condition of supersingularity of E, 4.

Remark 1. Point of order 8 exists on £, 4 if and only if point of order 4 exists on E, 4 and

L(1ty/1-9) 2(1£4/1-2) a 1-4
) =1, ()= =1 (5*)=1

p

following conditions holds (

The normalization of this curve was founded due to following regular substitutions z : z =
u:w=t:v, y:z=t:u=v:w. As a result we get normalized curve in projective form:

au® + v? = w? + dt?
uv = wt.

[1]  Alekseev E. K., Oshkin I.V., Popov V.O., Smishliev S.V. ”About perspectives of us-
ing twisted Edwsrds curves in Gost R 34.10-2012” proceedings of the XVI conference
"RusCrypto 2014”.

[2] Bernstein Daniel J., Birkner Peter, Joye Marc, Lange Tanja, Peters Christiane. Twisted
Edwards Curves. IST Programme under Contract IST-2002-507932 ECRYPT, 2008. PP.
1-17.
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[3] Hisil Huseyin, Koon-Ho Wong Kenneth, Carter Gary. Twisted Edwards Curves Revisited.
ASTACRYPT 2008, LNCS 5350, PP. 326-343.

[4] Bessalov A. V., Tsygankova O.V. Correlation of big order points sets of the Edwards curves
over prime field. // Information protection. Vol. 17, no. 1 (2015), P. 73-79.

[5]  W. Fulton Algebraic curves. An Introduction to Algebraic Geometry. Third Preface, Jan-
uary, 2008. P. 121.
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['PVIII TOMEOTOIIIN HECUHIV/IAPHUX IITAPYBAHDB
KOPEHEBOIIOAIHNX CMYI'ACTUX [TOBEPXOHDB

FO. KO. Copoka
KHY imeni Tapaca IlleBuenka, Kuis, Ykpaina
sorokayulyal5@gmail.com

Ozuauenns 1. Cneyiaavnoio mModeavbroto cmyz010 HA3BEMO BIKPHTY MiIMHOKUHY
S C R x [0;1], sika 3a10BOIbHSIE YMOBAM:

1) Rx(0;1) CS;
2) 0_-Sx=SNR x {0} =(0,1);

3) 045 = SNR x {1} € ne3p’ss3uuM 06’¢THAHHIAM IHTEpBaIiB, 3aMUKaHHs sKuX B R X [0; 1]
MIONAPHO HE TMEPETUHAETHCH 1 YTBOPIOIOTH JIOKAJbHO CKIHUYEHHY MHOYKHUHY.

Ao gaHo ABl MoJeIbHI cMYTH S1 Ta So, TO cmandapmmoro npuksetixoro Sy 10 S, Ha3BEMO
IPUK/ICIOBAHHS 33 IOIMOMOIOI0 30epiralodoro opieHrtamiio adgiaHoro romeoMopdizMa HIKHBOL
Mexki 0_ S 710 1esIKOro iHTepBasy MexKi 0y S7.

Koxuy Moneabay cMmyry S Oy/1eM0 TaKOXK HA3UBATH CMY2GCMON Nnoseprrer diamempa (0, a
IpaHUYHI iHTepBaJn 3 0y S HA3BEMO 2PaHUYHUMU THMePsasamy pieks 1. 3a IHIYKINEH, KO
BU3HAUYeHA CMyracTa MOBepXHA giamerpa ¢, ¢ > ( Ta MHOXKWHA I'PAaHUYHUX 1HTEPBAJIB pPIBHHA
1+ 1, To emyeacmoro nogeprrero diamempa © + 1 Ha3BEMO IIOBEPXHIO YTBOPEHY CTaHIAPTHOIO
UPUKJIEHKOI0 MoJeabHrX cMyT {S)} aeA A0 JeAKUX IPaHUYHUX iHTepBaJIiB pisad ¢+ 1. 'pannyni

inrepasn 3 | | 0,5, HA3UBATHMEMO 2PAHUMHUMY THMeEPBaramy pieHa i + 2. Kimac emyracrux
AEA
MTOBEPXOHDb CKIHUYEHHOTO JiaMeTpy MO3HAYMMO depes §.

Koxknaa MopenbHa cMyra Ma€ KaHOHIYHE OpPI€EHTOBaHe IMAapyBaHHS Ha TOPU3OHTAJIBHI MpPs-
mi R x ¢, t € (0,1) i kommonentn mexi. Tak sik ToMmeoMopdi3amMu NPUKJIEHKH OTOTOKHIOIOTH
mapyu TaKuX MapyBaHb, TO KOXKHA CMyTracTa IMOBEPXHs TAaKOXK Hece Ha coli mapyBanusg F, 1o
CKJIAJA€ThCS 3 IIapiB MIapyBaHb HA MOJIeJIbHUX cMyrax. Lle mapyBanns TakozK € OPIEHTOBAHUM.
HazuBartumemo #oro xamomiumum.

[oznauumo uepes G(F) = X,/ F — upoctip mapis, i mexait 7 : ¥ — G(F) — dakrop-
Bigobpaxkennst. Hagiiumo G(F) dbakrop-ronooriero, Tooro muoxkuny U B G(F') BBaxKarume-
MO BIJIKPUTOIO TOJ i TLIbKH TOL, Ko iT npoobpas 1 (U) € Biakpurum B Y. B 3araabnomy
sunagky G(F') e HexaycmopdoBrM TOMOJIOTIYHAM MPOCTOpOM. [Ipn oMy 00pa3 BHYTDINIHO-
cti KoxkHOT MoesibHol emyTH Sy B G(F') € BIAKPATOI0 MHOXKHHOIO TOMEOMOPGhHOIO BIIKPATOMY
inrepsaiy. [loznauarumemo iforo gepes e, i mHazuBarumemo pedpom. Takum umnom, G(F') mo-
JKHA PO3IVISJIATU K «HexaycaopdoBuity rpad, y 9KOro «posiieiieriy sepiuuu. i Bepimnnu
BIIIOBIIAIOTH 'PAHUYHUM IHTEpPBaJIaM MOJeAbHUX cMyr. Hexait V' — MHOXKWHA BepIIUH Tpa-
da, E = {e), A € A} - muoxkuHa pebep rpada G(F). Tokaagemo d,ey = (Sy NR x {1}) i
8_6)\ = W(S)\ NR x {0})

Hexait > — cmyracra moepxus kiacy § i G(F) — i npoctip mapis. Iloznaunmo gepes
H*(F) rpyny Bcix romeomopdismis h : X — X ki 3a10BOJbHAIOTH TAKUM YMOBAM:

1) st moBUIBHOTO APy w € F iioro 06pas h(w) € Takox mapom F i npu mpoMy 0OMeKeHHsT
h|y,: w — h(w) 36epirae opieHTario;

2) h(D_S) =0_S i h(0,S) = 0,85.
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Hexaii Takoxk moH ™ (F) = HY(F),/H{ (F) — rpyna romeoroniit mapysanus F, ne H (F) —
migmuoRuHEa H T (F), 1m0 cKIagaeThes 3 roMeoMopdiamiB, ski i3oTomui TotoxkaoMy B H T (F).
Busnauumo uepes H(G) — rpyuy romeomopdismis rpada G(F). Jlerko nepesipuru, 1o
KOKeH romeoMopdism cmyracroi nosepxui h: X — X 3 HT(F) inaykye romeomopdism rpada
p(h) : G(F) — G(F), npuaomy signosiguicrs h — p(h) € romomopdismom p : HH(F) — H(G).
Hexait K = p(H"(F)) i Ky — rpyna romeomopdismis rpada G(F) 3 K, mo izoromui
TOTOXKHOMY BiIOOparkKeHHIO, TOII CIIpaBeInBa TaKa XapaKTepusallis rpynu K.

JIema 1. Tomeomopgism g 3 H(G) nanesrcums epyni K modi i auwe modi, koau g sbepizae
MHIUHUT NOPAJOK GepwuH Ha Meaci O1e 0aa koorenozo pebpa e epaga G(F).

3B’S130K TPy roMeoToriit rpada Ta CMyTacTUX MOBEPXOHB KJIACy § MOKA3y€ HACTYITHA, TEO-
pema.

Teopema 1. Hexati X € § 1 F - xanowiune wapysarns. Todi p indykye idomopdiam 2pyn
moH T (F) ma moK.

[1] Sergiy Maksymenko and Eugene Polulyakh, Foliations with all non-closed leaves on non-
compact surfaces Methods of Functional Analysis and Topology 3, (2016) arXiv:1606.00045

[2] Sergiy Maksymenko and Eugene Polulyakh, Foliations with non-compact leaves on surfaces,
Proceedings of Geometric Center 8 (2015), no. 3-4, 17-30.

[3] Yu. Yu. Soroka, Homeotopy groups of rooted tree like non-singular foliations on the plane,
to appear in Methods of Functional Analysis and Topology 3, (2016)
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VARIETY OF SEMISYMMETRY-LIKE MEDIAL QUASIGROUPS

O. O. Tarkovska
Khmelnitskiy National University, Khmelnitskiy, Ukraine

tark.olena@gmail.com

A groupoid (Q;-) is called a quasigroup [1], if for all a, b € Q each of x-a=band a-y="b
has a unique solution. For every permutation ¢ from the symmetry group Ss, a o-parastrophe
(C-f) of an arbitrary quasigroup operation (-) is defined by:

1o 7 Tog = T35 <—> X1 -To = T3.
A class of quasigroups 72l consisting of all o-parastrophes of quasigroups from 2l is called a o-
parastrophe of 2. Tt is shown [2] that an arbitrary assertion is satisfied in a class of quasigroups
if and only if its o-parastrophic assertion holds in o-parastrophe of this class. o-parastrophic
assertion is defined as an assertion being obtained from the given one by replacing operation
(+) with its o~ !-parastrophe.

A set of all pairwise parastrophic classes is called a truss. A truss of varieties is uniquely
defined by one of its varieties. If an identity determines a given variety, then all parastrophes
of the identity determine all varieties of this truss.

Quasigroups (Q;-) and (Q; o) are isotopic iff there exists a triple of bijections («, 3,7) such
that x-y = v~ !(az o By) holds for all z, y € Q. A quasigroup (Q; ) is called a group isotope [3],
if it is isotopic to a group. Let (Q;-) be a group isotope and 0 be an arbitrary element from Q.
The right part of

x-y=ar+a+ Py

is called a 0-canonical decomposition, if (Q;+) is a group, 0 is its neutral element and a0 =
50 = 0.

Definition 1. Conditions for components of a canonical decomposition are called canonical
conditions of an identity, if they hold exclusively for those group isotopes, which are satisfied
the identity:.

The identity xy - uv = xu - yv is called medial. 1t defines the variety of medial quasigroups.
Lemma 1. The identities
¢
- (yu-v)=y-(zu-v), (1) (z-yu)-v=(x-yv)-u, (2) ((zy-u)-v)-z=vy-u, (3)
(a:r-‘yu)~yv:u-mv, (4) x-(yt(umx)):u-vy, (5) xy-(uy?v):mwu (6)
are pairwise parastrophic.

The identity (1) will be called semisymmetry-like identity. The variety defined by this
identity will be called by the wvariety of semisymmetry-like quasigroups. They are close to
semisymmetric group isotopes.

Theorem 1. The variety of semisymmetry-like quasigroups is a subvariety of the variety
of all medial quasigroups and is described by the following canonical conditions: commutativity
of canonical decomposition group and compositions of its coefficients are identical.

Theorem 2. Fach of identities (1)—(6) defines the same truss of varieties. Namely, if
variety & is defined by identity (1), then (2) also defines S, identities (3) and (6) define
variety ‘S, identities (4) and (5) define variety "S.
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[1] V.D. Belousov, Foundations of the theory of quasigroups and loops, Nauka, Moskow, 1967,
222. (Russian)

[2] F.M. Sokhatsky, Symmetry in quasigroup and loop theory, 3rd Mile High Confer-
ence on Nonassociative Mathematics, Denver, Colorado, USA, August 11-17, 2013.
http://web.cs.du.edu/ petr/milehigh/2013/Sokhatsky.pdf.

[3] F.M. Sokhatsky, About group isotopes II, Ukrainian Math. Journal, 1995, 47 (12).
(Ukrainian)
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FUNDAMENTAL GROUPS OF ORBITS OF SMOOTH FUNCTIONS
ON 2-TORUS
B. Feshchenko
Institute of Mathematics of NAS of Ukraine, Kiev, Ukraine
fb@imath.kiev.ua

1. Stabilizers and orbits of smooth functions. Let M be a smooth closed surface, X be
a closed (possibly empty) subset of M, and D(M, X) be the group of diffecomorphisms of M,
which are fixed on X. The group D(M, X) acts on the space C*(M) of smooth functions on
M by the following rule:

71 C%(M) x DM, X) = C*(M),  f.h)=foh.
Under the action v we will define the stabilizer
S(f,X) ={heD(M,X)|foh= [},

and the orbit
O(f,X)={foh|heDM,X)}
of f e C™(M).

Endow on D(M, X) and C*°(M) the corresponding Whitney topologies. These topologies
induces certain topologies on S(f, X) and O(f, X). Let also Dijq(M, X) be a connected compo-
nent of D(M, X'), which contains idy; and Of(f, X) be the corresponding connected component
of O(f, X), which contains f. In addition we set S'(f, X) := S(f, X) N D (M, X).

If X =@ we omit X from our notations, i.e., we put O(f, @) = O(f), D(M,2) = D(M),
and so on.

2. Wreath products. Let G be the group with the unit 1. Now we give definitions of
wreath products of G 1z, xz,, Z* and Gz, Z, n,m > 1. Let Map(Z, X Z,,G) be the set of all
maps from Z,, X Z,, to G with pointwise multiplication, i.e., let a,, 8 € Map(Z,, X Zy,, G); then

(a-B)(g) = ali,j) - B(i,7),  (i,7) € Zn X L.
The group Z? acts on Map(Z,, X Z,,G) by the rule: if a € Map(Z,, X Z,,,G) and (k,l) € Z?,
then the result o of this action is given by the formula
o'(i,5) = a(i + kmodn, j + [ modm), (i,7) € Z°.

The semi-direct product Map(Z,, X Z,,, G) x Z?, which corresponds to this action, we will denote
by
Gz, <z, 7* = Map(Zy, X L, G) x 772,

and will call it a wreath product of G and Z* under Z, X Zu,.
Similarly to the above we define a wreath product of G iz, Z. Let Map(Z,,, G) be the set of
all maps from Z, to G. The group Z acts on the set Map(Z,,, G) by the rule:

a®(i) = a(i + kmodn), i € Ly,

The semi-direct product Map(Z,, G) x Z, which corresponds to this action we will denote by
Gz, Z, and will call it a wreath product of G and Z under Z,,.
3. Class of smooth functions F(M). Let F(M) C C*(M) be the set of smooth

functions satisfying the following two conditions:
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(B) the function f takes a constant value at each connected component of M, and all critical

points of f belong to the interior of M;

(P) for each critical point x of f the germ (f,z) of f at x is smoothly equivalent to some

homogeneous polynomial f, : R? — R without multiple linear factors.

4. Main result. The following theorem gives the description of fundamental groups of

functions from the class F(7?) on 2-torus T2.

Theorem 1. Let f be a function on 2-torus T? from the class F(T?) and I'; be its Kronrod-

Reeb graph. Then we have on of the following two cases: if

o I'; is a tree, then there exist the set of 2-disks {D;}/_, C T?* for somer € N andn,m € N
such that

mOs(f) = HWOS/<f|Dm 0D;) 1z, w2, L°.

1=0

In particular, m O (f) = moS'(f) x Z?, whenever n =m = 1.

o 'y has a cycle, then there are the cylinder Q) and n € N such that

mOs(f) =2 mOs(flg, 0Q) Wz, Z,

see [1]- [5]

Sergiy Maksymenko, Bogdan Feshchenko, Homotopy properties of spaces of smooth func-
tions on 2-torus, Ukrainian Mathematical Journal, vol. 66, no. 9 (2014) 1205-1212
http://arxiv.org/abs/1401.2296arXiv:1401.2296

Sergiy Maksymenko, Bogdan Feshchenko, Orbits of smooth functions on 2-torus
and their homotopy types, Matematychni Studii, vol. 44, no. 1 (2015) 67-83
http://arxiv.org/abs/1409.0502arXiv:1409.0502 (submited to Mat. Studii), 2014.

Sergiy Maksymenko, Bohdan Feshchenko, Functions on 2-torus whose Kronrod-Reeb graph
contains a cycle, Methods of Functional Analysis and Topology, no. 1 (2015) 22-40,
http://arxiv.org/abs/1411.6863arXiv:1411.6863.

Bohdan Feshchenko, Deformations of smooth functions on 2-torus whose Kronrod-Reeb

graps is a tree, Proceedings of Intsitute of Mathematics of Ukrainian NAS, vol. 12, no.
6 (2015)

Bohdan Feshchenko, Actions of finite groups and smooth functions on surfaces, 11 pages,
submitted to Methods of Functional analysis and Topology, 2016
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CONSTRUCTING n-ARY QUASIGROUPS

I. Fryz
Khmelnitskiy National University, Khmelnitsky, Ukraine
wryna. fryz@ukr.net

An operation f on a set () is called i-invertible if for arbitrary ai,..., a;_1, b, a;_1,..., a,
of () there exists a unique element x € () such that

f(ala"'yaiflvitaaz#la"'7an) =b.

If f is called an invertible or a quasigroup operation, if it is i-invertible for all i € 1,n =
{1,...,n}. The i-th division @ f of an i-invertible operation f is defined by

(i)f(l'l, e Lg 1, X5, Ljg 1y - - - ,l’n) =Y = f(xl, e L1, Y, i1y - - ,I’n) = XT;

for all z1,...,z,,y € Q.
For every permutation o € S,,, a principal o-parastrophe of operation f is defined by

(Tf(xl; e 7In> = f(xlg—l, RN 7.Tno.—1>.

Binary operations g and h defined on @) are called orthogonal, if for all a,b € ) the system
of equations {g(x,y) = a, h(x,y) = b has a unique solution.

Definition 1. Let {iy,... i1}, {j1,--.,7s} € 1,n and

flar, .o ) =g, o i, My T4 )s Ty - ey Ty )
Then f is
e a repetition decomposition, if {i, ... i} N{j1,...,Js} # &;
e a repetition-free decomposition, if {iy,...,ix}N{Jj1,...,Js}=9.

Definition 2. A quasigroup is called permutably reducible, if it has a repetition-free de-
composition.

Definition 3. [1] Let 7 and v be arbitrary partial injective transformations of the set
I,n and 1,n = Im7 U Imwv. Then a pair of binary operations will be called (7, v)-respective
{m; p}-retracts of g and h if they are defined by terms that are obtained from

9(51317,-~,$m), h(xlvv-~'axnv)

in the following way: all the variables of the terms are replaced with some elements from (),
except z,, and z,, where p # m; in addition, if a variable appears in both terms, then it is
replaced with the same element.

Definition 4. [1] Let 7 and v be arbitrary partial injective transformations of the set 1,n
and 1,n = Im7UImv and m € (ImvNIm 7). Operations g and h will be called perpendicular of
the type (1,v;m) if for all p € (Imv N Im7)\{m} every pair of (7,v)-respective {m; p}-retracts
is orthogonal.
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Perpendicularity concept is one of generalizations of orthogonality of binary operations and
is defined by certain orthogonal binary retracts.

Theorem 1. [1] Let T, v be arbitrary partial injective transformations of 1,n; g, h be
tnvertible operations;

f(xh <. ;xn) = g<513'1r7 <o T((m)r—1=1)7H h<x1v7 o 7xnv>7 T((m)yr=t41)715 - - - 7Inr> (1)

be fulfilled. Then the invertibility of operation f is equivalent to the perpendicularity of the type
(t,v;m) of g and V"R, where J,(m) = [{1v,...,mv}|.

The following statement gives a method for constructing n-ary quasigroup which have rep-
etition composition by two quasigroups.

Corollary 1. Let 7, v be arbitrary partial injective transformations of 1,n, where Im 7 N
Imv # @; g and ®h be perpendicular quasigroups of the type (7,v;m). Then operation f which
is defined by (1) is a quasigroup.

An algorithm for constructing n-ary quasigroups. f; and f; are orthogonal binary
quasigroups, f is (k — 1)-ary, wy is (s + 1)-ary, we is (¢ + 1)-ary quasigroups, o € S,,.

1. Construction of operations g;, gs by
g1(x, .. xp) = fi(zy, f(o, ... xp)),
{gg(azl, ooy )= falxr, fza, ..o, xp)).
2. Construction of operations hy, hy by
hi(x1, .. T, Tty - oy Thows) = w1 (g1(T1, -+ o, T), Thog 1y - -+ Thos)s
ho(Z1, .o gy Thasits -5 Tn) i =Wa(Go(T1, -+ oy k), Thrsily - - > Tn)-
3. Construction of operation p by
p(T1, ... xn)i=hy ((1)h2($1, ey Tl Tgstly e ey L)y T2y e e ,xk+s).
4. Finding o-parastrophe °p of the operation p.
Theorem 2. Let m € 1,n. If mo = 1, then

1) operations hy and hy which are constructed by items 1)-2) are perpendicular quasigroups
of the type (1,v; 1), where 7 and v are partial injective monotonically ascendant transfor-
mations of the set 1,n and satisfy the conditions

mrNmv="1k  {(k+Dr....(k+ts)r}=2, {(k+s+1v,...,n}=0;
2) operation °p which is constructed by items 1)-4) is a quasigroup with a repetition decom-
position.

This algorithm constructs permutably reducible quasigroups which have repetition decom-
position by two quasigroups.

[1] F.M. Sokhatsky, I.V. Fryz, [Invertibility criterion of composition of two multiary quasi-
groups, Comment. Math. Univ. Carolin., 53, 3 (2012), 429 — 445.
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CTALIIOHAPHI TAPMOHIMHI TA J-CYBIAPMOHINHI ®YVHKIIIT
HA OJHOPIJTHUX I[TPOCTOPAX

B. Xopomiak
JIbBiBCHKMT Haliona buuil yaisepcurter imeni [Bana @panka

v.khoroshchak@qgmail.com

% b
Y pobori [1] BuBUaoThCA cTamioHapHi TapMoHiitHi DyHKIT Ha ogHOpizHOMY mpocTopi (R 3, G),

H
e R? = {(r1, 79, 23) = 2 : 22+ 13 > 0} - nponnsanuii esk.1i1iB 1pocTip, G - rpyma KOMIO3HITil
3 TOMOTeTiit Ta 00epTaHb HABKOJO oci r3. 3adikcyemo ¢, 0 < ¢ < 1. Posrasgaemo miarpymy
H rpymn G, sika CKJIaIaeThcs 3 KOMIIO3uIIii romMoreriii 3 koedinienrom {¢"}, n € Z, ta obep-
—

TaHb HABKOJIO OCi X3, 9Ki 3a71a10Tbea Marpuueo A. Toxi rapmoniiiny B R? dynkiio h Hazsemo
cmaytonapHoto eidnocHo H, 9o BoHA 3a/10BOJIBHSIE HACTYIIHY YMOBY

Vo e R? h(q"Ax) = h(z).

[Toznaunmo 4depe3 Hy KJjac Takux rapMmoniiinux ¢yukiiii. Mu mosenu, mo kiaac Hy € HeTpH-

BiaJIbHUM, TOOTO MICTHTDH BiJIMiHHI BiJ cTaaux rapMmoHiini ¢yHKIl. OKpiM IIHOT0 IOKA3AIH

icHyBaHHS y MPOIMIAPKY MMOABIHHO MEPIOAMIHUX TAPMOHIHHUX (DYHKIIH TPHOX 3MiIHHHX.
Hacrymauit eran goc/tizkeHHs MOJISTa€ y BUBYEHHI CTAIIOHAPHUX J-CyOrapMOHIHHUX (DyH-

KITif Ha OJIHOPIHOMY HPOCTOPI (Rg, g), ae R® = R3\{0}, G - rpyma kommoszumifi eqeMenTis 3
rpymu obepranb SO(3) Ta roMoTeTiii.

Badikcyemo T = qop € G, 1e 0 < ¢ < 1, p € SO(3). Hexait ‘H nukiidna miarpyna rpymna
G, mopojizKeHa eJIeMeHTOM T.

o
Osznauenns 1. §—Cy6rapmonifimy B R® ¢dbyHKniio © HazseMo CTamioHApHOIO BiZHOCHO
H, 9KIIO BOHA 3aJ0BOJIBHSIE YMOBY

VneZ VreR® u(t"z) = u(x).

Muoxuny cramionapuux 0—cybrapmoniiinnx B R? dynkniit signocno H uosnagarnvemo
qepes 65 Hy (R?).
Yepes v(t) nosraanvo ynKIio posnoainy seskoi mipu 4 B R? (aus. [2]). Yepes B 6yaemo

ITO3HAYATH KJAC 0OMesKeHuX GopesieBux MHOKIH B R 3, 3amukanns skux micrarsbes B R 3. s
B € B noknagemo 7B ={rx:x € B}, T€G.
Mwu 10BOIMMO HACTYIHI TEOPEMU.

Teopema 1. Mipa ;1 6 R? € wmiporo Pica dynwuii 3 xaacy 6SHy(R?) modi i suwe modi,
KOAU GUKOHYIOMBCA 00UdGE YMOBU
(i)u(TB) = qu(B) das xootcnoi B € B, T =qop;

(i) [ d”T(t) =0 das scix T > 0, de v(t) Pynryis posnodiay mipu fi.
qr

Teopema 2. Koowcna dymnwuia u € 0SHy(R?) sobpasicaemuca y maxomy euzasdi

u(z) =C + / K. (x,a)du,(a),

g<lal<1
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q<lal <1, C - deaka cmana.

[1] V. S. Khoroshchak, A. A. Kondratyuk. Stationary harmonic functions on homogeneous
spaces, Ufimsk. Mat. Zh., 2015, Volume 7, Issue 4, 155-159.

[2] V. S. Khoroshchak, A. A. Kondratyuk. The Riesz measures and a representation of multi-
plicatively periodic §-subharmonic functions in a punctured Euclidean space, Mat. Stud., 43
(2015), 61-65. doi:10.15330/ms.43.1.61-65
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ON SOME IDENTITIES OF TERNARY QUASIGROUPS

Dina Ceban
Moldova State University
cebandina@moail.ru

Let @ be a nonempty set and let n be a positive integer. An n-ary groupoid (@, A) is
called an n-ary quasigroup if in the equality A(xy,zs,...,z,) = T,+1 any element of the set
{x1,29,...,Tps1} is uniquely determined by the remaining n elements. If (Q, A) is an n-ary
quasigroup and o € S,,, then the operation 7 A defined by the equivalence: “A(xy1, To2, . - ., Ton) =
To(ni1) & A(T1, %o, ..., &n) = Ty, fOr every x1,2a, ..., &p, Tny1 € Q, is called a o-parastrophe
(or, simply, a parastrophe) of (Q,A). We will denote the transposition (i,n + 1), where
i € {1,2,...n}, by m, so @"*DUA =m A A g-parastrophe of an n-ary quasigroup (Q,A)
is called a principal parastrophe if o(n + 1) = n + 1. The n-ary operations A;, As, ..., Ay,

defined on (), are called orthogonal if, for every ai,as,...,a, € @, the system of equa-
tions {A;(z1,22,...,2,) = @i};—1, has a unique solution. A system of n-ary operations
Ai, Ay, .. A, defined on a set (), where s > n, is called orthogonal if every n operations of

this system are orthogonal. For every mapping 6 : Q" — Q" there exist, and are unique, n n-
ary operations Ay, As, ..., A,, defined on @, such that 6((z})) = (A1 (2]), As(z}), ..., Au(a])),
for every (z7) € Q™. Moreover, the mapping 6 is a bijection if and only if the operations
Ay, Ag, ..., A, are orthogonal [1, 4]. The operations FEi, Fs, ..., E,, defined on @, where
Ei(x1,29,...,x,) = x;, for every xy,x9,...,2, € @, are called the n-ary selectors on Q). An
n-ary operation A is a quasigroup operation if and only if the system {A, Fy, FEs, ..., E,} is
orthogonal. n-Ary quasigroups, for which there exist n orthogonal parastrophes (principal
parastrophes) are called parastrophic-orthogonal (self-orthogonal). Quasigroups with minimal
identities are parastrophic orthogonal [2, 5]. T. Evans proved in [3] that if a ternary quasigroup
(@, A) satisfies the identity A(z, A(z,y, 2), A(z,z,y)) = A(y, z,x), then it is self-orthogonal.

If ¥ = {A1,As,..., A, E1,Fs, ... E,} is an orthogonal system, then we will denote the
system {A10, As0,..., A0, E10, 50, ... E,0} by 0. A bijection 6 : Q" — Q" is called a
paratopy of the system ¥ if 36 = ..

Let Ay, Ay, A3 be ternary quasigroups defined on a nonempty set () and let Ey, Ey, E3 be
the ternary selectors: Ej(xy, z9, 23) = x;, Vo, 22,23 € Q,1 = 1,3. We consider the orthogonal
system XY= {Al, AQ, Ag, El, EQ, Eg} and denote the set {Alé’, AQQ, Agg, E19, EQQ, E39} by 0.
Let 6 : Q* — @3, 0 = (By, By, B3), be a mapping, where By, By, Bs are ternary operations
on Q and 0(23) = (By(x3), Ba(x3), B3(23)), for every (z3) € Q3. If 0 is a paratopy of 3, then
Y =30 = {A10, As0, A30, E10, Ex0, Es0} = {A10, A30, As0, By, By, B3}, so {By, By, B3} C %,
i.e. all paratopies of ¥ are triples of operations from 3.

We proved that, a triple of operations of ¥ defines a paratopy of X if and only if the quasi-
group operations of ¥ are expressed each by other (using parastrophy and/or superposition)
and, in most of cases, the corresponding quasigroup satisfies an identity. Moreover, some of the
obtained identities involve the self-orthogonality of the corresponding ternary quasigroup or of
its binary retracts. We showed in [6, 7] that there exist 153 orthogonal systems consisting of
three ternary quasigroup operations and three ternary selectors, which admit at least one non
trivial paratopy.

Let ¥ = {Ay, Ay, A3, F1, By, E3} be an ortogonal system, where A, Ay, A3 are ternary
quasigroup operations, defined on a set (), and FE;, Fs, E3 are the ternary selectors on (). We
show [6, 7] that the existence of nontrivial paratopies of ¥ implies the folowing 67 identities,
where A € {A;, A, As}:
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A
A
A
LA
A
A
A

) A(A,(132) A,(123) A) — Fy;
A(A,(BZ) A,(123) A) — Es;
A(Ey, A, A) = Ej;
. A(El, E3,7r2 A(El, EQ, A)) = ﬂ'3A(E1, A, Eg);
A(Ey,™ A(E1, A, E3), Ey) =™ A(Eq, Ey, A);
. A(WQA(Eg, A, EQ), E177T1 A(A, Eg, El)) = A;
A(W2A(E27 El, A),ﬂ3 A(Al, El, Eg), El) = EQ;
A(MA(A, E3,™ A(Eq, A, E3)), El,A) EQ,
A(™A(Ey, E5,A),™ A(Es, E1, A

E3) = A4;
("™ A(E9, E3, A),™ A(A, E]_,EQ) E)) = A;
(Es, A" A(Ey,™ A(A, Eq, Ev), A)) = Ex;
(" A(Es, A, Eq), B3, A(Eq, A, Ey)) = A;
(A" A(E3, A, Er), Ey) =™ A(E3, Es, A);
(Eg T A(A, Es, E1),™ A(Es, A, Ey)) = A;
("8 A(E9, A, E3),™ A(Es, Eq, A), Ey) = Ey;
(E9,™8 A(FE3, A™ A(A, E1, Es)), A) = Ex;
(7 QA(E2,E37A)7 LA(E3, B, A), E3) = A;
(ﬂ'sA A EQ,Eg) EQ,El) =" A(El,EQ,A);
(B3, Eo,™ A(E1, Eg, A) =™ A(A, Es, E3);
(E1,™ A(A, E5,E1),™ A(A, Ep, E9)) = A
(A, E3,™ A(MA(F1, A, Ey), Eq1,A))) = Eo;
(M A(E2, A, Er),™ A(E3, Ey, A), Ey) = A;
("™ A(A, Es, Eq), A, Ey) =™ A(E1, E3, A);
(E3,7T3 A(EQ, E3, A),ﬂ-l A(A, El, Eg)) = A;
("™ A(Es, Eq, A), E3,™ A(Es, A, Ev)) = Ey;
( Tr3 A(Eg,A El) A) =72 A(A,EQ,El);
("8 A(Es, A, Ey), E2,™ A(Ey, A, Eq)) = A;
(E1,78 A(A, Es, E1),™ A(A, E1, E»))

(”?’A Es,Ey1, A), E3,™ A(Es, A, E1))

(™ A(A, B3, Ep), Eq, A) =™ A(E, A,

( 3, 1 A(El, E3,A),7r2 A(A, Eg, EQ))
(A,02) A, B3) = By;

(" A(A, Es, Es), Eq, E3) =™ A(E1, A, E3);
(E2,™ A(Eh, A, E3), E3) =™ A(A, Eq, E3);
(El,EQ, (El,EQ,A)) = W3A;

(E1, Eq, A(E1, Ep, A)) =T A;

(El,EQ, (EQ,El A)) (123)W3A;

(By,237m A, A(Ey, A, Es)) = Es;

(E’l,ﬂ—d A(El, Eg, A),WQ A(El, A, EQ)) = A;

A;

A;
2);

E27

I tqu

L U3m A (B, (1827 A, By) = A(E3, Er, A);
. 7r2/1(%314(.E3, El, A), A,ﬂ2 A(EQ, A, El)) = E3;
. A(A, E3, A(E3, Ey, A)) = (132)m 4,

A(E5,(132m A A(A, By, Ey)) = E;

(Es,™ A(Ey, B3, A)™ A(A, By, By)) =
(WBA(E& E27 A)v EQ’TH A(A, E27 El))
( (13) 7T3A EQ, A(A, EQ,El)) = Eg;
(
(
(
(

I

A;
4;

E1, A(Ey, E3, A),23)7m A) = Ey;
E.,™A(Ey, E3, A),™A(E1, A, Ey))
A, A(Ey, A, Ey), Ey) =(123)7s 4.
"2 A(E2, A, Ey),"3 A(Es, Er, A), E2) = 4

A;
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51. A(Ey, A(FEy, A, E3), B3) = ™ A;

52. A(El, (E3,A El) ) (13)7r2A;

53. A(02D™ A A(A, Ey, F3), E3) = Es;

54. A(TFQ (EQ,A Eg) TrlA(A El,Eg) Eg) = A;
55. A(Fq, A(A, E3, Ey),(12)72 A) = B3;

56. A(E2,™ A(A, E3, F1),™ A(E3, A, Ey)) = A;
57. A(A(Fa, F3, A),3)M A By) = Ey;

58. A("3 A(Es, E3, A), ™ A(A, Ey, B»), Ey) = A;
59. A(A(F3, By, A), By, 129™ A) = By;

60. A("A(E3, Ea, A), B>, A(A, By, Ey)) = A;
61. A(A(A, Ey, Ey), By, A) =(123)73 4;

62. A(A(Fq, A, E3), ™™ A E3) = Ey;

63. A(W2A(E2,A E3) ﬂ-lA(A El,Eg),Eg) = A;
64. A(A(Fs3, A, Ey), B1,(139m A) = B3;

65. A(TFQA(E:),,A EQ) El,ﬂ- A(A, Eg,El)) = A;
66. A(A(A, By, E3), By, F3) = ™ A;

67. A(A(A, E3, Ey), By, F3) = (23)m 4,

Theorem 1. Fvery of the given above 67 identities on ternary quasigroups is equivalent to

one of the following four identities:

L“APAY AL A) = Ey,

IL “A(PA)Y A E) = Es,

II. “A(PAE|, Ey) =" A(°A, E\, E3),

IV. “A(PA, By, Ey) =7 ACA, E\, Ey),

where A is a ternary quasigroup and o, 3,7,0 € Sy.

[1]

Belousov V. Systems of orthogonal operations. Matem. Sbornik, 1968, 77 (119), 33-52 (in
Russian).

Belousov V. Parastrofic-orthogonal quasigroups. Quasigroups and Related Systems, 14
(2005), 3-51.

Evans T. Latin cubes orthogonal to their transposes - a ternary analogue of Stein quasi-
groups. Aequationes Math. 9 (1973), 296-297.

Syrbu P. On orthogonal and self-orthogonal n-ary operations. Matem. Issled., 66 (1987),
121-129 (in Russian).

Syrbu P., Ceban D. On w-quasigroups of type Ty . Buletinul Academiei de Stiinte a Republicii
Moldova. Matematica., 2014, no.2, 36-43.

Syrbu P., Ceban D. On paratopies of orthogonal systems of ternary quasigroups. I. Buletinul
Academiei de Stiinte a Republicii Moldova. Matematica (to appear).

Syrbu P., Ceban D. Paratopies of orthogonal systems of ternary quasigroups. 12th Inter-
national Scientific Seminar ” Discrete Mathematics and its Applications”, dedicated to the
memory of academician O. B. Lupanov, State University "M. V. Lomonosov”, Moscow,
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MHOropuan KAJTABI-AY TA TOJTOMOP®OHO-ITIPOEKTHBHI
[IEPETBOPEHHS.

E. B. Uepesko, O. €. Yenypua
OHEY, Opeca, Ykpaina
cherevko@Qusa.com, chepurnab7@gmail.com

KesiepoBi MHOTOBH/IM BUKOPHUCTOBYIOTHCS BXK€ JIOCUTH JOBIUU 4Yac JJid MOOYI0BU CyIEPCH-
MeTPHYHUX cirMa-Mojieneil, 30KkpeMa Bijomol Mojesi, Beca-3ymino [6]. Merpuka g KeaepoBoro
MHOTOBHULY (bIirypye vy JarpamzkKuati CynepcuMeTPUIHOI B3aEMO/Iil:

1 -
L=—g:D®'D®’

274 ’
e

Q' (z,0) = ¢'(x) + 0Y'(x) + O0F" (x)

— Jledke cymepnoje. TakoxK, y Teopil CTPyH BUKOPUCTOBYIOTHCA KOMMIAKTHI KeJepoBl MHOTO-
BHJIM, TaK 3BaHi mHo2osudy Kanrabi-fy. Haitqacrime ix Bu3Ha4aioTh, sik koMmmakTai Kejeposi
muorosuu K™ kpusuna Piui skux jgopisuioe nyso [1]:

Tyt mMu BBazKaeMo n = 2m € JifiCHOIO PO3MIPHICTIO MHOTOBHUIY, a M — KOMILIEKCHOIO. Y
ik pobOTI M PO3LISTHEMO MOMKJIUBICTH 3aCTOCYBaTH J10 MHOTOBUIIB Kanabi-fy romomopdno-
npoekTuBHi BAoOpazkenus. /laMo jesiki HeoOXiHI O3HAYEHHSI.

Hexait, (M?™, g, J) — noBiibHuii Maiizke KOMIJIEKCHIN MHOTOBHI. [IpUYOMY, ¢ € PUMAHOBOIO
METPHUKOIO I[bOT0 MHOIOBHUIY, a J — floro Maiizke KOMILIEKCHOIO cTPYKTypoio. Kpusa L mpo-
cropy M?™ B gxoMmy icHye HalliBcMMeTpH4YHa MaifzKe KOMILIEKCHA 3B A3HICTDb, 10 € 3a/1aH0I0
ITapaMeTpMYHUME piBHAHHAME x° = z'(t), Ta BiAnmOBiZae mudepeHIiaIbLHAM PIBHAHHAM [5, C.
258|:

R N L Y 2)
ez gt dt dt bt

ne «at), 5(t) — nesaki dbyHKI, a F?k — koedilienTr MajizKe KOMILIEKCHOI 3B’ SI3HOCTI, Ma€ Ha3BY
AHANMULHO-NAAHAPHOT, aDO, 2040MOPHHO-NAGHAPHOT KPUBOI.

. —2m
Oznauennsa 1. [Iudeomopdizm f : M?™ — M~ 3BeTbCH 20A0MOPPHHO-NPOEKMUSHUM
sidobpasicenmam, aKIO y pesyabTaTi mii f yci romomopdno-maanapai kpusi M2™ nepexondaThb
. . T2m
y roaomopdHo-1anapui kpusi M.

PaKkTUIHO, FOIOMOP(MHO-IIPOEKTUBHE BiIOOparKeHHs — 1€ CIHIBBLAMOBIAHICTH JBOX HAIIBCH-
MeTPUYHUX Mafizke KOMIIEKCHUX 3B’d3HOCTeN. ZIKIIO BOHU € CUMETPUYHUMU, TO:

=k
Ty = Tl 0805 + 6% — LT — LT,

. . —k .. .
ne 1; — JNedkuii, BusHaueHuii Ha M>*™ KOBeKTOD. Ffj Ta I';; — KoeIIeHTH 3B SI3HOCTEH BijI-

. . 2m —2m .
moBigHO MHOTOBUIIB M= Ta M . OCKiTbKH MeTPUKHU Ha 000X MHOTOBHIAX € KEJIEePOBHUMH,
TO 1M 3B s13HOCTI OyeMo BBaxkaru 3B si3HocTsiMu Jlepi-HiBita. Tenzopu Piudi nmux MHOrOBHIIB
ITOB’sI3aH1 TAKUM YHHOM:

Rij = Rij + (2m + 2)1,;, (3)
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e
Vi = iy — Vs + e Jjbs T, (4)

Kowmoro 7. abo cumposom "V B 3a7eKHOCTI Bij 3pyYHOCTI MU MO3HAYATHMEMO KOBapiaHTHY
noxizay y 38 a3mocTi Jlesi-YUisita KenepoBoi Merpuknu ¢;; MEOroBULy (M>™).

Temep, mexait f : CY*" — @Qm € TOJIOMOPMPHO-TTPOEKTUBHUM BiT0OPaKeHHAM MHOTOBH/IIB
Kanabi-sly (CY*",g,J) Ta (@zm,g, J). Toni, Bracaigok (1) e ta (3) 3 (4) Maemo, o

Vij — Yy + i = 0. (5)
Tenep, sropuenmo (5) 3 JiJ/. Bpaxosyioun Biacrusocti adinopa J, Maemo
Gig i) = 0ty ]+ wiy = 0.
abo
Vus TS — P JLTS + ity = 0. (6)
dxmo nogatu (5) Ta (6), orpuMaemo:

Bropuemo (7) 3 TeH30poM ¢, 110 € MaTPUIIEI0 3BOPOTHLOIO JI0 MATPUIL ¢/ METPUYHOrO TeH30DY
muorosuay (CY?™, g,.J). Buacaigok Toro, mo Is MeTPHKa € epMiToBOIo, TO6TO

i __ ts 7t T8
97 =g"J; Jj,

MAa€EMO, TI1O
ij _
9”75 = 0. (8)
3 inmoro 60Ky, 00MABI 3B’ A3HOCTI, K Ffj Tak i I';; € 38’asnocramu Jlesi-YisiTa, orKke TeH30pH
Pivai R;;, R;;. Orzke 3 (3) Ta (4) BunamBaTuMe, 1o

Yij— iy =0. (9)

KosekTop 1); 3amoBinbasie (8) Ta (9), orxke, Bin € rapmoniunuM [5, c. 28|. B cuity kommakTHOCTI
(CY*™,g,J) Ta (1) MoyHa 3pOBUTH BUCHOBOK, IO BEKTOP v; € KosapianTho crammM( |3, c. 29]):

P = 0.
Otxke, 3BiACH BUILTHBAE, 10 (5) MOKHA 3alUCATH Y BUIJISI:
—thsth; + 1/JtJf1/)sJ; =0. (10)
Bropuemo (10) 3 KonTpaBapiaHTHEM BeKTopoM 1) = 1),¢'*. BHacaimox Toro, 1o
Ve Ji = 0,

OTPUMYEMO
— 1?5 =0, (11)

e |[]|? = Yrg™;. Ockimbkm Merpuka ma muorosuai (CY*™, g, J) e pimanosorw, (11) oznawa-
THMe, O BEKTOP 1; € HylIboBEM. OTKe, MH OTPHMAJH TEOPEMY.
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Teopema 1. Mioic deoma mnozosudamu Kanabi-Ty (CY*™ g,J) m (cy .G, J) Hemo-
HCAUBO HAGIMB AOKANDHO 6CMAHOBUMU HEMPUBIAALHE 20A0MOPPHO NPOEKMUEHE 61000pascen-
HA.

Hexaii na maiizke KOMILIEKCHOMY MHOTOBHILI M", Ha SKOMY 3a/laHO HAIlIBCUMETPHUYHY .J-
3B’SI3HICTD, ICHYE BeKTOpHE moJje &, Take, 10 HepeTBOPEHHS

T =2 et (2t 2?2, (12)

JITSl MAJIAX 3HAYEHD € BiTOOpazKye OyIb-IKY aHATITHIHO-IIAHADHY KPUBY Y AHATITHYHO-TLIAHADHY
kpuBy. Toxi, neperBopenns (12) Marume Ha3BY THPIHIMEZUMAADHOZ0 20A0MOPHHO-NPOEKMUBHO20
nepemeopenns. Bpaxosytoun (2), maemo [5, c¢. 267]:

A2z dzd dxk dz" dz’
Qé(WJrF?k%%—a( )——ﬁ( )J}! dt) (13)
da: dx’
= Y YA £
QLA

V3JI0BK Oy/Ib-sIKOI aHATITHIHO-ILIAHAPHOI KpuBoi, sie y(t) Ta (1) — neski dbyHKIi mapamerpy
t. CumBosiom £¢ Mu MO3HATAEMO MOXITHY JIi(Lie derivative) reomerpuaaux 06’eKTiB. 30KpeMa,

noxinna JIi Terzopa SgT]ll o, THILy (p, q) y3I0BK BEKTOPHOTO TOJIsI £ B KOOPINHATAX MA€ BUTJISI
|2, c. 196]:

i1...0p 21...1 s i1...7 k 21...1 k
Sijlmjj B TJl Jps +Tk]2 ? 3 j1 o Tk]k qu g1 (14)
lio...lp i i142...1 +ip
_7—']1 -Jq g ' jv]ll 2](1 é A
[Toxigna JIi 06’ekTy 3B’SI3HOCTi, MATUMe BUIJISLI;
Sl = 0} + pi6] — puJi ) — pud {7+ 007 + 0,17 (15)

1€ p Ta f — € neBHUMHU KOBEKTOpHUMHE 110J1sMu. BexkTop € Mae HazBy H -npoexmuenozo eexmopy.
Zkuo ) J-38’a3HiCT € cuMeTpudnoio, To (15) mpuitme Burus [4]:

LTl = piol + pidlh — p JL T — poJL L. (16)

KaxKyTh, 10 KOBEKTOP p € acouiliosanum kosexmopom 10 BeKTopy . Kpim cumerpudnocTi J-
3B’SI3HOCTi, BUMAaraTuMeMo 30epe:KeHHs MPU MePeTBOPEHHAX MaiiyKe KOMIJIEKCHOT CTPYKTYPH,
a came

Ledi = EXOL T} — J50uE" + JL0,6% = 0.
OcKibKY MU PO3IJISIATEMO JIUIITE CAMETPUYHI J-3B’s13HOCT], YaCTUHHI MTOXi/THI MOYKHA 3aMIHUTH
KOBapianTHUMU y OyJ/ib AKiit cUMeTPUYHIN 3B A3HOCTI:

LeJj = EVLJf — JPVLE + TV E0 =

JL1g TOBLIBLHOTO KEJIEPOBOTO MHOTOBHU LY (lCQm, g,J) y 38’ aznocti Jlesi-Hisita KeaepoBol me-
TPUKH, PIBHAHHA iH(DIHITE3UMATBHAX EPETBOPEHbD, IO 30e€piraTUMyTh KOMILIEKCHY CTPYKTYPY,
MaTHMYTh BUIJISII;

1)5i,j = fz‘j;
2)p,i = pi;
3)51,;% = fajoi + 09k + PrGi; — th;Jik - ﬂtJ;éin; (17)

1
4)pi; = H—HQRM;
B)LeJl = VTl — JIVoE + JLVE0 =
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Tenep, Hexaii gocizKyBanuit MHOroBuI € Muorosuom Kasabi-fy (cyQM, g, J). Bracmimok
KOMIIAKTHOCTI MOXKHA, 3pOOMTH BHCHOBOK, IO TOJIOMOP(MHO-IIPOEKTUBHHUI BEKTOp & € KOHTpa-
BaplaHTHUM aHAJITHYHUM BEKTOPOM, BHACJIIOK Teopemu Hasejgenoi y [4], |5, ¢. 280]. Bekrop
£ Ma€e Ha3By roJIOMODMHO-TIPOEKTUBHONO, SAKINO BiH € pO3B’s3koM piBHsHB (171-17,). BekTop,
JJTs STKOTO BUKOHYEThCsA (175) MU 3BEMO KOHTpaBapiaHTHUM aHAJITHIHUM BEKTOPOM. Bpaxony-
FOUH e, a TaKOxXK, bepydi 10 ysarm (1), orpuMyemo, mo na Muorosuai Kana6i-sly (CY*™, g, J),
CUCTeMa PiBHAHD iH(IHITE3UMAJIBHUX IEePETBOPEHb, IO 30epiraTUMYTh KOMILIEKCHY CTPYKTYPY
(17) nabyBae BuLJISLY:

1)&‘,]‘ = &ijs

2)pi = pi; (18)
3)&iik = EaBiys + Pigik + Prgis — P Jik — pediJjis

4)pi; = 0.

Otke, acoriioBaHWit BEKTOD p; € KOBAPIHTHO craauM. Tenpep, sKio Mu 3ropHemo (173) 3 g'*,
MH OTPUMA€EMO, IO

ik

g"V;iVi& = &R,
ne R = g R,;. Bepaxosytoun (1), maemo:
ik

g"V;iVi& = 0. (19)
J1jis1 I0BIILHOTO KOMITAKTHOTO MHOTOBHLy M™ Ta JIOBLILHOTO BEKTOPHOTO 1oJs £ Ha HLOMY, €
cupaseruBoio dopmyia ( |5, c. 26]):

[ (9,96 + B0+ (V6 = VIETiE = V360 + (V) )dor =0. (20
Mn
Tyr do € o6’emuum enementoMm do = +/|g|dzt A dz? A ... A dx™ mmorosuxy M™, npuuomy
9] = det(gq;). Jnst muorosuy Kama6i-sly (CY*™, g, J) (20) npuiive Bursi

/ (£9"V Vil + %(V’fj — VIEN(Vi&; — V,6) + (Vi€)?)do = 0.
Cme

Bpaxosytouan (19), orpumyemo:

/ (%(vigﬂ‘ — VIEN (V&5 — V&) + (V') )do = 0. (21)
CyZm

3 (21) BunsmBag, MO y BUMAAKY JOJATHRO BU3HAYEHOI METPUKN ¢;; BEKTOD & Ma€ OyTH rapMmo-
HIYHUM:

Vi€ — V;& =0, V& = 0.
IcHye Teopema, 3rigHo 3 sikoto ( |5, ¢. 29]) KoBapiaHTHA MOXiAHA TAPMOHIYHOTO BEKTOPY € TOTO-
YKHO PIBHOIO HYJIIO:

Vi€; = 0. (22)
3 (22) BunumBag, 1o BeKTOp & € He TIIbKH FapMOHIYHIM, ajie i KiJTiHrOBHM:

PiBusanns (23) o3navae, 1Mo BeKTOP & MOPOJKYE OJHONAPAMETPHYHY TPYIY i30MeTpii, OTKe M1
OTpUMAaJIA TaKy TEOpeMYy:
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Teopema 2. Mroeosud Kanrabi-Sy (CY*™,g,J) ne 00360a4€ icHYSaHHA HEMPUGIANLHUT
20A0MOPPHO-NPOEKMUBHUL NEPEMBOPEHD.

OTpuMaHi HAMHU TEOPEMHU HOCATH XapakTep Mmo-go’.

[1] Dine M. Supersymmetry and String Theory. Beyond the Standard Model /M. Dine —
Cambridge University Press — 2007, 515p.

[2] Aybposun B.A., Hosuxos C.I1., @omenro A.T. CoBpeMeHHAs] TeOMETPHUST: METOJBI W IPUIIO-
wkeuus /| B. A. dybposun, C. II. Hosuxos, A. T. @omenxo- M.: Hayka. ['1. pen. dbus.-mar.
JmT., 1986. - 760 c.

|3] Mikes J., VanZurova A., Hinterleitner I. Geodesic mappings and some generalizations.
/J. Mikes —Olomouc: Palacky University Press, 2009, 304p.

|[4] Tachibana S. Ishihara S. On infinitesimal holomorphically projective transformations in
kahlerian manifolds./S. Tachibana S. Ishihara- Tohoku Math. J. (2) 12 (1960), no. 1, 77—
101.

[5] Yano K. Differential geometry on complex and almost complex spaces /K. Yano—New
York: Pergamon Press Book — 1965, 326p.

|6] Zumino B. Supersymmetry and Kahler Manifolds, /B. Zumino //- Phys. Lett. 87B, 203-206
p.

141



PEFVHHPI/IBAL{I/IH MATPUYHOI'O YPABHEHUS CUJIBBECTPA
C. M. Yyiiko, M. B. /I3106a

Jloubacckuit rocytapcTBeHHbIN negarorndeckuii yaupepcurer, 1. CaBsHCK
chugko-slav@inbox.ru

Matpuunsie ypapaeHuss CHIbBECTpa ¥, B YACTHOCTH, YpaBHEHHs JIAMyHOBA, MHUPOKO HC-
[OJIb3YIOTCS B TE€OPUM YCTOWYMBOCTHU JIBUZKEHUS, & TaKyKe 1pu pemienun guddepennnaibHbiX
ypasuenuit Pukkaru u Bepuyanu [1-5]. B craree [5] npeanoxkena dopmyna mocTpoenus pe-
menws ypaaenust CusbBectpa. [Ipeamonokum 3a1a9y 0 HAXOXKJIEHUN PENeHnit MaTPUIHOTO
ypaBHenuss CuibBecTpa

k
ZQi CR, =B, Q€eR, R eR™ (1)
=1

HEKOPPEKTHO HOCTaBIeHHOM |1], a mMenHo: npejnonoxum, uro ypasienue Cusbecrpa (1) ne
umeer pemennii C' € R s npoussoabnoit neopuopoguoctn B € R**°. TocraBum ciety-
IOMLYIO 33/a49y: CYMEeCTBYIOT ju MaTpuisl £ € RY*F F € RY° q1g KOTOPHIX BO3MYIIEHHOE
MarpudHoe ypasuenune CuibBecTpa

k
Y QiCR+e£CF=B, 0<e<1 (3)
i=1
Pa3penmMo JI/isg TPOU3BOIbHON MaTpunbl B? g puKcHpoBaHHON MATPUILI HOTHOTO paHra J
B caydae «, 3, v, 0 > 1 HAMHM IIOJIy9eHBl JOCTATOYHBIC YCJAOBUS, IPH KOTOPHIX BO3MYIIEHHOE
marpuuHoe ypasaenne CuabBecrpa (3) pazpeimmumo Jyist IPOU3BOIbHON HEOIHOPOJHOCTH .
[IpemioxkeHHas B JA0KJIaje TeXHUKa peryispusanun ypasaenus Cusibectpa (1) ymportaer
COOTBETCTBYIOIIYIO CXeMY PeryJsipusaiui [6], OCKOJbKY MpeIycMaTPHBACT HAXOXK ICHIEe 3SHATH-
TeJIbHO MEHBIIIEro 9HCIa HapaMeTpoB, I MOXKeT OBITh HepeHeceHa Ha 0GOONICHHBIe MATPHYHBIC
ypasuenusi CusbBectpa |7].

[1] A. A. Boichuk, A. M. Samoilenko, Generalized inverse operators and Fredholm boundary-
value problems, VSP, Utrecht, Boston, 2004.

[2] A. A. Boichuk, S. A. Krivosheya Criterion of the solvability of matriz equations of the
Lyapunov type, Ukrainian Mathematical Journal, 1998. vol. 50, Ne 8.

[3] C. M. Yyiiko O peweruu mampuunnr ypasuenut Janynosa, Becthuk XapKOBCKOrO Ha-
nuoHaibHoro yuusepcurera. Cepust: Maremaruka u Mexanuka, 2014. Ne 1120.

[4] R. E. Bellman, Introduction to matriz analysis, McGraw-Hill, New York, 1960.

[5] C. M. Yyiiko, O peweruu mampusrnozo ypasnenui Cuaveecmpa, Bectauk Oecckoro Ha-
uoHaIbHOrO yHUBepcuTera. Cepusi: MaTeMaTnka u Mexanuka, 2014. T. 19, Beim. 1 (21).

|6] S. M. Chuiko, E. V. Chuiko, A. V. Belushenko On a regularization method for solving linear
matrixz equation, Bull. of Taras Shevchenko National Univ. Ser. Math. 2014, T. 1.

[7] C. M. Yyiiko, O pewenuu obobuwernozo mampuunozo ypashenus Cuaveecmpa, Tebbiies-
ckuii cbopuuk, 2015, 1. 16, Boi. 1.
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O PEIIEHUUN JIMHENHBIX MATPUYHBIX YPABHEHUN
C. M. Yyiiko, E. B. Yyiiko

Jloubacckuit rocyapcTBeHHBIN negarorndeckuii yaupepcurer, T. CIaBsHCK

chugko-slav@inbox.ru

Matpuunsle ypaBuenus JISmyHoBa, a TakzKe UX 00001IeHNsT — MaTpUIHbIe YpaBHeHusT CHThb-
BecTpa |1] MUPOKO MCIOMB3YIOTCSA B MEXAHUKe, TEOPUH YCTONIMBOCTH IBUKEHUS, & TAKKE MPH
perreHn MaTpUIHbIX TuddepeHnnatbHbX ypaBHeHuil. B crarbe [1| mpeozxkensr ycioBus pas-
PEIIMOCTH, & TaKzKe cXeMa MMOCTPOeHUsd JaCTHOTO pellleHusd ypaBHeHud JIdmyHoBa Ha OCHOBe
ncepioo6parenus |2 omeparopa L, COOTBETCTBYIOIIErO OJHOPOIHON YacTH ypaBHeHUs JIsmy-
HOBa. VICoIb3ysl TEXHUKY TceB1000paTHbIX (110 Mypy-ITeHpoy3y) MATpHIL U TIPOEKTOPOB, HAME
1Ipe/IJIOZKeHbl OPUI'MHAJIbHBbIE YCJIOBUS PA3PEIIMMOCTH, & TaKzKe CXeMa HaXOXKJEeHHs ceMeilcTBa
JITHEHHO HE3aBUCUMBIX PEIeHUN HEeOAHOPOIHOr0 0O0OIIEHHOTO0 MATPUIHOTO YPaBHEHU S

LX = A (1)

Bnecy £ : R*P — RY — jumeltHblil orpaHuYeHHbI MAaTpUYHbIH GyHKIHOHaT, X € RY*8 —
Hem3BecTHad Marpuia, A € R7*% — 3ananmad mMarpuna. 1loJydeHHble pe3yIbTaThl 0600IIAI0T
VCJIOBUS pa3pentuMocTu ypasaenuii Jlsnyuosa [1,3,4] u Cunbeectpa [5| Ha corydail muneiiHoro
mMaTpudHOro ypasuernus (1) o6Iiero Buga u MOTyT ObITh MCIIOJL30BAHBI B TEOPUU YCTORYUBO-
cru neuzkenus [1|, npu pemenun quddepennuanbabix ypapaennit Pukkaru u Bepuyam [1], a
TaK2Ke [IPH PEIICHUH JINHEHHBIX KPAeBhIX 33124 JJId MATPUYHBIX A depeHnuajlbHbIX ypaBHe-
Huit [6,7]. [loaydennble pe3yabTaTsl MOIYT OBITH MEpeHeCeHbl Ha 0000IeHHbIe YPABHEHHUS THIIA
CuiibBecTpa, coliepzKalline HeM3BeCTHbIE MATPHUIILI PA3THYHBIX pasMepHocTeil [8].

[1] A. A. Boichuk, S. A. Krivosheya Criterion of the solvability of matriz equations of the
Lyapunov type, Ukrainian Mathematical Journal, 1998. vol. 50, Ne 8.

[2] A. A. Boichuk, A. M. Samoilenko, Generalized inverse operators and Fredholm boundary-
value problems, VSP, Utrecht, Boston, 2004.

|3] C. M. Yyiiko O pewenuu mampuunux ypasuenut Jlanynosa, Becrnuk XapKOBCKOro Ha-
nmuonaabHOoro yEuBepcurera iM. B. H. Kapasuna. Cepusi: Maremaruka, npuk/iaHas MaTe-
MaTuKa u Mexanuka, 2014. Ne 1120.

[4] R. E. Bellman, Introduction to matriz analysis, McGraw-Hill, New York, 1960.

[5] C. M. Yyiiko, O peweruu mampuunozo ypasnenus Cuaveecmpa, Bectauk Omecckoro Ha-
muoHabHOrO yHUBepcuTera. Cepust: MaTeMaTnka u Mexannka, 2014. T. 19, Beim. 1 (21).

|6] S. M. Chuiko A generalized matriz differential-algebraic equation, Journal of Mathematical
Sciences (N.Y.), 2015, vol 210, Ne1.

[7] S. M. Chuiko, The Green’s operator of a generalized matriz linear differential-algebraic
boundary value problem, Siberian Mathematical Journal, 2015, vol. 56, Ne4.

[8] C. M. Yyiiko, O pewenuu obobuwernozo mampuunozo ypashenus Cuaveecmpa, Tebbiies-
ckuii cbopuuk, 2015, 1. 16, Boi. 1.
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OLIHKY HAMKPAILIMX M- 4JEHHUX TPUTOHOMETPUYHUX
HABJIM?KEHB KJIACIB (¢, 8)-AU®EPEHIINOBHUX
[MEPIOJUYHNUX OYHKIIM BATATHOX 3MIHHUX

K. IIlBaii
Iacruryr maremaruku HAH Vkpainu, m. Kuis

kate.shvai@gmail.com

BcranosiieHo MOpsSaKOBi OIIHKK HaiKpaiuX M —J4IeHHIX TPUTOHOMETPUYHNX HAOIHKEHDb
KJIaciB nepiogudHux GyHKIIH Oararbox 3MiHHUX LZ’I, dKi Yy OJHOBUMIPDHOMY BHUNAJKY Oy/iu
sanposajzkeni O. I. Crenannem (nuB., Hanpukaaz, [1]).

Hexaii L, (74), 1 < ¢ < 00, — npoctip 27m—mepionudunx 3a KOKHOI0 3MiHHO0I0 dyHKIii f 3
CKIHYEHHOIO HOPMOIO

1/q
ey = 1l = (<2w>d / \f(x)|qdw) ,

e x = (x1,...,24) — enement Eskiinosoro mpoctopy RY, d > 1, a7y = H?Zl [—7, 7]. BBaxa-
THMeMO, o s GYyHKUil f € L, (74) BUKOHYETbCS yMOBA f:r f(x)dz; =0, j=1,d.

B gxocri anapaTty maGamkeHHsa OyIeM0O BHKOPHCTOBYBATH TPUTOHOMETPHYHI MOJIHOME BH-
rasny P (Ou;x) = 3 5., cpe'™®) e Oy — nowinbuuit HAaGip i3 M pisHnx BexTOpiB k =
(k1, ...ka),ac, € C. dna f € L, (7y) Bemauny

em(f)g = inf inf : 1F(:) = P (Oars) llg;

M P(Oas

Ha3BeMO HafKparuM M —wienHnM TpuronomerpuanuM nabnmxennsm Gyukiil f € L, (7).

Yepesz D GyeMo MO3HAYATH MHOKHHY TakuX (BYHKIH HATYPAJIbHOrO apryMenty (-), o

1) ¥(-)— moaaTHi Ta HE3POCTAIOY;

2) 3M > 0 raxe, mo VI € N ¢(1)/¢(2l) < M.

Pesynbratu poboru Oymemo hopMyIIOBATH B TEPMiHAX MOPSIKOBUX CHiBBigHOIIeHD. OTXKeE,
s BesmanH A ta B mig 3amucom A < B OyaeMo po3ywmiTH, 1o icHye Taka mogarHa crasga Cf,
mo A < C1B. 3anuc A < B piBHOCHJIbHHII TOMY, 110 BUKOHYIOThCa ymMoBu A < B i B < A.
Vci cTajii B MOPSIKOBUX CITIBBITHONTEHHAX MOXKYTh 3aJeXKaTH JIMIIEe BiJI THX MapaMeTpiB, IO
BXOJATH B O3HAYEHHsI KJIACYy Ta METPUKH, B sIKiil 3MIHCHIOETHCS HAOJUKEHHS, & TAKOXK BiT
posmiprocTi mpoctopy R

CnpaBemyinBa TeopeMa.

Teopema 1. Hexati 1 < ¢ < 2, ¢; € D, B; € R, j = 1,d, i, xpim mozo, icnye € > 0
marke, wo V; (|k;|) ]/cj\l_l/q% ne apocmatoms. Todi dan 6ydv-arux namypasvrur M i n, wo
3a0080avHAIOMY Yymosy M =< 2"l mae micue cnissidnowerms

(I)(n)lel/(I(log M)2(d—1)(1/¢I—1/2) < ey <L271> < \I;(n)lel/ang M)2(d_1)(1/q_1/2),
q

de ®(n) = min TT7y0;(2),(n) = max [T 05 (2%).

[1] Cremanen A. 1. Kiaccudbukanus u npubiuzkenne nepuogndeckux dpyuknmit. — K.: Hayk.
nyMKa, 1987. — 286 c.
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