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Integrable natural systems of n interacting particles on the line are investigated under as-
sumption that the interacting potential is a polynomial. Restriction for degree of these
potentials is obtained both for systems with pairwise interaction and for the case of lattices.

Dynamics of n equal pair-interactive particles on the line is described by the Hamiltonian
system with the Hamiltonian

H=3) i+ V- ), (1)
=1

1<j

where the x; and p;,7t = 1,...,n, are the coordinates and momenta of the particles. We hence-
forth call the function V a potential. Complete integrability of this system was established
in [1, 2] for the Weierstrass P-function as the interaction potential. Moreover, this system
possesses a complete collection of integrals which are polynomials in the momenta and are in
involution. It is therefore natural to obtain a description of Hamiltonians (1) which admit in-
tegrals that are polynomials in the momenta. We are interested in considering the problem of
integrability of such natural system of interacting particles in Liouville’s sense for polynomial
potential V(z), such that degV'(z) = k > 2.

Theorem 1. Let the potential V(z) admit an integral F', which is polynomial in the momenta.
Then the potential z* admits a nontrivial integral, which is also polynomial.

Theorem 2. The 3-body problem with the Hamiltonian (1) is integrable if and only if k < 4.

Proof. The total momentum P = Y p; is the first integral of the system under considera-
tion. Therefore this system can be reduced to the system with two degrees of freedom and the
Hamiltonian

H:%(p?+p§)+V(x)+v(—f+y—\/§> +V(—§—y—\/§>.

Now we shall use the Yoshida’s theorem [3] on the nonintegrability of natural systems with
homogeneous potential. According to his algorithm, we calculate the Kowalewski’s indicators

Agi = (1+8kN;/(k —2)%) "

where \; are the eigenvalues of the matrix I' = %QTV;/

system of equations

(¢), ¢ € C™ is a nontrivial solution of the

ow .
8—333«(0):% I<jsn (2)
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In our case

W:xk+<—§+y7\/§>k+<—f—y—‘/§>k.

The solution of the system (2) is
1/(k—2)
e = (271 k (14 271) , (3)
c2 = 0. (4)

The Kowalewski’s indicators are
3k —2

AQl — k_2 S Q7
B 24k(k — 1) 1/2
ser= (14 G gp 7o) ©)

To show that Ags ¢ Q consider the Diophantine equation
L 2R l 1/2
(k—2)2(1 +2k=1) — \ (kK —2)(1 4 2k 1) '

One can easily prove that for £ > 10 [ ¢ N | and it is easy to calculate [ for k£ < 10 directly and
check that [ also is not natural. |

The analogous result is established for the case of n pair-interactive particles on the line.
Theorem 3. The n-body problem with the Hamiltonian (1) is nonintegrable for k > 2.

Proof. First of all we reduce the system of n particles to the system with two degrees of
freedom. Let the initial conditions of the dynamics are

L =T2=-"=2Tr =Y, (6)
Tpp1 = - = T2r = —Y, (7)
Tor4+1 = —T2r42 = T, (8)
Ty =dg ="+ =Tp = Dy, 9)
pp1 =0 = dop = —Py, (10)
Tor41 = —T2r42 = P (11)

for n = 2(r 4+ 1), and additionally
Tory3 = Tor43 =0
for odd values of n (n = 2(r+1)+1). Then the reduced Hamiltonian can be written in the form
H =p2+rps + W(x,y),
where
W(ay) =2 (@ =) + (@ +y)*) + (22)° + r2(2y)"
for n =2(r +1) and
W(z,y) =2r ((w — )P+ (z + y)k> + (22)F 4 r2(2y)F + 22F 4 21"

for n = 2(r+ 1) + 1. The analogous Diophantine equations can be easily considered and one can
prove that these equations do not have solutions for £ > 2. |
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Consider now the problem of integrability of the system of (n + 1) interactive particles with
the Hamiltonian

n+1
ZPZ + Z V(i — ip1) + AV (@pg1 — 1), (12)

where A\ can be equal to 0 or 1.

Theorem 4. The system with the Hamiltonian (12) can be reduced to the system with two
degrees of freedom and the Hamiltonian

H= % y””j_1> t(n—1)V <§——i(52__1)1) (13)

[\DI}—A

(p1 +p2)+V( )+)\V<

Theorem 5. The systems with the Hamiltonians (13) for A € {0,1} do not possess the additional
first integral for k > 2.

The proof of the Theorem 5 is based on considering the Kowalewski’s indicators for the
Hamiltonian (13). In this case also Ag; = 315%22 € Q and it is proved that Ags ¢ Q for values
k> 2.
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