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We consider the deformation of canonical commutation relations in the class of Wick al-
gebras. The irreducible representations of GCCR are classified. We study the universal
bounded representation of GCCR and compute the K-theory for the twisted canonical com-
mutation relations.

In this paper we study the deformation of CCR generalising both twisted CCR of W. Pusz
and S.L. Woronowicz and some type of ¢;;-~-CCR of M. Bozejko and R. Speicher (see [3, 1]).
Namely, let us consider a x-algebra generated by elements {a;,a}, i = 1,...,d} satisfying the
following relations (GCCR)

* * *
aja; = 1+ oaa; — E (1— oej)ajaj,

j<i: kj>i
aja; = A\ijoqaja;g, a;a; = \ijoya;a;, 1<j, ki>j,
aja; = N\ijaja;, a;a; = \ija;a;, 1< 7, ki<},
0<a; <1, |)\¢j‘:1, i,j=1,....d, i#7, (1)

where the vector k = (k1, k2, ..., kq—1) has the property that d > k; > ¢ and if j <i and i < k;
then ]Cl < k‘j.

Example 1. For k = (dy...,d), ; =p% i=1,...,d and \;j = 1, i # j we have a well-known
twisted CCR:

afa; =1+ pa;a; — (1 —p?) Z ajaj,
j<i
aja; = pa;a;, a;ja; = pLa;a;, i <]
Example 2. If we put k = (1,2,...,d—1) we get

* * * * . .
a;a; =1+ o005, a;a; = A\jaja;, aja; = \a;a;, 1< g,

i.e. the so-called generalised “quon” commutation relations, which form a special type of
qij—CCR.
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In the Section 1 we study the C*-algebra A constructed by the bounded representations of
these relations and show that it is isomorphic to the C*(s;, s7) where partial isometries s;, s

7
satisfy the relations

5;8 =1~— E SjSj s;8; =0, s58; =0, 1< 7, ki > 7,
j<i: k;>i
§;S8; = )\iijSZ-, 558; = )\ijs’isj7 1< 7, ki < 3.

As a corollary of this stability result we have that Ko(A,) =Z and K;(A,) = {0}, where A, is
the C*-algebra associated with TCCR. We also prove that Fock representation of A is faithful.

In the Section 2 we study the unbounded representations of (GCCR) for several particular
choices of parameters.

1 The universal bounded representations

The bounded representations of (1) were studied in [2]. Let 7 be irreducible bounded repre-
sentation of GCCR. Denote 7(a;) by A; and consider the polar decomposition AY = U;/C;,
i=1,...,d. Let us fix some subset ® C {1,...,d}. Put © = Ujca[j, k;]. Then the irreducible
bounded representation of GCCR, corresponding to ® has the following form

C,=U; =0, 1€ 0,

ci= Q djeD} K 1. ¢,

J<i,j¢© J>1,j¢0

Ui*: ® Uij®S ® 1, 1€ P,
J<i,j€o J>1,5¢0

1
2 _ y ;
C? = e ® dw®'® 1, €9,
J<i,j¢O J>1,j¢0

Ui* = ® Uij ® ® Uij ® ﬁi, 1€ P,

Jj<4,j¢0 J>1,5¢0

where d;j: l2(N) — [3(N)

dijen = oz?_len, /fj > ’i, dij = 1, k‘j < i,

—1

D?: l2(N) — [2(N), D?en = %en, Uijen = )\?j_len and the family of unitary operators (7,;,

1 € ® is irreducible and satisfies the relations
Uin = )\ijUjUi.
It can be easily seen that for any bounded representation we have the norm bound

1

1—ay

I (a7 a)]| <

Hence one can construct the universal bounded representation of GCCR, i.e. the C*-algebra
Aq ) generated by a;, aj with norm:

1 X1 = sup [[x(X)],
™

where X is any element of a x-algebra generated by GCCR, and sup is taken over all irreducible
representations of GCCR.
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Theorem 1. The C*-algebra A,y is isomorphic to Ay for any choice of parameters o;, © =
1,...,d, 0 < oy <1 where Ay is generated by partial isometries s;, ¢ = 1,...,d satisfying the
relations

sisi=1— Z 5§57, sjs; =0, 558, =0, i< 7, ki > 7,
j<ic ky>i
8;‘8]' = )\Z'ijs;k, 558; = )\ijsi5j7 1< 7, ki < 7.
For the particular case of TCCR we have the C*-algebra Ay generated by the relations
S?Sj == 5@' (1 - ZSZ’S?) .
k<i

In the following theorem we suppose that the coefficients \;; = e?™%i have the additional prop-
erty that the family {1, 6;;} is linearly independent over Q.

Theorem 2. The Fock representation of Ag x is faithful.
For example for C*-algebra generated by TCCR we have the following faithful realization
si=QU-55eSa@1, i=1,...,d
j<i j>i
Using this realization we compute the K-groups of Ayp.
Theorem 3. Ky(A,) ~Z and K1(A,) = {0}.
Proof. As it was noted above that A, ~ C*(s;, s}), where
si:®(1—ss*)®s®®1, 1=1,...,d.
J<e J>i

Let us consider the case d = 2. Let 7y be the ideal generated by the element (1 — ss*) @ (1 — s).
It is easy to see that To~K® 7o, where 7 is an ideal in the Toeplitz algebra 7 generated by
the element 1 — s. It is known fact that K;(7p) = {0}. Further, Au/% ~ T, i.e. we have the
following short exact sequence

0— ’]NE) — Ay — T — 0.

Since Ko(7) ~Z and K;(7) = {0}, the corresponding six-term exact sequence becomes
0 —— KO(A,u) —_— 7
0 «—— Ki(A,) «—— 0

~ d—1
In the general case we consider the ideal 7y generated by the element @) (1 — ss*) ® (1 — s).

=1
Then

d—1
%:@K@To:/c@%
i=1

and Ay(d)/ To =~ Ao (d —1). Applying again the six-term sequence corresponding to the
00— K17 —>A0(d) —>A0(d—1) —0
and induction on d, we get Ko(Ao(d)) ~ Z and K;(Ap(d)) = {0}. [
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2 Representations of GCCR

In this section we restrict ourselves by the case a; = u? for any ¢ = 1,...,d. To give the
classification of irreducible representations of GCCR we need to introduce some notations. Let

@:{1§i1<i2<"'<im§d"L'j>k‘ij71}.

Consider the function /: ® — N such that for any j € ® we have j < [(j) < k;. Construct the
set U:

O = Ujea([j + 1,1(4)]| N Z),
U= (1) +1 | 1G)+1<k;, jed)

Let F(j):=k;j+1,j=1,...,d—1. For any s € ¥ denote by ¥, the following set:
v, = {Fn(s)) n e Z+} N [Svkm(s—l)]a

where [(m(s — 1)) = s—1forany s € U. Put also M = {1 < j; < --- < j; < d}, such that
ji & Ulea[i k] and j; > kj,_,,1=1,...,t. Finally, let

F={1,....d}\ (Uieali- ki] UUjenlj, ).

For any j € ¥y, s € W fix some zj; > 0 and put 75 := (,LLQZ]‘S,ZJ‘S]. Fix any zj; € 7j5 and
construct the function

g(x,zjs) = — (1 — ,u2) Tjs + ,LLQQJ‘.

For any i € M fix y; > ﬁ and set 7; := (1 + p?y;, ;). For any z; € 7, i € M consider the
function

fl@,z)=1-(1- p?) @i + pia.

As in the bounded case we give the description of representations of GCCR, using the polar
decompositions 7 (a}) = U;C;.

Theorem 4. The irreducible representations of GCCR have (up to the unitary equivalence) the
following form

;= ) d;eDle @ 1, i dUO,

i<ijg® >i.j#e

U= Q) UjolUie Q Uj i¢gdue,
j<iig® PRTL

1
2 2 .
Cizl_—ﬂ2 Q) d;jeoDie R 1, ic?,
j<ij#e §>i,j#0

Ul = ® Ui @U; ® ® Ui; ® U, e,

j<ijg#® >i,j#0

C? =0, U; =0, i€o,

where {(72, i € ®} form the irreducible representation of higher-dimensional non-commutative
torus, i.e.

)

U:0; = \iiU;U;, i F
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and
Di2 =D (uz xls) 2 1a(Z) — 12(Z), Tis € (,U,QZZ'S, zis] , 1€ U, se v,
D (;ﬁ,xzs) en = ,u " Tisns n € 7,
D} =d(g7"(0,2)5)) : 2(Z-) = bb(Z-), i€ [j+Lk()],  jeTs,
d (g_n<07 mjs)) e—n =9 "(0,zj5)e—n, n € Ly,
D} = D (f"(x:)) : 2(Z) — la(2), zi € (14 12y, ui] i€ M,
D (f"(x;)) en, = f™(xi)en, n € Z,
D} =d(f7(0,27)) : o(Z-) = o(Z-),  i€[j+1Lk], jeM,
d(f"(0,xi)) e—n = f7"(0,z5)e—p, n € Ly,
D} = d(f(0)) : 12(Zy) — lo(Zy), i€k,
d(f"(0))en = f"(0O)en,  n€Zy
and
U'=U:12(2) — 15(Z), 1€ Uy, se v, Ue, = ent1,
Uf =8:15(2-) = (Z-), ielj+LkJ), jels,
§e_n =e_ptl, n €N, §eo =0,
Ur="U, 1€ M,
U =S, ielj+Lk], jeM,
Ur =8:12(N) — lo(N), 1€ F, Sen, = ent1.
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