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Using three-parameter subgroups of the extended Poincaré group 15(1,3) we have con-
structed ansatzes reducing the Maxwell equations to systems of ordinary differential equa-
tions. This enables us to construct a number of new exact solutions of the Maxwell equations.

1 Introduction

The electromagnetic field is described by the electric E = E(x, ) and magnetic H = H (xq, x)
fields. In the absence of charges, we have the system of vacuum Maxwell equations
0H OF
rot B = ——— divH =0, rot H = — divE = 0. (1)
8330 8550
As it is well-known [1, 2], the maximal point symmetry group admitted by the Maxwell equa-
tions (1) is the 16-parameter group which is the direct product of the 15-parameter conformal
group C(1,3) and of the one-parameter Heaviside-Larmor—Rainich group H. It contains as
a subgroup the extended Poincaré group P(1,3) generated by the following vector fields:

Pu = aa:‘“ Joa = anxa + xaa:co + Eabc(-Ebch - HbaEC)a
Jab = 60z, — a0z, + EyOp, — E0p, + HyOn, — HoOp,,
D = a;u(f?xu — 2(Ea8Ea + HaaHa). (2)

Here 4 =10,1,2,3; a,b,c = 1,2, 3; summation over repeated indices is understood, the index pu
taking the values 0,1,2,3 and the indices a,b taking the values 1,2, 3; €4 is the totally anti-
symmetric third-order tensor, 0,, = 890 , Op, = 8E , OH, = 8?}

The large symmetry group admitted by the Maxwell equations allows one to construct many
exact solutions by the symmetry reduction method [3, 4, 5, 6, 7, 8]. Using three-parameter
subgroups of the Poincaré group P(1,3) with generators P,, J,, (2) enabled us to obtain in
[9, 10] a number of exact solutions of the system (1).

The aim of the present report is to give an exhaustive description of ﬁ(l, 3)-invariant ansatzes
for the Maxwell field (E, H) reducing equations (1) to systems of ordinary differential equations.
Using them we will construct new exact solutions of the Maxwell equations.

Let 55(1,3) be the Lie algebra of the Poincaré group with the generators (2) and p")(1,3) be
the Lie algebra having as basis elements

P =0y, I = at0y, — 170y, DY =1,0,,,

where p, v = 0,1, 2, 3; lowering of the indices pu, v is performed with the help of the metric tensor
of the Minkowski space-time g, .

Next, let L be a subalgebra of the algebra p(1,3) having rank r, and let the projection of the
algebra L onto p(!) (1,3) have rank r() . Tt follows from the general theory of invariant solutions of
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differential equations ([3]) that subalgebras of the algebra L satisfying the additional condition
r = r() = 3 give rise to ansatzes reducing (1) to systems of ordinary differential equations.
It is not difficult to see that in the case dim L = 3 and a basis of functionally independent
invariants of the algebra L consists of seven functions Q; = Q;(zg,z, E,H) (i =1,2,...,6) and
w = w(zg, x). The structure of an invariant ansatz is completely determined by the form of the
functions €;.

Let us introduce the notations

- ~ - ~ ~ - T
V = (Ey By Bs Hy Hy Hy)" | W:<E1 By Ey H, Hy H3) .

Then the general form of the basis elements of the three-dimensoinal Lie algebra L = (X,|a =
1,2,3) reads as

Xao = &ap(20, )0, + patk ViOv;-

Here, and in the following, m,n, k,l =1,2,...,6; u,v =0,1,2, 3.
As the basis elements (2) realize a linear representation of the algebra p(1, 3) and, the condi-

tion r = (1) holds, the general form of an ansatz invariant with respect to a three-dimensional
subalgebra L € p(1, 3) reads [8, 9, 10]

V =AW (w), (3)

where A = A(zg, x) is a 6 X 6 matrix nonsingular in some domain of the space Ry 3 = {(xo, ) :
z, € R, p=0,1,2,3} which, together with a smooth scalar function w = w(z), satisfies the
following system of partial differential equations:

oA,
fa,u a + fmlpaln - O (4)
aWmn
Sap—F— 8 =0. (5)

Here the symbol A,,, stands for the (m,n) entry of the matrix A.

Thus, the problem of symmetry reduction of the Maxwell equations by scale-invariant ansat-
zes contains as a subproblem integration of systems of the form (4), (5) for each inequivalent
three-dimensional algebra. Remarkably, there is no need to consider all inequivalent algebras,
since the following results hold:

Lemma 1 ([9]). Let E, H be functions of x1, x2, §& = —( xg — x3) only. Then the Mazwell
equations can be integrated, and their general solution is given by
1 1
E1:§(R+R*+T1+T1*), EQZ—(iR_’iR*+T2+T2>k), E;=S5+ 85",
1
lei(’iR—iR*—Tg—Tg), (R—i—R* Tl) EgziS—iS*,

where T, = 8;?7 a=1,2;5="5%L+i%2+\z2), R= -2 <801 T 802) + B¢ 0= 04(2,8),

z =z +ixy and A = \(z) are arbztmry analytzc functions.

Lemma 2 ([11]). Let E, H be functions of xg, x3 only. Then the Mazwell equations can be
integrated, and their general solution is given by the formulae below

Ey=fi()+a(),  E2=fa§) +g2(n),  Ez=0Ch,

Hy = f2(§) —g2(n),  Ho=—fi(§) +ou(n),  Hz=0Co,

where f1, fa, g1, g2 are arbitrary smooth functions, & = xg — x3, n = xg + z3 and Cq, Ca are
arbitrary real constants.
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Consequently, to obtain new solutions of the Maxwell equations it is sufficient to restrict
our considerations to those three-dimensional subalgebras of p(1,3) which are not conjugate to
subalgebras of p(1,3) and, in addition, fulfill the conditions

) r=rM =3 2) (B£P)¢L (P,P)¢ L  3) (P,P)¢L

Making use of the classification of inequivalent subalgebras of the algebra p(1, 3) obtained in
[9, 10] we have checked that the above conditions are satisfied by the following seven subalge-
bras [11]:

Ly = (Ji2, D, Py); Ly = (Ji2, D, P3); L3 = (Joz, D, P1);
Ly = (Jos, J12, D); Ls = (G1,Joz + oD, Py) (0 <|al <1);
L¢ = (Jo3 — D + Py + P3,G1, P); L7 = (Jog3 +2D,G1 + Py — P3, P»),

where G1 = J01 — J13.

As direct verification shows, the basis elements of the above algebras satisfy the condition
r = r) = 3. Consequently, each of them gives rise to an ansatz of the type given in (3).
Furthermore, these ansatzes can be represented in a unified way, namely

B = 0{(1771 cos B3 — Fs sin 03) cosh 6y + (I:I1 sin 05 + Hy cos 63) sinh 6
+ 201 E3 + 202 H3 + 461625 + 2(67 — 62)%5},

By = 9{(E~2 cos U5 + Fy sin 03) cosh 6y + (ﬁg sinfs — Hj cos 63) sinh 6y
— 20, H3 + 205 E3 + 46,0255 — 2(07 — 02)%, },

E3 = 0{E3 + 20,155 + 26,5},

H, = 0{(H, cos 03 — Hysin63) cosh 6y — (Ey sin 63 + F5 cos 03) sinh 6
+ 201 H3 — 205 F3 — 461625 + 2(67 — 632)% },

Hjy = 0{(H; cos 03 + H sin 03) cosh 0y + (E} cos 03 — Ey sin 03) sinh
+ 20, FE3 + 202 Hs + 40160551 + 2(67 — 62)%,},

Hz = 0{Hsz + 20,%; — 26,55},

where

Y= [(ﬁz - El) sin 03 — (Ez + fh) coSs 03]e_90,
%1 = [(Ey + Hy)sin 63 + (Hy — Ey) cos f3)e =%,

and the functions 6 = 0(zo, x), 03 = 0s(xo,z) (6 =0,1,2), w = w(xg, z) are ([11]):

2 2

X9 ]+

L1:9:m§, 0, = arctan ==, 0y =0y =0, w= -t 5 2.
2 2

X9 ] +x

LQ:G:Q:(Q), 0, = arctan ==, Oy =0y =0, w= -1 3 2

2 2\ . —2
, 01 =0,=0, w:(xo—x3)x2;

Ly:0=2a3, 6= ln](ajo—l—xg)mz_l
1
Ly:0= $3 —x%, 0y = 5111‘(360 + x3)(x0 —.7}3)_1‘ , 01 = arctan@, fy = 0,
x1

w= (;13% + x%) (x% - 33;2,,)_1 :
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)

1 1 -
L5:1) 0:1'0—1'3, 00:——1n|x0—:c3], 91:0, 02:—5361(300—363) !
w=x0+ a3 — (0 —13)" " for a = —1;

1 1 _
2) 0=ua2—a?— a2 Gozﬁln}:ng—x%—xg, 0, =0, 02:—§$1($0—l’3) L

w:2aln]:n0—;v3|+(1—a)ln}x(2)—m%—az§’ for a# —1;
1 2
6 xo — x3, b 211\1’0 z3l, 61 =0, 6y 20— 13)’

w=1xg+ T3 — x%(xo - .’Eg)_l + In |xg — x3;

1
L7 10 = (4.%'1 — (.Z'() — 1'3)2)2, 00 = iln ‘41‘1 — (.’L’o — $3)2| y 01 = O,

1 1
0y = —Z(J,‘(] — xg), w=|xg+ T3 — 1‘1(.1‘0 — l’g) +

6(960 — x3)" | [4a1 — (w0 — w3)?| 2.
Substituting the ansatzes obtained in this way into the initial system (1) yields systems of
ordinary differential equations for the unknown functions E,, H, (a = 1,2,3). If, for example,
we take the ansatz invariant under the algebra L; and insert it into the Maxwell equations,
then, after some algebraic manipulations, we obtain the following system for F,(w), Hq(w)

(a=1,2,3):
2w(l +w)Es + (Tw + 2)Bs + 3E3 =0,  2w(1 +w)Hs + (Tw + 2)Hs + 3H; = 0,
f=h==2Vw(Es+ (1+w)Es), g=—p=2Vw(Hs+ (1+w)Hy),

where
f:El—i-gg, g:EQ—ﬁl, h:El—E[Q,
~ ~ < dEg = d2E~'2
=F H Es=—= E3=——.
p 2 + Hy, 37 Un 37 U2

Taking into account that we have w > 0, we represent the general solution of the above system
as follows

ES:(1+w)‘%[Cl< \/@ ‘+2M)+C2],
Hy=(1+w) 2 [Cg <ln %‘ +2\/1+—w> +C4} ,

where C1, Ca, Cs, Cy are integration constants, and we easily get the corresponding exact
solutions of the Maxwell equations (1):

2C1x
Ea:_%"f'xaa_%Al% By = 2307 Ay,
xs (.Il + 1:2)
2C
H, =— 3%a + iL‘aU_%A34, Hs = xga_%A34.

3 (23 + 23)

Here A;; = C; (ln‘ﬁ 3 +2x§1\/5) +Cj, a:x%+x§+x§, a=1,2.
Let us note that the systems of ordinary differential equations obtained via reduction of the

Maxwell equations by ansatzes invariant under the remaining algebras Lo—L~7 are also integrable
in terms of elementary functions.
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