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In this paper the smoothness properties of Green’s operator-function an exponentially di-
chotomous bilinear matrix system and the smoothness properties the invariant torus of
nonhomogeneus matrix system of equations have been considered. It hHave been proved
that if some conditions, concerning the properties of coefficient of the system hold this
operator-function has smoothness index which depends on both the smoothness of matrix
coefficients of the system and their spectral properties.

We consider the system of equations

do _
dt

ax

a(¢), - =A(P)X-XB($)+F(9), (1)

where a”'(¢) = (a1(9),a2(@), ..., am(®)), ¢ = (¢1,02,...,dm), ¢;i € [0,27), i = 1, m, are vec-
tors, A(¢) = Anyxny, B(®) = Bnoxng, F () = Foyxngs X = X, xn, are matrix functions defined
and continuous with respect to ¢ € T,,, where T,,, =T} x T} X --- x T} is m-dimensional torus,
¢i € Ty = [0,2m), i = 0,m. We shall call the system (1) a matrix bilinear non-homogeneous
system of equations defined on a direct product of m-dimensional torus 7}, and the space of
matrices My, xn,, under assumption that spectral sets of matrices A(¢) and B(¢) satisfy the
condition o(A(¢))(o(B(¢)) = &, and the system (1) is exponentially dichotomous. We define
the norm of matrix in the space M, xn, as Frobenius or trace-norm ||X||* = tr(X*X). The
Green’s operator-function for the system of equations (1) defined by relation

QL (D)) [P1(D)][Q2(P)) F(d7(0))s > 7,
[Gt<n¢>]F(¢T(¢))={ [P (D)F (0r(0)),  t =

2
()P BIF(S:(6)), t <7 2)

where [04(0)Z = QLAZQT(6), [AO)Z = TP (6)2Q;(6), (k=12), QL(@). Q4(6) are

matricents of matrix differential equation associated with matrix A and B accordingly. P;(¢),
Q;(¢) are projection operators to proper subspace in Euclidean space E,,, and E,,,. [P], [P] are
projection operators in the space of matrices M, xn,, [P1(¢)] + [P2(¢)] = [I], [I] is the identity
operator in the space My, xny, [|Z = In, Z1,, = Z, 0i, j,. (A(@), B(¢)) = Xiy, (A(P)) — 15, (B(9))
is an eigenvalue of operator ®(¢)X = A(¢)X — XB(¢), k =1 when n;, ;, (A(¢), B(¢)) < 0 and
k = 2 when n;, j, (A(¢), B(¢)) > 0, \i, (A(¢)) and p;, (B(¢)) are eigenvalues of matrices A(¢)
and B(¢) accordingly. The solution of the second homogeneous matrix equation (1) has the
form [1] X;(¢, X) = gi(gb)X(B)[((ﬁ) = [QL(¢)]X. The operator [Q%(¢)] in the space My, xn,

has the group property [QL(dg(¢))] = [Q i‘:_%(gb)] that follows from the properties of matricents
Q1(6), 9(9) 2.
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We call [G(T, ¢)] a Green’s operator-function for system of equations (1) in the case when
integral

|G ol ar < K < o0

—0o0

is uniformly bounded with respect to ¢. We give the simplest properties of the Green’s operator-

function. It follows from its definition that [Go(7,¢)] € C(T)) for V 7 and [Go(—0, ¢)] —

[Go(40, ¢)] = [P1(4)] + [P2(¢)] = [I]. Suppose that matricents gi(qﬁ), QL (¢) satisfy inequalities
B

[97@) < Krexp(-m(t=7), 9@ < Kzexp(—na(r =), t>7, 3)

for all ¢ € T,,, and some positive K;, 7;, (i = 1,2) independent of ¢. From (3) the estimate
follows (t > 1)

1Gi(7, ONE (@) < 1@ (@) 127 (D)l < Kem =2 | F(¢(0)]] - (4)

We suppose that homogeneuous system of equations (1) is exponentially dichotomous, then
a Green’s operator-function satisfies the estimate [3, 4]

l[Gi(r, @)l < Kem 017l 7 e R, ¢ €Ty, (5)

where K > 0, v =1 — 72 > 0 are positiv constants independent of ¢.
From estimate (5) the existence of invariant matrix torus of the system (1) follows, which is
given by the relation

0 o)
U@) = [ ORI 0 — [ Lo @) (o) (©
The smoothness of invariant torus (6) of the system (1) depends essentially on the properties of
the Green’s function [Go(T, ¢)] and the solution ¢:(¢) of the first equation of the system, which
defines a trajectory flow for system (1) on the torus U(¢) [2]. We need to have the estimate of
derivative 0¢¢(¢)/0¢; which is equal j-th column Jacobi matrix for vector-function ¢;(¢), which
is satisfying the system of equations df/dt = a'(¢)6, where a'(¢) = D¢y(¢p)/ D is the matrix of
partial derivative of the function ¢:(¢) or Jacobi matrix. We denote Q(¢) matricient of this

system, it is characterized the stability of solutions of a nonperturbed system on a torus [2]. For
obtaining of estimate of derivatives of operator-function [G¢(T, ¢)] in ¢; we use the estimate of
derivatives 9°¢y(¢)/0°¢; = Dj, ¢1(¢) which was obtained in [2].

1D, ¢e(o)]| < Keletl teR, ¢eT, (7)

Taking s = 1 we obtain the estimate || Q(¢)| < Kel@+). The estimate of derivatives of
a

operator-function [Gy(T, ¢)] is essentially defined by smoothness properties of invariant torus
of the nonhomogeneuous system of equations and depends on smoothness of coefficients of the
system (1) a(¢), A(¢p), B(¢) and spectral properties of matrices A(¢), B(¢).

Theorem 1. Assume that for some integer positive number [ > 0 the following conditions holds:
A((ZS) € CIl_Jip(Tm)7 B((ZS) € Cﬁip(Tm)7 a(¢) € Cilp(Tm> and ;)4/ =7 — 72 —€ 2 lOZ, where a > 07
e > 0 s an arbitrary small positive number. Then

HD:;[GO(T7 (b)]” S Kei('ylf’}/gfgfsa)h_l? (8)

where 0 < s <1, K = K(¢) is a positive constant independent of ¢ € T),.
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Proof. Because ¢/l > 1 for 7 # 0, then e 7l < e™Tlelrl = =317l 7| < (1/e)ecl7]. 1f
[ = 0 the estimate (8) followed from (5) and the operator [Go(T, ¢)] belongs to the space C(T,),
we therefore suppose that [ > 0. Consider the difference [Z;(7, ¢, ¢)] = [Gy(T, ¢)] — [Gi(T, 9)],
where ¢ = ¢ + Agje;, el = 0,...,0,1,0,...,0) is unit vector and A¢; is a scalar constant.

(2

[Zi(T, $, )] F satisfies the matrix equation (¢ # )

d([Zt(T> (Z_)a ¢)]F)/dt = (I)A,B {[Zt(Ta &a ¢)]F} + \I/A,B(ta T, ¢7 &)7 (9)

where

DA p{Xi} = Ad) Xy — XiBy(9),
VA B(t,T,0,0) = ®aaap {[Gi(1,0)|F} = AA(¢:) ([Gi(1, §)IF) — ([Gi(7, §)|F) AB(¢y),

AA(¢r) = A(¢i(9)) — A(d(9)),  AB(¢r) = B(9(¢)) — B(#1(9))-

It has a unique bounded solution on R given by the expression

o

Zi(r, 3, )| Fi() = / (Gi(5, )W a 5(s, 7, 6, B)ds. (10)

—0o0

Inequality (5) ensures that the operator-function [Z;(7, ¢, ¢)] is bounded on (—o0, 00). If we de-
vide the expression (10) on A¢; and equal it to zero, we obtain Agm O(AA(gbt))/Aqbi = Dy, A(¢r),

Ll (AB6)/Ad; = Do B(én). Jim ((Z,(7.6,6)|F)/Ai = Dy, ([Gu(r. $)]F). We will be use

notations A(¢(¢)) = A1:(9), B(di(9)) = A24(¢), 0/0¢; = Dy,. Since Al;go Vap(s,T 0,0)
uniformly with respect to ¢ € T;,, and 7,s € Do, it follows that

[e.9]

[Z4(T, ¢, ®)|F/Ap; = Dy, [Gi(T, ¢)|F :/ Ji(s, 7, ¢, F)ds, (11)

—00

lim
Ag;—0
where

Jt(sa T, (;5, F) = [Gt(sv ¢)]¢D¢A7D¢B {[GS(Tv ¢)]F} s
(I)D%A,D%B {[GS(T7 (Z))]F} = D¢>1‘A(¢S)([GS(7—7 ¢)]F) - ([GS(T7 ¢)]F)D¢ZB(¢S)7

m

Dd’zAk(st) = Z (8Ak(¢s(¢))/a(¢s)u)(a(¢s)u/8¢z)a (k =1, 2)'

v=1

Here D5 is any bounded domain of the 7, s plane. The value A1i1rno[Z,5(7', é, ¢)] equal derivative

b

of operator-function, when integral is uniformly convergent.
For the following estimates we will be use the formulas of Faa de Bruno [5]

DL f(6e(0)) = > _ DS f(¢r(0) D cqp(Dyde(9))* (D31(9))™ -+ - (Dige(4))™, (12)
g=1 p

where p1 +p2+ -+ pr = ¢, p1 + 2p2 + -+ - + rp, = r. For obtaining the estimate of function
Ji(s,7,¢, F) we need to have the estimate of only the first summand, because the estimate for
the second one is different from the first summand by a constant multiplier

I[Gt(s,8)] Dy, Alds)[Gs(T, O)|F|| < K exp(—r|s — ] = y]s — 7[ + als])[| F]. (13)
Therefore summarizing the estimates (13) from both summands, we obtain

[e(s, 7, &, F)|| < K exp(=ryt — s[ + &ls| —~v][s = 7| F',
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where e > 0, @ = a + ¢, K = K(¢) and independent of ¢. Taking ¢t = 0, we obtain
1 Jo(s, 7, ¢, F)|| < K exp(=(y = @)ls| = yls — 7)) [ F']| (14)

For obtaining the estimate of derivative || Dy, [Go(T, ¢)]|| it is necessary to have the estimate of
the integral of function Jy(s, T, ¢, F'), we consider the case 7 > 0. We represent the integral
as sum of three integrals (—oo,00) = (—00,0)J (0,7) (7, 00), after simple transformation we
obtain the estimate

/ 1Jo(s, 7,6, F)lds < K (e)e” =T 7,

where K (g) = (2/(2y — &) + 7), from which follow estimate

1Dg: [Go(r, 9)]|| < K (e1)e 0=
for Vi € R, 7y = v —¢e1, 1 = 2¢, K(e1) = K(2/(2y — @) + |7]). The estimate for the second
derivative we obtain from relation

D3 [Go(r,§)]F = /OO Dy, Jo(s, T, ¢, F)ds. (15)

The estimate of both summands of function Dy, Jo(s, 7, ¢, F') will be similar, therefore we need
only one of this estimate

Ddh‘ ([GO(Sv ¢)]D¢1A(¢s)[Gs(7—a ¢)]F) = D¢i [G0(37 ¢)]D¢1A(¢s)[Gs(Ta ¢)]F
+[Go(s, 9)| D3, A(6s)[Gs(7, 9)IF + [Go(s,9)] Dy, A(¢s) Ds, [Gs(7, §)] F. (16)

For obtaining the estimate of last summand of (16) transform [Gs(7,¢)] to the form [Go(T —
s, ¢s(¢))], and use the formulas Faa de Bruno

k

D [Gs(7,9)] = Y D3 [Go(r = 5,05(9)] Y _ cjm(Des,85(9))™ - - (Db ()™

j=1
where my +mo + -+ mr =35, my +2mg + -+ kmy = k. For k = 1 we obtain an estimate
IDg, Jo(s, 7,0, F)| < K(g) (e~ (0720lsl=Als =7l 4 o= (3=2a)ls|=(=a)ls=7hy| p||. (17)
Taking the integral from expression on right hand side, we obtain estimate
13, [Go(7, §)IF|| < K (e)e” T2 7. (18)

We carry out the proof by induction. Suppose that inequality (8) holds for s = k, we will prove
that it then holds for s = k4 1. To prove this we differentiate the identity (10) k times, (¢t = 0)

DEGolr.00F = [ Db do(s.r. 00 F)as. (19)

Consider one of summands of function D(’;Z_ Jo(s, T, ¢, F), it has the form

k
S CE([Gols, )] D, A(64)) E D ([Gol(r — 5.6,))) 9 F.

J=0
For the first multiplier, under sign of the sum, an estimate has the form

|05, ([Gols, ) Dy, A(g)) || < Kem (-l o
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- k—j .
where K = K(e) > C,]j:j “P. The Faa de Bruno formulas allow one to obtain an estimate for
p=1

[Go(T — 5, 05())]Y) of the form
1D, [Go(r = 5,65(d))][| < jK (e)e”TIsmriHGarels], (21)
Using estimate (20), (21) one can obtain estimate

1D, ([Go(s, $)] D, Ag () [G(7, Q) F|| < Kyem G FDsI=Gkells=l)

_ k )
where K, = K,(e) 21 jC,’:_] , (¢ = 1,2) independent of ¢. Summarizing all estimates we have
J:

the inequality
Hng—l[GO(Tv P F|| < K(g)e~G=FFDIl g
and the proof of the Theorem 1 is complete. =

Theorem 1 allows one to prove the theorem about smoothness of invariant torus of the dichoto-
mous matrix bilinear equation.

Theorem 2. Let the following conditions be satisfied: A(¢) € Ciip(Tm), B(¢) € Cﬁip(Tm),

a(¢) € CHTy,) and F(¢) € CY(Tyy), then the invariant matriz torus (6) of system (1) belongs to
the space CY(Ty,) and admits the estimate

(@) < K[F(¢)]:-
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