YIIK 5175

1. ITpocrpancrBa  S§

IMycts 2" — NPOU3BOJIHOE KOMIUIEKCHOE BEKTOPHOE IIPOCTPaH-
ctrBou ¢ = {pr}, ke N =1{1,2,...} - pukcupoBaHHas cCueTHAS
cucreMa B HeM. IIpefnosnoxnm, 9To st 1060k napel - 2,y € 2, B
KOTOPOM XOTsI ObI OJ[H M3 BEKTOPOB NMPHUHAICKHUT K ¢, OMpefie-
JIEHO CKaJISIpHOE TIpOU3BefieHHe (z,y), YAOBJIETBOPSIOIEe N3BECT-
HBIM yCIIOBHSIM

D (z,y) = (y,2);
2) (A\z1+pxa,y) = Mx1,y)+u(x2,y), A, 4 — TIPOU3BOIIBHBIE YUCIIA;

3 e ={ 177 )

Y

Kaxpomy anmementy f € 42 CONOCTaBHM CHCTEMY YHCEI
f(k) = f,(k) mocpencTBOM paBEeHCTB

~

f¢(k):(f790k)7 ke N (2)

U IIpY IaHHOM (pUKCUPOBAHHOM p € (0, 00) MOIOKUM
SE=SHZ)={fe2: Y |fo(k)]P < oo} (3)
k=1

ITpu oTOM 2JeMeHTBl  z,y € S5 OTOXIECTBISIOTCS, €CIH MPH
A _ =~ p

Bcex ke N 2,(k) = gy,(k). Takum o6pa3om, MHOXKECTBO Sy

HOPOXK/AETCSl IPOCTPAHCTBOM 2, CHCTEMOW (¢ W YUCIOM  D.



Hust BekTopoB  f € S; mpu  p € [1,00) onpenenum HOpMY
MOCPEJCTBOM PaBEHCTBA

[e.e]
£l = 1o = 1 flli, = O 1o (R)IP)2. (4)
k=1
Cpa3sy xe 3aMeTnM, 4To ecmu cucteMa ¢’ = {¢}} = {¢p.}, s=
1,2,... , TOJydYeHa W3 CUCTEMBbI (¢ MyTeM JI000M epecTaHOBKA
ee YIeHOB, TO, B ciiy (3) u (4), cnpaBe/iIMBbI paBEHCTBA
S =955 1 fllep=Ifllerp Vf €SS ()

MHoxecTBO S} — TMHENHOE IPOCTPAHCTBO: OLEPALNHT CIIOKEHHUSI
BEKTOPOB M YMHOKEHMS UX HA YHUCIa, ONpe/ieieHHbIe BO BceM 2~
OCTAIOTCS IPUTONHBIMA 1 JJIs1 JTIO00M mapsl  ,y € S5 1 [ist TI0OBIX
yucen A U i

— P
AT+ py = z € S5

HeiicrBurensHo, TaK Kak  z € 2, 10  2(k) = A\&(k) + py(k) muB
CHJIy HEpaBEeHCTBA MUHKOBCKOTO

[e.o]

QD ERIMYP = O INa(k) + ug(k)P)P < Azl + pllyllp (6)
k=1 k=1

SIcHO TakKe, YTO HOpMa, BBEJIeHHAsI PABEHCTBOM (4), yIOBIETBOPSIET
BCEM HEOOXOIMMbIM aKCHOMAM, TOATOMY S5 — JIHHEHOE HOPMUPO-
BaHHOE IPOCTPAHCTBO, COiEpKalllee OPTOHOPMUPOBAHHYIO CUCTEMY
©.

OTMeTHM ellle OfJHO U3 BaXKHENIINX CBONCTB MPOCTPAHCTB  Sh.
ITycrs

[e.e]

S[f1=S[fle = D folk)on (7)

k=1

— psing Pypwe anemenra f € S mo cucreme ¢ u

Sn(f) = Su(F)e =Y folk)pr, n €N, (8)
k=1



— 9aCTHbIC CYMMBI 9TOTO psAaa. CHpaBe)IJII/IBO dieyrouiee

IMpennoxenne 1. Cpedu scex cymm euoa

> arer (9)
k=1

npu 0anHom n € N Haumenee ykaousemcs om f € SL wacmuuy-
Has cymma Sy (f). Ipu smom

1F = Sa(HIE = 1S5 =Y 1o (R)IP. (10)
k=1

HeficTBuTeNBHO, COTNacHo (4) mMeeM

1F = awprllh =Y 1 fok) —arlP + D 1 fo(R)P,
k=1 k=1 k=n+1

OTKY/Ia U CIIeIyeT HY>KHOE YTBEpPKJCHHE.

IIpu n — oo mpaBas yacTs B (10) crpemuTcs K Hyno. OTcroza
CIIEAyeT, 9T 04 At06020 dnemenma [ uz Sh e20 pao dypve
(7) cxooumcsa k. f, Te. cuctema ¢ mnomHaB Sp m S
cenapabesbHoO.

IIpuBenem BaxkHYIO IS JABHENIIIETO KOHKPETU3ANNIO 3TUX TIO-
CTPOEHMI.

ITlycte  R™ — m-mMepHOe, m > 1, €BKIHJOBO IPOCTPAHCTBO,

x = (1,...,2Tym) —€rOJIEMEHTbI, Z" —eJOYNCIICHHAs PEIIeTKa B
R™ — mHOXecTBe BeKTOpOB  k = (ki,...,k;,) CIEIOYACICHHBIMA
KOOpMHATAMH, Y = T1Y1 + ** + TmYm, || = /(xx) U, B

qacTHOCTH, KT = kix1 +  + km@Tm, k| = VK2 + - + k2,

Iycte, panee, L = L(R™) —MHOXKECTBO BCeX 27 - IEpUOANIEC-
CKUX MO KaXJoi u3 nepeMeHHbIXx ¢pyukmmin  f(x) = f(z1,- -, Tm),
CYMMHpPYEMBIX Ha KyOe mepuofoB Q"

Q"={x: x€R", —7n<zp,<m k=1,...,m}.



Ecmu f € L, To yepe3 S|[f] obo3navaercs psig Pypore pyHkimu f mo
TPUTOHOMETPUUECKOI CHCTEME

(2r) ™m/2ekT g gm, (11)

T.C.
S[f] = @02 Y fkeke,

kezm

i) = 2my 2 [ pye Rt (12)
o

Ecmu cunrats HEpa3InINMbIMN (I)YHKIH/II/I, 9KBHUBAJICHTHBIE OTHOCHU-
TeNbHO Mephbl Jlebera, To B KauecTBe £ MOXHO B34Th IPOCTpaH-
ctBo L(R™), aBKayecTBE CHCTEMbl (¢ — TPUTOHOMETPHUYECKYIO
cucreMy T = {75}, s €N, rme

Te = (QW)_m/QeikSm, kicZ™ s=1,2,..., (13)

MOJIyYeHHYIO u3 cucTemsl (11) myTem npon3BoabHON PUKCUPOBAHHOM
HyMepalii ee 3JIeMeHTOB; CKaJISIPHOE IIPOU3BEJICHUE B TAKOM Cllydae
3a/]aeTcsl U3BECTHBIM 00pa3oM:

(fr) = 2m) ™2 [ pe®otar = foo) = fo(ke). (1)
Qm
[Mosyuarommecsi Ipu 3TOM MHOKeCTBa SY  corsacHo (5) He 3aBUCST
oT HyMepanuu cucteMsl (11) u B fanpHemeM 0603Ha4al0TCs Yepes
SP.
Iycre Temeps ¢ = {¢Y,,}, n € N, — npousBoIbHAs cucTeMa

KOMIUIEKCHBIX uncell. Eciu fist jaHHOrO a;emMenta  f € 2 cyue-
CTByeT a7ieMeHT F € Z°, s KOTOpOro

S[Fle =Y vefolk)pr, (15)
k=1

T.C. ) R
Fv(k) = ¢k:f<,0(k)7 k€ N, (16)



To F OypieMm Ha3blBaTh ) -MHTETpAJIOM BeKTopa f ¥ mucaTh
F = J¥f. B arom ciydyae uHOrjla yioOHO [ Has3bIBaTh 1)
-IPOM3BOAHON 37ieMeHTa F wmnmcars f = FY¥.

ITycts, manee,

Ug=A{rest: flep <1} (17)

— e[MHAYHBIN [Wap B mpocrpadcTBe S5, Torpa yepes HZf,p 000-
3HAQUMM MHOXKECTBO ) -HHTETPAJIOB BCeX BEKTOpoB f € UL :

HY,={fe % fYeUr}. (18)

B nanpHeiiiem npepamnosaraeM, 4YTo CUCTeMa 1)  YIOBIETBOPSET
YCIIOBUIO

lim || = 0. (19)

TTOHATHO, YTO 3TO YCIOBHE 3aBEJOMO OOECIEUYMBACT BKIIOUCHUE
TV C SL st moGoro anementa  f € UL (CHO, 9TO [1s TAaKOTO
BKJTIOUEHUS] HEOOXOMMBIM U JIOCTATOYHBIM YCIIOBUEM €CTh OTpaHM-
YEHHOCTh uucen |¢,|, n € N). IloaTomy B paccMaTpuBaeMOM
ciyqae

HY, C 5P (20)

B nacrosment pa6ote npepiaraeTcsi cnocod MOCTPOCSHUS TPUOIIKa-
IOIIMX arperaToB JIJisi BEKTOPOB M3 Hfﬁp? MPUCIIOCOOJICHHBIN K JTaH-
HOMY MHOKECTBY, U TMIOKa3aHa €ro COCTOSITETbHOCTh B CMBICIIE KOJI-
MOT'OPOBCKUX MOTIEPeYHUKOB. TouHee, P MUHUMAJIbHBIX €CTECTBEH-
HBIX OTPAHUYCHUSIX HA CUCTeMbl 1) — TpeboBanue (19) u ycinosue

i #0 Vk € N, (21)
HaXOJATCA TOYHBIC 3HAYCHUA NONICPCYHUKOB 10 KOHMOFOpOBy

dn(H = inf inf — =1,2,...
n( go,p) Fian SUEZ ulénFn ||f qua n s &y ’
Je€Hpp

df
do(HY )= sup || fllp, (22)
feHy,



rme G, - MHOXECTBO BCEX 7 -MEPHBIX MOAMPOCTPAHCTB B Sh.
[Toka3bIiBaeTcs, UTO MPU ITOM IKCTPEMAIILHBIMU TOANPOCTPAHCTBA-
MU, peaJn3yIIIMI HIKHIOIO TpaHb B (22), SBISIOTCS UMEHHO TIO-
CTPOEHHbIE 3[[eCh MOIPOCTPaHCTBA. M3 JOKa3aHHON HUXKE TEOPEMBbI
2, B 9aCTHOCTH CIIEIyeT, UTO rpachuK BenIuHbl  d,, ( H. ;ﬁp) Kak (pyHK-
VM TIEPEMEHHOI 1 B OOIIEM ciIydyae UMeeT CTYIeHYaThIN BUJl, IpH-
YeM BBICOTA W IIMPUHA CTYMEHU TOJIHOCTHIO W SIBHO OMPENEISIIOTCS
CUCTEMOH 1.

31ech TakKe HaxXOMSITCS TOYHbIE 3HAYEHUS BEJINYMH 6n(H$,p)
HaWJIYYIINX NPUOIIKEHNH KJIacCOB Hfﬁ,p npu MOMOIIM 7N -
YJICHHBIX MOJIMHOMOB IO CHCTEME (. OTHU 3HAYECHUS TaKKe SIBHO
OTIPENICIISTFOTCS MOCIIEIOBATEIIBHOCTBIO 1.

Bo BToOpoi#l yactu paGoThl U3 TOKAa3aHHBIX YTBEPXKACHUN BbIBO-
ISITCS CIE[ICTBUS, IAOIUE TOYHbIE 3HAYEHHUS KOJIMOT'OPOBCKUX IOIe-
PEYHUKOB KJIACCOB MEPUOANYECKUX (PYHKIMI MHOTHX NEPEMEHHbIX,
ONpeesIONINXC MyJIbTUINIMKAaTOpaMu B ipoctpanctee  SP.  Ilo-
Jy4YEeHHbIE Pe3yJbTaThl PACIpPOCTPAHSIOT Ha Ooliee OOIIMe KIIacChl
¢yrknui u3sectusle yrBepxkueHus A.H. Konmoroposa , K.M. ba-
6enko u B.M. TuxomMupoBa, KOTOpbIE B paccMaTpUBaeMOU TEeMaTH-
Ke SIBJISIFOTCSI OCHOBOIIOJIararoumu. Hanie sl Tak>ke 3HaUEHUs Hau-
JAYYIIAX N - YWICHHBIX puonmkenni (o CTeYKUHY) TaKAX KIIACCOB.

2. Komoroposckue nonepevyHuky Kiaccos . fﬁp

Myere ¢ = {¢Yr}, k = 1,2,..., — NPOU3BONIbHAS CHCTEMA KOM-
IUIEKCHBIX YUCeJI, YAOBIeTBOpsitoas yciaosuio (19). O6o3Haunm ue-
pe3 &(¢)) =e1,€2, -+ MHOXKECTBO 3HAUCHWI BEJIMIUH ||, yIO-
PAIOYEHHOE IO MX yOBIBaHMIO, i 4epe3  g¢\¥) = gy, go, - - - — cucTeMy
MHOXECTB

gn=9, ={k€N: || >en}. (23)

Ilycrs eme 0(¢)) = 61,09,-+-, TAE Of = |gn| — KOTMYECTBO UMCEN
k € N, npuHamiexXallux MHOXECTBY  ¢gp. Y UYUTHIBas YCIOBUE
(19), mocnepoBarenbHOocTH  £(7) U ¢g(1)) MOXKHO ONPENEIUTh



NOCPEACTBOM CIIENYIOIIUX PEKYPPEHTHLIX COOTHOIILIEHUN:
€1 = sup |wk|a g1 = {k EN: |¢k“ = 61}7
keN
en = sup [¢(k)|, (24)

kEN\gn,1
In = Ggn—1UMm, m=1{keN: [(k)]=en}.

IocnepoBatensHOCTH  £(7)), g(v0) m d(1)) BIATBHEHIIEM HIPAIOT
BaXKHYIO POIIb, TO3TOMY Oy/ieM Ha3bIBaTh NX XapaKTePUCTHUECKIMU
JUTSI TAHHOW MOCIIEOBATENILHOCTH ).

3aMeTnM, 4TO B Ciydae, KOrjga MHOXECTBO  &£(1)) 3HA4YeHHN
|t)(k)| cOCTOHMT M3 KOHEYHOTO UUClIa mno O3JIEMEHTOB, TO &,, =0
UIpn n < nmy MHOXECTBA ¢, HUMEIOT TaKXe KOHEYHOE UHCIIO
0p 2IJIEMEHTOB,a Jp, = oco. [Ipuarom

61 < On. (25)

Ecnu xe MHOXXecTBO  ¢(¢)) OECKOHEuYHO, TO Bcerga d, < oo U
BBITIOJIHSIETCST HepaBeHCTBO (25). B o6oux ciyuasix

lim 6, = oc. (26)

n—oo

B panpHeimem paau ymoOGcTBa depes gg 0603HavYaeTCs MyCcTOE

MHOXECTBO M CUMTaeTcs, 4to dg = 0.
B kavecTBe mMpmONMKAIOMUX arperaTtoB ISl 3JIEMEHTOB [ €
H:,f’,p OyfeM paccMaTpuBaTh IOJIUHOMBI

Sn(f)ap = Sﬁ(f)w = Z Ckpr, n=1,2,..., SO(f)so =0, (27)

kegy

e gif — 3JIEMEHTBI NOCIeIOBaTeIbHOCTH  ¢(1)), a § — HyJeBou

9NIeMEHT IIpocTpaHcTBa  Sh.

TTonmoxnm
EV (o = IF = Sn1(Nollgp (28)
u
é%(fﬂip):: sup éi?(f)w, n=12,.... (29)

feHy,



IlycTs eme
EX(fo=imtf = Y awpilon (30)
kegffl
u
En(Hy,) = sup EJ(f),. (31)
FEH

CnpaBefiuBo ciiefiyloiee yTBepsKaeHue

Teopema 1. ITycme ¢ = {¢p}, k= 1,2,... , — cucmema 1ucea,
0451 Komopou 8bitnoauaromcesa ycaosus (19) u (21). Toeoa npu arobwix
p€[l,o0) u neN cnpasedauso paseHcmso

En(Hf’f’,p) = é"n(ng) =&, (32)

20e En — n-i 4aeH xapalcmepucmultecxoii nocae008ameabHOCmU

e(¥).

JMoka3arenabcTBo. B cuty pasenctBa (4) u (16), ¢ yueTom omnpepie-
JICHWS YUCENl €, WM MHOXECTB (p, MIII0O00rosneMenra f € Hyy,
nomarast || - [lop = || - [, mmeem

&L Pe=11 D feberl =1 Y vnfe®)exl =

k€Egn-1 k€gn—1

= (3" 1lPIFE R < enll Sl = eny Gar =N\ gnor.
kegnfl

Takum o6pa3zoM, Bcerja
ENf)p <en VfeEHY, (33)

ITycres Teneps k' — mro6Gast TOYKA U3 7, = gb \ g:f_l 0 fo= Yo,
Tak uto || fi|| = [Yw| = en. Takkak fL =@, To |[f¥] =1 m,
CIIE[OBATENbHO, f; € H:ﬁp. SlcHO, uTO

By (f)e = Ifll = en. (34)



IToaromy, o6 beaunsisi cooTHomenus (33) u (34) u yunuThiBasi, YTO Bee-
ria E,(HY,) < &(HY,), nomydaem paeHctso (32).

Crenyroliee yTBepsKICHUE KacaeTcs BEJIMYUH MOMEPEYHNKOB
dn(HEp)-

Teopema 2. [Iycmv ¢ = {¢y}, k= 1,2,... - cucmema 1ucea,
yoosaemsoparwujan ycaosuam (19) u (21). Toeoa npu awobvix p €
[l,00) u n €N cnpasedausvl paseHcmasa

ds, (HY,) =ds, ,41(HS,) = =

=ds,1(HY,) = EY(HY ) = €n, (35)

8 KOMOpLIX 05 U E£5, 8 = 1,2,..., — dNeMEHMbL XAPAKMEPUCU-
yeckux nocaedosameavnocmeit  0(¢Y) u e(yp) cucmemvt Y, a
do = 0.

HMoka3zarensctBo. Ilycte cHawana n > 1. IlogmpocrpaHCTBO

<I>£lw_)1 IOJIMHOMOB

b, 1= Z apPr (36)

k€92—1

UMeeT pa3MepHOCTh  §,—1. l[loaTomy, ¢ yaeTom (32), Haxogum

En = En(Hg,p) > d5n71(Hg,p) > d5n71+1(Hg,p) > 2 d(sn—l(Hg,p)‘
CrieoBaTeIbHO, IS IOKa3aTeNIbCTBa paBeHcTBa (35) ocraeTcs moka-
3aTh, 4YTO

ds,—1(HY,) > en, n=1,2,... . (37)

JJ1s1 9TOrO BOCHOJIB3yeMCsl H3BECTHOI TEOPEMOI O TIONePEYHHKE II1a-
pa (cm. Hamp. [1, §10.2]), corsacHO KOTOpOI, eciii MHOKeCTBO 90t
JMHETHOTO HOPMHUPOBAHHOTO IPOCTPAaHCTBA 2 CHOpMOH || - || 2
copepxkut map ~U,,; pagmyca - HEKOTOporo (v -+ 1)-MepHOro
nopmpocTpancTBa M, w3 2, Te.ecnu

MOVUpp1 ={y: y&€ My, |ylla <}
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TO

dy(M) o = inf sup inf ||f —ull2 > 7,
VCG feMue v

rage G, - MHOXKECTBO BCEX U - MEPHBIX NOAIPOCTPAHCTB B 2.
Ilycts 5nU:fi o — lepecedcHne Imapa pagayca ¢, B S, ¢

IIPOCTPAHCTBOM Y (pasmepHOCTH ), ) MONMHOMOB BHja (36):

enlng = {Pn € B ¢ [|®4]| < en}. (38)

Hus ) -npou3BOHOMN ®) moGoro snementa O, € anfﬁ e C
yaeToM (38), mmeeM

ag|P 1
1921 =1 3 Sl = (5 (£ < (8 Jau) e <1
P n

kEQn kEgn, kEg?f

CnepmoBarenbHo, P, € Hff,p. Takum oOpazom, 1map 5nU;f” s On
-MepHoOro nopnpocrpancrea P, () w3 S Haxomurcs B Kiac-
ce Hff,p, YTO B CHIIy YIIOMSIHYTOH TEOPEMBI 1 BJI€YET COOTHOLIEHUE
(37). Bcnywae n > 1 Teopema nokasana. [Ipy n =1 ee jo-
Ka3aTeIbCTBO OCTaeTcsl 6e3 M3MEHEHNN, €CIIN TIPUHSTh, 9To  P(1))
COCTOUT M3 HYJIEBOI'O 3JIEMEHTA ) ¥ Pa3sMEPHOCTb €r0 PaBHA HYJIIO.

OTMeTuM, 4TO JIOKa3aTeIbCTBO TEOPEMBI 2 TIO CYIIECTBY CKOIIHU-
poBano u3 paccykueHuir B.M. Tuxomuposa B [1, §4.4], rae HaxogsaTCs
MONEPEYHUKHU IJITUICOUIOB B THIILOEPTOBOM IIPOCTPAHCTBE, T.€. MHO-
>KECTB, COBIAJJAOIINX B IPUHSTHIX 3[]eCh OO03HAYEHMSIX C 3aMbIKAHHU-
€M MHOXECTB H, ;f’g

3. Haunyymme n -4jeHHbIe NPHOJIIKEHHs] KIaccoB fﬁp

IMycrs, Kak u pasbine, S, = SP(27) — MHOXKeCTBO, OPOK/ACH-
HOE MPOM3BOJIbHBIM JIMHENHBIM IPOCTPAHCTBOM £, OPTOHOPMU-
poBaHHOU cucreMoni ¢ = {p,}, n € N, muuciom p € [1,00).
Crnenyst C.B. Creunuky [2], aguM Takoe onpefeeHne
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Onpenenenne 1. [Tycmv n— pukcuposanrnoe HaMypaibHoOe Huc-
a0, Ty, —npoussoavHwvlll HAOOP U3 N HAMYPANLHBLX YUCEA U

Pr, =) axpr, (39)
keT,

20e  aj — HEKOMOpble KOMNACKCHbLE YUCAA.
Beauuuna

enlf)e = enlPow = inf 11 = Pro e (40)

HA3bLBAEMCA HAUAYHUUM N -4ACHHbIM NPUOAUNCEHUEM dNeMEHMA
P P
f €S, enpocmpancmee ;S'@.
Cornacuo (4) Vf e S,

1f = Prollby = D 1) + D 1folk) —arl? > Y |fo(R)IP =

kETs, kel kET,,
SRS NIACIE (a1)
kel
OTcroga BUAUM, UTO

%Lﬂ¢:Hﬂ@p—fyp§:\ﬂAMP- (42)

" kel

INpu k — oo Bemumuunsl  f (k) crpemsTcs K Hymo. [ToaTomy
3HaYeHHE BepXHell rpaHH B (42) Bcerya OCTUraeTcsl i1l HEKOTOPOTO
Habopa I (He 00sA3aTeNbHO €AMHCTBEHHOI'O), TaK YTO

(e =FIB, —sup Y 1fo®)P = 1£112, = D [fo(R)P. (43)
Tn per, kErs,
CrnipaBeyIuBO CIIENYIOIIEE YTBEPKICHUE
Teopema 3. [Iycme ¢ = {4y}, k=1,2,...,— cucmema qucea,

yoosaemesoparuasn ycaosuam (19) u (21). Toeoa npu aro6om n € N
8bINOAHAEMCA PABEHCIBO

df
b (HY,)= sup eb(f), =
feHy,
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k=1
20e VY ={Yp}, k=1,2,..., —nocredosameavrocmn, onpedeasio-

uwasaca COOmHoOueHUAMU
Uk =¢ny, Op1 <k<0p, n=1,2,..., (45)
u q,;kl — HEeKomopoe HamypaabHOoe YUCAO.

oka3zarenbeTBo. Eciin  f € Hfﬁp, TO coryiacHo (43) u (16)

ZWW Psup S lPIFLG. (46)

mogely,
Iycre i, k=1,2,..., —HaTypaJlbHbIE YUCIIA TAKHE, YTO
Vi, =V, k=1,2,.... (47)
Torpa B cuity (46)
oo
=D LR —sup Y B fE (i) P (48)
k=1 Tn ger,

u, CIECJOBATCIIBHO,

eh(Hy,) = sup prh“” (ix)| —sup Y L) (49)

fEHY ) k=1 In ker,

Jl71s1 HaXOKIeH!s 3HaYeHMI TPABOIl YaCTU 3TOTO COOTHOIIIEHHUSI BOC-
MOJIB3YEMCs CIIeAYIOIIEe JIEMMOM /JIs1 YMCIIOBBIX PSIJIOB.

Jdemma. ITycmv o = {ag}, k= 1,2,...,— Hedo3pacmarowasn
nOCACO08AMEAbLHOCHb NOAONCUMEAbHBLIX Ylcen, o >0 Vk € N,
Y0084€MBOPAOUAS YCAOBUIO

li =0, 50
lim (50)
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u m = {mg}, k = 1,2,..., — nocaedosameavHocmv Heompuya-

meabhblx wucea, my >0 Yk € N, 0asa komopoi

o0
Im| = ka <1
k=1

Ilycmb, Oanee,
S(m) = Zammk, Sr,,(m) = Z QM
k=1 kel'y,

20e Ty, — npoussoavHblii HAOOP U3 N HAMYPAALHBIX HUCe,

Enlm) = & (m) = S(pny — sup S, (m)

& =& = sup &,(m).

Im|<1

To20a 045 2106020 HAMYPAALHOZO N CYULECBYEM YUCAO
g, € N, ¢ >n, makoe, umo

q*
Eu=(a" =)/ Y ol
k=1

Yucao q) onpeoeasemcs paseHcmeom

q

sup(q — n)/ZOé;;l =(q" - n)/zail
k=1

q>n =1

(55)

U 8epxHaAA 2paHb 6 (53) peaausyemcsa 0AA NOCAEO08AMEALHOCMU

m'={m}}, k=1,2,..., ykomopoii

q*
1
(O‘kg Oé—k)_l’ k:1a2a"'7q*v
i=1

0, k> q*.

mj, =
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IIpepnonoxum, 4To jeMma jokasaxa. Torga momaras ¢ = oy,
k € N, Bugum, uyto B cuny (19) u (45), uncna o yHOBJIETBOPS-
10T TpeOOBaHMSM JIEMMBI U TaK Kak V[ € H:ﬁp Hff”l,; <1, TO

x
eb(HY,) < sup (Z Qpmy — sup Z apmy) =
Im|<t 54 In ger,
q*
=" —n)/> ot (57)
k=1

¥ 1151 3aBEPLICHHUS JOKA3aTEIbCTBA TEOPEMbI OCTAETCs MOKA3aTh, YTO
Binacce HY, CYIIECTBYeT SIEMEHT f,, JIsl KOTOPOTO

en(f) = (an —n)/ Yo" (58)

k=1

C 5TOM LIETBIO ITOJTOKAM
o
h = Z cikgaik, (59)
k=1

rjJie Yuclia i, BbIOpaHbI corsiacHo (47) u

q*
- 1
PN Tk =1,2,.. ¢,
7= i) q (%)
0, k> q".

OneMeHT h gBAsSETCS TMHENHON KOMOMHAIIMER KOHEYHOIO YMCIa
9IIEMEHTOB (pj, MOITOMY OH PHHAUICKUT K S5, a Tak Kak

q* q 1 q 1
Ikl =2 = Q) 27 =1
k=1 J

to h € UJ. Tlosromy nmonarast f, = JY¥h, 3akmiodaeM, 4TO
fe€eHY, u fU=h.

P
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B cuiy (48), (59) u (60)

*

o) q
en(fe)e = ZTZJZCZ - SIPP Z d—}ZCZ =(¢" - n)/Zq/_)];p
k=1 " kel k=1

Takum o6pa3om, cooTHomieHue (58), a ¢ HUM 1 TeopemMa 3 ToKa3aHbI.

JToka3zarenscTBo jeMMbl. [IycTh MOCIEOBATEIBHOCTH (v M M
YIOBJIETBOPSIIOT YCIIOBUSIM JIEMMBbI (€ A, m e M) =n
'Y =T (m)—nabop U3 n HATYpPATBHBIX YUCEI, JIIsI KOTOPOTO

sup Sr,, (m) = Sr; (m). (61)
B cuny (50) u (51) psp B (52) cxopuresi, 3HaUUT  apmy — 0 1pH
k — oo W, cIefoBaTeNbHO, BCeryja HaleTcs Mo KpalHell Mepe OTHO
MHOXecTBO [, ymomieTBopsitomiee ycimosuto (61). [Tycts eme

p= pn(m) = min oy

n

CopaBenyinBo

Ipennoxenne 2. Ecau o € A, mo 0aa 10601 nocaedosamens-
Hocmu m € M MONHO yKa3amb nocaedosamenbHocms m* € M,
oasn komopou  |m*| = |m| uuucao q>n makoe, umo

M? k:1727"'7q7
agmy =4 A\, k=q+1, (62)
0, k>q+1,

20e \ € [0, 1) u npu smom 6yoem 8bINOAHAMBCA HEPABEHCINEO
én(m) < &,(m™). (63)

Hpest nokazatenbcTBa 3TOTO yTBEPXKICHUSI OCHOBaHA HA TOM, UYTO
€CIIM TIPpU HEKOTOPpOM &k 3HadeHWe my  OPEJICTaBUTh B BUJE
my = my, +mj, m), m] >0, TO B CHIy MOHOTOHHOTO yObIBaHHS
MOCIIeIOBATEIILHOCTH « OyfieT

ag(my + m§€) + akmlk/ > aymy + agmy, V1 € [1,k). (64)
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ITocnegoBaTeapHOCTE m*  MOXKHO NOCTPOUTH ,HAIIPUMED, TAKUM
oOpa3oM. [1epBblil Iar COCTOUT B CIIEAYIOLIEM.

Ecmm  oaymy < p, TO 4epe3 s 0003HAYMM HaWMEHbIIEE W3
HaATypaJbHbIX ynced (60abIuX, 4eM 1), 1t KoToporo 6yieT

s1
o Z m; > [
i=1

3HaueHue mg, MPEJCTAaBUM B BULIE Mg, = Mg, + Mg, THAE
Mg, TOROOPAHO TaK, YTOOBI BHIIOJIHSIOCH PABEHCTBO

s1—1

al(z mi +ms,) = [,
i=1

u nonoxum  ml) = {m,(cl)}zozl, rae
s1—1

m; +ms,, k=1,

a ) =t

my =190, 1<k<si, (65)
Mgy, k = s1,
mg, k> s1.

Ecmaxe aymg > p, Tononoxum m) =m. B cuiy cooTHOIIE-
Hus (64) B 000HX ciry4asix OyieM IMeTh
En(m) < & (mM). (66)
) 1 1
Crnemaem Bropoii mar. Ecim 3Hauenne mé ) Takoso, 4To agmg ) <
[, TOYepe3 sp OOO3HAYMM HaMMEHbILEEe M3 HATYpPAIbHBIX YHCEl,
OO0JIBIINX, YeM 2, ISt KOTOPOTO

52
1
aryomll 2
=2

1) (1)

_(1 -
3HAUeHWEe Mg,  OPEJICTaBUM B BUAE Mg, = mg; +m{), rge

S92 )
_Q
mg) HOoT00PaHO MO YCIOBUIO
2

so—1

(Y mi +mly)) = p
1=2
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u nonoxum  m?) = {m,(f)}zo_l, rie

mgl), k=1,
=W,
1 _(@
Z m, +ms, k=2,
m? =4 i (65)
0 2 <k < sg,
7 g;)a k= sa,
mg, k > so.
Ecnm ke oKaxkeTcsl, 4TO agmél) > p, To monoxkum m? = m).
SIcHO, 9TO M B 9TOM ciIy4ae Oy/eT BBIOIHIATHCS aHAJIOT (66):
En(m) < &, (m®). (66")

IIpopokast 3Ty npoueaypy, Ha HEKOTOPOM Mare (MycTh ero HoMep
6yfeT j ) IOCTpOmM IociefoBaTenbHocTh ml) = {m](j)}zozl, rae

(m{™), k=1,2,...,5—1,
s;—1
) Zm +msjj 1)7 k=7,
m,(f) _
0, J<k<sj,
mg Y, k= s,
L Mk, k > Sj.

Tl 9TOM MOCIIeIOBaTEeIBHOCTH OyIeM UMETh
&p(m) < gn(m(l)) <... < (gon(m(j)) (67)

1, KpoOMe TOro,

a; Z mk = aj(m ) 4+ Z mg) < p. (68)

k>j k>j

; 1
Ha cepyiomeM mare mojoxnm  m+1) {mk al )} ., THe

m? k=12, ]
mU D — Sm?, k=441,
k>3

0, k>j+1.
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ITpuarMast Bo BHMMaHue cooTHotieHus (62)—(68), Bugum, 9To
én(m) < &, (m(j+1)) (69)
1, KpOMe TOrO,

m](CjH) = ml(cj) >, k=1,2,...,7; my_ﬂl) < [ (70)
SICHO TakKe, YTO YHCIIO j  YAOBIETBOPSIET YCIOBUIO
Jj>n.

Teneps BenuuHy
d (3+1) (3+1)
p= Z(mk] — 1) +mi
i=1

npeacraBuM B BUNIC

B=Bj+1+ Bjr2+ -+ Bjr, Bi+i =0, i=1,1,

rae yucina (B, u | mogoOGpaHbl TaK, YTOObI BBIMOJHSINCH YCIOBUS

ajyifjri = p, t=1,01-1,

1Bl <

unonoxuMm m* = {mj}°,, TrHe

plog, k=1,2...,74+1—-1,
m]t; = /Bj-f—lv k=j+1, (71)
0, k>j5+1.

[TonsiTHO, UTO MOCTIENOBATEILHOCTE m* OyAET HCKOMO: IS TOTO
IOCTAaTOYHO NOJIOKUTh p=j+1—1 u X = a;Bj4/p.
IIpennoxenue 2 fokazano. [IpofoakuM [0Ka3aTeIbCTBO JIEMMBI.
IIpu nanHOM HaTypa’sbHOM 7 00OO3HAauWM 4yepe3d M, TOAMHO-
3KECTBO IOclefjoBaTeJIbHOCTE m U3 M, [ KOTOPBIX NpU
HEKOTOPOM HaTypallbHOM ¢, ¢ > n, CIOPaBe[JIuBO MpEficTaBIIcHUE

H’ k:1)2)"'7Q)
armp =4 A\, k=qg+1, A€][0,1), (72)
0, k>q+1,
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rjae (4 — HEKOTOPOE MOJIOXKUTEITHHOE YHCIIO.
Tak Kak MocTpoeHHas BhIIIE MOCIEIOBATEILHOCTh m* TpHUHAJ-
JeXUT K M, TO u3 (63) cienyeT paBeHCTBO

&n = sup &p(m) = sup &,(m), (73)
meM meMy,

O3HAyYalollee, YTO I HAXOXIEHUS BEIMYMHbI &, [OCTATOYHO
OTPAHUYUTHCS TOCTIENOBATEILHOCTIMI M € M,,.
Ectm m € M,,, To B cumy (72)

Eulm) = (g =)+ A = (g —n+ Nlml /(> — +

IIpu cbukcupoBaHHOM n ¥ HATypaldbHBIX ¢ > N PacCMOTPUM
¢yHKIIUU

F@) = (g —n+ N/~ + ), xe o1

o Xk Qg+l
Bupuwm, uto
f(g,0) = f(q), f(g;1)=flg+1). (75)
ITockonbky
0f(g)) .~ 1 g=n .~ 1 A
o\ N (; (672 aq+1 )(; (677 + Oéq+1) ’

TO Ha MPOMEXyTKe A € [0,1] 3Ta HpoW3BOJHAS COXpAHSET 3HAK.
CrnepoBatellbHO, HA 9TOM NMPOMEKYTKe PyHKIMSA f(g, A) € pocTom
A 6o yObIBaeT, b0 Bo3pacTaet. B Takom ciydae VA € [0,1]
oyner mu6o f(q,\) < f(q), ma6o f(q,\) < f(¢+1). IToaTomy B
cuny (74) Vm e M,

&n(m) < |m|max(f(q), f(g+1)).
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3HaunT, coraacHo (74)

& < sup f(q) = sup (g — n)/S " —. (76)

«
q>n q>n =1 k

Hanee, mpu 1T000M ¢ > n UMeeM

flgt)=flg) = —+ —— Qo —> —) ()
= Yk S M Qe T Ak Yk
Beanunna
q q
1 q—n 1 1
m@= 2, o= 2 GG
k=nt1 F aetl o Tk g+l

oTpunaTeiabHa u B cuity (50) ee abconroTHASI BEJIMUUHA , HE YOBbIBASsI, —
cTpemuTcs K 6eckoneunoctn. [Toatomy u3 (77) ciiegyet, 4To HalfIeT-
csl TaKOe 3HAUCHUE (p, HAaYMHAs ¢ KOToporo pyHkuus f(q) Oymer
crporo yosiBaromeii. CliefloBaTeIbHO, HAa IPOMEXYTKe (1, qo] Cy-
LIECTBYET TOUKA ¢*, JJIs1 KOTOPOU

sup fla) = max f(a) = fa) = (¢ ~m)/> (79

>n q€(n,q0]

k=1
Takum o6pa3om, corsacuo (76) u (78),
q 1
En < (¢" — n)/Za—k- (79)
k=1

OcraeTcsl HOKa3aTh, YTO CTPOrOrO HEPABEHCTBA B 3TOM COOTHOIIIE-
HUU ObITH HEe MOKeT. C 9TON 1eJIbI0 PaACCMOTPHUM IMOCIENOBaATEb-
Hocth m' = {m}}, yKOTOpOil
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SlcHo, yTo m’ € M, u auist Hee coruacHo (74)

Eu(m') = (" — )/ —.

)]
=1k

OOBenuHsIsl 5TO COOTHOLIEHNE W cooTHomeHue (79), 3akaHYMBaeM
I0Ka3aTeNIbCTBO BCEX YTBEPXKICHUH JIEMMBbI.

3ameuanne 1. Ecmu cucrema 1 = {¢;}3°, TaKkoBa, 4To pu
JAHHOM HEKOTOPOM n € N MHOXKECTBO gy, \gif_l, omnpepesieMoe
dopmyoii (23), conepkuT 60J1ee OHON TOYKH, TO B cuiy (35)

dy(HY,) =en YV € [0n-1,0n —1].

1)
SHaueHust xe e,(H)p,) CyBelMueHHEM HOMepa v BCerja CTpOro
yOBIBAIOT:

q—v—1 q—v
eh1(HSy) = sup “———— < sup - = b (HY ),
q>l/+1 T p q>1/+1 ~_p
2. >0
k=1 k=1
Te. peetaa evr1(Hep) < en(HEp) 1, K TOMY 3X€, BCCT/a

e(;nfl(Hfﬁp) <éep= d(gnfl(H;ﬁp). JeficTBUTENBHO, COrIacHo (44)

q—0p—1
egn,l (H:f,p) = Sup 5 " <
q>6n—1 n—1 _ q _
SR D
=1 k=6, 141
_5 5 _
< sup q(17111 < sup g Cen = Y5, 41 =CEn-

q>0n—1 Z ﬂ_}ip q>6n—1 (q - 5n*1)¢67np_1+1
k
k=6p—1+1

Takum o6pa3zoM, Bcerja

e,(HY,) < dy(HY,). (80)
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4. KoIMOropopckmne nonepevyHnkd W HAWIYYIINEe 7 -YJI€HHbIE
NPUOIMKEHNs NEPHOINYEeCcKNX (DYHKINI MHOTHX NepeMeHHBIX B MPO-
crpancree  SP

Ilycth, Kak u panbiie, L = L(R™) — MHOXeCTBO Bcex 27
- MEPHOAMYECKUX O KaXJoil U3 mepeMeHHbIX yHKuui  f(x) =
f(z1,...,2m), CcyMMHUpyeMbIX Ha Kybe nepuopoB Q™ u (12) —
papg Pypee pynkuym  f € L mo cucteme (11). IIpn aToM KBUBa-
JIeHTHbIE (PYHKIMU CYUTAIOTCS HEPAZTNINMBIMIL.

Ilycts, panee, SP — mpOCTPAHCTBO, IOPOKAEHHOE MHOXKECTBOM
L, cucremoii (11) u HEKOTOPBIM YncIOM p € [1,00) ¢ HOpMOH
| “llp =1 -llsr, ompenensiemoii cormacHo (4), Ayt KOTOPOH B CUILY
(5) cipaBeIMBBI paBEHCTBA

1l = 1fllse = ( D 1 (R))MP. (81)
kezm
ITycts Tenepsb Y = {Y(K)}geym — TPOU3BONIBHAS CHCTEMA

KOMIUTEKCHBIX YHCEJT — KPaTHas TOCIIE[OBATENbHOCT. [ist (hyHKIMI
f € L mnapsny c (12) paccmoTpuM psif

(2m) 2 3" (k) f(k)eRT, (82)

kezm

Ecmu aToT psij manHoi pyHknuu  f W CHCTEeMbl ) SBIISIETCS
psapoM ®ypee HeKoTopou pyHkimun  F' w3 L, To F HazoBeM
1 -uATerpanoM ¢yHkuuu 1 OyeM nucath  F(x) = JY(f;x).
IIpu aToM nHOrNA yAOOHO (PYHKIMIO f Ha3bIBaTh 1) -IIPOU3BOJIHOMN
dynkuun  F umucats  f(x) = D¥(F;x) = F¥(x). MHOXecTBO
t) -uHTETpanoB Beex pyHkimii  f € L o6o3Havaercs yepes LY.
Ecmu O — HeKOTOpOe MOMHOKeCTBO U3 L, To LY Oymer obo-
3HayaTh MHOXECTBO 1) -MHTErpajoB Bcex pyHkumii u3 . ScHo,
uyro ecm  f € LY, 1o koadpunmentsl dypoe pynkuuiic f o f¥
CBSI3aHbI COOTHOILEHNEM

f(k) = (k) [ (k), kez™ (83)
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Bynem paccmatpuBaTh B KauecTBe 1 eauHMuHbIl map UP B
npocrpaHcTee  SP :

UP={f: fes [fl, <1} (84)

B Takowm ciyuae nonmaraem LYUP = L;f = L}f(Rm). OTHOCUTENBHO
CHCTEMBI 1) IPEIIOIAraeTcs, YTo

lim (k) = 0. (85)

|k|— oo

BameruM, uto ecnu f € LYSP u  |y(k)| < C, k € Z™,
C = const, T0 f € SP, Te.ycnoBue (85) Bcerna rapaHTHPYET
BKJIIOUEHUE L;f C 5P,

OrmpenenuM XapakTepUCTHUECKHUE MOCIEIOBATeNIbHOCTH  £(1)),
g(v) m 6(¢) cuemyroumM o6pa3om:

e(¢y) = €1, €2, ... — MHOXecTBO 3HaueHuy BenuunH [P (k)|, k €
Z™, ynopsjiodeHHoe 1o uxX yobiBaumio; ¢(v) = {g,}02,, rhe

=gy ={keZ™: (k)| =en}; (86)

() ={6n}52,, e o, = 6% = |gn| - KOMMUECTBO UHCEN k € Z™,
NPUHAMJIEKAIIX MHOXECTBY gy,

Baupny ycioBusi (85), B paccMaTpruBaeMOM ciiydyae MocCe0BaTelb-
HocTi (v0) m  g(¢) ompepensitoTcs paBeHCTBaMu (24) ¢ yueTom
TOrO, YTO Ha 3TOT pa3 k € Z™. Kak u paHblIe CYNTAETCS, UTO
go = gg’ €CTh IMyCTOE MHOXKECTBO 1 UTO g = (%p =0.

B kauecTBe NPUOIIKAIOIINX arperaTtos Ans pyHkumin  f € LY
PaccCMOTPHUM TPUTOHOMETPUIECKUE MMOJTMHOMBI

Su(fix) =S o (fim) = 2m) 2 3" f(k)e®®,
kegy
neN, So(f;x)=0, (27"

e g\ — 3JIEMEHTHI OCIEeOBATEILHOCTH g().
ITycrs
&L (Fp = If (@) = Snaa(F;2) 50, (28')
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é’n(L;f’)p = sup EY(f)p, n=1,2,... . (29)
fery
EY(f)p = inf || f(2) - 2m) ™2 3 aped® s (30)
' k69$71
n
Eo(Ly)y = sup EY(f)p n=12,.... (31')
feLy

IlycTs, nanee,
Yy, = i i vy df
dn(Ly)p = inf sup inf ||f—ulse, n € N, do(L})p= sup | flse,
FrneGn ¢U€Fn P
fELp fELp

rne (, — MHOXECTBO BCEX 7N -MEPHBIX NOANPOCTPAHCTB B  SP —
nonepeyHnku Mo KoiMoropoBy kiaccoB L;f i

ea(LY)y = sup inf || f(@) = (2m) " 3 ape® s,
feLy Tk ker,

rne [, — mpou3BonbHBIA HAOOp U3 N BeKTOpoB k € 2™ —
BEJIMYMHA HAUJIYUIIETO 7 -YJIEHHOrO IPUOIMXKEHUs Kitacca L;f’ B
npocrpancree  SP.

B npusaThIX 0003HAaUYEHUSX CHpaBe[JIUBbI CIEAYIOLIUE YTBEP-
>KJI€HMS] — AaHAJIOTH, a IO CYLIECTBY — YacCTHbIE cilyyan TeopeM 1-3.

Teopema 1'. [lycmb ) = {(k)} e ym — cucmema uucea, yoo-
saemeopanuan ycaosuro (85) u makux, umo

(k) £0 VkeZm (87)
To20a npu aw0bvix p e [l,o0) u neN
En(Ly)p = En(L}))p = e, (32)
20e &€, — n-i 4aeH nocaedosameavHocmu  €(1)).

Teopema 2'. [lycmv ) = {Y(k)} g ym — Ccmema uucean, yoo-
saemeopsiowuasn ycaosusa (85) u (87). Toeoa npu awobvix p € [1,00)
u ne€N cnpagedausbl paserHcmaa

ds,_ (LY)p = ds,_41(LY)y = - =
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= d6n—1(L$)p = En(LZ})p = &n, (35")

8 KOMopvix 0 U €5, S € N —aneMeHmblL XapaKmepucmu4ecKux
nocaedosameavrocmeti  0(¢Y) u e(¢) cucmemvt P, a Jy = 0.

Teopema 3'. ITycmb ¢ = {(k)} e ym — CUCMIEMA HLLCEN, YOOBAE-
meopsatowan ycaosuam (85) u (97). Toeoa npu awbvix  p € [1,00)
u neN 8biNOAHAEMCA PABEHCMBO

eh(Ly)p =sup (g —n)/Y b7 = (¢" = n)/ > o7, (44)
s=1 s=1

q>n

20e Y = {1}, s € N —nocaedosameabnocmnb, Onpedeasrouascs
COOMHOWeHUAMU

Vs =¢€ny On1<85<0p, n=12 ...,

8 KOMOPLIX €5 U 05— dneMeHmMblL nocaedosameavHocmell (1)
u 0(¢), a q*—Hexkomopoe HamypasvHoe YUCAO.

Hoka3zaTtenbeTBo. OTHPABIISASACH OT 3aJaHHOU CUCTEMBI 1), (PUTY-
pupyrolnei B Teopemax 1’ —3', nepeHymepyeM Bce BeKTopel k € Z™
TaK, YTOObI YuCcHaMu S 1pu S € (0p—1,0,) OBUIM IEPEHYMEPO-
BaHbl BEKTOPbl Kk W13 MHOXKECTB g}f \ g;ffl B KaKOM—HUOY/Ib
(pukcupoBaHHOM HOpsiAKE. 3aTEM ONPENEIINM IMIOCIEOBATENBHOCTD
W' = {4/}, monoxus

W=k, s=1,2,.... (88)

ITockonbKy
S[f] = (27T)7m/2 Z f(k)e’km = (27‘(‘)77”/2 Zf(ks)eiksm,
keczm s=1

To u3 (88) 3aKiro4yaeM, 4To

TV (fix) = TV(f;®) Vfel
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u, CJIEJOBATCIILHO,

(LN £
Lp = Lp
Ho
LY = HY
P #'\p’

' :
rne H o/p — MHOXECTBO ONPENICIIACTCSA COrIACHO PABEHCTBY (18):
Y R P
H,,={felL: ¥ eU,},

BKoTopom UJ, =UP u ¢' = {(2m)~m/2etksT Yoo K tomy xe
nocienoBarensHocT (') um (), artakke O0(¢') um 0(v)
COBIIQJIAIOT ¥ CIIPABEJIIMBbLI PABEHCTBA

SNy = Sp(fsz), & (N = 6.

Eu(HY ) = E(LY)p, EY (Hy = EL (),

En(HY, ) = En(LY)p,

B KOTOPBIX JIEBbIE YACTH OmpepelsiroTcs paBeHcTBamu (27)—(31), a
npasbie — cooTHomeHusiMu (27') — (31’). Orcrofa 3aKiI0YaeM, 9To
yTBepKueHust TeopeM 1’ n 2’ cnepyror u3 TeopeM 1 u 2. SIcHO TakXKe,
aro u e, (LY), = en(H:f,:p) u uto ¢ = 1. [loaTomy u Teopema 3’
BBITEKAET U3 TEOPEMBI 3.

3ameuanne 2. Bripaxkenue (4) onpepensieT HOpMY TOJIBKO IpU
p € [l,00) (mpm p € (0,1) He BBINONHSIETCS HEPABEHCTBO (6)),
OJTHAaKO OHO MMEET CMBICH IpH Bcex p > 0. Iloatomy ecnm mop
3HaKOM || - ||, THOHMMaTh MPaBYIO YacTh COOTHOIEHNS (4), TO Bce
YTBEPXK/CHHUS , JOKA3aHHbIE BBIIIE, OCTAIOTCS B CHIIE, 32 UCKJIIOUEHH-
€M OIICHKM CHU3Yy HONEPEYHNKOB  d,, IIOCKOIJIbKY NpPUMEHsieMast
3lleck TeopeMa O MOINepeyHHKe Iapa Mpefrnonaraetr, uro 2 —
HOPMHPOBAHHOE MPOCTPAHCTBO.

3ameuanue 3. Ecnu nocieqoBaTeIbHOCTh 1) TaKOBAa, YTO PSif

3 w(k)eik® (89)

kezm
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sBygeTcs psapoM Pypbe HeKOTOpol cyMMupyeMolt hyHKIMK - Py (t),
TO HEOOXOIMMbBIM U JOCTATOYHBIM YCIIOBUEM BKItOUEHUs1 f € LY
ABIISIETCS] BO3MOXKHOCTD IIPEJCTaBIeHusT f CBEPTKOU BUA

f() = (2m)™ / ol — 1) Ty (t)dt, (90)
o

B KOTOpOii ¢ € M wunoutn Beronry  ¢(x) = f¥(x). Takum
o6pa3oM, Kitacchl LY 0XBaThIBAIOT Kylacchl (DYHKIHIL, IIPECTa-
BUMBIX CBEPTKaMH ¢ (PUKCHPOBAHHBIMU CyMMHPYEMBIMH SIIPAMHU (CM.,
Hanpumep, [3, §1.9]).

3amevanne 4. Ilycte L, = L,(R™) , p € [1,00),
IpOCTPaHCTBO byHKImiA f € L ¢ KOHeyHO# HOpMo# || - ||,
I£1e, = ([ \rypan'. o)
Qm

Casi3b MeXJy MHOKecTBaMu L, u SP ycraHaBIMBaeT M3BECTHas
teopema Xaycnopga-IOnra (cm. Hanpumep [4, n. XI1.2]), yrBepxkna-
IOL1as], 9TO

(I) Ecmm felL, pe(l,2, n f(k) - xoadpdurmenTsI
dypoe pynkuuu f, omnpepensieMbie GOPMYION

i) = 2my 2 [ et (92)
gm
TO
(32 @I < @0 E DY fly,, <+ =1
kezm pop
(I) Iycre {cg}peym — MOCIENOBATETLHOCT KOMIUIEKCHBIX

quceln, st KOTOpOﬁ

Z lcg|P < o0, pe(1,2].
kezm
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Torpma cymecryer dynkuus f € Ly, 71 KOTOpOU f (k) =cp
u

1 1 1
, 27rm(2p VP, — 4 — =1
1fllz, < (> legl”) ot
kezm
W3 aToit Teopemsl ciefyert, uto ecim p € (1,2], TO
’ l_l

L,cS” m |fllgr < @m)™ 79| f|L,, (93)
S Ly m |fl, < @0 Sl (93)

B wactHOCTH, TpH  p = p/ = 2 COpaBe[IMBbI PAaBEHCTBA

=5 1 | =1l llse- (94)

5. CnepnctBus 1151 IPOCTPAHCTE L),

B cuny coornomennii (93) u (93'), reopemsr 1’ — 3/, mokazanubie
ISt IpocTpaHeTB  SP, cofiepskaT HH(MOPMALUIO U ISl IPOCTPAHCTB
L,, xotopas sBiseTcs Haubolee MoIHOM BeaeacTre (94) B ciayuae,
Korma p = 2.

BBy 0co60¥ BasKHOCTH 3TOTO Cllydasi, IpUBEEeM TOUHbIe (op-
MYJIIPOBKH COOTBETCTBYIOIINX YTBEPKICHUIL.

ITycrs, kak u panbie, ¢ = {(k)}g.,m — NPOU3BOIBHAS CH-
cTeMa KOMILIEKCHBIX uice i LY — MHOXECTBO  1)-MHTErpajioB
Bcex pyHKIn  f € N, e 9 — HEKOTOpOe NOJMHOXKECTBO U3

L=L(R™), m>1. Bo3pMmeMmBKauecTBe I eIUHUIHBIN IIap
Ur, BOpocrpanctee Lo :

UL, = {f [ € Lo, HfHLQ < 1}’ (95)
3pece HOpMa || - ||z, ompepensiercst paBeHCTBOM (91) mpu  p = 2.

B Takom ciydae nonoxum  LYU;, = Uﬁ.

Cunrasi BEIIIOJTHEHHBIM yciioBue (85), onpenennM XapaKTepucTH-
YeCKUe MOCIeOBaTeIbHOCTH  £(1)), g(v) m (), aTakxke
noJauHoMbl S, (f;2z)  cormacHo popmyn (27) m st f € U}i
HOJIOKHAM

&V (e = 1f (@) = Sp-1(f32)| Lo (287)
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EUL ) = sup EF(f)ias (29")
fevy,
BY(f)r, = inf | f(@) = 2m) ™2 3 ape® |, (307)
k keg? |
n
En(Uf)1, = sup EY(f)L,- (317)
feuy,
ITycTs eme

aln(UgQ)L2 = Figg sup ulenlg |f —ullz,, n €N,
n neril)p n

do(U}) = sup ||fllz.,
feuy,

rae Gn — MHO2KECTBO BCEX N-MEPHBIX NOAIIPOCTPAHCTB B L2 nu

en(Uf)s = sup inf [[f(@) = (2m) "2 Y ape®®|y,,
fEUi/’)Q k7 " kan

rpe I';, — mpou3BOJBHBIM HA0Op U3 N BEKTOpoB k € Z™ -
BEJINYMHA HAWIYYLIEro nN-4JIE€HHOro NMpUOIMXKEeHHs Kiacca U}f2
B IIpocTpaHcTBE L. CIpaBejIMBO CIEAYIOllee YTBEPXKICHUE

Teopema 4. [Iycmv ¢ = (k) keym  — Cucmema 4ucen, yoo-
saemeopanuan ycaosuam (85) u (87). Toeoa npu arobvix n € N
BbINOAHAIOMCS PABEHCMBA

EH(UEZ;)IQ = éon(U}{;)Lz = En, (96)

dén—l(Uz;)Lz = d5n,1+1(U}i) =...=

=ds,—1(U})1, = En(U}) L, = €n, (97)

q q

(UL ), =sup(g—n)/ Y 052 =(¢"—n)/ D> 072 (99

a>n s=1 s=1
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B omux pasencmeax c; u 05 —3neMeHMbL XAPAKMEPUCIIUYECKUX
nocaeoosameavrhocmeti () u  0(v), 0o = 0, p* -
HEKOmMOopoe HAmypaaibHOe YUCAO U

Vs =¢€n, Op1 <5<y, n=12....

Jlokaszarenncreo. B cuiy (94) u (95) Bugum, uro Uy, = U? u,
CIIEIOBATEIBHO, U}f2 = L;p. ITosToMy cripaBeuIMBBI paBEHCTBA

EV(UL )2 = Ea(LY)2,

En(UqL/)Q)Lz = En(Lg})Qa
P
2

dn(U}) 1, = dn(L3)2

en(Up)2 = en(Ly)2, n=12,....

Orcrofa 3akiIouaeM, 4yTo paBeHcTBa (96)—(98) cinenyroT u3 cOOTHO-
wennit (32), (35") u (44').

OtmeTnM, uTo paBeHcTBa (96) u (97) B OlHOMEpPHOM citydae, T.c.
npu  m = 1 B HECKOIIbKO JPYroil TEPMUHOJIOTHU OBLIN MOJyUe-
HbI eme B 1936 1. B m3BecTHOM pabore A.H. Konmmoropoga [5], moio-
SKUBIIIEH HA4aJI0 MCCIIEOBAHMIO TIONEPEYHUKOB Pa3INIHbIX (PYHKIH-
OHAJIBHBIX KJIaccOB. B 001eM ciiydae 3TH paBeHCTBA MOXKHO IIOJY-
YUTH U IIyTEM aHAJIN3a PE3yIbTATOB U PACCYXK/ICHUI YTOMUHABIIETO-
cs §4.4 xkauru B.M. Tuxomuposa [1].

OTMeTuM TaKkxKe, YTo, KaK cienyeT u3 paBeHcTs (96) u (97), B mpo-
cTpaHcTBe Lo 3HAYEHHMs MONEPEYHMKOB MHOXeCTB Up ~— peann-
3YIOT PUOIIKEeHUs cymmamu (27'), T.e. HOJTMHOMaMU, KOTOPBIE SIBJISI-
IOTCS] HAWUTYYIINMHE B CMBICITE TIONIEPEYHUKOB B IPOCTpaHCcTBax  SP
npu BceX p € [1,00) JIISI KJIaccoB L;f. 3TO MO3BOIISIET MPEIOIIO-
3KUTh, 9YTO UMEHHO CyMMbI (27') OyAyT HAWIYYIINM annapaToM Ipu-
OnmkeHus! (OMSITh TaK! B CMBICIIE KOJIMOTOPOBCKUX MOTIEPEYHUKOB)
U B IPOCTpaHCTBaX L, TpHBceX p > 1 I COOTBETCTBYIONIUX
MHOXECTB Ufp,

Ufp = LYUp,, Up, ={f: f€Ly |flls, <1}
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Oyere pe (1,2 n fely, me &= {dk)}gym
KpaTHas MOCJIEOBATEIIbHOCTb, YOBIETBOPSIONIAs yCaoBusiM (85) u
(87). ITonoxum

EV (N, = I1f (@) = Snoa(fi o)L,

raie Sp—1(f;x) — MONMHOMBI, MOCTPOEHHBIE COTIACHO (POPMYIT
(27),a |||z, —HOpMa,onpenensiomasics paseHcTBOM (91). ITycTs,
naiee,
n(Ly)L, = sup & (f)r,,
feLy
EY(f)r, = g;cf £ () — (2m)"™/? Z “’feik“"lqu
keg, .
u
En(LY)L, = sup EY(f)L,.
feLy
IlycTs eme

dn(Lg)Lq = F:relgn fseugl n1é1}£n If —ullL,, n€N,
p

do(LY), = sup ||fllL,,
feLy

rie (G, —MHOXECTBO BCEX N-MEPHBIX IDOCTPAHCTBB L, W

en(Lz))Lq = sup ain£ | f(z) — (27r)_m/2 Z akeikzmHLq’
sery ke ker,

rge [, — mpou3BOJBHBIN HaOOp U3 n  BekTopoB k € Z™.
Cornacuo (93'), umeem
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rfe Kak 1 BblIlE — &, — n-i WIEH XapaKTepUCTUIECKON MOCIIe][0-
BaTeJIbHOCTH €(1)).
CreoBaTelbHO, 1

0 m(3-1) _ 1. 1_
En(Ly)L, < @m)72 Pey, n=12,..., p+p’ =1
Iycts Temeps k' — mobast Touka U3 7, = g}f \ g:f_l u f,=
(27r)_m/21/1(k:’)eiklw. Torga f. €Ly u
m(h—4) k
EY(f)r, = Ifls, = @0)" 2 W) 1€, =

D=

11 1
= (27r)m(p/ Ve, = en(2m)™E 7).
Takum 06pa3oM, TOKa3aHo CIIefyoLiee

Ilpepnoxenne 3. Ecau p € (1,2] u nocaedosameavHocms
®(k) yoosaemsopsem ycaosuam (85) u (87), mo ¥n € N

S

_1
En(L;f)Lp/ = 571([/%’)%, = En(27r)m( v, (99)

AHAJOTUYHO, ¢ yueToM cooTHowmeHni (93') u (99) B paHee npuHs-
THIX 0003HAYCHHMSIX MTOTYIAFOTCS CIIEAYIONIE OLEHKH:

en(@m)" ) > ds,  (LY)1, > ds, 1 (EY)n, > - > ds, (LY,

(101)
3ameTnM, 9TO B CHIIy TE€OpeMbI 4 COOTHOIICHHSI CTAHOBSITCSI PaBEH-
crBamMu ipu p = 2.  OTMETUM TaKXKe, YTO BEINUHHBI, MTOJOOHbBIC
BEJIMYNHAM en(Lg) L,, W3YYaIuch paHee B paborax [6,7] u p.

6. IIpnmepsl. Bo Bcex mpepbIayIUX NOCTPOECHUSAX EHTPAIBHOE
MECTO 3aHHMAIOT IOCIENOBATEIBHOCTH 1 :  OHHU ONPENEIAIOT
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npubiIMKaeMble MHOXKECTBA, IO HUM CTPOUTCS ammapar HpuoimKe-
HUSI M Yepe3 HUX BhIPAsKAIOTCS alllIPOKCUMAIIMOHHbBIC XapaKTePUCTH-
ku. Kpome ycrnoBmit Buna (85) u (87), 63 KOTOPBIX pPacCMOTPEHHUS
CTAHOBSITCSI TOYTU OeccofiepKaTelIbHbIMU, B HACTOSIICH paboTe Ha
MOCJIEIOBATEILHOCTH 1)  HUKAKMX OTPAHMYCHUI HE HAJarajaoch.
IMoaToMy caMu cUCTEMbI %), a C HUMH U UX XapaKTEePUCTUUECKUE
NOCIIEeNOBaTEeNbHOCTH  £(1)), g(¥) m (¢) B oOmeMm ciaydae
MOTYT OBITh JOCTATOYHO CIOKHBIMU.

B MHOrOMepHOM ciydae, IMO-BHUMOMY, Hanboyiee MPOCThIMU U
€CTEeCTBEHHBIMU SIBJISIIOTCS] CUCTEMbI 1), y KOTOpbIX uncia (k)
HPE/ICTABIISIOTCS TPOU3BEICHUSIMA

m

1/1(’<5) = @b(k‘ly---,km) = Hq/}j(k‘j), kj S Zl, J :L—m,

J=1

3HAYCHIIT OTHOMEPHBIX nocyiefoBaTebHOCTel  th; = {1;(kj)} 0y
Ecnu x ToMy ke

V(—kj) = i(k;), j=T,m

(uepe3 z 00603HAYEHO YKMCIO, KOMIUIEKCHO CONMPSIKEHHOE K 2 ),

TO MHO2KECTBa g;{) 6YIIYT CUMMETPUIHBIMU OTHOCUTEJIBHO BCEX

KOOPpAWHATHBIX IIOCKOCTEN 1, KaK HE TPYJTHO Y66,T_II/ITBC5I,

S wk)e®t = 5 9ma T iy (k) cos(sty — 25T, (102)

, 2
kezm kezy Jj=1

me ZU'={kecZ™, k>0, i=1m}, q(k) — xommaecTBO KO-
OpJMHAT BEKTOpPa Kk, PaBHBIX HyJIO, a uncna [, ONpENeNsoTCs
paBeHCTBaMU

Br;m _ Re1j(ky) sin B, Imo;(ky)
2 [;(ks)l 2 |95 (k;)]
B TakoM ciiyyae MHOXKECTBO  1)-HHTErPaJIOB IEUCTBUTEIbHBIX (PYHK-
mii @ w3 L(R™) COCTOWT U3 ACHCTBUTEIbHBIX PYHKIMIA f W
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B ciyyvae, Korna psij B (102) siBisiercst psigoM ®ypbe HEKOTOPOH CyM-
mupyemoil (pyHKIN %y (t), COTIacHO 3aMEeYaHMIO 3 CIpaBe/InBa
dopmyma (90) .

ATNNPOKCUMAIMOHHBIE XaPAaKTEPUCTHKU PA3JTMYHBIX MTOJMHO-
XKecTB u3 LY (IIpU TeX WIM MHBIX OrPAaHMYEHUSAX HA MOCIENOBa-
TenbHOCTH 1)j(kj)) paccmaTpuBanuchk paHee B [2,8,9] u fp.

ITpn KOHKpeTHbIX 3HaYeHusIX 1);(k;), WMEHHO B ciIy4ae, KOTja

1, k=0

— ¥l 9

Vi(ks) =9 (7 T (103)
(ij)J? k]#ov ]_Lm’

rae Tj - HeKOTOpre I[teICTBI/ITeJII)HI)Ie qucia, 9Tu XapaKTepI/ICTI/IKI/I
I/ISy‘{aJII/ICI), KaK XOpOI_HO N3BECTHO, MHOTUMHU aBTOpaMI/I.

IIpumep 1. [Iycte m = 2 wunocnegoBarenbHocTH  i(k1)
1o (ke) 3amanbl paBercTBamu (103) mpu yenmoBum 11 = ro =1 > 0.

Knaccer Ui, OTIpENICIISTIOIINECs] TAKIMH TIOCIIEeJOBATEIbHO-
CTSIMH, C TOUKH 3PEHUS HAXOKJICHUS UX TIONIEPSYHUKOB BIIEPBbIE pac-
cmaTtpuBaiuch K.M. Ba6enko B [10] u [11], KOTOphIM B 3TOM ciyuyae
(hakTHyecku 610 NONYIEHO N cooTHOMEHHE (97).

B paHHOW cuTyanuu XapaKTepUCTHYECKasi MOCIEIOBATEIbHOCTD
e(¢) cocTouT W3 INEMEHTOB &, = n~ ', n € N, MHOXecTBa
gﬁf — MHOXecTBa BeKTOpoB  k = (k1,ka) € Z2, YIOBJIETBOPSIIOLIUX
YCIIOBHIO

ki Kk, <, (104)

rne

v (L k=0,

Takue cOOTHOIIIEHHSI BIEPBbIE MOSBIINCH B YIOMSHYTBIX paboTax
K.1. BabeHnko u cefiuac X MPUHSITO HA3bIBAaTh TUNEPOOTNIECKUMUI
KpecTamu.

Yucna 6, = 5% B paccMaTpuBaeMOM cllydae — YiciiO BEKTOPOB
ke 72, ynosieTBopsitomux yciaouro (104). MokHO TOCYNTATS,
qTo (51 = 9, (52 = 21, (53 = 33, 54 = 49, (55 = 61, 56 = 81,
o7 = 93, 0g = 113,--- . Tloaromy, momarast d, = d,,(UE/;)LQ,
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Ha OCHOBaHMU paBeHCTBa (97), nMeeM

di=--=dg=1, dg=---=dyp=2""; dyy=---=d3z=3"",
dsz=-+=dig=4""; dag=---=deo=5"; dg1 =~ =dgo=06"",
dg1=-+=dgo=7"; dgs=---=dy1o=8";---

IIpumep 2. [IycTh no-nipexkueMy m =2 u

(k) = e WleT B =19,

rme o >0, ﬁk,- — NMPOU3BOJIbHBIE AEHCTBUTENbHBIE yncia. Torna
gp, = e~n—1), n€N, a g}f — MHOXECTBa BEKTOpOB k =

(k1,ke) € Z2, ynoBiaeTBOpsIONME YCIOBUIO  |ki| + ko] < n — 1,
u 6, =1+2n(n—1), n € N.PaBencrso (97) B 3TOM ciiyyae uMeeT
BUJ

don(n—1)+1 = dop(n-1)42 = =~ = dop(ny1) = €
3pecsk, Kak u paHble, d, = dV(U}i) Lo

IIpumep 3. IlycTb osiTh M =2 #
V;(kj) = e~ k] =1, §Signkj, j=12 a>0,

rae  [; — NPOU3BOJIbHBIC ICHCTBUTENbHbIE YUCIa. B aTOM ciyyae
9JIEMEHTaMH XapaKTEepPUCTUIECKON IOCIENOBATeIbHOCTH  £(1))
€CTh yINOPSJOYEHHbIE [0 YOBIBAaHUIO YHUCIA e‘o‘("§+"§), ni, Ny €
Z', aMHOXecTBa g, COCTOAT U3 BeKTOpoB k = (ki, k) € Z2,
JIIST KOTOPBIX

K3+ k3 < logee 1/en R,

T.C. g}mf COCTOAT U3 BEKTOPOB k, HaXOIsAIUXCsl BHYTPU KOH-

LHEHTPUYECKUX OKPYKHOCTEH, pajinycbl R,, KOTOPBIX TAKOBBI, YTO
4UCI0 RfL MPefICTaBUMO CYMMOM KBaJIpaTOB IBYX IIEJIbIX YHCEI.
MoXHO OCUYNTATD, YTO

e1=1, 01 =1;e0=e"% dy=5; eg=e 2% §3=09;



36

4 = 6740[, 04 =13; e5 = 67504, 05 =21; e = 678(1, 0 = 25;

g7 = 6—9047 (57 = 29; g = 6_10a, (58 = 33; g9 = 6__13a, (59 = 41;

e10=¢ "% 610 =45; e =e 7Y,
511 = 53, £12 = e—l8a, 512 = 57; e
B aTom ciyuae paBeHcTBO (97) moKa3bIBaeT, YTO
d1: :d4—€a, d5: :d8—62a, dgz —d12—64a;
dig =+ =dy = e %
dyg =+ =dag =€ dys =+ =dog = e %
dyg =+ =dgg =e "% dgg=--- =dyo = e %
dyy =+ = dag = e 0%
das =+ =dsg =€ dsg =+ =dsg = e '5%

_ Y
3nech takxke dy = dy(Up )L,
OTMeTuM, 4TO MOACYETHI B NpHUMepax 1-3 ObLIU BBINOJHEHBI

A.C. CepniroKOM U UX pe3yJbTaThl IPUBOASTCS 3[€Ch C €ro J0e3-
HOTO COTJIacHs.

IIpumep 4 (x Teopemam 3 n 3') Ilycts cucrema ¢ = {¢p}72,
TakoBa, uto Y| = k™",  r>0. B rakomcaywae &, =n"
neN, u Y=Y =k", k& N. Iloatomy cormacuo (44)

Y

q
eh(HY,) =sup(q —n)/ > k™.

q>n 1
IlycTe, k mpumepy, rp = 1. Tak kak

Zk:(J(Q‘f‘l)

q
2 )
k=1

TO

2(q—n)  2(¢" —n)
P(HY ) = =
e (Hep) en g+ gl +1)
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rme

¢ =nvn?+n.
k

~ Ilpumep 4’. Tlyctb B TeOpeMe 3 v, = e~ ~.
Yr = e ¥ ucornacho (44)

Torma ¢, =¢e™ ",

P (Y - kp e’ (e’ —1)
e’ (H = su -n e’ = su —n)/——= =
hHEp) = sup(q )/2;; sup(q = )/ =5

-1 (¢g—n)
— sup .
eb >n ePd — 1

Bemununna
qg—n

ers — 1

npu ¢ >n+1/p y6sBaet. [loaTtomy npu p > 1

el —1 1

Py ) —
en(H‘Pvp) - epP ep(n—i—l) -1 :
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Abstract

Let 2 —be an arbitrary complex vector space and ¢ = {¢p},
ke N ={1,2,...} — fixed denumerable system in it. Let us assume
that for any pair x,y € 27, in which at least one vector belongs
to ¢, theinner product (z,y) is defined, satisfying well-known
conditions:

D (z,y) = (y,2);

2) (Az1 + pz2,y) = AMz1,y) + (22, ), A, p — arbitrary numbers;
[0, k#

3 e ={ 1 7] )

~ Foreachelement fe 2 we willassociate a system of numbers
f(k) = f,(k) by means of equalities

f(k)w:(f;(Pk); kGN, (2)

and for given fixed p € (0, co) we will put
SL=50(2)={fe 2 Y |fe(k) < oo} (3)
k=1

Two vectors z,y € S, isequvivalentif forany ke N  &(k) =
9(k). Thustheset S isgenerated by the space 2", system ¢
and number p.

For vectors f € S} as p € [1,00) we will define a norm by
means of equality

1£llp = £ llo = I Folly, = O [fo ()PP (4)
n=1

At once let us observe that if system ¢' = {¢}} = {¢r.}, s =
1,2,..., isobtained from system ¢ by arbitrary rearrangement of
its terms, then by virtue of (3) and (4), the equalities hold

St=5" and | flop=IIflyp VFeESE. (5)
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The set  S% is linear space: operations of addition of vectors
and their multiplication by numbers, defined in whole 2" remain
admissible also for any pair z,y € S5 and for arbitrary numbers A
and p

AT+ py =z € SE.

In fact since z € 27, then Zz(k)= A&(k)+ py(k) and by virtue
of Minkowski inequality

QD ERIMYP = O INa(k) + ug(k)P)P < Alzllp + pllyllp- - (6)
k=1 k=1

It is clear as well that the norm introduced by equality (4) satisfies
all necessary axioms, therefore S% islinear normed space containing
orthonormal system .

Let us mark one more from most important properties of ~ S%.

spaces. Let
[e.9]

SIf1=SIfle =D folk)or (7)

k=1

be Fourier series of element f € S, with respect to system ¢
and

Sn(f) :Sn(f)sé?:z:f@(k)@kv TLGN, (8)
k=1

be partial sums of this series. The following statement holds.

Proposition 1. Among all sums of the form

> arpr (9)
k=1

for given n € N the partial sum S, (f) is least deviating from
f € SL. Moreover

1f = Sn(HIE=1£1E =" 1fo (k)P (10)
k=1
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In fact according to (4) we have

1 =Y awnllts = S 1o (B) — ol + Y |F k)P,
k=1 k=1 k=n+1

from where necessary statement follows.

For n — oo right side of (10) tends to zero. It implies that for
arbitrary element f from S its Fourier series (7) converges to f,
i.e. system ¢ iscompletein S5 and S isseparable.

Let us mention the concrete definitions of these constructions
which are important later on.

Let R™ be m-dimensional Euclidean space, m > 1, T =
(r1,...,xy) —its elements, Z™ - integer-valued lattice in R™
— the set of vectors k = (ki,...,ky) with integer components,

Y =T1Y1 + -+ TmYm, |x| = +/(xx)and, in particular, kx =

kizy 4 - 4 kmam, |kl =k +- -+ k2,
Nextlet L = L(R™) be thesetofall 2r - periodic with respect
to each variable functions  f(x) = f(x1,---,2,), summable on

cube of periods Q™
Q" ={x: x€R", —n<uz,<m k=1,...,m}.

If feL, thenby S[f] the Fourier series of function f in
trigonometric system

(2r)"™/2ekT e gm (11)

is detoted, i.e.
Sl = a2 3 fweke, o) = @n 2 [ poe
kezm Gm

(12)
If one consider as indistinguishable the functions which are
equivalent with respect to Lebesgue measure then it is possible to take
L(R™) spaceas £ and trigonometricsystem 7= {75}, s¢€ N,
where
7o = (2m) T 26KT e gm o s—19,. . (13)
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obtained from system (11) by means of arbitrary fixed enumeration
of its elements as system ¢ ;inner product in this case is defined in
well-known way:

T = (2m)"™/2 / Ftye Rtar = f(ky) = fr(ks). (14)
an

Thus obtained sets S? according to (5) do not depend on
enumeration of system (11) and later are denoted by  S?.

Now let ¢ = {¢,}, n € N, —be arbitrary system of complex
numbers. If for given element f € 2  there exists an element
F e 2, for which

S[Fle =Y vefolk)pr, (15)

k=1

i.e. A
Fo(k) = i fo(k), k€N, (16)

then F will be called 1 -integral of vector f and we will write
F = JYf. In this case sometimes it is convenient to call f the 1
-derivative of element F and to write f = FY.

Next let

Ug={reSi: Ifler <1} (17)

—be unit ballin  SL space. Then by H:ﬁp we will denote the set
of 1 -integrals of all vectors f € UL :

Y .Y
HE, ={feZ: fYeUl}. (18)
Later on we assume that system ¢ satisfies the condition
lim |¢,| = 0. (19)

It is easily seen that this condition certainly ensures inclusion J%f C
SL for every element f € UL (it is clear that necessary
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and sufficient condition for this inclusion is boundedness of numbers
|tn|, m € N). Therefore in considered case

HY, CSP. (20)

In this paper the method is proposed of construction of
approximative aggregates for vectors from H g,p, adjusted to given
set, and its consistency is proved in the sense of Kolmogorov widthes.
More precisely under minimal natural restrictions on systems ¢ —
requirement (19) and condition

Y #0 Vk € N, (21)
exact values of Kolmogorov widthes are found

dn(Hff,p) = Firelén Su% uienfn lf—ullp, n=1,2,...,
fE€H p

df
do(Hyp) S sup | fllp, (22)

feHE,

where G, - the set of all n -dimensional subspaces of
SL. It is shown that in addition extremal subspaces realizing lower
bound in (22) are just the subspaces constructed here. In particular,
it follows from the Theorem 2 proved below that the graph of the
value dn(Hﬁ’,p) as function of variable n  in general case
has staircase form, moreover the height and the widht of the step are
defined completely and explicitly by the system ).

Here also the exact values of magnitudes en(H:fvp) of the best
approximations of Hfﬁp classes by means of n -term polynomials
in system ¢ are found. These values also are defined explicitly by
the sequence .

In the second part of the paper the corollaries are deduced
from proved statements giving exact values of Kolmogorov widthes
of classes of periodic functions of several variables defined by
multiplicators in SP space. Obtained results spreads
on more general classes of functions well-known statements by
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A.N. Kolmogorov, K.L. Babenko and VM. Tikhomirov, which are
fundamental in subjects under consideration. Also the values of best
n - term approximations (according to Stechkin) of such classes are
found.

Let ¢ = {Y&}, k = 1,2,..., — be arbitrary system of complex
numbers satisfying the condition (19). Let us denote by  =(¢) =
€1,€2,--- the set of values of magnitudes [¢|, ordered by their
decreasing and by ¢(*) = g1, go, - - - — the system of sets

gn =94 ={k € N: |¢p| > en}. (23)

Letalso () = 01,09,---, where §, =|g,| —number of integers
k € N, belonging to g,. Taking into account the condition (19),
the sequences ¢(¢) and g¢(¢) may be defined by means of the
following recursion relations

g1 =sup Y|, g1 ={ke N: || =e1},
keN

en =sup [Y(k)|, gn = gn—1U T,
kEN\gn—1

Tn = {k eN: W)(k)’ = 5n}' (24)

The sequences (), g(¢») and §(yp) will play the important role
later on, therefore we will call them the characteristic sequences for
given sequence .

Let us observe that in the case , when the set £(¢)) of values
|t(k)| consists of a finite number ng of elements, then &,, =0
and for n < ng thesets ¢, also have a finite number ¢,
elements and §,, = co. In addition

61 < On. (25)

But if the set £(¢) is infinite, then always §,, < oo, and equality
(25) holds. In both cases

lim 4, = occ. (26)

n—oo
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Later on for the sake of convenience by gg’ the empty set is denoted,
and we assume that §y = 0.

As approximating aggregates for the elements f € Hff,p we will
consider the polynomials

Sn(f)(pzsgg’(f)wz Z CkPk, n:1727"'7 So(f)@:97 (27)

kegy

where gﬁf — the elements of sequence ¢(%), and § — zero element
of the S space.
Let us assume that

grsz(f)go = ”f - Sn—l(f)gougo,p (28)

and
En(HY,) = sup &'(f)p, n=1,2,.... (29)

feHY
Let also
E%”(f)sﬁigkf\\f— > argrllos (30)
kegf_l

and

E,(HY,) = sup Ef(f),. (31)
feHy,

The following statements hold.

Theorem 1. Let ¢ = {Yy}, k = 1,2,... , — be a system of
numbers, for which conditions (19) and (21) hold. Then for each p €
[1,00) and n € N the equality

En(HY,) = é.(HY,) = en, (32)
is correct, where e, is n-th term of the characteristic sequence (1).

Theorem 2. Let ¢ = {¢}, k=1,2,... be asystem of numbers
satisfying the conditions (19) and (21). Then for each p € [1,00) and
n € N the equalities

ddnfl(H:f,p) = ddn—l-‘rl(H:é),p) — ... =
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= ds,—1(HY,) = B} (HY,)p = en, (33)

hold, in which s and e5, s = 1,2,..., are the elements of the
characteristic sequences (1) and () of the system 1, and
dp = 0.

Let as before S = SP(27) be the set generated by arbitrary
linear space 2", orthonormal system ¢ = {¢,}, n € N and

number p € [1,00). Following S.B. Stechkin [2] we shall give such
definition.

Definition 1. Let n be fixed pozitive integer , 1", — arbitrary
system of n positive integers, and

= arpr,

kel

where ayj, —some complex numbers. The magnitude

en(f)np:en(f)@p_ lnf Hf PFnH%P

kv n

is called the best n -term approximation of the element f € S in
SE space.
The following statement holds.

Theorem 3. Let ¢ = {Yr}, k = 1,2,... be a system of
numbers satisfying the conditions (19) and (21). Then for each n € N
the equality

e (& p _
en(Hcp,p> = Sup en(f)éo -
feHy,

qn

= sup (q —n/Z%/Jk qn—n/Z%bk ; (34)

q>n

is true, where ¢ = {Yp}, k = 1,2,... sequence defined by the
relations )
¢k:5m 5n—1<k§5n, n:1,2,... (35)

and q} is some positive integer.
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Remark 1. If the system ¢ = {¢}72, is such, that for some

given ne€ N theset gy \ g;ffp defined by formula (23) consists
of more than one point, then by virtue of (33)

dy(HY,) =en Vv € [0n-1,0n —1].

And the values of e, (HY,) are alvays strictly decreasing while
number v increasing:

—v—1 —v
= sup q—< sup q

q
>v+1 __ q>v+1 -
} : P } : P
wk wk
k=1

i.e. always e,,+1(Hf’,f’,p) < el,(Hf,f’,p), and furthermore always
es, (HSp) < en =ds, (HY,). Infact according to (34)
— Op—
es, (HY,) = sup 1 <
Q>6n 1 n !
2 Ul Z v

k= 5n 1+1

q— On—1 q— On—1 7D
< sup qin < sup n*—p ¢5n 1+ T
q>6n—1 Z 1/;_p q>0n—1 (q - 5n—1)¢5n_1+1

€r+1 (Hw

o) < eV(H}ﬁ,p)’

k=6n—1+1

Thus always
e,(HY,) < dy(HY,).

Let as before L = L(R™) be the set of all 27 - periodic with
respect to each variable functions f(x) = f(x1,...,z,,), summable
on cube of periods Q™ and (12) is Fourier series of function
f € L in system (11). Here equivalent functions are assumed as

indistinguishable.
Let further SP be the space generated by the set L, system
(11) and some number p € [1,00) withthenorm |- |, = || - ||se,

defined according to (4) for which by virtue of (5) the equalities
£l = IFllse = ( D> 1 (R)P)P.

kezm
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are true. Letnow ) = {¢(k)} ., be arbitrary system of complex
numbers (multiple sequence). For functions f € L along with (12)
we will consider a series

(2m) ™2 S w(k) f k)R, (36)

keczm

If this series of given function f andsystem ¢ is Fourier series
of some function F from L, then we will call F the
-integral of function f and write F(z) = J¥(f;x). Inaddition
sometimes it is convenient to call f the 1 -derivative of function
F andwrite f(x) = DY(F;z) = F¥(x). Thesetof 1/ -integrals of
all functions f € L isdenotedby LY. If 9tissome subset from
L, then L¥M will designate the set of 1) -integrals of all functions
from 9. Itisclear thatif f € LY, then Fourier coefficients of
functions f and f¥ are associated by the relation

~

f(k) = (k) [V (K), ke 2™ (37)
We will consider as 91 unitball UP in SP space
UP=A{f: fes’ |fll, <1}

In such case we assume LYUP = L;f = Lg’(Rm). Concerning the
system 1 it is supposed that

lim (k) =0. (38)

k|00

Let us observe that if f € L¥SP and |y(k)| < C, k € Z™,
C = const, then f € SP, i.. condition (38) always ensures
inclusion L}f C SP. Let us define the characteristic sequences &(v)),
g(v¥) and 0(¢)) in following way :

e(y) = e1,€9, ... — the set of values of magnitudes |[i(k)|, k €
Z™, ordered by their decreasing; ¢(v) = {gn}>>,, where

gn=g4={keZ™: |pk)| >en};
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5(¢) = {6,322, where 6, = 65 = |gn| is amount of numbers
k € Z™, belonging to the set g¢,.

In view of condition (38), in the case under consideration the
sequences ¢(¢) and g(¢) are defined by equalities (24) taking
account of that this time k € Z™. As before it is assumed that
go = gg’ is empty setand dp = 55” = 0.

As approximating aggregates for functions f € LY we will
consider trigonometric polynomials

Sulfi) = 8,4(f;2) = 2m) ™2 3 f(k)e'R,

kegl

neN, So(f;x)=0,

where g{ are elements of the sequence  g(1).
Let
&Y (p = 1/ (@) = Sn-r(fi2) |50, (28")
g’fl(L%)p = Ssup gT’[L/)(f)p) n = 17 27 et (29/)
fery
EY(f)p = inf || f(2) = 2m) ™2 3 aped® s (30)
k keg)
and
Ba(LY)y = sup EY(f)p n=1.2..... (31)
feLy
Let further

. . df
dn(L;f’)p = Fmg sup m}(ﬁ | f—ullsp, m €N, do(L;f)p: sup || fllse,
n€ nfeLg ISy 2% fELg)

where G, is set of all  n -dimensional subspaces in ~ SP, be
Kolmogorov widthes of classes L;f and

en(Lg)p = sup CLimlﬁ If(x) — (277)_7"/2 Z akez’k:cHSp’
fery "k ker,
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where I, is arbitrary system of n vectors k € Z™, be magnitude
of best n -term approximation of class L}’f in SP space.

Under adopted notations the following statements hold which are
analogs and actually partial cases of theorems 1-3.

Theorem 1. Let ¢ = {Y(k)}g.,m De a system of numbers
satisfying the condition (38) and such that

(k) £0 Vke Zm (39)
Then foreach p € [l,00) and ne N
En(LY)p = 6n(Ly)p = €, (32)
where ¢y is n-th term of sequence ¢(v).

Theorem 2'. Let ¢ = {¢(k)}go, m De a system of numbers
satisfying the conditions (38) and (39). Then for each p € [1,00) and
n € N equalities

ds, (LY)p = ds, 41(LY)p =+ =

= dén—l(Lg})p = En(Lz))p = &n, (33)

hold in which 65 and e5, s € N, are elements of characteristic
sequences 0(¢) and e(yp) ofsystem 1), and 0y = 0.

Theorem 3. Let ¢ = {(k)}pc,m be a system of numbers
satisfying the conditions (38) and (39). Then for each p € [1,00)
and n € N the equality

q q
eh(Ly)p = Sup (q—n)/Y 5P = (a" = n)/> W7, (44)
q=n s=1 s=1
holds, where 1 = {13}, s € N is sequence defined by relations
&s:5n7 Op1<85<0p, n=12,...,

in which e, and 5 are elements of sequences ¢(¢) and 0(v),
and ¢* is some positive integer.
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Remark 2. Expression (4) definesnorm onlyfor p € [1,00)
(for p e (0,1) inequality (6) does not hold), but it makes sense
forall p > 0. Thereforeinundersign | -|, the rightside of (4)
is conceived, then all statements proved above remain true with the
exception of lower estimate of widthes d,, because the theorem
on ball width applied here assumes that 2" is normed space.

Remark 3. If the sequence 1 is such that series
kezm

is Fourier series of some summable function  Z;(t), then the
necessary and sufficient condition on inclusion f € LY)M  is
possibility of representation of f by the convolution of the form

flz)=2m)™™ / o(x —t) Dy (t)dt,
Qm

in which ¢ € M  and almost everywhere  ¢(z) = f¥(z).
Thus, LYM classes enclose the classes of functions represented by
convolutions with fixed summable kernels.

Remark 4. Let L,=L,(R™) , pe[l,o0), be the space of
functions f € L with finite norm |- ||,

1fllz, = (/ |F(8)|Pdt) P
Qm,

The connection between the sets L, and SP is established by
well-known Hausdorff — Young theorem claiming that

HIf felL, pe(1,2] and f(k) are Fourier coefficients
of function f defined by the formula

f(k) = (2m)~m/2 / f(yekia, (40)
o
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then
SN m(l-1) 1 1
(X RO <eo™2|fl,, -+ =1
L p p
ezm
(Il) Let {cg}pc,m besequence of complex numbers for which
Z lcg|? < oo, pe(1,2].
kezm
Then the function f € L, exists for which f(k) = c where
numbers f (k) are defined by the formula (40) and
11 1 1
71, < @0™ER(YT g, =1
’ kezm L

This theorem implies that if p € (1,2], then
L,cs” and |flg < @0)"E | f|L,.

1_1
SPC Ly and ||fllr, < @07 f]s.

In particular, the equalities hold

Ly=5% and |||, = |- [ls=-

AgsTtop ceppueuno 6marofgaput A.C. Cepmioka u T.A. AHpeeBy 3a
GOJIBIIIYIO TOMOIIb B IOATOTOBKE K TeYaTH HACTOAIIEH PaGOThI.



