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Abstract. We look at a new stringh tangential structure first introduced by Devalapurkar
and relate it to theW7 = 0 condition of Diaconescu–Moore–Witten for type IIA string theory
and M-theory. We show that a stringh structure on the target space automatically satisfies
theW7 = 0 condition, and we explain when theW7 = 0 condition lifts to a stringh structure.
Devalapurkar initially constructed MTStringh in such a way that it orients tmf1(3); we ex-
tend Devalapurkar’s result by showing that MTStringh orients tmf1(n). We compute the
homotopy groups of MTStringh in dimensions relevant to physical applications and apply
them to anomaly cancellation for certain compactifications of type IIA string theory.
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1 Introduction

Green–Schwarz in their seminal paper [66] showed that ten-dimensional heterotic string theory
is free of perturbative anomalies if the spacetime manifold M comes with a spin structure
and a trivialization of the fractional first Pontryagin form − 1

8π2F ∧ F . Later work due to
Killingback [88] refines this constraint: if the fractional Pontrjagin class 1

2p1(M) ∈ H4(M ;Z)
vanishes, the corresponding global anomaly cancels, which is a stronger result.1,2 Killingback
defined a string structure to be a spin structure together with this trivialization data.

More generally, turning on a nontrivial gauge bundle P → M leads to a refined anomaly
cancellation condition for the 10d heterotic string: a trivialization of 1

2p1(M) − c(P ), where
c is a certain degree-4 integral characteristic class of the gauge bundle [88]. Such a target
space is said to have a twisted string structure. Later work by Witten [157] showed that it was
possible to assign a modular form to a manifold with a string structure by studying the partition
function of the heterotic string worldsheet. More specifically he showed that the Witten genus,
a natural invariant valued in a generalized cohomology theory called elliptic cohomology, can be
reconstructed from the index of the supercharge on the worldsheet.

Ando–Hopkins–Rezk [9] then provided a highly structured refinement of the Witten genus:
Hopkins–Miller [77, 78, 80] constructed an E∞-ring spectrum TMF, called “topological modular

1Though Killingback correctly observed that one should lift to integral cohomology, he incorrectly stated the
condition to be a trivialization of p1(M). Early references including the correct 1/2 factor include Freed [54, §4],
Freed–Vafa [60], and Pilch–Warner [116, §2].

2Strictly speaking, these two perspectives of differential forms and integral cohomology should be taken to-
gether: the Green–Schwarz mechanism involves trivializing a refinement of 1

2
p1 in differential cohomology. This

will not play a role in this paper; see [55, 53, 125] for more information.
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forms,” and Ando–Hopkins–Rezk [9] produced a map of E∞-ring spectra

σ : MString −→ TMF

together with a comparison map from π∗TMF to the ring of MF∗ modular forms, such that upon
taking homotopy groups and tensoring with Q, σ becomes the map sending a string manifold
to its Witten genus.

Subsequently, the Ando–Hopkins–Rezk map, as well as its physical incarnation due to Stolz–
Teichner [133], have been used to prove anomaly cancellation results in heterotic string theory
by Tachikawa, Yamashita, Yonekura, and Zhang [136, 137, 138, 139, 141, 159].

One can reasonably wonder if there exist relationships between the other superstring theo-
ries and TMF, hence strengthening the string theory and elliptic cohomology correspondence.
A natural first question to consider is if there is a different “string-like” structure which can be
related to elliptic cohomology, and which enforces specific symmetry constraints on the target
space.

The goal of this work is to explore this question in the context of type IIA string theory,
and to address the homotopical questions this raises. We will propose a “string-like” structure
that enforces the Diaconescu–Moore–Witten [48, Section 6.1] symmetry constraint given by
W7(TM) = 0 on a 10d manifold M , where W7(TM) ∈ H7(M ;Z) is an integral Stiefel–Whitney
class. This constraint is needed to resolve a sign ambiguity in the 11-dimensional supergravity
partition function on M × S1.

More specifically, our solution for the “string-like” structure is a stringh structure, a variant
of string structure recently defined by Devalapurkar [45].

Definition 1.1 (Devalapurkar [45]). Let V → X be a spinc vector bundle with determinant line
bundle L→ X. A stringh structure on V is the data of a trivialization of □ku(λ(V ⊕L)), where
λ is the spin characteristic class with 2λ = p1 and □ku : H

4(X;Z) → ku7(X) is the Bockstein

for the cofiber sequence Σ2ku
β→ ku → HZ.

We in fact give four definitions of stringh structures (Definitions 2.10, 2.11, 2.14, and 2.22)
and show they are equivalent in Theorem 2.23. Then we show that stringh structures answer
the call we raised above.

� Stringh structures are indeed twisted string structures, and if V has a stringh structure
then W7(V ) is canonically trivialized.

� Moreover, a spinc structure and a trivialization of W7 is a good approximation of a stringh

structure in a range of dimensions relevant to string theory, as we explain further below.

� There is a map of spectra MStringh
[︁
1
n

]︁
→ tmf1(n), where the latter is the spectrum

of (connective) topological modular forms with level structure for the subgroup Γ1(n) ⊂
SL2(Z).3

Main results

The first of our results makes precise the first bullet above. Namely it facilitates the connection
between stringh structures and the structure that corresponds to the W7 = 0 condition.

Theorem 5.9. If V is a stringh vector bundle, then V has a canonical spinc structure and
trivialization of W7(V ).

Proposition 5.11 and Theorem 5.13. Let X be a spinc manifold of dimension n ≤ 8. Every
trivialization ofW7(X) lifts to a stringh structure. If X is closed, this is also true in dimension 9.

3For n = 3, this was first shown a different way by Devalapurkar [45].
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This means that for the purpose of studying compactifications of type IIA string theory in
dimensions 8 and below, there is no loss of generality in upgrading the spinc structure and
trivialization of W7 to a stringh structure. We do not claim that this extra structure is present
in the physics – only that the additional structure helps answer mathematical questions arising
from these theories. For example, we will use this to study anomalies of these theories in
Examples 5.17 and 5.18.

To prove those anomaly cancellation results, we need to calculate groups of reflection-positive
invertible field theories on stringh manifolds (possibly with extra data), which by work of Freed–
Hopkins [58] and Grady [65] reduces to computing stringh bordism groups of spaces. The germ
of this calculation is a collection of stringh orientations of the spectra tmf1(n), the spectra of
connective topological modular forms with level structure for Γ1(n) ⊂ SL2(Z), as constructed
by Meier [114], which we explain in Section 4.

Theorem (Devalapurkar [45, Theorem 5]). There is a map of E∞-ring spectra σD : MStringh(2)→
tmf1(3)(2).

We generalize this to arbitrary n:

Theorem 4.4. For all n ≥ 2, there are maps of E∞-ring spectra

σ1(n) : MStringh[1/n] −→ tmf1(n).

In Theorem 4.13, we lift the induced map MStringh[1/n] → Tmf1(n) on mixed Tmf to a map
of Z/2-equivariant ring spectra.

These theorems partially address an open question dating back to Hill–Lawson [74, Section 1].
It is not obvious whether σD ≃ σ1(3), and we would be interested in knowing whether this is
the case.

Using Theorem 4.4, we computed stringh bordism groups in degrees relevant for physics
applications.

Proposition 4.19. For n = 2, 3, the map on homotopy groups σ1(n) : Ω
Stringh

∗ [1/n] → tmf1(n)∗
is surjective.

Corollary 4.22. There is a ring isomorphism

ΩStringh

∗
∼=−→ Z[x2, x4, x6, x8, y8, x10, x12, y12, x14, . . . ]/(· · · )

where |xi| = |yi| = i and all generators and relations not listed are in degrees 16 and above.

Similar to how a string structure on a manifold M induces a spin structure on its free
loop space LM , we could wonder if stringh has the analogous property for spinc structures
on LM . Huang–Han–Duan [82] showed that, because the groups Spincn are not simply connected,
there are multiple, inequivalent notions of a spinc structure on the loop space of a manifold,
parametrized by an integer k called the level. Unfortunately, a stringh structure does not induce
any of these structures!

Theorem 3.11. There is a closed stringh manifold M such that LM is not spinc for any choice
of level.

Outline

The structure of the paper is as follows: In Section 2, we introduce four equivalent definitions
of stringh structure, and prove a number of useful properties of stringh structures and the
corresponding Thom spectrum MStringh. In Section 3, we explore the relationship between
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stringh structures and spinc structures on loop spaces, proving Theorem 3.11. In Section 4, we
show how MStringh orients tmf1(n) and compute its homotopy groups in degrees less than 16.
For those mainly interested in the relations to physics, Section 4 can be skipped and one can
proceed to Section 5 where we review the Diaconescu–Moore–Witten anomaly. In Section 5.1,
we summarize how theW7 = 0 anomaly cancellation is related to stringh and vice versa. We then
give examples in Section 5.2 of how the stringh structure can be used to more easily compute
the anomalies of theories where a W7 = 0 structure is equivalent to a stringh structure. In
Appendix A, we prove Theorem A.1, which is a computation needed for the anomaly cancellation
result in Example 5.18.

2 The Stringh tangential structure

In this section, we review work of Devalapurkar [45] on the definitions and basic properties of
stringh structures. We define and explore several aspects of stringh structures mostly in terms
of characteristic classes. In particular, we give four definitions of stringh structures (Defini-
tions 2.10, 2.11, 2.14, and 2.22). We show these definitions are equivalent in Theorem 2.23.
Stringh structures are analogues of spinc structures, and we will frequently make this compar-
ison to provide context for a definition or construction. We then define a canonical stringh

structure on a direct sum of stringh vector bundles in Proposition 2.30, describe how a string or
complex structure on a vector bundle induces a stringh structure in Propositions 2.33 and 2.34,
and compute some low degree homotopy groups of BStringh in Lemma 2.39.

As a lead up to the stringh definitions, we start off with several equivalent ways to define
spinc structures.

Trivialization of a class. A spinc structure on an oriented vector bundle V → X is a trivial-
ization of □Z(w2(V )), where □Z : H

2(X;Z/2) → H3(X;Z) is the Bockstein.4

Lift of a class. A spinc structure on V is a class c1 ∈ H2(X;Z) and an identification of c1 mod
2 = w2(V ).

Twisted spin structure. A spinc structure on V is data of a complex line bundle L and a spin
structure on V ⊕ L. L is called the determinant line bundle of the spinc structure.

Structure group. A spinc structure on V , where V has rank n, is a lift of the principal SOn-
bundle of frames BSO(V ) → X of V to a principal spinc bundle BSpinc(V ) → X, i.e.,
a G-structure for G = Spincn with its usual map to On.

We will give stringh analogues of each of the first three definitions: trivializing a class in Def-
inition 2.10, lifting a class in Definition 2.11, and in terms of a twisted string structure in
Definition 2.14. We will also give a fourth definition, which does not have a direct analogue
for spinc structures, in Definition 2.22. These definitions are equivalent, which we prove in
Theorem 2.23.

Definition 2.1. For n ≥ 5, Spinn is a compact, simple, simply connected Lie group, so there is

a canonical5 isomorphism φ : H4(BSpinn;Z)
∼=→ Z. We will let λ := φ−1(1).

As usual, λ defines a characteristic class of spin vector bundles by pulling back by the clas-
sifying map.

4When we refer to a trivialization of a cohomology class, we mean that it can be described as a map to
an Eilenberg–Mac Lane space, and a trivialization is a null-homotopy of that map. Thus a spinc structure is
a null-homotopy of the map □Z(w2(V )) : X → K(Z, 3). Likewise, when we later refer to an identification of two
cohomology classes a and b, we mean a trivialization of a− b.

5As Aut(Z) ∼= {±1}, we need to disambiguate 1 and −1. We choose the isomorphism H4(BSpinn;Z) → Z
to be the one such that the induced isomorphism H4(BSpinn;R) → R sends the Chern–Weil class of the Killing
form to a positive number.
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Remark 2.2. For all n ≥ 5, pulling back by the inclusion Spinn → Spinn+1 sends λ ↦→ λ.
Therefore, we may define λ ∈ H4(BSpinn;Z) for n < 5 by pulling back from BSpin5, and by
passing to the colimit over all BSpinn, we obtain λ ∈ H4(BSpin;Z).

Lemma 2.3 ([40, Lemma 1.6]). Let V1 and V2 be two vector bundles over a topological space X
each with a spin structure. Then λ(V1 ⊕ V2) = λ(V1) + λ(V2).

Like for the usual Whitney sum formulas, one can upgrade Lemma 2.3 to say that there is
a canonical null-homotopy of the map

λ(V1 ⊕ V2)− λ(V1)− λ(V2) : X −→ K(Z, 4).

Lemma 2.4. If p1 ∈ H4(BSpinn;Z) denotes the first Pontrjagin class, then 2λ = p1.

That is, there is a canonical homotopy between the maps 2λ, p1 : BSpin → K(Z, 4). Thus if
V is a spin vector bundle then 2λ(V ) = p1(V ). For this reason, λ is often denoted 1

2p1.

Definition 2.5. A string structure on a spin vector bundle V is a trivialization of λ(V ).

Sometimes string structures are referred to as O⟨8⟩-structures or ⟨8⟩-structures (e.g., [64]).

Definition 2.6. Let V → X be a vector bundle with spinc structure s and determinant line
bundle L. We define

λc(V, s) := λ(V ⊕ L) ∈ H4(X;Z).

Often s will be implicit, in which case we will write λc(V ) instead.

The class λc is called q2 in [50] and ˆ︁p in [38, Section 2.7]. The classes pc from [39, equa-

tion (3.10)] and
c21−p1

2 from [45, Construction 2] both equal c1(L)
2 − λc.

Remark 2.7. Since λ mod 2 = w4, the Whitney sum formula shows λc(V ) mod 2 = w4(V ) +
w2(V )2. This can be phrased as the data of a homotopy equivalence of the two maps λc mod 2
and w4 + w2

2 from BSpinc to K(Z/2, 4).

Remark 2.8. If the spinc structure on V is induced from a complex structure, then [38, Lem-
ma 2.39]

λc(V ) = −c2(V )− c1(V )2.

If the spinc structure on V is induced from a spin structure, so that L is trivial, then λc(V ) =
λ(V ). Thus if V is both complex and spin, λ(V ) = −c2(V ).

All of these identifications can be lifted to canonical homotopies between the corresponding
maps X → K(Z, 4).

Definition 2.9. Recall the Bott map β : Σ2ku → ku in connective K-theory. Its cofiber is the
Postnikov 0-truncation τ0 : ku → HZ, which is in particular a morphism of ring spectra. Thus,
associated to the cofiber sequence

Σ2ku
β−→ ku

τ0−→ HZ (2.1)

there is a long exact sequence in cohomology; let □ku : H
n(–;Z) → kun+3(–) denote the con-

necting morphism in this long exact sequence, which is called the ku-theoretic Bockstein homo-
morphism.

We will let □Z : H
n(–;Z/2) → Hn+1(–;Z) denote the Bockstein homomorphism associated

to the short exact sequence 0 → Z → Z → Z/2 → 0.
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Definition 2.10 (Devalapurkar [45]). A stringh structure on a spinc vector bundle V → X is
a trivialization of □ku(λ

c(V )) ∈ ku7(X).

As always, we say a manifold M is stringh if TM is stringh.

Definition 2.11. A stringh structure on a spinc vector bundle V → X is equivalent to a class
cku2 (V ) ∈ ku4(X) and data identifying τ0(c

ku
2 (V )) = λc(V ).

Equivalence of these definitions follows immediately from the long exact sequence induced
from (2.1). The third definition, which we give in Definition 2.14, is not as obviously equivalent.

Definition 2.12. Let V → X be a virtual vector bundle. An (X,V )-twisted string structure
on a vector bundle E →M is data of a map f : M → X and a string structure on E ⊕ f∗V .

Given an (X,V )-twisted string structure on E, the bundle f∗V → M is called the ancillary
bundle.

Definition 2.13. Let S → BU be the tautological bundle. Then, a (BU, S)-twisted string
structure on a vector bundle E → M induces a spinc structure on E, called the auxiliary spinc

structure, as follows: the two-out-of-three data for spinc structures implies spinc structures on
E ⊕ f∗(S) and on f∗(S) induce one on E. But E ⊕ f∗(S) is string, hence spin, hence spinc,
and S is complex, hence spinc, so E acquires a canonical spinc structure.

Definition 2.14. Let V → X be a spinc vector bundle with spinc structure s. A stringh

structure on V is a (BU, S)-twisted string structure and an equivalence of spinc structures from
the auxiliary spinc structure to s.

By “equivalence of spinc structures from s1 to s2”, we mean that we have specified a homotopy
class of paths from s1 to s2 within the homotopy type of spinc structures on V ,

Remark 2.15. Definition 2.12 is not the standard way to define twisted string structures,
though it appears implicitly in [17, Section 3] and is inspired by a related definition of twisted
spin structure due to Hason–Komargodski–Thorngren [71, Section 4.1]. A more conventional
definition, which goes back to Wang [152, Definition 8.4], chooses d ∈ H4(X;Z) and defines
an (X, d)-twisted string structure on a spin vector bundle E → M to be a map f : M → X
and a trivialization of λ(E) − f∗(d); see also Sati–Schreiber–Stasheff [125, Section 2.2]. This
definition cannot apply to our situation: by construction, any (X, d)-twisted string vector bundle
is spin, but the tangent bundle to CP2 admits a stringh structure, where the ancillary bundle is
−TCP2, and TCP2 is not spin.

Definition 2.12 is one way to remedy this issue, though there are twists of string bordism
according to Wang’s definition that Definition 2.12 cannot describe, including the twists studied
in [40]. To include these twists and stringh structures in a single framework, we need a more
general notion of twisted string structure.

Definition 2.16. Let SH be the (restricted) supercohomology spectrum6 introduced by Freed
[56, Section 1] and Gu–Wen [68], which is uniquely specified up to homotopy equivalence by
π0(SH ) ∼= Z, π−2(SH ) ∼= Z/2, and the k-invariant □Z ◦ Sq2 : H−2(–;Z/2) → H1(–;Z).

Lemma 2.17 (Freed [56, Proposition 1.9 (i)]). There is a unique class ˜︁λ ∈ SH 4(BSO) whose
pullback to BSpin is the image of the usual λ ∈ H4(BSpin;Z) under the connective cover map
Hk(–;Z) → SH k(–).

The Whitney sum formula for λ (Lemma 2.3) also refines to supercohomology.

6Different authors mean different things by “supercohomology;” we use “restricted” to contrast with extended
supercohomology as introduced by Kapustin–Thorngren [87] and Wang–Gu [153, 154]. See also [62, Sections 5.3
and 5.4].
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Lemma 2.18 (Jenquin [83, Corollary 4.9]). If E,F → X are oriented virtual vector bundles,˜︁λ(E ⊕ F ) = ˜︁λ(E) + ˜︁λ(F ) ∈ SH 4(X).

We can make this identification canonical as follows: if SK (4) :=Ω∞Σ4SH , then for a spaceX,
[X,SK (4)] is naturally isomorphic to SH 4(X). Thus ˜︁λ(E ⊕F ) and ˜︁λ(E) + ˜︁λ(F ) refine to maps
X → SK (4), and Lemma 2.18 upgrades to the data of a canonical homotopy from the one to
the other.

One can use ˜︁λ to give another characterization of string structures.

Lemma 2.19 ([86, Section 1.4]). A string structure on an oriented vector bundle E → M is
precisely a trivialization of ˜︁λ(E) ∈ SH 4(M).

This motivates the following definition.

Definition 2.20 ([42, Definition 1.62]). Let X be a space and ˜︁d ∈ SH 4(X). An
(︁
X, ˜︁d)︁-twisted

string structure on an oriented vector bundle E → M is a map f : M → X and a trivialization
of ˜︁λ(E)− f∗(˜︁d) ∈ SH 4(M).

This or closely related definitions also appear in [20, 59, 85, 137, 138, 140]. Since pulling ˜︁λ
back to BSpin recovers λ, Definition 2.20 encompasses Wang’s definition, but it is more general.

Definition 2.21. Let r : BU → BSO be the map defined by forgetting the complex structure.
Then a

(︁
BU,−r∗˜︁λ)︁-twisted string structure on a vector bundle V → X induces a spinc structure

on V , which we call the auxiliary spinc structure, as follows. By definition, ˜︁λ(E) + r∗˜︁λ has
been trivialized, so its image under the map SH 4(X) → H2(X;Z/2) induced by Postnikov
truncation Σ4SH → Σ2HZ/2 is also trivialized. By Freed [56, Proposition 1.9 (i)], there is an
identification ˜︁λ mod 2 = w2, so we have trivialized w2(E) + r∗(c1 mod 2). Thus r∗(c1) is the
Z-valued cohomology class lifting w2 that defines the spinc structure.

Definition 2.22. Let r and ˜︁λ be as defined in Lemma 2.17 and Definition 2.21; then a stringh

structure on a spinc vector bundle V → X is a
(︁
BU,−r∗˜︁λ)︁-twisted string structure and an

identification of the auxiliary spinc structure with the original spinc structure on V .

Theorem 2.23. Definitions 2.10, 2.11, 2.14, and 2.22 are equivalent.

Proof. Exactness of the Bockstein long exact sequence associated to (2.1) implies Defini-
tions 2.10 and 2.11 are equivalent. Lemmas 2.18 and 2.19 jointly imply Definitions 2.14 and 2.22
are equivalent. Thus we will focus on relating Definitions 2.11 and 2.14.

For topological spaces X, there is an isomorphism ρ : [X,BSU]
∼=→ ku4(X), and the composi-

tion

[X,BSU]
ρ−→ ku4(X)

τ0−→ H4(X;Z)

sends a map f : X → BSU to f∗(c2). Thus a class x ∈ H4(X;Z) lifts to ku4(X) if and only
if x is the second Chern class of an SU-structured vector bundle, and in fact data of a lift is
equivalent to the data of that vector bundle and SU-structure.

Now we show a stringh structure in the sense of Definition 2.11 induces one in the sense of
Definition 2.14. By assumption, we have lifted λc(V ) to a class cku2 (V ) ∈ ku4(X), which as

above is equivalent data to a vector bundle ˜︁E → X with SU-structure and an identification
c2( ˜︁E) = λc(V ). Let L be the determinant bundle of V and let E := ˜︁E ⊕ L; we will show
that this data induces a string structure on V ⊕E, which means checking that we have data of
trivializations

� w1(V ⊕ E) = 0,
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� w2(V ⊕ E) = 0, and

� λ(V ⊕ E) = 0.

Because ˜︁E and L are oriented, E is oriented, and because V and E are oriented, V ⊕ E is
oriented, and therefore w1(V ⊕ E) is trivialized.

Since V is spinc with determinant bundle L, we have data of a trivialization of w2(V )+w2(L)
coming from the spin structure on V ⊕ L, and the SU-structure on ˜︁E induces a spin structure
on ˜︁E (see, e.g., [134]), hence also a trivialization of w2( ˜︁E). The Whitney sum formula provides
for us an identification

w2(V ⊕ E) = w2(V ) + w2(L) + 0 = 0

(again, we have not just an equality w2(V ⊕E) = 0, but in fact data of a null-homotopy of the
corresponding map X → K(Z/2, 2)).

On to λ. As described above, V ⊕ L and ˜︁E are spin, so we have an identification

λ(V ⊕ E) = λ
(︁
V ⊕ L⊕ ˜︁E)︁

= λ(V ⊕ L) + λ
(︁ ˜︁E)︁

using the Whitney sum formula in Lemma 2.3. By Remark 2.8, there are identifications λ
(︁ ˜︁E)︁

=
−c2

(︁ ˜︁E)︁
= −λ(V ⊕ L), providing the required trivialization of λ(V ⊕ E) and therefore a string

structure.
Finally, we will show that a stringh structure in the sense of Definition 2.14 induces a stringh

structure in the sense of Definition 2.11. Let E denote the ancillary bundle. Because V ⊕ E is
string, it is in particular spin, so w2(V )+w2(E) is trivialized. We therefore have a spinc structure
on V with determinant bundle L := Det(E), because w2(E) = w2(Det(E)) canonically.

Let ˜︁E := E −Det(E). Then we have canonical isomorphisms of complex line bundles

Det
(︁ ˜︁E)︁ ∼= Det(E)⊗Det(−Det(E)) ∼= Det(E)⊗ (Det(E))∨ ∼= C,

giving us data of an SU-structure on ˜︁E, and therefore a class cku2 ∈ ku4(X). We are done if we can
produce data of an identification τ0(c

ku
2 ) = λc(V ), i.e., data of an identification c2

(︁ ˜︁E)︁
= λ(V ⊕L).

As in the previous part of this proof, the string structure on V ⊕ E furnishes an identification
λ(V ⊕ L) + λ

(︁ ˜︁E)︁
= λ(V ⊕ E) = 0, so we have an identification λ(V ⊕ L) = −λ

(︁ ˜︁E)︁
; applying

Remark 2.8 induces an identification c2
(︁ ˜︁E)︁

= λ(V ⊕ L) = λc(V ). ■

Lemma 2.24 (shearing). Let V → X be a virtual vector bundle of rank zero and MStringX,V
be the Thom spectrum associated to the tangential structure “(X,V )-twisted string structure”.
Then there is a canonical homotopy equivalence of spectra

MStringX,V
≃−→ MString ∧XV .

To the best of our knowledge, Lemma 2.24 was originally a folklore lemma; see [41, Lem-
ma 10.18 and Corollary 10.19] for a proof of a closely related, albeit slightly different, result.
We list these differences and explain how to work around them.

1. The statement of Lemma 2.24 in loc. cit. is at the level of bordism groups, not Thom
spectra, but the proof constructs an equivalence of tangential structures then invokes the
Pontrjagin–Thom theorem. Thus we can use the fact that a homotopy equivalence of
tangential structures induces a homotopy equivalence of Thom spectra.

2. The statement in loc. cit. is for twisted spin structures, instead of twisted string structures.
The proof goes through mutatis mutandis; see [17, proof of Theorem 3.48] for discussion
for twisted string structures.
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Combining Definition 2.14 and Lemma 2.24, we have the following corollary.

Corollary 2.25. There is a canonical equivalence of spectra MStringh
≃→ MString ∧MU.

Remark 2.26. Recall that MString and MU both have canonical E∞-ring structures. One can
think of these structures as witnessing and strengthening several standard facts about string,
resp. complex vector bundles.

� The Whitney sum formulas (Lemmas 2.3 and 2.18) for the string obstructions λ and ˜︁λ.
� The direct sum of string (resp. complex) vector bundles has a canonical string (resp.
complex) structure, which refines to the next statement.

� The forgetful maps BString → BO and BU → BO are E∞, so one can invoke Lewis’
theorem [105, Section IX.7.4] to prove the respective Thom spectra are E∞.

� The product of string (resp. complex) manifolds has a canonical string (resp. complex)
structure, which corresponds to the multiplication on π∗(MString), resp. π∗(MU), under
the Pontrjagin–Thom theorem.

Definition 2.27. We make MStringh into an E∞-ring spectrum using Corollary 2.25: take the
standard E∞-structures on MString and MU and smash them together.

The E∞-ring structure on MStringh we defined in Definition 2.27 induces a graded ring
structure on π∗(MStringh). By the Pontrjagin–Thom theorem, this is a product on bordism
classes of stringh manifolds. Our next endeavor is to describe this product in terms of some of
our definitions of stringh structures.

Lemma 2.28 (Whitney sum formula for λc). Let V,W → X be spinc vector bundles. Then in
H4(X;Z), there is an identification

λc(V ⊕W ) = λc(V ) + c1(V )c1(W ) + λc(W ).

As always, this upgrades to data of a homotopy equivalence of the corresponding maps
X → K(Z, 4).

Proof. By naturality, it suffices to prove this for V and W , the tautological bundles over
BSpincn1

, resp. BSpincn2
for n1, n2 ≫ 0. Using Duan’s calculation of H∗(BSpincn;Z) [50, Theo-

rem D] and the Künneth formula, we learn that H4(BSpincn1
× BSpincn2

;Z) lacks 2-torsion, so
if we can produce an identification 2λc(V ⊕W ) = 2λc(V ) + 2c1(V )c1(W ) + 2λc(W ), that would
suffice to prove the lemma.7 That is, we want to produce an identification

p1(V ⊕W ⊕ (LV ⊗ LW )) = p1(V ⊕ LV ) + 2c1(V )c1(W ) + p1(W ⊕ LW ), (2.2)

where LV , LW denote the determinant line bundles of V and W , respectively. Here we used
the fact that the determinant line bundle for a direct sum of spinc vector bundles is the tensor
product of their determinant line bundles.

The first Pontrjagin class satisfies a Whitney sum formula giving an identification p1(E⊕F ) =
p1(E)+p1(F ) if E and F are oriented [26, Theorem 1.6] (see also [142]), and using that formula,
we can reduce (2.2): to prove the lemma, it suffices to prove that for complex line bundles L1

and L2, there is an identification

p1(L1 ⊗ L2) = p1(L1) + 2c1(L1)c1(L2) + p1(L2). (2.3)

7Specifically, if we have a homotopy H : 2λc(V ⊕W ) ⇒ 2λc(V )+2c1(V )c1(W )+2λc(W ) of maps X → K(Z, 4),
we could use the fact that both the source and target of this homotopy are twice another class to obtain a canonical
trivialization of both H and their mod 2 reductions, producing a preimage of H under the multiplication-by-2
map.
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For any rank-2 oriented real vector bundle E, we have an identification p1(E) = e(E)2, and the
Euler class of a complex line bundle is additive in tensor products, from which (2.3) follows, and
then the lemma too. ■

Lemma 2.29 (Conner–Floyd [36, Section 8]). For n ≥ 1, the classes c1, . . . , cn ∈ H∗(BUn;Z)
have canonical preimages cMU

1 , . . . , cMU
n ∈ MU∗(BUn). Therefore, the same is true with MU

replaced with any complex-oriented ring spectrum E.

These classes are called the Conner–Floyd Chern classes; see Adams [4, Section I.4] for more
information.

Starting with Definition 2.10, the maps
[︁
X,Σ7ku

]︁
represent classes in Σ7ku, which through

suspension is equivalent to
[︁
ΣX,Σ8ku

]︁
. According to the loops-suspension adjunction, this gives

[X,ΩBU⟨8⟩], so ΩBU⟨8⟩ is the classifying space for ku7.

Proposition 2.30. If V,W → X are stringh vector bundles, there is a canonical stringh struc-
ture on V ⊕W extending the usual direct-sum spinc structure, characterized in the following
equivalent ways.

Lift of a class. The Whitney sum formula (Lemma 2.28) implies that if cku2 (V ), resp. cku2 (W )
are lifts of λc(V ), resp. λc(W ) across τ0, then cku2 (V ) + cku1 (V )cku1 (W ) + cku2 (W ) is a lift
of λc(V ⊕W ) and thus defines a stringh structure on V ⊕W .

Trivialization of a class. We will exhibit a canonical null-homotopy of the map

□ku(λ
c(V ⊕W ))−□ku(λ

c(V ))−□ku(λ
c(W )) : X → ΩBU⟨8⟩

which induces the equality

□ku(λ
c(V ⊕W )) = □ku(λ

c(V )) +□ku(λ
c(W )). (2.4)

Thus the trivializations of □ku(λ
c(V )) and □ku(λ

c(W )) induce a trivialization of
□ku(λ

c(V ⊕W )), hence a stringh structure on V ⊕W .

Twisted string structure. Let E, resp. F be the ancillary bundles to V , resp. W . Then
V ⊕ E ⊕ W ⊕ F is a direct sum of two string vector bundles, hence acquires a string
structure; switching E and W , we have produced a stringh structure on V ⊕ W with
ancillary bundle E ⊕ F .

Proof. The Whitney sum formula and linearity of the Bockstein do not quite prove (2.4): they
provide a canonical null-homotopy of the map

□ku(λ
c(V ⊕W ))− (□ku(λ

c(V )) +□ku(c1(V )c1(W )) +□ku(λ
c(W ))) : X → ΩBU⟨8⟩.

So it suffices to produce a null-homotopy of □ku(c1(V )c1(W )) : X → ΩBU⟨8⟩, or equivalently
a lift to the fiber BSU, the classifying space for ku4. It suffices to do this for the universal case
BU1 ×BU1, where the canonical lift is cku1 (V )cku1 (W ).

Therefore, we are done if we can show that under the process we described in the proof of
Theorem 2.23, the direct-sum string structure on V ⊕E⊕W ⊕F produces the “obvious” lift of
λc(V ⊕W ), namely

cku2 (V ) + cku1 (V )cku1 (W ) + cku2 (W ).

Since c1(V )c1(W ) has a canonical lift we just need to show that the direct sum string structure
provides lifts to c2(V ) and c2(W ). The lift we get from the direct-sum string structure is the
ku4-class corresponding to the virtual SU-structured vector bundle E − Det(E)⊕ F − Det(F ).
Taking c2 of this gives c2(E − Det(E)) + c2(F − Det(F )) but we have already proven in The-
orem 2.23 that c2(E − Det(E)) = c2( ˜︁E) = λc(V ) and the lift of this class is cku2 (V ); a similar
statement holds for c2(F −Det(F )) where the lift is given by cku2 (W ). ■
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Proposition 2.31. The following two maps ΩStringh
m × ΩStringh

n → ΩStringh

m+n are equal.

1. The multiplication map on π∗
(︁
MStringh

)︁
obtained from the E∞-structure we gave MStringh

in Definition 2.27.

2. The map sending the bordism classes of two closed stringh manifolds M and N to their
direct product, where the stringh structure on T (M × N) ∼= TM ⊞ TN is the stringh

structure on a direct sum we described in Proposition 2.30.

Here ⊞ denotes the external direct sum: if pi is the i
th projection map in a product, TM⊞TN

is the bundle p∗1(TM)⊕ p∗2(TN) →M ×N .

Sketch of the Proof. The proof of Lemma 2.24 identifies the stringh tangential structure on
V → X with the tangential structure of a complex vector bundle E → X and a string structure
on V ⊕ E, matching Definition 2.14. We gave MStringh the E∞-structure which is the smash
product of the E∞-structures on MString and MU, which as we discussed in Remark 2.26 are
induced from the string resp. complex structures on a direct sum of string resp. complex vector
bundles. If one traces this direct sum E∞-structure through the proof of Lemma 2.24, one arrives
at precisely the third perspective on the direct-sum stringh structure in Proposition 2.30, namely
the one in which one uses the direct-sum complex structure on ancillary bundles. ■

We will next show that string or complex structures induce stringh structures, analogously
to how spin or complex structures induce spinc structures. We will first state the result at the
level of bordism spectra, then discuss the effects on structured vector bundles.

Lemma 2.32. There are canonical maps of E∞-ring spectra MString → MStringh and MU →
MStringh.

The latter map is an example of a complex orientation.

Proof. Smash the unit map S → MU with MString and use Corollary 2.25 to get the first map;
for the second, switch the roles of MString and MU. ■

Proposition 2.33 (string implies stringh). If V is a vector bundle with a string structure, there
is a canonical stringh structure on V characterized in the following equivalent ways:

Trivialization of a class. Since V is string, there is a canonical trivialization of λc(V ) (since
this class equals λ(V ), which has been trivialized), and □ku(0) has a canonical trivialization.

Lift of a class. There is a canonical lift of 0 ∈ H4(X;Z) to ku-cohomology, namely 0 ∈
ku4(X).

Twisted string structure. If E = 0, the string structure on V induces a string structure on
V ⊕ E, so we obtain a stringh structure with ancillary bundle 0.

Proof. This amounts to the assertion that if you take the 0 characteristic class or vector bundle
and pass it through the identifications we constructed in the proof of Theorem 2.23, you still
end up with 0, which is straightforward to verify. ■

Proposition 2.34 (complex implies stringh). If V is a complex vector bundle, there is a canon-
ical stringh structure on V characterized in the following equivalent ways:

Trivialization of a class. The ku-Bockstein of the universal class λc ∈ H4(BU;Z) lands in
ku7(BU), which is the zero group [29, Theorem 5.5.1], and as a map BU → ΩBU⟨8⟩, this
class has a canonical null-homotopy.

Lift of a class. The map τ0 : ku
4(BU) → H4(BU;Z) is surjective, and in the notation of [29,

Theorem 5.5.1], the class −c2 − c21 is a preimage of λc.
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Twisted string structure If E = −V , then V ⊕ E = 0 has a canonical string structure,
endowing V with a stringh structure with ancillary bundle −V .

See [45, Remark 7] for a fourth perspective on Proposition 2.34. One can also add addi-
tional items to Proposition 2.33 and 2.34 describing these maps from the points of view of
Definition 2.22 and Corollary 2.25.

Proof. As usual, the equivalence of the first two perspectives follows from the long exact
sequence coming from (2.1). To bring in the third perspective, recall from the proof of The-
orem 2.23 that the preimage of λc in the second perspective is −cku2 − (cku1 )2 of the ancillary
bundle (the cku2 came from the SU-bundle, and (cku1 )2 from the determinant line bundle), which
matches the second perspective. ■

Analogously to Proposition 2.31, we should compare the two maps ΩString
∗ → ΩStringh

∗ induced
by Lemma 2.32 and Proposition 2.33 (and likewise with MString replaced with MU).

Proposition 2.35. The following two maps ΩString
∗ → ΩStringh

∗ are equal.

1. The map on homotopy groups induced by the map of spectra MString → MStringh from
Lemma 2.32.

2. The map sending the bordism class of a closed string manifold M to the stringh structure
on M induced by Proposition 2.33.

The analogous fact is true with String replaced with U.

The proof is analogous to that of Proposition 2.31: pass the construction in Lemma 2.32
through the Pontrjagin–Thom theorem and observe that it matches with Proposition 2.33.

Proposition 2.36. The construction in Proposition 2.33 sends the canonical string structure
on a direct sum of string vector bundles to the canonical stringh structure from Proposition 2.30.
The same is true for Proposition 2.34 with “string” replaced with “complex”.

By Proposition 2.35, we can interpret Proposition 2.36 in terms of the maps of spectra from
Lemma 2.32; following Proposition 2.31, Proposition 2.36 expresses that the maps MString →
MStringh and MU → MStringh are E∞.

Proof. Both parts of this proposition follow quickly using the twisted string structure/ancillary

bundle perspective. For example, if V and W are string, the canonical identification V ⊕W
∼=→

V ⊕ 0⊕W ⊕ 0 identifies the stringh structure on V ⊕W from Proposition 2.30 with the stringh

structure induced from the direct-sum string structure on V ⊕W . The proof for complex vector
bundles is analogous. ■

We denote by BStringh the space which classifies stringh bundles. We describe the properties
of BStringh by first considering it in the context of Definitions 2.10 and 2.14.

Definition 2.37 (Devalapurkar [45, Construction 2]). The space BStringh is the fiber of the
map

2ku(λ
c) : BSpinc −→ ΩBU⟨8⟩.

This space arises from considering all those spinc vector bundles together with the data of
a trivialization of the image of λc(V ) in ku7(X).
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Remark 2.38. Theorem 2.23 provides several canonically equivalent characterizations of the
space BStringh – for example, using Definition 2.22, if SK (4) denotes the classifying space
for degree-4 supercohomology (see [42, equation (1.53)]), then BStringh is the fiber of either
composition in

BSO×BU BSO

SK (4)× SK (4) SK (4).

⊕

(˜︁λ,r) ˜︁λ
+

(Lemma 2.18 implies this diagram commutes up to homotopy.)

The map BStringh → BSpinc can also be deduced from Definition 2.14; for a manifold X,
a string structure on TX⊕ ˜︁E⊕L in particular gives a spin structure on TX⊕L, since ˜︁E is spin
as it has an SU-structure. Therefore, w2(TM) = w2(L) and X is spinc. The string structure on
TX⊕ ˜︁E⊕L implies λ(TX⊕L) = −λ

(︁ ˜︁E)︁
= c2

(︁ ˜︁E)︁
where the last equality is due to Remark 2.8.

Hence BStringh fits into the following pullback square:

BStringh BSU

BSpinc K(Z, 4) .λc

c2
⌟

(2.5)

The diagram in equation (2.5) then implies that a stringh structure on a spinc vector bundle V
with determinant bundle L is equivalent data to a (BSU, c2)-twisted string structure on V ⊕L.

By Proposition 2.33, we can relate BStringh to BString, giving the following diagram whose
rows are fiber sequences [45, Lemma 3]:

BStringh BSpinc ΩBU⟨8⟩

BString BSpin K(Z, 4) .λ

2ku
(2.6)

Lemma 2.39. The low-degree homotopy groups of BStringh are

π0(BStringh) ∼= 0, π5(BStringh) ∼= 0,

π1(BStringh) ∼= 0, π6(BStringh) ∼= Z,
π2(BStringh) ∼= Z, π7(BStringh) ∼= 0,

π3(BStringh) ∼= 0, π8(BStringh) ∼= Z2,

π4(BStringh) ∼= Z, π9(BStringh) ∼= Z/2,

and π10(BStringh) is an extension of Z/2 by Z.

Proof. We apply the long exact sequence in homotopy groups for the top fiber sequence in (2.6).
There is a fibration BSpin → BSpinc → BU1; the induced long exact sequence on homotopy
groups tells us π∗(BSpinc). The homotopy groups of ΩBU⟨8⟩ come from Bott periodicity. Using
these, we work out the long exact sequence on homotopy groups in Figure 1, which proves the
claim. ■

By the Pontrjagin–Thom theorem, the homotopy groups of MStringh are isomorphic to the
bordism groups of manifolds with stringh structures on their stable normal bundles.
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k πk(BStringh) πk(BSpinc) πk(ΩBU⟨8⟩)

2 Z Z 0

3 0 0 0

4 Z Z 0

5 0 0 0

6 Z 0 0

7 0 0 Z

8 Z⊕ Z Z 0

9 Z/2 Z/2 Z

10 ? Z/2 0

∼=

∼=

∼=

∼= 0

Figure 1. Homotopy long exact sequence for computing the homotopy groups of BStringh in degrees

up to 10.

Remark 2.40. Sometimes in this paper, we will consider manifolds with stringh structures on
their stable tangent bundles, rather than stable normal bundles. A priori this is a different
tangential structure classified by the Madsen–Tillmann spectrum MTStringh, the Thom spec-
trum of −V : BStringh → BO, but one can show using Proposition 2.30 that a stringh structure
on V → X is equivalent data to a stringh structure on −V → X, like for orientations, spin
structures, spinc structures, etc. This furnishes a canonical equivalence MTStringh ≃ MStringh.
We will therefore pass between tangential and normal stringh structures, and tangential and nor-
mal stringh bordism and Thom spectra, without comment, and likewise for spin, spinc, string,
and stably almost complex structures.

3 Relation between stringh structures and spinc structures
on loop spaces

Thus far we have seen in multiple ways that stringh structures are to string structures as spinc

structures are to spin structures. How far does the analogy go? In this subsection, we give an
example where the analogy fails to hold: string structures are closely related to spin structures
on loop spaces, but this is not true for stringh structures and spinc structures on loop spaces –
instead, spinc structures on loop spaces are governed by a different structure called a stringc

structure (see [82]). We will review the definitions of stringc structures and show that stringc

structures induce stringh structures, but not vice versa.
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Remark 3.1. We studied this question with applications to string theory in mind. Witten [158]
showed at a physics level of rigor that the index of the supercharge in a (1+1)d nonlinear sigma
model, i.e., the worldsheet of a fermionic (super) string, with target space a string manifold M
equals Ochanine’s elliptic genus [115]. This elliptic genus can be recovered as the S1-equivariant
index of a Dirac operator on LM , using the string structure on M to define a spin structure
on LM . The results in this subsection suggest that stringc structures, rather than stringh

structures, are the right way to generalize this for the spinc Dirac operator.

Definition 3.2 (Huang–Han–Duan [82]). Let k ∈ Z. A strong stringc structure of level (2k+1)
is a

(︁
BU1, L

⊗(2k+1)
)︁
-twisted string structure, where L→ BU1 denotes the tautological bundle.

Remark 3.3. The definition in [82] is phrased differently, as a spinc structure and a trivialization
of a characteristic class, but one can show the two are equivalent by an argument similar to that
of Theorem 2.23.

Remark 3.4. Definition 3.2 for k = 0 was introduced earlier, by Chen–Han–Zhang [35, Defi-
nition 3.1], and is sometimes just called a stringc structure. On a spinc vector bundle V → X,
this structure is obstructed by λc from Definition 2.6. Thus at least a priori this structure is
stronger than a stringh structure, which only requires 2ku(λ

c) to vanish. In particular, a stringc

structure induces a stringh structure.
See Sati [121, 122] for some applications of this structure in physics.

Remark 3.5. There exist spinc vector bundles V → X such that λc(−V ) ̸= −λc(V ), which
means that a stringc structure on V is not equivalent data to a stringc structure on −V . Thus
tangential and normal stringc structures are not equivalent. This in particular implies the
Thom spectra classifying tangential and normal stringc structures do not have E∞-ring spectrum
structures corresponding on bordism groups to direct product.

We will compare Definition 3.2 with notions of spinc structures on loop spaces. Before doing
so, we recall from [112] the analogous story for string manifolds and spin structures on their
loop spaces.

Let G be a Fréchet Lie group – that is, a group that is a Fréchet manifold, such that mul-
tiplication and inversion are smooth. Brylinski [31, Proposition 1.6] showed that the group of
Fréchet Lie group central extensions

1 U1
˜︁G G 1,

such that ˜︁G → G is a principal U1-bundle, is naturally isomorphic to the Segal-Mitchison co-
homology group [126, 127] H2

SM(G; U1). If G is a (finite-dimensional) Lie group, then LG is
a Fréchet Lie group, and if G is compact, then there is a canonical homomorphism due to
Brylinski–McLaughlin [32]

H4(BG;Z) −→ H2
SM(LG; U1). (3.1)

See also [7, Chapter 23].
In particular, if G is connected, simple, and simply connected, there is a canonical isomor-

phism H4(BG;Z)
∼=→ Z. The central extension of LG classified by 1 ∈ Z is denoted ˆ︃LG, and

is the universal central extension: for any abelian Lie group A, any Fréchet Lie group central
A-extension ˜︁G → LG which is a principal A-bundle is isomorphic to an associated bundle

˜︁G ∼= ˆ︃LG×U1 A

for some Lie group homomorphism U1 → A [117, Chapter 4].



16 A. Debray and M. Yu

Now let G = Spinn, and assume n ≥ 5 so that G is simple and simply connected, and we

have the universal central extension ˆ︂LSpinn of LSpinn by U1. For any spin manifold M , the
frame bundle of LM lifts canonically to an LSpinn-bundle LP → LM .

Definition 3.6 (McLaughlin [112, Section 1]). A spin structure on LM is a lift of LP to

a principal ˆ︂LSpinn-bundle ˆ︃LP → LM .

See also Killingback [88] and Witten [158, Section 3].

Theorem 3.7 (McLaughlin [112]). If M has a string structure, then LM has a spin structure.

Remark 3.8. Pilch–Warner [116, Section 3] showed the converse to Theorem 3.7 is not true,
but versions of the converse with additional hypotheses do hold; see McLaughlin (ibid.), Kurib-
ayashi [91], Kuribayashi–Yamaguchi [92], Stolz–Teichner [131, 132], Waldorf [145, 146, 147, 148,
149, 150], Kottke–Melrose [89], Capotosti [33], and Ludewig [106]. See also Waldorf [151] for an
overview.

In a parallel manner, we would expect that forM a stringh manifold, there is a spinc structure
on LM . Since Spincn is neither simple nor simply connected, the story is more complicated –
there is not a universal central extension by U1, and we will have to care about a Z worth of
central extensions, corresponding to the level of the stringc structure in Definition 3.2.

Definition 3.9. Let k ∈ Z. The Fréchet Lie group ˆ︂LkSpincn is the central extension of LSpincn
by U1 which, under the isomorphism H2

SM(LSpincn; U1) ∼= H4(BSpincn;Z) from (3.1), is identified
with the class λc − kc21.

Huang–Han–Duan [82] define the groups ˆ︂LkSpincn in a different but equivalent way.

Naturality of (3.1) implies that the pullback of the central extension ˆ︂LkSpincn → LSpincn
along the inclusion LSpinn → LSpincn is the universal central extension of LSpinn. So even
though we do not have a universal central extension in the spinc setting, we favor these central
extensions out of the group of all possible central extensions.

For any spinc manifold M , the frame bundle on M canonically lifts to an LSpincn-bundle
LQ→ LM .

Definition 3.10. Let M be a spinc manifold. A level (2k+1) spinc structure on the loop space

LM is a lift of LQ→ LM to a principal ˆ︂LkSpincn-bundle ˆ︃LQ→ LM .

Again, this definition is different but equivalent to Huang–Han–Duan’s notion of a weak
stringc structure of level (2k + 1) [82, Definition 4.1].

Now we can refine our earlier question: if stringh is to string as spinc is to spin, does the loop
space of a stringh manifold have a level 2k + 1 spinc structure for some k? We were surprised
to obtain a negative answer.

Theorem 3.11. There are closed stringh manifolds M such that LM is not spinc for any choice
of level.

To prove this we will use a characteristic-class criterion for a loop space having a spinc

structure of a given level.

Lemma 3.12. Let A be an E1-space. Then there is a natural homotopy equivalence LA ≃
A× ΩA.

Here ΩA is the space of loops in A based at the identity. See [6, 69, 160] for proofs and
generalizations of Lemma 3.12.
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Definition 3.13. Recall that the Serre spectral sequence for the fibration G → EG → BG
defines a transgression map τ : Hn+1(BG;Z) → Hn(G;Z).

1. Let c := τ(c1) ∈ H1(Spinc;Z).
2. Let µc := τ(λc) ∈ H3(Spinc;Z).

Lemma 3.12 implies a homotopy equivalence

BLSpinc ≃ BSpinc ×BΩSpinc ≃ BSpinc × Spinc,

so the Künneth formula tells us that the classes c and µc, as well as their products with classes in
H∗(BSpinc;Z), define integer-valued cohomology classes for BLSpinc, and therefore by pullback
for BLSpincn for all n. In particular, for any n, the class cc1 has infinite order inH

3(BLSpincn;Z).

Proposition 3.14 (Huang–Han–Duan [82, Remark 4.3]). LetM be a spinc manifold. Then LM
has a spinc structure of level 2k+1 if and only if µc(LM)−2kc(LM)c1(LM) = 0 in H3(LM ;Z).

Definition 3.15. The loop transgression map ν : H∗(M ;Z) → H∗−1(LM ;Z) is the composition
π! ◦ ev∗, where ev : S1 ×LM →M is the evaluation (x, γ) ↦→ γ(x) and π! is integration over S1.

Though ν and τ (from Definition 3.13) are both called “transgression”, they are not directly
related.

Proposition 3.16 (Huang–Han–Duan [82, Section 2.4]). In H∗(BLSpinc;Z), ν(λc) = µc and
ν(c1) = c. Moreover, ν(xy) = ν(x)y + (−1)|x|ν(y)x.

Corollary 3.17 (Huang–Han–Duan [82, Theorem 5.1]). If M is strong stringc of level 2k + 1,
then LM has a spinc structure of level 2k + 1.

Proof. Since M is strong stringc of level 2k + 1, λc(M) − kc1(L)
2 = 0, where L → M is

the determinant line bundle of the associated spinc structure. Thus ν
(︁
λc(M) − kc1(L)

2
)︁
= 0

in H3(LM ;Z). By Proposition 3.16, this means µc(LM) − 2c(LM)c1(LM) = 0, which by
Proposition 3.14 implies LM has a spinc structure of level 2k + 1. ■

Proof of Theorem 3.11. Let M := CPm × CPn for m,n ≥ 3; since M is complex, then
by Proposition 2.34 M has a stringh structure. We will show that there is no k ∈ Z such that
µc(LM)−2kc(LM)c1(LM) = 0, so that by Proposition 3.14 LM does not have a spinc structure
for any level. Let x ∈ H2(M ;Z) be the first Chern class of the tautological bundle over the first
projective space factor and y be the corresponding class for the second CPn factor, so that

p1(M) = (m+ 1)x2 + (n+ 1)y2

by the Whitney sum formula for p1.
8 The determinant line bundle L for this complex structure

satisfies c1(L) = c1(M) = (m+ 1)x+ (n+ 1)y, so

p1(M)− (2k + 1)c1(L)
2 = (m+ 1)x2 + (n+ 1)y2 − (2k + 1)((m+ 1)x+ (n+ 1)y)2. (3.2)

Since 2λc(V ) = p1(V ) + c1(L)
2 for any spinc vector bundle V with determinant bundle L, then

2
(︁
λc − kc21

)︁
= p1 − (2k + 1)c21, and so

λc(M)− kc1(L)
2 =

1

2

(︁
(m+ 1)x2 + (n+ 1)y2 − (2k + 1)((m+ 1)x+ (n+ 1)y)2

)︁
. (3.3)

8As we noted during the proof of Lemma 2.28, the first Pontrjagin class satisfies the Whitney sum formula for
oriented vector bundles.
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This equation takes place in H4(M ;Z) – we are asserting that the right-hand side of (3.2) is
even.

By Proposition 3.16, we want to show that the loop transgression of (3.3) does not vanish
for any k ∈ Z, as this will imply that LM does not have a spinc structure of any level. It
suffices to pull back across the standard inclusion CPm ↪→ CPm × CPn, which on cohomology
sends x ↦→ x and y ↦→ 0. That is, because the loop transgression map is natural, showing that
ν
(︁
−(m+ 1)(2km+ 2k +m)x2

)︁
̸= 0 would imply that (3.3) also transgresses to a nonzero class.

We will show ν
(︁
−(m + 1)(2km + 2k + m)x2

)︁
̸= 0 in two steps: first we will show ν

(︁
x2

)︁
is

infinite-order in H3(LCPm;Z), and then we will show that −(m+1)(2km+2k+m) ̸= 0 for the
values of m and k of interest.

We will compare the loop transgression maps on CPm and CP∞. Since m ≥ 3, the inclusion
CPm ↪→ CP∞ is at least 7-connected. The natural isomorphism πk(X) ≃ πk−1(ΩX) thus tells
us that ΩCPm → ΩBU1 is at least 6-connected. For any space X, there is a natural fibration
ΩX → LX → X; combining these two connectedness estimates with the long exact sequence
of the fibration, we learn LCPm → LBU1 is also at least 6-connected. Naturality of the loop
transgression map gives us a commutative diagram

H4(CP∞;Z) H4(CPm;Z)

H3(LCP∞;Z) H3(LCPm;Z),

∼=

ν ν

∼=

and since the maps CPm → CP∞ and LCPm → LCP∞ are at least 6-connected, the maps on H4

and H3 are isomorphisms. Since k ̸= 0, then to show ν
(︁
k(m + 1)x2

)︁
̸= 0 in H3(LCPm;Z),

it suffices to show that the transgression map H4(CP∞;Z) → H3(LCP∞;Z) is injective. This
we know: by Proposition 3.16 (then pulling back along U1 ↪→ Spinc), ν

(︁
c21
)︁
= 2cc1, which has

infinite order as promised.
Finally, we show that, for m ≥ 3 and k ∈ Z arbitrary, −(m+ 1)(2km+ 2k +m) ̸= 0, so that

ν(−(m+ 1)
(︁
2km+ 2k +m)x2

)︁
= −(m+ 1)(2km+ 2k +m)ν

(︁
x2

)︁
̸= 0.

Suppose instead that −(m+ 1)(2km+ 2k +m) = 0; since m ̸= −1, we can divide by −(m+ 1)
and deduce that in Q,

0 = 2k(m+ 1) +m. (3.4)

If k = 0, (3.4) forcesm = 0, which we know is false. If k ̸= 0, (3.4) implies that k = −m/2(m+1),
which cannot be satisfied if both k and m are integers and m ≥ 3. ■

We thank an anonymous referee for discussion regarding the following remark.

Remark 3.18. When G is connected but not simply connected, there is a body of evidence that
one should not use H4(BG;Z), but rather the supercohomology SH 4(BG) (Definition 2.16).
This evidence includes that SH 4(BG), rather than H4(BG;Z), classifies anomalies of two-
dimensional fermionic theories with G-symmetry, including the worldsheets of the string theories
this section was motivated by (see Remark 3.1); in addition, levels for spin Chern–Simons the-
ories are classified by supercohomology, not cohomology [83, Section 4.4].9 (When G is simply
connected, the canonical map H4(BG;Z) → SH 4(BG) is an isomorphism.)

Since Spincn is not simply connected, it is thus natural to speculate that there is a more general
class of central extensions of LSpincn parametrized by SH 4(BSpincn), rather than H

4(BSpincn;Z).
9For disconnected G, one should in general replace SH with extended supercohomology (see footnote 6) or the

Anderson dual of spin bordism. See for example [37, Section 2.1.3].
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To do this, one would need a transgression map generalizing (3.1), from SH 4(BG) to a group
of central extensions of LG, which is not in the literature. We attempted to construct a map
of this form and did not succeed; as such, we would be interested in knowing whether such
a generalization is possible, and whether it changes the conclusion of Theorem 3.11.

4 Orienting tmf1(n)

In this section, we produce stringh orientations of tmf1(n) in Theorem 4.4. We start by intro-
ducing TMF and Tmf with level structure, and from there introduce tmf1(n).

The spectrum of (periodic) topological modular forms TMF is the global sections of a sheaf
of E∞-ring spectra Otop on the étale site of the moduli stack of elliptic curves Mell, that is
TMF = Otop(Mell). The homotopy ring π2∗(TMF) (i.e., the same ring with degrees doubled)
is rationally10 isomorphic to the ring

˜︃MF[SL2(Z),Z] ∼= Z[c4, c6,∆±]/
(︁
c34 − c26 − 1728∆

)︁
, |c4| = 9, |c6| = 12, |∆| = 12

of weakly holomorphic integral modular forms. The homotopy groups of TMF are periodic with
period 576.

The sheaf Otop extends to define a sheaf on the étale site of the Deligne–Mumford compact-
ification Mell of Mell, and the global sections of Otop → Mell are a spectrum Tmf which is
neither periodic nor connective, called non-periodic nonconnective topological modular forms or
mixed Tmf. The homotopy ring of Tmf is closely related to the ring of holomorphic integral
modular forms

MF(SL2(Z),Z) ∼= Z[c4, c6,∆]/
(︁
c34 − c26 − 1728∆

)︁
.

There is a map π2∗(Tmf) → MF(SL2(Z),Z), and after inverting 6, this is an isomorphism but
only in nonnegative degrees. Therefore, one defines the connective cover tmf := τ≥0Tmf, so that
there is an isomorphism π2∗(tmf) ∼= MF(SL2(Z),Z)⊗ Z[1/6] in all degrees.

By considering moduli spaces with a little extra structure, one obtains interesting variants of
TMF and Tmf.

Definition 4.1 (Hill–Lawson [74]). Let n ≥ 1, M1(n) denote the moduli stack of elliptic
curves with a chosen point of order n, and M1(n) be the Deligne–Mumford compactification
of M1(n). The global sections of the pullback of Otop to M1(n)[1/n], resp. to the log-étale site
of M1(n)[1/n] are denoted TMF1(n), resp. Tmf1(n).

Hill–Lawson also define analogous series of spectra TMF(n) and TMF0(n), and Tmf(n) and
Tmf0(n). Prior to their work, various examples of these families of spectra were introduced by
Behrens [21, 22], Mahowald–Rezk [110], and Stojanoska [130].

Both TMF1(n) and Tmf1(n) are E∞-ring spectra by construction (in fact, E∞ TMF-, resp.
Tmf-algebra spectra), and there is a ring spectrum map Tmf1(n) → TMF1(n). There is a ra-

tional isomorphism from π2∗(TMF1(n)) to the ring ˜︃MF
(︁
Γ1(n),Z

[︁
1
n

]︁)︁
of weakly holomorphic

modular forms for the congruence subgroup Γ1(n) ⊂ SL2(Z), also called integral modular forms
at level n.

However, this analogy does not continue to mixed Tmf1(n): the ring π∗(Tmf1(n)) ⊗ Q and
the ring of holomorphic modular forms for Γ1(n) tensored with Q are not always isomorphic,
even restricted to nonnegative degrees. This means that the connective cover of Tmf1(n) is not
always the right analogue of tmf.

10In fact, these two rings are isomorphic after inverting 6.
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Fortunately, the discrepancy is not huge: the sole discrepancy is that π1(Tmf1(n)) may be
nonzero, and frequently it is 0, including for all n ≤ 22 (see, for example, [113, Remark 3.14]).
Meier [114], following a general procedure of Lawson [100] to remove π1, constructs for all n ≥ 2
an E∞-ring spectrum tmf1(n) with π1(tmf1(n)) = 0 and a map tmf1(n) → Tmf1(n) which is
an isomorphism for n = 0 and n ≥ 2, implying π2∗(tmf1(n)) is rationally isomorphic to the ring
of holomorphic modular forms of level n in all degrees. For this paper, tmf1(n) always refers to
Meier’s construction, whether or not this is the connective cover of Tmf1(n).

Remark 4.2. Lawson–Naumann [103] constructed tmf1(3) 2-locally as an E∞-ring spectrum
before Meier’s work, and identified it with BP⟨2⟩; in this case, π1(Tmf1(3)) vanishes. See also
Hill–Meier [75].

Since topological modular forms with level structure were first systematically studied by Hill–
Lawson [74], it has been an open question to orient them by a Thom spectrum which is a better
approximation than MU or MString: see, for example [74, Section 1]. Wilson [155] provided
some answers to this question, but does not answer it for tmf1(n). Recently, Devalapurkar [45]
answered this for tmf1(3) using forthcoming work of Hahn–Senger.

Theorem 4.3 ([45, Theorem 5]). There is a map of E∞-ring spectra σD :MStringh(2)→tmf1(3)(2)
such that the following diagram commutes:

MString(2) tmf(2)

MStringh(2) tmf1(3)(2).

σ

σD

We will generalize this to arbitrary n.

Theorem 4.4. For all n ≥ 2, there are maps of E∞-ring spectra

σ1(n) : MStringh[1/n] −→ tmf1(n)

such that the composition of σ1(n) with the complex orientation on MStringh constructed in
Lemma 2.32, is the complex orientation of tmf1(n) constructed in Senger [128, Theorem 1.7],
and there is a commutative square

MString[1/n] tmf[1/n]

MStringh[1/n] tmf1(n).

σ

σ1(n)

Remark 4.5. Our proof uses completely different methods than Devalapurkar’s, and it would
be interesting to know whether there is a 2-local equivalence σD ≃ σ1(3).

The E∞-ring map MString → MStringh arising from Lemma 2.32, and the map tmf[1/n] →
tmf1(n) is induced by the inclusion of the moduli stack of elliptic curves with a chosen point of
order 3 into the moduli stack of all elliptic curves. We prove Theorem 4.4 by first showing it for
neither-connective-nor-periodic Tmf1(n), then lifting to tmf1(n).

Proposition 4.6. The analogue of Theorem 4.4, but with Tmf1(n) in place of tmf1(n), is true.

Proof. Throughout this proof, we invert n.
We will repeatedly use the fact that if A, B, C, and D are E∞-ring spectra, and f : A → C

and g : B → D are E∞-ring homomorphisms, then f ∧ g : A ∧ B → C ∧ D has a canonical
E∞-ring homomorphism structure.

Specifically, use this fact to daisy-chain together the following E∞-ring maps:
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1. The E∞ equivalence MStringh ≃ MString ∧MU we established in Corollary 2.25.

2. The σ-orientation σ : MString → tmf constructed by Ando, Hopkins and Rezk [9, Theo-
rem 12.3].

3. The complex orientation M(n) : MU → tmf1(n) → Tmf1(n) due to Senger [128, Theo-
rem 1.7].11

4. The unit map A(n) : tmf → Tmf1(n) of the E∞-tmf-algebra structure on Tmf1(n) ob-
tained by Hill–Lawson [74, Theorem 6.1].

Thus, the following composition is a homomorphism of E∞-ring spectra:

MStringh
≃−→
(1)

MString ∧MU
σ∧M(n)−→
(2), (3)

tmf ∧ Tmf1(n)
A(n)∧id−→

(4)
Tmf1(n) ∧ Tmf1(n)

µ−→ Tmf1(n),

where the final map is multiplication. ■

Proposition 4.7. Let R be a connective E∞-ring spectrum with isomorphisms ψ : π0(R)
∼=→ Z

and π1(R) = 0. Given a morphism f : R→ τ≥0Tmf1(n) of E∞-ring spectra, there is a canonical

lift of f to a map ˜︁f : R→ tmf1(n).

Proof. Meier [114, Proposition 2.9, Lemmas 2.10 and 2.11] constructs a pullback square of
E∞-ring spectra

tmf1(n) Hπ0(Tmf1(n))

τ≥0Tmf1(n) τ0:1Tmf1(n),
τ≤1

φ
⌟

(4.1)

and shows φ is the unique E∞-ring map Hπ0(Tmf1(n)) → τ0:1Tmf1(n) inducing a ring iso-
morphism on π0. Therefore, it suffices to produce E∞-ring maps a : R → τ≥0Tmf1(n) and
b : R → Hπ0(Tmf1(n)) and an identification of their compositions with the maps τ≤1, resp. φ
in (4.1):

R Hπ0(Tmf1(n))

τ≥0Tmf1(n) τ0:1Tmf1(n).
τ≤1

φa

b

Choose a = f and let b be the composition

R
τ≥0−→ Hπ0(R)

ψ−→ HZ 1−→ Hπ0Tmf1(n),

where 1 is the unit. To provide an identification τ≤1 ◦ a ≃ φ ◦ b, first use that the target is
1-truncated, so that both compositions canonically factor through τ≤1R. Since R is connective
and π1(R) = 0, the 0-truncation map τ≤1R → τ≤0R ≃ Hπ0(R) is an equivalence of E∞-ring
spectra. Thus we without loss of generality replace R with Hπ0(R).

For both τ≤1◦a and φ◦b, the induced map on π0 is the localization Z → Z[1/n], using the spec-
ified isomorphism ψ : π0(R)

∼=→ Z and Meier’s identification [114, Lemma 2.11] π0(Tmf1(n)) ∼=
11Absmeier [3, Theorem 1] uses different methods to construct E∞-orientations MU[ζn, 1/n] → Tmf1(n), where

ζn is a primitive nth root of unity; we use Senger’s orientation to avoid ζn.
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Z[1/n]. As the ring homomorphism Z → Z[1/n] is étale,12 a theorem of Lurie [107, Theo-
rem 7.5.0.6] shows that this map on π0 lifts uniquely to an E∞-ring map Hπ0(R) → τ0:1Tmf1(n)
with a contractible space of automorphisms. Thus τ≤1 ◦ a and φ ◦ b are canonically equivalent
up to contractible data and we may conclude. ■

Now proving Theorem 4.4 amounts to showing MStringh satisfies the hypotheses of Proposi-
tion 4.7.

Proof of Theorem 4.4. Thom spectra of rank-zero virtual vector bundles, such as MStringh,
are connective. Connectivity provides a canonical lift of the E∞-ring map MStringh → Tmf1(n)
constructed in Proposition 4.6 to an E∞-ring map MStringh → τ≥0Tmf1(n). Therefore, to lift
to tmf1(n), it suffices to show ΩStringh

0
∼= Z and ΩStringh

1
∼= 0, then invoke Proposition 4.7.

If M is a spinc manifold of dimension 3 or below, λc(M) = 0, because it is an element
of H4(M ;Z) ∼= 0. Therefore, M admits a canonical stringh structure: lift λc(M) to 0 ∈ ku4(M).

This implies that for k ≤ 2, ΩStringh

k → ΩSpinc

k is an isomorphism, and ΩSpinc

0
∼= Z, ΩSpinc

1
∼= 0. ■

4.1 Real-equivariance

We briefly discuss a real-equivariant generalization of Theorem 4.4, and as with everything, we
begin with the spinc story.

Complex conjugation defines a Z/2-action on complex K-theory; the resulting Z/2-equiv-
ariant spectrum is called real(-equivariant) K-theory and denoted KR [14]. The underlying
spectrum of KR is KU, and the Z/2-(homotopy) fixed point spectrum is KO. KR is cofree (see,
e.g., [76]), meaning that its structure as a Z/2-E∞-ring spectrum is induced from a Z/2-action
on the spectrum KU by E∞-ring maps.

Landweber [93, 94], Fujii [61], Araki [11, 12], and Araki–Murayama [13] constructed a Z/2-
equivariant-ring spectrum MR whose underlying spectrum is MU with Z/2-action by complex
conjugation. MR also has an E∞-structure [81, Proposition 3.1].

Definition 4.8 ([11, 13]). A real orientation of a Z/2-ring spectrum E is a homomorphism of
Z/2-ring spectra MR → E.

Theorem 4.9. KR is real-oriented, and the real orientation may be chosen to be a Z/2-E∞-ring
map cf R : MR → KR.

Araki–Murayama [13, Section 12] gave a real orientation, in the sense of a map of homotopy
commutative ring spectra MR → KR. The lift to a Z/2-E∞-ring map appears to be a folklore
result: see [70].

Nonequivariantly, the complex orientation MU → KU constructed by Conner–Floyd [36,
Section 5] factors through E∞-ring maps u : MU → MSpinc and ˆ︁A : MSpinc → KU; the former
can be constructed similar to the methods we used in Corollary 2.25 and the latter is due to
Joachim [84]. Halladay–Kamel [70] recently generalized this to the real-equivariant setting.

Theorem 4.10 (Halladay–Kamel [70]). There is a Z/2-E∞-ring spectrum MSpincR and Z/2-
E∞-ring maps uR : MR → MSpincR and ˆ︁AR : MSpincR → KR such that

(1) the underlying spectrum of MSpincR is MSpinc,

(2) forgetting to underlying spectra, ˆ︁AR, resp. uR restrict to ˆ︁A, resp. u, and
(3) the real orientations ˆ︁AR ◦ uR and cf R (see Theorem 4.9) are equivalent.

12Meier [114] works in a more general setting where a E∞-ring spectrum R has π0R an étale extension of
a localization of Z. Thus he imposes étaleness as a hypothesis, while in our setting the map is always étale.
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That is, Halladay–Kamel answer the question, “what is to KR as MSpinc is to KU?”
We prove an analogue of Theorem 4.10 for topological forms with level structure in Theo-

rem 4.13. However, the version of the theorem stated there is slightly weaker than the näıve
generalization of Theorem 4.4: the orientation lands in Tmf1(n)R, rather than tmf1(n)R, as
aspects of the lifting argument from τ≥0Tmf1(n) to tmf1(n) are tricky to make equivariant.
Moreover, we did not construct an E∞ map, only a map of Z/2-ring spectra. Ultimately this is
because there is not yet a construction of a Z/2-E∞-ring map MR → tmf1(n)R (see [114, 128]).
We predict that such an E∞ refinement exists.13

The following theorem is a combination of work of Hill–Meier [75] and Meier [114].

Theorem 4.11. For all n ≥ 2, there are Z/2-E∞-ring spectra tmf1(n)R, Tmf1(n)R, and
TMF1(n)R whose underlying spectra are tmf1(n), Tmf1(n), and TMF1(n) respectively. For
n = 3, their Z/2-fixed point spectra are tmf0(3), Tmf0(3), and TMF0(3), respectively. For all
n ≥ 2, the E∞-ring spectrum maps

MU[1/n]
M(n)−→ tmf1(n) −→ Tmf1(n) −→ TMF1(n)

lift to Z/2-ring maps,

MR[1/n]
MR(n)−→ tmf1(n)R −→ Tmf1(n)R −→ TMF1(n)R,

the last two of which are E∞.

Definition 4.12. Let MStringhR := MR ∧MString, where MString is given the cofree Z/2-E∞-
ring structure arising from the trivial action.

Thus MStringhR is a Z/2-E∞-ring spectrum whose underlying spectrum is MStringh.

Theorem 4.13. For all n ≥ 2, there is a map of Z/2-ring spectra

σ1(n)R : MStringhR[1/n] −→ Tmf1(n)R

which on underlying spectra is σ1(n) composed with the usual map tmf1(n) → Tmf1(n), and such
that the real orientation MR(n) : MR[1/n] → Tmf1(n) factors as a real orientation vR : MR →
MStringhR followed by the usual orientation MStringh → Tmf1(n). On underlying spectra,
vR is v.

Proof. The proof strategy is the same as for Proposition 4.6. To adapt that proof, we need the
following data:

1. A refinement of the complex orientation MU → Tmf1(n) to a real orientation MR[1/n] →
Tmf1(n)R, which is provided by Meier [113, Theorem 3.6] (here Theorem 4.11).

2. An extension of the E∞-ring map σ : MString → tmf to a map between the respective
cofree Z/2-E∞-ring spectra associated to the trivial Z/2-actions on MString and tmf.
By [23, Section 6.2.2], it suffices to show that σ is equivariant for the trivial Z/2-actions
on its domain and codomain, which is trivially true.

3. Lastly we need to refine the E∞-ring map tmf[1/n] → Tmf1(n) to a Z/2-E∞-ring map
tmf[1/n] → Tmf1(n)R, where tmf[1/n] is cofree, induced from the trivial Z/2-action.
Without loss of generality, we may replace tmf[1/n] by Tmf[1/n], then precompose with the
map tmf[1/n] → Tmf[1/n] (which refines to Z/2-spectra in the same way as in the previous

13Quinn–Zhu [119, Corollary 7.2.3 (ii)] show this orientation admits an Eρ refinement, where ρ is the regular
representation of Z/2.
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bullet point). Again by [23, Section 6.2.2], it suffices to show that Tmf[1/n] → Tmf1(n)
is Z/2-equivariant for the trivial Z/2-action on Tmf[1/n] and the Z/2-action on Tmf1(n)
defined in [75, Section 4.1].

For this, we return to the moduli of elliptic curves. The Z/2-action on Tmf1(n) is the map
induced on global sections of Otop from a Z/2-action on (the log-étale site of) M1(n)[1/n],
the Deligne–Mumford compactification of the moduli stack of elliptic curves C with a
chosen point x of order n (see Definition 4.1). This Z/2-action sends (C, x) ↦→ (C,−x);
therefore the map M1(n)[1/n] → M[1/n] forgetting x is Z/2-equivariant with respect to
the trivial action onM[1/n]. Taking sections ofOtop, we obtain the usual map Tmf[1/n] →
Tmf1(n), together with the fact that it is Z/2-equivariant.

With these lifts in place, the construction of the map MStringhR → Tmf1(n)R proceeds just as
before. At the time of writing, the real orientation of Tmf1(n) has not been refined to a Z/2-
E∞-map (see [128, Question 1.10]), so this construction is just a Z/2-ring spectrum map. ■

We would like to compare Theorem 4.13 with Halladay–Kamel’s real-equivariant lift of the
Atiyah–Bott–Shapiro orientation. However, the constructions of MStringhR and MSpincR are
difficult to relate, so we leave the comparison as a conjecture.

Lemma 4.14 (Hill–Meier [75]). There is a Z/2-E∞-ring map Λ: (Tmf1(3)R)(2) → KR(2).

Hill–Meier do not explicitly state Lemma 4.14 in this form, but they provide all the pieces,
so we show how to assemble those pieces into a proof.

Proof. As noted above, KR is cofree, and Tmf1(3)R is also cofree [75, Section 4.1]. Hill–Meier
(ibid., Section 4.2), using a theorem of Hill–Lawson [74, Theorem 6.2], show that there is an E∞-
map of nonequivariant spectra ˜︁Λ: Tmf1(3)(2) → KU(2) which is equivariant for the Z/2-actions
on Tmf1(3)(2) and KU(2). Blumberg–Hill [23, Section 6.2.2] (see also [75, Theorem 2.4]) show
that if ϕ : R → S is a Z/2-equivariant map of E∞-ring spectra with respect to Z/2-actions by
E∞-ring maps on R and S, then ϕ upgrades to a Z/2-E∞-ring map on the cofree Z/2-E∞-ring
spectra built from R and S. Applying this to ˜︁Λ, we conclude. ■

Question 4.15. Throughout this question, implicitly 2-localize.
Does there exist a Z/2-E∞-ring map MStringhR → MSpincR which on underlying spectra is the

map MStringh → MSpinc and such that the following diagram commutes

MR MStringhR Tmf1(n)R

MSpincR KR?

vR

uR

σ1(n)R

∃? Λˆ︁AR

If such a map exists, it would also be nice to describe it geometrically, e.g., in terms of
characteristic classes of Z/2-equivariant vector bundles.

Another potential benefit of real-equivariance would arise by taking fixed points. Abdallah,
Halladay, and Kamel [1, 2, 70] study the fixed-point spectrum (MSpincR)

Z/2; it appears to be
an unwieldy object, but Halladay–Kamel [70, Proposition 4.5] show there is an E∞-ring map˜︁u : MSpin → (MSpincR)

Z/2, so that one can form the composition

MSpin
˜︁u−→ (MSpincR)

Z/2 ( ˆ︁AR)
Z/2

−→ (KR)Z/2 ≃ KO, (4.2)

and (ibid., Corollary 6.14) this recovers the usual Atiyah–Bott–Shapiro orientation.
Because (Tmf1(3)R)

Z/2 ≃ Tmf0(3) [75, Section 4], one could try to generalize Halladay–
Kamel’s approach to orient Tmf0(3). Ultimately because MRZ/2 is complicated (though under-
stood: see [67, 81]), we expect (MStringhR)

Z/2 to not be easy to work with.
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Proposition 4.16. Let ξ : B → BO be a tangential structure with two-out-of-three data such
that there is an E∞-ring map ψ : M ξ → (MStringhR)

Z/2. Then by forming a composition analo-
gous to (4.2), there is a canonical orientation M ξ[1/3] → Tmf0(3).

More generally, we would obtain orientations Mξ[1/n] → Tmf1(n)
Z/2.

The most näıve generalization of Halladay–Kamel’s construction leads to ξ = String, and
the String-orientation of Tmf0(3) is not new information. It would be interesting to under-
stand whether a more careful use of Proposition 4.16 could be used to construct an orientation
of Tmf0(3) by some nontrivial MString-algebra Thom spectrum, analogously to the Stringh-
orientation of tmf1(n). We note that Wilson [155, Corollary 4.16] has produced an orientation
MSpin⟨w4⟩[1/3] → tmf0(3) (hence also to Tmf0(3)), where Spin⟨w4⟩ is the tangential structure
which is a spin structure and a trivialization of the Stiefel–Whitney class w4; we do not know
whether Wilson’s orientation factors through (MStringhR)

Z/2[1/3] in Proposition 4.16.

4.2 Low-degree homotopy groups of MStringh

In this subsection, we compute low-dimensional stringh bordism groups, and also calculate the
effects of some of the orientations σ1(n) of the previous section on homotopy groups.

We will recall a few facts about the Brown–Peterson spectrum BP since many of the results
in the remainder of this section utilize BP and its siblings BP⟨n⟩ in their proofs. BP is obtained
by localizing MU at a prime p, and then MU(p) is equivalent to a wedge sum of suspensions
of BP [27]. This equivalence is not compatible with the ring structure, except on the lowest-
degree BP summand.

Theorem 4.17 (Basterra–Mandell [18, Theorem 1.1]). The wedge-sum decomposition of MU(p)

into a sum of shifts of BP may be chosen so that the maps MU(p) ⇆ BP splitting off the
lowest-degree summand are E4-algebra maps.

Corollary 4.18. Given an E∞-ring homomorphism f : MU → E, where E is p-local, we can
precompose with the E4-ring homomorphism BP → MU(p) to obtain an E4-ring homomorphism˜︁f : BP → E.

It is not known whether one can strengthen this result to an En-splitting for some n > 4;
Lawson [101, Remark 4.4.7] and Senger [129, Theorem 1.3] have shown that it is not possible to
do so for n ≥ 2(p+ 3).

The homotopy rings of BP and BP⟨n⟩ are

BP∗ ∼= Z(p)[v1, v2, . . . ], BP⟨n⟩∗ ∼= Z(p)[v1, v2, . . . , vn].

In both cases, |vi| = 2(pi − 1). The map BP → BP⟨n⟩ sends vi ↦→ vi for 1 ≤ i ≤ n and sends
vi ↦→ 0 for i > n.

Now we introduce the main results of this subsection. Our first result is an analogue of
a theorem of Hopkins–Mahowald (unpublished) and Devalapurkar [44], who showed that the
Ando–Hopkins–Rezk orientation σ : MString → tmf is surjective on homotopy groups.

Proposition 4.19. The following maps are surjective on homotopy groups:

σ1(3) : MStringh[1/3] −→ tmf1(3), σ1(2) : MStringh[1/2] −→ tmf1(2).

We will prove this as a consequence of Propositions 4.25 and 4.28.

Proof. We begin with σ1(3). In Proposition 4.28, we will establish that the map ˜︁σ1(3) : BP ∧
MString → tmf1(3)(2) obtained from Corollary 4.18 is 7-connected. Lawson–Naumann [102,
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Theorem 1.1] show that the generators of the homotopy ring (tmf1(3)(2))∗ are in degrees less
than 7, so since ˜︁σ1(3) is a map of ring spectra, it is surjective on homotopy groups in all degrees.

Since ˜︁σ1(3) factors through σ1(3), we conclude that after localizing at 2, σ1(3) is surjective
on homotopy groups. To finish, we argue we lift from Z(2) to Z[1/3] by observing that tmf1(3)∗
is a polynomial ring over Z[1/3] on two generators in degrees 2 and 6, and we already observed
that these generators are in the image of σ1(3) up to multiplication by a number prime to 6.
Thus it suffices to show that σ1(3)[1/6] hits the images of these generators in tmf1(3)[1/6]∗,
which can easily be checked with the Atiyah–Hirzebruch spectral sequence because MStringh ≃
MU ∧MString and tmf1(3) lack torsion once 6 is inverted.

The argument for tmf1(2) is essentially the same, except using Proposition 4.25, which says
that ˜︁σ1(2) is 11-connected, and the fact that tmf1(2)∗ is a polynomial ring over Z[1/2] with
generators in degrees below 9.14 ■

It would be interesting to generalize this to tmf1(n) for n > 3.

Theorem 4.20. There is a ring isomorphism

π∗(tmf ∧MU)
∼=−→ Z[a1, a2, a3, a4, a6, en | n ≥ 4],

where |an| = 2n and |en| = 2n.

Remark 4.21. The history of Theorem 4.20 is a little complicated. Rezk [120, Proposition 20.4]
states Theorem 4.20 without proof, and Hopkins–Mahowald [80] and Bauer [19] use it implicitly
in their discussion of the Adams–Novikov spectral sequence for tmf. Mathew [111, Corollary 5.2]
proves Theorem 4.20 conditional on the “gap theorem”, whose first complete proof was given
by Carrick–Davies–van Nigtevecht [34, Theorem A].

Corollary 4.22. There is a ring isomorphism

ΩStringh

∗
∼=−→ Z[x2, x4, x6, x8, y8, x10, x12, y12, x14, . . . ]/(· · · ),

where |xi| = |yi| = i and all generators and relations not listed are in degrees 16 and above.

Proof. The Ando–Hopkins–Rezk map MString → tmf is a 15-connected ring homomorphism
[73, Theorem 2.1], so when evaluated on a connective ring spectrum such as MU, it is a ring
homomorphism which is an isomorphism in degrees 15 and below. ■

Remark 4.23. Localized at a prime p ≥ 5, we can do better:
(︁
ΩStringh

∗
)︁
(p)

is torsion-free in

all degrees. This is because p-locally, both MString and MU split as sums of shifts of BP .15

Therefore

MStringh(p) ≃
⋁︂
i

ΣniBP ∧ BP .

Quillen [118] showed that π∗(BP ∧BP) is torsion-free (see also [156, Theorem 3.11]). Therefore,
π∗(MStringh)(p) is also torsion-free.

Remark 4.24. One can construct manifold representatives for some of the generators in Corol-

lary 4.22 by studying the images of the maps from ΩString
∗ and ΩU

∗ to ΩStringh

∗ . Specifically,

� The map from MU∗ hits x2, x4, x6, x12 and x14 for which the first three generators have
descriptions as CP1, CP2, and a Milnor hypersurface H22 ⨿ CP2.

14This fact appears in Hill [72], where it is attributed to Hopkins–Mahowald (unpublished) and Behrens [21].
15For MU, this is a theorem of Brown–Peterson [27, Theorem 1.3]; for MString one combines Brown–Peterson’s

theorem with a calculation due to Giambalvo [63, Corollary 1].
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� The map from MString∗ rationally hits y8 and y12.

Proposition 4.25. The E4-orientation ˜︁σ1(2) : MString ∧ BP → (tmf1(2))(3)
16 obtained by

smashing the E4-orientation BP → tmf1(2)(3) from Corollary 4.18 with the string orientation
of tmf1(2) is 11-connected.

We will prove this using the Baker–Lazarev Adams spectral sequence [16]; for 3-local tmf-
homology specifically, this spectral sequence was developed by Henriques and Hill (see [49, 72]),
building on work of Behrens [21] and Hopkins–Mahowald (unpublished).

For a spectrum X, this spectral sequence has the signature

Es,t2 = ExtAtmf (H∗(X;Z/3),Z/3) =⇒ tmft−s(X)∧3 ,

where

Atmf := Z/3
⟨︁
β,P1

⟩︁
/
(︁
β2,

(︁
P1

)︁3
, β

(︁
P1

)︁2
β −

(︁
βP1

)︁2 − (︁
P1β

)︁2)︁
,

with a Z-grading specified on Atmf by |β| = 1 and |P1| = 4. The Atmf -action on H∗(X;Z/3)
is specified by having β act as the Bockstein for the short exact sequence 0 → Z/3 → Z/9 →
Z/3 → 0 and P1 act as the first Steenrod power.17 See [17, 30, 42, 72, 73, 141] for additional
computations with this spectral sequence.

Lemma 4.26. Define the Atmf-module N3 := Atmf/(β), so that N3
∼= Z/3

[︁
P1

]︁
/
(︁(︁
P1

)︁3)︁
. Then

there is an Atmf-module isomorphism

H∗(BP ;Z/3) ∼= N3 ⊕ Σ12N3 ⊕ P, (4.3)

where P is concentrated in degrees 16 and above.

Thus we can (and do) ignore P .

Proof. Recall that H∗(BP ;Z/3) ∼= Z/3
[︁
P1,P2, . . .

]︁
. Therefore, β ∈ Atmf acts trivially on

H∗(BP ;Z/3), and we can determine the P1-action using the Adem relations, which in this case
simplify to

P1Pn = (n+ 1)Pn+1

for n ≥ 0. ■

In (4.3), N3 is spanned by
{︁
1,P1,P2

}︁
and Σ12N3 is spanned by

{︁
P3,P4,P5

}︁
.

Proof of Proposition 4.25. By construction ˜︁σ1(2) factors as a composition of MString ∧
BP → tmf ∧ BP , which is 15-connected, followed by σ1(2) : BP ∧ tmf → tmf1(2), and both
are E4-ring spectrum maps. Therefore, it suffices to show σ1(2) is 11-connected.

On homotopy groups, σ1(2) is a ring homomorphism, so it sends 1 ↦→ 1 and therefore is
an isomorphism on π0. Because σ1(2) is an isomorphism on π0, then σ1(2)

∗ : H0
tmf(tmf1(2)) →

H0
tmf(tmf ∧ BP) is also an isomorphism. By (4.3), H0

tmf(tmf ∧ BP) splits as Atmf -modules as
the sum of N3 and an 11-connected summand, and by [111, Theorem 4.13], there is a tmf(3)-
module equivalence (tmf1(2))(3) ≃ tmf(3) ∧ Y for a spectrum Y with H∗(Y ;Z/3) ∼= N3, so

H∗
tmf(tmf1(2)) ∼= N3. Thus since σ1(2)

∗ is an Atmf -module map which is an isomorphism on H0,
it must map the N3 summand in H∗

tmf(tmf1(2)) isomorphically onto the N3 summand from
tmf ∧BP . Then by the Baker–Lazarev Adams spectral sequence, the map is 11-connected. ■

16There is a homotopy equivalence tmf0(2) ≃ tmf1(2); we mostly refer to this object as tmf1(2) to streamline
our notation, but it is often called tmf0(2) in the literature.

17In other words, we have specified the Atmf -action by defining an algebra homomorphism from Atmf to the
mod 3 Steenrod algebra. This homomorphism is not injective! See Henriques [49, Section 13.3].
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Remark 4.27. Because π2(MStringh) ∼= Z but π2(tmf1(2)) ∼= Z[1/2], σ1(2) is not 11-connected.
But Proposition 4.25 implies that localized at 3, σ1(2) is surjective on homotopy, because
π∗(MStringh)(3) surjects onto π∗(BP ∧ tmf) and σ1(n) hits the generators of the homotopy
ring of tmf1(2).

Proposition 4.28. The map σ1(3) : BP ∧MString → tmf1(3)(2) is 7-connected.

Proof. The proof is almost exactly the same as that of Proposition 4.25. What makes that
proof work is that the quotients of H∗

tmf(tmf∧BP) and H∗
tmf(tmf1(2)) by all classes in degrees 12

and above are isomorphic, cyclic Atmf -modules on a generator in degree 0, so that we could lift
an evidently 0-connected map to an isomorphism on H∗

tmf in degrees 11 and below.
For the rest of the proof, we work at p = 2. The analogue of Atmf is A(2), the subalgebra of

the 2-primary Steenrod algebra generated by Sq1, Sq2, and Sq4. Henriques showed that A(2)
plays the analogous role in the 2-primary Baker–Lazarev Adams spectral sequence as Atmf does
at p = 3 [49]. Therefore, it suffices to show that H∗

tmf(BP ∧ tmf) and H∗
tmf(tmf1(3)) (this time

with Z/2 coefficients, not Z/3 coefficients like in the previous paragraph), quotiented by all
classes in degrees 8 and above, are isomorphic cyclic A(2)-modules on a generator in degree 0.
For tmf1(3), there is a tmf-module equivalence tmf1(3)(2) ≃ tmf ∧DA(1) for a spectrum DA(1)

with H∗(DA(1);Z/2) ∼= A(2)/
(︁
Sq1

)︁
[111, Theorem 1.2]. For BP ∧ tmf, we need to compute

H∗(BP ;Z/2) as an A(2)-module. Brown–Peterson [27, Corollary 1.2] show that H∗(BP ;Z/2) ∼=
A/

(︁
Sq1

)︁
, so we are done by the observation that the inclusion A(2) → A is 7-connected, so

that A(2)/
(︁
Sq1

)︁
→ A/

(︁
Sq1

)︁
is 7-connected (since Sq8 is the lowest-degree Steenrod square not

contained in A(2)). ■

Lemma 4.29 (Mathew [111, Section 5.2]). There is a tmf-module M and a 2-local tmf-module
equivalence

MU ∧ tmf
≃−→ tmf1(3) ∨M. (4.4)

Mathew does not state this explicitly; instead, he shows (ibid., Corollary 5.7) that there is a
map DA(1) → MU and an ideal I in MU∗(tmf) such that the composition

tmf ∧DA(1) −→ tmf ∧MU −→ (tmf ∧MU)/I

is a tmf-module equivalence. Moreover, there is a 2-local tmf-module equivalence tmf∧DA(1) ≃
tmf1(3) [79, Theorem 1.2] (see also [111, Theorem 5.8]).

4.3 Does σ1(n) split?

Anderson–Brown–Peterson [8] showed that the Atiyah–Bott–Shapiro maps [15] MSpin → ko and
MSpinc → ku admit 2-local sections ko → MSpin, resp. ku → MSpinc, and used these sections,
along with higher-degree analogues, to effectively determine spin and spinc bordism. The anal-
ogous question for the Ando–Hopkins–Rezk orientation [9] σ : MString → tmf is a longstanding
open question in homotopy theory, discussed for example in [3, 44, 46, 95, 96, 97, 98, 99, 108,
109, 110, 144]. It therefore seems reasonable to ask the following.

Question 4.30. Let p = 2 or 3 and p ∤ n. Does the map σ1(n) : MStringh(p) → tmf1(n)(p) have
a section? What about Devalapurkar’s orientation σD?

One could also ask this question localized at a large prime (i.e., p ≥ 5), where it is much
easier, as both MStringh and tmf1(n) for many n are known to decompose into sums of shifts
of BP ∧ BP , resp. BP (see the proof of Remark 4.23, resp. [114, Section 5]). Thus we focus
on the harder primes. We think for p = 2, n = 3, and for p = 3, n = 2, Question 4.30 has an
affirmative answer.

Question 4.30 passes a few basic checks.
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Proposition 4.31 (Devalapurkar). If there is a section s : tmf(2) → MString(2) of σ, then there

is a section s′ : tmf1(3)(2) → MStringh(2) of σ1(3).

Proof. This is immediate since MU ∧ tmf would split off from MStringh, and tmf1(3) itself
splits off of MU ∧ tmf by Lemma 4.29. ■

In addition, an affirmative answer to Question 4.30 would imply that σ1(n) is surjective
on homotopy after p-completion. For (p, n) ∈ {(2, 3), (3, 2)}, we proved homotopy surjectivity
unconditionally in Proposition 4.19.

Proposition 4.32. There is no 2-local section of σ1(3) that is a map of BP-module spectra,
where MStringh(2) acquires its BP-module structure from the E4-map BP → MU(2) → MStringh(2)
and tmf1(3)(2) acquires its BP-module structure from the equivalence tmf1(3)(2) ≃ BP⟨2⟩.

Proof. Suppose such a section existed and rationalize. That would imply the existence of
a section of

σ1(3)∗ : π∗(MStringh)⊗Q −→ tmf1(3)∗ ⊗Q

which is linear with respect to BP∗ ⊗Q ∼= Q[v1, v2, . . . ]. Since

π∗(MStringh)⊗Q ∼= π∗(MString)⊗Q⊗ π∗(MU)

and π∗(MU)⊗Q is a free π∗(BP)⊗Z(2)
Q-module and π∗(MString)⊗Q is a polynomial algebra,

v3 acts injectively on π∗(MStringh ⊗ Q). However, since tmf1(3)(2) acquired its BP -module
structure by being a form of BP⟨2⟩, v3 acts as zero on tmf1(3)∗ ⊗Q. A section equivariant for
the action of v3 cannot carry a zero action to an injective action. ■

5 Stringh and the Diaconescu–Moore–Witten anomaly

We will now explain an application of stringh structures to type IIA string theory by understand-
ing their relationship with the Diaconescu–Moore–Witten anomaly. Let X be a 10-dimensional
manifold which serves as the target space for type IIA string theory. The intimate way in which
type IIA and M-theory are related means that the same anomaly also manifests in M-theory on
Y = X × S1, and is in a sense where it originates. In particular, the partition function for the
RR-fluxes in type IIA string theory can be matched with the corresponding partition function
computed in M-theory, and we review how an anomaly arises in M-theory by looking at a certain
part of its partition function. A priori the way in which the anomalies arise in M-theory and
type IIA are different, but it was shown in [48] that the anomaly cancellation information is
equivalent. Therefore, whatever criterion on the structure of spacetime is imposed by anomaly
cancellation is shared by both the M-theory and the type IIA target space.

M-theory has two types of branes: the M2 and M5 branes. On the M2 brane, there is an
associated 3-form field C with field strength G = dC. The topological quantization of G is given
by choosing any element α ∈ H4(X;Z) and letting Gα be the “mode” of G contributing to the
topological sector labeled by α. From this, we can form the partition function of M-theory by
considering the contributions from all α.

Definition 5.1 (Diaconescu–Moore–Witten [47, Section 5]). Let X be a closed spin 10-manifold
and α ∈ H4(X;Z). Assume that there is a class x ∈ ku4(X) such that τ0(x) = α; as we
observed in the proof of Theorem 2.23, x may be represented by an SU-bundle, and because
BSU5 → BSU is 11-connected, x may be represented by a rank-5 complex vector bundle E → X
with SU-structure. Then define

f(α) := q(E ⊗ E) +
(︁
(Ind

(︁
Λ2(E)

)︁
+ Ind(E)) mod 2

)︁
∈ Z/2, (5.1)
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where Ind(V ) denotes the index of the Dirac operator coupled to V and q denotes the mod 2
index of this Dirac operator.

Definition 5.2. Let X be a closed spin 10-manifold. The partition function of the topological
sector of M-theory on X is given by the following sum over α ∈ H4(X;Z) for G:18

ZM ∼
∑︂

α∈H4(X;Z)

(−1)f(α) exp
(︁
−|Gα|2

)︁
, (5.2)

where |Gα|2 =
∫︁
Gα ∧ ⋆Gα, and we are assuming the ku4 lifts chosen in Definition 5.1 in the

definition of f exist.

Even though the topological sector is not the full partition function of M-theory, it can
already give hints at anomalies, in particular by studying the ambiguity of (5.2) with respect to
the existence of lifts across τ0.

Definition 5.3. The kth integral Stiefel–Whitney class Wk ∈ Hk(BO;Z) is Wk := □Z(wk−1).

Thus, for example, a spinc structure on an oriented vector bundle V is equivalent data to
a trivialization of W3(V ).

Proposition 5.4 (Diaconescu–Moore–Witten [48]). With X as above, in particular spin, given
data of a trivialization of W7(X) the quantity f(α) from Definition 5.1 is well-defined for all
α ∈ H4(X;Z): each α has a ku-cohomology lift, and the quantity (5.1) does not depend on the
choice of lift.

Proposition 5.4 has the physics consequence that the partition function of the topological
sector of type IIA string theory on X, which in general suffers a sign ambiguity, is well-defined
when W7(X) is trivialized. More heuristically speaking, in order for X to be a valid background
of type IIA string theory, either we must choose a trivialization of W7(X) or wrap branes within
submanifolds of X. In this paper we will consider the first option.

Mathematically, Proposition 5.4 tells us that a 10-manifold with spin structure and a trivi-
alization of W7 admits a stringh structure.

Remark 5.5. It is possible to generalize this story to the case when X is merely spinc. In this
case, the relation to M-theory is slightly changed: if L→ X is the determinant line bundle of the
spinc structure, then the total space of the unit sphere bundle S(L) is a closed 11-manifold with
a canonical spin structure induced from the spinc structure on X, and one thinks of type IIA
string theory on X as a “twisted compactification” of M-theory on S(L). In this setting, there
is a generalization of Proposition 5.4 implying that on a closed spinc 10-manifold X, the data
of a trivialization of W7(X) suffices to resolve the sign ambiguities in the partition function of
the topological sector of type IIA string theory on X.

Remark 5.6. Let us suppose that the target space of type IIA string theory has a stringh

structure. As a first level consistency check, we recall that a stringh structure induces a spinc

structure. This is consistent with the fact that the target space of type IIA string theory has
a spinc structure, as we just discussed in Remark 5.5. We exhibit the spinc structure on type
IIA by observing the transformation of the gravitino field Ψ in the low energy supergravity.
This is a fermion that is charged under a U1-gauge symmetry, where the U1-bundle arises from
dimensionally reducing away the M-theory circle. A gauge transformation Ψ → e2πiqΨ reflects
the spinc structure if q is half integral, and it was shown in [25, 51] that this is the case.

18We write ∼ rather than = because of some prefactors that are gauge-invariant and thus not relevant for the
present discussion. See [47, Section 3] for more on these terms.
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Definition 5.7. The Diaconescu–Moore–Witten anomaly cancellation condition is the require-
ment W7(X) = 0. A Diaconescu–Moore–Witten (DMW) structure on a vector bundle V is
a spinc structure and a trivialization of W7(V ).

See [52, 123] for more on how generalized cohomology theories can be applied to M-theory
from the DMW anomaly, and [57] for more on the tangential structure of M-theory when time-
reversal is taken into account.

The following serves as a sketch of the argument given in [47] for their anomaly cancellation
condition. We start by unpacking the conditions on the function f(α). In particular, f(α)
satisfies the property that

f(α+ α′) = f(α) + f(α′) +

∫︂
X
α Sq2(α′ mod 2),

and (X,α) ↦→ f(α) is a bordism invariant in Hom
(︁
ΩSpin
10 (K(Z, 4)),Z/2

)︁
. Suppose γ ∈ H4(X;Z)

is torsion. Then, while |Gα|2 is invariant under α→ α+γ, f(α) is often not invariant. Consider
a specific transformation α→ α+ 2γ; then,

f(α+ 2γ) = f(α) + f(2γ) +

∫︂
X
α Sq2(2γ mod 2), (5.3)

but 2γ mod 2 = 0 so we only need to consider the new term f(2γ). Expanding again, we see

f(2γ) = f(γ) + f(γ) +

∫︂
X
γ Sq2(γ mod 2).

Stong [135] shows that
∫︁
X γ Sq

2(γ) = Sq4
(︁
Sq2(γ)

)︁
; combining this with the Wu formula, Diaco-

nescu–Moore–Witten [47, Section 6] show that∫︂
X
γ Sq2(γ mod 2) =

∫︂
X
γ Sq2(λ(X) mod 2).

The effect of (5.3) in the partition function is given by (−1)f(α)+f(2γ). As 2f(γ) = 0, we only
have to worry about

∫︁
X γ Sq

2(γ mod 2).

Lemma 5.8 ([47, Section 6]). Let ⟨–, –⟩ : Tors
(︁
H4(X;Z)

)︁
⊗Tors

(︁
H7(X;Z)

)︁
→ Q/Z denote the

torsion pairing on a closed spin 10-manifold X. Then for all γ ∈ Tors
(︁
H4(X;Z)

)︁
,

1

2

∫︂
X
γ · Sq2(λ(X) mod 2)) =

⟨︁
γ,□Z

(︁
Sq2(λ(X))

)︁⟩︁
. (5.4)

The equality (5.4) takes place in Q/Z: for the left-hand side, the integral is an element of Z/2,
so dividing by 2 we obtain an element of

(︁
1
2Z

)︁
/Z, which is a subgroup of Q/Z.

Finally, a direct calculation with the Wu formula and the relation λ(X) mod 2 = w4(X)
shows

□Z
(︁
Sq2(λ(X) mod 2)

)︁
=W7(X),

so the DMW condition W7(X) = 0 fixes the sign of the partition function unambiguously.19

19In conversation with Moore, it became known to the authors that the theory could be consistent even if
the W7 anomaly is non-trivial. If the partition function vanishes, that does not inherently mean that the theory
itself is invalid. We plan to return to theories with nontrivial values of this anomaly in future work.
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5.1 Relating Diaconescu–Moore–Witten anomaly cancellation with stringh

We will show how a stringh structure induces a Diaconescu–Moore–Witten structure.

Theorem 5.9. Let V → X be a stringh vector bundle. Then W7(V ) admits a canonical trivi-
alization.

Thus the Diaconescu–Moore–Witten anomaly cancellation condition (Definition 5.7) is auto-
matically satisfied on stringh 10-manifolds.

Proof. We use the characterization of stringh structure from Definition 2.10: that we have
trivialized □ku(λ

c(V )). That is, we think of the class □ku(λ
c(V )) as a map

X
V−→ BSpinc

λc−→ K(Z, 4) □ku−−→ ΩBU⟨8⟩, (5.5)

and we have supplied a null-homotopy of this map. To relate Definition 2.10 to the W7(X) = 0
anomaly cancellation condition of Diaconescu–Moore–Witten, we observe the following commu-
tative diagram, whose rows are cofiber sequences:

Σ2ku ku HZ Σ3ku

Σ2HZ τ≤2ku HZ Σ3HZ .

β

τ≤2

τ0

τ≤2

2ku

τ0

2Z Sq2 ρ2

(5.6a)

Here ρ2 is reduction modulo 2. The top map builds ku as an extension with 2ku as the k-
invariant, β the Bott map, and the map down is the truncation map. This builds τ≤2ku also as
an extension with k-invariant 2Z Sq

2.
Functoriality of Postnikov truncation means that (5.6a) provides data of a contractible space

of homotopies in each square that make each square commute. Choose one of them for the
rightmost square, and call it H. Then apply Ω∞Σ4 to the rightmost square of (5.6a):

K(Z, 4) ΩBU⟨8⟩

K(Z, 7).

□ku

□Z Sq2 ρ2

τ≤7H (5.6b)

Now paste together (5.5) and (5.6b) to obtain a commutative diagram as follows:

X BSpinc K(Z, 4) ΩBU⟨8⟩

K(Z, 7)

V λc □ku

□Z Sq2 ρ2

τ≤7H

The null-homotopy of □ku ◦ λc ◦ V induces a null-homotopy of τ≤7 ◦ □ku ◦ λc ◦ V . Composing
with the homotopy H specified above, we have a null-homotopy of □ ◦ Sq2 ◦ρ2 ◦ λc ◦ V . It
therefore suffices to identify this composition with W7(V ) : X → K(Z, 7). By Definition 5.3,
it suffices to identify Sq2 ◦ρ2 ◦ λc with w6 : BSpinc → K(Z/2, 6). By Remark 2.7, we have an
identification ρ2 ◦ λc ≃ w4 + w2

2 as maps BSpinc → K(Z/2, 4); the Wu formula then furnishes
the last identification. ■

Remark 5.10. Fiorenza–Sati–Schreiber [52, Section 3.2] derive the Diaconescu–Moore–Witten
condition W7 = 0 in another way, starting from their Hypothesis H: that the C-field in M-
theory is quantized in twisted cohomotopy, rather than twisted cohomology (see [52] for more
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on Hypothesis H and [124, Section 4.2] for an introduction). There are interesting parallels to
the story presented here: rather than arising from a stringh structure, Fiorenza–Sati–Schreiber
obtain the condition W7 = 0 from a twisted Sp-structure giving rise to the needed twist of
cohomotopy. Intriguingly, the appearances of cohomotopy in their work and tmf in ours may
be related: because the Hurewicz map S → tmf is 6-connected, these two spectra are not easy
to distinguish in appearances in string theory. We thank Urs Schreiber for a helpful discussion
regarding this comparison.

While a stringh structure always trivializes W7, one can also ask the reverse question: given
a manifold with DMW structure, must this lift to a stringh structure? Is such a lift unique?
This would allow us to choose a stringh structure when studying type IIA backgrounds, and/or
to argue that such a choice is uniquely defined.

Proposition 5.11. Let V → X be a vector bundle with DMW structure. Then there is a class
ρ(V ) ∈ H9(X;Z) which vanishes if V is stringh. If X is a manifold of dimension 10 or below
with DMW structure, ρ(X) is the complete obstruction to lifting the DMW structure to a stringh

structure.

Lemma 5.12. Let BSpinc⟨W7⟩ be the fiber of the map BSpinc
W7−−→ K(Z, 7). The homotopy

groups up to degree 10 of BSpinc⟨W7⟩ are given by

π∗(BSpinc⟨W7⟩) = {0, 0, Z, 0, Z, 0,Z, 0,Z, Z/2, Z/2, . . .}.

Proof. The lemma follows immediately from studying the homotopy long exact sequence for
BSpinc⟨W7⟩ → BSpinc → K(Z, 7), and using the homotopy groups in Figure 1. ■

Proof of Proposition 5.11. Let the space F be the fiber of the map

f : BStringh → BSpinc⟨W7⟩.

For a map X → BSpinc⟨W7⟩, we want to quantify the first obstruction to lifting against the
map f . This will be given by a cohomology class Hn+1(X;πn(F )). The long exact sequence in
homotopy groups for the fiber sequence F → BStringh → BSpinc⟨W7⟩ is given in Figure 2. We
see that the only homotopy group that contributes to the obstruction for manifolds X in the
degrees we are considering is π8(F ) = Z. Therefore, the obstruction class is in H9(X;Z). ■

If an obstruction class in Hn trivializes, the choices of trivializations live in a torsor for Hn−1.
We summarize the implications below:

� For manifolds of dimension 5 and below, a spinc structure lifts uniquely to a DMW struc-
ture. On 6-manifolds, such a lift exists but may not be unique, as H6(X,Z) is not neces-
sarily trivial.

� For spinc manifolds X that are dimension 7 and below, the obstruction for a DMW struc-
ture to lift to a stringh structure vanishes, and there is a unique lift of a DMW structure
to a stringh structure. In dimension 8, the obstruction vanishes but the choice of lift may
be nonunique.

� For spinc manifolds in dimensions 9 and 10, it is thus far unclear whether a DMW struc-
ture always lifts to a stringh structure (by contrast to the spin case, where we saw in
Proposition 5.4 that a 10-manifold with both spin and DMW structures admits a stringh

structure).

Theorem 5.13. Let M be a closed 9-dimensional spinc manifold. Every DMW structure on M
lifts to a stringh structure.
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∗ π∗(F ) π∗(BStringh) π∗(BSpinc⟨W7⟩)

2 0 Z Z

3 0 0 0

4 0 Z Z

5 0 0 0

6 0 Z Z

7 0 0 Z

8 Z Z⊕ Z Z

9 0 Z/2 Z/2

10 Z ? Z/2

∼=

0

Figure 2. Homotopy long exact sequence for computing the homotopy groups of BStringh in degrees

up to 10.

Lemma 5.14. If M is a closed, R-oriented n-manifold, for R a ring spectrum, then the map
ΣnR→ R ∧M+ induced by the top cell of M splits off as a direct summand.

Proof. The bottom cell of any space always splits off stably, by the inclusion of the basepoint
followed by the crush map. If M is R-oriented, Atiyah–Poincaré duality identifies R∧M+ with
its (dim(M))-shifted (R-module) Spanier–Whitehead dual R∧Σ−dim(M)D(M)+; the top cell of
D(M) corresponds to the bottom cell ofM , hence splits off, and therefore the top cell of R∧M+

does as well. ■

As a result, the p = 9 column of the Atiyah–Hirzebruch spectral sequence computing ku∗(M)
for a closed spinc 9-manifold M splits off as a direct sum, which prohibits any differentials or
extensions involving this column.

Proof of Theorem 5.13. Consider the ku-cohomology Atiyah–Hirzebruch spectral sequence
for M , and suppose that λc ∈ E4,0

2
∼= H4(M ;Z) is such that 2Z Sq

2(λc) = 0. If λc survives
to the E∞ page of the ku∗(M) spectral sequence, then λc has a K-theory lift to ku4(M). The
homotopy groups of ku start in degree 0 given by Z, and by Bott periodicity are Z in each
positive even degree. The only differentials that λc can admit, and within the range of degrees
that we are considering, are d3 and d5:

� The d3 differential is given by 2Z ◦ Sq2 ◦mod2, which maps λc to W7(M). But since this
class is trivial by assumption, d3 vanishes.
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� The d5 differential maps λc to E9,−4
5 , but by Lemma 5.14 E9,−4

2 must split off as a direct
sum and therefore cannot be killed by a differential, hence d5 vanishes.

Thus, λc survives to E4,0
∞ which means it has a ku-cohomology lift, and M has a stringh

structure. ■

5.2 Applications of stringh for type IIA compactifications

Consider a compactification of type IIA string theory down to dimension d < 10. We know that
imposing Diaconescu–Moore–Witten’s anomaly cancellation condition W7 = 0 resolves a sign
ambiguity in the partition function, but it is a priori possible that the compactified theory has
an anomaly α of some other provenance. This anomaly is a unitary (d+1)-dimensional invertible
field theory of manifolds equipped with a DMW structure and possibly a map to a space X (e.g.,
X = BG if we have a background gauge field for the group G), so by work of Freed–Hopkins [58]

and Grady [65], α is classified in terms of the bordism groups Ω
Spinc⟨W7⟩
k (X) for k = d+1, d+2.

There is a standard procedure to compute bordism groups of manifolds with a trivialized
characteristic class such as DMW-structures (see, for example, [17, Section 3.3.2]): first, use the
Serre spectral sequence to study H∗(BSpinc⟨W7⟩), then use that cohomology as input to the
Adams or Atiyah–Hirzebruch spectral sequence. This is thus quite a bit more complicated than
just computing spinc bordism.

In this subsection, we will use stringh bordism to simplify the bordism computations un-
derlying anomaly cancellation of these IIA compactifications. Specifically, we will lift from
DMW-structures to stringh structures, and show that in dimensions d ≤ 8, this loses no infor-
mation about the anomaly. We will also see that the Atiyah–Hirzebruch and Adams spectral
sequences for stringh bordism are relatively straightforward after our work in the previous sec-
tion. See [42, 43, 136, 138] for more examples of anomaly cancellations in compactifications
of supergravity and heterotic string theory. We highlight here how using stringh affects the
computations in different dimensions:

� If M is a manifold of dimension 5 or below, every spinc structure on M lifts uniquely to
a stringh structure. Therefore, in dimensions 5 and below, lifting to a stringh structure
does not buy us anything new over computing with spinc.

� For manifolds in dimensions 6 ≤ d ≤ 9, spinc and DMW structures are not equivalent, and
every DMW structure lifts to a stringh structure. Therefore, given a d-dimensional field
theory on manifolds with a DMW structure (and perhaps also some background fields),
the anomaly is trivializable as an IFT of DMW manifolds if and only if it is trivializable
as a stringh theory. Because stringh bordism is easier to compute than DMW bordism, as
we will see in a few examples below, this can assist in anomaly cancellation computations.

� In dimension 10, because we do not know whether every DMW structure lifts to a stringh

structure, we do not know whether restricting to stringh manifolds loses information with
regards to anomaly cancellation.

The real highlight of when stringh leads to simplifications is when we are concerned with
anomalies of a compactified theory that has some Lie group global symmetry. Using the change
of rings from A to E(2) that is afforded to us by the orientation σ1(3), the Adams spectral
sequence can be used to compute these bordism groups in low degrees.

Remark 5.15. If we suppose a näıveness to stringh as well as the W7 = 0 condition and only
considered spinc structures for target space manifolds, then we will start to see the difference
after degree 6. After this degree is when stringh bordism begins to have more free summands
than in spinc and thus there could potentially be more perturbative anomalies to check.
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Example 5.16. Consider any theory that arises as a compactification of type IIA in dimension 9
or below, with a G symmetry where G is a Lie group of the type Un, SUn, or Spn for n > 1.
The bordism groups relevant for anomaly cancellation will be Ω

Spinc⟨W7⟩
∗ (BG), and by the above

discussion ΩStringh

∗ maps surjectively onto the DMW bordism groups in dimensions ∗ ≤ 9.
Since the homology and ΩStringh

∗ are both concentrated in even degrees in the range relevant to
this example, the Atiyah–Hirzebruch spectral sequence that computes ΩStringh

∗ (BG) therefore
collapses on the E2-page in the degrees relevant to this example. Thus the Anderson dual(︁
IZΩ

Stringh
)︁∗
(BG), which classifies the unitary invertible field theories with this structure, is

free and concentrated in odd degrees. This implies that any theory with a stringh structure and
a G global symmetry has no global anomalies to cancel, and once the perturbative anomalies
are cancelled then the theory is anomaly-free.

Example 5.17. Consider any theory that arises as a compactification of type IIA in dimension 9
or below, with a U1 global symmetry. If one is interested in computing Ω

Spinc⟨W7⟩
∗ (BU1), the

situation is much more complicated from the point of view of the Atiyah–Hirzebruch spectral
sequence because the low degree homology classes for BU1 are more nontrivial. However, this is
where being able to lift to stringh pays off. Since the homology of BU1 is in even degrees, and by
Corollary 4.22 the homotopy groups of MStringh are also torsion-free and concentrated in even
degrees in this range. Therefore, the Atiyah–Hirzebruch spectral sequence for ΩStringh

∗ (BU1)
collapses on the E2 page and the anomalies share the same properties as in Example 5.16.

Example 5.18. Let G be a connected, simple, simply connected Lie group. Since the reduced
homology of BG begins in degree 4, and ΩStringh

∗ → ΩSpinc

∗ is an isomorphism in degrees < 6
we see by the Atiyah–Hirzebruch spectral sequence that the first place where the two groups
ΩStringh

∗ (BG) and ΩSpinc

∗ (BG) can potentially begin to differ is in bi-degree (p, q) = (4, 6). There-
fore, ΩStringh

∗ (BG) → ΩSpinc

∗ (BG) is an isomorphism in degrees ≤ 9. In Theorem A.1, we prove
that the groups ΩSpinc

∗ (BG) are torsion-free in degrees 9 and below, so the same is true for
stringh bordism. Similarly to the previous two examples, this suffices to detect anomalies on
manifolds with DMW structures and principal G-bundles in dimensions 9 and below, so we learn
that anomalies for these symmetries therefore share the same features as in Example 5.16.

In higher degrees we predict it will be easier to use the Adams spectral sequence, where one
can take advantage of a change-of-rings result to work over E(2), since the complications with
using the Atiyah–Hirzebruch spectral sequence build up very quickly in higher degrees. We leave
the details to future work.

A A bordism computation

The purpose of this appendix is to prove the following theorem.

Theorem A.1. Let G be a connected, simple, simply connected Lie group. Then ku∗(BG) is
torsion-free in degrees 10 and below.

This is an ingredient in our anomaly cancellation result in Examples 5.18 and 5.17; however,
it requires different techniques than we used in that section, so we have siloed it off here.

Lemma A.2.

1. Theorem A.1 is true for G = Spn, SUn, and (for n ≤ 6) Spinn.

2. If we localize at a prime p > 5, the theorem is true for all G in the statement of Theo-
rem A.1. Localized at p = 5, the theorem is true for all such G except perhaps E8, and
localized at p = 3, the theorem is true for all such G except perhaps F4, E6, E7, and E8.
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Proof. For part (1), let G be Spn, SUn, or (for n ≤ 6) Spinn and set up the Atiyah–Hirzebruch
spectral sequence

E2
p,q = Hp(BG; kuq) =⇒ kup+q(BG).

For these choices of G, H∗(BG;Z) is torsion-free and concentrated in even degrees. Since ku∗ is
also torsion-free and concentrated in even degrees, the spectral sequence collapses to imply the
first part of the lemma statement.

The proof of part (2) is similar except for using the ku(p)-homology Atiyah–Hirzebruch spec-
tral sequence, whose input is the Z(p)-homology of BG. Assume p ≥ 7, or p = 5 and G ̸= E8, or
p = 3 and G ̸∈ {F4, E6, E7, E8}. Borel [24, Théorèmes B et 2.5] shows that for these choices of G
and p, H∗(BG;Z) lacks p-torsion and is concentrated in even degrees, so the Atiyah–Hirzebruch
spectral sequence collapses as in the previous paragraph. ■

The Atiyah–Hirzebruch-style proof of Lemma A.2 does not generalize nicely to the remaining
cases of Theorem A.1, so we use the Adams spectral sequence. Choose a prime p and let A
denote the p-primary Steenrod algebra, the Z-graded noncommutative Z/p-algebra consisting of
natural transformations H∗(–;Z/p) → H∗+n(–;Z/p) that commute with the suspension functor.
Then the Adams spectral sequence has signature

Es,t2 = ExtA(H
∗(X;Z/p),Z/p) =⇒ πst−s(X)∧p , (A.1)

where πs∗ denotes stable homotopy groups and (–)∧p denotes p-completion.

Definition A.3. Let Qi ∈ A denote the ith Milnor primitive; thus Q0 is the Bockstein operator
for 0 → Z/p → Z/p2 → Z/p → 0 and Q1 is the commutator of Q0 and Sq2 (if p = 2) or P1 (if
p > 2).

Let E(1) := ⟨Q0, Q1⟩ ⊂ A; the Adem relations imply E(1) is an exterior algebra on Q0 and
Q1.

Theorem A.4 (Adams [4, Section 16]). For each prime p, there is a spectrum ℓ with the
following properties:

1. ku(p) ≃ ℓ ∨ Σ2ℓ ∨ · · · ∨ Σ2(p−2)ℓ, or if p = 2, ku(2) ≃ ℓ.

2. There is an A-module isomorphism H∗(ℓ;Z/p) ∼= A⊗E(1) Z/p.

The first part of Theorem A.4 implies that, if we can prove ℓ∗(BG) is torsion-free in degrees 10
and below, then we have proven Theorem A.1. The second part of Theorem A.4 allows us to
simplify the Adams spectral sequence calculating ℓ-homology: if one plugs in X = ℓ∧Y to (A.1),
the spectral sequence simplifies to

Es,t2 = Exts,tE(1)(H
∗(Y ;Z/p),Z/p) =⇒ ℓt−s(Y )∧p . (A.2)

The ℓ∗-module structure on ℓ∗(Y ) manifests in this spectral sequence through the action of the
algebra ExtE(1)(Z/p,Z/p) on the E2-page of (A.2). Explicitly, this algebra is [28, Section 2.1]

Ext∗,∗E(1)(Z/p,Z/p) ∼= Z/p[h0, v1] (A.3)

with h0 ∈ Ext1,1 and v1 ∈ Ext1,2p−2. The action of h0 on the E∞-page of (A.2) lifts to detect
multiplication by p on ℓ∗(Y ).

On the E2-page of (A.2), an h0-tower is a free Z/p[h0]-module of rank 1.

Lemma A.5. Suppose Y is a CW complex with finitely many cells in each dimension and the
E2-page of the spectral sequence (A.2) for Y consists solely of h0-towers in even (t− s)-degrees
as long as t− s ≤ N . Then in degrees k ≤ N − 1, ℓk(Y ) is torsion-free.
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For any connected Lie group G, there is a choice of BG which is a CW complex with finitely
many cells in each dimension, so this hypothesis does not worry us.

Proof. By assumption, t − s is even for all nonzero classes on the E2-page with t − s ≤ N ;
since Adams differentials change the parity of t− s, this forces all differentials in that range to
vanish. Then, all extension questions for multiplication by p in that range are resolved by the
h0-action: since the E∞-page for t − s ≤ N − 1 is a direct sum of h0-towers, there can be no
hidden extensions by p in this range. Since Y has finitely many cells in each dimension, ℓk(Y )
is a finitely generated Z(p)-module for each k, so we conclude that, in the range claimed, ℓk(Y )
is a free Z(p)-module of finite rank. ■

Remark A.6. Because |v1| is even, (A.3) implies ExtE(1)(Z/p,Z/p) consists of h0-towers in
even degrees.

Lemma A.7 (Adams-Priddy [5, §3]). Up to multiplication by a unit in (Z/p)×, there is a
unique nonzero E(1)-module map f : Σ−1E(1) → Σ−1Z/p. Given any such map, let

Q

:= ker(f);
the isomorphism type of

Q

does not depend on f . Moreover, there is an ExtE(1)(Z/p,Z/p)-
equivariant isomorphism Exts,tE(1)(

Q

,Z/p) ∼= Exts+1,t+1
E(1) (Z/p,Z/p), so ExtE(1)(

Q

,Z/p) consists of
h0-towers in even degrees.

For any E(1)-module M , let M≥d denote the E(1)-submodule generated by homogeneous
classes in degrees d and greater.

Definition A.8. We say that two E(1)-modulesM andN are isomorphic up to degree d, denoted

M ∼=<d N , if there is an E(1)-module isomorphism M/M≥d
∼=→ N/N≥d.

Proposition A.9. Let Y be a CW complex with finitely many cells in each dimension. Suppose
that H∗(Y ;Z/p) is isomorphic up to degree d to a direct sum of copies of Σ2miZ/p and Σ2nj

Q

for various mi, nj. Then for k ≤ d− 2, ℓ∗(Y ) has no p-torsion.

Proof. Use the long exact sequence in Ext associated to the short exact sequence 0 →M≥n →
M →M/M≥n → 0 to show the mapM →M/M≥d induces an isomorphism in Ext in degrees d−
2 and below. Therefore, for the purpose of calculating ℓ∗(Y ) in degrees d−2 and below, we may
replace H∗(Y ;Z/p) with a sum of shifts of Z/p and

Q

by even degrees. The result then follows
from Lemma A.5 and the observations in Remark A.6 and Lemma A.7 that ExtE(1)(Z/p,Z/p)
and ExtE(1)(

Q

,Z/p) consist of h0-towers in even degrees. ■

Thus to prove Theorem A.1, it would suffice to prove the following assertions.

Proposition A.10. The following are isomorphisms of E(1)-modules up to degree 12.

� For G = G2, F4, E6, E7, E8, and Spin7, ˜︁H∗(BG;Z/2) ∼=<12 Σ
4 Q

⊕ Σ8Z/2.
� For G = Spin8 and Spin9, ˜︁H∗(BG;Z/2) ∼=<12 Σ

4 Q

⊕ Σ8Z/2⊕ Σ8Z/2.
� For n ≥ 10, ˜︁H∗(BSpinn;Z/2) ∼=<12 Σ

4 Q

⊕ Σ8Z/2⊕ Σ8 Q

.

� For G = F4, E6, E7, and E8, ˜︁H∗(BG;Z/3) ∼=<12 Σ
4 Q

⊕ Σ8Z/3.
� ˜︁H∗(BE8;Z/5) ∼=<12 Σ

4Z/5.

Proof. In [104], the authors compute the A(1)-module structure onH∗(BG;Z/2) in the degrees
we need for G = Spinn, G2, F4, E6, E7, and E8, from which the E(1)-module structures in the
theorem statement follow.

The assertion for H∗(BF4;Z/3) follows from the products and Steenrod operations given
by Toda [143, Theorems I, II, III]. The cohomology H∗(BE6;Z/3), can be computed from [24,
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Théorème 2.3] where the author computes H∗(E6;Z/3). The cohomology H∗(BE7;Z/3) can be
computed from [10, Theorem 8] andH∗(BE8;Z/3) can be computed from [10, Theorem 9], where
the author computes H∗(E7;Z/3) and H∗(E8;Z/3) respectively together with Steenrod powers
on the generators; the Kudo transgression theorem [90] determines the Steenrod powers in the
cohomology of the classifying spaces. The assertion for BE8 at p = 5 follows from Borel [24,
Théorème 2.3] calculating H∗(E8;Z/5) together with a quick transgression argument. ■
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