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Abstract. To understand the origin of post-groups introduced by Bai, Guo, Sheng, and
Tang from the perspective of rings, we introduce the notion of (weak) twisted post-groups.
First, we show that every element of a twisted post-group belongs to a unique group, and
that a twisted post-group can be viewed as the disjoint union of such groups. Next, we prove
that the category of weak twisted post-groups is isomorphic to the category of skew trusses,
and that every two-sided twisted post-group admits the structure of a two-sided skew brace.
It follows that every abelian two-sided twisted post-group gives rise to a radical ring. We then
introduce twisted post-Lie algebras and investigate their algebraic properties, showing that
differentiating a twisted post-Lie group yields a twisted post-Lie algebra. Finally, we consider
the linearization of (weak) twisted post-groups and propose the notion of (weak) twisted
post-Hopf algebras. We show that every twisted post-Hopf algebra gives rise to another
Hopf algebra, called the sub-adjacent Hopf algebra.
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1 Introduction

1.1 Braces and trusses

In modern theoretical and mathematical physics, the Yang–Baxter equation plays a fundamental
role. The Yang–Baxter equation has its origins in the study of exactly solvable models in
statistical mechanics [5] and in Yang’s investigation of interacting particle systems [29]. The
investigation into the set-theoretical solutions of the Yang–Baxter equation was pioneered by
Drinfeld [14] and pursued by several authors [15, 17, 22].

In [25], Rump introduced braces as a generalisation of radical rings, which yield non-degen-
erate involutive set-theoretic solutions of the Yang–Baxter equation. Subsequently, in [11],
Cedó, Jespers and Okniński defined left braces. For further developments on braces and their
connection to set-theoretic solutions of the Yang–Baxter equation, we refer to [10, 25, 26].
More recently, Guarnieri and Vendramin introduced the notion of skew braces, which generalise
braces to the non-abelian setting. Later, Bachiller proved that every non-degenerate set-theoretic
solution of the Yang–Baxter equation can be constructed from skew braces [2].

To understand how two group operations interact in a skew brace, Brzeziński [7] proposed
a new algebraic system, called a skew truss. The notion of a Rota–Baxter system of groups was
introduced as the skew truss analogue of Rota–Baxter groups [21].

More recently, the notion of a skew truss was also introduced in a broader categorical frame-
work in [24], where Hopf trusses were introduced in an arbitrary braided monoidal category C.
When C is the category of sets, Hopf trusses are just skew trusses [24].

mailto:2024093@aust.edu.cn
https://doi.org/10.3842/SIGMA.2026.099


2 S. Wang

1.2 Post-Lie algebras and post-groups

Post-type algebraic structures appear in various areas of mathematics and physics. In [28],
Vallette introduced the notion of post-Lie algebras in the study of operads. In [3], Bai, Guo
and Ni showed that post-Lie algebras are closely related to the classical Yang–Baxter equation.
Then in [23], Munthe-Kaas and Lundervold investigated the connections of post-Lie algebras
with Lie-Butcher series and flows on manifolds. For more works on post-Lie algebras, we refer
to [6, 8, 13].

Recently, in [20], Li, Sheng and Tang introduced the Hopf algebra analogues of post-Lie
algebras, called post-Hopf algebras. It was shown that the category of post-Hopf algebras and
the category of Hopf braces introduced in [1] are isomorphic under cocommutativity conditions.
More recently in [4], Bai, Guo, Sheng and Tang introduced the notion of post-groups, which
is the group analogue of post-Lie algebras. A post-group is a triple (G, ·,�), where (G, ·) is
a group and � : G×G→ G is an operation such that

(a) For each a ∈ G, the left multiplication L�
a : G→ G given by L�

a (b) = a� b, ∀b ∈ G, is an
automorphism;

(b) For any a, b, c ∈ G, (a · (a� b))� c = a� (b� c).

It was shown that Butcher groups in numerical integration, P-groups of operads, and braided
groups all have the structure of post-groups. Moreover, it was proven that the category of
post-groups is isomorphic to the category of skew braces.

1.3 The skew truss analogue of post-groups

In view of the equivalence between the category of post-groups and the category of skew braces,
and the fact that every skew brace admits a skew truss structure, we introduce in this paper the
notion of (weak) twisted post-groups, defined as the skew truss analogue of post-groups.

First, we give some examples of (weak) twisted post-groups and show that in any twisted post-
group (G, ·,�,Φ), there exists an operation, called the sub-adjacent operation, under which G
forms a semigroup.

Then we prove that for any a in a twisted post-group, there is a unique group Ga such that Ga

is a group with respect to the sub-adjacent operation. Furthermore, we give a decomposition
theorem for twisted post-groups, which generalises the decomposition theorem of Rota–Baxter
systems of groups.

Next, we investigate the relationship between weak twisted post-groups and skew trusses.
We prove that the category of weak twisted post-groups and the category of skew trusses are
isomorphic. Furthermore, we show that a skew truss carries the structure of a twisted post-
group if and only if it is right divisible with respect to its sub-adjacent operation. Then we
investigate the connections between twisted post-groups and Rota–Baxter systems of groups.
We also study the relationship between (weak) twisted post-groups and rings. In particular,
every abelian two-sided twisted post-group gives rise to a radical ring.

As the Lie algebra analogue of twisted post-groups, we introduce the notion of twisted post-
Lie algebras. Twisted post-Lie algebras can be regarded as the skew truss version of post-Lie
algebras. We prove that differentiating a twisted post-Lie group yields a twisted post-Lie algebra.
Finally, as the Hopf algebra analogue of twisted post-groups, we introduce (weak) twisted post-
Hopf algebras. We show that the category of weak twisted post-Hopf algebras is isomorphic
to the category of Hopf trusses, and that every twisted post-Hopf algebra gives rise to another
Hopf algebra, called its sub-adjacent Hopf algebra.
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1.4 Outline of this paper

This paper is organised as follows. In Section 2, we introduce (weak) twisted post-groups and
provide several examples. Section 3 is devoted to the study of their internal structure. In
Section 4, we investigate the connections between skew trusses and (weak) twisted post-groups.
The relationship between post-groups and rings is also discussed. In Section 5, we define twisted
post-Lie algebras and consider their connections with the differentiations of twisted post-Lie
groups. In Section 6, we introduce (weak) twisted post-Hopf algebras as the Hopf algebra
analogues of (weak) twisted post-Lie algebras. Finally, we show that the category of weak
twisted post-Hopf algebras is isomorphic to the category of Hopf trusses.

Notation. Throughout this paper, for a group (G, ·), denote its identity by 1. Given a unital
associative algebra A over a field F, we also denote its identity by 1. And the unit map F → A
given by a → a1 is also denoted by 1. For any coalgebra (C,∆, ϵ), we will use the Sweedler
notation ∆(a) = a1 ⊗ a2 without summation sign. Thanks to the coassociativity, we can extend
the notation to write

a1 ⊗ a2 ⊗ a3 = a1,1 ⊗ a1,2 ⊗ a2 = a1 ⊗ a2,1 ⊗ a2,2.

Similarly for any n > 3, we can write

a1 ⊗ a2 ⊗ · · · ⊗ an =
(︁
∆⊗ idn−1

)︁
· · · (∆⊗ id)∆(a) =

(︁
idn−1⊗∆

)︁
· · · (id⊗∆)∆(a).

In this notation, the counitality can be written as

ϵ(a1)a2 = a = a1ϵ(a2), ∀a ∈ C.

Unless otherwise cited, a Hopf algebra (H, ·,∆, 1, ϵ, S) is simply denoted by H.

2 (Weak) Twisted post-groups

In this section, we introduce the notion of (weak) twisted post-groups as the skew truss analogue
of post-groups. Several examples are provided, and some fundamental algebraic properties of
twisted post-groups are investigated.

Generalising the notion of post-groups introduced in [4], we propose the notion of (weak)
twisted post-groups.

Definition 2.1. Let (G, ·) be a group with operators � : G × G → G and Φ: G → G. Define
◦ : G×G→ G by

a ◦ b = Φ(a) · (a� b), ∀a, b ∈ G.

(G, ·,�,Φ) is called a left twisted post-group if for any a, b, c ∈ G,

(a) the left multiplication L�
a defined by

L�
a (b) = a� b, (2.1)

is a group automorphism of (G, ·);

(b) the following “twisted weighted associativity” holds:

(a ◦ b)� c = a� (b� c); (2.2)
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(c) the “left compatible condition for Φ” holds:

Φ(a ◦ b) = a ◦ Φ(b). (2.3)

The operator Φ is called the cocycle and ◦ is called the sub-adjacent operation of (G, ·,�,Φ).
If condition (a) is weakened by requiring L�

a to be a group endomorphism, not necessarily an
automorphism, then (G, ·,�,Φ) is called a left weak twisted post-group. Note that if Φ is the
identity map of G, then the left twisted post-group is a post-group.

In a symmetric way, let (G, ·) be a group with operators � : G × G → G and Φ: G → G.
Define ◦ : G×G→ G by

a ◦ b = (a� b) · Φ(b), ∀a, b ∈ G.

The quadruple (G, ·,�,Φ) is called a right twisted post-group if

(a) the right multiplication R�
b defined by R�

b (a) = a� b, is a group automorphism of (G, ·);

(b) the following “twisted weighted associativity” holds: a� (b ◦ c) = (a� b)� c;

(c) the “right compatible condition for Φ” holds: Φ(a ◦ b) = Φ(a) ◦ b,

for any a, b, c ∈ G. (G, ·,�,Φ) is called a right weak twisted post-group if R�
b is an endomorphism

of (G, ·).
Without further mention, we will simply refer to left (weak) twisted post-groups as (weak)

twisted post-groups in this note.

In the next example, we show that every Rota–Baxter system of groups introduced in [21]
has the structure of a twisted post-group.

Example 2.2. Let (G, ·) be a group and (G,B1, B2) be a Rota–Baxter system of groups, that
is, B1 : G→ G and B2 : G→ G satisfy

B1(a)B1(b) = B1(B1(a)bB2(a)), B2(b)B2(a) = B2(B1(a)bB2(a)),

for any a, b ∈ G. Define � : G×G→ G by

a� b = B2(a)
−1bB2(a), ∀a, b ∈ G

and Φ: G→ G by

Φ(a) = B1(a)B2(a), ∀a ∈ G.

Then (G, ·,�,Φ) is a twisted post-group. Similarly, one can define � : G×G→ G by

a� b = B1(b)aB1(b)
−1, ∀a, b ∈ G,

and Φ′ : G→ G by

Φ′(a) = B1(a)B2(a), ∀a ∈ G,

which yields a right twisted post-group (G, ·,�,Φ′).

In [4], it was shown that every operad is associated with a post-group. The next example
shows that every operad also gives rise to a weak twisted post-group with trivial cocycle.
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Example 2.3. An operad {P(n)}n≥1 is a sequence of Sn-modules with a family of linear oper-
ators

γ : P(n)⊗ P(k1)⊗ · · · ⊗ P(kn) → P(k1 + k2 + · · ·+ kn), ∀n, k1, . . . , kn ≥ 1,

such that they satisfy the identity and associativity axioms. For more details about operads,
we refer to [27]. Let P(n)Sn be the space of coinvariants of the operad P, that is, P(n)Sn =
Pn/{vσ − v | σ ∈ Sn, v ∈ Pn}. Define

G(P) =
+∞∏︂
n=1

P(n)Sn .

It is obvious that we can define the operator +: G(P)×G(P) → G(P) by

(a+ b)n = an + bn, ∀a, b ∈ G(P), ∀n ≥ 1.

Indeed, (G(P),+) is an abelian group. We can define another operator × : G(P) × G(P) →
G(P) by

(a× b)n =
n∑︂

k=1

∑︂
t1+t2+···+tk=n

γ(bk; at1 , at2 , . . . , atk), ∀a, b ∈ P, ∀n ≥ 1.

It follows from [12, Proposition 4.1] that × is associative and that each left multiplication with
respect to× is an endomorphism of the abelian group (G(P),+). Hence (G(P),+,×,Φ) is a weak
twisted post-group, where Φ: G(P) → G(P) is the trivial map, that is, Φ(a) = (0, 0, . . . , 0, · · · )
for any a ∈ P.

Rings also provide an important class of weak twisted post-groups.

Example 2.4. Let R be a ring with multiplication ·. Then (R,+, ·,Φ) is a weak twisted post-
group, where Φ is given by Φ(a) = 0 for any a ∈ R. Moreover, if R is a field, then (R,+, ·,Φ) is
a weak twisted post-group but not a twisted post-group as the left multiplication L�

0 is not an
automorphism.

Throughout this paper, given a twisted post-group (G, ·,�,Φ), unless otherwise cited, we will
denote by

ea = (L�
a )

−1
(︁
Φ(a)−1 · a

)︁
,

and

a† = (L�
a )

−1
(︁
Φ(a)−1 · ea

)︁
, (2.4)

for any a ∈ G.

Definition 2.5. A homomorphism between (weak) twisted post-groups (G, ·G,�G,ΦG) and
(H, ·H ,�H ,ΦH) is a map F : G→ H such that for any a, b ∈ G,

F (a) ·H F (b) = F (a ·G b), (2.5a)

F (a)�H F (b) = F (a�G b), (2.5b)

ΦHF (a) = F (ΦG(a)). (2.5c)

Lemma 2.6. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦. Then G
is right divisible with respect to ◦, that is, for any a, b ∈ G, there is a unique c ∈ G, such that
a ◦ c = b.
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Proof. It is not hard to verify by the definition. Indeed, a◦c = b is equivalent to Φ(a)·(a�c) = b,
or equivalently a� c = Φ(a)−1 · b. Since L�

a is an automorphism of (G, ·), the unique solution is
c = (L�

a )
−1
(︁
Φ(a)−1 · b

)︁
. ■

The next theorem generalises [4, Theorem 2.4].

Theorem 2.7. Let (G, ·G,�G,ΦG) be a twisted post-group with the sub-adjacent operation ◦G.
Then we have

(a) (G, ◦G) is a semigroup. It is called the sub-adjacent semigroup of (G, ·G,�G,ΦG);

(b) For any a ∈ G, a ◦G ea = a, a ◦G a† = ea, and ΦG(ea) = 1G;

(c) The left multiplication L�G is a semigroup action of (G, ◦G) on (G, ·G);

(d) Let F : (G, ·G,�G,ΦG) → (H, ·H ,�H ,ΦH) be a twisted post-group homomorphism. Then
F induces a semigroup homomorphism from (G, ◦G) to (H, ◦H).

Proof. (a) For any a, b, c ∈ G, we have

(a ◦G b) ◦G c = ΦG(a ◦G b) ·G ((a ◦G b)�G c)
(2.2)
= ΦG(a ◦G b) ·G (a�G (b�G c)).

And we have

a ◦G (b ◦G c) = a ◦G (ΦG(b) ·G (b�G c)) = ΦG(a) ·G (a�G (ΦG(b) ·G (b�G c)))

(2.1)
= ΦG(a) ·G (a�G ΦG(b)) ·G (a�G (b�G c))

= (a ◦G ΦG(b)) ·G (a�G (b�G c))

(2.3)
= ΦG(a ◦G b) ·G (a�G (b�G c))

This proves the associativity of ◦G.
(b) By the definition of ea,

a ◦ ea = Φ(a) · (a� ea) = Φ(a) · Φ(a)−1 · a = a.

Similarly, by the definition of a†,

a ◦ a† = Φ(a) · (a� a†) = Φ(a) · Φ(a)−1 · ea = ea.

Moreover,

a ◦ Φ(ea) = Φ(a ◦ ea) = Φ(a) = a ◦ 1G,

where a ◦ 1G = Φ(a) since L�
a is a group automorphism and hence a� 1G = 1G. By Lemma 2.6,

we obtain Φ(ea) = 1G.

(c) By (2.2), L�G defines a semigroup action from (G, ◦G) to (G, ·G).
(d) For any a, b ∈ G, we have

F (a ◦G b) = F (ΦG(a) ·G (a�G b))
(2.5a)
= F (ΦG(a)) ·H F (a�G b)

(2.5b), (2.5c)
= ΦH(F (a)) ·H (F (a)�H F (b)) = F (a) ◦H F (b).

Therefore, F induces a homomorphism of semigroups from (G, ◦G) to (H, ◦H). ■
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3 Internal structure of twisted post-groups

In this section, we study the internal structure of twisted post-groups. We generalise the al-
gebraic properties of Rota–Baxter systems of groups established in [21, Section 4] to twisted
post-groups.

Throughout this section, given a twisted post-group (G, ·,�,Φ) with the sub-adjacent oper-
ation ◦, we denote by Ga the subset Ga := {b ◦ ea | b ∈ G} of G. As is the case for Rota–Baxter
systems of groups, in the next proposition, we show that Ga is a group with respect to ◦.

Proposition 3.1. Let (G, ·,�,Φ) be a twisted post-group and a ∈ G. Then (Ga, ◦) is a group
with identity element ea.

Proof. By Theorem 2.7, we have

(b ◦ ea) ◦ (c ◦ ea) = (b ◦ ea ◦ c) ◦ ea, ∀b, c ∈ G.

This implies Ga is closed under ◦.
For any a, b ∈ G, using (2.2) and Theorem 2.7, we have

a� b = (a ◦ ea)� b = a� (ea � b).

Since L�
a is injective, it follows that ea � b = b. Again using Theorem 2.7, we have

ea ◦ b = Φ(ea) · (ea � b) = 1 · b = b. (3.1)

Moreover, by (3.1), we obtain

(a ◦ ea) ◦ ea = a ◦ (ea ◦ ea) = a ◦ ea,

this proves that ea is the identity element of Ga with respect to ◦.
Finally, we show that Ga is closed under the inverse map. For any b ∈ G, we have b◦ea ∈ Ga.

Using (3.1) and Theorem 2.7, we have

(b ◦ ea) ◦
(︁
b† ◦ ea

)︁
= b ◦

(︁
ea ◦ b†

)︁
◦ ea = b ◦ b† ◦ ea =

(︁
b ◦ b†

)︁
◦ ea = eb ◦ ea = ea.

By Theorem 2.7 and the above identity, we have

b ◦ ea = (ea ◦ b) ◦ ea =
(︁
b ◦ b† ◦ ea ◦ b

)︁
◦ ea = b ◦

(︁
b† ◦ ea ◦ b ◦ ea

)︁
,

it follows from Lemma 2.6 that ea =
(︁
b† ◦ ea

)︁
◦ (b ◦ ea), this proves that b ◦ ea is invertible with

respect to ◦. ■

Lemma 3.2. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦. Then
Φ(G) = G1. Furthermore, for any a in group G1, its inverse element is a†.

Proof. For any a ∈ G, we have

Φ(a) = a ◦ 1 = a ◦ (1 ◦ e1) = (a ◦ 1) ◦ e1.

This means Φ(G) ⊆ G1.

Conversely, using Theorem 2.7, we have

1 ◦ e1 = 1 = e1 ◦ 1 =
(︁
1 ◦ 1†

)︁
◦ 1 = 1 ◦

(︁
1† ◦ 1

)︁
,
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then by Lemma 2.6, we have e1 = 1† ◦ 1. Then we have

a ◦ e1 = a ◦
(︁
1† ◦ 1

)︁
=
(︁
a ◦ 1†

)︁
◦ 1 = Φ

(︁
a ◦ 1†

)︁
.

This implies G1 ⊆ Φ(G). We prove that (Φ(G), ◦) = (G1, ◦).
For any a ∈ Φ(G), we show that ea = e1. By the definition we have a ◦ ea = a and by

Proposition 3.1, we have a ◦ e1 = a. Then using Lemma 2.6, we have ea = e1. It follows from
the definition that a ◦ a† = ea = e1. Next using Proposition 3.1, we have

a ◦ e1 = a = e1 ◦ a = ea ◦ a =
(︁
a ◦ a†

)︁
◦ a = a ◦

(︁
a† ◦ a

)︁
.

Then by Lemma 2.6, we have e1 = a† ◦ a, hence the inverse element of a is a†. ■

The group (Φ(G), ◦) = (G1, ◦) is called the sub-adjacent group of (G, ·,�,Φ).
Immediately from (2.5c) and Theorem 2.7, one deduces that a twisted post-group homomor-

phism induces a group homomorphism between the sub-adjacent groups.

Proposition 3.3. Let F be a twisted post-group homomorphism from (G, ·G,�G,ΦG) to (H, ·H ,
�H ,ΦH). Then the restriction of F on ΦG(G) is a group homomorphism from the sub-adjacent
group (ΦG(G), ◦G) to the sub-adjacent group (ΦH(H), ◦H).

Proof. By (2.5c), F maps ΦG(G) to ΦH(H). Then using Theorem 2.7, it follows that F is
compatible with ◦. ■

Now we show that Ga is isomorphic to each other for any a ∈ G and G is the disjoint union
of Ga. The next theorem generalises [21, Lemma 4.2 and Proposition 4.6].

Theorem 3.4. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦. With
the above notations, we have the following statements:

(a) For any a, b ∈ G, the operator πa,b : (Ga, ◦) → (Gb, ◦) given by

πa,b(t) = t ◦ eb, ∀t ∈ Ga,

is a group isomorphism.

(b) G =
⨆︁
Ga, that is, G is the disjoint union of the groups Ga, where a ∈ G.

Proof. (a) For any s, t ∈ Ga, by Theorem 2.7, we have

πa,b(s) ◦ πa,b(t) = (s ◦ eb) ◦ (t ◦ eb) = s ◦ (eb ◦ t) ◦ eb = s ◦ t ◦ eb = πa,b(s ◦ t).

This implies πa,b is a group homomorphism.
It remains to show it is bijective. If there is a t ∈ Ga such that πa,b(t) = eb, it follows from

Proposition 3.1 and (3.1) that

t = t ◦ ea = t ◦ eb ◦ ea = πa,b(t) ◦ ea = eb ◦ ea = ea.

Hence πa,b is injective. For any t ∈ Gb, again by Proposition 3.1 and (3.1), we have

πa,b(t ◦ ea) = (t ◦ ea) ◦ eb = t ◦ (ea ◦ eb) = t ◦ eb = t,

this proves that πa,b is surjective.
(b) For any a ∈ G, by the definition of ea, we have a ◦ ea = a. This implies a ∈ Ga. If

t ∈ Ga ∩ Gb for a, b ∈ G, then we have t ◦ ea = t = t ◦ eb by Proposition 3.1, it follows from
Lemma 2.6 that ea = eb, which implies Ga = Gb. This proves that G =

⨆︁
Ga. ■
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Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦. Denote the set
{ea | a ∈ G} by K. It is easy to see that K is a semigroup with respect to ◦ by (3.1).

Here is the main result of this section. In the next theorem, we generalise the decomposition
theorem of Rota–Baxter systems of groups [21, Theorem 4.7] to the case for twisted post-
groups. More precisely, we show that as a semigroup, the sub-adjacent semigroup (G, ◦) can be
decomposed as the direct product of the sub-adjacent group (G1, ◦) and the semigroup (K, ◦).

Theorem 3.5. Let (G, ·,�,Φ) be a twisted post-group. With the above notations, we have
(G, ◦) ≃ (G1, ◦)⊕ (K, ◦) as semigroups.

Proof. Define Ψ: (G, ◦) → (G1, ◦)⊕ (K, ◦) by Ψ(a) = (a ◦ e1, ea), ∀a ∈ G. It is easy to verify
that Ψ is well-defined.

First, let us show that Ψ is a semigroup homomorphism. By the proof of Proposition 3.1, we
have

Ψ(a ◦ b) = (a ◦ b ◦ e1, ea◦b) = (a ◦ (e1 ◦ b) ◦ e1, ea◦b) = ((a ◦ e1) ◦ (b ◦ e1), ea◦b).

As a ◦ b ◦ ea◦b = a ◦ b, we have b ◦ ea◦b = b by Lemma 2.6. And since b = b ◦ eb, it follows that
ea◦b = eb. Next, by (3.1), we know that eb = ea ◦ eb. Therefore, we have

Ψ(a ◦ b) = ((a ◦ e1) ◦ (b ◦ e1), eb) = ((a ◦ e1) ◦ (b ◦ e1), ea ◦ eb) = Ψ(a)Ψ(b).

This proves that Ψ is a semigroup homomorphism.
Next, we show Ψ is injective. If there exist a, b ∈ G such that a ◦ e1 = b ◦ e1 and ea = eb,

then by (3.1), we have

a = a ◦ ea = a ◦ (e1 ◦ ea) = (a ◦ e1) ◦ ea = (b ◦ e1) ◦ eb = b ◦ (e1 ◦ eb) = b ◦ eb = b,

this means Ψ is injective.
Finally, we prove Ψ is surjective. For any a ∈ G, since a ◦ eb ∈ Gb, Theorem 3.4 (b) implies

Ga◦eb = Gb, and therefore ea◦eb = eb.
By Theorem 3.4, for any a, b ∈ G, we have

Ψ(a ◦ eb) = ((a ◦ eb) ◦ e1, ea◦eb) = (a ◦ (eb ◦ e1), eb) = (a ◦ e1, eb).

This proves that Ψ is surjective. ■

Remark 3.6. As observed in [16, Remark 3.3], when the base braided monoidal category is Set,
(weak) twisted post-Hopf algebras reduce to (weak) twisted post-groups. Moreover, idempotents
split in Set, and the image object associated with the idempotent cocycle Φ can be identified
with Im(Φ) = Φ(G). Thus, the sub-adjacent group (Φ(G), ◦) constructed above may be viewed
as the set-theoretical specialization of the image-object construction developed in [16].

The more detailed results of this section concerning the groups Ga, their pairwise isomor-
phisms, the disjoint-union decomposition of G, and the semigroup decomposition in Theorem 3.5
are not direct consequences of that categorical image construction.

4 (Weak) twisted post-groups, skew trusses,
Rota–Baxter systems of groups and braces

In this section, we study the connections between twisted post-groups and other algebraic sys-
tems. The section consists of three parts. In the first part, we show that the category of weak
twisted post-groups is isomorphic to the category of skew trusses, and we further consider the
skew truss analogue of twisted post-groups. In the second part, we investigate the connections
between Rota–Baxter systems of groups and twisted post-groups. Finally, in the third part,
we study the relationship between two-sided twisted post-groups and two-sided braces.
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4.1 (Weak) Twisted post-groups and skew trusses

First, let us recall some basic concepts on (skew) braces given in [18].

Definition 4.1. Let G be a group with two operations ◦ and · such that (G, ·) and (G, ◦) are
both groups and

a ◦ (b · c) = (a ◦ b) · a−1 · (a ◦ c), ∀a, b, c ∈ G, (4.1)

where a−1 denotes the inverse of a in the group (G, ·). The triple (G, ·, ◦) is called a skew left
brace. In particular, if (G, ·) is abelian, then (G, ·, ◦) is called a left brace.

A skew right brace is defined similarly, replacing (4.1) by

(a · b) ◦ c = (a ◦ c) · c−1 · (b ◦ c).

In particular, if (G, ·) is abelian, then (G, ·, ◦) is called a right brace. A two-sided (skew) brace
is a triple (G, ·, ◦) that is both a (skew) left and a (skew) right brace.

Next, let us recall some basic notions of skew trusses given in [7].

Definition 4.2. A skew left truss is a quadruple (G, ·, ◦,Φ), where G is a set, · : G × G → G,
◦ : G × G → G and Φ: G → G are operators such that (G, ·) is a group, (G, ◦) is a semigroup
and the following identity holds:

a ◦ (b · c) = (a ◦ b) · Φ(a)−1 · (a ◦ c), ∀a, b, c ∈ G. (4.2)

The operator Φ is called the cocycle.

A skew right truss is defined in a symmetric way, replacing (4.2) by

(a · b) ◦ c = (a ◦ c) · Φ(c)−1 · (b ◦ c), ∀a, b, c ∈ G.

(G,+, ◦,Φ) is called a two-sided truss if (G,+) is an abelian group and it is both a skew left and
skew right truss. Without further mention, we will simply call skew left trusses by skew trusses.

Let (G, ·G, ◦G,ΦG) and (H, ·H , ◦H ,ΦH) be skew trusses. A skew truss homomorphism be-
tween (G, ·G, ◦G,ΦG) and (H, ·H , ◦H ,ΦH) is a map F : G → H such that F is both a group
homomorphism from (G, ·G) to (H, ·H) and a semigroup homomorphism from (G, ◦G) to (H, ◦H).

Now we investigate the relationship between skew trusses and weak twisted post-groups.

Proposition 4.3. Assume (G, ·G,�G,ΦG) is a weak twisted post-group with the sub-adjacent
operation ◦G. Then (G, ·G, ◦G,ΦG) is a skew truss. Moreover, if F : (G, ·G,�G,ΦG) →
(H, ·H ,�H ,ΦH) is a weak twisted post-group homomorphism, then F induces a skew truss ho-
momorphism.

Proof. The associativity of ◦G follows by the same calculation as in Theorem 2.7 (a), since that
calculation only uses that L�G

a is an endomorphism of (G, ·G). By Definition 2.1, we have

(a ◦G b) ·G ΦG(a)
−1 ·G (a ◦G c) = (ΦG(a) ·G (a�G b)) ·G ΦG(a)

−1 ·G (ΦG(a) ·G (a�G c))

= ΦG(a) ·G (a�G b) ·G (a�G c)

(2.1)
= ΦG(a) ·G (a�G (b ·G c)) = a ◦G (b ·G c),

for any a, b, c ∈ G. This proves that (G, ·G, ◦G) is a skew truss. Next, by the definition, we have

F (a ◦G b) = F (ΦG(a) ·G (a�G b)) = F (ΦG(a)) ·H F (a�G b)

= ΦH(F (a)) ·H (F (a)�H F (b)) = F (a) ◦H F (b).

This means F is a skew truss homomorphism. ■
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Proposition 4.4. Let (G, ·G, ◦G,ΦG) be a skew truss. Define �G : G×G→ G by

a�G b = ΦG(a)
−1 ·G (a ◦G b), ∀a, b ∈ G.

Then (G, ·G,�G,ΦG) is a weak twisted post-group. Moreover, if F : (G, ·G, ◦G,ΦG) → (H, ·H ,
◦H ,ΦH) is a skew truss homomorphism, then it induces a weak twisted post-group homomor-
phism.

Proof. Using [7, Theorem 2.9], we have (2.1) and (2.2). Then by [7, Lemma 2.3], we ob-
tain (2.3). Hence (G, ·G,�G,ΦG) is a weak twisted post-group.

Moreover, it follows from [7, Proposition 2.10] that a skew truss homomorphism induces
a weak twisted post-group homomorphism. ■

Skew trusses and homomorphisms form a category ST . Weak twisted post-groups and ho-
momorphisms form a category WT G. The next theorem generalises [4, Theorem 3.18].

Theorem 4.5. The two categories ST and WT G are isomorphic.

Proof. By Proposition 4.3, we can define a functor F : WT G → ST , and similarly by Propo-
sition 4.4, we can define a functor G : ST → WT G. One can readily verify that F ◦ G = Id and
G ◦ F = Id. Therefore, ST and WT G are isomorphic. ■

Remark 4.6. Hopf trusses are defined more generally in an arbitrary braided monoidal cate-
gory [24]. When the underlying category is the category of sets Set, Hopf trusses are precisely
skew trusses [24, Remark 2.18]. Hence Theorem 4.5 can equivalently be viewed as an isomor-
phism between the category of weak twisted post-groups and the category of Hopf trusses in Set.

By [24, Theorem 2.20], the category of skew trusses is equivalent to the full subcategory of
pointed cosemisimple Hopf trusses in the category of vector spaces over a field F. Consequently,
the category of weak twisted post-groups is also equivalent to this full subcategory.

In light of the isomorphism between the category of skew trusses and that of weak twisted
post-groups, we now give a characterization of the skew truss analogue of twisted post-groups.

Proposition 4.7. Let (G, ·, ◦,Φ) be a skew truss. Then the following statements are equivalent:

(a) Define � : G×G → G by a� b = Φ(a)−1 · (a ◦ b), ∀a, b ∈ G, then (G, ·,�,Φ) is a twisted
post-group;

(b) The semigroup (G, ◦) is right divisible, that is for any a, b ∈ G, there is a unique t ∈ G
such that a ◦ t = b.

Proof. The proof follows from [21, Lemma 3.1]. ■

4.2 Twisted post-groups, Rota–Baxter systems of groups and rings

In this subsection, we study the relationship between Rota–Baxter systems of groups and twisted
post-groups. Let (G, ·) be a group and t ∈ G be an element. Denote the automorphism group
of (G, ·) by Aut(G). Recall that a conjugation action by t is an operator φt which is defined
by φt(a) = t−1at, a ∈ G. And the set {φt | t ∈ G} under the composition of operators, forms
a subgroup of Aut(G), called the inner group of G. Denote this group by Inn(G).

On the one hand, every Rota–Baxter system of groups carries the structure of a twisted group.
On the other hand, Section 3 shows that twisted post-groups share similar algebraic properties
with Rota–Baxter systems of groups. This raises the following question: under what conditions
does a twisted group admit the structure of a Rota–Baxter system of groups? To answer this
question, the next proposition provides an equivalent characterization of Rota–Baxter systems
of groups under certain conditions.
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Proposition 4.8. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦ such
that the center of G is trivial, that is, Z(G) = {1}. Then the following statements are equivalent:

(a) There is a Rota–Baxter system of groups (G,B1, B2) on (G, ·), such that B1(a) · B2(a) =
Φ(a) and L�

a = φB2(a) for any a ∈ G, where φa is the conjugation action by a;

(b) For any a ∈ G, the left multiplication L�
a lies in Inn(G).

Proof. (a) ⇒ (b) It follows from Example 2.2.
(a) ⇐ (b) As the left multiplication L�

a lies in Inn(G) for any a ∈ G and Z(G) = {1}, there
is a unique t ∈ G, such that L�

a = φt. Define the operator B2 : G → G by B2(a) = t for any
a ∈ G. Then define B1 : G→ G by

B1(a) = Φ(a) ·B2(a)
−1, ∀a ∈ G.

It remains to show that (G,B1, B2) is a Rota–Baxter system of groups. By the definition, we
have a ◦ b = B1(a) · b ·B2(a). Then using (2.2), we have

B2(a)
−1 ·B2(b)

−1 · c ·B2(b) ·B2(a)

= B2(B1(a) · b ·B2(a))
−1 · c ·B2(B1(a) · b ·B2(a)), ∀a, b, c ∈ G.

This implies

B2(b) ·B2(a) = B2(B1(a) · b ·B2(a)). (4.3)

Again by (2.3), we have

B1(B1(a) · b ·B2(a)) ·B2(B1(a) · b ·B2(a)) = B1(a ◦ b) ·B2(a ◦ b) = Φ(a ◦ b)
= a ◦ Φ(b) = B1(a) ·B1(b) ·B2(b) ·B2(a). (4.4)

It follows from (4.3) and (4.4) that

B1(a) ·B1(b) = B1(B1(a) · b ·B2(a)).

This proves that (G,B1, B2) is a Rota–Baxter system of groups. ■

Remark 4.9. For ordinary post-groups, cohomological criteria for determining whether the
post-group structure is induced by a Rota–Baxter operator have been established in [9, 19].
A similar interpretation is suggested by the preceding proposition, although the twisted case
requires some additional care.

Indeed, suppose that L�
a ∈ Inn(G) for every a ∈ G, and choose an element B2(a) ∈ G such

that L�
a = φB2(a). Since L�

a◦b = L�
a ◦ L�

b , the elements B2(a ◦ b) and B2(b)B2(a) induce the
same inner automorphism. Hence

ω(a, b) = B2(a ◦ b)−1B2(b)B2(a) ∈ Z(G).

The Rota–Baxter system identity for B2 is precisely the condition ω(a, b) = 1 for all a, b ∈ G.
Changing the choice of the lifts B2(a) by central elements changes ω by a corresponding central
coboundary. Thus, when Z(G) is nontrivial, the existence of a Rota–Baxter system should be
governed by the vanishing of an appropriate central cohomological obstruction.

When Z(G) = {1}, the lifts B2(a) are unique and this obstruction vanishes automatically,
which explains the centerless assumption in the preceding proposition. In general, however,
(G, ◦) is only a semigroup, rather than a group. Therefore, a complete analogue of the cohomo-
logical characterization in [9, 19] would require a suitable cohomology theory for the associated
semigroup or skew truss. We leave the development of such a theory for future work.
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In a symmetric way, it is not hard to obtain the following proposition. The proof is similar
to the above proposition.

Proposition 4.10. Let (G, ·,�,Φ) be a right twisted post-group with the sub-adjacent operation
◦ such that the center of G is trivial, that is, Z(G) = {1}. Then the following statements are
equivalent:

(a) There is a Rota–Baxter system of groups (G,B1, B2) on (G, ·), such that B1(a)B2(a) =
Φ(a) and R�

a = φB1(a)−1 for any a ∈ G, where φa is the conjugation action by a;

(b) For any a ∈ G, the right multiplication R�
a lies in Inn(G).

4.3 Two-sided (weak) twisted post-groups, braces and rings

In Section 4.1, we show that twisted post-groups can be viewed as special cases of skew trusses
and characterize their skew truss analogue. Furthermore, [7, Theorem 5.2] states that every
two-sided truss corresponds to a nonunital ring. In this subsection, we investigate the ring
corresponding to a two-sided twisted post-group.

First, we give the two-sided version of (weak) twisted post-groups.

Definition 4.11. A quintuple (G, ·,�,�,Φ) is called a two-sided (weak) twisted post-group if

(a) (G, ·,�,Φ) is a left (weak) twisted post-group and (G, ·,�,Φ) is a right (weak) twisted
post-group;

(b) (G, ·,�,Φ) and (G, ·,�,Φ) have the same sub-adjacent operation ◦.

The operator Φ is called the cocycle of (G, ·,�,�,Φ) and the operator ◦ is called the sub-
adjacent operation of (G, ·,�,�,Φ). Moreover, if (G, ·) is abelian, then (G, ·,�,�,Φ) is called
abelian.

Definition 4.12. A homomorphism of two-sided (weak) twisted post-groups from (G, ·G,�G,
�G,ΦG) to (H, ·H ,�H ,�H ,ΦH), is a map F : G→ H, such that F is both a homomorphism of
left twisted post-groups from (G, ·G,�G,ΦG) to (H, ·H ,�H ,ΦH) and a homomorphism of right
twisted post-groups from (G, ·G,�G,ΦG) to (H, ·H ,�H ,ΦH).

Denote by T ST the category of two-sided trusses and AWG the category of abelian two-
sided weak twisted post-groups. Based on Theorem 4.5, it is not difficult to obtain the following
proposition.

Proposition 4.13. The categories T ST and AWG are isomorphic.

Next based on Proposition 3.1 and Theorem 3.5, we discuss the relationship between two-
sided (weak) twisted post-groups and nonunital rings.

Proposition 4.14. Let (G,+,�,�,Φ) be an abelian two-sided weak twisted post-group with the
sub-adjacent operation ◦. Then (G,+, ◦) is a nonunital ring if and only if Φ is trivial, that is,
Φ: G → G is given by Φ(a) = 0 for any a ∈ G. Furthermore, let (G,+,�,�,Φ) be an abelian
two-sided twisted post-group with the sub-adjacent operation ◦. Then its cocycle Φ is trivial if
and only if (G,+, ◦) is the zero ring, that is, a ring that consists of one element.

Proof. If (G,+, ◦) is a nonunital ring, then for any a, b, c ∈ G, we have

2Φ(a) + (a� (b+ c)) = Φ(a) + (a� b) + Φ(a) + (a� c)

= (a ◦ b) + (a ◦ c) = a ◦ (b+ c) = Φ(a) + (a� (b+ c)),
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and thus Φ is trivial. Conversely, if (G,+,�,�,Φ) is a two-sided weak twisted post-group such
that Φ is trivial, then we have ◦ = � = �, and one can easily verify that (G,+, ◦) is a nonunital
ring.

If (G,+,�,�,Φ) is an abelian two-sided twisted post-group such that Φ is trivial, then ◦ =
� = � and (G,+, ◦) is a nonunital ring. Then for any a ∈ G, we have L�

0 (a) = 0�a = 0◦a = 0,
and thus a = 0. This implies that (G,+, ◦) is the zero ring. The converse implication is
obvious. ■

In the next proposition, we show that, for any twisted post-group, there exists a transforma-
tion yielding a twisted post-group with an idempotent cocycle.

Proposition 4.15. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦.
Define ▶ : G×G→ G by a ▶ b =

(︁
a◦1†

)︁
�b, ∀a, b ∈ G, and define Ψ: G→ G by Ψ(a) = Φ

(︁
a◦1†

)︁
.

Then Ψ is idempotent and (G, ·,▶,Ψ) is a twisted post-group.

Proof. By (2.2), we have a ▶ b = a �
(︁
1† � b

)︁
, ∀a, b ∈ G. Therefore, L▶

a : G → G given by
L▶
a (b) = a ▶ b, ∀b ∈ G is an automorphism of (G, ·). Hence (2.1) holds.

Define • : G×G→ G by a • b = Ψ(a) · (a ▶ b), ∀a, b ∈ G. Then for any a, b, c ∈ G, we have

(a • b) ▶ c = (Ψ(a) · (a ▶ b)) ▶ c =
(︁
Φ
(︁
a ◦ 1†

)︁
·
(︁(︁
a ◦ 1†

)︁
� b
)︁)︁

▶ c

=
(︁(︁
a ◦ 1†

)︁
◦ b
)︁
▶ c =

(︁
a ◦ 1† ◦ b ◦ 1†

)︁
� c

=
(︁(︁
a ◦ 1†

)︁
◦
(︁
b ◦ 1†

)︁)︁
� c

(2.2)
=
(︁(︁
a ◦ 1†

)︁
�
(︁
b ◦ 1†

)︁
� c
)︁

= a ▶ (b ▶ c).

This proves that (2.2) holds.

It remains to show (2.3) holds. For any a, b ∈ G, we have

a •Ψ(b) = Ψ(a) · (a ▶ Ψ(b)) = Φ
(︁
a ◦ 1†

)︁
·
(︁(︁
a ◦ 1†

)︁
�
(︁
Φ
(︁
b ◦ 1†

)︁)︁)︁
=
(︁
a ◦ 1†

)︁
◦ Φ
(︁
b ◦ 1†

)︁ (2.3)
= Φ

(︁(︁
a ◦ 1†

)︁
◦
(︁
b ◦ 1†

)︁)︁
= Φ

(︁(︁(︁
a ◦ 1†

)︁
◦ b
)︁
◦ 1†

)︁
= Φ

(︁
(a • b) ◦ 1†

)︁
= Ψ(a • b).

This implies (2.3) holds.

By the definition and Lemma 3.2, we have

Ψ2(a) = Φ
(︁
Φ
(︁
a ◦ 1†

)︁
◦ 1†

)︁
= a ◦ 1† ◦ 1 ◦ 1† ◦ 1

= a ◦ e1 ◦ e1 = a ◦ e1 = a ◦ 1† ◦ 1 = Φ(a ◦ 1†) = Ψ(a).

This proves that Ψ is idempotent. ■

Proposition 4.16. Let (G, ·,�,Φ) be a twisted post-group with sub-adjacent operation ◦. Let ▶
and Ψ be the operations defined in Proposition 4.15, namely,

a ▶ b =
(︁
a ◦ 1†

)︁
� b, Ψ(a) = Φ

(︁
a ◦ 1†

)︁
.

If Φ is surjective, then Ψ = idG. Consequently, (G, ·,▶) is a post-group. Moreover, its sub-
adjacent operation • is given by

a • b = a · (a ▶ b) = (a ◦ 1†) ◦ b, ∀a, b ∈ G,

and (G, ·, •) is a skew left brace.
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Proof. By Proposition 4.15, (G, ·,▶,Ψ) is a twisted post-group and Ψ is idempotent. By
Theorem 2.7, we have 1 ◦ 1† = e1, and by (3.1), e1 ◦ 1 = 1. Therefore, for every a ∈ G,

Ψ(a ◦ 1) = Φ
(︁
(a ◦ 1) ◦ 1†

)︁
= Φ

(︁
a ◦
(︁
1 ◦ 1†

)︁)︁
= Φ(a ◦ e1)

= (a ◦ e1) ◦ 1 = a ◦ (e1 ◦ 1) = a ◦ 1 = Φ(a).

It follows that Im(Φ) ⊆ Im(Ψ). Since Φ is surjective, Ψ is also surjective. Since Ψ is both
surjective and idempotent, it follows that Ψ = idG. Indeed, for any a ∈ G, choose x ∈ G such
that Ψ(x) = a. Then Ψ(a) = Ψ2(x) = Ψ(x) = a. Thus (G, ·,▶) is a post-group.

Its sub-adjacent operation is a • b = a · (a ▶ b). Moreover, since Ψ(a) = a, we have

a • b = Ψ(a) · (a ▶ b) = Φ
(︁
a ◦ 1†

)︁
·
(︁(︁
a ◦ 1†

)︁
� b
)︁
=
(︁
a ◦ 1†

)︁
◦ b.

Finally, it follows from [4, Proposition 3.22] that (G, ·, •) is a skew left brace. ■

Recall from [18] that a pair (X, r) is called a set-theoretical solution of the Yang–Baxter
equation, if X is a set and

r : X ×X → X ×X, r(a, b) = (φa(b), ψb(a)), ∀a, b ∈ X

is a bijective map, such that

(r × id)(id×r)(r × id) = (id×r)(r × id)(id×r).

The solution (X, r) is called non-degenerate if φa and ψb are bijective for all a, b ∈ X.
Using the Proposition 4.16 and [18, Theorem 3.1], we derive the following corollary.

Corollary 4.17. Let (G, ·,�,Φ) be a twisted post-group such that Φ is surjective. Let ▶ : G ×
G → G and • : G × G → G be the operators given in Propositions 4.15 and 4.16. Define
r : G×G→ G×G by

r(a, b) =
(︁
L▶
a (b),

(︁
L▶
L▶
a (b)

)︁−1(︁
(a • b)−1 · a · (a • b)

)︁)︁
, ∀a, b ∈ G.

Then (G, r) is a non-degenerate set-theoretical solution of the Yang–Baxter equation. Where for
any a ∈ G, the left multiplication L▶

a is given by L▶
a (b) = a ▶ b for any b ∈ G.

In the next theorem, we show that a two-sided post-group has the structure of two-sided
skew brace.

Theorem 4.18. Let (G, ·,�,�,Φ) be a two-sided twisted post-group with the sub-adjacent op-
eration ◦. Define • : G ×G → G by a • b = (a ◦ 1†) ◦ b, ∀a, b ∈ G, where 1† is defined in (2.4).
Then (G, ·, •) is a two-sided skew brace.

Proof. First, we show that (G, ◦) is a group. By (3.1), we have e1 ◦ a = a for any a. As
(G, ·,�,Φ) is a right twisted post-group, in a symmetric way, there is ē1 such that a ◦ ē1 = a.
Then 1 ◦ e1 = 1 = 1 ◦ ē1 by the definition. It follows from Lemma 2.6 that e1 = ē1. This implies
e1 is the identity element of (G, ◦). Next using Lemma 3.2, we have (G, ◦) is a group and Φ is
surjective. Finally, it follows from Proposition 4.16 that (G, ·, •) is a skew left brace. It is similar
to prove that (G, ·, •) is a skew right brace. Hence (G, ·, •) is a two-sided skew brace. ■

Conversely, it is easy to see that every two-sided brace has the structure of two-sided twisted
post-group.

Recall that a triple (R,+, ·) is called a radical ring if (R,+, ·) is a nonunital ring such that
for any a ∈ R, there is a b ∈ R such that a+ b+ a · b = 0. In the next corollary, we show that
every two-sided twisted post-group is associated with a radical ring.

Corollary 4.19. Let (G,+,�,�,Φ) be a two-sided twisted post-group with the sub-adjacent
operation ◦ such that (G,+) is abelian. Let • be the operator given in Theorem 4.18. Define
∗ : G×G→ G by a ∗ b = a • b− a− b, ∀a, b ∈ G. Then (G,+, ∗) is a radical ring.

Proof. The proof follows from Theorem 4.18 and [11, Proposition 1]. ■
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5 Differentiation of twisted post-Lie groups

In this section, we first introduce the notion of twisted post-Lie algebras and show that each
twisted post-Lie algebra gives rise to another Lie algebra, called the sub-adjacent Lie algebra.
Next, we define twisted post-Lie groups and study their differentiations. In particular, we prove
that the differentiation of any twisted post-Lie group yields a twisted post-Lie algebra. Finally,
we show that the differentiation of the sub-adjacent Lie group of a twisted post-Lie group
coincides with the sub-adjacent Lie algebra of its corresponding twisted post-Lie algebra.

Definition 5.1. A twisted post-Lie algebra (g, [·, ·], ▷, φ) consists of a Lie algebra (g, [·, ·]) with
linear operators ▷ : g⊗ g → g and φ : g → g such that for any x, y, z ∈ g,

x ▷ [y, z] = [x ▷ y, z] + [y, x ▷ z]; (5.1a)

([φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x)) ▷ z = x ▷ (y ▷ z)− y ▷ (x ▷ z); (5.1b)

φ

(︃
1

2
[φ(x), y] +

1

2
[x, φ(y)] + x ▷ y − y ▷ x

)︃
= [φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x); (5.1c)

φ(x) ▷ y = x ▷ y; (5.1d)

φ2(x) = φ(x). (5.1e)

The operator [·, ·]▷ : g× g → g defined by

[x, y]▷ = [φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x), ∀x, y ∈ g,

is called the sub-adjacent operation of g.

Note that if φ is the identity map, then (g, [·, ·], ▷) is a post-Lie algebra. First we show that g
forms a Lie algebra with respect to the sub-adjacent operation [·, ·]▷.

Proposition 5.2. Let (g, [·, ·], ▷, φ) be a twisted post-Lie algebra with the sub-adjacent opera-
tion [·, ·]▷. Then g is a Lie algebra with respect to [·, ·]▷.

Proof. It follows from (5.1d) that

[x, y]▷ = [φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x) = [φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x).
(5.2)

And it follows from (5.1c) and (5.1e) that

[φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

=
[︁
φ2(x), φ2(y)

]︁
+ φ(x) ▷ φ2(y)− φ(y) ▷ φ2(x)

= φ

(︃
1

2

[︁
φ2(x), φ(y)

]︁
+

1

2

[︁
φ(x), φ2(y)

]︁
+ φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

)︃
.

Again using (5.1e), we have

[φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

= φ

(︃
1

2
[φ(x), φ(y)] +

1

2
[φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

)︃
= φ([φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x))

for any x, y ∈ g. This implies

[x, y]▷ = φ([x, y]▷) (5.3)

by (5.2).
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Then for any x, y, z ∈ g, by (5.1b), (5.1d), (5.2) and (5.3), we have

[x, [y, z]▷]▷ + [y, [z, x]▷]▷ + [z, [x, y]▷]▷

= φ(x) ▷ φ([y, z]▷) + φ(y) ▷ φ([z, x]▷) + φ(z) ▷ φ([x, y]▷)− φ([y, z]▷) ▷ φ(x)

− φ([z, x]▷) ▷ φ(y)− φ([x, y]▷) ▷ φ(z) + [φ(x), φ([y, z]▷)] + [φ(y), φ([z, x]▷)]

+ [φ(z), φ([x, y]▷)]

= φ(x) ▷ [y, z]▷ + φ(y) ▷ [z, x]▷ + φ(z) ▷ [x, y]▷ − [y, z]▷ ▷ φ(x)

− [z, x]▷ ▷ φ(y)− [x, y]▷ ▷ φ(z) + [φ(x), [y, z]▷] + [φ(y), [z, x]▷] + [φ(z), [x, y]▷]

= φ(x) ▷ (φ(y) ▷ φ(z))− φ(x) ▷ (φ(z) ▷ φ(y)) + φ(y) ▷ (φ(z) ▷ φ(x))

− φ(y) ▷ (φ(x) ▷ φ(z)) + φ(z) ▷ (φ(x) ▷ φ(y))− φ(z) ▷ (φ(y) ▷ φ(x))

+ φ(x) ▷ [φ(y), φ(z)] + φ(y) ▷ [φ(z), φ(x)] + φ(z) ▷ [φ(x), φ(y)]

− φ(y) ▷ (φ(z) ▷ φ(x)) + φ(z) ▷ (φ(y) ▷ φ(x))− φ(z) ▷ (φ(x) ▷ φ(y))

+ φ(x) ▷ (φ(z) ▷ φ(y))− φ(x) ▷ (φ(y) ▷ φ(z)) + φ(y) ▷ (φ(x) ▷ φ(z))

+ [φ(x), [y, z]▷] + [φ(y), [z, x]▷] + [φ(z), [x, y]▷].

Next, by (5.1a), (5.3) and the Jacobi identity, we have

[x, [y, z]▷]▷ + [y, [z, x]▷]▷ + [z, [x, y]▷]▷

= φ(x) ▷ [φ(y), φ(z)] + φ(y) ▷ [φ(z), φ(x)] + φ(z) ▷ [φ(x), φ(y)] + [φ(x), [y, z]▷]

+ [φ(y), [z, x]▷] + [φ(z), [x, y]▷]

= [φ(x) ▷ φ(y), φ(z)] + [φ(y), φ(x) ▷ φ(z)] + [φ(y) ▷ φ(z), φ(x)] + [φ(z), φ(y) ▷ φ(x)]

+ [φ(z) ▷ φ(x), φ(y)] + [φ(x), φ(z) ▷ φ(y)] + [φ(x), φ(y) ▷ φ(z)]− [φ(x), φ(z) ▷ φ(y)]

+ [φ(x), [φ(y), φ(z)]] + [φ(y), φ(z) ▷ φ(x)]− [φ(y), φ(x) ▷ φ(z)]

+ [φ(y), [φ(z), φ(x)]] + [φ(z), φ(x) ▷ φ(y)]− [φ(z), φ(y) ▷ φ(x)] + [φ(z), [φ(x), φ(y)]]

= [φ(x), [φ(y), φ(z)]] + [φ(y), [φ(z), φ(x)]] + [φ(z), [φ(x), φ(y)]] = 0. ■

Then we show that φ(g) is a Lie algebra with respect to [·, ·]▷.

Proposition 5.3. Let (g, [·, ·], ▷, φ) be a twisted post-Lie algebra. Let (g, [·, ·]▷) be its sub-adjacent
Lie algebra. Then φ(g) ⊆ g is a Lie subalgebra with respect to [·, ·]▷.

Proof. Using (5.1c) and (5.1d), for any x, y ∈ g, we have

[φ(x), φ(y)]▷ =
[︁
φ2(x), φ2(y)

]︁
+ φ(x) ▷ φ2(y)− φ(y) ▷ φ2(x)

= φ

(︃
1

2

[︁
φ2(x), φ(y)

]︁
+

1

2

[︁
φ(x), φ2(y)

]︁
+ φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

)︃
.

This proves the assertion. ■

Now we give the definition of homomorphisms between twisted post-Lie algebras.

Definition 5.4. A homomorphism from a twisted post-Lie algebra (g, [·, ·]g, ▷g, φg) to (h, [·, ·]h,
▷h, φh) is a linear map f satisfying the following equalities:

f([x, y]g) = [f(x), f(y)]h, f(x ▷g y) = f(x) ▷h f(y), f(φg(x)) = φh(f(x)),

for any x, y ∈ g.

Next, we introduce two lemmas on twisted post-groups, which will be used later.
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Lemma 5.5. Let (G, ·,�,Φ) be a twisted post-group. Then Φ is idempotent if and only if
Φ(1) = 1.

Proof. If Φ is idempotent, then we have 1 ◦ 1 ◦ 1 = Φ2(1) = Φ(1) = 1 ◦ 1. Then, by Lemma 2.6,
we have Φ(1) = 1 ◦ 1 = 1.

Conversely, if Φ(1) = 1, then for any a ∈ G, we have

Φ2(a) = a ◦ 1 ◦ 1 = a ◦ Φ(1) = a ◦ 1 = Φ(a),

which implies Φ is idempotent. ■

Lemma 5.6. Let (G, ·,�,Φ) be a twisted post-group with the sub-adjacent operation ◦ such
that Φ is idempotent. Then the following equality holds:

a� b = Φ(a)� b, ∀a, b ∈ G. (5.4)

Proof. Using Lemma 5.5, we have 1 ◦ 1 = 1 = 1 ◦ e1. This implies e1 = 1 by Lemma 2.6. Then
by (2.2), we obtain

Φ(a)� b = (a ◦ 1)� b = a� (1� b) = a� (1 ◦ b) = a� b, ∀a, b ∈ G. ■

Let (g, [·, ·]) be the corresponding Lie algebra of the Lie group (G, ·). Denote by Aut(g) and
Der(g) the Lie group of automorphisms and the Lie algebra of derivations on the Lie algebra
(g, [·, ·]). Let exp: g → G, be its exponential map. The Lie bracket [·, ·] and group multiplication
are connected by the formula

[x, y] =
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

exp(sx) exp(ty) exp(−sx), ∀x, y ∈ g.

Given a map F : G→ G, denote the tangent map of F by F∗1, that is,

F∗1(x) =
d

dt

⃓⃓⃓⃓
t=0

(F (exp(tx))), ∀x ∈ g.

As shown in [4], since L�
a ∈ Aut(G), it follows that (L�

a )∗1 ∈ Aut(g). Define ▷ : g⊗ g → g by

x ▷ y = L�
∗1(x)(y) =

d

dt

⃓⃓⃓⃓
t=0

(︁
L�
exp(tx)

)︁
∗1(y) =

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

L�
exp(tx)(exp(sy)).

Definition 5.7. A twisted post-Lie group is a twisted post-group (G, ·,�,Φ) satisfying the
following conditions:

(a) (G, ·) is a finite-dimensional real Lie group, and � : G×G→ G and Φ: G→ G are smooth;

(b) Φ(1) = 1 and Φ is idempotent, that is, Φ2 = Φ;

(c) Writing φ = Φ∗1 : g → g, there exists a neighbourhood U of 0 in g such that Φ(expx) =
exp(φ(x)), x ∈ U .

Remark 5.8. Condition (c) allows us to avoid taking second derivatives of the G-valued map
Φ ◦ exp. Indeed, after shrinking U if necessary and denoting by log the local inverse of exp,
condition (c) gives (log ◦Φ ◦ exp)(x) = φ(x), x ∈ U . Thus, all expansions below are carried out
in the vector space g. In particular, in exponential coordinates,

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

(︁
log Φ

(︁
exp(tx) ◦ exp(sy)

)︁)︁
= φ

(︃
1

2
[φ(x), y] + x ▷ y

)︃
,

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

(︁
log Φ

(︁
exp(sy) ◦ exp(tx)

)︁)︁
= φ

(︃
1

2
[φ(y), x] + y ▷ x

)︃
.
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Without condition (c), the map log ◦Φ ◦ exp may have nonlinear second-order terms, which
would contribute additional terms to these identities.

Condition (c) is strictly weaker than requiring Φ to be a Lie group homomorphism. In-
deed, every Lie group homomorphism satisfies this identity for all X ∈ g, whereas the converse
fails even for smooth idempotent maps. This condition requires Φ to be linear in exponential
coordinates near the identity, but does not force φ to preserve the Lie bracket.

The following examples illustrate that the cocycle of a twisted post-Lie group need not be
a Lie group homomorphism, even when the exponential compatibility holds globally.

Example 5.9. Let G = R3 be the three-dimensional Heisenberg Lie group with multiplication

(x, y, z) · (u, v, w) =
(︃
x+ u, y + v, z + w +

1

2
(xv − yu)

)︃
.

Its identity element is 1 = (0, 0, 0), and (x, y, z)−1 = (−x,−y,−z). Define Φ: G → G and
� : G×G→ G by Φ(x, y, z) = (x, y, 0) and

(x, y, z)� (u, v, w) =

(︃
u, v, w − 1

2
(xv − yu)

)︃
.

Then (G, ·,�,Φ) is a twisted post-Lie group with a nontrivial operation �, and Φ is not a Lie
group homomorphism. Its sub-adjacent operation is

(x, y, z) ◦ (u, v, w) = (x+ u, y + v, w).

Example 5.10. Let G = R4 be the Engel Lie group, written in exponential coordinates. For
a = (x1, x2, x3, x4) and b = (y1, y2, y3, y4), define a · b = (c1, c2, c3, c4), where

c1 = x1 + y1, c2 = x2 + y2, c3 = x3 + y3 +
1

2
(x1y2 − x2y1),

c4 = x4 + y4 +
1

2
(x1y3 − x3y1) +

1

12
(x1 − y1)(x1y2 − x2y1).

Its identity element is 1 = (0, 0, 0, 0), and (x1, x2, x3, x4)
−1 = (−x1,−x2,−x3,−x4). Its Lie

algebra has a basis E1, E2, E3, E4 with nonzero basic brackets [E1, E2] = E3, [E1, E3] = E4. In
these coordinates,

exp

(︄
4∑︂

i=1

xiEi

)︄
= (x1, x2, x3, x4).

Define Φ: G→ G and � : G×G→ G by Φ(x1, x2, x3, x4) = (0, 0, 0, x4) and

(x1, x2, x3, x4)� (y1, y2, y3, y4) =
(︁
ex4y1, e

−2x4y2, e
−x4y3, y4

)︁
.

Then (G, ·,�,Φ) is a twisted post-Lie group with a nontrivial operation �, and Φ is not a Lie
group homomorphism. Its sub-adjacent operation is

(x1, x2, x3, x4) ◦ (y1, y2, y3, y4) =
(︁
ex4y1, e

−2x4y2, e
−x4y3, x4 + y4

)︁
.

The exponential compatibility holds globally:

Φ(expX) = exp(φ(X)), X ∈ g,

where φ = Φ∗1 is given by

φ

(︄
4∑︂

i=1

xiEi

)︄
= x4E4.
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Definition 5.11. Let (G, ·G,�G,ΦG) and (H, ·H ,�H ,ΦH) be twisted post-Lie groups. A map
F : (G, ·G,�G,ΦG) → (H, ·H ,�H ,ΦH) is called a twisted post-Lie group homomorphism if F is
both a smooth map and a twisted post-group homomorphism.

Next, we show that the differentiation of a twisted post-Lie group is a twisted post-Lie algebra.

Theorem 5.12. Let (G, ·,�,Φ) be a twisted post-Lie group. Then (g, [·, ·], ▷, φ) is a twisted post-
Lie algebra, where φ = Φ∗1. Moreover, let F : (G, ·G,�G,ΦG) → (H, ·H ,�H ,ΦH) be a twisted
post-Lie group homomorphism. Then f = F∗1G : (g, [·, ·]g, ▷g, φg) → (h, [·, ·]h, ▷h, φh) is a twisted
post-Lie algebra homomorphism.

Proof. Since L�
1 is a group automorphism, 1�1 = 1. Hence 1◦1 = Φ(1)·(1�1) = 1. Therefore,

(2.2) gives L�
1 = (L�

1 )
2. Since L�

1 is invertible, L�
1 = idG.

Define ρ : G −→ Aut(g), ρ(a) = (L�
a )∗1, and let α = (dρ)1 : g −→ Der(g). Then α(x)(y) =

x ▷ y. Since α(x) ∈ Der(g), identity (5.1a) follows.
By Lemma 5.6, ρ◦Φ = ρ. Differentiating this identity at 1 gives α◦φ = α, which proves (5.1d).

Moreover, differentiating Φ2 = Φ gives φ2 = φ, and hence (5.1e) holds.
We now prove (5.1c). Since L�

a is a Lie group automorphism, we have a � exp(sy) =
exp
(︁
sρ(a)y

)︁
. Moreover, ρ(exp(tx))y = y + t(x ▷ y) + · · · .

Choose an exponential neighbourhood V of 1 in G and write log : V → g for the corresponding
local logarithm. By restricting t and s if necessary, all the expressions below lie in V . Using the
exponential compatibility of Φ and the Baker–Campbell–Hausdorff formula, we obtain

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

log
(︁
exp(tx) ◦ exp(sy)

)︁
=

1

2
[φ(x), y] + x ▷ y.

It follows that

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

(︁
log Φ

(︁
exp(tx) ◦ exp(sy)

)︁)︁
= φ

(︃
1

2
[φ(x), y] + x ▷ y

)︃
,

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

(︁
log Φ

(︁
exp(sy) ◦ exp(tx)

)︁)︁
= φ

(︃
1

2
[φ(y), x] + y ▷ x

)︃
. (5.5)

On the other hand,

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

log (exp(tx) ◦ Φ(exp(sy))) = 1

2
[φ(x), φ(y)] + x ▷ φ(y),

and

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

log (exp(sy) ◦ Φ(exp(tx))) = 1

2
[φ(y), φ(x)] + y ▷ φ(x).

By (2.3), Φ(a◦b) = a◦Φ(b). Applying the local logarithm to both sides of (2.3) and comparing
the coefficients of ts gives

φ

(︃
1

2
[φ(x), y] + x ▷ y

)︃
=

1

2
[φ(x), φ(y)] + x ▷ φ(y)

and

φ

(︃
1

2
[φ(y), x] + y ▷ x

)︃
=

1

2
[φ(y), φ(x)] + y ▷ φ(x).

Subtracting these identities yields

φ

(︃
1

2
[φ(x), y] +

1

2
[x, φ(y)] + x ▷ y − y ▷ x

)︃
= [φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x).
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This proves (5.1c). Finally, we show (5.1b) holds. For any x, y, z ∈ g, by (2.2) and (5.4), we have

x ▷ (y ▷ z)− y ▷ (x ▷ z) =
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
exp(tx)L

�
exp(sy)(exp(rz))

− d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
exp(sy)L

�
exp(tx)(exp(rz))

=
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
exp(tx)◦exp(sy)(exp(rz))

− d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
exp(sy)◦exp(tx)(exp(rz))

=
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
Φ(exp(tx)◦exp(sy))(exp(rz))

− d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

d

d r

⃓⃓⃓⃓
r=0

L�
Φ(exp(sy)◦exp(tx))(exp(rz)).

Then it follows from (5.5) that

x ▷ (y ▷ z)− y ▷ (x ▷ z) = ([φ(x), φ(y)] + x ▷ φ(y)− y ▷ φ(x)) ▷ z.

This proves (5.1b). Since F : (G, ·G) → (H, ·H) is a Lie group homomorphism, its differential
f = F∗1G is a Lie algebra homomorphism. For any x, y ∈ g, we have

f(x ▷g y) = f

(︃
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

exp(tx)�G exp(sy)

)︃
=

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

F (exp(tx)�G exp(sy))

=
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

F (exp(tx))�H F (exp(sy)).

Then we have

f(x ▷g y) =
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

exp(tf(x))�H exp(sf(y)) = f(x) ▷h f(y).

And it follows from (2.5c) that f ◦φg = φh ◦f . This proves that f is a homomorphism of twisted
post-Lie algebras. ■

Lemma 5.13. Let (G, ·,�,Φ) be a twisted post-Lie group with the sub-adjacent operation ◦.
Then Φ(G) is a Lie group with respect to ◦. Moreover, we have

d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))† = −φ(x) = d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))−1, ∀x ∈ g.

Proof. By Lemma 5.5, we have Φ(1) = 1. Since Φ2 = Φ, the map Φ is a smooth retraction onto
Φ(G). Hence Φ(G) is an embedded submanifold of G, and T1Φ(G) = Im(Φ∗1) = φ(g). Since the
multiplication ◦ and the inverse map † restrict to smooth maps on Φ(G), Proposition 3.1 implies
that (Φ(G), ◦) is a Lie group with identity 1. Since ·, Φ and � are smooth, we obtain that ◦ is
also smooth. By Lemma 5.5, we have Φ(1) = 1. It follows that e1 = 1. Then by Proposition 3.1
and Lemma 3.2, we conclude that (Φ(G), ◦) is a Lie group with identity 1.

Finally, by the Leibniz rule and Lemma 3.2, we have

0 =
d

d t

⃓⃓⃓⃓
t=0

(︁
Φ(exp(tx))† ◦ Φ(exp(tx))

)︁
=

d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))† +
d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))

=
d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))† +
d

d t

⃓⃓⃓⃓
t=0

exp(tφ(x)) =
d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))† + φ(x).
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Thus

d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))† = −φ(x).

Similarly, differentiating Φ(exp(tx))−1 · Φ(exp(tx)) = 1 at t = 0 gives

d

d t

⃓⃓⃓⃓
t=0

Φ(exp(tx))−1 = −φ(x). ■

Finally we prove that the Lie algebra of (Φ(G), ◦) is just (φ(g), [·, ·]▷). This generalises [4,
Proposition 4.7].

Proposition 5.14. Let (G, ·,�,Φ) be a twisted post-Lie group. Then the Lie algebra of the Lie
group (Φ(G), ◦) is (φ(g), [·, ·]▷).

Proof. For any a, b ∈ G, using Proposition 3.1, Lemmas 3.2 and 5.6, we have

Φ(a) ◦ Φ(b) ◦ Φ(a)† = Φ(a) ◦
(︁
Φ(b) ◦ Φ(a)†

)︁
= Φ2(a) ·

(︁
Φ(a)�

(︁
Φ(b) ◦ Φ(a)†

)︁)︁
= Φ(a) ·

(︁
Φ(a)�

(︁
Φ(b) ·

(︁
Φ(b)� Φ(a)†

)︁)︁)︁
.

Denote the Lie bracket of the Lie group (Φ(G), ◦) by [[·, ·]]. By the definition, we have

[[φ(x), φ(y)]] =
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

exp(tφ(x)) ◦ exp(sφ(y)) ◦ exp(tφ(x))†

=
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx)) ◦ Φ(exp(sy)) ◦ Φ(exp(tx))†

=
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx))

×
(︁
Φ(exp(tx))�

(︁
Φ(exp(sy)) ·

(︁
Φ(exp(sy))� Φ(exp(tx))†

)︁)︁)︁
.

Applying the differential of the group multiplication, we obtain

[[φ(x), φ(y)]] =
d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx))

×
(︁
Φ(exp(tx))� Φ(exp(sy))

)︁
·
(︁
Φ(exp(tx))� Φ(exp(tx))†

)︁
+

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx))

×
(︁
Φ(exp(tx))�

(︁
Φ(exp(sy))� Φ(exp(tx))†

)︁)︁
.

Since

Φ(exp(tx))� Φ(exp(tx))† = Φ(exp(tx))−1,

the first term becomes

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx)) ·
(︁
Φ(exp(tx))� Φ(exp(sy))

)︁
· Φ(exp(tx))−1

=
d

d t

⃓⃓⃓⃓
t=0

Ad·Φ(exp(tx))

(︁(︁
L�
Φ(exp(tx))

)︁
∗1φ(y)

)︁
= [φ(x), φ(y)] + φ(x) ▷ φ(y).
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For the second term, applying the chain rule with respect to s and using Lemma 5.13,
we obtain

d

d t

⃓⃓⃓⃓
t=0

d

d s

⃓⃓⃓⃓
s=0

Φ(exp(tx)) ·
(︁
Φ(exp(tx))�

(︁
Φ(exp(sy))� Φ(exp(tx))†

)︁)︁
=

d

d s

⃓⃓⃓⃓
s=0

d

d t

⃓⃓⃓⃓
t=0

Φ(exp(sy))� Φ(exp(tx))† = −φ(y) ▷ φ(x).

Combining the above identities gives

[[φ(x), φ(y)]] = [φ(x), φ(y)] + φ(x) ▷ φ(y)− φ(y) ▷ φ(x)

=
[︁
φ2(x), φ2(y)

]︁
+ φ(x) ▷ φ(y)− φ(y) ▷ φ(x) = [φ(x), φ(y)]▷.

Thus [[·, ·]] = [·, ·]▷ on φ(g). ■

6 (Weak) twisted post-Hopf algebras

In this section, first, we introduce the notion of (weak) twisted post-Hopf algebras. We show that
the category of weak twisted post-Hopf algebras is isomorphic to the category of Hopf trusses
proposed in [7]. Then we show that every twisted post-Hopf algebra gives rise to another Hopf
algebra, called the sub-adjacent Hopf algebra. Finally, we investigate the relationship between
(weak) twisted post-groups and (weak) twisted post-Hopf algebras.

The definitions and results presented in this section were already contained in the first version
of the present preprint, which appeared in 2023. Subsequently, Fernández Vilaboa, González
Rodŕıguez and Ramos Pérez [16] extended the theory of weak twisted post-Hopf algebras to
arbitrary braided monoidal categories. They established categorical relationships among weak
twisted post-Hopf algebras, Hopf trusses and weak twisted relative Rota–Baxter operators, and
replaced the global cocommutativity assumption by weaker compatibility conditions related to
the cocommutativity class of a Hopf algebra. Below, we indicate more precisely how the results
of this section are related to these subsequent generalizations.

First, let us recall basic concepts on Hopf trusses. In this section, we take a field of charac-
teristic zero F as the base field.

Definition 6.1. Let (H, ·, 1,∆, ϵ, S) be a cocommutative Hopf algebra. Let ◦ be a binary
operation on H such that (H, ◦,∆, ϵ) is a nonunital bialgebra. We say that (H, ·, ◦,Φ) is a Hopf
truss if Φ: H → H is a coalgebra homomorphism such that

x ◦ (y · z) = (x1 ◦ y) · S(Φ(x2)) · (x3 ◦ z), ∀x, y, z ∈ H. (6.1)

The operator Φ is called the cocycle of the Hopf truss (H, ·, ◦,Φ).

Definition 6.2. A Hopf truss morphism F from (H, ·H , ◦H ,ΦH) to (H ′, ·H′ , ◦H′ ,ΦH′) is a Hopf
algebra morphism such that

F (x ◦H y) = F (x) ◦H′ F (y), (6.2)

F (ΦH(x)) = ΦH′(F (x)), (6.3)

for any x, y ∈ H.

Definition 6.3. Let H be a cocommutative Hopf algebra with bilinear operator � : H⊗H → H
and linear operator Φ: H → H. Define ◦ : H ⊗H → H by

x ◦ y = Φ(x1) · (x2 � y), ∀x, y ∈ H.
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(H,�,Φ) is called a weak twisted post-Hopf algebra if � and Φ are coalgebra morphisms satis-
fying the following equalities:

x� (y · z) = (x1 � y) · (x2 � z), (6.4a)

(x ◦ y)� z = x� (y � z), (6.4b)

Φ(x ◦ y) = x ◦ Φ(y), (6.4c)

for any x, y, z ∈ H.

Moreover, if Φ(1) = 1 and the left multiplication L� : H → End(H) given by L�
x (y) = x� y,

∀y ∈ H, is invertible in Hom(H,End(H)) with respect to the convolution, that is, there is
a unique linear operator T� : H → End(H), such that for any x ∈ H,

L�
x1

◦ T�
x2

= T�
x1

◦ L�
x2

= ϵ(x) idH ,

then (H,�,Φ) is called a twisted post-Hopf algebra. The operator ◦ is called the sub-adjacent
operation of the (weak) twisted post-Hopf algebra.

Definition 6.4. A (weak) twisted post-Hopf algebra homomorphism from (weak) twisted post-
Hopf algebra (H,�,Φ) to (weak) twisted post-Hopf algebra (H ′,�′,Φ′) is a Hopf algebra mor-
phism from H to H ′ such that

F (x� y) = F (x)�′ F (y), ∀x, y ∈ H, (6.5)

F (Φ(x)) = Φ′(F (x)), ∀x ∈ H. (6.6)

First, we show that every weak twisted post-Hopf algebra gives rise to a Hopf truss.

Proposition 6.5. Let (H,�,Φ) be a weak twisted post-Hopf algebra. Define the operator ◦ : H⊗
H → H by x ◦ y = Φ(x1) · (x2 � y), ∀x, y ∈ H. Then (H, ·, ◦,Φ) is a Hopf truss. Moreover,
let F be a weak twisted post-Hopf algebra homomorphism from (H,�H ,ΦH) to (H ′,�H′ ,ΦH′).
Then F induces a Hopf truss morphism from (H, ·H , ◦H ,ΦH) to (H ′, ·H′ , ◦H′ ,ΦH′).

Proof. First, we show that ◦ is compatible with ∆. For any x, y ∈ H, we have

∆(x ◦ y) = ∆(Φ(x1) · (x2 � y)) = (Φ(x1) · (x3 � y1))⊗ (Φ(x2) · (x4 � y2))

= (Φ(x1) · (x2 � y1))⊗ Φ(x3) · (x4 � y2) = (x1 ◦ y1)⊗ (x2 ◦ y2).

This proves that ◦ is compatible with ∆. Then we show that ◦ is compatible with ϵ. We have

ϵ(x ◦ y) = ϵ(Φ(x1)(x2 � y)) = ϵ(Φ(x1))ϵ(x2)ϵ(y) = ϵ(x1)ϵ(x2)ϵ(y) = ϵ(x)ϵ(y).

Next we show (H, ◦) is a nonunital algebra. For any x, y, z ∈ H, by the definition, we have

x ◦ (y ◦ z) = Φ(x1) · (x2 � (y ◦ z)) = Φ(x1) · (x2 � (Φ(y1) · (y2 � z)))

(6.4a)
= Φ(x1) · (x2 � Φ(y1)) · (x3 � (y2 � z)) = (x1 ◦ (Φ(y1))) · (x2 � (y2 � z))

(6.4c)
= Φ(x1 ◦ y1) · ((x2 ◦ y2)� z) = (x ◦ y) ◦ z.

Then we show (6.1) holds. By the definition, we have

(x1 ◦ y) · S(Φ(x2)) · (x3 ◦ z) = Φ(x1) · (x2 � y) · S(Φ(x3)) · Φ(x4) · (x5 � z)

= Φ(x1) · (x2 � y) · (x3 � z)

(6.4a)
= Φ(x1) · (x2 � (y · z)) = x ◦ (y · z).
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This proves that (6.1) holds. Finally, if F is a (weak) twisted post-Hopf algebra homomorphism
from (H, ·H ,�H ,ΦH) to (H ′, ·H′ ,�H′ ,ΦH′), then we have

F (a ◦H b) = F (ΦH(a1) ·H (a2 �H b)) = F (ΦH(a1)) ·H′ (F (a2)�H′ F (b))

= ΦH′(F (a1)) ·H′ (F (a2)�H′ F (b)) = F (a) ◦H′ F (b).

This implies (6.2) holds. And it follows from (6.6) that (6.3) holds. Therefore, F induces a Hopf
truss morphism from (H, ·H , ◦H ,ΦH) to (H ′, ·H′ , ◦H′ ,ΦH′). ■

Conversely, we show that every Hopf truss gives rise to a weak twisted post-Hopf algebra.

Proposition 6.6. Let (H, ·, ◦,Φ) be a Hopf truss. Define � : H⊗H → H by x�y = S(Φ(x1)) ·
(x2◦y), ∀x, y ∈ H. Then (H,�,Φ) is a weak twisted post-Hopf algebra. Moreover, if F is a Hopf
truss morphism from (H, ·H , ◦H ,ΦH) to (H ′, ·H′ , ◦H′ ,ΦH′), then F induces a weak twisted post-
Hopf algebra homomorphism from (H,�H ,ΦH) to (H ′,�H′ ,ΦH′)

Proof. First, we show that � is a coalgebra morphism. For any x, y ∈ H, we have

∆(x� y) = ∆(S(Φ(x1)) · (x2 ◦ y)) = (S(Φ(x2)) · (x3 ◦ y1))⊗ (S(Φ(x1)) · (x4 ◦ y2))
= (S(Φ(x1)) · (x2 ◦ y1))⊗ (S(Φ(x3)) · (x4 ◦ y2)) = (x1 � y1)⊗ (x2 � y2).

This proves that � is a coalgebra morphism. It follows from [7, Theorem 6.5] that (H,�,Φ)
is a weak twisted post-Hopf algebra. If F is a Hopf truss morphism from (H, ·H , ◦H ,ΦH) to
(H ′, ·H′ , ◦H′ ,ΦH′), it is easy to see that (6.6) holds, it remains to show (6.5). For any x, y ∈ H,
we have

F (x�H y) = F (SH(ΦH(x1)) ·H (x2 ◦H y)) = F (SH(ΦH(x1))) ·H′ (F (x2) ◦H′ F (y))

= SH′(ΦH′(F (x1))) ·H′ (F (x2) ◦H′ F (y)) = F (x)�H′ F (y). ■

Let HT denote the category of Hopf trusses and WT H the category of weak twisted post-
Hopf algebras. We have the following theorem.

Here is the Hopf algebra version of Theorem 4.5.

Theorem 6.7. The two categories HT and WT H are isomorphic.

Proof. By Proposition 6.5, we can define a functor F : WT H → HT . By Proposition 6.6, we
can define a functor G : HT → WT H. It is easy to see that F ◦ G and G ◦ F are both identity
maps. Hence, the two categories are isomorphic. ■

Remark 6.8. The categorical isomorphism in Theorem 6.7 was established in the original 2023
version of the present preprint for cocommutative Hopf algebras in the category of vector spaces
over a field. Subsequently, [16, Theorem 3.11] extended this correspondence to an arbitrary
braided monoidal category. More precisely, the authors obtained an isomorphism between suit-
able full subcategories of weak twisted post-Hopf algebras and Hopf trusses whose objects satisfy
the compatibility conditions in [16, (3.7) and (3.14)]. When the underlying monoidal category is
symmetric, these conditions are expressed in terms of the cocommutativity class and are weaker
than requiring the underlying Hopf algebra to be globally cocommutative.

Assume (H,�,Φ) is a weak twisted post-Hopf algebra. By the proof of Proposition 6.5,
(H, ◦,∆, ϵ) is a nonunital bialgebra. Moreover, we have the following lemma.

Lemma 6.9. Let (H,�,Φ) be a twisted post-Hopf algebra. Then for any x, y ∈ H, we have

x� 1 = ϵ(x)1, 1� x = x, S(x� y) = x� S(y).
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Proof. Since � is a coalgebra morphism, for all x, y ∈ H we have

∆(x� y) = (x1 � y1)⊗ (x2 � y2), ϵ(x� y) = ϵ(x)ϵ(y).

First, using the counit property, the antipode identity of H, and (6.4a), we obtain

x� 1 = (x1 � 1)ϵ(x2 � 1) = (x1 � 1) · (x2 � 1) · S(x3 � 1)

= (x1 � 1) · S(x2 � 1) = ϵ(x� 1)1 = ϵ(x)1.

Thus, x� 1 = ϵ(x)1.

Next, since 1 is group-like, the convolution inverse identities give

L�
1 ◦ T�

1 = T�
1 ◦ L�

1 = idH .

Hence L�
1 is invertible. Moreover, since Φ(1) = 1 and 1� 1 = 1, we have

1 ◦ 1 = Φ(1) · (1� 1) = 1.

Therefore, by (6.4b),

(L�
1 )

2(x) = 1� (1� x) = (1 ◦ 1)� x = 1� x = L�
1 (x).

Thus L�
1 is both invertible and idempotent, and consequently L�

1 = idH . Hence 1� x = x.

Finally, using the first identity and (6.4a), we obtain

S(x� y) = S(x1 � y1)ϵ(x2)ϵ(y2) = S(x1 � y1) · (x2 � (ϵ(y2)1))

= S(x1 � y1) · (x2 � (y2 · S(y3))) = S(x1 � y1) · (x2 � y2) · (x3 � S(y3))

= ϵ(x1 � y1)(x2 � S(y2)) = ϵ(x1)ϵ(y1)(x2 � S(y2)) = x� S(y).

Therefore, S(x� y) = x� S(y). ■

Lemma 6.10. Let (H,�,Φ) be a twisted post-Hopf algebra with the sub-adjacent operation ◦.
Then the cocycle Φ is idempotent. Furthermore, for any x, y ∈ H, Φ(x)� y = x� y.

Proof. For any x ∈ H, we have

Φ2(x) = (x ◦ 1) ◦ 1 = x ◦ (1 ◦ 1) = x ◦ Φ(1) = x ◦ 1 = Φ(x).

Then by (6.4b) and Lemma 6.9, we have

Φ(x)� y = (x ◦ 1)� y = x� (1� y) = x� y. ■

Lemma 6.11. Let (H,�,Φ) be a twisted post-Hopf algebra, and let T� : H → End(H) be the
convolution inverse of L�. Then, for all x, y ∈ H,

∆
(︁
T�
x (y)

)︁
= T�

x1
(y1)⊗ T�

x2
(y2), (6.7)

and

ϵ
(︁
T�
x (y)

)︁
= ϵ(x)ϵ(y). (6.8)
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Proof. For every x ∈ H, define Lx = L�
x1

⊗ L�
x2
, Tx = T�

x1
⊗ T�

x2
. Since H is cocommutative,

the convolution identities for L� and T� imply

Lx1 ◦ Tx2 = Tx1 ◦ Lx2 = ϵ(x) idH⊗H .

Thus T is the convolution inverse of L.
Since � is a coalgebra morphism, we have ∆◦L�

x = Lx◦∆. Applying ∆ to L�
x1
◦T�

x2
= ϵ(x) idH

gives Lx1 ◦ ∆ ◦ T�
x2

= ϵ(x)∆. Convolving on the left with T and using the uniqueness of the
convolution inverse, we obtain

∆ ◦ T�
x = Tx ◦∆ =

(︁
T�
x1

⊗ T�
x2

)︁
◦∆,

which proves (6.7).
Moreover, since � is a coalgebra morphism, ϵ(L�

x (y)) = ϵ(x)ϵ(y). Therefore,

ϵ
(︁
T�
x (y)

)︁
= ϵ(x1)ϵ

(︁
T�
x2
(y)
)︁
= ϵ
(︁
L�
x1
(T�

x2
(y))

)︁
= ϵ(x)ϵ(y).

This proves (6.8). ■

Now we give a Hopf algebra version of the sub-adjacent group.

Theorem 6.12. Let (H,�,Φ) be a twisted post-Hopf algebra with the sub-adjacent operation ◦.
Then (Φ(H), ◦,∆, 1, ϵ) is a unital cocommutative bialgebra. Moreover, define S� : Φ(H) → Φ(H)
by

S�(Φ(x)) = Φ(T�
Φ(x1)

(S(Φ(x2)))), ∀x ∈ H. (6.9)

Then (Φ(H), ◦,∆, 1, ϵ, S�) is a cocommutative Hopf algebra.

Proof. It follows from Proposition 6.5 that (H, ◦,∆, ϵ) is a nonunital bialgebra. By (6.4c),
Φ(H) is compatible with ◦. And since Φ is a coalgebra morphism, Φ is compatible with ∆, that
is, for any a ∈ H, ∆(Φ(a)) = Φ(a1) ⊗ Φ(a2). Hence (Φ(H), ◦,∆, ϵ) is a nonunital bialgebra.
Moreover, by Lemmas 6.10 and 6.9, we have Φ(x) ◦ 1 = Φ2(x) = Φ(x), and 1 ◦ Φ(x) = Φ(1) ·
(1� Φ(x)) = Φ(x) for any x ∈ H. This implies (Φ(H), ◦,∆, 1, ϵ) is a unital bialgebra.

Then we prove that S� is well-defined. Define a linear map

Θ: H ⊗H −→ H, Θ(u⊗ v) = T�
u (S(v)).

Since Φ is a coalgebra morphism, for every x ∈ H we have

∆(Φ(x)) = (Φ⊗ Φ)∆(x) = Φ(x1)⊗ Φ(x2).

Consequently,

T�
Φ(x1)

(S(Φ(x2))) = Θ∆(Φ(x)).

If Φ(x) = Φ(y), then ∆(Φ(x)) = ∆(Φ(y)), and hence

T�
Φ(x1)

(S(Φ(x2))) = T�
Φ(y1)

(S(Φ(y2))).

Thus (6.9) depends only on the element Φ(x) and not on the choice of its representative x.
Next, we verify that S� is the antipode. It follows from Lemma 6.11 that x ↦−→ T�

x1
(S(x2)) is

a coalgebra morphism. Since Φ is also a coalgebra morphism, (6.9) implies that S� is a coalgebra
morphism and ϵ ◦ S� = ϵ on Φ(H).
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By (6.4c), Lemma 6.10, and the convolution identity for T�, we have

Φ(x1) ◦ S�(Φ(x2)) = Φ(x1) ◦ Φ
(︁
T�
Φ(x2)

(S(Φ(x3)))
)︁
= Φ

(︁
Φ(x1) ◦ T�

Φ(x2)
(S(Φ(x3)))

)︁
= Φ

(︁
Φ2(x1) ·

(︁
Φ(x2)� T�

Φ(x3)
(S(Φ(x4)))

)︁)︁
(6.10)

= Φ
(︁
Φ(x1) · ϵ(Φ(x2))S(Φ(x3))

)︁
= Φ

(︁
Φ(x1) · S(Φ(x2))

)︁
= ϵ(Φ(x))1.

Here, the second equality follows from (6.4c), namely, a ◦ Φ(b) = Φ(a ◦ b).
Note that

S2
�(Φ(x)) = ϵ(Φ(x1))S

2
�(Φ(x2)) = (Φ(x1) ◦ S�(Φ(x2))) ◦ S2

�(Φ(x3))

= Φ(x1) ◦
(︁
S�(Φ(x2)) ◦ S2

�(Φ(x3))
)︁
= Φ(x1) ◦ ϵ(S�(Φ(x2)))1

= Φ(x1) ◦ ϵ(Φ(x2))1 = Φ(x). (6.11)

Since S� is a coalgebra morphism, applying (6.10) to S�(Φ(x)) and using (6.11), we obtain

S�(Φ(x1)) ◦ Φ(x2) = S�(Φ(x1)) ◦ S2
�(Φ(x2)) = ϵ(S�(Φ(x)))1 = ϵ(Φ(x))1.

Hence (Φ(H), ◦,∆, 1, ϵ, S�) is a cocommutative Hopf algebra. ■

Remark 6.13. The construction of the sub-adjacent Hopf algebra on Φ(H) = Im(Φ) in The-
orem 6.12 already appeared in the original 2023 version of the present preprint. It was subse-
quently extended in [16] to the setting of braided monoidal categories.

More precisely, [16, Lemma 3.13] proves that a unit-preserving cocycle ΦH is idempotent
already for a weak twisted post-Hopf algebra. If the underlying braided monoidal category
admits split idempotents, the idempotent ΦH determines an image object I(ΦH) together with
morphisms

H
pH−−→ I(ΦH)

iH−−→ H, iH ◦ pH = ΦH , pH ◦ iH = idI(ΦH) .

Under the compatibility condition [16, (3.7)], [16, Theorem 3.21] equips I(ΦH) with a bialgebra
structure. Under the additional assumptions of [16, Corollary 3.23], this bialgebra becomes a co-
commutative Hopf algebra. This gives a braided categorical extension of the image construction
in Theorem 6.12.

The Hopf algebra (Φ(H), ◦,∆, 1, ϵ, S�) given in the above theorem is called the sub-adjacent
Hopf algebra of the twisted post-Hopf algebra (H,�,Φ).

Finally, we show that the group-like elements of a (weak) twisted post-Hopf algebra form
a (weak) twisted post-group.

Theorem 6.14. Let (H,�,Φ) be a (weak) twisted post-Hopf algebra with the sub-adjacent op-
eration ◦. Then its subset G(H) of group-like elements has the structure of (weak) twisted
post-group. Conversely, let (G, ·,�,Φ) be a weak twisted post-group. Then the linear exten-
sions of � and Φ make F[G] into a weak twisted post-Hopf algebra. If, moreover, (G, ·,�,Φ) is
a twisted post-group and Φ(1G) = 1G, then F[G] is a twisted post-Hopf algebra.

Proof. Since Φ is a coalgebra morphism, for any x ∈ G(H), we have

∆(Φ(x)) = Φ(x1)⊗ Φ(x2) = Φ(x)⊗ Φ(x).

Hence we can define Φ: G(H) → G(H). Similarly, for any x, y ∈ G(H), we have

∆(x� y) = (x1 � y1)⊗ (x2 � y2) = (x� y)⊗ (x� y).
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This implies we can define � : G(H) × G(H) → G(H) and define ◦ : G(H) × G(H) → G(H)
given by x ◦ y = Φ(x) · (x� y). For any x, y, z ∈ G(H), we have

x� (y · z) = (x1 � y) · (x2 � z) = (x� y) · (x� z).

This implies the left multiplication L�
x : G(H) → G(H) defined by L�

x (z) = x � z for any
z ∈ G(H), is a group homomorphism. Moreover, if (H,�,Φ) is a twisted post-Hopf algebra,
then we have

L�
x T

�
x = L�

x1
T�
x2

= ϵ(x) id = id,

and similarly we have T�
x L

�
x = id. This implies L�

x is an automorphism.
For any x, y, z ∈ G(H), by (6.4b), we have (2.2). And using (6.4c), we know that (2.3) is

satisfied. Hence (G(H), ·,�,Φ) is a (weak) twisted post-group if (H,�,Φ) is a (weak) twisted
post-Hopf algebra.

Conversely, given a (weak) twisted post-group (G,�,Φ), we can extend � and Φ to F[G] by∑︂
i

αiai �
∑︂
j

βjbj =
∑︂
i,j

αiβj(ai � bj), Φ(
∑︂
i

αiai) =
∑︂
i

αiΦ(ai),

where αi, βj ∈ F and ai, bj ∈ G. One can readily verify (F[G],�,Φ) is a (weak) twisted post-Hopf
algebra. ■
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