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Abstract. We show that circle-valued spectral values in Tate Rabinowitz Floer homology
give rise to quantized energy levels, which recover the quantum mechanical spectrum of
a system of uncoupled harmonic oscillators.
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To the memory of our friend and colleague Will Merry

“We must be clear that when it comes to atoms, language
can be used only as in poetry. The poet, too, is not nearly
so concerned with describing facts as with creating images
and establishing mental connections.”

— Niels Bohr, About describing atomic models
in the language of classical physics

1 Introduction

The Rabinowitz action functional is a Lagrange multiplier functional which detects periodic
orbits on a fixed energy hypersurface that can go forward as well as backward in time. The
functional is invariant under the circle action obtained by reparametrisation of loops. Therefore,
one can consider its S1-equivariant Rabinowitz Floer homology, or more generally its Tate
Rabinowitz Floer homology in which the generator of the cohomology of CP∞, the classifying
space of the circle, is formally inverted. According to [1], the Rabinowitz action functional on
the loop space of the complex plane C can be used as a substitute for the non-existing Tate
classifying space of the circle. Here, in contrast to the above, the circle acts on the loop space of
C not on the domain but on the target, which gives rise to a free action on the critical manifolds
of the Rabinowitz action functional.

Already for a single harmonic oscillator, corresponding to the free loop space of C, the
Tate Rabinowitz Floer homology turns out to be extremely rich. Since the Rabinowitz action
functional on the free loop space of C is also used as Tate classifying space, it actually appears
twice. However, the two circle actions differ: once the circle acts on the domain, and once
on the target. Although the harmonic oscillator has just one periodic orbit together with all
its integer iterates as in the case of Tate symplectic homology [1], this richness arises from
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infinite staircases consisting of infinitely many iterates of the periodic orbit that are connected
by gradient flow lines. Do these staircases have some physical significance? Witten referred in
his seminal paper [22], which greatly influenced Floer [11], to gradient flow lines as instantons.
Can the critical points be interpreted as some states between which gradient flow lines can
tunnel?

In this paper, we examine the spectral numbers of homology classes in Tate Rabinowitz
Floer homology. It turns out that they are usually infinite, and only finite in very special cases.
Tate Rabinowitz Floer homology of C is endowed with a Z-action which gives it the structure
of a Z[Z]-module. The Z-action does not preserve the spectral number but shifts it. Given
a constant ℏ > 0, we address the following question.

Question 1.1. Under which conditions can we associate to a Z[Z]-equivalence class of a nonva-
nishing homology class in Tate Rabinowitz Floer homology of C a spectral number in S1 = R/ℏZ?

As we shall see, this can only be done for a discrete set of energy values, thus giving rise to
some kind of quantized energy values. We refer to these values as Tate Rabinowitz quantized
energy values. We then compute them for the harmonic oscillator.

Theorem 1.2. The Tate Rabinowitz quantized energy values for the harmonic oscillator are
given by

(︁
n− 1

2

)︁
ℏ, where n ∈ N.

These energy values coincide with the eigenvalues of the Schrödinger operator for the har-
monic oscillator [19]. To obtain Theorem 1.2, it is important to define the spectral numbers with
the help of the action value of the Rabinowitz action functional corrected by a quarter of the
Maslov index, see (4.6) for the precise formula. This is reminiscent of the semiclassical approach
to quantization, where in Gutzwiller’s famous trace formula [14] a correction by a quarter of the
Maslov index appears as well.

We next address the question of several harmonic oscillators, which is of importance in
semiclassics as an analytical test of Gutzwiller’s trace formula [2, 9]. In fact, the classical orbits
in this case are Lissajous curves, which are usually not periodic unless one considers the isotropic
case. For m harmonic oscillators, each harmonic oscillator can be reparametrised individually,
so that the Rabinowitz action functional is invariant under an action of the m-dimensional
torus Tm. The corresponding Tate Rabinowitz Floer homology becomes a module over the
group ring Z[Zm]. For the Tate Rabinowitz quantized energy values in this case one obtains the
following generalization of Theorem 1.2.

Theorem 1.3. The Tate Rabinowitz quantized energy values for m harmonic oscillators of
frequencies ϖi for 1 ≤ i ≤ m are given by

En =

m∑︂
i=1

(︁
ni − 1

2

)︁
ϖiℏ

where n = (n1, . . . , nm) ∈ Nm.

For m = 1 and ϖ1 = 1, Theorem 1.3 reduces to Theorem 1.2. Again, the Tate Rabinowitz
quantized energy values coincide with the eigenvalues of the Schrödinger operator and the semi-
classical predictions based on Gutzwiller’s trace formula [2, 9].

It is interesting to compare the semiclassical approach with the approach via Tate Rabinowitz
homology. In both approaches periodic orbits play a crucial role. Besides the Maslov index, in
Gutzwiller’s trace formula additional local invariants of periodic orbits such as Floquet multi-
pliers enter. Floer homology does not really see the Floquet multipliers. In fact, the classical
Morse lemma [16] tells us that locally around a critical point the only invariants are its action
and its index. On the other hand, Tate Rabinowitz Floer homology involves instantons, which
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do not play a role in Gutzwiller’s trace formula. From a more global perspective, it could be
possible to recover some Floquet multipliers from Floer theoretic data. For instance, in the case
of elliptic periodic orbits, index iteration shows that the Floquet multipliers correspond to the
mean index [15]. As for the mean index, one does not really need a flow but just a Fredholm
theory [13], it should be possible to define Tate Rabinowitz quantized energy values also for
Hamiltonian delay equations. This is of special interest for the semiclassical study of the helium
atom [7].

Theorem 1.2 is proved at the end of Section 4, and Theorem 1.3 at the end of Section 6.

2 The Rabinowitz action functional

Let (M,ω) be a symplectic manifold. For simplicity, we assume that ω is exact, i.e., ω = dλ for
a one-form λ. With the circle S1 = R/Z, we denote by

L := LM := C∞(︁
S1,M

)︁
the free loop space of M . Given a smooth function H : M → R, the Rabinowitz action functional
is defined by

AH : L × R → R, (v, τ) ↦→
∫︂
S1

v∗λ− τ

∫︂ 1

0
H(v(t))dt.

Although Moser declared this functional as “certainly not suitable for an existence proof” [17],
it was soon afterwards used by Rabinowitz to prove existence of periodic orbits in his ground-
breaking work [18]. One may think of this functional as the Lagrange multiplier functional of
the area functional for the constraint given by the mean value of the Hamiltonian [3]. If we
define the Hamiltonian vector field of H implicitly by the condition

dH = ω(·, XH),

then the critical points of AH are solutions of the problem{︄
∂tv(t) = τXH(v(t)),

H(v(t)) = 0,
t ∈ S1.

For τ > 0, this corresponds after reparametrization to a periodic orbit of period τ on the energy
hypersurface Σ = H−1(0). For τ = 0, the orbit is a constant point on Σ, and for τ < 0
the orbit is travelled backwards and has period −τ . This reminds one in a mysterious way of
the Feynman–Stueckelberg interpretation of a positron being an electron moving backwards in
time [10, 20]. Since periodic orbits can also go backward in time, the action is in general neither
bounded from above nor below. Algebraically, this has the effect that one can take different
completions in order to define various flavours of Rabinowitz Floer homology [4].

The Rabinowitz action functional is invariant under the reparametrization S1 action

S1 × L× R → L× R, (ρ, v, τ) ↦→ (ρ∗v, τ), (2.1)

where for ρ ∈ S1 and v ∈ L the reparametrized loop is defined by

ρ∗v(t) = v(t+ ρ), t ∈ S1.

Moreover, it is antiinvariant under the involution

I : L × R → L× R, (v, τ) ↦→ (v−,−τ),
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where v− is obtained from v by traveling backwards,

v−(t) = v(−t), t ∈ S1.

Here antiinvariance means that

AH ◦ I = −AH .

There are two grading conventions on Rabinowitz Floer homology: one half-integer valued [8]
for which the grading is also antiinvariant under the involution I, and one integer valued [6]
which is more in accordance with symplectic homology. We will use the latter one.

3 The Tate Rabinowitz action functional

A special instance is the case M = C with its standard symplectic form

ω = dx ∧ dy,

z = x+ iy ∈ C, and its standard primitive

λ =
1

2
(xdy − ydx).

For κ > 0, we consider the Hamiltonian

µκ : C → R, z ↦→ π|z|2 − κ.

Its Hamiltonian vector field generates the standard circle action

S1 × C → C, (r, z) ↦→ e2πirz

on the complex plane. For ℓ ∈ Z, we define wℓ ∈ LC by

wℓ(t) =

√︃
κ

π
e2πitℓ, t ∈ S1. (3.1)

Then we have a natural bijection

Z× S1 ∼= critAµκ , (ℓ, r) ↦→
(︁
e2πirwℓ, ℓ

)︁
. (3.2)

The action of a critical point is given by

Aµκ
(︁
e2πirwℓ, ℓ

)︁
= κℓ.

In the following, we consider LC × R endowed with the circle action on the target of a loop,

S1 × LC × R → LC × R, (r, w, η) ↦→
(︁
e2πirw, η

)︁
, (3.3)

in contrast to the circle action (2.1) for which the circle acts on the domain.
For a manifold M , we define the Tate space of M as the quotient

T := TM := (LM × R)×S1 (LC × R),

where we divide out the diagonal circle action given by

S1 × (LM × R)× (LC × R) → (LM × R)× (LC × R),
(ρ, v, τ, w, η) ↦→

(︁
ρ∗v, τ, e

2πiρw, η
)︁
.

Note that while the circle acts on the loop space of M on the domain, it acts on the loop space
of C on the target.

For an exact symplectic manifold (M,ω = dλ) and a smooth function H : M → R, the Tate
Rabinowitz action functional for H with respect to κ > 0 is defined as

AH
κ : T → R, [v, τ, w, η] → AH(v, τ) +Aµκ(w, η).

This is well defined because both AH and Aµκ are invariant under the circle actions.
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4 The harmonic oscillator

We consider the special case of the symplectic manifold M = C endowed with its standard
symplectic structure. In this case the Tate space is

TC = (LC × R)×S1 (LC × R).

Recall that the circle actions on the two loop spaces of C differ: in the first component the circle
acts on the domain, whereas in the second component it acts on the target. For κ > 0 and
E > 0 we consider the Tate Rabinowitz action functional

AE
κ := AµE

κ : TC → R.

In analogy to wℓ ∈ LC in (3.1), we define for ν ∈ Z the loops vν ∈ LC by

vν(t) =

√︃
E

π
e2πitν , t ∈ S1.

As in (3.2), we have a natural bijection

Z× S1 × Z× S1 ∼= critAµE × critAµκ = crit(AµE ⊕Aµκ)

given by

(ν, s, ℓ, r) ↦→
(︁(︁
e2πisvν , ν

)︁
, (e2πirwℓ, ℓ)

)︁
.

This gives rise to a bijection

Z× Z× S1 =
(︁
Z× S1

)︁
×S1

(︁
Z× S1

)︁
= critAµE ×S1 critAµκ = critAE

κ .

In view of

ρ∗
(︁
e2πisvν

)︁
(t) =

√︃
E

π
e2πise2πi(t+ρ)ν =

√︃
E

π
e2πi(s+ρν)e2πitν = e2πi(s+ρν)vν(t),

the circle action on Z× S1 × Z× S1 is given by

S1 × Z× S1 × Z× S1 → Z× S1 × Z× S1, (ρ, ν, s, ℓ, r) ↦→ (ν, s+ ρν, ℓ, r + ρ).

The Tate Rabinowitz action functional AE
κ is Morse–Bott and its critical manifold consists of

a Z × Z-family of circles. We choose on each circle an auxiliary Morse function having one
maximum and one minimum. For (ν, ℓ) ∈ Z× Z, we denote by u+ν,ℓ the point of maximum and
by u−ν,ℓ the point of minimum.

Let ∂ be the boundary operator algebraically counting cascades consisting of negative gradient
flow lines of AE

κ and negative gradient flow lines of the auxiliary Morse function on the critical
circles between the generators u±ν,ℓ, see [8, Appendix A]. The two Rabinowitz action functionals
give rise to a double filtration

AµE (u+ν,ℓ) = AµE (u−ν,ℓ) = Eν, Aµκ(u+ν,ℓ) = Aµκ(u−ν,ℓ) = κℓ,

both of which are nonincreasing along ∂. We further define a Z-grading by

|u−ν,ℓ| = 2(ν + ℓ), |u+ν,ℓ| = 2(ν + ℓ) + 1,

so that ∂ decreases the grading by one.
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The boundary operator ∂ has been computed in [1, Section 3.2] to be

∂u−ν,ℓ = u+ν−1,ℓ + νu+ν,ℓ−1, ∂u+ν,ℓ = 0, (ν, ℓ) ∈ Z× Z. (4.1)

This can be understood as follows. For degree reasons, the only generator appearing in ∂u+ν,ℓ
is u−ν,ℓ; the coefficient ⟨∂u+ν,ℓ, u

−
ν,ℓ⟩ corresponds to the boundary operator for the circle and there-

fore vanishes. The only generators appearing in ∂u−ν,ℓ are u
+
ν−1,ℓ and u+ν,ℓ−1. Since the S

1-action is

free on the second component, the coefficient ⟨∂u−ν,ℓ, u
+
ν−1,ℓ⟩ corresponds to the boundary opera-

tor for the non-equivariant Rabinowitz Floer chain complex of AµE . As the circle in the complex
plane is displaceable, the non-equivariant Rabinowitz Floer homology of AµE vanishes [8], so
we must have ⟨∂u−ν,ℓ, u

+
ν−1,ℓ⟩ = 1. The coefficient ⟨∂u−ν,ℓ, u

+
ν,ℓ−1⟩ corresponds to the boundary

operator for the local S1-equivariant Rabinowitz Floer chain complex of the orbit vν . Since the
orbit vν rotates ν times under the circle action on the domain, the local differential equals the
one on the doubly-infinite lens space S∞

∞/Zν given by ⟨∂u−ν,ℓ, u
+
ν,ℓ−1⟩ = ν.

For ν ∈ Z, we denote by C2ν = C2ν

(︁
AE
κ

)︁
the abelian group consisting of doubly infinite

formal sums of generators of degree 2ν, namely

ξ =
∑︂
ℓ∈Z

ξℓu
−
ν−ℓ,ℓ

with coefficients ξℓ ∈ Z. Similarly, the abelian group C2ν+1 = C2ν+1

(︁
AE
κ

)︁
consists of doubly

infinite formal sums

ξ =
∑︂
ℓ∈Z

ξℓu
+
ν−ℓ,ℓ.

We linearly extend ∂ to a map ∂ : Ck → Ck−1, k ∈ Z. This is a boundary operator, i.e., ∂2 = 0,
so that we can define the Tate Rabinowitz Floer homology of the harmonic oscillator as the
quotient

H∗ := H∗
(︁
AE
κ

)︁
:= ker ∂/im ∂.

We further have linear isomorphisms

U : Ck

∼=−→ Ck+2 (4.2)

that on generators are given by

U(u+ν,ℓ) = u+ν,ℓ+1, U(u−ν,ℓ) = u−ν,ℓ+1.

These maps commute with the boundary operator, U ◦ ∂ = ∂ ◦ U, so they induce isomorphisms

on homology u : Hk

∼=−→ Hk+2, k ∈ Z. This endows the homology H∗ with the structure of a
Z[Z]-module, where the formal variable u has degree two.

Our next goal is to show that the Tate Rabinowitz Floer homology of the harmonic oscillator
is nontrivial. However, our first lemma looks like bad news. We say that ξ ∈ Ck has finite
positive support if there exists L ∈ Z such that the coefficients ξℓ vanish for ℓ > L. Note that
all elements of odd degree are cycles.

Lemma 4.1. If η ∈ C2ν−1 has finite positive support, then η ∈ im ∂.

Proof. We write

η =
∑︂
ℓ∈Z

ηℓu
+
ν−ℓ−1,ℓ.
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We can assume without loss of generality that η ̸= 0. Hence, since η has finite positive support,
there exists L ∈ Z such that

L = max{ℓ | ηℓ ̸= 0}.

We need to construct

ξ =
∑︂
ℓ∈Z

ξℓu
−
ν−ℓ,ℓ ∈ C2ν

such that ∂ξ = η. We set ξℓ = 0, ℓ > L. For ℓ ≤ L, we define downward recursively

ξℓ = ηℓ − (ν − ℓ− 1)ξℓ+1. (4.3)

Since both ηℓ and ξℓ vanish for ℓ > L, the formula (4.3) actually holds true for all ℓ ∈ Z.
Using (4.1) and (4.3), we compute

∂ξ =
∑︂
ℓ∈Z

ξℓ∂u
−
ν−ℓ,ℓ =

∑︂
ℓ∈Z

ξℓ
(︁
u+ν−ℓ−1,ℓ + (ν − ℓ)u+ν−ℓ,ℓ−1

)︁
=

∑︂
ℓ∈Z

(︁
ξℓ + ξℓ+1(ν − ℓ− 1)

)︁
u+ν−ℓ−1,ℓ =

∑︂
ℓ∈Z

ηℓu
+
ν−ℓ−1,ℓ = η.

This proves the lemma. ■

We say that ξ ∈ Ck has infinite positive support if it does not have finite positive support. We
further say that ξ is positively bounded if there exists N ∈ N such that |ξℓ| ≤ N , ℓ ∈ N. Note that
we impose this condition only on the coefficients of positive index ℓ, so the coefficients can be
unbounded as ℓ tends to minus infinity. The next lemma guarantees that our Tate Rabinowitz
Floer homology is nontrivial.

Lemma 4.2. Assume that η ∈ C2ν−1 has infinite positive support but is positively bounded.
Then η /∈ im ∂.

Proof. Arguing by contradiction, suppose that

η =
∑︂
ℓ∈Z

ηℓu
+
ν−ℓ−1,ℓ

admits a primitive, i.e., there exists

ξ =
∑︂
ℓ∈Z

ξℓu
−
ν−ℓ,ℓ ∈ C2ν

such that ∂ξ = η. The coefficients of ξ have to satisfy the recursion relation (4.3). Since η is
positively bounded, there exists N ∈ N such that |ηℓ| ≤ N , ℓ ≥ ν. Hence we obtain from (4.3)
the estimate

|ξℓ+1| ≤
|ξℓ|+N

ℓ+ 1− ν
, ℓ ≥ ν.

We claim that this estimate implies limℓ→∞ ξℓ = 0. To see this, define xk := |ξk+ν | for k ≥ 0.
Then xk+1 ≤ xk+N

k+1 , which by induction implies

xk ≤ x0
k!

+Nck, ck :=
1

k
+

1

k(k − 1)
+ · · ·+ 1

k!
.
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Since ck is a sum of k terms each ≤ 1/k, we have ck ≤ 1 for all k. This implies ck =
1+ck−1

k ≤ 2/k,
and therefore the claim in view of

xk ≤ x0
k!

+
2N

k
−−−→
k→∞

0.

Since the ξℓ are integers, the claim implies that there exists an L such that ξℓ = 0 for all ℓ ≥ L.
By (4.3), this yields ηℓ = 0 for all ℓ ≥ L, contradicting the hypothesis that η has infinite positive
support. ■

While the Tate Rabinowitz homology for the harmonic oscillator is extremely rich in odd
degrees, we show next that it vanishes in even degrees.

Lemma 4.3. For every ν ∈ Z, we have ker(∂ : C2ν → C2ν−1) = {0}, hence H2ν = {0}.

Proof. Suppose that

ξ =
∑︂
ℓ∈Z

ξℓu
−
ν−ℓ,ℓ ∈ C2ν

satisfies

∂ξ = 0.

We will show that this implies ξ = 0. Since ξ lies in the kernel of the boundary operator, we
obtain as a special instance of (4.3) the following recursion relation between its coefficients:

ξℓ = (ℓ+ 1− ν)ξℓ+1, ℓ ∈ Z. (4.4)

In particular, plugging ℓ = ν−1 into this formula we obtain ξν−1 = 0, and therefore by downward
induction using (4.4)

ξℓ = 0, ℓ ≤ ν − 1. (4.5)

It remains to show that the coefficients vanish also for ℓ ≥ ν. In order to prove this, we first
show the following claim.

Claim. For every ℓ0 ∈ Z, there exists ℓ ≥ ℓ0 such that ξℓ = 0.

Arguing by contradiction, suppose there exists ℓ0 such that

ξℓ ̸= 0, ℓ ≥ ℓ0.

Using (4.4) inductively, we obtain

ξν+k =
ξν
k!

−−−→
k→∞

0.

Since ξν+k ∈ Z \ {0} for all k ≥ 0, this is a contradiction proving the claim.

If ξL = 0 for some L ≥ ν, then downward induction using (4.4) shows that ξℓ = 0 for every
ν ≤ ℓ ≤ L. Since by the claim we find L arbitrarily large such that ξL = 0, we deduce that
ξℓ = 0, ℓ ≥ ν. Combining this with (4.5), we see that all coefficients of ξ vanish, so that ξ = 0.
This proves the lemma. ■
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It follows from Lemma 4.2 that H2ν+1 ̸= {0} for every ν ∈ Z. We next associate to a nonzero
homology class α ∈ H2ν+1 a spectral number. For this, we introduce on generators the shifted
action

˜︁AE
κ (u

+
ν,ℓ) := AE

κ (u
+
ν,ℓ) +

νℏ
2
.

Since the Conley–Zehnder index of the first component vν of uν,ℓ = (vν , wℓ) is 2ν, this corre-
sponds to the addition of ℏ/4 times the Conley–Zehnder index. This is reminiscent of the rule
in semiclassics of adding ℏ/4 times the Maslov index [14]. For a mathematical discussion of the
Maslov index in semiclassics, we refer to the paper by Sun [21].

Using this, we first define for a nonvanishing chain

ξ =
∑︂
ℓ∈Z

ξℓu
+
ν−ℓ,ℓ ∈ C2ν+1

the quantity

σ(ξ) := sup
{︁˜︁AE

κ (u
+
ν−ℓ,ℓ) | ξℓ ̸= 0

}︁
∈ (−∞,∞], (4.6)

and then we define for a homology class 0 ̸= α ∈ H2ν+1 its spectral number as the infimum over
all its representatives,

σ(α) := inf{σ(ξ) | [ξ] = α} ∈ [−∞,∞].

Proposition 4.4. The spectral number of each 0 ̸= α ∈ H2ν+1 satisfies

σ(α) =

⎧⎪⎨⎪⎩
∞, E < κ− ℏ

2 ,(︁
E + ℏ

2

)︁
ν, E = κ− ℏ

2 ,

−∞, E > κ− ℏ
2 .

Proof. Note that˜︁AE
κ (u

+
ν−ℓ,ℓ) = AE

κ (u
+
ν−ℓ,ℓ) +

(ν−ℓ)ℏ
2 = E(ν − ℓ) + κℓ+ (ν−ℓ)ℏ

2

=
(︁
E + ℏ

2

)︁
ν +

(︁
κ− E − ℏ

2

)︁
ℓ. (4.7)

We now discuss the three cases one by one.
Case E < κ − ℏ

2 : Consider ξ ∈ C2ν+1 with α = [ξ]. Since α ̸= 0, by Lemma 4.1 we deduce
that ξ has infinite positive support. Since κ > E+ ℏ

2 , we infer from (4.7) that σ(ξ) = ∞. Since ξ
was an arbitrary representative of α, this implies that σ(α) = ∞.

Case E = κ − ℏ
2 : In this case we have ˜︁AE

κ (u
+
ν−ℓ,ℓ) =

(︁
E + ℏ

2

)︁
ν independently of ℓ, which

immediately implies that σ(α) =
(︁
E + ℏ

2

)︁
ν.

Case E > κ− ℏ
2 : Consider

ξ =
∑︂
ℓ∈Z

ξℓu
+
ν−ℓ,ℓ ∈ C2ν+1

with [ξ] = α. For L ∈ N, abbreviate

ξL :=
∑︂
ℓ≥L

ξℓu
+
ν−ℓ,ℓ.

Then ξ − ξL has finite positive support, so by Lemma 4.1 we have ξ − ξL ∈ im ∂, and therefore[︁
ξL

]︁
= [ξ] = α. Since α ̸= 0, the quantity

ℓL := min{ℓ ≥ L | ξℓ ̸= 0}
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is well defined. Since κ < E + ℏ
2 , the function

Z → R, ℓ ↦→
(︁
E + ℏ

2

)︁
ν +

(︁
κ− E − ℏ

2

)︁
ℓ

is strictly decreasing, so that by (4.7) we have

σ
(︁
ξL

)︁
=

(︁
E + ℏ

2

)︁
ν +

(︁
κ− E − ℏ

2

)︁
ℓL ≤

(︁
E + ℏ

2

)︁
ν +

(︁
κ− E − ℏ

2

)︁
L.

Again using κ < E + ℏ
2 , we deduce that

lim
L→∞

σ
(︁
ξL

)︁
= −∞.

Since each ξL represents the homology class α, this implies that σ(α) = −∞. This proves the
proposition. ■

As explained above, the U-map (4.2) endows Tate Rabinowitz Floer homology with the
structure of a Z[Z]-module. The U-map does not preserve the action, but in view of˜︁AE

κ

(︁
U(u±ν,ℓ)

)︁
= ˜︁AE

κ (u
±
ν,ℓ+1) =

˜︁AE
κ (u

±
ν,ℓ) + κ

it shifts it uniformly by the amount of κ, so that for 0 ̸= α ∈ H∗ we have

σ(uα) = σ(α) + κ. (4.8)

We are now in a position to prove Theorem 1.2 from the introduction.

Proof of Theorem 1.2. By the shift property (4.8), we can associate to a Z[Z]-equivalence
class (under the action of u) a spectral number in R/ℏZ only if κ ∈ ℏZ, i.e., κ ∈ ℏN because
κ > 0. By Lemma 4.3, there are no spectral numbers for α ∈ H2ν = {0}. By Proposition 4.4,
the spectral number σ(α) of 0 ̸= α ∈ H2ν+1 is finite if and only if E = κ− ℏ

2 ∈
(︁
N− 1

2

)︁
ℏ. ■

Remark 4.5. Lemmas 4.2 and 4.3 rely crucially on the fact that the coefficients are Z, and they
are not true with rational coefficients. A similar phenomenon occurs in [1]. One may wonder
whether this has some number theoretic significance, cf. [5] for a relation between spectra and
number theory.

5 The iterated Tate Rabinowitz action functional

Consider exact symplectic manifolds (Mi, ωi = dλi), 1 ≤ i ≤ m, and smooth functions

Hi : Mi → R, 1 ≤ i ≤ m.

The product

(M,ω) =

(︃ m∏︂
i=1

Mi,

m⨁︂
i=1

ωi

)︃
is an exact symplectic manifold with primitive

λ =

m⨁︂
i=1

λi.

We define the smooth function

H : M → R, (x1, . . . , xm) ↦→
m∑︂
i=1

Hi(xi).
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The m-dimensional torus

Tm = S1 × · · · × S1⏞ ⏟⏟ ⏞
m times

acts on the free loop space LM as follows. For ρ = (ρ1, . . . , ρm) ∈ Tm and v = (v1, . . . , vm) ∈ LM ,
define

ρ∗v =
(︁
(ρ1)∗v1, . . . , (ρm)∗vm

)︁
,

i.e., the action Tm ×LM → LM reparametrizes all components of v individually. We define the
iterated Tate space

Tm = Tm
M = (LM × R)×Tm (LC × R)m,

where Tm acts on (LC × R)m componentwise on the target of the loops as in (3.3). Let κ =
(κ1, . . . , κm) ∈ (0,∞)m be a vector with positive entries. The m-fold iterated Rabinowitz action
functional AH

κ : Tm → R is defined for (v, τ) ∈ LM × R and (w, η) = (w1, η1, . . . , wm, ηm) ∈
(LC × R)m as

AH
κ ([v, τ, w, η]) = AH(v, τ) +

m∑︂
i=1

Aµκi (wi, ηi).

6 Several uncoupled harmonic oscillators

We consider the case where Mi = C for 1 ≤ i ≤ m, with the iterated Tate space Tm = Tm
Cm .

We fix a vector

ϖ =
(︁

1
ϖ1

, . . . , 1
ϖm

)︁
∈ (0,∞)m

and energy E > 0 and define the smooth function

µE,ϖ : Cm → R, (z1, . . . , zm) ↦→
m∑︂
i=1

πϖi|zi|2 − E.

For an additional vector κ = (κ1, . . . , κm) ∈ (0,∞)m, we will study in this section the Floer
complex for the m-fold iterated Rabinowitz action functional

AE
κ = AE,ϖ

κ = A
µE,ϖ
κ : Tm → R.

In order to describe this complex, note that the sublevel set {µE,ϖ ≤ 0} of the above Hamiltonian
is an ellipsoid. We recall from [12] its Floer complex. Denote by

(︁˜︁Ων

)︁
ν∈N the sequence of

positive integer multiples of 1
ϖ1

, . . . , 1
ϖm

arranged in nondecreasing order with repetitions. They
correspond to closed Reeb orbits γν of action E˜︁Ων and Conley–Zehnder index m − 1 + 2ν
(understood in the Morse–Bott sense in case of rational dependencies among the ϖi). The (non-
equivariant) Floer complex has for each γν two generators γ±ν , corresponding to the maximum
and minimum of a Morse function on the circle, such that ∂γ+ν = 0 and ∂γ−ν+1 = γ+ν . (In the
case of rational dependencies, this description also holds, where the γν are generators of the
homology of the critical manifolds.)

For the Rabinowitz Floer complex of µE,ϖ, we need to consider all integer multiples rather
than just the positive ones. To get a more symmetric description, we will shift the index ν
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by m−1
2 . Thus, we denote by (Ων)ν∈Z+m−1

2
the sequence of integer multiples of 1

ϖ1
, . . . , 1

ϖm

arranged in nondecreasing order with repetitions such that

Ω−m−1
2

= Ωm−1
2

= 0.

Note that

Ων = −Ω−ν , ν ∈ Z+ m−1
2 . (6.1)

They correspond to generators γ±ν of action

AµE,ϖ
(︁
γ±ν

)︁
= EΩν

and degrees

|γ−ν | = m− 1 + 2(ν − m−1
2 ) = 2ν, |γ+ν | = 2ν + 1

such that

∂γ+ν = 0, ∂γ−ν = γ+ν−1, ν ∈ Z+ m−1
2 . (6.2)

We denote the corresponding generators of the Tate Rabinowitz Floer complex by u+ν,k and u−ν,k,

where ν ∈ Z+ m−1
2 and k ∈ Zm. By the preceding discussion, they have action

AE
κ

(︁
u±ν,k

)︁
= ⟨κ, k⟩+ EΩν (6.3)

and degrees

|u+ν,k| = 2
(︁
ν + ζk

)︁
+ 1 ∈ 2Z+m

|u−ν,k| = 2
(︁
ν + ζk

)︁
∈ 2Z+m− 1,

where for a vector k ∈ Zm we denote by

ζk =

m∑︂
i=1

ki

the sum of its entries. To describe the differential, we introduce some notation. Let b =
{e1, . . . , em} be the standard basis of Rm. We choose maps

ε : Z+ m−1
2 → b, µ : Z+ m−1

2 → Z

such that

Ων = µ(ν)
⟨︁
ϖ, ε(ν)

⟩︁
, ν ∈ Z+ m−1

2 (6.4)

and

ε(ν) = ε(−ν), µ(ν) = −µ(−ν), ν ∈ Z+ m−1
2 . (6.5)

If the ratios ϖi
ϖj

are irrational for all i ̸= j, then the maps ε and µ for |ν| > m−1
2 are uniquely

determined by (6.4) and in this case (6.5) follows from (6.1). In the presence of rational ratios
the map µ is still unique, corresponding to the multiplicity, but the map ε is not uniquely
determined.
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Lemma 6.1. The boundary operator is given on generators by

∂u−ν,k = u+ν−1,k + µ(ν)u+ν,k−ε(ν), ∂u+ν,k = 0.

Proof. Vanishing of ∂u+ν,k and the first term in ∂u−ν,k follow from (6.2). For the second term

in ∂u−ν,k, let ε(ν) = ei, so that the first component of ∂u−ν,k corresponds to the µ(ν)-fold cov-
ered closed Reeb orbit moving only in the i-th coordinate. As discussed in Section 4 (see [1,
Section 3.2]), the differential becomes the one on the doubly-infinite lens space S∞

∞/Zµ(ν) in the
i-th component, and the doubly-infinite projective space CP∞

∞ in the other components. Since
the differential on CP∞

∞ is trivial, this proves the lemma. ■

Note that, since Ων is nondecreasing in ν, the action AE
κ in (6.3) is nonincreasing along ∂.

Given ν ∈ Z+ m−1
2 , we define abelian groups

C2ν+1 =

{︃ ∑︂
k∈Zm

ξku
+
ν−ζk,k

⃓⃓⃓
ξk ∈ Z

}︃
, C2ν =

{︃ ∑︂
k∈Zm

ξku
−
ν−ζk,k

⃓⃓⃓
ξk ∈ Z

}︃
.

To compute the homology of the chain complex (C∗, ∂), we will construct a subcomplex from
which the complex is obtained by the action of suitable U-maps. We define

β+
ν : Z → Zm

recursively by the conditions

β+
ν (0) = 0, β+

ν (ℓ− 1) = β+
ν (ℓ)− ε(ν + 1− ℓ), ℓ ∈ Z.

More explicitly, we have

β+
ν (ℓ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ℓ∑︂
j=1

ε(ν + 1− j), ℓ > 0,

−
−ℓ∑︂
j=1

ε(ν + j), ℓ < 0.

We further define

β−
ν : Z → Zm, β−

ν (ℓ) := β+
ν−1(ℓ).

Note that

ζβ+
ν (ℓ) = ζβ−

ν (ℓ) = ℓ, ℓ ∈ Z. (6.6)

We define subgroups B2ν ⊂ C2ν , B2ν+1 ⊂ C2ν+1 by

B2ν+1 =

{︃∑︂
ℓ∈Z

ξℓu
+

ν−ℓ,β+
ν (ℓ)

⃓⃓⃓
ξℓ ∈ Z

}︃
, B2ν =

{︃∑︂
ℓ∈Z

ξℓu
−
ν−ℓ,β−

ν (ℓ)

⃓⃓⃓
ξℓ ∈ Z

}︃
.

For each n ∈ Z, we can recover Cn from Bn using suitable U-maps which we introduce next. For
1 ≤ i ≤ m, we define linear maps Ui : Cn → Cn+2 which are given on generators by

Ui(u
±
ν,k) = u±ν,k+ei

.

Note that the maps Ui commute with each other as well as with the boundary operator ∂. In
particular, the maps Ui induce commuting maps on homology

ui : Hn → Hn+2, 1 ≤ i ≤ m,
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so that C∗ as well as H∗ get endowed with the structure of a Z[Zm]-module. This action does
not fix the degree. However, if we restrict to the subgroup

U :=
{︁
k ∈ Zm | ζk = 0

}︁ ∼= Zm−1,

then Z[U ] keeps Cn invariant for every n ∈ Z, so that Cn gets endowed with the structure of
a Z[U ]-module. We can now express Cn with the help of Bn as

Cn =

{︃∑︂
U∈U

UξU

⃓⃓⃓
ξU ∈ Bn

}︃
.

From

∂u−
ν−ℓ,β−

ν (ℓ)
= u+

ν−ℓ−1,β−
ν (ℓ)

+ µ(ν − ℓ)u+
ν−ℓ,β−

ν (ℓ)−ε(ν−ℓ)

= u+
ν−1−ℓ,β+

ν−1(ℓ)
+ µ(ν − ℓ)u+

ν−1−(ℓ−1),β+
ν−1(ℓ)−ε(ν−ℓ)

= u+
ν−1−ℓ,β+

ν−1(ℓ)
+ µ(ν − ℓ)u+

ν−1−(ℓ−1),β+
ν−1(ℓ−1)

,

we see that ∂u−
ν−ℓ,β−

ν (ℓ)
∈ B2ν−1, so the boundary operator restricts to a map

∂B := ∂|Bn : Bn → Bn−1, n ∈ Z.

Denoting by HB
∗ the homology of the subcomplex

(︁
B∗, ∂

B
)︁
of (C∗, ∂), we get

Hn =

{︃∑︂
u∈U

uαu

⃓⃓⃓
αu ∈ HB

n

}︃
.

As in the case of a single harmonic oscillator, we say that ξ ∈ Bn has finite positive support if
the coefficients ξℓ vanish for ℓ large enough, and otherwise we say that it has infinite positive
support. If the coefficients ξℓ are bounded for positive indices ℓ we say that ξ is positively
bounded. Since |µ(ν)| is unbounded, Lemmas 4.1, 4.2 and 4.3 carry over to the present setting
and yield the following proposition.

Proposition 6.2. For each ν ∈ Z + m−1
2 , the following statements hold. The group HB

2ν , and
therefore also H2ν , is trivial. If ξ ∈ B2ν+1 has finite positive support, then it lies in the image of
∂B; if it has infinite positive support but is positively bounded, then it does not lie in the image
of ∂B. In particular, the group HB

2ν+1, and therefore also H2ν+1, is nontrivial.

As in Section 4, we introduce on generators the shifted action

˜︁AE
κ (u

+
ν,k) := AE

κ (u
+
ν,k) +

νℏ
2
.

For a nonvanishing

ξ =
∑︂
k∈Zm

ξku
+
ν−ζk,k

∈ C2ν+1,

we define the quantity

σ(ξ) := sup
{︁˜︁AE

κ (u
+
ν−ζk,k

) | ξk ̸= 0
}︁
,

and for a nonvanishing homology class α ∈ H2ν+1, we define the spectral number

σ(α) := inf{σ(ξ) | α = [ξ]}.

We next discuss under which conditions the spectral numbers are finite.
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Proposition 6.3. For 0 ̸= α ∈ HB
2ν+1, the spectral number σ(α) is finite if and only if

E =
m∑︂
i=1

(︁
κi − ℏ

2

)︁
ϖi.

Proof. We first introduce some useful notation. We define

ι : Z+ m−1
2 → {1, . . . ,m}

by the condition that

ε(ν) = eι(ν).

Note that in view of (6.5), we have

ι(ν) = ι(−ν), ν ∈ Z+ m+1
2 .

Recall that an element in B2ν+1 has the form

ξ =
∑︂
ℓ∈Z

ξℓu
+

ν−ℓ,β+
ν (ℓ)

.

Since ˜︁AE
κ

(︁
u+
ν−ℓ,β+

ν (ℓ)

)︁
= AE

κ

(︁
u+
ν−ℓ,β+

ν (ℓ)

)︁
+ (ν−ℓ)ℏ

2 , its spectral number is given by

σ(ξ) = sup
{︁
Σ(ℓ) + νℏ

2 | ξℓ ̸= 0
}︁

(6.7)

with the function

Σ: Z → R, ℓ ↦→ AE
κ

(︁
u+
ν−ℓ,β+

ν (ℓ)

)︁
− ℓℏ

2 .

For ℓ ∈ N, the definition of β+
ν yields

β+
ν (ℓ) =

ℓ∑︂
j=1

ε(ν + 1− j) = β+
ν−1(ℓ) + ε(ν)− ε(ν − ℓ).

Using this as well as (6.3), (6.5), (6.1) and (6.6), we compute for ℓ ∈ N,

Σ(ℓ) = ⟨κ, β+
ν (ℓ)⟩+ EΩν−ℓ − ℓℏ

2

=
⟨︁
κ, β+

ν−1(ℓ) + ε(ν)− ε(ν − ℓ)
⟩︁
+ EΩν−ℓ − ℓℏ

2

=
⟨︁
κ, β+

ν−1(ℓ) + ε(−ν)− ε(ℓ− ν)
⟩︁
− EΩℓ−ν − ℓℏ

2

= κι(−ν) − κι(ℓ−ν) +

m∑︂
i=1

(︁
κi − ℏ

2

)︁
⟨β+

ν−1(ℓ), ei⟩ − EΩℓ−ν .

Since we can identify the abelian groups HB
2ν+1 for different ν using the u-maps, which shift the

action by some constant amount, it suffices to prove the proposition for the special case

ν = −m−1
2 .

In this case, for ℓ ∈ N the preceding computation gives

Σ(ℓ) = κι(m−1
2

) − κι(m−1
2

+ℓ) +
m∑︂
i=1

(︁
κi − ℏ

2

)︁⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
− EΩm−1

2
+ℓ. (6.8)
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For 1 ≤ i ≤ m, let λi be the unique positive integer such that

λi

ϖi
≤ Ωm−1

2
+ℓ <

λi + 1

ϖi
.

This means that λi is the number of multiples of 1
ϖi

appearing in the nondecreasing sequence
Ωm−1

2
+1, . . . ,Ωm−1

2
+ℓ, hence

λi = #
{︁
j ∈ {1, . . . , ℓ} | ε

(︁
m−1
2 + j

)︁
= ei

}︁
=

ℓ∑︂
j=1

⟨︁
ε
(︁
m−1
2 + j

)︁
, ei

⟩︁
=

⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
.

This yields the inequalities⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
≤ ϖi · Ωm−1

2
+ℓ <

⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
+ 1, 1 ≤ i ≤ m, (6.9)

and for i = ι(m−1
2 + ℓ) the equality

ϖι(m−1
2

+ℓ) · Ωm−1
2

+ℓ =
⟨︁
β+
−m+1

2

(ℓ), eι(m−1
2

+ℓ)

⟩︁
.

We further introduce the function

Γ: N → R, ℓ ↦→ Σ(ℓ) +

(︃
E −

m∑︂
i=1

(︁
κi − ℏ

2

)︁
ϖi

)︃
Ωm−1

2
+ℓ .

Using (6.9) and (6.8), we estimate for ℓ ∈ N from above,

Γ(ℓ) = Σ(ℓ) + EΩm−1
2

+ℓ −
m∑︂
i=1

(︁
κi − ℏ

2

)︁
ϖiΩm−1

2
+ℓ

≤ Σ(ℓ) + EΩm−1
2

+ℓ −
m∑︂
i=1

(︁
κi − ℏ

2

)︁⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
= κι(m−1

2
) − κι(m−1

2
+ℓ),

and similarly from below,

Γ(ℓ) ≥ Σ(ℓ) + EΩm−1
2

+ℓ −
m∑︂
i=1

(︁
κi − ℏ

2

)︁⟨︁
β+
−m+1

2

(ℓ), ei
⟩︁
−

m∑︂
i=1

(︁
κi − ℏ

2

)︁
= κι(m−1

2
) − κι(m−1

2
+ℓ) −

m∑︂
i=1

(︁
κi − ℏ

2

)︁
.

So for ℓ ∈ N, we have

Σ(ℓ) = Γ(ℓ) +

(︃ m∑︂
i=1

(︁
κi − ℏ

2

)︁
ϖi − E

)︃
Ωm−1

2
+ℓ, (6.10)

where the function Γ(ℓ) is uniformly bounded from above and below, and Ωm−1
2

+ℓ is nondecreas-

ing in ℓ with

lim
ℓ→∞

Ωm−1
2

+ℓ = ∞.

Now we argue as in the proof of Proposition 4.4, considering ξ ∈ B2ν+1 with [ξ] = α ̸= 0 and
distinguishing three cases.
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Case E <
∑︁m

i=1

(︁
κi − ℏ

2

)︁
ϖi: Since ξ has infinite positive support by Proposition 6.2, we

conclude from (6.7) and (6.10) that σ(ξ) = ∞ and thus σ(α) = ∞.
Case E =

∑︁m
i=1

(︁
κi − ℏ

2

)︁
ϖi: As in the proof of Proposition 4.4, we have

[︁
ξL

]︁
= [ξ] = α for

ξL :=
∑︁

ℓ≥L ξℓu
+

ν−ℓ,β+
ν (ℓ)

and it follows that σ(α) is the finite quantity

σ(α) = lim
L→∞

sup
{︁
Γ(ℓ) + νℏ

2 | ℓ ≥ L, ξℓ ̸= 0
}︁
.

Case E >
∑︁m

i=1

(︁
κi − ℏ

2

)︁
ϖi: As in the proof of Proposition 4.4, it follows that

σ(α) = lim
L→∞

sup
{︁
Σ(ℓ) + νℏ

2 | ℓ ≥ L, ξℓ ̸= 0
}︁
= −∞.

This proves Proposition 6.3. ■

We are now ready to prove Theorem 1.3 from the introduction.

Proof of Theorem 1.3. For 0 ̸= α ∈ H∗, we have

σ(uiα) = σ(α) + κi, 1 ≤ i ≤ m.

Theorem 1.3 now follows from Propositions 6.2 and 6.3 by the same argument as in the proof
of Theorem 1.2. ■
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