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Abstract. We study Z2×Z2 bi-graded Lie algebras. We describe their properties in relation
to Lie superalgebras with some compatible structures. Then we focus on the approach to
the Lie group-algebra correspondence based on Harish-Chandra pairs and provide some
examples of application of it in the bi-graded setting.
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1 Introduction

For a graded algebra, graded by any abelian group or, more generally, by any abelian monoid, one
can say that in the definition of the corresponding category, including its objects and morphisms,
there is no conceptual dependence on that group or monoid.

For an abelian monoid Γ, a Γ-graded vector space over a field k is understood as a vector
space V with a decomposition

V =
⨁︂
γ∈Γ

Vγ ,

where each Vγ is a subspace of homogeneous elements of degree (weight) γ. Morphisms in the
corresponding category are linear maps ϕ : V →W , either preserving degrees (ϕ(Vγ) ⊂Wγ), or,
more generally, maps of fixed degree δ ∈ Γ satisfying ϕ(Vγ) ⊂Wγ+δ.

Graded vector spaces naturally form a tensor (or monoidal) category, which makes it possible
to define an associative graded algebra within this category. The presence of a compatible
symmetry turning the category of graded vector spaces into a symmetric tensor category further
enriches it by introducing the notion of commutative associative graded algebras. This symmetry
is often determined by a sign rule.

Graded geometry extends this framework to manifolds or more general spaces equipped with
analogous graded structures. However, it does not possess a single canonical approach, owing
to variations in conventions concerning coordinates, admissible functions, and sign rules. The
notion of an “analogous structure” may admit different interpretations.
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Perhaps the only exception is the case of super structures, which are modeled by Z2-graded
spaces equipped with a symmetry of the form v ⊗ w ↦→ (−1)p(v)p(w)w ⊗ v, where v ∈ V , w ∈W
for Z2-graded spaces V andW , and p denotes the parity of an element, taking values in Γ=Z/2Z.
Here, the global geometric object, a supermanifold, is a topological space endowed with a struc-
ture sheaf or a locally ringed space modeled by a free algebra generated by homogeneous elements.
By a free algebra we mean an algebra generated by smooth (analytic, . . . ) functions in even
(i.e., of degree 0) variables and polynomial expressions in odd, or Grassmann, variables (of de-
gree 1). Morphisms between such objects are morphisms of the corresponding locally ringed
spaces (cf. [20, 35]).

We can continue to play the same game, namely, to use locally ringed spaces for other
gradings. For the category of vector spaces graded by the natural numbers (including zero), one
should then consider the sheaf of functions locally generated by smooth (analytic, algebraic, etc.)
functions in variables of degree zero and by polynomials in variables of positive degree. For the
case of the group of integers, polynomials in generators of nonzero degree are no longer sufficient,
and the polynomial algebra has to be completed with respect to a certain natural filtration. The
corresponding category, called semi-formal manifolds, is described in [19], following the idea of
a filtration in the affine case from [8] (an equivalent in meaning definition is used in [31, 38]).

Another approach to N-graded manifolds was proposed in [12]: instead of a ringed space,
one considers a manifold equipped with an action of a multiplicative monoid R≥0. This point of
view on graded manifolds has found interesting applications in various problems of differential
geometry. The infinitesimal generator corresponding to the monoid action takes the form of
an Euler vector field. This means that locally on the manifold one can choose smooth coordi-
nates which are homogeneous with respect to this field and have nonnegative integer (or, more
generally, nonnegative real) weights. Moreover, such a manifold carries a canonical structure of
a graded bundle over the set of stable points, which forms a smooth submanifold.

This approach extends to Z-graded manifolds as follows.1 A Z-graded manifold is defined to
be a smooth (super)manifold equipped with a vector field, also referred to as the Euler field,
which admits homogeneous smooth coordinates with integer (or, more generally, real) weights in
a neighborhood of the points of its zero locus. In particular, it follows that the set of fixed points
of the Euler field forms a smooth submanifold. The corresponding category is straightforward
to define by requiring morphisms to be morphisms of the underlying supermanifolds that map
one vector field to another. The semi-formal Z-graded manifolds in the sense of [19] then turn
out to be isomorphic to the formal neighborhood of the zero locus (see the examples in [11, 18]).
Let us emphasize that the grading in the above sense, defined by means of the Euler vector field,
does not fix the sign rule for multiplication. In particular, a Z-graded manifold can be even, that
is, its algebra of smooth functions can be commutative in the usual sense. Another particular
case is when the superparity of the coordinates is given by the reduction modulo 2 of their
integer weights. In general, however, neither of these options is required; we assume only the
existence of coordinates with both pure superparity and pure integer weights. The advantage of
the approach based on Euler vector fields is that morphisms in the corresponding category can
be naturally defined as morphisms of supermanifolds that intertwine the Euler vector fields.

The case of a Γ = Z2×Z2 grading (we will call it bi-grading in the rest of the article, if it does
not lead to any confusion) is of interest both from a mathematical standpoint and in applications
(see Survey [32] and the references therein, also [4, 21, 23, 27]). Vector spaces endowed with such
a grading decompose into components of degrees (0, 0), (1, 0), (0, 1), and (1, 1). The grading of
each homogeneous element v has the form ε(v) = (ε1(v), ε2(v)). It is straightforward to define
the corresponding tensor category. The symmetry in this category can be specified in different
ways. There are two most “popular” and natural ones:

1Historically, it was proposed even earlier in [36]; see applications in [11, 18] and a more detailed review on
graded geometry in [37]).
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Method 1 (Deligne sign convention): v ⊗ w ↦→ (−1)ε(v)ε(w)w ⊗ v, where

ε(v)ε(w) := ε1(v)ε1(w) + ε2(v)ε2(w). (1.1)

Method 2 (Bernstein–Leites sign convention): v ⊗ w ↦→ (−1)ε(v)ε(w)w ⊗ v, where

ε(v)ε(w) := (ε1(v) + ε2(v))(ε1(w) + ε2(w)).

This leads to two distinct definitions of a commutative algebra. Nevertheless, the formula

v ⊗ w ↦→ (−1)ε1(v)ε2(w)v ⊗ w (1.2)

for all elements v and w establishes an equivalence between the corresponding categories. More
precisely, the second category “forgets” the double grading when computing the sign, responding
only to the total parity of the elements. However, in order to define morphisms correctly,
one must require them to commute with both gradings. In this context, one should speak
of a symmetric tensor category of super vector spaces equipped with a compatible involutive
automorphism.2

In defining Z2 × Z2-graded “global” spaces, a “semi-formal” approach is traditionally used
(see [2, 3, 6]). In this construction of the function sheaf, only the coordinates of degree (0, 0)
are allowed to have smooth functions, while the remaining coordinates correspond to formal
power series in the generators of degrees (1, 1) or Grassmann polynomials in the generators of
degrees (1, 0) and (0, 1).

On the other hand, instead of working with ringed spaces, one may consider two alternative
categories.3

Category 1: Smooth manifolds equipped with an involutive automorphism and a “sheaf” of
commutative functions in the sense of the sign rule of type 1. The word “sheaf” is placed in
quotation marks here because all operations can be defined only on open subsets and coverings
that are invariant under the involution.

Category 2: Smooth supermanifolds endowed with an involutive automorphism.
In contrast to the algebraic case, for smooth (super)manifolds the procedure (1.2) defined

above does not yield an equivalence between symmetric tensor categories 1 and 2, since the
corresponding operation “pushes” one outside the class of smooth functions (see Section 5).

This paper continues our series of works [1, 13, 15, 17, 18, 19] related to graded geometry
in general and, in particular, the problem of integration in the setting. In [15], we have solved
the Lie group–algebra correspondence problem for differential N-graded Lie groups, in terms
of equivalence of categories with differential graded Harish-Chandra pairs. This study was
extended to the Z-graded case and some more advanced examples were considered in [18] after
having properly defined the category of (semi-formal) Z-graded manifolds in [19]. In that same
paper [19] we have mentioned in passing that most of the constructions make sense for any
Γ-graded manifold, Γ being a cancellative monoid. In the current study we make this remark
explicit for the first near-at-hand non-trivial example of Γ = Z2 × Z2.

The rest of this paper is organized as follows.
We start Section 2 by a brief description of the corresponding category with a couple of

natural examples, in view of the above general philosophy. In Section 3, we describe the link
between bi-graded and super algebras with extra structure. We start calling the former ones
“super-super” and explain why this is appropriate. The shown equivalence of categories is

2The more general case of Zn
2 -gradings can be treated in a similar manner. However, the resulting theory is

more complicated and, in our opinion, less elegant. In any case, this topic lies beyond the scope of the present
paper.

3A.K. is grateful to Elizaveta Vishnyakova for drawing attention to the paper [28] (see also [34]), which explains
that the sign rule can be extended from formal power series to smooth functions.
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rather straightforward on the objects side, but slightly subtle for the morphisms. In Section 4,
we present the Harish-Chandra construction of group objects for bi-graded Lie algebras with the
sign convention given by the equation (1.1) above. We pay attention to the subtleties and features
of the multiple grading; in particular we explore the integration of the maximal even subalgebra
in the context of Harish-Chandra pairs. Finally, in Section 5, we briefly describe the category
of noncommutative spaces (that is, spaces that are commutative according to the Deligne sign
convention) that satisfy the notion of smoothness introduced there and to which these group
objects belong. We show that, unlike in the algebraic case, the operation (1.2) above does not
yield an equivalence with the category of smooth supermanifolds equipped with an involution.

2 (Z2 × Z2)-graded Lie algebras

By (Z2 × Z2)-graded vector spaces we mean vector spaces of the form

V =
⨁︂

Vi,j

for the indices i, j ∈ Z2 ≡ Z/2Z. We denote the grading on these spaces as

ε(·) = (ε1(·), ε2(·)) ∈ Z2 × Z2.

(Z2 × Z2)-graded vector spaces form a tensor category with respect to the standard tensor
product:

V ⊗W =
⨁︂

γ∈Z2×Z2

(︁
V ⊗W

)︁
γ
,

(︁
V ⊗W

)︁
γ
:=

⨁︂
γ1+γ2=γ

Vγ1 ⊗Wγ2 ,

where γ, γ1, γ2 ∈ Z2 × Z2 = Z2
2.

For the commutation relations, we adopt the Deligne sign convention for the symmetry V ⊗
W ≃W ⊗ V of the tensor (monoidal) category (cf. [7]) of (Z2 × Z2)-graded vector spaces

τ : v ⊗ w ↦→ (−1)ε(v)ε(w)w ⊗ v, (2.1)

where v ∈ V , w ∈W , and ε(v)ε(w) : = ε1(v)ε1(w) + ε2(v)ε2(w).

Remark 2.1. We will call ε(·) bi-degree to stress its nature. We will also use the wording
bi-graded when it does not lead to confusion.

Definition 2.2 ([25, 26, 29]). A (Z2×Z2)-graded Lie algebra is a (Z2×Z2)-graded vector space g
equipped with a bilinear operation [·, ·] : g × g → g of bi-degree (0, 0), satisfying the following
two properties:

� bi-graded antisymmetry: [a, b] = −(−1)ε(a)ε(b)[b, a];

� viewed as a derivation parametrized by the first element [a, ·], bi-graded Leibniz identity
of bi-degree ε(a) = (ε1(a), ε2(a)):

[a, [b, c]] = [[a, b], c] + (−1)ε(a)ε(b)[b, [a, c]].

Remark 2.3. With the bi-graded anti-symmetry, it is easy to check that the bi-graded Leibniz
identity can be rewritten as the familiar graded Jacobi identity:

(−1)ε(a)ε(c)[a, [b, c]] + (−1)ε(c)ε(b)[c, [a, b]] + (−1)ε(b)ε(a)[b, [c, a]] = 0.

Note that here, as well as the definition above, the formula graphically resembles the usual super
case, but conceptually the definition of ε(·)ε(·) is crucial.
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Example 2.4. An example of a (Z2×Z2)-graded Lie algebra comes naturally from the example
of bi-graded operators on bi-graded vector spaces mentioned above: it is natural to consider the
bracket given by the bi-graded commutator

[a, b] := a · b− (−1)ε1(a)ε1(b)+ε2(a)ε2(b)b · a.

The same construction holds more generally for any associative product “·” in a (Z2×Z2)-graded
associative algebra C. From this point onward, we will refer to this example as the (canonical)
bi-graded Lie algebra corresponding to C.

Remark 2.5. As above, decompose g as a bi-graded vector space

g ≡ g00 ⊕ g01 ⊕ g10 ⊕ g11,

then the following properties are direct consequences of the definition:

� g+ := g00 ⊕ g11 can be viewed as an even Z2-graded Lie algebra.

� g00 ⊕ g01 and g00 ⊕ g10 are Lie super algebras in the usual meaning of the term.

� The brackets between g01 and g11, as well as those between g10 and g11, are symmetric,
whereas the brackets between g01 and g10 are skew-symmetric.

Example 2.6 (unitary structure). Let A = A0⊕A1 be an associative complex Z2-graded algebra
with a compatible unitary structure, that is, an anti-linear involution ∗, which commutes with
the grading automorphism. More precisely, ∗2 = Id, ∗(A0) ⊂ A0, ∗(A1) ⊂ A1, and

∗(αa) = ᾱ ∗ (a) ∀α ∈ C, a ∈ A, ∗(ab) = ∗(b) ∗ (a) ∀a, b ∈ A.

Let

ur = {a ∈ Ar | ∗(a) = −a}, hr = {a ∈ Ar | ∗(a) = a}

for r = 0, 1.
We equip the subspaces ur, hr, r = 0, 1 with the following bi-grading:

ε(ur) = (r, 0), ε(hr) = (r + 1 (mod 2), 1).

The structure of a bi-graded Lie algebra on A is given by a bilinear operation defined by the
formulas

[a, b] =

⎧⎪⎨⎪⎩
[a, b]−, a, b ∈ A0 or a ∈ u1, b ∈ h1,

i[a, b]+, a ∈ u1, b ∈ h0 or b ∈ u1,

−i[a, b]+, a ∈ h1, b ∈ h0 or b ∈ h1,

where [a, b]− = ab − ba and [a, b]+ = ab + ba. It is assumed everywhere that the operation is
skew-symmetric with respect to the bi-grading defined above.

It is obvious that the operation defined in this way respects the bi-grading. As an exercise,
the reader can directly verify the bi-graded Jacobi identity through computation. We will prove
this last property in the following example by embedding the resulting algebra as a subalgebra
into another bi-graded Lie algebra.

Example 2.7. Consider the following commutative (in the usual sense) associative algebra:
B = {x0 + x1q1 + x2q2 + x3q3, with xi ∈ C and with the relations q21 = i, q22 = −i, q1q3 = iq2,
q2q3 = −iq1}. This automatically implies q23 = 1 and q1q2 = q3. Let us assign the following
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bi-gradings to the generators of the algebra: ε(1) = (0, 0), ε(q1) = (1, 0), ε(q2) = (0, 1), and
ε(q3) = (1, 1). This endows the algebra with a bi-grading compatible with the multiplication.

The algebra B is isomorphic4 to C⊗R C via the correspondence

q1 = λ3(i⊗ 1), q2 = λ(1⊗ i), q3 = −(i⊗ i), where λ = exp

(︃
πi

4

)︃
.

We associate to any Z2-graded associative algebra C = C0⊕C1 a (Z2×Z2)-graded associative
algebra ˜︁C = C0 ⊕ C0q3 ⊕ C1q1 ⊕ C1q2. The bi-graded Lie algebra from the previous example
admits the following embedding into the bi-graded Lie algebra corresponding to ˜︁C:

u0 ⊕ u1q1 ⊕ h1q2 ⊕ h0q3.

3 Super-super vs super

Note that every (Z2 ×Z2)-bi-graded vector space is Z2-graded with respect to the total grading
p(·) := ε1(·)+ ε2(·), which we will also refer to as parity. It is clear that the parity of an element
contains only half of the information about its bi-grading. The other half can be recovered by
means of an involutive automorphism σ defined as follows:

σ(v) := (−1)ε2(v)v. (3.1)

It is now easy to see that the category of bi-graded vector spaces is equivalent to the category of
vector superspaces equipped with an involutive automorphism. Objects in the latter category are
vector superspaces equipped with an involutive automorphism, and morphisms are, accordingly,
the equivariant morphisms between such vector superspaces.

On the other hand, the symmetry in the tensor category of superspaces is given by the isomor-
phism v⊗w ↦→ (−1)p(v)p(w)w⊗v, where v ∈ V , w ∈W . In order for the equivalence of categories
defined above to become an equivalence of the corresponding symmetric tensor categories as well,
one needs to supplement the functor defining the equivalence with an isomorphism

v ⊗ w ↦→ (−1)ε1(v)ε2(w)v ⊗ w, (3.2)

where v, w are as above. By applying the technique defined above to a bi-graded Lie algebra g,
we obtain a Lie superalgebra whose underlying space is g, whose “new” superbracket, as one
can easily guess, is given by the formula

[a, b]s := (−1)ε1(a)ε2(b)[a, b] (3.3)

for all a, b ∈ g of pure bi-degree.

Proposition 3.1. We obtain an equivalence between the category of bi-graded Lie algebras and
the category of Lie superalgebras equipped with an involutive5 automorphism. Morphisms in the
latter category are those morphisms of the corresponding Lie superalgebras that interchange the
involutions.

Proof. As follows from general theory, the resulting operation defines a structure of a Lie
superalgebra. One can verify explicitly that

(−1)ε(a1)ε(a3)[a1, [a2, a3]] + c.p. = (−1)α
(︁
(−1)p(a1)p(a3)[a1, [a2, a3]s]s + c.p.

)︁
,

4We thank an anonymous referee for their suggestion of this simplification.
5Similar involutions have been studied in theliterature, including [5, 10, 24, 30].
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where α = ε1(a1)ε2(a2)+ε1(a2)ε2(a3)+ε1(a3)ε2(a1). This means that one Jacobi identity holds
if and only if the other one does.

Moreover, the correspondence is functorial in the sense that morphisms of the algebra g are
in one-to-one correspondence with morphisms of the resulting Lie superalgebra that preserve
the additional grading. Indeed, let ϕ : g1 → g2 be a bi-graded Lie algebra morphism, that is,
a bi-degree preserving map which satisfies ϕ[a, b] = [ϕ(a), ϕ(b)] for all a, b ∈ g1. Then

ϕ[a, b]s = (−1)ε1(a)ε2(b)ϕ[a, b] = (−1)ε1(a)ε2(b)[ϕ(a), ϕ(b)] = [ϕ(a), ϕ(b)]s.

The converse statement holds as well: any morphism of the corresponding Lie superalgebras that
respects the bi-grading canonically determines a morphism of bi-graded Lie algebras. Moreover,
under this correspondence, the composition of morphisms on either side naturally corresponds
to the composition on the other. In particular, the involutive automorphism (3.1) of the bi-
graded algebra g induces an involutive automorphism of the corresponding Lie superalgebra. It
is obvious that a Lie superalgebra morphism preserves the additional grading if and only if it is
equivariant with respect to the automorphisms. ■

Remark 3.2. Suppose that the bi-graded Lie algebra contains only the components (0, 0)
and (1, 1); that is, it is an “ordinary” (even) Lie algebra endowed with Z2-grading, or equiv-
alently, with an involutive automorphism. The decomposition g = g+ = g00 ⊕ g11 is referred
to in the literature as symmetric (such Lie algebras arise in the geometry of symmetric spaces,
cf. [14]), and its homogeneous components g00 and g11 are called a Cartan pair. In this case,
transformation (3.3) induces an involutive automorphism of the category of Z2-graded Lie alge-
bras. It is easy to see that all operations are preserved, except for the bracket on g11 ⊗ g11 → g00,
which changes sign.

Example 3.3. Consider the orthogonal Lie algebra g = so(3) with the standard basis {ei},
i = 1, 2, 3, satisfying the relations

[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2

The invertible linear σ operator defined by formula

σ(e1) = e1, σ(e2) = −e2, σ(e3) = −e3

induces an involutive automorphism of g. It is inner, that is, determined by the adjoint action
of an element of the orthogonal group which squares to the identity. Indeed, this is evident for
the standard linear representation:

e1 =
(︂

0 0 0
0 0 −1
0 1 0

)︂
, e2 =

(︂
0 0 1
0 0 0

−1 0 0

)︂
, e3 =

(︂
0 −1 0
1 0 0
0 0 0

)︂
, σ =

(︂
1 0 0
0 0 −1
0 1 0

)︂
.

One readily checks that transformation (3.3) sends g = so(3) to the Lie algebra so(1, 2).
Furthermore, an analogous construction applies to any Lie supergroup whose even part con-

tains SO(3) as a subgroup (for example, the orthosymplectic group OSp(3, 2n)). The adjoint
action of σ yields an involutive automorphism of the corresponding Lie algebra and, conse-
quently, an additional Z2-grading compatible with the superstructure. Transformation (3.3)
then sends the associated Lie superalgebra to a bi-graded Lie algebra such that so(3) is mapped
to so(1, 2) (and vice versa).

In Section 4, we will show that the group objects integrating a bi-graded Lie algebra and the
corresponding Lie superalgebra with an involutive automorphism may have different topological
properties. We will see that, at the level of smooth graded and bi-graded spaces, the “sign
trick” (3.2) does not work quite as literally as one might expect.



8 A. Kotov, V. Salnikov and O. Salnikova Chekeres

4 Integration and Harish-Chandra pairs

Through this whole section, we will again use the decomposition g = g00 ⊕ g01 ⊕ g10 ⊕ g11, and
a short-hand notation ε(a)ε(b) ≡ ε1(a)ε1(b) + ε2(a)ε2(b).

The formal integration of a Lie algebra is given by its universal enveloping algebra; i.e., as
a Hopf algebra it determines the resulting formal group object. For a bi-graded Lie algebra, its
construction is rather straightforward: we shall follow the standard procedure.

Definition 4.1. The universal enveloping algebra of g is the unital associative algebra U(g),
defined as the quotient algebra T (g)/I, where T (g) is the tensor algebra of g and I is the
two-sided ideal generated by all elements of the form

a⊗ b− (−1)ε(a)ε(b)b⊗ a− [a, b] for a, b ∈ g.

As in the classical case, there is a canonical map ι : g → U(g). Later on we will see that it is
an inclusion, which will allow us to identify g with its image in U(g) under the above map.

Remark 4.2. By the standard arguments, U(g) can be endowed with a Hopf algebra structure
as follows.

In addition to the (generally non-commutative) multiplication, U(g) is equipped with

� an even compatible bi-degree (0, 0) coassociative super cocommutative comultiplication
∆: U(g) → U(g) ⊗ U(g), such that ∆(ab) = ∆(a)∆(b) for all a, b ∈ U(g) and a counit
U(g) → k, which descend from the ones on T (g). In particular, an element a is primitive,
i.e., it satisfies ∆(a) = a⊗ 1 + 1⊗ a if and only if it belongs to ι(g).

� an antipode S : U(g) → U(g), defined such that

S(x1 . . . xm) = (−1)mϵ(x1, . . . , xm)xm . . . x1 ∀x1, . . . , xm ∈ g,

where the prefactor ϵ(x1, . . . , xm) = (−1)
∑︁

i<j ε(xi)ε(xj).

Note that the universal enveloping algebra is cocommutative in the sense of symmetry given
by the equation (1.1) from the introduction. For the zero bracket, the corresponding univer-
sal enveloping algebra will be the symmetric algebra generated by g, which we shall denote
by Sym(g). As a special case of a more general construction, the symmetric algebra is also
a Hopf algebra. The symmetric algebra is not only cocommutative but also commutative in the
sense of the same symmetry (1.1).

Proposition 4.3 (Poincaré–Birkhoff–Witt theorem). Given a basis B of g one can construct
explicitly a basis of U(g), by a proper ordering of canonical monomials of B. In particular, the lin-
ear map ι is an inclusion and extends to an isomorphism of graded vector spaces Sym(g)

∼→ U(g).
Moreover, by the Weyl formula, the linear isomorphism can be made canonical, so that it also
becomes an isomorphism of cocommutative coalgebras:

Sym(g) ∋ x1x2 . . . xm ↦→ 1

m!

∑︂
σ∈Sm

ϵ(σ)xσ(1)xσ(2) . . . xσ(m) ∈ U(g)

for all x1, x2, . . . , xm ∈ g, where ϵ(σ) is the Koszul sign of the permutation σ ∈ Sm, generated
by the rule (2.1).

Proof. The details of the proof are no different from those for the Lie superalgebra or the
graded Lie algebra (see [18], also [9, 22]). ■
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We now follow the strategy from [18] to produce an integrating object for g.

Consider the “even” subalgebra of g, g+ = g00 ⊕ g11, which is a Lie algebra in the usual
sense (see Remark 2.5). Ignoring the multiple gradings, it can be integrated to a Lie group G+

equipped with an involutive automorphism. The following proposition holds.

Proposition 4.4. Every Lie algebra admitting an involutive automorphism integrates to a Lie
group equipped with a compatible involutive automorphism. The integration is unique when the
Lie group is required to be simply connected. Moreover, the adjoint action of the Lie subalgebra g+
integrates to a representation of this Lie group that is compatible with both the bi-graded Lie
bracket and the involutive automorphism.

Proof. The proof relies on the standard integration technique for Lie algebras and their rep-
resentations. First, construct the group and representation locally near the identity using the
Baker–Campbell–Hausdorff formula for the product. Extend the result analytically along paths.
For the simply connected Lie group, the extension is unique; hence, compatibility with both the
bi-graded Lie bracket and the involutive automorphism follows automatically. ■

Consider now the pair (g, g+) as a (generalized) Harish-Chandra pair within the Harish-
Chandra approach [16, 33]; that is, replace it with the pair (G+, g) as in Proposition 4.4.

Proposition 4.5. Consider the space F(G) := HomU(g+)(U(g),F(G+)), where F(G+) is the
algebra of functions on G+. The following statements hold true:

(1) F(G) is a bi-graded Hopf algebra (commutative in the sense of the Deligne sign conven-
tion (1.1)), which we regard as the algebra of functions on G.

(2) As a bi-graded vector space, F(G) is isomorphic to the space of sections of the trivial vector
bundle G+ × Λ•(g∗10 ⊕ g∗01).

(3) The integration procedure in [22], based on the Harish-Chandra pair (G00, g), where G00

is the Lie group integrating g00, yields a structure isomorphic to the formal neighbourhood
of G00.

Proof. The proof does not differ substantially from the standard one for Harish-Chandra pairs
and follows the general idea of [16]. In particular, commutativity follows from the following
simple observation: given a cocommutative coalgebra A and a commutative algebra B (in the
sense of the symmetry (1.1)), the space of linear maps A → B is a commutative algebra with
the multiplication

(ϕ ∗ ψ)(a) := µB ◦ (ϕ⊗ ψ) ◦∆A(a)

for each a ∈ A, where ∆A and µB are the comultiplication and multiplication in A and B,
respectively. From τ ◦∆A = ∆A (cocommutativity of A) and µB ◦ τ = µB (commutativity of B),
immediately obtain that the resulting algebra is commutative. The action of the universal
enveloping algebra of the subalgebra g+ is compatible with the bigrading. Thus, the invariant
subspace inherits the required property of being a bigraded commutative algebra.

The last statement is proved analogously to [18, Proposition 2]. ■

Remark 4.6. The pair (G+,F(G)) from the above Proposition 4.5 represents a Lie group in the
specific category of bi-graded manifolds integrating g, that we briefly discuss in the beginning of
Section 5. We address some features of this category and elaborate on the general construction
in a separate paper.
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Remark 4.7. Despite the naturalness of the Harish-Chandra approach, there is an important
point that we would like to emphasize once again: the choice of g+ makes the resulting construc-
tion essentially different from the Harish-Chandra construction of [22], which is based on the
pair (G00, g). The latter yields a group object in the category studied, for example, in [2, 3, 6].

In Proposition 4.5, we follow the general philosophy of [18], namely, to integrate the largest
possible “even” Lie subalgebra. In the present setting, this subalgebra is g+. The resulting
group object belongs to a different category, which we briefly describe in Section 5 (see also
Remark 4.8 below).

Remark 4.8.

� The automorphism σ acts on F(G) compatibly. Moreover, the bi-grading corresponds
bijectively to the pair consisting of the first grading and the σ-action.

� Local functions on G are a sheaf over G+ in the sense that functions restrict to any
σ-invariant subset. The gluing property holds for σ-invariant (also called good) open
coverings.

� Since Proposition 4.5 provides a general construction for any finite-dimensional (Z2×Z2)-
graded Lie algebra, examples of such groups can be easily obtained from such Lie algebras,
which in turn are in one-to-one correspondence (cf. (3.3)) with super Lie algebras equipped
with an involution.

5 Some words about super-super manifolds

In the previous Section 4, through integration, we obtained a group object of the following
form. Suppose M is a smooth manifold with an involution σ, and E → M is an equivariant
bundle over M in the sense that σ lifts to an involutive bundle isomorphism σ̃ covering σ. The
space of sections of the vector bundle E∗ is canonically bigraded: the first grading is induced by
the involution σ̃, while the second is induced by the canonical involution of the vector bundle,
acting by multiplication by −1 on each fiber (see the discussion at the beginning of Section 3).
The space Γ(E∗) generates a bigraded commutative algebra, which we view as the algebra of
functions on a globally bigraded manifold with base M . More generally, a bigraded manifold is
locally modelled by the above construction. Such bigraded manifolds constitute a category, and
the integration of a bigraded Lie algebra yields a group-like object in this category.

The next example illustrates the following phenomenon: the equivalence (3.2) between bi-
graded and graded-with-involutive-automorphism categories fails for smooth manifolds. More
precisely, applying formula (3.2) to the algebra of smooth functions on a manifold equipped with
an involutive automorphism yields an algebra belonging to a different category.

Example 5.1. Consider the real line R equipped with an involution x ↦→ −x, where x is the
affine coordinate on R, which induces an involutive automorphism σ of the algebra of smooth
functions C∞(R). This algebra thus decomposes into the direct sum of σ-eigenspaces:

C∞(R) = C∞(R)+ ⊕ C∞(R)−, C∞(R)± = {f ∈ C∞(R) | f(−x) = ±f(x)}.

Formula (3.2) deforms the pointwise multiplication of smooth functions on the real line as follows:(︁
f+ + f−

)︁
∗
(︁
h+ + h−

)︁
= f+h+ − f−h− + f+h− + f−h+,

where f±, h± ∈ C∞(R)±. Identifying C∞(R) with

A = {g = f+ + if− | f± ∈ C∞(R)±}
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as vector spaces, the deformed multiplication yields an algebra isomorphic to the algebra of
smooth complex-valued functions on the real line that satisfies g(−x) = g(x).

Clearly, the resulting algebras are not isomorphic: while the spectrum of C∞(R) with finite-
dimensional residue fields (always isomorphic to R) is parametrized by R, the spectrum of the
second algebra A is parametrized by a ∈ R≥0 with residue fields R at a = 0 and C at a > 0.

Example 5.1 admits a natural and straightforward generalization to the case of an arbitrary
smooth manifold M with a (nontrivial) involution σ. The algebra of smooth real functions
on this manifold, equipped with the multiplication deformed according to formula (3.2), is
not isomorphic to the algebra of smooth real functions – neither on this manifold nor on any
other manifold. The latter statement is verified by the same trick involving the representation
of functions in the form f+ + if−, where σ(f±) = ±f (we identify σ with its pullback map
on functions), and by counting the finite-dimensional residue fields with respect to maximal
ideals: unlike the algebra of real functions, for which the residue field is always R, in the case
of the deformed multiplication it is R at the points stable under the involution and C at the
generic points.

This indirectly explains why, in Example 3.3, integrating the Lie algebra before and after
applying operation (3.3) (so(3) and so(1, 2), respectively) yields topologically distinct Lie groups:
in the first case, a compact group; in the second, a non-compact one. Indeed, if operation (3.2),
applied to the algebra of smooth functions on a manifold with an involution, preserved the class
of smooth functions, then the group object corresponding to the Lie algebras obtained from
each other via (3.3) would be expected to yield function algebras related by the operation (3.2).
This hypothetical property obviously fails, rendering the global category of bi-graded manifolds
a richer and more interesting subject of study.
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