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Abstract. We construct a new family of graded representations ˜︂Wλ for the positive elliptic
Hall algebra E+ indexed by Young diagrams λ which generalize the standard E+ action
on symmetric functions. These representations have homogeneous bases of eigenvectors
for the action of the Macdonald element P0,1 ∈ E+ with distinct Q(q, t)-rational spectrum
generalizing the symmetric Macdonald functions. The analysis of the structure of these
representations exhibits interesting combinatorics arising from the limits of periodic standard
Young tableaux. We find an explicit combinatorial rule for the action of the multiplication
operators e•r generalizing the Pieri rule for symmetric Macdonald functions.
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1 Introduction

The space of symmetric functions Λ is a central object in algebraic combinatorics deeply connect-
ing the fields of representation theory, geometry, and combinatorics. In his influential paper [16],
Macdonald introduced a special basis Pλ for Λ over Q(q, t) simultaneously generalizing many
other important and well-studied symmetric function bases like the Schur functions sλ. These
symmetric functions Pλ, called the symmetric Macdonald functions, exhibit many striking com-
binatorial properties and can be defined as the eigenvectors of a certain operator ∆: Λ→ Λ called
the Macdonald operator constructed using polynomial difference operators. It was discovered
through the works of Bergeron, Garsia, Haiman, Tesler, and many others [2, 3, 15] that vari-
ants of the symmetric Macdonald functions called the modified Macdonald functions ˜︁Hλ(x; q, t)
have deep ties to the geometry of the Hilbert schemes Hilbn

(︁
C2
)︁
. On the side of representation

theory, it was shown first in full generality by Cherednik [7] that one can recover the symmet-
ric Macdonald functions by considering the representation theory of certain algebras called the
spherical double affine Hecke algebras (DAHAs) in type GLn.

The elliptic Hall algebra (EHA), E , was introduced by Burban and Schiffmann [4] through
their study of the Hall algebra of the category of coherent sheaves on an elliptic curve over a finite
field. This algebra has connections to many areas of mathematics including, most importantly
for the present paper, to Macdonald theory. The algebra E may be described explicitly by gen-
erators Pr,ℓ indexed by non-zero lattice points (r, ℓ) and relations [4, Theorem 5.4]. The positive
elliptic Hall algebra E+, is the subalgebra generated by those elements Pr,ℓ where either r ≥ 1 or
r = 0 and ℓ ̸= 0. In [19], Schiffmann and Vasserot realize E+ as a limit of the positive spherical
DAHAs in type GLn. They show further that there is a natural action of E+ on Λ recovering the
spherical DAHA representations originally considered by Cherednik. In particular, the action
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of P0,1 ∈ E+ gives the Macdonald operator ∆. The action of E+ on Λ can be realized as the
action of certain generalized convolution operators on the torus equivariant K-theory of the
schemes Hilbn

(︁
C2
)︁
.

Dunkl and Luque in [11] introduced symmetric and non-symmetric vector-valued (vv) Mac-
donald polynomials. The term vector-valued here refers to polynomial-like objects of the
form

∑︁
α cαX

α ⊗ vα for some scalars cα, monomials Xα, and vectors vα lying in some Q(q, t)-
vector space. The non-symmetric vv Macdonald polynomials are distinguished bases for certain
DAHA representations built from the irreducible representations of the finite Hecke algebras in
type A. These DAHA representations are indexed by Young diagrams and exhibit interesting
combinatorial properties relating to periodic Young tableaux. The symmetric vv Macdonald
polynomials are distinguished bases for the spherical (i.e., Hecke-invariant) subspaces of these
DAHA representations. Naturally, the spherical DAHA acts on this spherical subspace with
the special element ξ1 + · · · + ξn of spherical DAHA acting diagonally on the symmetric vv
Macdonald polynomials.

Dunkl and Luque in [11] (and in later work of Colmenarejo, Dunkl, and Luque [9] and
Dunkl [10]) only consider the finite rank non-symmetric and symmetric vv Macdonald polyno-
mials. It is natural to ask if there is an infinite-rank limit construction using the symmetric
vv Macdonald polynomials to give generalized symmetric Macdonald functions and an associ-
ated representation of the positive elliptic Hall algebra E+. In this paper, we describe such
a construction (see Theorem 4.17).

Theorem 1.1. There exists a family
(︁˜︂Wλ

)︁
λ∈Y of graded mutually non-isomorphic cyclic E+-

modules such that ˜︂W∅ ∼= Λq,t.

The spaces ˜︂Wλ are limits of the spherical representations associated to the vector-valued
DAHA representations Vλ of Dunkl–Luque. The Vλ are obtained by inflating irreducible Hecke–
Specht modules (labeled by integer partitions) for the finite Hecke algebra to the affine Hecke
algebra and then inducing to DAHA. Inside of each Vλ is the spherical submodule Wλ on which
the spherical DAHA acts. We achieve our construction of the E+ representations˜︂Wλ by carefully
choosing projection maps Wλ → Wλ′ which are equivariant for the corresponding actions of
spherical DAHAs (see Proposition 3.14). For combinatorial reasons, there is essentially a unique
natural way to obtain this construction. For any λ, we consider the increasing chains of Young
diagrams λ(n) = (n − |λ|, λ) for n ≥ |λ| + λ1 to build the representations ˜︂Wλ. These special
sequences of Young diagrams are central to Murnaghan’s theorem [17] regarding the reduced
Kronecker coefficients. As such, we refer to the E+-representations ˜︂Wλ as Murnaghan-type.

Along with obtaining a new family of graded E+-representations ˜︂Wλ indexed by Young dia-
grams λ, we construct natural generalizations of the symmetric Macdonald functions PT built
as limits of the symmetric vv Macdonald polynomials indexed by certain labelings of infinite
Young diagrams (see Definition 4.11 and Lemma 4.14).

Theorem 1.2. Let λ ∈ Y. There exists an explicit ∆-weight basis (PT )T∈Ω(λ) of ˜︂Wλ. In the case
λ = ∅, the indexing set Ω(∅) can be identified with Y and for all µ ∈ Y, Pµ and Pµ

(︁
x; q−1, t

)︁
differ by a non-zero scalar.

We emphasize that we are interested in investigated both the representations ˜︂Wλ and the
bases (PT )T∈Ω(λ). For this reason, we develop a combinatorial understanding of the bases
(Fτ )τ∈PSYT≥0(λ), (PT )T∈RSSYT≥0(λ), and (PT )T∈Ω(λ) while simultaneously constructing the mod-
ules Vλ, Wλ, and ˜︂Wλ, respectively. Our goal is, in part, to show that the spaces ˜︂Wλ along with
the bases (PT )T∈Ω(λ) constitute a natural generalization of the usual Macdonald theory pic-
ture from both a representation-theoretic and a combinatorial perspective. As evidence to our
goal, we obtain a Pieri rule for the action of the multiplication operators e•r on the generalized
symmetric Macdonald function basis PT (see Theorem 5.7 and Corollary 5.10).
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Theorem 1.3. Let λ ∈ Y and r ≥ 1. There is an explicit combinatorial formula for the
coefficients d

(r)
S,T in the expansions

e•r PT =
∑︂

S∈Ω(λ)

d
(r)
S,T PS .

After studying the particular case of the e1-Pieri coefficients, we show that the modules ˜︂Wλ

are cyclically generated by their unique elements of minimal degree PTmin
λ

. This demonstrates
that the combinatorial understanding for the modules ˜︂Wλ developed throughout this paper is
rich enough to prove non-trivial results that recover well-known results in the λ = ∅ case.
The existence of these representations of the elliptic Hall algebra raises many questions about
possible new relations between Macdonald theory and geometry. Other authors have constructed
families of E+ representations [12, 13]. Although there should exist a relationship between the
Murnaghan-type representations ˜︂Wλ and those of other authors, the construction in this paper
appears to be distinct from prior E+-module constructions.

For technical reasons (regarding the misalignment of the spectrum of the Cherednik opera-
tors ξi), we need to reprove many of the results of Dunkl and Luque in [11] using a re-oriented
version of the Cherednik operators θi. Since the elements θi are not uniformly conjugate to
the ξi on the vector-valued polynomial spaces Vλ, we are not immediately able to use the results
of Dunkl and Luque. This alternative choice of conventions greatly assists during the construc-
tion of the generalized Macdonald functions PT . The θi satisfy additional stability properties
which the ξi fail to satisfy. The combinatorial model underpinning the non-symmetric vv Mac-
donald polynomials originally defined by Dunkl and Luque is similar but in this paper, we opt
for a tableau model for our combinatorics in order to agree with the usual Macdonald theory
case. Our tableau model is well behaved when we limit from the finite-rank spherical DAHA
representations Wλ to the infinite-rank positive EHA representations ˜︂Wλ.

Here we give a brief overview of this paper. First, in Section 2, we review relevant definitions
and notations, define our combinatorial models as well as recall the limit spherical DAHA con-
struction of Schiffmann–Vasserot. In Section 3, we reprove many of the results of Dunkl–Luque
but for the re-oriented Cherednik operators including describing the non-symmetric vv Macdon-
ald polynomials Fτ and their associated Knop–Sahi relations (see Proposition 3.2). We define
(see Definition 3.13) the DAHA modules Vλ(n) and connecting maps Φ

(n)
λ : Vλ(n+1) → Vλ(n) which

are used in the limiting process. Next in Section 4, we describe the spherical subspaces W
(n)
λ

of Hecke invariants of V
(n)
λ and the symmetric vv Macdonald polynomials PT including an

explicit expansion of the PT into the Fτ (see Corollary 4.5). Despite the non-symmetric vv
Macdonald polynomials appearing in this paper not agreeing with those of Dunkl–Luque, once
Hecke-symmetrized, they do agree (see Corollary 4.7). We use the connecting maps to define
the limit spaces ˜︂Wλ and show in Theorem 4.17 that they possess a graded action of E+ hav-
ing a distinguished basis of generalized symmetric Macdonald functions PT . In Section 5, we
obtain a Pieri formula (see Corollary 5.10) for the action of e•r on the generalized Macdonald
functions P. We apply this rule in the r = 1 situation to combinatorially verify that the e1-Pieri
coefficients are non-vanishing (see Corollary 5.17) which shows that the E+-modules ˜︂Wλ are
cyclic.

The construction of the spaces˜︂Wλ is highly related to the Carlsson–Mellit algebra Aq,t [6] and
its variant Bq,t defined by Carlsson–Gorsky–Mellit [5]. In the author’s preprint [1], it is shown
that any sequence of DAHA modules satisfying conditions analogous to those in Proposition 3.14
yields a corresponding representation of Bq,t and thus of Aq,t. For instance, that construction
applies to the spaces Vλ(n) to yield a family of Bq,t-modules indexed by partitions λ. The k = 0
(i.e., fully spherical) component of these representations are just the ˜︂Wλ in the current work. In
the λ = ∅ case, this recovers the Aq,t-module in Carlsson–Mellit’s proof of the shuffle theorem [6].
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2 Definitions and notations

2.1 Some combinatorics

We start with a description of many of the combinatorial objects which we need for the remainder
of this paper.

Definition 2.1. A partition is a (possibly empty) sequence of weakly decreasing positive in-
tegers. Denote by Y the set of all partitions. Given a partition λ = (λ1, . . . , λr), we set
ℓ(λ) := r and |λ| := λ1 + · · · + λr. For λ = (λ1, . . . , λr) ∈ Y and n ≥ nλ := |λ| + λ1, we set
λ(n) := (n−|λ|, λ1, . . . , λr). We identify partitions as defined above with Young diagrams of the
corresponding shape in English notation, i.e., justified up and to the left.

Fix a partition λ with |λ| = n. We require each of the following combinatorial constructions
for types of labeling of the Young diagram λ. If a diagram λ appears as the domain of a labeling
function, then we are referring to the set of boxes of λ as the domain.

� A non-negative reverse Young tableau RYT≥0(λ) is a labeling T : λ→ Z≥0 which is weakly
decreasing left to right across rows and top to bottom down columns.

� A non-negative reverse semi-standard Young tableau RSSYT≥0(λ) is a labeling T : λ →
Z≥0 which is weakly decreasing left to right across rows and strictly decreasing top to
bottom down columns.

� A standard Young tableau SYT(λ) is a labeling τ : λ→ {1, . . . , n} which is strictly increas-
ing left to right across rows and top to bottom down columns.

� A non-negative periodic standard Young tableau PSYT≥0(λ) is a labeling τ : λ →
{︁
jqb |

1 ≤ j ≤ n, b ≥ 0
}︁
in which each 1 ≤ j ≤ n occurs in exactly one box of λ and where the

labeling is strictly increasing left to right across rows and top to bottom down columns.
Here we order the formal products jqm by jqm < kqℓ if m > ℓ or in the case that m = ℓ
we have j < k. Note that SYT(λ) ⊂ PSYT≥0(λ).

Define τ rsλ , τ csλ ∈ SYT(λ) to be the row-standard and column-standard labelings of λ, respec-
tively. Namely, τ rsλ is the unique labeling of λ which, starting from the top left box, reads off each
row left to right before moving onto the next row below. Similarly, τ csλ is the unique labeling
of λ which, starting from the top left box, reads off each column top to bottom before moving
onto the next column to the right.

Example 2.2.

17q7 15q5 16q5 11q3 7q1 2q0

14q6 12q4 13q4 9q2 8q0

10q2 4q1 5q1 6q1

3q1 1q0

∈ PSYT≥0(6, 5, 4, 2).

Definition 2.3. Given a box □ in a Young diagram λ we define the content of □ as c(□) := a−b
where □ = (a, b) as drawn in the N × N grid (English notation). Let τ ∈ PSYT≥0(λ) and
1 ≤ i ≤ n. Whenever τ(□) = iqm for some box □ ∈ λ, we write

� cτ (i) := c(□),

� wτ (i) := m.
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We define the operations sj and Ψ on the set PSYT≥0(λ) as follows. Set wτ := (wτ (1), . . . ,
wτ (n)) ∈ Zn

≥0. Let 1 ≤ j ≤ n − 1 and suppose that for some boxes □1,□2 ∈ λ, τ(□1) = jqm

and τ(□2) = (j + 1)qℓ.

� Let τ ′ be the labeling defined by τ ′(□1) = (j + 1)qm, τ ′(□2) = jqℓ, and τ ′(□) = τ(□)
for □ ∈ λ \ {□1,□2}. If τ ′ ∈ PSYT≥0(λ), then we write sj(τ) := τ ′.

� Let Ψ(τ) ∈ PSYT≥0(λ) be the labeling defined by whenever τ(□) = kqa, then either
Ψ(τ)(□) = (k − 1)qa when k ≥ 2 or Ψ(τ)(□) = nqa+1 when k = 1.

We give the set PSYT≥0(λ) the partial order ≥ defined by the following cover relations:

� For all τ ∈ PSYT≥0(λ), Ψ(τ) > τ .

� If wτ (i) < wτ (i+ 1), then si(τ) > τ .

� If wτ (i) = wτ (i+ 1) and cτ (i)− cτ (i+ 1) > 1, then si(τ) > τ .

Lastly, define the map pλ : PSYT≥0(λ)→ RYT≥0(λ) by pλ(τ)(□) = b whenever τ(□) = iqb.
We write PSYT≥0(λ;T ) for the set of all τ ∈ PSYT≥0(λ) with pλ(τ) = T ∈ RYT≥0(λ).

Note that the operation Ψ: PSYT≥0(λ) → PSYT≥0(λ) is indeed well defined. If τ ∈
PSYT≥0(λ) and τ(□1) < τ(□2), then Ψ(τ)(□1) < Ψ(τ)(□2) since the operation defined by
kqa ↦→ (k− 1)qa when k ≥ 2 and kqa ↦→ nqa+1 when k = 1 is strictly decreasing for the ordering
on formal products defined in Definition 2.1.

Example 2.4.

Ψ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1q7 3q5 5q5 8q2 12q1 17q0

2q6 4q5 6q5 14q0 16q0

7q2 10q1 11q1 15q0

9q1 13q0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

17q8 2q5 4q5 7q2 11q1 16q0

1q6 3q5 5q5 13q0 15q0

6q2 9q1 10q1 14q0

8q1 12q0

We frequently require the next basic lemma regarding the ordering ≤ on PSYT≥0(λ).

Lemma 2.5. Let λ ∈ Y and T ∈ RYT≥0(λ). There are unique min(T ), top(T ) ∈ PSYT≥0(λ;T )
such that for all τ ∈ PSYT≥0(λ) with pλ(τ) = T , min(T ) ≤ τ ≤ top(T ).

Proof. We construct the elements top(T ), min(T ) directly. Define top(T ) by first filling in the
boxes □ ∈ λ of λ with the values qT (□). Now we label these boxes with the values {1, · · · , n} by
first decomposing λ into skew diagrams where T is constant on each sub-diagram. This gives
us an increasing chain of Young diagrams λ1 ⊂ · · · ⊂ λr = λ. Next we fill each diagram λi with
the values

{︁⃓⃓
λ1
⃓⃓
+ · · · +

⃓⃓
λi−1

⃓⃓
+ 1, . . . ,

⃓⃓
λ1
⃓⃓
+ · · · +

⃓⃓
λi
⃓⃓}︁

in column-standard order. This gives
a value iqa in each box of λ.

For min(T ), we proceed similarly by first filling in the boxes □ ∈ λ of λ with the values qT (□).
Then we decompose λ into the same skew diagrams as before. Now we fill each diagram λi with
the values

{︁
n −

(︁⃓⃓
λ1
⃓⃓
+ · · · +

⃓⃓
λi−1

⃓⃓)︁
, . . . , n −

(︁⃓⃓
λ1
⃓⃓
+ · · · +

⃓⃓
λi
⃓⃓)︁}︁

in row-standard order. This
gives a value iqa in each box of λ. ■
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Example 2.6. Given

T =

7 5 5 2 1 0

6 5 5 0 0

2 1 1 0

1 0

∈ RYT≥0(6, 5, 4, 2),

we have that

min(T ) =

17q7 12q5 13q5 10q2 6q1 1q0

16q6 14q5 15q5 2q0 3q0

11q2 7q1 8q1 4q0

9q1 5q0

and

top(T ) =

1q7 3q5 5q5 8q2 12q1 17q0

2q6 4q5 6q5 14q0 16q0

7q2 10q1 11q1 15q0

9q1 13q0

.

As in the proof of Lemma 2.5, we correspond to T the following increasing sequence of Young
diagrams which fill with the labels of T for reference:

7 ⊂ 7
6
⊂ 7 5 5

6 5 5
⊂

7 5 5 2
6 5 5
2

⊂
7 5 5 2 1
6 5 5
2 1 1
1

⊂
7 5 5 2 1 0
6 5 5 0 0
2 1 1 0
1 0

.

Definition 2.7. Let λ ∈ Y with |λ| = n and T ∈ RYT≥0(λ). Define ν(T ) ∈ Zn
≥0 to be

the vector formed by listing the values of T in decreasing order, i.e., ν(T ) = sort(wτ ) for any
τ ∈ PSYT≥0(λ;T ). Define S(T ) ∈ SYT(λ) by ordering the boxes of λ according to □1 ≤ □2 if
and only if

� T (□1) > T (□2) or

� T (□1) = T (□2) and □1 comes before □2 in the column-standard labeling of λ.

We often write as a shorthand □1 <T □2 whenever S(T )(□1) < S(T )(□2). Define the statis-
tic bT ∈ Z≥0 by

bT :=
n∑︂

i=1

ν(T )i(cS(T )(i) + i− 1).

Lastly, define the composition µ(T ) of n as follows. Decompose λ into maximal size horizontal
strips h1, . . . , hm such that T is constant on each strip. We order these strips according to the
filling min(T ), i.e., the min(T ) labels in hi are strictly less than those in hi+1 for all i. We see
that each of these horizontal strips hi has some length ri ≥ 1. Then µ(T ) is given as (r1, . . . , rm).
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Remark 2.8. For every T ∈ RYT≥0(λ), we can recover T from the pair (S(T ), ν(T )) by
labeling λ with the entries of ν(T ) following the order of S(T ). Further, the standard Young
tableau S(T ) is the largest such tableau following the partial order defined in Definition 2.3.

Below is an example calculation of the various data which we associate to T ∈ RYT≥0(λ).

Example 2.9. For T ∈ RYT≥0(6, 5, 4, 2) as in Example 2.6, we have that

S(T ) =

1 3 5 8 12 17

2 4 6 14 16

7 10 11 15

9 13

∈ SYT(6, 5, 4, 2),

ν(T ) = (7, 6, 5, 5, 5, 5, 2, 2, 1, 1, 1, 1, 0, 0, 0, 0, 0) ∈ Z17
≥0,

bT = 0 + 0 + 15 + 15 + 30 + 30 + 8 + 20 + 5 + 8 + 10 + 15 + 0 + 0 + 0 + 0 + 0 = 156,

and µ(T ) = (1, 2, 1, 1, 1, 2, 1, 1, 1, 2, 2, 1, 1).

The next definition is crucial for many of the results in this paper.

Definition 2.10. Let λ ∈ Y, with |λ| = n and τ ∈ PSYT≥0(λ) with T = pλ(τ). An ordered
pair of boxes (□1,□2) ∈ λ×λ is called an inversion pair of τ if S(T )(□1) < S(T )(□2) and i > j
where τ(□1) = iqa, τ(□2) = jqb for some a, b ≥ 0. The set of all inversion pairs of τ is denoted
by Inv(τ). We use the shorthand I(T ) for the set Inv(min(T )).

Example 2.11. In the labeling

17q7 12q5 13q5 10q2 6q1 1q0

16q6 14q5 15q5 2q0 3q0

11q2 7q1 8q1 4q0

9q1 5q0

we have that the pairs
(︁
17q7, 12q5

)︁
,
(︁
14q5, 13q5

)︁
, and

(︁
5q0, 4q0

)︁
are all inversions. Here we have

referred to boxes according to their labels.

In the following definition, our conventions for the Bruhat ordering differ from many other
authors. These conventions are used to help properly state some triangularity properties later
in the paper. However, one may obtain the below definition from the more standard conventions
in [14, Section 2.1] by reversing the order of the entries of each vector (a1, . . . , an)→ (an, . . . , a1)
and rewriting their Bruhat ordering from this reversed perspective.

Definition 2.12. Define the Bruhat ordering ⪯ on Zn
≥0 using the following cover relations

for λ ∈ Zn
≥0:

� If i < j with λi < λj , then λ ≺ (i, j)λ.

� If i < j with λi + 1 < λj , then λ ≻ λ+ ei − ej .
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Here ei denotes the i-th standard basis vector of Zn and (i, j) ∈ Sn denotes the permutation
swapping i and j and leaving all other inputs fixed. For α = (α1, α2, . . . , αn) ∈ Zn

≥0, we
define ˜︁γ(α) := (α2, . . . , αn, α1 + 1). We write sort(α) for the vector formed by listing the entries
of α in weakly decreasing order and revsort(α) for the vector formed by listing the entries of α
in weakly increasing order. We define Stab(α) to be the corresponding stabilizer subgroup of Sn

for α, i.e., the set of all σ ∈ Sn with σ(α) = α.

We require the following simple lemma regarding the interplay between the map ˜︁γ on Zn
≥0

and the ordering ≺.

Lemma 2.13. If α, β ∈ Zn
≥0 satisfy α ≺ β, then ˜︁γ(α) ≺ ˜︁γ(β).

Proof. We show that if α, β ∈ Zn
≥0 and β covers α with respect to the Bruhat order, then˜︁γ(α) ≺ ˜︁γ(β). We proceed in cases. Let λ ∈ Zn

≥0.

First, suppose 1 < i < j and λi < λj . Then

˜︁γ(λ) ≺ (i− 1, j − 1)˜︁γ(λ) = ˜︁γ((i, j)λ).
Now suppose 1 < j and λ1 < λj . Then

˜︁γ((1, j)λ) ≻ ˜︁γ((1, j)λ) + ej − en ⪰ (j, n)(˜︁γ((1, j)λ) + ej − en) = ˜︁γ(λ).
If now we have that 1 < i < j and λi < λj − 1, then

˜︁γ(λ) ≻ ˜︁γ(λ) + ei−1 − ej−1 = ˜︁γ(λ+ ei − ej).

Lastly, consider the case when 1 < j and λ1 < λj − 1. If λ1 + 2 = λj , then

˜︁γ(λ) ≻ (j − 1, n)˜︁γ(λ) = ˜︁γ(λ+ e1 − ej).

Instead if λ1 < λj − 2, then

˜︁γ(λ) ≻ (j − 1, n)˜︁γ(λ) ≻ (j − 1, n)˜︁γ(λ) + ej−1 − en = ˜︁γ(λ+ e1 − ej). ■

Here we review some necessary details about the extended affine symmetric groups.

Definition 2.14. Define ˆ︁Sn to be the extended affine symmetric group given by ˆ︁Sn := Sn⋉Zn

where Sn acts on Zn by coordinate permutations. Denote by t1, . . . , tn the standard generators
of Zn ⊂ ˆ︁Sn. Further, we define the special element ˜︁γn ∈ ˆ︁Sn given by ˜︁γn := tnsn−1 · · · s1. For
any β ∈ Zn, we write tβ := tβ1

1 · · · t
βn
n . Define the positive submonoid of ˆ︁Sn, ˆ︁S+

n , as the monoid
generated by

{︁
s1, . . . , sn−1, ˜︁γn}︁ (i.e., no ˜︁γ−1

n s).

The length ℓ(σ) of σ ∈ ˆ︁Sn is the minimal number of si required to express σ in terms of
the generators

{︁
s1, . . . , sn−1, ˜︁γn}︁. In particular, multiplication by ˜︁γn does not effect the length

of elements of ˆ︁Sn. An expression of the form σ = w1 · · ·wr for wi ∈ {s1, . . . , sn−1, ˜︁γn} is
a reduced word for σ if #(i | wi ∈ {s1, . . . , sn−1}) = ℓ(σ). We denote by ˆ︁Sn/Sn the set of
minimal length left coset representatives of ˆ︁Sn with respect to the subgroup Sn. We denote
the set of positive minimal length coset representatives of ˆ︁Sn with respect to the subgroup Sn

by
(︁ˆ︁Sn/Sn

)︁+
:=
(︁ˆ︁Sn/Sn

)︁
∩ ˆ︁S+

n . If µ = (µ1, . . . , µr) is a composition of n = µ1+ · · ·+µr, then
we define the Young subgroup Sµ of Sn corresponding to µ as Sµ := Sµ1 × · · · ×Sµr ⊂ Sn.
We write Sn/Sµ for the set of minimal length left coset representatives for Sn with respect to
the subgroup Sµ.

For β ∈ Zn, define σβ ∈ ˆ︁Sn by σβ := σtsort(β) where σ is the unique minimal length coset
representative in Sn/SStab(sort(β)) such that σ(sort(β)) = β.
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The next lemma summarizes some standard results in the theory of (extended) affine permu-
tations.

Lemma 2.15. We have that ˆ︁Sn/Sn = {σβ | β ∈ Zn} and
(︁ˆ︁Sn/Sn

)︁+
= {σβ | β ∈ Zn

≥0}. For
all α ∈ Zn

≥0, we have the following:

� If α is weakly decreasing, then σα = tα.

� If si(α) ≻ α, then σsi(α) = siσα.

� If si(α) = α, then siσα = σαsσ−1(i), where σ is the minimal length permutation with
σ(sort(α)) = α.

� σ˜︁γn(α) = ˜︁γn(σα).
Proof. This follows directly from [21, Proposition 2.1] applied to the setting of ˆ︁Sn along with
using Lemma 2.13 for the last statement. ■

Recall that in Definition 2.3 we only defined si(τ) for τ ∈ PSYT≥0(λ) in the situation where
swapping the i and i+1 labels in the boxes of τ resulted in an element of PSYT≥0(λ). We now
generalize this notion to elements of ˆ︁S+

n .

Definition 2.16. Suppose zr · · · z1 is a reduced word in ˆ︁S+
n written in the generators zi ∈

{s1, . . . , sn−1, ˜︁γn}. We define inductively on r ≥ 1 if zr−1 · · · z1(τ) ∈ PSYT≥0(λ) the element
zr · · · z1(τ) of PSYT≥0(λ) as either

� Ψ(zr−1 · · · z1(τ)) if zr = ˜︁γn, or
� si(zr−1 · · · z1(τ)) if zr = si and swapping the i and i+1 labels in the boxes of zr−1 · · · z1(τ)
results in an element of PSYT≥0(λ).

Otherwise, we leave this symbol undefined. This definition is only dependent on the ele-
ment zr · · · z1 of ˆ︁S+

n in that if zr · · · z1 = z′r · · · z′1 is another reduced word, then zr · · · z1(τ)
is defined if and only if z′r · · · z′1(τ) is defined in which case zr · · · z1(τ) = z′r · · · z′1(τ). Thus, we
write σ(τ) = zr · · · z1(τ) unambiguously in this situation whenever σ = zr · · · z1.

Implicit in the above definition is that the following relations hold.

Lemma 2.17. For any τ ∈ PSYT≥0(λ) in each of the following equalities if one of either the
left-hand or right-hand labelings define valid elements of PSYT≥0(λ) then both sides are elements
of PSYT≥0(λ) and they are equal:

� For all 1 ≤ i ≤ n− 1, si(si(τ)) = τ .

� If |i− j| > 1, then sisj(τ) = sjsi(τ).

� For all 1 ≤ i ≤ n− 2, sisi+1si(τ) = si+1sisi+1(τ).

� For all 1 ≤ i ≤ n− 2, Ψsi+1(τ) = siΨ(τ).

� Ψ2s1(τ) = sn−1Ψ
2(τ).

Proof. Let τ ∈ PSYT≥0(λ). We prove each relation separately.
If si(τ) ∈ PSYT≥0(λ), then either wτ (i) ̸= wτ (i+1) or otherwise i and i+1 are distinct rows

and columns. The same is true about si(τ) so si(si(τ)) ∈ PSYT≥0(λ) which is obviously equal
to τ .

If sisj(τ) ∈ PSYT≥0(λ), then we know that either wτ (j) ̸= wτ (j + 1) or j and j + 1 are in
distinct rows and columns and likewise for i and i + 1 since |i − j| > 1. Therefore, sjsi(τ) ∈
PSYT≥0(λ) is also well defined and both are equal because sisj = sjsi as permutations.
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Let □i, □i+1, □i+2 denote the boxes of λ labeled iqai , (i+1)qai+1 , (i+2)qai+2 by τ respectively
for some ai, ai+1, ai+2 ≥ 0. The condition guaranteeing sisi+1si(τ) ∈ PSYT≥0(λ) is the same as
the one guaranteeing si+1sisi+1(τ) ∈ PSYT≥0(λ): If any pair □j , □j′ of the boxes □i, □i+1, □i+2

are in the same row or column, then necessarily aj ̸= aj′ . Therefore, sisi+1si(τ) ∈ PSYT≥0(λ) if
and only if si+1sisi+1(τ) ∈ PSYT≥0(λ) and both are obviously equal in this case since sisi+1si =
si+1sisi+1 as permutations.

Suppose Ψsi+1(τ) ∈ PSYT≥0(λ). Then either wτ (i + 1) ̸= wτ (i + 2) or else i + 1 and i + 2
appear in distinct rows and columns in the labeling τ . But, then either

wΨ(τ)(i) = wτ (i+ 1) ̸= wτ (i+ 2) = wΨ(τ)(i+ 1)

or else i and i+1 appear in distinct rows and columns in the labeling Ψ(τ). Therefore, siΨ(τ) ∈
PSYT≥0(λ) and by Definition 2.3 Ψsi+1(τ) = siΨ(τ). In particular, if τ(□) = jqa, then

Ψsi+1(τ)(□) = siΨ(τ)(□) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
nqa+1, j = 1,

(i+ 1)qa, j = i+ 1,

iqa, j = i+ 2,

(j − 1)qa, j ̸= 1, i+ 1, i+ 2.

Similarly, if we suppose siΨ(τ) ∈ PSYT≥0(λ), then by the same argument but in reverse,
Ψsi+1(τ) ∈ PSYT≥0(λ) and the expressions agree.

Lastly, suppose Ψ2s1(τ) ∈ PSYT≥0(λ) then wτ (1) ̸= wτ (2) or else 1 and 2 appear in different
rows and columns of the labeling τ . But, then either wΨ2(τ)(n− 1) = wτ (1) + 1 ̸= wτ (2) + 1 =
wΨ2(τ)(2) or else n−1 and n appear in distinct rows and columns in the labeling Ψ2(τ). Therefore,
sn−1Ψ

2(τ) ∈ PSYT≥0(λ) and Ψ2s1(τ) = sn−1Ψ
2(τ). In particular, if τ(□) = jqa, then

Ψ2s1(τ)(□) = sn−1Ψ
2(τ)(□) =

⎧⎪⎨⎪⎩
nqa+1, j = 1,

(n− 1)qa+1, j = 2,

(j − 2)qa, j ̸= 1, 2.

Likewise, if we suppose sn−1Ψ
2(τ) ∈ PSYT≥0(λ), then by the same argument but in reverse,

Ψ2s1(τ) ∈ PSYT≥0(λ) and the expressions agree. ■

We need the following result regarding generating elements of PSYT≥0(λ) from SYT(λ) using
special creation operators ζi.

Lemma 2.18. For T ∈ RYT≥0(λ), we have that top(T ) = ζ
ν(T )1−ν(T )2
1 · · · ζν(T )n

n (S(T )), where
for all 1 ≤ i ≤ n, ζi := (si · · · sn−1Ψ)i.

Proof. One may check by direct computation that if T ∈ RYT≥0(λ) and 1 ≤ i ≤ n, then
ζi(top(T ))) is well defined according to Definition 2.16 and in particular, ζi(top(T )) = top(T ′)
where T ′(□) = T (□) + 1 for S(T )(□) ≤ i and T ′(□) = T (□) otherwise. Note that S(T ) =
S(T ′) so applying ζi does not change the underlying diagram ordering corresponding to the
labeling T . Thus, given any T ∈ RYT≥0(λ) by applying each ζi one at a time, we see that
ζ
ν(T )1−ν(T )2
1 · · · ζν(T )n

n (S(T )) must equal top(T ). ■

To define our combinatorial model for the representations we study in Section 3, we need to
identify an explicit bijection between PSYT≥0(λ) and

(︁ˆ︁Sn/Sn

)︁+ × SYT(λ). We already have
a map PSYT≥0(λ)→

(︁ˆ︁Sn/Sn

)︁+
given by τ → σwτ . This is not bijective so we use elements

of SYT(λ) to refine this map to yield a bijection. We now identify the correct choice of SYT(λ)
for a given τ ∈ PSYT≥0(λ).
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Definition 2.19. For τ ∈ PSYT≥0(λ), we define S(τ) ∈ SYT(λ) by the following recursion:

� S(top(T )) := S(T ) as defined in Definition 2.7

� If wτ (i) < wτ (i+ 1), then S(si(τ)) = S(τ).

� S(Ψ(τ)) = S(τ).

� If wτ (i) = wτ (i + 1) and cτ (i) − cτ (i + 1) > 1, then S(si(τ)) = sjS(τ), where j = σ−1(i)
and σ is the minimal length permutation with σ(sort(wτ )) = wτ .

For any τ ∈ PSYT≥0(λ), we can recover τ from the data (σwτ , S(τ)) as follows.

Proposition 2.20. For τ ∈ PSYT≥0(λ), τ = σwτ (S(τ)).

Proof. Using Lemmas 2.15 and 2.18, we see that for all T ∈ RYT≥0(λ)

σwtop(T )
(S(pλ(top(T )))) = σν(T )(S(T )) = tν(T )(S(T )) = ζ

ν(T )1−ν(T )2
1 · · · ζν(T )n

n (S(T ))

= top(T ).

Let τ ∈ PSYT≥0(λ;T ) and suppose for sake of induction that τ = σwτ (S(τ)). Now let si(τ) < τ .
If wτ (i) > wτ (i+ 1), then S(si(τ)) = S(τ) and σwsi(τ)

= siσwτ so that

σwsi(τ)
(S(si(τ))) = siσwτ (S(τ)) = si(τ).

In the case instead that wτ (i) = wτ (i+ 1) with cτ (i+ 1)− cτ (i) > 1, then S(si(τ)) = sj(S(τ))
and σwsi(τ)

= σwτ where j = σ−1(i) and σ is the minimal length permutation with σ(sort(wτ )) =
wτ . Then

σwsi(τ)
(S(si(τ))) = σwτ (sjS(τ)) = (σwτ sj)(S(τ)) = (siσwτ )(S(τ)) = si(τ). ■

We may now obtain the desired bijection.

Proposition 2.21. The map Ξλ : PSYT≥0(λ)→
(︁ˆ︁Sn/Sn

)︁+ × SYT(λ) given by Ξλ(τ) := (σwτ ,
S(τ)) is a bijection.

Proof. It is immediate from Proposition 2.20 that Ξλ is injective. But, it is straightforward
to check that given any σ ∈

(︁ˆ︁Sn/Sn

)︁+
and S ∈ SYT(λ), σ(S) is a well defined element

of PSYT≥0(λ) in the sense of Definition 2.16. To see this, let µ be weakly decreasing. Using
the same argument from the proof of Lemma 2.18, we see that tµ(S) ∈ PSYT≥0(λ) is given
by tµ(S)(□) = S(□)qµS(□) . We proceed by induction on γ ∈ Sn/SStab(µ). The base case γ = 1 is
trivial. Suppose that γ(tµ(S)) is a well-defined element of PSYT≥0(λ) for some γ ∈ Sn/SStab(µ)

and siγ > γ for some 1 ≤ i ≤ n − 1, i.e., µγ−1(i) > µγ−1(i+1). It suffices to check that
if □1,□2 ∈ λ with □1 either above in the same column or to the left and in the same row
as □2 and µS(□1) = µS(□2), then si(γ(S(□1))) < si(γ(S(□2))). Since only the labels of the boxes
labeled i or i+1 change, we only need to consider the situation when either □1 or □2 are labeled
by i or i + 1. Note that this excludes the situation where γ(S(□1)) = i and γ(S(□1)) = i + 1
since µS(□1) ̸= µS(□2) for these boxes by assumption. Now we have the following case work:

� If γ(S(□1)) = i, then i+ 1 < γ(S(□2)) so si(γ(S(□1))) = i+ 1 < si(γ(S(□2))).

� If γ(S(□1)) = i+ 1, then i+ 2 ≤ γ(S(□2)) so si(γ(S(□1))) = i < i+ 2 ≤ si(γ(S(□2))).

� If γ(S(□2)) = i, then γ(S(□1)) < i so si(γ(S(□1)) = γ(S(□1)) < i < i+1 = si(γ(S(□2))).

� If γ(S(□2)) = i+ 1, then γ(S(□1)) < i so si(γ(S(□1)) = γ(S(□1)) < i = si(γ(S(□2))).

Therefore, siγtµ(S) is a well-defined element of PSYT≥0(λ). From Lemma 2.15, we know
that every element σ ∈

(︁ˆ︁Sn/Sn

)︁+
can be written in the form σ = γtµ for some µ weakly de-

creasing and γ ∈ Sn/SStab(µ). Thus σ(S) ∈ PSYT≥0(λ) is well defined for all σ ∈
(︁ˆ︁Sn/Sn

)︁+
and S ∈ SYT(λ). This shows that Ξλ is also surjective and thus bijective. ■
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2.2 Finite Hecke algebra

For references to the definitions of finite, affine, and double affine Hecke algebras, we refer the
reader to Cherednik’s book [8]. Here we detail our conventions for the finite Hecke algebras in
type An−1 occurring in this paper.

Definition 2.22. Define the finite Hecke algebra H n to be the Q(q, t)-algebra generated
by T1, . . . , Tn−1 subject to the relations

� (Ti − 1)(Ti + t) = 0 for 1 ≤ i ≤ n− 1,

� TiTi+1T1 = Ti+1TiTi+1 for 1 ≤ i ≤ n− 2,

� TiTj = TjTi for |i− j| > 1.

Define the Jucys–Murphy elements θ1, . . . , θn ∈ H n by θ1 := 1 and θi+1 := tT−1
i θiT

−1
i for 1 ≤

i ≤ n−1. Further, define φ1, . . . , φn−1 by φi :=
(︁
tT−1

i

)︁
θi−θi

(︁
tT−1

i

)︁
. For a permutation σ ∈ Sn

and a reduced expression σ = si1 · · · sir , we write Tσ := Ti1 · · ·Tir .

Note that the definition of H n in [11, Section 2.1] differs from our definition given above.
To translate between our differing conventions we may identify as follows:

� s→ t (parameters),

� Ti → tT−1
i (Hecke elements).

Remark 2.23. There are natural algebra inclusions H n → H n+1 given by Ti → Ti for 1 ≤
i ≤ n− 1. Under this embedding θi → θi for 1 ≤ i ≤ n, so we can naturally identify the copies
of θi in both H n and H n+1.

We require the following list of relations. The formulas involving the elements φi we refer to
as the intertwiner relations.

Proposition 2.24. The following relations hold:

� θi = ti−1T−1
i−1 · · ·T

−1
1 T−1

1 · · ·T−1
i−1 for 1 ≤ i ≤ n,

� θiθj = θjθi for 1 ≤ i, j ≤ n,

� Tiθj = θjTi for j /∈ {i, i+ 1},
� φi = tT−1

i

(︁
θi − θi+1

)︁
+ (t− 1)θi+1 for 1 ≤ i ≤ n− 1,

� φiφi+1φi = φi+1φiφi+1 for 1 ≤ i ≤ n− 1,

� φiφj = φjφi for |i− j| > 1,

� φiθj = θsi(j)φi for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n,

� φ2
i =

(︁
tθi − θi+1

)︁(︁
tθi+1 − θi

)︁
.

Proof. This result follows directly from using the map ρn defined in Definition 2.32 in conjunc-
tion with Proposition 2.31 which is independently proven later. ■

The following definition gives a description of the irreducible representations of H n. There
are many equivalent methods for defining these representations but we choose to specify eigen-
vectors for the Jucys–Murphy elements θi directly as we require these eigenvectors throughout
this paper.

Definition 2.25. Let λ ∈ Y with |λ| = n. Define Sλ to be the H n-module with basis eτ
for τ ∈ SYT(λ) with action determined by the following relations:
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� θi(eτ ) = tcτ (i)eτ .

� If si(τ) > τ , then φi(eτ ) =
(︁
tcτ (i) − tcτ (i+1)

)︁
esi(τ).

� If the labels i, i+ 1 are in the same row in τ , then Ti(eτ ) = eτ .

� If the labels i, i+ 1 are in the same column in τ , then Ti(eτ ) = −teτ .

Using the relations from Proposition 2.24, we can show the following more explicit form for
the action of the Ti on the SYT(λ) basis:

� If si(τ) > τ , then

Ti(eτ ) = esi(τ) +
(1− t)tcτ (i)

tcτ (i) − tcτ (i+1)
eτ .

� If si(τ) < τ , then

Ti(eτ ) = −
(︁
tcτ (i+1)+1 − tcτ (i)

)︁(︁
tcτ (i)+1 − tcτ (i+1)

)︁(︁
tcτ (i+1) − tcτ (i)

)︁2 esi(τ) +
(1− t)tcτ (i)

tcτ (i) − tcτ (i+1)
eτ .

Implicit in the above definition is the following result.

Proposition 2.26. Definition 2.25 is well posed, i.e., the action of the operators Ti on Sλ define
an irreducible H n-module.

Proof. As this construction is standard, we only give an outline. It follows from standard
theory [18, Theorem 3.9] for the finite Hecke algebra H n (analogous to that of the symmetric
group Sn in characteristic 0) that there exists an irreducible representation of H n, Sλ, corre-
sponding to the partition λ with a basis of weight vectors for the Jucys–Murphy elements θi,
vτ say, indexed by τ ∈ SYT(λ). Further, the weights are given by θi(vτ ) = tcτ (i)vτ . As these
weights are all distinct, it follows that this basis is unique up to re-normalization by nonzero
scalars. The presentation given in Definition 2.25 fixes a specific normalization given by choosing
first eτ rsλ = vτ rsλ , and then building the full basis eτ using the intertwiner φi relations in Proposi-
tion 2.24 with the choice that whenever si(τ) > τ we have that φi(eτ ) =

(︁
tcτ (i) − tcτ (i+1)

)︁
esi(τ).

Up to an initial arbitrary choice for the scalar multiple of eτ rsλ , this uniquely determines the rest
of the coefficients of the eτ . ■

Remark 2.27. The set {λ ∈ Y | |λ| = n} gives a full set of irreducible H n-modules up to
isomorphism. Note that for τ, τ ′ ∈ SYT(λ), the θ-weights of eτ = eτ ′ are equal if and only
if τ = τ ′.

The modules Sλ satisfy the following property which will serve as the basis for the main
algebraic constructions in this paper.

Lemma 2.28. Let λ ∈ Y and n ≥ nλ. Let □0 be the unique square in the skew-diagram
λ(n+1)/λ(n). Consider the map q

(n)
λ : λ(n+1) → λ(n) given for τ ∈ SYT

(︁
λ(n+1)

)︁
as

q
(n)
λ (eτ ) :=

{︄
eτ |

λ(n)
, τ(□0) = n+ 1,

0, τ(□0) ̸= n+ 1.

Then q
(n)
λ is a H n-module map.

Proof. Let τ ∈ SYT
(︁
λ(n+1)

)︁
. If τ(□0) = n + 1, then by Definition 2.25, the action of each Ti

for 1 ≤ i ≤ n− 1 is the same on both τ ∈ Sλ(n+1) and τ |λ(n)∈ Sλ(n) . If τ(□0) ̸= n+ 1, then for
all 1 ≤ i ≤ n − 1, Ti(eτ ) is a linear combination of eτ and esi(τ) (when defined). Note that, by
construction, q

(n)
λ (eτ ) = 0. Necessarily, when defined si(τ)(□0) ̸= n+ 1, and so q

(n)
λ (esi(τ)) = 0.

Thus q
(n)
λ (Ti(eτ )) = 0 = Tiq

(n)
λ (eτ ). In all cases, we have that q

(n)
λ (Ti(eτ )) = Tiq

(n)
λ (eτ ). Hence,

q
(n)
λ is a H n-module map. ■
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2.3 Affine Hecke algebra

We are interested in the presentation of the AHAs of type GLn which follows.

Definition 2.29. Define the affine Hecke algebra A n to be the Q(q, t)-algebra generated
by T1, . . . , Tn−1 and θ±1

1 , . . . , θ±1
n subject to the relations

� H n ⊂ A n,

� θiθj = θjθi for all 1 ≤ i, j ≤ n,

� θi+1 = tT−1
i θiT

−1
i for 1 ≤ i ≤ n− 1,

� Tiθj = θjTi for j /∈ {i, i+ 1}.

Define the special elements πn and φ1, . . . , φn−1 of A n by

� πn := tn−1θ1T
−1
1 · · ·T−1

n−1,

� φi :=
(︁
tT−1

i

)︁
θi − θi

(︁
tT−1

i

)︁
.

We denote by Θ(n) the commutative subalgebra of A n generated by θ
(n)
1 , . . . , θ

(n)
n .

It is important to note that when converting between the AHA conventions in this paper
and those in Dunkl–Luque [11, Section 2.1] the standard Cherednik elements ξi of Dunkl–
Luque do not agree with the θi above. In particular, after the appropriate translation into
our conventions we have that ξi are given by ξi = tn−i+1Ti−1 · · ·T1πnT

−1
n−1 · · ·T

−1
i as opposed

to θi = t−(n−i)T−1
i−1 · · ·T

−1
1 πnTn−1 · · ·Ti. The distinction between the standard Cherednik ele-

ments ξi and the reversed orientation Cherednik elements θi is important in this paper since the
latter yield operators with additional stability properties which the ξi do not satisfy.

Remark 2.30. We use the notation θ
(n)
i and θ

(m)
i to differentiate between the copies of θi in A n

and A m for n ̸= m.

The following proposition is required at many points throughout this paper when we study
Θ(n)-weight vectors. We include the proofs of these relations for completeness and to emphasize
that we may use intertwiner theory for AHAs with the θi elements instead of the standard ξi
with only slight differences.

Proposition 2.31. The following relations hold:

� φi = tT−1
i (θi − θi+1) + (t− 1)θi+1 = (θi+1 − θi)tT

−1
i + (1− t)θi+1 for 1 ≤ i ≤ n− 1,

� φiθj = θsi(j)φi for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n,

� φ2
i = (tθi − θi+1)(tθi+1 − θi),

� φiφi+1φi = φi+1φiφi+1 for 1 ≤ i ≤ n− 2,

� φiφj = φjφi for |i− j| > 1.

Proof. We proceed by proving each of these relations in the order in which they appear above.

Let 1 ≤ i ≤ n− 1. Then

φi = tT−1
i θi − θi

(︁
tT−1

i

)︁
= tT−1

i θi − Tiθi+1 = tT−1
i θi −

(︁
tT−1

i + 1− t
)︁
θi+1

= tT−1
i (θi − θi+1) + (t− 1)θi+1.

By a similar calculation, we also get φi = (θi+1 − θi)tT
−1
i + (1 − t)θi+1. This can also be

written as φi = (θi+1 − θi)Ti + (1− t)θi which we need later in this proof.
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Now we see

φiθi = tT−1
i (θi − θi+1)θi + (t− 1)θi+1θi = tT−1

i θi(θi − θi+1) + (t− 1)θi+1θi

= θi+1Ti(θi − θi+1) + (t− 1)θi+1θi = θi+1(Ti(θi − θi+1) + (t− 1)θi)

= θi+1

(︁(︁
tT−1

i + 1− t
)︁
(θi − θi+1) + (t− 1)θi

)︁
= θi+1

(︁
tT−1

i (θi − θi+1) + (t− 1)θi+1

)︁
= θi+1φi

and

φiθi+1 = tT−1
i (θi − θi+1)θi+1 + (t− 1)θ2i+1 = (Ti + t− 1)θi+1(θi − θi+1) + (t− 1)θ2i+1

= Tiθi+1(θi − θi+1) + (t− 1)
(︁
θi+1(θi − θi+1) + θ2i+1

)︁
= tθiT

−1
i (θi − θi+1) + (t− 1)θiθi+1 = θi

(︁
tT−1

i (θi − θi+1) + (t− 1)θi+1

)︁
= θiφi.

For any j /∈ {i, i + 1}, it follows since θj commutes with both θi and Ti, that φiθj = θjφi.
Thus for any 1 ≤ j ≤ n, φiθj = θsi(j)φi.

Now we have that

φ2
i =

(︁
tT−1

i θi − θitT
−1
i

)︁2
= t2T−1

i θiT
−1
i θi − t2T−1

i θ2i T
−1
i − t2θiT

−2
i θi + t2θiT

−1
i θiT

−1
i

= tθi+1θi − tθi+1TiθiT
−1
i − tθi

(︁
1 + (t− 1)T−1

i

)︁
θi + tθiθi+1

= 2tθiθi+1 − tθi+1

(︁
tT−1

i + 1− t
)︁
θiT

−1
i − tθ2i + t(1− t)θiT

−1
i θi

= 2tθiθi+1 − t2θi+1T
−1
i θiT

−1
i + t(t− 1)θiθi+1T

−1
i − tθ2i + (1− t)θiθi+1Ti

= 2tθiθi+1 − tθ2i+1 − tθ2i + (1− t)θiθi+1

(︁
Ti − tT−1

i

)︁
= 2tθiθi+1 − tθ2i+1 − tθ2i + (1− t)2θiθi+1 =

(︁
1 + t2

)︁
θiθi+1 − tθ2i+1 − tθ2i

= (tθi − θi+1)(tθi+1 − θi).

Now suppose 1 ≤ i ≤ n − 2. By expanding each of the φj from right to left using φj =
(θj+1 − θj)Tj + (1− t)θj and repeatedly applying the relation φjθk = θsj(k)φj , we find

φiφi+1φi = (θi+2 − θi+1)(θi+2 − θi)(θi+1 − θi)TiTi+1Ti

+ (1− t)θi(θi+2 − θi+1)(θi+2 − θi)Ti+1Ti

+ (1− t)θi+1(θi+2 − θi)(θi+1 − θi)TiTi+1 + (1− t)2θiθi+1(θi+2 − θi)Ti

+ (1− t)2θiθi+1(θi+2 − θi)Ti+1

+
(︁
t(1− t)θi(θi+2 − θi+1)(θi+1 − θi) + (1− t)3θ2i θi+1

)︁
.

Using the same method, we also see that

φi+1φiφi+1 = (θi+1 − θi)(θi+2 − θi)(θi+2 − θi+1)Ti+1TiTi+1

+ (1− t)θi+1(θi+1 − θi)(θi+2 − θi)TiTi+1

+ (1− t)θi(θi+2 − θi)(θi+2 − θi+1)Ti+1Ti + (1− t)2θiθi+1(θi+2 − θi)Ti+1

+ (1− t)2θiθi+1(θi+2 − θi)Ti

+
(︁
t(1− t)θi(θi+1 − θi)(θi+2 − θi+1) + (1− t)3θ2i θi+1

)︁
.

From here, we may use the braid relation TiTi+1Ti = Ti+1TiTi+1 and some rearrangement of
terms to see φiφi+1φi = φi+1φiφi+1.

Lastly, consider |i − j| > 1. Since TiTj = TjTi, Tiθj = θjTi, and θiθj = θjθi, we readily find
that φiφj = φjφi. ■
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In this paper, we are interested in AHA modules which are pulled back from irreducible finite
Hecke representations. To do this we need to define algebra surjections A n → H n. There are
many such choices for these maps but we choose the maps ρn defined below carefully so that
the AHA modules we consider in this paper satisfy nontrivial stability conditions.

Definition 2.32. Define the Q(q, t)-algebra homomorphism ρn : A n →H n by

� ρn(Ti) = Ti for 1 ≤ i ≤ n− 1,

� ρn(θ1) = 1.

For a H n-module V , we denote by ρ∗n(V ) the A n-module with action defined for v ∈ V
and X ∈ A n by X(v) := ρn(X)(v).

Remark 2.33. Note that ρn(πn) = tn−1T−1
1 · · ·T−1

n−1 and for all 1 ≤ i ≤ n, ρn(θi) = θi.
Thus ρn maps the reversed orientation Cherednik elements θi ∈ A n to the Jucys–Murphy
elements θi ∈H n. Further, for λ ∈ Y with |λ| = n, ρ∗n(λ) is an irreducible A n-module with
a basis of θ-weight vectors {eτ}τ∈SYT(λ) with distinct weights.

2.4 Positive double affine Hecke algebra

We use the following presentation for the positive DAHAs in type GLn.

Definition 2.34. Define the positive double affine Hecke algebra Dn to be the Q(q, t)-algebra
generated by T1, . . . , Tn−1, θ

±1
1 , . . . , θ±1

n , and X1, . . . , Xn subject to the relations

� T1, . . . , Tn−1 and θ±1
1 , . . . , θ±1

n satisfy the relations of A n in Definition 2.29,

� XiXj = XjXi for 1 ≤ i, j ≤ n,

� Xi+1 = tT−1
i XiT

−1
i for 1 ≤ i ≤ n− 1,

� TiXj = XjTi for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n with j /∈ {i, i+ 1},

� πnXiπ
−1
n = Xi+1 for 1 ≤ i ≤ n− 1,

� πnXnπ
−1
n = qX1.

Here πn is the same as in Definition 2.29. Define the special element γn := XnTn−1 · · ·T1.

The element γn satisfies some nice intertwining relations which we need for later when we
study Θ(n)-weight vectors.

Lemma 2.35. The following hold:

� θiγn = γnθi+1 for 1 ≤ i ≤ n− 1,

� θnγn = γnqθ1.

Proof. Let 1 ≤ i ≤ n− 1. We find that

θiγn = t−(n−i)T−1
i−1 · · ·T

−1
1 πnTn−1 · · ·TiXnTn−1 · · ·T1

= t−(n−i)T−1
i−1 · · ·T

−1
1 πnTn−1XnTn−2 · · ·TiTn−1 · · ·T1

= t−(n−i)T−1
i−1 · · ·T

−1
1 πntXn−1T

−1
n−1Tn−2 · · ·TiTn−1 · · ·T1

= t−(n−(i+1))T−1
i−1 · · ·T

−1
1 XnπnT

−1
n−1Tn−2 · · ·TiTn−1 · · ·T1

= t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 πnT

−1
n−1Tn−2 · · ·Ti(Tn−1 · · ·T1).
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From the braid relations, we see that for all 1 ≤ j ≤ n − 2, Tj(Tn−1 · · ·T1) = (Tn−1 · · ·T1)Tj+1

and hence

t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 πnT

−1
n−1Tn−2 · · ·Ti(Tn−1 · · ·T1)

= t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 πnT

−1
n−1(Tn−1 · · ·T1)Tn−1 · · ·Ti+1

= t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 πnTn−2 · · ·T1Tn−1 · · ·Ti+1

= t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 Tn−1 · · ·T2πnTn−1 · · ·Ti+1

= t−(n−(i+1))XnT
−1
i−1 · · ·T

−1
1 Tn−1 · · ·T2T1T

−1
1 πnTn−1 · · ·Ti+1

= t−(n−(i+1))XnTn−1 · · ·T1T
−1
i · · ·T−1

2 T−1
1 πnTn−1 · · ·Ti+1

= (XnTn−1 · · ·T1)
(︁
t−(n−(i+1))T−1

i · · ·T−1
1 πnTn−1 · · ·Ti+1

)︁
= γnθi+1.

Now we consider the last case

θnγn = T−1
n−1 · · ·T

−1
1 πnTn−1 · · ·T1 = T−1

n−1 · · ·T
−1
1 qX1πnTn−1 · · ·T1

= t−(n−1)XnTn−1 · · ·T1qπnTn−1 · · ·T1 = (XnTn−1 · · ·T1)
(︁
qt−(n−1)πnTn−1 · · ·T1

)︁
= γnqθ1. ■

Recall the definition of the intertwiner elements φi in Definition 2.29. We use the ele-
ments {φ1, . . . , φn−1, γn} to define intertwiner operators corresponding to elements of ˆ︁S+

n .

Definition 2.36. For any σ ∈ ˆ︁S+
n with σ = w1 . . . wr written minimally in terms of the

generators wi ∈ {s1, . . . , sn−1, ˜︁γn}, define φσ ∈ Dn by φσ := ϖ1 · · ·ϖr ∈ Dn, where ϖi := φj

if wi = sj and ϖi := γn if wi = ˜︁γn.
In particular, we have that φsi = φi and φ˜︁γn = γn.

The main utility of considering the intertwiner operators φσ comes from the next lemma.

Lemma 2.37. If v is a Θ(n)-weight vector in some Dn-module with weight α = (α1, . . . , αn)
and σ ∈ Sn with φσ(v) ̸= 0, then φσ(v) is a Θ(n)-weight vector with weight ασ given by the
following recursion:

� αsi = (α1, . . . , αi+1, αi, . . . αn),

� α˜︁γn = (α2, . . . , αn, qα1),

� (ασ2)σ1 = ασ1σ2.

Proof. This result follows using induction on ˆ︁S+
n and the relations in Proposition 2.31 and

Lemma 2.35. For reference, see [8, Section 3.3.3]. ■

We are primarily interested in modules for the spherical subalgebra of Dn.

Definition 2.38. Let ϵ(n) ∈H n denote the trivial idempotent given by

ϵ(n) :=
1

[n]t!

∑︂
σ∈Sn

t(
n
2)−ℓ(σ)Tσ,

where [n]t! :=
∏︁n

i=1

(︁
1−ti

1−t

)︁
. The positive spherical double affine Hecke algebra D sph

n is the (non-
unital) subalgebra of Dn given by D sph

n := ϵ(n) Dn ϵ
(n).

The element

ϵ(n) :=
1

[n]t!

∑︂
σ∈Sn

t(
n
2)−ℓ(σ)Tσ ∈H n

is uniquely determined by the following properties:
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� ϵ(n) ̸= 0 (non-zero),

�

(︁
ϵ(n)
)︁2

= ϵ(n) (idempotent),

� ϵ(n)Ti = Tiϵ
(n) for all 1 ≤ i ≤ n− 1 (central),

� Tiϵ
(n) = ϵ(n) (trivial-like).

We use without proof that ϵ(n) as defined in Definition 2.38 satisfies these properties but
it is straightforward to check this using the defining relations of H n. Since

(︁
ϵ(n)
)︁2

= ϵ(n),
we see that D sph

n is a unital algebra with unit ϵ(n). The algebra D sph
n contains both of the

subalgebras Q(q, t)[X1, . . . , Xn]
Snϵ(n) and Q(q, t)

[︁
θ±1
1 , . . . , θ±1

n

]︁Snϵ(n).
We may use ϵ(n) to generate modules for the spherical DAHA. Given any Dn-module V,

the space ϵ(n)(V ) is naturally a D sph
n -module. In the standard picture of Cherednik theory [8,

Section 3.8], the polynomial representation of Dn on Q(q, t)[x1, . . . , xn] is symmetrized using ϵ(n)

to yield the symmetric polynomial representation of D sph
n on Q(q, t)[x1, . . . , xn]

Sn .

Remark 2.39. It is a standard result [8, Theorem 3.2.1] that Dn is a free right A n-module
with basis {Xα}α∈Zn

≥0
. Importantly, for our purposes, this implies that for any A n-module V

with Q(q, t)-basis {vi}i∈I , the induced module IndDn
A n

V := Dn⊗A nV has Q(q, t)-basis {Xα ⊗
vi|α ∈ Zn

≥0, i ∈ I}.

2.5 Elliptic Hall algebra

Here we give a brief description of the positive elliptic Hall algebra which will be a sufficient
introduction for the purposes of this paper. For a more complete description of the elliptic Hall
algebra, we direct the reader to the original paper of Burban–Schiffmann [4] introducing EHA
and the subsequent papers of Schiffmann–Vasserot [19, 20] which develop more of the relations
between EHA and Macdonald theory.

Definition 2.40. For ℓ ∈ Z \ {0}, r > 0, define the special elements P
(n)
0,ℓ , P

(n)
r,0 ∈ D sph

n by

� P
(n)
0,ℓ = ϵ(n)

(︁∑︁n
i=1 θ

ℓ
i

)︁
ϵ(n),

� P
(n)
r,0 = qrϵ(n)

(︁∑︁n
i=1X

r
i

)︁
ϵ(n).

Theorem 2.41 ([20, Theorem 1.2] and [19, Proposition 4.1]). The elements P
(n)
0,ℓ , P

(n)
r,0 for

ℓ ∈ Z\{0}, r > 0 generate D sph
n as a Q(q, t)-algebra. There is a unique Z≥0×Z grading on D sph

n

determined by deg
(︁
P

(n)
0,ℓ

)︁
= (0, ℓ) and deg

(︁
P

(n)
r,0

)︁
= (r, 0). There is a graded algebra surjection

D sph
n+1 → D sph

n determined for ℓ ∈ Z \ {0}, r > 0 by P
(n+1)
0,ℓ → P

(n)
0,ℓ and P

(n+1)
r,0 → P

(n)
r,0 .

The existence of the Z≥0×Z-graded algebra surjections D sph
n+1 → D sph

n allows for the following
definition.

Definition 2.42 ([20, Section 1.3]). The positive elliptic Hall algebra E+ is the limit of the
Z≥0 × Z-graded algebras D sph

n with respect to the maps D sph
n+1 → D sph

n . For ℓ ∈ Z \ {0}, r > 0,
define the special elements of E+, P0,ℓ := limn P

(n)
0,ℓ and Pr,0 := limn P

(n)
r,0 .

The positive elliptic Hall algebra contains elements Pa,b for (a, b) ∈ Z≥0 × Z \ {(0, 0)} which
may be defined using repeated commutators of the elements P0,ℓ, Pr,0. For example, P1,1 =
[P0,1, P1,0]. We will not require an explicit description of these elements for the purposes of this
paper. Further, we will not require knowledge of the full elliptic Hall algebra E which is obtained
as the Drinfeld double of E+ with respect to a certain Hopf pairing. In the standard Macdonald
theory picture [20, Corollary 1.5], we can realize the action of the full EHA on the ring of
symmetric functions Λ using multiplication operators p•r , skewing operators p⊥r , and Macdonald
operators pℓ[∆] roughly corresponding to the elements Pr,0, P−r,0, P0,ℓ, respectively.
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Remark 2.43. We will be considering the Z≥0-grading on E+ obtained by the specializa-
tion (a, b)→ a, i.e., for r > 0 and ℓ ∈ Z \ {0}

� deg(P0,ℓ) = 0,

� deg(Pr,0) = r.

When we refer to a E+-module V as graded we are referring to the Z≥0-grading on E+.

3 DAHA modules from Young diagrams

3.1 The Dn-module Vλ

We begin by defining a collection of DAHA modules indexed by Young diagrams λ ∈ Y. These
modules are the same as those appearing in [11, Definition 3.1] but we take the approach of
using induction from A n to Dn for their definition.

Definition 3.1. Let λ ∈ Y with |λ| = n. Define the Dn-module Vλ to be the induced module
Vλ := IndDn

A n
ρ∗n(Sλ). The modules Vλ naturally have the basis given by Xα ⊗ eτ , where Xα is

a monomial and τ ∈ SYT(λ). We refer to this as the standard basis of Vλ.

Using the theory of intertwiners for DAHA and some combinatorics, we are able to show the
following structural results. The Fτ appearing below are the version of the non-symmetric vv
Macdonald polynomials of Dunkl–Luque following our conventions but they are not the same
polynomials (see Corollary 4.7). The result below is analogous to [11, Theorem 4.12].

Proposition 3.2. There exists a basis of Vλ consisting of Θ(n)-weight vectors

{Fτ | τ ∈ PSYT≥0(λ)}

with distinct Θ(n)-weights such that the following hold:

� θ
(n)
i (Fτ ) = qwτ (i)tcτ (i)Fτ .

� If τ ∈ SYT(λ), then Fτ = 1⊗ eτ .

� If si(τ) > τ , then(︄
tT−1

i +
(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
(Fτ ) = Fsi(τ).

� FΨ(τ) = qw1(τ)Xnπ
−1
n (Fτ ).

Proof. Using the analogue of Mackey decomposition for induction between A n and Dn [8,
Proposition 3.9.5], we find

ResDn

Θ(n)(Vλ) = ResDn

Θ(n) Ind
Dn
A n

ρ∗n(Sλ) =
⨁︂

σ∈
(︁ˆ︁Sn/Sn

)︁+
(︁
ResA n

Θ(n) ρ
∗
n(Sλ)

)︁σ
=

⨁︂
σ∈
(︁ˆ︁Sn/Sn

)︁+
τ∈SYT(λ)

Q(q, t)(φσ ⊗ eτ ).

As a consequence, we find that the set {φσ ⊗ eτ}(σ,τ)∈(ˆ︁Sn/Sn)+×SYT(λ)
is a generalized Θ(n)-

weight basis for Vλ. Define scalars gτ recursively as follows:
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� gτ rsλ := 1.

� If si(τ) > τ and wτ (i) = wτ (i+ 1), then gsi(τ) := q−wτ (i)gτ .

� If si(τ) > τ and wτ (i) ̸= wτ (i+ 1), then gsi(τ) :=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτ .

� gΨ(τ) := t1−n−cτ (1)gτ .

For τ ∈ PSYT≥0(λ), define Fτ := gτφσwτ
⊗ eS(τ). We now show that the set (Fτ )τ∈PSYT≥0(λ)

constitutes a basis of Vλ satisfying the conditions of the proposition statement.
By Proposition 2.21 and since the scalars gτ are non-zero by construction, it follows that

the set (Fτ )τ∈PSYT≥0(λ) is a basis for Vλ labeled by PSYT≥0(λ). Further, by induction using
Lemma 2.37 and Proposition 2.20 we see that each Fτ is a Θ(n)-weight vector with θ

(n)
i (Fτ ) =

qwτ (i)tcτ (i)Fτ .
Suppose si(τ) > τ . By Proposition 2.31,(︄

tT−1
i +

(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
(Fτ )

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1

×
(︁
tT−1

i (qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)) + (t− 1)qwτ (i+1)tcτ (i+1)
)︁
(Fτ )

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1(︁
tT−1

i (θi − θi+1) + (t− 1)θi+1

)︁
(Fτ )

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
φi(Fτ )

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτφiφσwτ

⊗ eS(τ).

If wτ (i) = wτ (i + 1), then from the proof of Proposition 2.20, we know that φiφσwτ
= φσwτ

φj

where j = σ−1(i) and σ is the minimal length permutation such that σ(sort(wτ )) = wτ . Com-
bining this observation with Definitions 2.19 and 2.25, we have(︁

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
)︁−1

gτφiφσwτ
⊗ eS(τ)

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτφσwτ

φj ⊗ eS(τ)

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτφσwτ

⊗ φjeS(τ)

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτφσwτ

⊗ (tcS(τ)(j) − tcS(τ)(j+1))esjS(τ)

= q−wτ (i)
(︁
tcτ (i) − tcτ (i+1)

)︁−1
gτφσwsi(τ)

⊗ (tcτ (i) − tcτ (i+1))eS(si(τ))

= q−wτ (i)gτφσwsi(τ)
⊗ eS(si(τ)) = gsi(τ)φσwsi(τ)

⊗ eS(si(τ)) = Fsi(τ).

If instead wτ (i) ̸= wτ (i+ 1), then φiφσwτ
= φsiσwτ

= φσwsi(τ)
and S(si(τ)) = S(τ). Thus,(︁

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
)︁−1

gτφiφσwτ
⊗ eS(τ)

=
(︁
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︁−1
gτφσwsi(τ)

⊗ eS(si(τ))

= gsi(τ)φσwsi(τ)
⊗ eS(si(τ)) = Fsi(τ).

Now we check the last relation

qwτ (1)Xnπ
−1
n (Fτ ) = t1−n−cτ (1)tn−1qwτ (1)tcτ (1)Xnπ

−1
n (Fτ ) = t1−n−cτ (1)tn−1Xnπ

−1
n θ1(Fτ )

= t1−n−cτ (1)Xnπ
−1
n πnTn−1 · · ·T1(Fτ ) = t1−n−cτ (1)XnTn−1 · · ·T1(Fτ )

= t1−n−cτ (1)γn(Fτ ) = t1−n−cτ (1)gτγnφσwτ
⊗ eS(τ)

= gΨ(τ)φ˜︁γnσwτ
⊗ eS(Ψ(τ)) = gΨ(τ)φσ˜︁γn(wτ )

⊗ eS(Ψ(τ))

= gΨ(τ)φσwΨ(τ)
⊗ eS(Ψ(τ)) = FΨ(τ). ■
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The above proposition allows for the following definition.

Definition 3.3. For τ ∈ PSYT≥0(λ), define the non-symmetric vv Macdonald polynomial for τ
to be Fτ ∈ Vλ as described in the proof of Proposition 3.2.

Example 3.4. We have that

1q 2q
3

= s2s1Ψ
2 1 2
3

.

By starting with

F 1 2
3

= 1⊗ e 1 2
3

and using the recurrence relations in Proposition 3.2, we find that

F 1q 2q
3

= t−2X1X2 ⊗ e 1 2
3

+ t−2

(︃
1− t

1− qt2

)︃
X2X3 ⊗ e 1 3

2

+
t−2

1 + t

(︃
1− t

1− qt2

)︃
X2X3 ⊗ e 1 2

3

− t−3

(︃
1− t

1− qt2

)︃
X1X3 ⊗ e 1 3

2

+
t−1

1 + t

(︃
1− t

1− qt2

)︃
X1X3 ⊗ e 1 2

3

.

Remark 3.5. Note that from Proposition 3.2, we get that γn(Fτ ) = tn−1+cτ (1)FΨ(τ). By induc-
tion, we see that for r ≥ 1, γrn(Fτ ) = tr(n−1)tcτ (1)+···+cτ (r)FΨr(τ).

Now that we have a concrete combinatorial description for the module Vλ, we study its
decomposition into A n-submodules.

Proposition 3.6. The Dn-module Vλ has the following decomposition into A n-submodules:

ResDn
A n

Vλ =
⨁︂

T∈RYT≥0(λ)

UT ,

where UT := spanQ(q,t){Fτ | τ ∈ PSYT≥0(λ;T )}. Further, each A n-module UT is irreducible.

Proof. Let T ∈ RYT≥0(λ). Note that it follows immediately from Proposition 3.2 that each UT

is a A n-submodule of Vλ. Further, trivially UT ∩ UT ′ = ∅ for T ̸= T ′ since the Fτ are a basis
for Vλ and the sets PSYT≥0(λ;T ) partition PSYT≥0(λ). Therefore,

ResDn
A n

Vλ =
⨁︂

T∈RYT≥0(λ)

UT .

Now, let T ∈ RYT≥0(λ). If U ⊂ UT is a nonzero A n-submodule, then U must contain some Θ(n)-
weight vector as UT is spanned by Θ(n)-weight vectors. Thus there exists some τ0∈PSYT≥0(λ;T )
with Fτ0 ∈ U . But then it follows readily from Proposition 3.2, that by using intertwiner
operators φi given any τ ∈ PSYT≥0(λ) we may find A ∈ A n such that A(Fτ0) = Fτ . Therefore,
U = UT and hence UT is irreducible. ■

Remark 3.7. It follows by using Frobenius reciprocity and Proposition 3.6 that in fact there
are surjective A n-module maps IndA n

A µ(T )
χT → UT , where χT is the 1-dimensional represen-

tation of A µ(T ) determined by the Θ(n)-weight of Fmin(T ) and Ti → 1 for relevant Ti. Thus
each UT is a quotient of an induced module from a parabolic subalgebra of A n. In the
case of T ∈ RSSYT≥0(λ), this map is an isomorphism. We may witness the implied bijec-
tion between PSYT≥0(λ;T ) and Sn/Sµ(T ) combinatorially using the map σ → σ(min(T ))
for σ ∈ Sn/Sµ(T ). It is straightforward to check by decomposing λ into horizontal strip dia-
grams where T is constant along rows that this map is actually an isomorphism of posets.
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The following lemma exhibits triangularity for the T−1
i operators with respect to the reversed

Bruhat order on Zn
≥0.

Lemma 3.8. For 1 ≤ i ≤ n− 1 and a ≥ 0,

(︁
tT−1

i

)︁
Xa

i+1 = Xa
i

(︁
tT−1

i

)︁
+ (t− 1)Xi+1

Xa
i −Xa

i+1

Xi −Xi+1
.

Further, every monomial occurring in the term Xi+1
Xa

i −Xa
i+1

Xi−Xi+1
is strictly lower than Xa

i with
respect to the Bruhat ordering ⪯. Consequently, it follows that for any α ∈ Zn

≥0 with si(α) ⪰ α
the following expansion holds for some scalars cβ:(︁

tT−1
i

)︁
Xα = Xsi(α)

(︁
tT−1

i

)︁
+

∑︂
β≺si(α)

cβX
β.

Proof. We start with

tT−1
i Xa

i+1 = (Ti + t− 1)Xa
i+1 = TiX

a
i+1 + (t− 1)Xa

i+1

= Xa
i Ti + (1− t)Xi

Xa
i+1 −Xa

i

Xi −Xi+1
− (1− t)Xa

i+1

= Xa
i

(︁
tT−1

i + 1− t
)︁
+ (1− t)Xi

Xa
i+1 −Xa

i

Xi −Xi+1
− (1− t)Xa

i+1

= Xa
i tT

−1
i + (1− t)Xa

i − (1− t)Xa
i+1 + (1− t)Xi

Xa
i+1 −Xa

i

Xi −Xi+1

= Xa
i tT

−1
i + (t− 1)Xi+1

Xa
i+1 −Xa

i

Xi+1 −Xi
.

Further,

Xi+1
Xa

i+1 −Xa
i

Xi+1 −Xi
= Xa

i+1 +Xa−1
i+1 Xi + · · ·+X2

i+1X
a−2
i +Xi+1X

a−1
i

so that

tT−1
i Xa

i+1 = Xa
i tT

−1
i + (t− 1)

(︁
Xa

i+1 +Xa−1
i+1 Xi + · · ·+X2

i+1X
a−2
i +Xi+1X

a−1
i

)︁
.

Now let α ∈ Zn
≥0 with si(α) ≻ α, i.e., αi < αi+1. Then

tT−1
i Xα = tT−1

i Xα1
1 · · ·X

αi−1

i−1 Xαi
i X

αi+1

i+1 X
αi+2

i+2 · · ·X
αn
n

= Xα1
1 · · ·X

αi−1

i−1 X
αi+2

i+2 · · ·X
αn
n tT−1

i Xαi
i X

αi+1

i+1

= Xα1
1 · · ·X

αi−1

i−1 Xαi
i Xαi

i+1X
αi+2

i+2 · · ·X
αn
n tT−1

i X
αi+1−αi

i+1

= Xα1
1 · · ·X

αi−1

i−1 Xαi
i Xαi

i+1X
αi+2

i+2 · · ·X
αn
n

×
(︁
X

αi+1−αi

i tT−1
i + (t− 1)

(︁
X

αi+1−αi

i+1 + · · ·+Xi+1X
αi+1−αi−1
i

)︁)︁
= Xsi(α)tT−1

i + (t− 1)

αi+1−αi−1∑︂
j=0

Xα+j(ei−ei+1).

Lastly, from Definition 2.12 it is clear that for all 0 ≤ j ≤ αi+1−αi−1, si(α) ≻ α+j(ei−ei+1). ■

Using the above lemma, we are able to partially describe the expansions of the Fτ into the
standard basis of Vλ.
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Corollary 3.9. For τ ∈ PSYT≥0(λ), each Fτ has a triangular monomial expansion with respect
to the Bruhat order on Zn

≥0 of the form Fτ = Xwτ ⊗ f(τ) +
∑︁

β≺wτ
Xβ ⊗ vβ for some vβ ∈ Sλ

where f(τ) ∈ Sλ is given by the following recurrence relations:

� If τ ∈ SYT(λ), then f(τ) = eτ .

� f(Ψ(τ)) = t−(n−1)Tn−1 · · ·T1(f(τ)).

� If wτ (i) < wτ (i+ 1), then f(si(τ)) = tT−1
i f(τ).

� If wτ (i) = wτ (i+ 1) and cτ (i)− cτ (i+ 1) > 1, then

f(si(τ)) =

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
(f(τ)).

Proof. We proceed by induction with respect to the partial ordering on PSYT≥0(λ) defined
in Definition 2.3. At the same time, we verify the recurrence relations given for f(τ) ∈ Sλ as
above.

From Proposition 3.2, we know that if τ ∈ SYT(λ), then Fτ = 1⊗ eτ . Hence, Fτ trivially has
a triangular monomial expansion of the correct form in this case and that f(τ) = eτ . In what
follows, assume that for τ ∈ PSYT≥0(λ) we have that Fτ = Xwτ ⊗ f(τ) +

∑︁
β≺wτ

Xβ ⊗ vβ for
some vβ ∈ Sλ.

First, we see that

FΨ(τ) = qw1(τ)Xnπ
−1
n (Fτ ) = qw1(τ)Xnπ

−1
n Xwτ ⊗ f(τ) +

∑︂
β≺wτ

qw1(τ)Xnπ
−1
n Xβ ⊗ vβ

= qw1(τ)q−w1(τ)X˜︁γ(wτ )π−1
n ⊗ f(τ) +

∑︂
β≺wτ

qw1(τ)q−β1X˜︁γ(β)π−1
n ⊗ vβ

= X˜︁γ(wτ ) ⊗ ρn
(︁
π−1
n

)︁
f(τ) +

∑︂
β≺wτ

X˜︁γ(β) ⊗ qw1(τ)−β1ρn
(︁
π−1
n

)︁
vβ

= X˜︁γ(wτ ) ⊗ t−(n−1)Tn−1 · · ·T1f(τ) +
∑︂
β≺wτ

X˜︁γ(β) ⊗ qw1(τ)−β1t−(n−1)Tn−1 · · ·T1vβ.

From Lemma 2.13, we know that if β ≺ wτ , then ˜︁γ(β) ≺ ˜︁γ(wτ ). Therefore, we find that FΨ(τ)

has the expansion

FΨ(τ) = X˜︁γ(wτ ) ⊗ t−(n−1)Tn−1 · · ·T1f(τ) +
∑︂

β≺˜︁γ(τ)X
β ⊗ v′β

for some v′β ∈ Sλ. From this, we see that f(Ψ(τ)) = t−(n−1)Tn−1 · · ·T1(f(τ)).
Now suppose si(τ) > τ . From Proposition 3.2, we get

Fsi(τ) =

(︄
tT−1

i +
(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
(Fτ )

=

(︄
tT−1

i +
(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄(︃
Xwτ ⊗ f(τ) +

∑︂
β≺wτ

Xβ ⊗ vβ

)︃

= tT−1
i

(︃
Xwτ ⊗ f(τ) +

∑︂
β≺wτ

Xβ ⊗ vβ

)︃

+

(︄
(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄(︃
Xwτ ⊗ f(τ) +

∑︂
β≺wτ

Xβ ⊗ vβ

)︃
.
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For any β < wτ , using Lemma 3.8, we find that

tT−1
i Xβ ⊗ vβ =

∑︂
β′≺si(wτ )

Xβ′ ⊗ uβ′,β

for some uβ′,β ∈ Sλ; that is to say, each of the monomials Xβ′
that appears in the standard

basis expansion of tT−1
i Xβ ⊗ vβ must have β′ ≺ si(wτ ).

Assume wτ (i) < wτ (i+ 1). By Lemma 3.8, we see(︁
tT−1

i

)︁
Xwτ ⊗ f(τ) = Xsi(wτ )

(︁
tT−1

i

)︁
⊗ f(τ) +

∑︂
β≺si(wτ )

cβX
β ⊗ f(τ)

= Xsi(wτ ) ⊗
(︁
tT−1

i

)︁
f(τ) +

∑︂
β≺si(wτ )

cβX
β ⊗ f(τ).

Therefore, Fsi(τ) has the expansion

Fsi(τ) = Xsi(wτ ) ⊗ tT−1
i f(τ) +

∑︂
β≺si(wτ )

Xβ ⊗ v′β,

where v′β ∈ Sλ. Since si(wτ ) = wsi(τ), we have

Fsi(τ) = Xwsi(τ) ⊗ tT−1
i f(τ) +

∑︂
β≺wsi(τ)

Xβ ⊗ v′β

and f(si(τ)) = tT−1
i f(τ).

Now assume instead that wτ (i) = wτ (i+1) and cτ (i)−cτ (i+1) > 1. Then TiX
wτ = XwτTi so

Fsi(τ) =

(︄
tT−1

i +
(t− 1)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
(Fτ )

=

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
(Fτ )

=

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄(︃
Xwτ ⊗ f(τ) +

∑︂
β≺wτ

Xβ ⊗ vβ

)︃

=

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
Xwτ ⊗ f(τ)

+

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄ ∑︂
β≺wτ

Xβ ⊗ vβ

= Xwτ

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
⊗ f(τ)

+

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄ ∑︂
β≺wτ

Xβ ⊗ vβ

= Xwτ ⊗

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
f(τ)

+

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄ ∑︂
β≺wτ

Xβ ⊗ vβ.
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Therefore, since wτ = wsi(τ) we find that

Fsi(τ) = Xwsi(τ) ⊗

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
f(τ) +

∑︂
β≺wsi(τ)

Xβ ⊗ v′β

for some v′β ∈ Sλ and

f(si(τ)) =

(︄
tT−1

i +
(t− 1)tcτ (i+1)

tcτ (i) − tcτ (i+1)

)︄
(f(τ)). ■

Using the ζi operators on PSYT≥0(λ), we may compute f(top(T )) explicitly.

Proposition 3.10. For T ∈ RYT≥0(λ), we have that

f(top(T )) = C
ν(T )1−ν(T )2
1 · · ·C ν(T )n

n (eS(T )),

where for 1 ≤ i ≤ n, we define Ci :=
(︁
t1−iTi−1 · · ·T1

)︁i
.

Proof. Using the recurrence relations in Corollary 3.9 for the elements f(τ) and Proposi-
tion 2.20, we see that for any T ∈ RSSYT≥0(λ) since

top(T ) = ζ
ν(T )1−ν(T )2
1 · · · ζν(T )n

n (S(T ))

with each ζi := (si · · · sn−1Ψ)i, we have a similar expression for f(top(T ))

f(top(T )) = C
ν(T )1−ν(T )2
1 · · ·C ν(T )n

n (eS(T )),

where Ci :=
(︁(︁
tT−1

i

)︁
· · ·
(︁
tT−1

n−1

)︁(︁
t−(n−1)Tn−1 · · ·T1

)︁)︁i
=
(︁
t1−iTi−1 · · ·T1

)︁i
is obtained by replac-

ing each sj and Ψ in ζi with tT−1
j and t−(n−1)Tn−1 · · ·T1, respectively. Importantly, when

we apply ζi to any element of the form top(T ′) we never perform any swaps sj(τ) > τ such
that wτ (j) = wτ (j + 1) and hence never require the more complicated recurrence relation

f(sj(τ)) =

(︄
tT−1

j +
(t− 1)tcτ (j+1)

tcτ (j) − tcτ (j+1)

)︄
(f(τ)). ■

The Ci operators can be identified concretely using the θj elements of the finite Hecke algebra.

Lemma 3.11. For all 1 ≤ i ≤ n, Ci = Ai · · ·A1, where Aj := t−(j−1)θ
−1
j .

Proof. Let 0 ≤ k ≤ i− 1. We first show by induction that(︁
ti−1θ

−1
i

)︁
· · ·
(︁
ti−k−1θ

−1
i−k

)︁
= (Ti−1 · · ·T1)

k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T1 · · ·Ti−k−1).

To start, we see that for k = 0 we have

ti−1θ
−1
i = Ti−1 · · ·T 2

1 · · ·Ti−1 = (Ti−1 · · ·T1)
1(T1 · · ·Ti−1).

Now suppose that for 0 ≤ k ≤ i− 2 the formula above holds. Then(︁
ti−1θ

−1
i

)︁
· · ·
(︁
ti−(k+1)θ

−1
i−(k+1)

)︁
= (Ti−1 · · ·T1)

k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T1 · · ·Ti−k−1)
(︁
ti−(k+1)θ

−1
i−(k+1)

)︁
= (Ti−1 · · ·T1)

k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T1 · · ·Ti−k−1)
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×
(︁
Ti−k−2 · · ·T 2

1 · · ·Ti−k−2

)︁
= (Ti−1 · · ·T1)

k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T2 · · ·Ti−k)

× (T1 · · ·Ti−k−1)(Ti−k−2 · · ·T1)(T1 · · ·Ti−k−2)

= (Ti−1 · · ·T1)
k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T2 · · ·Ti−k)

× (Ti−k−1 · · ·T2)(T1 · · ·Ti−k−1)(T1 · · ·Ti−k−2)

= (Ti−1 · · ·T1)
k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T2 · · ·Ti−k)

× (Ti−k−1 · · ·T1)(T2 · · ·Ti−k−1)(T1 · · ·Ti−k−2)

= (Ti−1 · · ·T1)
k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T3 · · ·Ti−k+1)

× (T2 · · ·Ti−k)(Ti−k−1 · · ·T1)(T2 · · ·Ti−k−1)(T1 · · ·Ti−k−2)

= (Ti−1 · · ·T1)
k+1(Tk+1 · · ·Ti−1)(Tk · · ·Ti−2) · · · (T3 · · ·Ti−k+1)

× (Ti−k · · ·T1)(T3 · · ·Ti−k)(T2 · · ·Ti−k−1)(T1 · · ·Ti−k−2)

= · · ·
= (Ti−1 · · ·T1)

k+1(Ti−1 · · ·T1)(Tk+2 · · ·Ti−1)(Tk+1 · · ·Ti−2) · · · (T1 · · ·Ti−k−2)

= (Ti−1 · · ·T1)
k+2(Tk+2 · · ·Ti−1)(Tk+1 · · ·Ti−2) · · · (T1 · · ·Ti−k−2).

By taking k = i− 1, we find
(︁
ti−1θ

−1
i

)︁
· · ·
(︁
t0θ

−1
1

)︁
= (Ti−1 · · ·T1)

i. Now we see that

Ci =
(︁(︁
tT−1

i

)︁
· · ·
(︁
tT−1

n−1

)︁(︁
t−(n−1)Tn−1 · · ·T1

)︁)︁i
= t−i(i−1)(Ti−1 · · ·T1)

i

= t−i(i−1)
(︁
ti−1θ

−1
i

)︁
· · ·
(︁
t0θ

−1
1

)︁
= t−2(i−1)−2(i−2)−···−2(1)−2(0)

(︁
ti−1θ

−1
i

)︁
· · ·
(︁
t0θ

−1
1

)︁
=
(︁
t−(i−1)θ

−1
i

)︁
· · ·
(︁
t−0θ

−1
1

)︁
= Ai · · ·A1,

where Aj := t−(j−1)θ
−1
j . ■

It will be important for our purposes later (Proposition 3.15, for instance) that we are able
to understand not just the Θ(n)-weight spaces spanned by each Fτ but rather exactly where this
vector lies in that space. The next result determines a specific scaling factor for the Ftop(T ) in
terms of the standard basis of Vλ. Putting the results of this section together gives the following.

Corollary 3.12. For T ∈ RYT≥0(λ), the triangular expansion of Ftop(T ) has the form

Ftop(T ) = t−bTXν(T ) ⊗ eS(T ) +
∑︂

β≺ν(T )

Xβ ⊗ vβ

for some vβ ∈ Sλ.

Proof. First, notice that for T ∈ RYT≥0(λ) wtop(T ) = ν(T ). From Proposition 3.10 and
Lemma 2.18,

f(top(T )) = C
ν(T )1−ν(T )2
1 · · ·C ν(T )n

n (eS(T ))

= A
ν(T )1−ν(T )2
1 (A1A2)

ν(T )2−ν(T )3 · · · (A1 · · ·An)
ν(T )n(eS(T ))

= A
(ν(T )1−ν(T )2)+···+(ν(T )n−1−ν(T )n)+ν(T )n
1 · · ·A(ν(T )n−1−ν(T )n)+ν(T )n

n−1 Aν(T )n
n

× (eS(T ))

=
(︁
θ
−1
1

)︁ν(T )1 · · ·
(︁
θ
−1
n

)︁ν(T )n(eS(T ))

= t−ν(T )1(cS(T )(1)−(1−1)) · · · t−ν(T )n(cS(T )(n)−(n−1))eS(T )

= t−
∑︁n

i=1 ν(T )i(cS(T )(i)+i−1)eS(T ) = t−bT eS(T ).

Therefore, the leading term of Ftop(T ) is

Xwtop(T ) ⊗ f(top(T )) = t−bTXν(T ) ⊗ eS(T ). ■
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3.2 Connecting maps between Vλ(n)

Here we define connecting maps between the modules Vλ(n) which satisfy many exceptional
properties. These connecting maps are certain lifts of the maps q

(n)
λ from Lemma 2.28 and will

be instrumental in the construction of the Murnaghan-type representations of E+. We will show
that the our connecting maps are well behaved with respect to both the standard basis and the
non-symmetric vv Macdonald polynomial bases of Vλ.

Definition 3.13. Let λ ∈ Y. For n ≥ nλ, define Φ
(n)
λ : Vλ(n+1) → Vλ(n) as the Q(q, t)-linear map

given on any element Xα ⊗ v ∈ Vλ(n+1) by

Φ
(n)
λ (Xα ⊗ v) = 1(αn+1 = 0)Xα1

1 · · ·X
αn
n ⊗ q

(n)
λ (v).

It is non-trivial and somewhat counterintuitive that the Dn-modules Vλ(n) should be related
in a direct way given that the algebras Dn fail to include naturally as subalgebras (unlike the H n

and A n). However, the next proposition shows that the connecting maps Φ
(n)
λ satisfy multiple

exceptional properties upon which the remainder of this paper heavily relies.

Proposition 3.14. The map Φ
(n)
λ satisfies the following relations:

� Φ
(n)
λ Ti = TiΦ

(n)
λ for 1 ≤ i ≤ n− 1.

� Φ
(n)
λ Xi = XiΦ

(n)
λ for 1 ≤ i ≤ n.

� Φ
(n)
λ Xn+1 = 0.

� Φ
(n)
λ t−nπn+1Tn = t−(n−1)πnΦ

(n)
λ .

� Φ
(n)
λ θ

(n+1)
i = θ

(n)
i Φ

(n)
λ for 1 ≤ i ≤ n.

� Φ
(n)
λ

(︁
θ
(n+1)
n+1 − tn−|λ|)︁ = 0.

Proof. From Lemma 2.28 and Definition 3.13, it follows immediately for all 1 ≤ i ≤ n − 1
and 1 ≤ j ≤ n, that Φ

(n)
λ Ti = TiΦ

(n)
λ , Φ

(n)
λ Xj = XjΦ

(n)
λ , and Φ

(n)
λ Xn+1 = 0.

Let Xα ⊗ v ∈ Vλ(n+1) . By direct calculation, we find

Φ
(n)
λ t−nπn+1Tn

(︁
Xα1

1 · · ·X
αn+1

n+1 ⊗ v
)︁

= Φ
(n)
λ t−nπn+1X

α1
1 · · ·X

αn−1

n−1 Tn

(︁
Xαn

n X
αn+1

n+1 ⊗ v
)︁

= Φ
(n)
λ t−nXα1

2 · · ·X
αn−1
n πn+1Tn

(︁
Xαn

n X
αn+1

n+1 ⊗ v
)︁

= t−nXα1
2 · · ·X

αn−1
n Φ

(n)
λ πn+1Tn

(︁
Xαn

n X
αn+1

n+1 ⊗ v
)︁

= t−nXα1
2 · · ·X

αn−1
n

× Φ
(n)
λ πn+1

(︄
Xαn

n+1X
αn+1
n Tn ⊗ v + (1− t)Xn

Xαn
n X

αn+1

n+1 −Xαn
n+1X

αn+1
n

Xn −Xn+1
⊗ v

)︄
= t−nXα1

2 · · ·X
αn−1
n Φ

(n)
λ

(︁
qαnXαn

1 X
αn+1

n+1 πn+1Tn ⊗ v

+(1− t)Xn+1πn+1
Xαn

n X
αn+1

n+1 −Xαn
n+1X

αn+1
n

Xn −Xn+1
⊗ v

)︄
= 1(αn+1 = 0)t−nqαnXαn

1 Xα1
2 · · ·X

αn−1
n Φ

(n)
λ (1⊗ ρn+1(πn+1Tn)v)

= 1(αn+1 = 0)t−nqαnXαn
1 Xα1

2 · · ·X
αn−1
n Φ

(n)
λ

(︁
1⊗ tnT−1

1 · · ·T−1
n−1v

)︁
= 1(αn+1 = 0)qαnXαn

1 Xα1
2 · · ·X

αn−1
n ⊗ T−1

1 · · ·T−1
n−1q

(n)
λ (v).

On the other hand, we see

t−(n−1)πnΦ
(n)
λ

(︁
Xα

1 · · ·X
αn+1

n+1 ⊗ v
)︁
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= 1(αn+1 = 0)t−(n−1)πn
(︁
Xα1

1 · · ·X
αn
n

)︁
⊗ q

(n)
λ (v)

= 1(αn+1 = 0)t−(n−1)qαnXαn
1 Xα1

2 · · ·X
αn−1
n ⊗ ρn(πn)

(︁
q
(n)
λ (v)

)︁
= 1(αn+1 = 0)qαnXαn

1 Xα1
2 · · ·X

αn−1
n ⊗ T−1

1 · · ·T−1
n−1q

(n)
λ (v).

Therefore, Φ
(n)
λ t−nπn+1Tn = t−(n−1)πnΦ

(n)
λ as desired.

Now, let 1 ≤ i ≤ n. We see that

Φ
(n)
λ θ

(n+1)
i = Φ

(n)
λ t−(n−i+1)T−1

i−1 · · ·T
−1
1 πn+1Tn · · ·Ti

= ti−1T−1
i−1 · · ·T

−1
1

(︁
Φ
(n)
λ t−nπn+1Tn

)︁
Tn−1 · · ·Ti

= ti−1T−1
i−1 · · ·T

−1
1

(︁
t−(n−1)πnΦ

(n)
λ

)︁
Tn−1 · · ·Ti

= t−(n−i)T−1
i−1 · · ·T

−1
1 πnTn−1 · · ·TiΦ

(n)
λ = θ

(n)
i Φ

(n)
λ .

Now, let α ∈ Zn+1
≥0 and τ ∈ SYT

(︁
λ(n+1)

)︁
. We find

Φ
(n)
λ θ

(n+1)
n+1 (Xα ⊗ eτ ) = Φ

(n)
λ T−1

n · · ·T−1
1 πn+1(X

α ⊗ eτ )

= Φ
(n)
λ T−1

n · · ·T−1
1 qαn+1X

αn+1

1 Xα1
2 · · ·X

αn
n+1 ⊗ ρn+1(πn+1)eτ

= qαn+1Φ
(n)
λ T−1

n · · ·T−1
1 X

αn+1

1 Xα1
2 · · ·X

αn
n+1

(︁
1⊗ tnT−1

1 · · ·T−1
n (eτ )

)︁
.

If αn+1 > 0, then this evaluates to 0 since

Φ
(n)
λ T−1

n · · ·T−1
1 X1 = t−nΦ

(n)
λ Xn+1Tn · · ·T1 = 0.

Hence,

Φ
(n)
λ θ

(n+1)
n+1 (Xα ⊗ eτ ) = 1(αn+1 = 0)Φ

(n)
λ T−1

n · · ·T−1
1 Xα1

2 · · ·X
αn
n+1

(︁
1⊗ tnT−1

1 · · ·T−1
n (eτ )

)︁
.

By repeatedly applying Lemma 3.8, we see that as maps Vλ(n+1) → Vλ(n)

Φ
(n)
λ T−1

n · · ·T−1
2

(︁
T−1
1 Xα1

2

)︁
Xα2

3 · · ·X
αn
n+1

= Φ
(n)
λ T−1

n · · ·T−1
2

(︃
Xα1

1 T−1
1 +

(︁
1− t−1

)︁
X2

Xα1
1 −Xα1

2

X1 −X2

)︃
Xα2

3 · · ·X
αn
n+1

= Xα1
1 Φ

(n)
λ T−1

n · · ·T−1
1 Xα2

3 · · ·X
αn
n+1

+
(︁
1− t−1

)︁
Φ
(n)
λ T−1

n · · ·T−1
2 X2

Xα1
1 −Xα1

2

X1 −X2
Xα2

3 · · ·X
αn
n+1

= Xα1
1 Φ

(n)
λ T−1

n · · ·T−1
1 Xα2

3 · · ·X
αn
n+1

+
(︁
1− t−1

)︁
t−(n−2)Φ

(n)
λ Xn+1Tn−1 · · ·T2

Xα1
1 −Xα1

2

X1 −X2
Xα2

3 · · ·X
αn
n+1

= Xα1
1 Φ

(n)
λ T−1

n · · ·T−1
1 Xα2

3 · · ·X
αn
n+1 + 0

= Xα1
1 Φ

(n)
λ T−1

n · · ·T−1
3 (T−1

2 Xα2
3 )T−1

1 Xα3
4 · · ·X

αn
n+1

= · · ·

= Xα1
1 Xα2

2 Φ
(n)
λ T−1

n · · ·T−1
1 Xα3

4 · · ·X
αn
n+1

= · · ·

= Xα1
1 · · ·X

αn
n Φ

(n)
λ T−1

n · · ·T−1
1 .
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As usual, let □0 denote the unique square of the skew diagram λ(n+1)/λ(n). Returning to our
main calculation now shows

Φ
(n)
λ θ

(n+1)
n+1 (Xα ⊗ eτ )

= 1(αn+1 = 0)Φ
(n)
λ T−1

n · · ·T−1
1 Xα1

2 · · ·X
αn
n+1

(︁
1⊗ tnT−1

1 · · ·T−1
n (eτ )

)︁
= 1(αn+1 = 0)Xα1

1 · · ·X
αn
n Φ

(n)
λ T−1

n · · ·T−1
1

(︁
1⊗ tnT−1

1 · · ·T−1
n (eτ )

)︁
= 1(αn+1 = 0)Xα1

1 · · ·X
αn
n Φ

(n)
λ

(︁
1⊗ tnT−1

n · · ·T−1
1 T−1

1 · · ·T−1
n (eτ )

)︁
= 1(αn+1 = 0)Xα1

1 · · ·X
αn
n Φ

(n)
λ

(︁
1⊗ θ

(n+1)
n+1 (eτ )

)︁
= 1(αn+1 = 0)Xα1

1 · · ·X
αn
n Φ

(n)
λ

(︁
1⊗ tcτ (n+1)eτ

)︁
= tcτ (n+1)

1(αn+1 = 0)Xα1
1 · · ·X

αn
n ⊗ q

(n)
λ (eτ )

= tc(□0)1(αn+1 = 0)1(τ(□0) = n+ 1)Xα1
1 · · ·X

αn
n ⊗ eτ |λ(n)

= tn−|λ|
1(αn+1 = 0)1(τ(□0) = n+ 1)Xα1

1 · · ·X
αn
n ⊗ eτ |λ(n) = Φ

(n)
λ

(︁
tn−|λ|Xα ⊗ eτ

)︁
.

Therefore, Φ
(n)
λ

(︁
θ
(n+1)
n+1 − tn−|λ|)︁ = 0. ■

Here we utilize the exceptional properties in Proposition 3.14 to show that the Fτ behave
well with respect to the connecting maps Φ

(n)
λ from Definition 3.13.

Proposition 3.15. Let n ≥ nλ and □0 = λ(n+1)/λ(n). For τ ∈ PSYT≥0

(︁
λ(n+1)

)︁
, we have

Φ
(n)
λ (Fτ ) :=

{︄
Fτ |

λ(n)
, τ(□0) = n+ 1,

0, τ(□0) ̸= n+ 1.

Proof. First, we deal with the case when τ(□0) = n + 1. Let T ∈ RYT≥0

(︁
λ(n)

)︁
and let

T ′ ∈ RYT≥0

(︁
λ(n+1)

)︁
with T ′(□0) = 0 and T ′|λ(n) = T |λ(n) . By looking at the eigenvalues

of θ
(n+1)
1 , . . . , θ

(n+1)
n on Ftop(T ′) and the eigenvalues of θ

(n)
1 , . . . , θ

(n)
n on Ftop(T ), we see that

Φ
(n)
λ (Ftop(T ′)) = βFtop(T ) for some scalar β. We now show that β = 1. From Corollary 3.12, we

know that

Ftop(T ′) = t−bT ′Xν(T ′) ⊗ eS(T ′) +
∑︂

β≺ν(T ′)

Xβ ⊗ v′β

and

Ftop(T ) = t−bTXν(T ) ⊗ eS(T ) +
∑︂

β≺ν(T )

Xβ ⊗ vβ

for some vβ ∈ Sλ(n) and v′β ∈ Sλ(n+1) . Since T ′(□0) = 0 and T ′|λ(n) = T |λ(n) , it follows that
bT ′ = bT , ν(T

′) = ν(T ) ∗ 0, and q
(n)
λ (eS(T ′)) = eS(T ). Therefore,

Φ
(n)
λ

(︁
t−bT ′Xν(T ′) ⊗ eS(T ′)

)︁
= t−bTXν(T ) ⊗ eS(T ).

Now if β ≺ ν(T ′), then Φ
(n)
λ

(︁
Xβ ⊗ v′β

)︁
= 1(βn+1 = 0)Xβ1

1 · · ·X
βn
n ⊗ q

(n)
λ (v′β) cannot be of the

form Xν(T ) ⊗ w for any w ∈ Sλ(n) . As such, the coefficient of Xν(T ) ⊗ eS(T ) in the standard basis
expansion of Φ

(n)
λ (Ftop(T ′)) is t

−bT . Since this agrees with the same coefficient in the expansion
of Ftop(T ), we know that β = 1 and thus Φ

(n)
λ (Ftop(T ′)) = Ftop(T ).

Consider any τ ′ ∈ PSYT≥0

(︁
λ(n+1)

)︁
with τ ′(□0) = n+ 1. Let

T ′ := pλ(n+1)(τ) ∈ RYT≥0

(︁
λ(n+1)

)︁
.
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Then T ′(□0) = 0 so if we set T := T ′|λ(n) , we have that Φ
(n)
λ (Ftop(T ′)) = Ftop(T ). Write τ :=

τ ′|λ(n) . As seen before, there exists a sequence τ < si1(τ) < · · · < sir · · · si1(τ) = top(T ). Since
τ ′(□0) = n + 1, we see that τ ′ < si1(τ

′) < · · · < sir · · · si1(τ ′) = top(T ′) as well. For each 1 ≤
j ≤ r, we consider using the intertwiner operators from Proposition 3.2 to obtain Fsij sij−1

···si1 (τ)
from Fsij−1

···si1 (τ). We have that⎛⎝tT−1
ij

+
(t− 1)q

wsij−1
···si1 (τ)(ij+1)

t
csij−1

···si1 (τ)(ij+1)

q
wsij−1

···si1 (τ)(ij)
t
csij−1

···si1 (τ)(ij) − q
wsij−1

···si1 (τ)(ij+1)
t
csij−1

···si1 (τ)(ij+1)

⎞⎠
×(Fsij−1

···si1 (τ)) = Fsij (sij−1
···si1 (τ)).

Now the same exact formula holds with τ replaced by τ ′. Importantly, we have that

wsij−1
···si1 (τ)(ij + 1) = wsij−1

···si1 (τ ′)(ij + 1),

csij−1
···si1 (τ)(ij + 1) = csij−1

···si1 (τ ′)(ij + 1).

Therefore, we may write

Dj(Fsij−1
···si1 (τ)) = Fsij sij−1

···si1 (τ) and Dj(Fsij−1
···si1 (τ ′)) = Fsij sij−1

···si1 (τ ′)

for Dj ∈ A n ⊂ A (n,1) of the form Dj = Tij + αj where αj ∈ Q(q, t). Here we have used
tT−1

ij
= Tij + t− 1. By using the quadratic relation for Tij , we may locally invert the operatorDj

in the sense that there exists operators Cj ∈ A n with

Fsij−1
···si1 (τ) = Cj(Fsij sij−1

···si1 (τ)) and Fsij−1
···si1 (τ ′) = Cj(Fsij sij−1

···si1 (τ ′)).

Therefore, if we assume that Φ
(n)
λ (Fsij sij−1

···si1 (τ ′)) = Fsij sij−1
···si1 (τ), then

Φ
(n)
λ (Fsij−1

···si1 (τ ′)) = Φ
(n)
λ (Cj(Fsij sij−1

···si1 (τ ′))) = CjΦ
(n)
λ (Fsij sij−1

···si1 (τ ′))

= CjFsij sij−1
···si1 (τ) = Fsij−1

···si1 (τ).

Thus by induction, since we know Φ
(n)
λ (Ftop(T ′)) = Ftop(T ), it follows that Φ

(n)
λ (Fτ ′) = Fτ .

Lastly, we consider the case of τ(□0) ̸= n + 1. Then τ(□0) = iqa with either i ̸= n + 1
or a ≥ 0. If a > 0, then τ = Ψ(τ ′) for some τ ′ and thus from Proposition 3.2, we know Xn+1

divides Fτ . Since Φ
(n)
λ Xn+1 = 0 it follows that Φ

(n)
λ (Fτ ) = 0. Suppose a = 0 and i ̸= n + 1.

Notice for any m ≥ nλ that the largest power of t occurring in the Θ(m)-weight of any Fτ ′

with τ ′ ∈ PSYT≥0(λ
(m)) is exactly tm−|λ|−1. Since i ̸= n+ 1, we know that if Φ

(n)
λ (Fτ ) = βFτ ′

for some nonzero scalar β and τ ′ ∈ PSYT≥0

(︁
λ(n+1)

)︁
, then the maximal power of t occurring in

the Θ(n)-weight of Fτ ′ is t
n−|λ| coming from

θi(Fτ ′) = θi
(︁
Φ
(n)
λ (Fτ )

)︁
= Φ

(n)
λ (θi(Fτ ))) = Φ

(n)
λ

(︁
tc(□0)Fτ

)︁
= Φ

(n)
λ

(︁
tn−|λ|Fτ

)︁
= tn−|λ|Fτ ′ .

Thus, Φ
(n)
λ (Fτ ) cannot be a Θ(n)-weight vector in Vλ(n) and so β = 0. ■

The maps Φ
(n)
λ possess another important stability property.

Proposition 3.16. For all ℓ ∈ Z \ {0} and n ≥ nλ,

Φ
(n)
λ

⎛⎝n+1∑︂
j=1

(︁
θ
(n+1)
j

)︁ℓ − ∑︂
□∈λ(n+1)

tℓc(□)

⎞⎠ =

⎛⎝ n∑︂
j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠Φ
(n)
λ .
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Proof. Let ℓ ∈ Z \ {0} and n ≥ nλ. As usual, let □0 denote the unique square of the skew
diagram λ(n+1)/λ(n). Directly from Proposition 3.14, we see

Φ
(n)
λ

⎛⎝n+1∑︂
j=1

(︁
θ
(n+1)
j

)︁ℓ − ∑︂
□∈λ(n+1)

tℓc(□)

⎞⎠
= Φ

(n)
λ

⎛⎝ n∑︂
j=1

(︁
θ
(n+1)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠+Φ
(n)
λ

(︁(︁
θ
(n+1)
n+1

)︁ℓ − tℓc(□0)
)︁

=

⎛⎝ n∑︂
j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠Φ
(n)
λ +Φ

(n)
λ

(︁(︁
θ
(n+1)
n+1

)︁ℓ − tℓ(n−|λ|))︁.
It follows from the relation Φ

(n)
λ

(︁
θ
(n+1)
n+1 − tn−|λ|)︁ = 0 and the fact that θ

(n+1)
n+1 is invertible

on Vλ(n+1) that Φ
(n)
λ

(︁(︁
θ
(n+1)
n+1

)︁ℓ − tℓ(n−|λ|))︁ = 0. Therefore,

Φ
(n)
λ

⎛⎝n+1∑︂
j=1

(︁
θ
(n+1)
j

)︁ℓ − ∑︂
□∈λ(n+1)

tℓc(□)

⎞⎠ =

⎛⎝ n∑︂
j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠Φ
(n)
λ . ■

4 Positive EHA representations from Young diagrams

In this section, we construct the Murnaghan-type representations ˜︂Wλ of E+ along with specified
bases PT which generalize the symmetric Macdonald functions. The representations ˜︂Wλ are
shown to be mutually non-isomorphic and for λ = ∅ the representation ˜︂W∅ may be identified
with the representation of E+ on the space of symmetric functions Λq,t. The action of P0,1 ∈ E+
gives an analogue of the Macdonald operator ∆ for each of the spaces ˜︂Wλ. We give explicit
formulas for the spectrum of ∆ on each ˜︂Wλ and recover the known formula in the λ = ∅ case.
To accomplish these results, we consider the spherical modules Wλ(n) corresponding to the Dn-
modules Vλ(n) as n varies. We show, after restricting the connecting maps Φ

(n)
λ to the Wλ(n) ,

they are equivariant with respect to the D sph
n actions in the sense of Definition 2.42. At the

same time, we construct the bases PT by further studying the combinatorics underpinning the
Dn-modules Vλ(n) .

4.1 The Dsph
n -modules Wλ(n)

We now consider the spherical DAHA modules and symmetric vv polynomials corresponding
to the positive DAHA modules Vλ and the non-symmetric vv polynomials Fτ considered in the
prior sections.

Definition 4.1. For λ ∈ Y with |λ| = n, define the D sph
n -module Wλ := ϵ(n)(Vλ).

The Fτ expansions of any symmetrized element of any A n-submodule UT satisfy a simple
set of recurrence relations.

Lemma 4.2. Let T ∈ RSSYT≥0(λ) and v ∈ ϵ(n)(UT ). Suppose that v has the following expan-
sion into the Fτ basis v =

∑︁
τ∈PSYT≥0(λ;T ) κτFτ .

Then for each τ ∈ PSYT≥0(λ;T ) with 1 ≤ i ≤ n−1 such that si(τ) > τ , we have the relation

κsi(τ) =

(︄
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

)︄
κτ .

As a consequence, if κtop(T ) ̸= 0, then each coefficient κτ is also nonzero.
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Proof. Let τ ∈ PSYT≥0(λ;T ) and 1 ≤ i ≤ n− 1 with si(τ) > τ . Note that Q(q, t){Fτ , Fsi(τ)}
is a 2-dimensional submodule for Q(q, t)[Ti]. The Ti-invariant subspace of Q(q, t){Fτ , Fsi(τ)} is
given by Q(q, t)

(︁
1 + tT−1

i

)︁
Fτ . From Proposition 3.2, we find

(︁
1 + tT−1

i

)︁
Fτ = Fτ + tT−1

i Fτ = Fτ + Fsi(τ) +
(1− t)qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
Fτ

= Fsi(τ) +
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
Fτ .

Since v =
∑︁

τ∈PSYT≥0(λ;T ) κτFτ is Ti-invariant then we know that in particular κτFτ+κsi(τ)Fsi(τ)

is also Ti-invariant and therefore must be a scalar multiple of
(︁
1 + tT−1

i

)︁
Fτ . Therefore,

κτFτ + κsi(τ)Fsi(τ) = κsi(τ)Fsi(τ) +
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
κsi(τ)Fτ

and so

κsi(τ) =

(︄
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

)︄
κτ . ■

Using the recurrence relations in Lemma 4.2 and the irreducibility of each of the A n-
submodules UT of Vλ, we may determine which T ∈ RYT≥0(λ) have a non-zero space of
H n-invariants ϵ

(n)(UT ).

Proposition 4.3. For λ ∈ Y with |λ| = n and T ∈ RYT≥0(λ),

dimQ(q,t)ϵ
(n)(UT ) =

{︄
1, T ∈ RSSYT≥0(λ),

0, T /∈ RSSYT≥0(λ).

Proof. By Proposition 3.6, each A n-module UT is irreducible with simple Θ(n) spectrum. This
implies that dimQ(q,t)ϵ

(n)(UT ) ≤ 1 for any T ∈ RYT≥0(λ). Further, we have that ϵ(n)(UT ) is
zero if for any Θ(n)-weight vector v in UT , ϵ

(n)(v) is zero. If T ∈ RYT≥0(λ) \RSSYT≥0(λ), then
there exists a pair of boxes □1,□2 ∈ λ with □1 directly above □2 such that T (□1) = T (□2) = a.
Hence, top(T )(□1) = iqa and top(T )(□2) = (i+1)qa for some 1 ≤ i ≤ n−1. Then Ti(Ftop(T )) =
−tFtop(T ), which implies that ϵ(n)(Ftop(T )) = 0. Thus ϵ(n)(UT ) = 0.

Alternatively, now suppose T ∈ RSSYT≥0(λ). Following Lemma 4.2, we construct a vec-
tor v ∈ UT of the form

v =
∑︂

τ∈PSYT≥0(λ;T )

κτFτ ,

where κtop(T ) = 1 and if si(τ) > τ , then

κsi(τ) =

(︄
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

)︄
κτ .

These coefficients κτ have the property that if si(τ) > τ , then

Ti(κτFτ + κsi(τ)Fsi(τ)) = κτFτ + κsi(τ)Fsi(τ).

By construction, v ̸= 0 since qwτ (i)tcτ (i)−qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i)−qwτ (i+1)tcτ (i+1)+1 ̸= 0 whenever si(τ) > τ . We show
that Ti(v) = v for all 1 ≤ i ≤ n− 1 and thus ϵ(n)(UT ) ̸= 0.
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We find that

Ti(v) =
∑︂

τ∈PSYT≥0(λ;T )

κτTi(Fτ )

=
∑︂

(τ,si(τ)) PSYT≥0(λ)
2

si(τ)>τ

Ti

(︁
κτ (Fτ ) + κsi(τ)(Fsi(τ))

)︁

+
∑︂

τ∈PSYT≥0(λ)
i,i+1 same row of τ

κτTi(Fτ ) +
∑︂

τ∈PSYT≥0(λ)
i,i+1 same column of τ

κτTi(Fτ )

=
∑︂

(τ,si(τ)) PSYT≥0(λ)
2

si(τ)>τ

(︁
κτ (Fτ ) + κsi(τ)(Fsi(τ))

)︁

+
∑︂

τ∈PSYT≥0(λ)
i,i+1 same row of τ

κτFτ +
∑︂

τ∈PSYT≥0(λ)
i,i+1 same column of τ

(−t)κτFτ .

Thus,

Ti(v)− v =
∑︂

τ∈PSYT≥0(λ)
i,i+1 same column of τ

(1 + t)κτFτ .

Lastly, since T ∈ RSSYT≥0(λ) there cannot be any τ ∈ PSYT≥0(λ;T ) with i, i+1 occurring
in the same column as necessarily this would imply that T would have redundant values in those
boxes contradicting the fact that T is reverse semi-standard. Hence, the above sum vanishes
and we find Ti(v) = v. ■

Finally, we are able to define the symmetric vv Macdonald polynomials following the con-
ventions of this paper. By combining Lemma 4.2 and Proposition 4.3, we are able for each
T ∈ RSSYT≥0(λ) to uniquely specify a non-zero vector in ϵ(n)(UT ).

Definition 4.4. Let T ∈ RSSYT≥0(λ). Define PT ∈ ϵ(n)(UT ) to be the unique element of the
form PT = Ftop(T ) +

∑︁
y κyFy, where the sum above ranges over y ∈ PSYT≥0(λ) with pλ(y) = T

and y < top(T ).

Now we are able to explicitly compute the Fτ expansion of each PT using the recurrence
relations found in Lemma 4.2.

Corollary 4.5. For all T ∈ RSSYT≥0(λ),

PT =
∑︂

τ∈PSYT≥0(λ;T )

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Fτ .

Proof. For τ ∈ PSYT≥0(λ;T ), let

κτ =
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
.

From Lemma 4.2, it suffices to show that

� κtop(T ) = 1.

� If si(τ) > τ , then κsi(τ) =
(︁ qwτ (i)tcτ (i)−qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i)−qwτ (i+1)tcτ (i+1)+1

)︁
κτ .

It is easy to see that Inv(top(T )) = ∅ so κtop(T ) = 1. Suppose si(τ) > τ . Let □(i),□(i+1) ∈ λ
denote the boxes of λ with τ(□(i)) = iqa and τ(□(i+1)) = (i+ 1)qb for some a, b ≥ 0. It is
straightforward to check that Inv(si(τ)) =

{︁(︁
□(i),□(i+1)

)︁}︁
⊔ Inv(τ).
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Therefore,

κsi(τ) =
∏︂

(□1,□2)∈Inv(si(τ))

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄

=

(︄
qT (□(i))tc(□

(i))+1 − qT (□(i+1))tc(□
(i+1))

qT (□(i))tc(□
(i)) − qT (□(i+1))tc(□

(i+1))

)︄

×
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄

=

(︄
qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)+1

)︄
κτ . ■

We look now at the action of the special spherical DAHA elements P
(n)
0,ℓ .

Proposition 4.6. Let |λ| = n. The set {PT | T ∈ RSSYT≥0(λ)} is a Q(q, t)
[︁
θ±1
1 , . . . , θ±1

n

]︁Sn-
weight basis for Wλ. Further, for ℓ ∈ Z \ {0}

P
(n)
0,ℓ (PT ) =

(︄∑︂
□∈λ

qℓT (□)tℓc(□)

)︄
PT .

Consequently, P
(n)
0,1 acts on Wλ with simple spectrum{︄∑︂

□∈λ
qT (□)tc(□) | T ∈ RSSYT≥0(λ)

}︄
.

Proof. It follows directly from Propositions 3.6 and 4.3, that the set {PT | T ∈ RSSYT≥0(λ)}
is a linear basis for Wλ. We need to show that the PT are Q(q, t)

[︁
θ±1
1 , . . . , θ±1

n

]︁Sn-weight vectors.
Let T ∈ RSSYT≥0(λ). Then from Definition 4.4, we know that PT = βϵ(n)(Ftop(T )) for some
nonzero scalar β depending on T . Then for any ℓ ∈ Z \ {0}, we have that⎛⎝ n∑︂

j=1

(θ
(n)
j )ℓ

⎞⎠ (PT ) =

⎛⎝ n∑︂
j=1

(θ
(n)
j )ℓ

⎞⎠ (βϵ(n)(Ftop(T ))) = βϵ(n)

⎛⎝⎛⎝ n∑︂
j=1

(θ
(n)
j )ℓ

⎞⎠ (Ftop(T ))

⎞⎠
= βϵ(n)

⎛⎝⎛⎝ n∑︂
j=1

qℓwtop(T )(j)tℓctop(T )(j)

⎞⎠Ftop(T )

⎞⎠
= βϵ(n)

(︄(︄∑︂
□∈λ

qℓT (□)tℓc(□)

)︄
Ftop(T )

)︄

=

(︄∑︂
□∈λ

qℓT (□)tℓc(□)

)︄
βϵ(n)(Ftop(T )) =

(︄∑︂
□∈λ

qℓT (□)tℓc(□)

)︄
PT .

Hence, PT is a Q(q, t)
[︁
θ±1
1 , . . . , θ±1

n

]︁Sn-weight vector. Now let S ∈ RSSYT≥0(λ) and suppose
that ∑︂

□∈λ
qT (□)tc(□) =

∑︂
□∈λ

qS(□)tc(□).
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Fix any d ∈ Z. Since q and t are algebraically independent over Q,∑︂
□∈λ

c(□)=d

qT (□) =
∑︂
□∈λ

c(□)=d

qS(□).

Since the labeling T is reverse semi-standard, the values of T (□) for □ ∈ λ with c(□) = d
are all distinct and strictly decreasing down the d-diagonal. Of course, the same is true for S.
Therefore, the values of T and S agree along the d-diagonal of λ. As d ∈ Z was general, it
follows that T = S. Thus the spectrum of the operator P

(n)
0,1 on Wλ is simple. ■

As mentioned previously, the non-symmetric vv Macdonald polynomials do not agree with
those of Dunkl–Luque. To see this simply note that the Fτ in this paper are Θ(n)-weight
vectors but the non-symmetric vv Macdonald polynomials of Dunkl–Luque are weight vectors
for the standard Cherednik elements ξ

(n)
i := tn−i+1Ti−1 · · ·T1πnT

−1
n−1 · · ·T

−1
i for 1 ≤ i ≤ n.

Although similar, the θ’s and the ξ’s are not the same and in fact do not have the same spectrum
of Vλ. However, we are able to show that, once symmetrized, the symmetrized vv polynomials
agree.

Corollary 4.7. The symmetric vv Macdonald polynomials of Dunkl–Luque [11, Theorem 5.27]
agree with the PT of this paper up to nonzero scalars.

Proof. The Dn-modules Vλ in this paper are isomorphic (after aligning conventions) to the
Dn-modules Mλ in Dunkl–Luque’s paper. Dunkl and Luque characterize the symmetric vec-
tor valued Macdonald polynomials as eigenvectors with distinct eigenvalues for the opera-
tor ξ

(n)
1 + · · ·+ ξ

(n)
n acting on ϵ(n)(Mλ). Here ξ

(n)
i are the standard Cherednik elements given

in our conventions by ξ
(n)
i = tn−i+1Ti−1 · · ·T1πnT

−1
n−1 · · ·T

−1
i . A simple calculation shows that

the spherical DAHA elements ϵ(n)
(︁
ξ
(n)
1 + · · ·+ ξ

(n)
n

)︁
ϵ(n) and ϵ(n)

(︁
θ
(n)
1 + · · ·+ θ

(n)
n

)︁
ϵ(n) are both

nonzero scalar multiples of ϵ(n)πnϵ
(n). Namely,

ϵ(n)
(︁
θ
(n)
1 + · · ·+ θ(n)n

)︁
ϵ(n) = ϵ(n)

(︁
t−(n−1)πnTn−1 · · ·T1 + · · ·+ T−1

n−1 · · ·T
−1
1

)︁
ϵ(n)

=
1− t−n

1− t−1
ϵ(n)πnϵ

(n)

and similarly,

ϵ(n)
(︁
ξ
(n)
1 + · · ·+ ξ(n)n

)︁
ϵ(n) = ϵ(n)

(︁
tnπnT

−1
n−1 · · ·T

−1
1 + · · ·+ tTn−1 · · ·T1πn

)︁
ϵ(n)

= t
1− tn

1− t
ϵ(n)πnϵ

(n).

Since the spectrum of ϵ(n)πnϵ
(n) acting on Wλ is simple, it follows that the PT are eigenvec-

tors for ϵ(n)
(︁
ξ
(n)
1 + · · ·+ ξ

(n)
n

)︁
ϵ(n) and hence agree with the symmetric vector valued Macdonald

polynomials of Dunkl–Luque up to re-normalization. ■

4.2 Limit of the Wλ(n)

Here we will leverage the exceptional properties of the connecting maps Φ
(n)
λ and the polynomi-

als Fτ to define limits of the spherical modules Wλ(n) . To start, we identify a special stability
property for the PT elements.

Corollary 4.8. For T ∈ RSSYT≥0

(︁
λ(n)

)︁
, let T ′ ∈ RSSYT≥0

(︁
λ(n+1)

)︁
be such that T (□) = T ′(□)

for □ ∈ λ(n) and T ′(□0) = 0 for □0 ∈ λ(n+1)/λ(n). Then, Φ
(n)
λ (PT ′) = PT .
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Proof. Note that restriction from λ(n+1) to λ(n) identifies PSYT≥0

(︁
λ(n);T

)︁
as the subset

of τ ∈ PSYT≥0

(︁
λ(n+1);T ′)︁ with τ(□0) = n+1. Thus, by using Proposition 3.15 in conjunction

with Corollary 4.5, we find that

Φ
(n)
λ (PT ′) =

∑︂
τ∈PSYT≥0(λ(n+1);T ′)

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Φ
(n)
λ (Fτ )

=
∑︂

τ∈PSYT≥0(λ
(n+1);T ′)

τ(□0)=n+1

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Fτ |

λ(n)

=
∑︂

τ∈PSYT≥0(λ
(n+1);T ′)

τ(□0)=n+1

∏︂
(□1,□2)∈Inv(τ |λ(n) )

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Fτ |

λ(n)

=
∑︂

τ∈PSYT≥0(λ(n);T )

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Fτ = PT . ■

We will use the above result to define limits of the polynomials PT . First, we must define the
required associated combinatorics.

Definition 4.9. Let λ ∈ Y. Define the infinite diagram λ(∞) :=
⋃︁

n≥nλ
λ(n). Define Ω(λ) to be

the set of all labelings T : λ(∞) → Z≥0 such that

� |{□ ∈ λ(∞) | T (□) ̸= 0}| <∞,

� T decreases weakly left to right across rows,

� T decreases strictly top to bottom down columns.

For T ∈ Ω(λ), we define the degree of T as deg(T ) :=
∑︁

□∈λ(∞) T (□). Define the rank of T ,
rk(T ), to be the minimal n ≥ nλ such that T |λ(∞)\λ(n) = 0.

Example 4.10. For λ = (3, 2, 1), below is an example of a labeling in Ω(λ)

T =

5 3 3 2 1 0 0 0 . . .

3 2 0

1 1

0

∈ Ω(λ).

Note that T is strictly decreasing down columns but only weakly decreasing across rows. The
degree of T is deg(T ) := 5 + 3+ 1+ 3+ 2+ 1+ 3+ 2+ 1 = 21 and the rank of T is rk(T ) = 11.

We may now define the main objects of study in this paper.

Definition 4.11. Define the space W
(∞)
λ to be the inverse limit lim←−Wλ(n) with respect to the

maps Φ
(n)
λ . Let ˜︂Wλ be the subspace of all bounded X-degree elements of W

(∞)
λ . For T ∈ Ωλ,

define the generalized Macdonald function PT := limn PT |
λ(n)
∈ ˜︂Wλ.

Remark 4.12. The degree of each PT is given simply as deg(PT ) = deg(T ) =
∑︁

□∈λ(∞) T (□).
It is clear from definition that the set of all PT for T ∈ Ω(λ) gives a Q(q, t)-basis of ˜︂Wλ.

Using the stability of the action of the P
(n)
r,0 and P

(n)
0,ℓ operators, we may define the following

operators.
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Definition 4.13. For r ≥ 1, define the operator p•r : W
(∞)
λ →W

(∞)
λ as the limit of multiplication

operators p•r := limn

(︁
Xr

1 + · · ·+Xr
n

)︁
. For ℓ ∈ Z\{0}, define the operator ˜︁∆(∞)

r : W
(∞)
λ →W

(∞)
λ

to be the limit

˜︁∆(∞)
ℓ := lim

n

(︄
n∑︂

j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

)︄
.

Proposition 3.14 guarantees that for any r ≥ 1, p•r defines a well-defined operator on ˜︂Wλ

which restricts to an operator on ˜︂Wλ since p•r increases X-degree by r uniformly. A simple
calculation shows the following.

Lemma 4.14. For all ℓ ∈ Z \ {0} and T ∈ Ω(λ),

˜︁∆(∞)
ℓ (PT ) =

(︃ ∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT .

Proof. Let ℓ ∈ Z \ {0} and T ∈ Ω(λ). Then

˜︁∆(∞)
ℓ (PT ) = lim

n

⎛⎝ n∑︂
j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠(︁lim
n

PT |
λ(n)

)︁

= lim
n

⎛⎝ n∑︂
j=1

(︁
θ
(n)
j

)︁ℓ − ∑︂
□∈λ(n)

tℓc(□)

⎞⎠ (PT |
λ(n)

)

= lim
n

(︃ ∑︂
□∈λ(n)

qℓT (□)tℓc(□) −
∑︂

□∈λ(n)

tℓc(□)

)︃
PT |

λ(n)

= lim
n

(︃ ∑︂
□∈λ(n)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT |

λ(n)
.

Importantly, for n ≥ rk(T )∑︂
□∈λ(n)

(︁
qℓT (□) − 1

)︁
tℓc(□) =

∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□).

Therefore,

lim
n

(︃ ∑︂
□∈λ(n)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT |

λ(n)
= lim

n

(︃ ∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT |

λ(n)

=

(︃ ∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
lim
n

PT |
λ(n)

=

(︃ ∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT . ■

Corollary 4.15. For ℓ ∈ Z \ {0}, the operator ˜︁∆(∞)
ℓ restricts to an operator on ˜︂Wλ.

Proof. Let ℓ ∈ Z \ {0}. We know that the set {PT | T ∈ Ω(λ)} is a basis for ˜︂Wλ. From
Lemma 4.14, we further know that ˜︁∆(∞)

ℓ acts diagonally on this basis. Therefore, ˜︁∆(∞)
ℓ restricts

to an operator on ˜︂Wλ. ■

Example 4.16. For T ∈ Ω(3, 2, 1) as in Example 4.10,˜︁∆(∞)
1 (PT ) =

(︁(︁
q5 − 1

)︁
+
(︁
q3 − 1

)︁(︁
t−1 + t1 + t2

)︁
+
(︁
q2 − 1

)︁(︁
t0 + t3

)︁
+ (q − 1)

(︁
t−2 + t−1 + t4

)︁)︁
PT .
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4.3 Positive elliptic Hall algebra action on ˜︂Wλ

Combining every result of this paper thus far, we are able to define a novel family of positive
EHA representations.

Theorem 4.17. For λ ∈ Y, ˜︂Wλ is a graded E+-module with action determined for ℓ ∈ Z \ {0}
and r > 0 by

� Pr,0 → qrp•r,

� P0,ℓ → ˜︁∆(∞)
ℓ .

Further, ˜︂Wλ is spanned by a basis of eigenvectors {PT }T∈Ω(λ) with distinct eigenvalues for the
Macdonald operator ∆ = ˜︁∆(∞)

1 .

Proof. It suffices to establish that the map E+ → EndQ(q,t)

(︁˜︂Wλ

)︁
satisfies the generating re-

lations of E+. Any such relation is a non-commutative polynomial expression in E+ of the
form F (P0,−r, . . . , P0,−1P0,1, . . . , P0,r, P1,0, . . . , Ps,0) = 0 for some r > 0 and s > 0. By an ar-
gument of Schiffmann–Vasserot [20, Lemma 1.3], there are automorphisms Γ(n) of D sph

n such
that for all ℓ ∈ Z \ {0} and s > 0, Γ(n)

(︁
P

(n)
0,ℓ

)︁
= P

(n)
0,ℓ −

∑︁
□∈λ(n) tℓc(□) and Γ(n)

(︁
P

(n)
s,0

)︁
= P

(n)
s,0 .

By applying the canonical quotient maps Πn : ˜︂Wλ →Wλ(n) , we see using Corollary 3.16 that as
maps

ΠnF (P0,−r, . . . , P0,−1, P0,1, . . . , P0,r, P1,0, . . . , Ps,0)

= F
(︁
Γ(n)

(︁
P

(n)
0,−r

)︁
, . . . ,Γ(n)

(︁
P

(n)
0,−1

)︁
,Γ(n)

(︁
P

(n)
0,1

)︁
, . . . ,Γ(n)

(︁
P

(n)
0,r

)︁
,Γ(n)

(︁
P

(n)
1,0

)︁
,

. . . ,Γ(n)
(︁
P

(n)
s,0

)︁)︁
Πn

= Γ(n)
(︁
F
(︁
P

(n)
0,−r, . . . , P

(n)
0,−1, P

(n)
0,1 , . . . , P

(n)
0,r , P

(n)
1,0 , . . . , P

(n)
s,0

)︁)︁
Πn = 0.

As this holds for all n ≥ nλ, it follows that F (P0,−r, . . . , P0,−1, P0,1, . . . , P0,r, P1,0, . . . , Ps,0) = 0
in EndQ(q,t)

(︁˜︂Wλ

)︁
as desired. The last statement regarding the spectrum of ∆ follows directly

from Proposition 4.6 and Corollary 4.8. ■

Remark 4.18. For T ∈ Ω(λ) and ℓ ∈ Z \ {0},

P0,ℓ(PT ) =

(︃ ∑︂
□∈λ(∞)

(︁
qℓT (□) − 1

)︁
tℓc(□)

)︃
PT .

For λ = ∅, we recover the polynomial representation of E+ on the space of symmetric
functions Λq,t.

Proposition 4.19. ˜︂W∅ = Λq,t is the standard representation of E+. In this case, the sets Ω(∅)
and Y are in bijection and for all µ ∈ Y, Pµ = Pµ

(︁
x; q−1, t

)︁
up to some nonzero scalar.

Proof. We begin by noticing that for all n ≥ 1, ∅(n) = (n) corresponds to the trivial representa-
tion S(n) of the finite Hecke algebra H n. Thus ρ

∗
n(S(n)) is the trivial representation of the affine

Hecke algebra A n and so when we induce from A n to Dn, we find that the Dn-module V(n) is the
polynomial representation of Dn (see [8, Theorem 3.2.1]). As such, W(n) is just the symmetric
polynomial representation of D sph

n . In this case, the connecting maps Φ
(n)
∅ : V(n+1) → V(n) are

the usual projections f(x1, . . . , xn, xn+1) ↦→ f(x1, . . . , xn, 0) on symmetric polynomials. There-

fore, when we limit, we find that ˜︂W∅ is the space of symmetric functions Λq,t along with the
usual action of E+ [20, Corollary 1.5]. The Macdonald element P0,1 acts by the classic Macdon-
ald operator ∆ on Λq,t and has 1-dimensional weight spaces indexed by integer partitions µ ∈ Y
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each spanned by the symmetric Macdonald polynomial Pµ

(︁
x; q−1, t

)︁
. Furthermore, for all µ ∈ Y,

∆
(︁
Pµ

(︁
x; q−1, t

)︁)︁
=
(︁∑︁

1≤i≤ℓ(µ)

(︁
qµi − 1

)︁
ti−1

)︁
Pµ

(︁
x; q−1, t

)︁
. The sets Ω(∅) and Y are in canonical

bijection. Namely, given T ∈ Ω(∅) the labels of T are weakly decreasing to the right along ∅(∞)

and thus define an integer partition µ ∈ Y. By Lemma 4.14, for µ ∈ Ω(∅) = Y, Pµ has the
same ∆-weight as Pµ

(︁
x; q−1, t

)︁
. Therefore, Pµ = Pµ

(︁
x; q−1, t

)︁
up to a non-zero scalar. ■

We identify a special element of each ˜︂Wλ.

Definition 4.20. For any λ ∈ Y, define the labeling Tmin
λ of λ(∞) by Tmin

λ (□) = #
{︁
□′ ∈ λ(∞) |

□′ strictly below □
}︁
.

Lemma 4.21. The labeling Tmin
λ is the unique element of Ω(λ) of lowest degree dλ :=

∑︁
i≥1 iλi.

Proof. It is immediate that since λ is a partition, Tmin
λ ∈ Ω(λ). Further, by construction each

entry of Tmin
λ is chosen minimally in that for any T ∈ Ω(λ) and □ ∈ λ(∞), Tmin

λ (□) ≤ T (□).
To see this, simply note that if T ∈ Ω(λ), □ ∈ λ(∞), and □′ is the box directly below □,
then T (□) > T (□′). Hence, T (□) must be at least as large as the number of boxes strictly
below □. Therefore, Tmin

λ has the minimal degree among all elements of Ω(λ). Lastly, the
number of boxes □ ∈ λ(∞) with Tmin

λ (□) = i is λi so deg(Tmin
λ ) = dλ as defined above. ■

Here we prove that the modules ˜︂Wλ are mutually non-isomorphic. Although intuitive, it is
not immediately clear apriori that the ∆-spectra of the modules ˜︂Wλ will be distinct. However,
it is straightforward to verify that the ∆-weights of the minimal degree generalized Macdonald
functions PTmin

λ
are distinct for distinct λ.

Proposition 4.22. For λ, µ ∈ Y distinct, ˜︂Wλ ≇ ˜︂Wµ as graded E+-modules.

Proof. Let λ, µ ∈ Y and suppose that f : ˜︂Wλ → ˜︂Wµ is a graded E+-module isomorphism. Then
by Lemma 4.21 we know that f(PTmin

λ
) = αPTmin

µ
for some nonzero scalar α ∈ Q(q, t). Further,

P0,1(f(PTmin
λ

)) = f(P0,1(PTmin
λ

)) = f

(︃(︃ ∑︂
□∈λ(∞)

(︁
qT

min
λ (□) − 1

)︁
tc(□)

)︃
PTmin

λ

)︃

=

(︃ ∑︂
□∈λ(∞)

(︁
qT

min
λ (□) − 1

)︁
tc(□)

)︃
f(PTmin

λ
)

=

(︃ ∑︂
□∈λ(∞)

(︁
qT

min
λ (□) − 1

)︁
tc(□)

)︃
αPTmin

µ
.

On the other hand,

P0,1(αPTmin
µ

) =

(︃ ∑︂
□∈µ(∞)

(︁
qT

min
µ (□) − 1

)︁
tc(□)

)︃
αPTmin

µ
.

By assumption, α ̸= 0 so∑︂
□∈λ(∞)

(︁
qT

min
λ (□) − 1

)︁
tc(□) =

∑︂
□∈µ(∞)

(︁
qT

min
µ (□) − 1

)︁
tc(□).

This gives∑︂
□∈λ(nλ)

(︁
qT

min
λ (□) − 1

)︁
tc(□) =

∑︂
□∈µ(nµ)

(︁
qT

min
µ (□) − 1

)︁
tc(□),

which after limiting q → 0 gives
∑︁

□∈λ t
c(□) =

∑︁
□∈µ t

c(□). By comparing the coefficient of td

for all d ∈ Z on both sides of the above equality, we see that λ and µ have the same number of
boxes on each diagonal and are therefore equal. ■
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5 Pieri rule for generalized Macdonald functions

Recall that we have defined (see Definition 4.13) multiplication operators p•r : ˜︂Wλ → ˜︂Wλ for
all r ≥ 1. We may similarly consider the operators e•r : ˜︂Wλ → ˜︂Wλ for r ≥ 1 defined by e•r :=
limn er(X1, . . . , Xn) where er(u1, . . . , un) :=

∑︁
1<i1<···<ir≤n ui1 · · ·uir is the r-th elementary sym-

metric polynomial for any variables u1, . . . , un. Proposition 3.14 shows that these operators are
well defined. The goal of this section is to derive and utilize an explicit combinatorial formula
for the action of the multiplication operators e•r on

˜︂Wλ. We investigate the e•1 matrix coefficients
in the generalized Macdonald basis, which we refer to as the e1-Pieri coefficients, in more depth
and show that they satisfy a simple non-vanishing condition. We use this non-vanishing to prove
that the modules ˜︂Wλ are cyclic.

5.1 Pieri rule preliminaries

First, we establish some useful lemmas. We know apriori that for any τ ∈ PSYT≥0(λ;T ) for T ∈
RSSYT≥0(λ), ϵ

(n)(Fτ ) = (∗)PT up to some scalar (∗). To find our Pieri rule, we must compute
these scalars (∗) explicitly. First, we understand the Hecke-symmetrizations of polynomials of
the form Fmin(T ).

Lemma 5.1. For T ∈ RYT≥0(λ),

ϵ(n)(Fmin(T )) =
[µ(T )]t!

[n]t!

∑︂
σ∈Sn/Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)Tσ(Fmin(T )).

Proof. The result follows from the following simple calculation:

ϵ(n)(Fmin(T )) =
1

[n]t!

∑︂
σ∈Sn

t(
n
2)−ℓ(σ)Tσ(Fmin(T ))

=
1

[n]t!

∑︂
σ∈Sn/Sµ(T )

∑︂
γ∈Sµ(T )

t(
n
2)−ℓ(σγ)Tσγ(Fmin(T ))

=
1

[n]t!

∑︂
σ∈Sn/Sµ(T )

∑︂
γ∈Sµ(T )

t(
n
2)−ℓ(σ)−ℓ(γ)TσTγ(Fmin(T ))

=
1

[n]t!

∑︂
σ∈Sn/Sµ(T )

∑︂
γ∈Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)t(

µ(T )
2 )−ℓ(σ)Tσ(Fmin(T ))

=
1

[n]t!

∑︂
σ∈Sn/Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)Tσ(Fmin(T ))

(︃ ∑︂
γ∈Sµ(T )

t(
µ(T )
2 )−ℓ(σ)

)︃

=
[µ(T )]t!

[n]t!

∑︂
σ∈Sn/Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)Tσ(Fmin(T )). ■

The action of the Ti-operators on polynomials of the form Fmin(T ) may be partially understood
as follows.

Lemma 5.2. For RSSYT≥0(λ) and σ ∈ Sn/Sµ(T ),

Tσ(Fmin(T )) = Fσ(min(T )) +
∑︂

τ<σ(min(T ))

ητFτ

for some scalars ητ .
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Proof. We proceed by induction using the fact that PSYT≥0(λ;T ) is isomorphic to Sn/Sµ(T )

as posets which we saw in Remark 3.7. Certainly, the statement holds trivially for τ = min(T ).
Take some σ(min(T )) = τ ∈ PSYT≥0(λ;T ) with si(τ) > τ and suppose that

Tσ(Fmin(T )) = Fσ(min(T )) +
∑︂

τ ′<σ(min(T ))

ητ ′Fτ ′

for some scalars ητ . Then using Proposition 3.2,

Tsiσ(Fmin(T )) = TiTσ(Fmin(T )) = TiFτ +
∑︂

τ ′<σ(min(T ))

ητ ′TiFτ ′

= Fsi(τ) +
(1− t)qwτ (i)tcτ (i)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)
Fτ

+
∑︂

τ ′<σ(min(T ))

ητ ′

(︄
Fsi(τ ′) +

(1− t)qwτ ′ (i)tcτ ′ (i)

qwτ ′ (i)tcτ ′ (i) − qwτ ′ (i+1)tcτ ′ (i+1)
Fτ ′

)︄

= F(siσ)(min(T )) +
∑︂

τ ′<(siσ)(min(T ))

η′τ ′Fτ ′ . ■

The above lemmas may now be used to compute the symmetrization of each Fτ in terms of
the PT basis.

Proposition 5.3. For T ∈ RSSYT≥0(λ),

ϵ(n)(Fmin(T )) =
[µ(T )]t!

[n]t!
PT .

Proof. Recall from Definition 4.4 that the coefficient of Ftop(T ) in PT is 1. We know from the
proof of Proposition 4.3 that since T ∈ RSSYT≥0(λ), ϵ

(n)(Fmin(T )) = αPT for some nonzero
scalar α. Let σ0 denote the longest element of Sn/Sµ(T ). Note that σ0(min(T )) = top(T ). We
now use Lemmas 5.1 and 5.2 to compute the coefficient of Ftop(T ) in ϵ(n)(Fmin(T )) determining α

ϵ(n)(Fmin(T )) =
[µ(T )]t!

[n]t!

∑︂
σ∈Sn/Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)Tσ(Fmin(T ))

=
[µ(T )]t!

[n]t!

∑︂
σ∈Sn/Sµ(T )

t((
n
2)−(

µ(T )
2 ))−ℓ(σ)

(︃
Fσ(min(T )) +

∑︂
τ<σ(min(T ))

ηστ Fτ

)︃

=
[µ(T )]t!

[n]t!
Fσ0(min(T ))t

((n2)−(
µ(T )
2 ))−ℓ(σ0) +

∑︂
τ<σ0(min(T ))

η′τFτ

=
[µ(T )]t!

[n]t!
Ftop(T ) +

∑︂
τ<top(T )

η′τFτ .

Therefore, α = [µ(T )]t!
[n]t!

. ■

Now we compute the scaling factors between each ϵ(n)(Fτ ) and ϵ(n)(Ftop(T )).

Lemma 5.4. For τ ∈ PSYT≥0(λ) with pλ(τ) = T ∈ RSSYT≥0(λ),

ϵ(n)(Fτ ) =
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
ϵ(n)(Ftop(T )).
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Proof. Let T ∈ RSSYT≥0(λ) and τ ∈ PSYT≥0(λ;T ) with si(τ) > τ . Then using Proposi-
tion 3.2, we see

ϵ(n)(Fsi(τ)) = ϵ(n)

(︄(︄
Ti +

(t− 1)qwτ (i)tcτ (i)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
Fτ

)︄

=

(︄
1 +

(t− 1)qwτ (i)tcτ (i)

qwτ (i)tcτ (i) − qwτ (i+1)tcτ (i+1)

)︄
ϵ(n)(Fτ )

=

(︄
qwτ (i+1)tcτ (i+1) − qwτ (i)tcτ (i)+1

qwτ (i+1)tcτ (i+1) − qwτ (i)tcτ (i)

)︄
ϵ(n)(Fτ ).

Using an induction argument nearly identical to the proof of Corollary 4.5, we see that for
any τ ∈ PSYT≥0(λ;T )

ϵ(n)(Fτ ) =
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
ϵ(n)(Ftop(T )). ■

Finally, we may compute each ϵ(n)(Fτ ) explicitly in terms of the PT .

Corollary 5.5. For pλ(τ) = T ∈ RSSYT≥0(λ),

ϵ(n)(Fτ ) = KT (q, t)
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
PT ,

where

KT (q, t) :=
[µ(T )]t!

[n]t!

∏︂
(□1,□2)∈Inv(min(T ))

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)+1

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
.

Proof. We begin by noting that from Lemma 5.4 applied to min(T )

ϵ(n)(Fmin) =
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
ϵ(n)(Ftop(T )).

But from Proposition 5.3, we know that ϵ(n)(Fmin) =
[µ(T )]t!
[n]t!

PT so

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
ϵ(n)(Ftop(T )) =

[µ(T )]t!

[n]t!
PT .

Thus ϵ(n)(Ftop(T )) = KT (q, t)PT as defined in the corollary statement above.

Lastly, we can now use Lemma 5.4 to finish the proof. ■

The last lemma of this section relates the action of e•r to the action of γrn on symmetrized
elements.

Lemma 5.6. For 1 ≤ r ≤ n,

ϵ(n)er(X1, . . . , Xn)ϵ
(n) = t−((n−1)+···+(n−r))er

(︁
1, . . . , tn−1

)︁
ϵ(n)γrnϵ

(n).
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Proof. First, we show by induction that for 1 ≤ r ≤ n,

γrn = t(n−1)+···+(n−r)
(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁
X1 · · ·Xr.

For r = 1, we see that γn = XnTn−1 · · ·T1 = tn−1T−1
n−1 · · ·T

−1
1 X1. Suppose this equation holds

for some 1 ≤ r ≤ n− 1. Then we have

γr+1
n = γrnγn = t(n−1)+···+(n−r)

(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁
×X1 · · ·Xrt

n−1T−1
n−1 · · ·T

−1
1 X1

= t(n−1)+···+(n−r)tn−1
(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁
× T−1

n−1 · · ·T
−1
r+1X1 · · ·XrT

−1
r · · ·T−1

1 X1.

A simple calculation verifies that X1 · · ·XrT
−1
r · · ·T−1

1 = t−rTr · · ·T1X2 · · ·Xr+1. Therefore,

γr+1
n = t(n−1)+···+(n−r)tn−1

(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁
× T−1

n−1 · · ·T
−1
r+1t

−rTr · · ·T1X1X2 · · ·Xr+1

= t(n−1)+···+(n−r)+(n−(r+1))
(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·

×
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁(︁
T−1
n−1 · · ·T

−1
r+1Tr · · ·T1

)︁
X1 · · ·Xr+1,

which is of the correct form.
We see that for any 1 ≤ r ≤ n,

ϵ(n)γrnϵ
(n) = ϵ(n)t(n−1)+···+(n−r)

(︁
T−1
n−1 · · ·T

−1
1

)︁(︁
T−1
n−1 · · ·T

−1
2 T1

)︁
· · ·

×
(︁
T−1
n−1 · · ·T

−1
r Tr−1 · · ·T1

)︁
X1 · · ·Xrϵ

(n)

= t(n−1)+···+(n−r)ϵ(n)X1 · · ·Xrϵ
(n).

Suppose that 1 = i0 ≤ i1 < · · · < ir ≤ ir+1 = n with ij < ij+1 − 1 for some 0 ≤ j ≤ r. Then

Xi1 · · ·Xij−1Xij+1Xij+1Xij+2 · · ·Xir = Xi1 · · ·Xij−1

(︁
t−1T−1

ij
XijT

−1
ij

)︁
Xij+1Xij+2 · · ·Xir

= tT−1
ij

Xi1 · · ·Xij−1XijXij+1Xij+2 · · ·XirT
−1
ij

= tT−1
ij

Xi1 · · ·XirT
−1
ij

,

which shows that

ϵ(n)Xi1 · · ·Xij−1Xij+1Xij+1Xij+2 · · ·Xirϵ
(n) = tϵ(n)Xi1 · · ·Xirϵ

(n).

It follows that for any 1 ≤ i1 < · · · < ir ≤ n,

ϵ(n)Xi1 · · ·Xirϵ
(n) = t(ir−r)+···+(i1−1)ϵ(n)X1 · · ·Xrϵ

(n).

Now we see

ϵ(n)er(X1, . . . , Xn)ϵ
(n) = ϵ(n)

(︃ ∑︂
1≤i1<···<ir≤n

Xi1 · · ·Xir

)︃
ϵ(n)

=
∑︂

1≤i1<···<ir≤n

ϵ(n)Xi1 · · ·Xirϵ
(n)

=
∑︂

1≤i1<···<ir≤n

t(ir−r)+···+(i1−1)ϵ(n)X1 · · ·Xrϵ
(n)

=
∑︂

1≤i1<···<ir≤n

t(ir−r)+···+(i1−1)t−((n−1)+···+(n−r))ϵ(n)γrnϵ
(n)

= t−((n−1)+···+(n−r))

(︃ ∑︂
1≤i1<···<ir≤n

t(i1−1)+···+(ir−r)

)︃
ϵ(n)γrnϵ

(n)

= t−((n−1)+···+(n−r))er
(︁
1, . . . , tn−1

)︁
ϵ(n)γrnϵ

(n). ■
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5.2 Pieri rule

Using the above lemmas, we may derive an explicit formula for the action of er on the symmetric
vv Macdonald polynomials in the finite variable situation. We then use the stability of the PT

to derive a similar formula for the PT .

Theorem 5.7. For T ∈ RSSYT≥0(λ) and 1 ≤ r ≤ n, we have the expansion

er(X1, . . . , Xn)PT =
∑︂
S

d
(r)
S,TPS ,

where for S ∈ RSSYT≥0(λ) we have

d
(r)
S,T

t(
r
2)er

(︁
1, . . . , tn−1

)︁
KS(q, t)

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψr(τ)∈PSYT≥0(λ;S)

tcτ (1)+···+cτ (r)
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄

×
∏︂

(□1,□2)∈Inv(Ψr(τ))

(︄
qS(□1)tc(□1) − qS(□2)tc(□2)

qS(□1)tc(□1) − qS(□2)tc(□2)+1

)︄
.

Here S ranges over all S ∈ RSSYT≥0(λ) which can obtained from T by increasing by 1 the labels
of T in r distinct boxes of λ.

Proof. Using Lemma 4.5 and Remark 3.5, we find

er(X1, . . . , Xn)PT

= ϵ(n)er(X1, . . . , Xn)ϵ
(n)(PT ) = t−((n−1)+···+(n−r))er

(︁
1, . . . , tn−1

)︁
ϵ(n)γrnϵ

(n)(PT )

= t−((n−1)+···+(n−r))er
(︁
1, . . . , tn−1

)︁
ϵ(n)γrn(PT )

= t−((n−1)+···+(n−r))er
(︁
1, . . . , tn−1

)︁
× ϵ(n)γrn

∑︂
τ∈PSYT≥0(λ;T )

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
Fτ

= t−((n−1)+···+(n−r))er
(︁
1, . . . , tn−1

)︁
×

∑︂
τ∈PSYT≥0(λ;T )

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
ϵ(n)γrn(Fτ )

= t(
r
2)er

(︁
1, . . . , tn−1

)︁ ∑︂
τ∈PSYT≥0(λ;T )

×
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
ϵ(n)tcτ (1)+···+cτ (r)FΨr(τ)

= t(
r
2)er

(︁
1, . . . , tn−1

)︁ ∑︂
τ∈PSYT≥0(λ;T )

tcτ (1)+···+cτ (r)

×
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄
ϵ(n)(FΨr(τ)).
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From Corollary 5.5,

ϵ(n)(FΨr(τ)) = 1 (pλ(Ψ
r(τ)) ∈ RSSYT≥0(λ))Kpλ(Ψr(τ))(q, t)

×
∏︂

(□1,□2)∈Inv(Ψr(τ))

(︄
qT (□1)tc(□1) − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
Ppλ(Ψr(τ)).

Hence, by collecting coefficients around each PS for S ∈ RSSYT≥0(λ) we see that

er(X1, . . . , Xn)PT =
∑︂
S

d
(r)
S,TPS ,

where d
(r)
S,T are as given in the theorem statement above.

Lastly, if τ ∈ PSYT≥0(λ;T ), then the boxes of λ containing the labels 1, . . . , r (with some
powers of q given by T ) are exactly those boxes □ ∈ λ with pλ(Ψ

r(τ))(□) = T (□) + 1. Thus
if S = pλ(Ψ

r(τ)) ∈ RSSYT≥0(λ), then we may obtain S from T by adding the value 1 to r boxes
of T with at most one 1 added to each box. ■

We define the er-Pieri coefficients as follows.

Definition 5.8. For T ∈ Ω(λ) and r ≥ 1, define d
(r)
S,T ∈ Q(q, t) by

e•r PT =
∑︂

S∈Ω(λ)

d
(r)
S,T PS .

Remark 5.9. Note that from Theorem 5.7, it is clear for T ∈ Ω(λ) and r ≥ 1 that each S ∈ Ω(λ)
such that d

(r)
S,T ̸= 0 will necessarily be obtained from T by adding r 1’s to the boxes of T with at

most one 1 being added to each box. As such, the set of such S is finite. Further, any such S
has rk(S) ≤ rk(T ) + r.

As an immediate consequence of Theorem 5.7 and the definition of PT from Definition 4.11,
we obtain the following result.

Corollary 5.10 (Pieri rule). Let S, T ∈ Ω(λ) and r ≥ 1. For all n ≥ rk(T ) + r,

d
(r)
S,T = d

(r)
S|

λ(n) ,T |
λ(n)

.

5.3 Non-vanishing for e1-Pieri coefficients

In this subsection, we prove that if S, T satisfy a simple combinatorial relationship, then d
(1)
S,T ̸=

0. This will be instrumental in the proof that the modules ˜︂Wλ are cyclic.

Definition 5.11. Let λ ∈ Y and T ∈ RSSYT≥0(λ). A box □0 in λ is T -raisable if the labeling S
defined by

S(□) =

{︄
T (□), □ ̸= □0,

T (□) + 1, □ = □0

is also in RSSYT≥0(λ). We say that S is obtained by raising the box □0 of T . Further, we say
that □0 is a S-lowerable box in λ.

We write T ↑ S if S may be obtained by raising one box of T .
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Remark 5.12. We may define a partial order ⊑ on the set RSSYT≥0(λ) simply by

T ⊑ S ↔ ∀ □ ∈ λ(∞), T (□) ≤ S(□).

Then the relation T ↑ S defined in Definition 5.11 is simply the cover relation of ⊑. Lastly,
we may extend the definitions of raisable/lowerable boxes and of the relation T ↑ S to Ω(λ)
analogously in the obvious way.

We require the following lemmas regarding the combinatorics of inversion sets. These lemmas
are instrumental in proving the non-vanishing of the e1-Pieri coefficients.

Lemma 5.13. Let τ ∈ PSYT≥0(λ;T ) for T ∈ RSSYT≥0(λ). If (□1,□2) ∈ Inv(τ), with T (□1) =
T (□2), then c(□2)− c(□1) ≥ 2.

Proof. Since T ∈ RSSYT≥0(λ), for all n ≥ 0 the set of boxes {□ ∈ λ | T (□) = n} is a skew-
diagram consisting of a union of disjoint horizontal strips. Suppose (□1,□2) ∈ Inv(τ) with
T (□1) = T (□2) = n. Then, □1 and □2 cannot be in the same horizontal strip component
of {□ ∈ λ | T (□) = n}. Further, □1 must be to the left of □2. Hence, c(□2)− c(□1) ≥ 2. ■

Lemma 5.14. Let T ∈ RSSYT≥0(λ). Given a T -raisable box of λ, □0, there exists a unique
τ ∈ PSYT≥0(λ;T ) such that

� τ(□0) = 1qa for some a ≥ 0,

� inv(τ) = S(T )(□0)− 1.

Proof. Since the count inv(τ) = S(T )(□0)− 1 is tight, there exists at most one such labeling.
We may simply define τ ∈ PSYT≥0 by labeling the boxes □ ∈ λ with □ <T □0 with the
labels {2, . . . , S(T )(□0)− 1} following the box ordering S(T ). Then fill the boxes □ >T □0

with the values {S(T )(□0), . . . , n} following the box ordering S(T ) where n = |λ—. Thus, τ
has exactly S(T )(□0)− 1 inversion pairs. ■

Lemma 5.15. Let T, T ′ ∈ RSSYT≥0(λ) with T ↑ T ′. Let □0 be the box of λ on which T and T ′

differ. Let τ ∈ PSYT≥0(λ;T ) with Ψ(τ) ∈ PSYT≥0(λ;T
′). If □1,□2 ∈ λ with □0 /∈ {□1,□2},

then (□1,□2) ∈ Inv(τ) if and only if (□1,□2) ∈ Inv(Ψ(τ)). Furthermore, we have

� {(□1,□2) ∈ Inv(τ)|□0 ∈ {□1,□2}} = {(□,□0) | □ <T □0} and
� {(□1,□2) ∈ Inv(Ψ(τ)) | □0 ∈ {□1,□2}} = {(□0,□) | □0 <T ′ □}.

Proof. By assumptions, τ(□0) = 1qT (□0) and Ψ(τ)(□0) = nqT
′(□0) = nqT (□0)+1, where n = |λ|.

Therefore, the relative orderings on the boxes of λ \ {□0} determined by S(T ) and S(T ′) are
the same. Likewise, suppose we take we take two boxes □1,□2 ∈ λ with □0 /∈ {□1,□2} and
τ(□1) < τ(□2). If T (□1) ̸= T (□2), then

T ′(□1) = T (□1) = T (□2) = T ′(□2)

and so Ψ(τ)(□1) < Ψ(τ)(□2). Suppose instead that T (□1) = T (□2) and τ(□1) < τ(□2),
say τ(□j) = ijq

a with 1 < i1 < i2. Then Ψ(τ)(□1) = (i1 − 1)qa,Ψ(τ)(□2) = (i2 − 1)qa,
and a = T ′(□1) = T ′(□2) so Ψ(τ)(□1) < Ψ(τ)(□2). Thus, (□1,□2) ∈ Inv(τ) if and only if
(□1,□2) ∈ Inv(Ψ(τ)).

Let (□1,□2) ∈ Inv(τ) with □0 ∈ {□1,□2}. Since τ(□0) = 1qT (□0), we must have that
□2 = □0 and □1 <T □0. Similarly, let (□1,□2) ∈ Inv(Ψ(τ)) with □0 ∈ {□1,□2}. Since
Ψ(τ)(□0) = nqT (□0), we must have that □1 = □0 and □0 <T ′ □2. ■

Putting these lemmas together we may show the following.
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Theorem 5.16. If λ ∈ Y and T, T ′ ∈ RSSYT≥0(λ) with T ↑ T ′, then d
(1)
T ′,T ̸= 0.

Proof. Let □0 be the T -raisable box on which T and T ′ differ. From Theorem 5.7, we see that

d
(1)
T ′,T(︁

1−tn

1−t

)︁
KT ′(q, t)

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

tcτ (1)
∏︂

(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄

×
∏︂

(□1,□2)∈Inv(Ψ(τ))

(︄
qT

′(□1)tc(□1) − qT
′(□2)tc(□2)

qT ′(□1)tc(□1) − qT ′(□2)tc(□2)+1

)︄
.

Therefore, it suffices to show that the sum on the right-hand side of the above equation is
nonzero. If τ ∈ PSYT≥0(λ;T ) with Ψ(τ) ∈ PSYT≥0(λ;T

′), then cτ (1) = c(□0). Hence, we may
factor out the term tcτ (1) = tc(□0) outside the sum. From Lemma 5.15, we have the following for
any τ ∈ PSYT≥0(λ;T ) with Ψ(τ) ∈ PSYT≥0(λ;T

′):

∏︂
(□1,□2)∈Inv(τ)

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)

)︄

×
∏︂

(□1,□2)∈Inv(Ψ(τ))

(︄
qT

′(□1)tc(□1) − qT
′(□2)tc(□2)

qT ′(□1)tc(□1) − qT ′(□2)tc(□2)+1

)︄

=
∏︂

□<T□0

(︄
qT (□)tc(□)+1 − qT (□0)tc(□0)

qT (□)tc(□) − qT (□0)tc(□0)

)︄ ∏︂
□0<T ′□

(︄
qT (□0)+1tc(□0) − qT (□)tc(□)

qT (□0)+1tc(□0) − qT (□)tc(□)+1

)︄

×
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
.

The first two products above are nonzero and do not depend on τ and can therefore be
brought outside the summation∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

.

Hence, it suffices to show that

∑︂
τ∈PSYT≥0(λ;T )

s.t.
Ψ(τ)∈PSYT≥0(λ;T

′)

∏︂
(□1,□2)∈Inv(τ)

□i ̸=□0

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄
̸= 0.

Notice that we can rewrite the above product terms in the following way:

∏︂
(□1,□2)∈Inv(τ)

□i ̸=□0

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄

= tinv(τ)−S(T )(□0)+1
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

(︄
1− qT (□2)−T (□1)tc(□2)−c(□1)−1

1− qT (□2)−T (□1)tc(□2)−c(□1)+1

)︄
.
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Therefore,∑︂
τ∈PSYT≥0(λ;T )

s.t.
Ψ(τ)∈PSYT≥0(λ;T

′)

∏︂
(□1,□2)∈Inv(τ)

□i ̸=□0

(︄
qT (□1)tc(□1)+1 − qT (□2)tc(□2)

qT (□1)tc(□1) − qT (□2)tc(□2)+1

)︄

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

tinv(τ)−S(T )(□0)+1
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

(︄
1− qT (□2)−T (□1)tc(□2)−c(□1)−1

1− qT (□2)−T (□1)tc(□2)−c(□1)+1

)︄
.

We have by definition for any inversion pair (□1,□2) that T (□2)−T (□1) ≤ 0. Therefore, by
limiting q →∞ we see that

lim
q→∞

∑︂
τ∈PSYT≥0(λ;T )

s.t.
Ψ(τ)∈PSYT≥0(λ;T

′)

tinv(τ)−S(T )(□0)+1
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

(︄
1− qT (□2)−T (□1)tc(□2)−c(□1)−1

1− qT (□2)−T (□1)tc(□2)−c(□1)+1

)︄

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

tinv(τ)−S(T )(□0)+1
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

T (□1)=T (□2)

(︄
1− tc(□2)−c(□1)−1

1− tc(□2)−c(□1)+1

)︄
.

By Lemma 5.13, we see that for each of the inversion pairs (□1,□2) ∈ Inv(τ) for τ ∈
PSYT≥0(λ;T ) with Ψ(τ) ∈ PSYT≥0(λ;T

′) and T (□1) = T (□2) that c(□2) − c(□1) − 1 ≥ 1.
Therefore, if we limit t→ 0,

lim
t→0

∑︂
τ∈PSYT≥0(λ;T )

s.t.
Ψ(τ)∈PSYT≥0(λ;T

′)

tinv(τ)−S(T )(□0)+1
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

T (□1)=T (□2)

(︄
1− tc(□2)−c(□1)−1

1− tc(□2)−c(□1)+1

)︄

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

1 (inv(τ) = S(T )(□0)− 1) lim
t→0

∏︂
(□1,□2)∈Inv(τ)

□i ̸=□0

T (□1)=T (□2)

(︄
1− tc(□2)−c(□1)−1

1− tc(□2)−c(□1)+1

)︄

=
∑︂

τ∈PSYT≥0(λ;T )
s.t.

Ψ(τ)∈PSYT≥0(λ;T
′)

1 (inv(τ) = S(T )(□0)− 1)
∏︂

(□1,□2)∈Inv(τ)
□i ̸=□0

T (□1)=T (□2)

(1)

= #{τ ∈ PSYT≥0(λ;T ) | Ψ(τ) ∈ PSYT≥0(λ;T
′), inv(τ) = S(T )(□0)− 1}.

By Lemma 5.14, #{τ ∈ PSYT≥0(λ;T ) | Ψ(τ) ∈ PSYT≥0(λ;T
′), inv(τ) = S(T )(□0)− 1} = 1

which in particular is not 0. Therefore, d
(1)
T ′,T ̸= 0. ■

Using stability, we find the following.

Corollary 5.17. If λ ∈ Y and T, T ′ ∈ Ω(λ) with T ↑ T ′, then d
(1)
T ′.T ̸= 0.

Proof. From Corollary 5.10, we know that for all n ≥ rk(T ) + 1,

d
(1)
T ′,T = d

(1)
T ′|

λ(n) ,T |
λ(n)

.

Since T ′ is obtained from T by increasing the value of a single box of T by 1, we know that the
same must be true for T ′|λ(n) and T |λ(n) for all n ≥ rk(T ) + 1. Therefore, from Theorem 5.16
we conclude that d

(1)
T ′,T = d

(1)
T ′|

λ(n) ,T |
λ(n)
̸= 0. ■
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The non-vanishing of the e1-Pieri coefficients is sufficient to prove that the ˜︂Wλ are cyclic
E+-modules.

Corollary 5.18. For λ ∈ Y, ˜︂Wλ is a cyclic E+-module.

Proof. We show that PTmin
λ

is a cyclic vector for ˜︂Wλ, i.e., E+PTmin
λ

= ˜︂Wλ. It suffices to show
that for every T ∈ Ω(λ) there exists some A ∈ E+ with A(PTmin

λ
) = PT . Notice that given

any T ∈ Ω(λ), we may choose any lowerable box □1 of T and obtain a labeling T1 ∈ Ω(λ) by
subtracting the value of 1 from □1 in the labeling T . Continuing this process, yields a sequence
of labelings T1, T2, . . . with Ti+1 ↑ Ti which must eventually terminate as deg(Ti) = deg(T )− i.
It is easy to verify that the only element of Ω(λ) without any lowerable boxes is Tmin

λ so the
sequence T1, T2, . . . must end at Tmin

λ . Reversing this process shows that any T ∈ Ω(λ) may be
obtained from Tmin

λ by a sequence Tmin
λ = T1, . . . , Tn = T with Ti ↑ Ti+1. Hence, by induction

it suffices to show that if T ↑ T ′, then there exists A ∈ E+ such that A(PT ) = PT ′ .
Let T, T ′ ∈ Ω(λ) with T ↑ T ′. Consider the element A ∈ E+ defined by

A :=
∏︂
T↑S
S ̸=T ′

(︄
P0,1 −

∑︁
□∈λ(∞)(qS(□) − 1)tc(□)∑︁

□∈λ(∞)(qT
′(□) − qS(□))tc(□)

)︄
.

The denominator of the above product is nonzero since P0,1 acts with simple spectrum on˜︂Wλ.
Further, as mentioned before the set of S ∈ Ω(λ) with T ↑ S is finite so the above product is
finite. We have that for T ↑ V

A(PV ) =
∏︂
T↑S
S ̸=T ′

(︄
P0,1 −

∑︁
□∈λ(∞)(qS(□) − 1)tc(□)∑︁

□∈λ(∞)(qT
′(□) − qS(□))tc(□)

)︄
(PV )

=
∏︂
T↑S
S ̸=T ′

(︄∑︁
□∈λ(∞)(qV (□) − qS(□))tc(□)∑︁
□∈λ(∞)(qT

′(□) − qS(□))tc(□)

)︄
PV = δV,T ′ PV .

From Corollary 5.17, we know that d
(1)
T ′,T ̸= 0. Therefore, we may consider the element A′ ∈ E+

defined by

A′ :=
q−1

d
(1)
T ′,T

AP1,0.

We find that

A′(PT ) =
q−1

d
(1)
T ′,T

AP1,0(PT ) =
q−1

d
(1)
T ′,T

A qe•1(PT ) =
1

d
(1)
T ′,T

A

(︃∑︂
T↑S

d
(1)
S,T PS

)︃
=

1

d
(1)
T ′,T

∑︂
T↑S

d
(1)
S,T δS,T ′ PS = PT ′ . ■
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