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Abstract. We construct a new family of graded representations WA for the positive elliptic
Hall algebra £ indexed by Young diagrams A which generalize the standard £ action
on symmetric functions. These representations have homogeneous bases of eigenvectors
for the action of the Macdonald element Py ; € £F with distinct Q(g, ¢)-rational spectrum
generalizing the symmetric Macdonald functions. The analysis of the structure of these
representations exhibits interesting combinatorics arising from the limits of periodic standard
Young tableaux. We find an explicit combinatorial rule for the action of the multiplication
operators ey generalizing the Pieri rule for symmetric Macdonald functions.
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1 Introduction

The space of symmetric functions A is a central object in algebraic combinatorics deeply connect-
ing the fields of representation theory, geometry, and combinatorics. In his influential paper [16],
Macdonald introduced a special basis Py for A over Q(q,t) simultaneously generalizing many
other important and well-studied symmetric function bases like the Schur functions s). These
symmetric functions Pj, called the symmetric Macdonald functions, exhibit many striking com-
binatorial properties and can be defined as the eigenvectors of a certain operator A: A — A called
the Macdonald operator constructed using polynomial difference operators. It was discovered
through the works of Bergeron, Garsia, Haiman, Tesler, and many others [2, 3, 15] that vari-
ants of the symmetric Macdonald functions called the modified Macdonald functions Hy(x;q,t)
have deep ties to the geometry of the Hilbert schemes Hilb,, (CQ). On the side of representation
theory, it was shown first in full generality by Cherednik [7] that one can recover the symmet-
ric Macdonald functions by considering the representation theory of certain algebras called the
spherical double affine Hecke algebras (DAHASs) in type GLy,.

The elliptic Hall algebra (EHA), &, was introduced by Burban and Schiffmann [4] through
their study of the Hall algebra of the category of coherent sheaves on an elliptic curve over a finite
field. This algebra has connections to many areas of mathematics including, most importantly
for the present paper, to Macdonald theory. The algebra £ may be described explicitly by gen-
erators P, ; indexed by non-zero lattice points (r, ) and relations [4, Theorem 5.4]. The positive
elliptic Hall algebra £, is the subalgebra generated by those elements P, ; where either r > 1 or
r=0and £ # 0. In [19], Schiffmann and Vasserot realize £ as a limit of the positive spherical
DAHAS in type GL,. They show further that there is a natural action of £1 on A recovering the
spherical DAHA representations originally considered by Cherednik. In particular, the action
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of Poy € ET gives the Macdonald operator A. The action of £7 on A can be realized as the
action of certain generalized convolution operators on the torus equivariant K-theory of the
schemes Hilb,, ((CQ).

Dunkl and Luque in [11] introduced symmetric and non-symmetric vector-valued (vv) Mac-
donald polynomials. The term vector-valued here refers to polynomial-like objects of the
form )  co X ® v, for some scalars ¢, monomials X, and vectors v, lying in some Q(q,t)-
vector space. The non-symmetric vv Macdonald polynomials are distinguished bases for certain
DAHA representations built from the irreducible representations of the finite Hecke algebras in
type A. These DAHA representations are indexed by Young diagrams and exhibit interesting
combinatorial properties relating to periodic Young tableaux. The symmetric vv Macdonald
polynomials are distinguished bases for the spherical (i.e., Hecke-invariant) subspaces of these
DAHA representations. Naturally, the spherical DAHA acts on this spherical subspace with
the special element &; + --- 4 &, of spherical DAHA acting diagonally on the symmetric vv
Macdonald polynomials.

Dunkl and Luque in [11] (and in later work of Colmenarejo, Dunkl, and Luque [9] and
Dunkl [10]) only consider the finite rank non-symmetric and symmetric vv Macdonald polyno-
mials. It is natural to ask if there is an infinite-rank limit construction using the symmetric
vv Macdonald polynomials to give generalized symmetric Macdonald functions and an associ-
ated representation of the positive elliptic Hall algebra £7. In this paper, we describe such
a construction (see Theorem 4.17).

Theorem 1.1. There exists a family (W)‘))\GY of graded mutually non-isomorphic cyclic £ -
modules such that Wg = Agy.

The spaces W)\ are limits of the spherical representations associated to the vector-valued
DAHA representations V) of Dunkl-Luque. The V) are obtained by inflating irreducible Hecke—
Specht modules (labeled by integer partitions) for the finite Hecke algebra to the affine Hecke
algebra and then inducing to DAHA. Inside of each V), is the spherical submodule W) on which
the spherical DAHA acts. We achieve our construction of the £ representations W) by carefully
choosing projection maps Wy — W), which are equivariant for the corresponding actions of
spherical DAHAS (see Proposition 3.14). For combinatorial reasons, there is essentially a unique
natural way to obtain this construction. For any A, we consider the increasing chains of Young
diagrams A(™) = (n — |\|,\) for n > |A| + A; to build the representations Wy. These special
sequences of Young diagrams are central to Murnaghan’s theorem [17] regarding the reduced
Kronecker coefficients. As such, we refer to the £ -representations W, as Murnaghan-type.

Along with obtaining a new family of graded £ -representations W) indexed by Young dia-
grams A, we construct natural generalizations of the symmetric Macdonald functions B+ built
as limits of the symmetric vv Macdonald polynomials indexed by certain labelings of infinite
Young diagrams (see Definition 4.11 and Lemma 4.14).

Theorem 1.2. Let A € Y. There exists an explicit A-weight basis (‘BT)TEQ()\) of W)\. In the case
A = @, the indexing set (D) can be identified with Y and for all p € Y, B, and P, (:c; q_l,t)
differ by a non-zero scalar.

We emphasize that we are interested in investigated both the representations WA and the
bases (Br)req(n)- For this reason, we develop a combinatorial understanding of the bases
(F7)rePsyTso()» (Pr)TerssyTso(n): and (Br)req(r) while simultaneously constructing the mod-
ules V), Wy, and W), respectively. Our goal is, in part, to show that the spaces W) along with
the bases (Br)req(n) constitute a natural generalization of the usual Macdonald theory pic-
ture from both a representation-theoretic and a combinatorial perspective. As evidence to our
goal, we obtain a Pieri rule for the action of the multiplication operators ey on the generalized
symmetric Macdonald function basis P (see Theorem 5.7 and Corollary 5.10).
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Theorem 1.3. Let A € Y and r > 1. There is an explicit combinatorial formula for the
coefficients Dg)T in the expansions

EPr= > ) Ps.

SeQ(N)

After studying the particular case of the e;-Pieri coefficients, we show that the modules W,
are cyclically generated by their unique elements of minimal degree B min. This demonstrates
that the combinatorial understanding for the modules W) developed throughout this paper is
rich enough to prove non-trivial results that recover well-known results in the A\ = & case.
The existence of these representations of the elliptic Hall algebra raises many questions about
possible new relations between Macdonald theory and geometry. Other authors have constructed
families of £* representations [12, 13]. Although there should exist a relationship between the
Murnaghan-type representations W) and those of other authors, the construction in this paper
appears to be distinct from prior £T-module constructions.

For technical reasons (regarding the misalignment of the spectrum of the Cherednik opera-
tors &), we need to reprove many of the results of Dunkl and Luque in [11] using a re-oriented
version of the Cherednik operators 6;. Since the elements 6; are not uniformly conjugate to
the &; on the vector-valued polynomial spaces V), we are not immediately able to use the results
of Dunkl and Luque. This alternative choice of conventions greatly assists during the construc-
tion of the generalized Macdonald functions B,. The 6; satisfy additional stability properties
which the &; fail to satisfy. The combinatorial model underpinning the non-symmetric vv Mac-
donald polynomials originally defined by Dunkl and Luque is similar but in this paper, we opt
for a tableau model for our combinatorics in order to agree with the usual Macdonald theory
case. Our tableau model is well behaved when we limit from the finite-rank spherical DAHA
representations W) to the infinite-rank positive EHA representations W).

Here we give a brief overview of this paper. First, in Section 2, we review relevant definitions
and notations, define our combinatorial models as well as recall the limit spherical DAHA con-
struction of Schiffmann—Vasserot. In Section 3, we reprove many of the results of Dunkl-Luque
but for the re-oriented Cherednik operators including describing the non-symmetric vv Macdon-
ald polynomials F. and their associated Knop—Sahi relations (see Proposition 3.2). We define
(see Definition 3.13) the DAHA modules V) and connecting maps @g\n) : Vit — Vi which
are used in the limiting process. Next in Section 4, we describe the spherical subspaces W)\n
of Hecke invariants of V)fn) and the symmetric vv Macdonald polynomials Pr including an
explicit expansion of the Pr into the F. (see Corollary 4.5). Despite the non-symmetric vv
Macdonald polynomials appearing in this paper not agreeing with those of Dunkl-Luque, once
Hecke-symmetrized, they do agree (see Corollary 4.7). We use the connecting maps to define
the limit spaces W) and show in Theorem 4.17 that they possess a graded action of £* hav-
ing a distinguished basis of generalized symmetric Macdonald functions . In Section 5, we
obtain a Pieri formula (see Corollary 5.10) for the action of e? on the generalized Macdonald
functions PB. We apply this rule in the r = 1 situation to combinatorially verify that the e;-Pieri
coefficients are non-vanishing (see Corollary 5.17) which shows that the £t-modules W), are
cyclic.

The construction of the spaces W,\ is highly related to the Carlsson-Mellit algebra A, ; [6] and
its variant B, ; defined by Carlsson-Gorsky-Mellit [5]. In the author’s preprint [1], it is shown
that any sequence of DAHA modules satisfying conditions analogous to those in Proposition 3.14
yields a corresponding representation of B,; and thus of A, ;. For instance, that construction
applies to the spaces V) to yield a family of B, ;-modules indexed by partitions A. The k = 0
(i.e., fully spherical) component of these representations are just the W) in the current work. In
the A = & case, this recovers the A, ;-module in Carlsson-Mellit’s proof of the shuffle theorem [6].
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2 Definitions and notations

2.1 Some combinatorics

We start with a description of many of the combinatorial objects which we need for the remainder
of this paper.

Definition 2.1. A partition is a (possibly empty) sequence of weakly decreasing positive in-
tegers. Denote by Y the set of all partitions. Given a partition A = (A,...,\,), we set
((A) :=rand A ;= A+ -+ Ao For A = (A1,..., ) € Yand n > ny := || + A1, we set
A = (n— |\, AL, ..., Ar). We identify partitions as defined above with Young diagrams of the
corresponding shape in English notation, i.e., justified up and to the left.

Fix a partition A with |\| = n. We require each of the following combinatorial constructions
for types of labeling of the Young diagram A. If a diagram A appears as the domain of a labeling
function, then we are referring to the set of boxes of A\ as the domain.

e A non-negative reverse Young tableau RYT>o()) is a labeling T': A — Z>¢ which is weakly
decreasing left to right across rows and top to bottom down columns.

e A non-negative reverse semi-standard Young tableau RSSYT>o(\) is a labeling T': A —
Z>o which is weakly decreasing left to right across rows and strictly decreasing top to
bottom down columns.

e A standard Young tableau SYT(A) is a labeling 7: A — {1,...,n} which is strictly increas-
ing left to right across rows and top to bottom down columns.

e A non-negative periodic standard Young tableau PSYTxo()) is a labeling 7: A — {j¢" |
1<ji<n,b> 0} in which each 1 < j < n occurs in exactly one box of A and where the
labeling is strictly increasing left to right across rows and top to bottom down columns.
Here we order the formal products j¢™ by j¢™ < kq® if m > ¢ or in the case that m = ¢
we have j < k. Note that SYT(A\) C PSYT>o()).

Define 73°, 75° € SYT(A) to be the row-standard and column-standard labelings of A, respec-
tively. Namely, 73° is the unique labeling of A which, starting from the top left box, reads off each
row left to right before moving onto the next row below. Similarly, 7{° is the unique labeling
of A\ which, starting from the top left box, reads off each column top to bottom before moving
onto the next column to the right.

Example 2.2.

1747 |15¢°|16¢°|11¢3| 7q" | 24°

14¢%]12¢*|13¢*| 9¢° | 8¢°

S PSYT20(6, 5,4, 2)
10¢%| 4¢* | 5¢* | 64"

3q1 lq0

Definition 2.3. Given a box O in a Young diagram A we define the content of O as ¢(O) := a—b
where O = (a,b) as drawn in the N x N grid (English notation). Let 7 € PSYT>o(\) and
1 <i <n. Whenever 7(0) = i¢g™ for some box [J € \, we write

e ¢, (i) :=c(O),

o w (i) :=m.
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We define the operations s; and ¥ on the set PSYT>((\) as follows. Set w, := (w,(1),...,
wr(n)) € Z5;. Let 1 < j < n —1 and suppose that for some boxes [,y € A, 7(01) = jg™

and 7(0a) = (5 + 1)¢".
e Let 7/ be the labeling defined by 7/(00;) = (5 + 1)¢™, 7'(0s) = jq*, and 7/(0) = 7(0)
for O e A\ {O1,0s}. If 7 € PSYT>((A), then we write s;(7) := 7',
o Let ¥(7) € PSYT>((A) be the labeling defined by whenever 7(00) = k¢, then either
U(7)(0) = (k — 1)¢® when k > 2 or ¥(7)(0) = ng®*! when k = 1.
We give the set PSYT>o(\) the partial order > defined by the following cover relations:

e For all 7 € PSYT>o(A), ¥(7) > 7.
o If wy(i) <wr(i+ 1), then s;(7) > 7.
o If w (i) =w,;(i+ 1) and ¢, (i) — ¢ (i + 1) > 1, then s;(7) > 7.

Lastly, define the map py: PSYT>0(\) — RYTxq(A) by pa(7)(0) = b whenever 7(0) = ig”.
We write PSYT>o(A; T') for the set of all 7 € PSYT>(A) with pa(7) =T € RYT>o(\).

Note that the operation ¥: PSYT>g(A) — PSYT>o(A) is indeed well defined. If 7 €
PSYT>o(A) and 7(0;) < 7(0z), then ¥(7)(0;) < ¥(7)(O2) since the operation defined by
kq® — (k—1)q® when k > 2 and kq® — ng®"! when k = 1 is strictly decreasing for the ordering
on formal products defined in Definition 2.1.

Example 2.4.
14" | 3¢° | 5¢° | 8¢% |12¢*|17¢° 17¢8| 2¢° | 4¢° | 742 |11¢"|164°
245 | 4¢° | 6¢° |14¢°|164¢° 1¢% | 3¢° | 5¢° [13¢°|154°
NG —
7¢° |10q' [11¢"|15¢° 6q° | 9¢* [10¢" 144"
9q' |134° 8q! [12¢°

We frequently require the next basic lemma regarding the ordering < on PSYT>q()).

Lemma 2.5. Let A € Y and T € RYT>¢(X). There are unique min(T"), top(T') € PSYT>o(\; T)
such that for all T € PSYT>o(\) with px(7) =T, min(T) < 7 < top(T).

Proof. We construct the elements top(7"), min(7") directly. Define top(7") by first filling in the
boxes O € X of A with the values ¢7(®. Now we label these boxes with the values {1,--- ,n} by
first decomposing A into skew diagrams where T' is constant on each sub-diagram. This gives
us an increasing chain of Young diagrams A\' C --- C A" = A\. Next we fill each diagram A\’ with
the values {|/\1‘ + -+ ‘)\ifl‘ +1,..., )\1| 4+ |/\1‘} in column-standard order. This gives
a value 7¢® in each box of \.

For min(7T"), we proceed similarly by first filling in the boxes [0 € A of A with the values ¢
Then we decompose ) into the same skew diagrams as before. Now we fill each diagram A’ with
the values {n — (|)\1‘ + ‘)\i_l ),...,n — (})\1‘ 4+t ‘)\’D} in row-standard order. This
gives a value i¢® in each box of . |

T(O)
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Example 2.6. Given

7 5 5 2 1 0

6 5 5 0 0
T = € RYT20(6,5,4, 2),
2 1 1 0

1 0

we have that

17¢7|12¢°|13¢°|10¢?| 64" | 1¢°

16¢%(14¢°|15¢°| 2¢° | 3¢°

min(T) =
11¢%| 7¢' | 8¢* | 4¢°
9q1 5q0
and
197 | 3¢° | 5¢° | 8¢2 [12¢"|174°
2¢% | 4¢° | 6¢° |14¢° (164"
top(T) =
7¢° [10¢*|11¢"|15¢°

9¢"' |13¢°

As in the proof of Lemma 2.5, we correspond to T the following increasing sequence of Young
diagrams which fill with the labels of T" for reference:

7515, TR [l [els[statol
CC655Cg55 C RO C [2O[Io
2] T 1[0

Definition 2.7. Let A € Y with |A\| = n and T € RYT>o()\). Define v(T) € Z%, to be
the vector formed by listing the values of T in decreasing order, i.e., v(T) = sort(w,) for any
7 € PSYT>o(\; T). Define S(T') € SYT(X) by ordering the boxes of A according to [J; < Oy if
and only if

e T(0) >T(0y) or
e T'(0;) = T(Og) and O; comes before Oy in the column-standard labeling of .

We often write as a shorthand [Jy <7 Oy whenever S(T)(0;) < S(T)(0sz). Define the statis-
tic by € ZZQ by
n
br =Y _ v(T)i(cs(i) +i—1).
i=1
Lastly, define the composition p(7") of n as follows. Decompose A into maximal size horizontal
strips A1, ..., hm, such that T is constant on each strip. We order these strips according to the
filling min(7T"), i.e., the min(7") labels in h; are strictly less than those in h;;1 for all i. We see
that each of these horizontal strips h; has some length r; > 1. Then u(T) is given as (r1,...,7m).
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Remark 2.8. For every T € RYT>¢(\), we can recover T from the pair (S(7),v(T)) by
labeling A\ with the entries of v(T') following the order of S(T"). Further, the standard Young
tableau S(T') is the largest such tableau following the partial order defined in Definition 2.3.

Below is an example calculation of the various data which we associate to ' € RYT>q(\).

Example 2.9. For '€ RYT>((6,5,4,2) as in Example 2.6, we have that

1 3 5 8 | 12 | 17

2 1 4|6 |14]16
S(T) = € SYT(6,5,4,2),
7 11011 15

9 |13

v(T) = (7,6,5,5,5,5,2,2,1,1,1,1,0,0,0,0,0) € ZL],
by =0+0+154+15+30+30+8+20+5+8+10+15+0+0+0+4 040 = 156,
and u(T)=(1,2,1,1,1,2,1,1,1,2,2,1,1).

The next definition is crucial for many of the results in this paper.

Definition 2.10. Let A € Y, with [A\| = n and 7 € PSYT>¢(\) with 7" = px(7). An ordered
pair of boxes (Oy,03) € A x A is called an inversion pair of 7 if S(T)(0y) < S(T)(O2) and i > j
where 7(0;) = iq?, 7(0z) = j¢° for some a,b > 0. The set of all inversion pairs of 7 is denoted
by Inv(7). We use the shorthand I(7") for the set Inv(min(T")).

Example 2.11. In the labeling

17¢7|12¢°|13¢°|10¢?| 64" | 14°

16¢°|14¢°|15¢°| 2¢° | 34°

11¢%| 7¢" | 8¢* | 4¢°

9q1 5q0

we have that the pairs (17q7, 12q5), (14q5, 13q5), and (E)qo7 4q0) are all inversions. Here we have
referred to boxes according to their labels.

In the following definition, our conventions for the Bruhat ordering differ from many other
authors. These conventions are used to help properly state some triangularity properties later
in the paper. However, one may obtain the below definition from the more standard conventions
in [14, Section 2.1] by reversing the order of the entries of each vector (ay,...,an) — (an,...,a1)
and rewriting their Bruhat ordering from this reversed perspective.

Definition 2.12. Define the Bruhat ordering < on Z%, using the following cover relations
for A € Z3,:

o If i < j with \; < Ay, then A < (4, 7).
° Ifi<jWith)\z‘—l-l<)\j,then/\>/\+6¢—€j.
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Here e; denotes the i-th standard basis vector of Z" and (i,j) € &,, denotes the permutation
swapping ¢ and j and leaving all other inputs fixed. For a = (o, a9,...,0p) € Z%,, we
define ¥(a) := (g, ..., an, a1 + 1). We write sort(a) for the vector formed by listing the entries
of a in weakly decreasing order and revsort(«) for the vector formed by listing the entries of «
in weakly increasing order. We define Stab(«) to be the corresponding stabilizer subgroup of &,
for a, i.e., the set of all o € &,, with o(«) = a.

We require the following simple lemma regarding the interplay between the map v on Z%,
and the ordering <.

Lemma 2.13. If o, 8 € ZY, satisfy o < 3, then y(a) < ¥(B).

Proof. We show that if «, 8 € Z%, and 8 covers a with respect to the Bruhat order, then
J(a) < 7(B). We proceed in cases. Let \ € 75,
First, suppose 1 < i < j and A\; < A;. Then

YA < (@ = 1,5 = D7(A) = 7((E, 5)A)-

Now suppose 1 < j and A\; < Aj. Then

F(LDA) = A(L)A) +ej = en = (G,n)(F((1L)A) + e = en) =F(A).
If now we have that 1 <1 < j and A\; < A\; — 1, then
FA) = F(A) +ei—1 —ej—1 =X+ e —ej).
Lastly, consider the case when 1 < j and A\ < A\; — 1. If Ay +2 = J;, then
FA) = (G —1Ln)yA) =7(A+e1 —ej).
Instead if A\; < A\j — 2, then
YA) = (G =1,n)7A) = (G = Ln)y(A) + ej—1 —en = J(A + €1 — €j). L
Here we review some necessary details about the extended affine symmetric groups.

Definition 2.14. Define @ to be the extended affine symmetric group given by @n =6, xZ"
where &,, acts on Z™ by coordinate permutations. Denote by ¢1,...,t, the standard generators
of Z" C 6 Further, we define the special element 7,, € 6 given by Yo = tnSn—1- . For
any 3 € Z", we write tg := tf 75ﬁ " Deﬁne the positive submonoid of Gn, 6 , as the monoid
generated by {s1,...,5,-1,7n} (i.e., no 3, 's).

The length /(o) of o € S, is the minimal number of s; required to express o in terms of
the generators {fl, ceey sn,lﬁn}. In particular, multiplication by 7%,, does not effect the length
of elements of &,,. An expression of the form o = wy---w, for w; € {s1,...,80-1,7n} is
a reduced word for o if #(i | w; € {s1,...,5n-1}) = (o). We denote by én/Gn the set of
minimal length left coset representatives of @n with respect to the subgroup &,,. We denote
the set of positive minimal length coset representatives of én with respect to the subgroup &,

v (én/Gn)+ = (én/Gn) N é; If o = (g1, ..., pr) is a composition of n = pq + - - - + i, then
we define the Young subgroup &, of &,, corresponding to p as &, := &, X --- x G, C G,,.
We write &,,/6,, for the set of minimal length left coset representatives for &,, with respect to
the subgroup &,,.

For 8 € Z", define o3 € S, by 03 1= 0lory(g) Where o is the unique minimal length coset
representative in &, /Ggiab(sort()) Such that o(sort(3)) = 3.
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The next lemma summarizes some standard results in the theory of (extended) affine permu-
tations.

Lemma 2.15. We have that én/Gn ={og | B €Z"} and (én/6n)Jr = {os | B € Z%y}. For
all o € 2y, we have the following:

o If a is weakly decreasing, then g, = tq.

o Ifsi(a

o If si(a) = «, then sjon = TaSe—1(i)s where o is the minimal length permutation with
o(sort(a)) = a.

~—

=, then 0,,(q) = Si0a-

~—

® 05,(a) = ﬁn(oa)
Proof. This follows directly from [21, Proposition 2.1] applied to the setting of Sn along with
using Lemma 2.13 for the last statement. |

Recall that in Definition 2.3 we only defined s;(7) for 7 € PSYT>o()) in the situation where
swapping the ¢ and ¢+ 1 labels in the boxes of 7 resulted in an element of PSYT>o(A). We now
generalize this notion to elements of G .

Definition 2.16. Suppose z,---2z; is a reduced word in QASTJ{ written in the generators z; €
{s1,.-+,Sn—1,7n}. We define inductively on r > 1 if z,_1---21(7) € PSYT>¢(\) the element
zp - 21(7) of PSYT>0(\) as either

) \I/(Zr_l .. 21(7')) if Zp = %na or

e si(zp—1---21(7)) if 2z, = s; and swapping the ¢ and i+ 1 labels in the boxes of z._1 -+ - z1(7)
results in an element of PSYT>o(A).

Otherwise, we leave this symbol undefined. This definition is only dependent on the ele-
ment z.---21 of & in that if z,---2z; = 2/ --- 2] is another reduced word, then z, ---z1(7)
is defined if and only if 2/ --- z](7) is defined in which case 2, ---21(7) = z/.--- 2{(7). Thus, we
write o(7) = 2, - - - 21(7) unambiguously in this situation whenever o = z, - - - 2.

Implicit in the above definition is that the following relations hold.

Lemma 2.17. For any 7 € PSYT>((\) in each of the following equalities if one of either the
left-hand or right-hand labelings define valid elements of PSYT>0(\) then both sides are elements
of PSYT>o(X) and they are equal:

o Foralll<i<n-—1, si(si(r))=r.

o If|i—j| > 1, then s;s;(1) = sjsi(7).

o Foralll <i<mn-—2, 58+18(T) = S$it18iSi+1(7).
e foralll <i<n—2, Us;1(7) = 5,Y(7).

o U2si(7) = 5,_1V%(7).

Proof. Let 7 € PSYT>0(\). We prove each relation separately.

If s;(1) € PSYT>((\), then either w, (i) # w,(i+ 1) or otherwise i and i+ 1 are distinct rows
and columns. The same is true about s;(7) so s;(s;(7)) € PSYT>o(A) which is obviously equal
to 7.

If s;s;(7) € PSYT>0(), then we know that either w,(j) # w-(j + 1) or j and j + 1 are in
distinct rows and columns and likewise for ¢ and i + 1 since |i — j| > 1. Therefore, s;s;(7) €
PSYT>((A) is also well defined and both are equal because s;s; = s;s; as permutations.
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Let O0;, O;+1, O;42 denote the boxes of A labeled i¢g®, (i+1)g%+1, (i4+2)q*+2 by T respectively
for some a;, aj11,a;42 > 0. The condition guaranteeing s;s;1+15;(7) € PSYT>((\) is the same as
the one guaranteeing s;415;5;4+1(7) € PSYT>o(A): If any pair (J;, O; of the boxes [;, i1, Oiqo
are in the same row or column, then necessarily a; # aj. Therefore, s;s;115;(7) € PSYT>o(A) if
and only if s;415;8i41(7) € PSYT>0(A) and both are obviously equal in this case since s;8;418; =
Si+18iSi+1 as permutations.

Suppose Us;11(7) € PSYT>o(A). Then either w,(i + 1) # w,(i +2) or else i + 1 and ¢ + 2
appear in distinct rows and columns in the labeling 7. But, then either

Wy (7) (i) = wr (i + 1) # we (i +2) = wy(r) (i + 1)

or else ¢ and ¢+ 1 appear in distinct rows and columns in the labeling (7). Therefore, s; V(1) €
PSYT>¢(A) and by Definition 2.3 Ws;11(7) = ;¥ (7). In particular, if 7(0O) = j¢%, then

nqa—i—l’ j: 1’

i+ 1)q%, j=i41,
i ()(0) = siw(r)(@) = 4 T DI T =

1q”, J=1+2,

(]_1)(](1’ .]7é 17Z+17Z+2

Similarly, if we suppose s;¥(7) € PSYT>o()), then by the same argument but in reverse,
Us;y1(7) € PSYT>0(\) and the expressions agree.

Lastly, suppose WU2s1(7) € PSYT>(()\) then w; (1) # w,(2) or else 1 and 2 appear in different
rows and columns of the labeling 7. But, then either wys(;)(n — 1) = w-(1) + 1 # w,(2) + 1 =
wy2(7)(2) or else n—1 and n appear in distinct rows and columns in the labeling U2(7). Therefore,
5,-192(7) € PSYT>0()\) and ¥2s(7) = s,_1¥%(7). In particular, if 7(0) = j¢%, then

ng**, j=1,
V2s1(r)(0) = s0—1 V(1) (O) = { (n = 1)g" !, j=2,

(=2, J#L2

Likewise, if we suppose s,,—1V%(7) € PSYT>0(\), then by the same argument but in reverse,
U251 (1) € PSYT>0(A) and the expressions agree. |

We need the following result regarding generating elements of PSYT>q(\) from SYT(\) using
special creation operators (;.

Lemma 2.18. For T' € RYT>((\), we have that top(T) = (f(T)l_V(Th e Z(T)"(S(T)), where
foralll1<i<mn, ¢ :=(s;- - s,_1V)".

Proof. One may check by direct computation that if 77 € RYT>o(A) and 1 < ¢ < n, then
Gi(top(T))) is well defined according to Definition 2.16 and in particular, ¢;(top(T")) = top(1”)
where 7"(0) = T(O) 4+ 1 for S(T)(0) < i and T'(0) = T(O) otherwise. Note that S(T') =
S(T") so applying (; does not change the underlying diagram ordering corresponding to the
labeling T'. Thus, given any 7' € RYT>o(\) by applying each (; one at a time, we see that
Cly(T)l_V(T)Z - ¥ (S(T)) must equal top(T). [ |

To define our combinatorial model for the representations we study in Section 3, we need to
identify an explicit bijection between PSYT>((A) and (én / 6n)+ x SYT(XA). We already have
a map PSYT>o(A\) — (Gn/Gn)+ given by 7 — o0y, . This is not bijective so we use elements
of SYT() to refine this map to yield a bijection. We now identify the correct choice of SYT())
for a given 7 € PSYT>((M).
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Definition 2.19. For 7 € PSYT>o(\), we define S(7) € SYT(A) by the following recursion:

S(top(T)) := S(T) as defined in Definition 2.7
If w-(i) <wr(i+ 1), then S(s;(7)) = S(7).
S(¥(r)) = S(7).

If wy (i) = w-(i + 1) and ¢, (i) — ¢ (i + 1) > 1, then S(s;(7)) = s;5(7), where j = o7 1(3)
and o is the minimal length permutation with o(sort(w;)) = w;
(7

For any 7 € PSYT (), we can recover 7 from the data (o, ,S
Proposition 2.20. For 7 € PSYT>¢(\), T = 04, (S(7)).
Proof. Using Lemmas 2.15 and 2.18, we see that for all '€ RYT>((\)

oy iy (S(PA(KOD(T)))) = 0,y (S(T)) =ty (S(T)) = ¢ D2 D (5(T))
= top(T).

)) as follows.

Let 7 € PSYT>(X; T') and suppose for sake of induction that 7 = oy, (S(7)). Now let s;(7) < 7.
If w, (i) > wr(i + 1), then S(s;(7)) = S(7) and 0y_,_, = si0y, so that
Tu,yry (5(5i(7))) = 810w, (S(7)) = si(T).

In the case instead that w;(7) = w,(i + 1) with ¢-(i + 1) — ¢-(7) > 1, then S(s;(7)) = 5;(S(7))
and oy, . = Ow, Where j = o~1(i) and o is the minimal length permutation with o (sort(w,)) =
wy. Then

Tu,, ) (S(5i(7))) = 0w, (555(7)) = (0w, ;) (5(7)) = (8i0w,)(5(7)) = 5i(7). u
We may now obtain the desired bijection.

Proposition 2.21. The map Zy: PSYT>o(\) — (E‘%n/Gn)Jr X SYT(A) given by Zx(7) := (0w, ,
S(7)) is a bijection.

s;(7)

Proof. It is immediate from Proposition 2.20 that = is injective. But, it is straightforward
to check that given any o € (671/671)Jr and S € SYT()), o(S5) is a well defined element
of PSYT>(A) in the sense of Definition 2.16. To see this, let © be weakly decreasing. Using
the same argument from the proof of Lemma 2.18, we see that ¢,(S) € PSYT>o(A) is given
by ¢,(5)(0) = S(0)g"s®. We proceed by induction on v € &,,/Sgan (). The base case vy = 11s
trivial. Suppose that y(¢,(S5)) is a well-defined element of PSYT>o()) for some v € &,,/Ggan(y)
and s;y > v for some 1 < ¢ < n —1, Le, py-1(3) > fly—1(41). 1t suffices to check that
if Oy, € XA with Oy either above in the same column or to the left and in the same row
as O and pg(o,) = is (), then s;(7(S(01))) < si(v(S(0z))). Since only the labels of the boxes
labeled 7 or i+ 1 change, we only need to consider the situation when either [1; or [y are labeled
by i or i + 1. Note that this excludes the situation where v(S(0;1)) = ¢ and v(S(01)) =i+ 1
since pg@,) # Hs(D,) for these boxes by assumption. Now we have the following case work:

If y(S(Ch)) = i, then i + 1 < (S(02)) so si(1(S(O1))) = i + 1 < s;(y(S(O2))).

If 7(S(Ch)) =i + 1, then i + 2 < v(S(02)) s0 s:(7(S(01))) =i < i+ 2 < s;(v(S(Da))).
If 4(S(0s)) = i, then v(S(01)) < i 50 5;(7(S(O1)) = A (S(Th)) < i < i+1 = s;(7(S(2))).
It y(S(02)) = i + 1, then 3(S(01)) < i so s;(v(S(O1)) = 1(S(O1)) < i = si(1(S([Da))-

Therefore, s;vt,(S) is a well- deﬁned element of PSYT>o(A). From Lemma 2.15, we know
that every element o € ( n/S ) can be written in the form o = ¢, for some p weakly de-
creasing and v € &,,/Gggap(y)- Thus o(S) € PSYT>o()) is well defined for all o € ( n/Sn )

and S € SYT(A). This shows that =y is also surjective and thus bijective. [
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2.2 Finite Hecke algebra

For references to the definitions of finite, affine, and double affine Hecke algebras, we refer the
reader to Cherednik’s book [8]. Here we detail our conventions for the finite Hecke algebras in
type A,_1 occurring in this paper.

Definition 2.22. Define the finite Hecke algebra .7, to be the Q(g,t)-algebra generated
by Ti,...,T,_1 subject to the relations

o (I;—1)(T;+t)=0for1 <i<n-—1,

o IiT, 111 =T (1 TiTi4q for 1 <i<n—2,

o T;T; = T;T; for |i — j| > 1.
Define the Jucys—Murphy elements 01, ...,0, € 5, by 01 := 1 and 0,1 := tT;lginl for 1 <

i <n—1. Further, define ¢,...,%,,_; by @; := (tTi_l)gi —0; (tTi_l). For a permutation o € G,
and a reduced expression o = s;, - - - S;,., we write T, :=T;, --- T, .

Note that the definition of ¢, in [11, Section 2.1] differs from our definition given above.
To translate between our differing conventions we may identify as follows:

e s — t (parameters),

o T, — tT, ' (Hecke elements).
Remark 2.23. There are natural algebra inclusions ¢, — 5,1 given by T; — T; for 1 <

i <n—1. Under this embedding 0; — 0; for 1 < i < n, so we can naturally identify the copies
of 6; in both 47, and 4.

We require the following list of relations. The formulas involving the elements @; we refer to
as the intertwiner relations.

Proposition 2.24. The following relations hold:

o O, =t"1T Tt T for1 < <om,
e 0,0, =0;0; for1 <i,j<n,
o T,0; = 0;T; for j ¢ {i,i+1},
o 5, =tT, 1 (0; —0i1) + (t — 1)y for 1<i<n—1,
® DiPit1Pi = Pip1PiPip1 Jor1 <i<n—1,
* 0, = p;9; for |i —j|>1,
e 0,0, =0, for1<i<n—1and1<j<n,
« O = (1B — Oi1) (tBi — B).
Proof. This result follows directly from using the map p,, defined in Definition 2.32 in conjunc-

tion with Proposition 2.31 which is independently proven later. |

The following definition gives a description of the irreducible representations of J#,. There
are many equivalent methods for defining these representations but we choose to specify eigen-
vectors for the Jucys—Murphy elements 6; directly as we require these eigenvectors throughout
this paper.

Definition 2.25. Let A € Y with |A\| = n. Define Sy to be the .#,-module with basis e,
for 7 € SYT(A) with action determined by the following relations:
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° gi(e,r) = tCT(i)eT.
o If s;(7) > 7, then @;(e;) = (tCT(i) - tCT(iJrl))esi(T).
e If the labels 4,7 + 1 are in the same row in 7, then T;(e;) = e;.

e If the labels i,i + 1 are in the same column in 7, then T;(e;) = —te,.

Using the relations from Proposition 2.24, we can show the following more explicit form for
the action of the T; on the SYT(A) basis:

e If 5;(7) > 7, then

(1 —t)ter®

T:L'(e.,-) = €s;(7) + meﬂ'

e If 5;(7) < 7, then
(tc-,—(i-‘rl)-i-l _ tCT(Z)) (tcT(i)-f—l _ tCT(’H—l)) (1 _ t)tcT(l)
: 1) 2 Csi(r) T er@) — ger 4 D) T
(tcT(H—l) _ tcT(z)) ter\t) — fer

E(QT) = -

Implicit in the above definition is the following result.

Proposition 2.26. Definition 2.25 is well posed, i.e., the action of the operators T; on Sy define
an irreducible 7, -module.

Proof. As this construction is standard, we only give an outline. It follows from standard
theory [18, Theorem 3.9] for the finite Hecke algebra J#,, (analogous to that of the symmetric
group G, in characteristic 0) that there exists an irreducible representation of 7, Sy, corre-
sponding to the partition A with a basis of weight vectors for the Jucys-Murphy elements 6;,
v, say, indexed by 7 € SYT()). Further, the weights are given by 6;(v;) = t*u,. As these
weights are all distinct, it follows that this basis is unique up to re-normalization by nonzero
scalars. The presentation given in Definition 2.25 fixes a specific normalization given by choosing
first ezrs = vyps, and then building the full basis e using the intertwiner p; relations in Proposi-
tion 2.24 with the choice that whenever si(T) > 7 we have that @j(e,) = (t7(0) — tCT(ZH)) si(7)-
Up to an initial arbitrary choice for the scalar multiple of erts, this uniquely determines the rest
of the coefficients of the e,. |

Remark 2.27. The set {\ € Y | [A\| = n} gives a full set of irreducible J#,,-modules up to
isomorphism. Note that for 7,7/ € SYT()\), the f-weights of e, = e, are equal if and only
if r=7".

The modules Sy satisfy the following property which will serve as the basis for the main
algebraic constructions in this paper.

Lemma 2.28. Let A € Y and n > ny. Let Uy be the unique square in the skew-diagram
AU N - Consider the map qg\n): A+ XM given for T € SYT(/\("‘H)) as

q(An)(GT) N R NOL 7(0o) =n+1,
0 7(0o) #n + 1.

Then qg\n) is a Jp-module map.

Proof. Let 7 € SYT ()\("H)). If 7(Op) = n+ 1, then by Definition 2.25, the action of each T;
for 1 <i <n —1is the same on both 7 € Sy(t1) and 7 [\ € Sym). If 7(0op) # n + 1, then for
all 1 <i<mn-—1, Ti(e;) is a linear combination of e, and e, () (when defined). Note that, by
construction, qg\n)(eT) = 0. Necessarily, when defined s;(7)(0p) # n + 1, and S0 CJ es )

Thus qg\n) (Ti(er)) =0 = Tiqg\n)(eT). In all cases, we have that qg\ )(Tz Tq)\n Hence
q/\" is a /¢ p-module map. |
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2.3 Affine Hecke algebra
We are interested in the presentation of the AHAs of type GL,, which follows.

Definition 2.29. Define the affine Hecke algebra 7, to be the Q(g,t)-algebra generated
by T1,...,T,-1 and Glﬂ, .. ,6’%1 subject to the relations

o W, C o ,,

o 0,0; =0;0; forall 1 <1i,5 <n,

e 011 = tTfleiT;l for1<i<n-—1,

o T;0; = 0,T; for j & {i,i+1}.

Define the special elements 7, and 1, ..., 9,1 of &/, by

o T, = tn_lelel e Tnilp

® ;= (tT;_l)Qi . Qi(tTi_l).

g

yeeesUn

We denote by ©™ the commutative subalgebra of <7, generated by 6

It is important to note that when converting between the AHA conventions in this paper
and those in Dunkl-Luque [11, Section 2.1] the standard Cherednik elements &; of Dunkl-
Luque do not agree with the 6; above. In particular, after the appropriate translation into

our conventions we have that & are given by & = vl T 17rnTn__11 . 'Ti_1 as opposed

to 6; = t_("_i)Ti__l1 T 17rnTn_1 ---T;. The distinction between the standard Cherednik ele-
ments & and the reversed orientation Cherednik elements #; is important in this paper since the
latter yield operators with additional stability properties which the &; do not satisfy.

Remark 2.30. We use the notation 95") and Hgm) to differentiate between the copies of §; in <7,
and &, for n # m.

The following proposition is required at many points throughout this paper when we study
O(™)_weight vectors. We include the proofs of these relations for completeness and to emphasize
that we may use intertwiner theory for AHAs with the 0; elements instead of the standard &;
with only slight differences.

Proposition 2.31. The following relations hold:
o 0; =tT; ' (0; — 0i1) + (t — )01 = (01 — 0T, '+ (1 — )04y for 1<i<mn—1,
e il =0,)pi for1l<i<n—1and1<j<n,
o ¢ = (t0; — 0i1)(t0is1 — 0),
® YiYit1Pi = Pit1pipiy1 for 1 <i<n—2,
o pipj = pjpi for |i—j| > 1.

Proof. We proceed by proving each of these relations in the order in which they appear above.
Let 1 <i<n-—1. Then

i = tT; 0, — 0;(tT; ") =tT;'0; — Ty0;1 = tT; '0; — (tT, ' + 1 — )01
= tT[l(Gi — 0i+1) + (t — 1)91'+1.

By a similar calculation, we also get ¢; = (641 — Gi)tTi_l + (1 — t)0;+1. This can also be
written as ¢; = (0i+1 — 0;)T; + (1 — t)6; which we need later in this proof.
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Now we see

@il = tT; 1 (0; — 0;41)0; + (t — 1)0;510; = tT,10;(0; — Oiy1) + (t — 1)0;410;
= 9z+1Tz(ez = Oiv1) + (t = 1)0it16; = Oi1 (Ti(0; — Oigr) + (£ — 1)6:)
= 01 (LT + 1 — 1) (0; — Oi1) + (t — 1)6;) = 9,+1(th Y0; — 0;11) + (t — 1)0i11)
= 0i+1pi

and

pifir1 = T, (0; = Op1)0i1 + (6 — 167y = (T + ¢ — D01 (05 — i) + (¢ — 1)67 4
= T30;11(0; — 1) + (t — 1) (051 (0; — Oiy1) + 67,1)
= 10,1, (0; — 0i41) + (t — 1)0;0i01 = 0; (tT; " (0; — Oi1) + (t — 1)0i1) = O;p;.

For any j ¢ {i,i+ 1}, it follows since §; commutes with both 6; and T;, that ¢;0; = 6,¢;.
Thus for any 1 < j <n, pif; =0y,
Now we have that

= (tT710; — 04T 1) = 2T 0,T710; — 2T, 10271 — 120,120, + t20,T; 10,1,

= 10;410; — t0;, 1 T,0, T, — t0; (1 + (t — )T, )0; + 0,041

= 2t0;0;01 — 101 (¢T; 1 + 1 — )0, T — 107 + (1 — 4)0,T;'6;

= 2t0,0;11 — t20; 1T, 0, T+ t(t — 1)0:0;1 T, — 07 + (1 — £)0,0;117T;
= 200,11 — 107, — 107 + (1 — 1)0:0,1 (T; — tT; ")

= 20;0;41 — 107, — 107 + (1 — 1)%0,0;51 = (1 +12)0:0,11 — t07, | — 67
= (t0; — Ois1) (t0i1 — 6;).

Now suppose 1 < 7 < n — 2. By expanding each of the ¢; from right to left using ¢; =
(0541 — 0;)T; + (1 — t)0; and repeatedly applying the relation ;0 = 0, )¢, we find

Pivit1pi = (Oire — 0i41)(0ir2 — 03)(0i11 — 0) T T T
+ (1 - t)GZ( +2 T 2+1)( +2 z)TiJrsz'
+ (1= 1)0i41(0i42 — 0;)(Oi1 — 0;) T Tig1 + (1 — £)%0;0;41 (0512 — 0,)T;
+ (1—1)%; 92+1(9i+2 = 0:)Tit1
+ (1= 1)0;(Big2 — Oi1) (Birr — 0;) + (1 — 1)°670,11).

Using the same method, we also see that

Vir10iPir1 = (Oiy1 — 0:)(0iv2 — 0;)(Oir2 — 0 1) i1 TiTi 1
+ (1 = )0ip1(0i11 — 0:) (02 — 0;)TiTi 11
+ (1= 1)0;(0ira — 0;) Biv2 — Oi1)Ti1 Ti + (1 — 6)20;0;41 (0142 — 0:) T
+ (1 —1)%; 9z+1(9z‘+2 —0:)T;
+ (1 = 1)0:(0is1 — 0:) (B2 — Oi1) + (1L — £)3070;41).

From here, we may use the braid relation T;7T;17; = T;+17T;T;+1 and some rearrangement of

terms to see Y;Pi+19; = Pi+1PiPit1-
Lastly, consider |i — j| > 1. Since T;T; = T;T;, T;0; = 0;T;, and 6;0; = 6;0;, we readily find

that pip; = ;i u
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In this paper, we are interested in AHA modules which are pulled back from irreducible finite
Hecke representations. To do this we need to define algebra surjections 7, — 5 ,. There are
many such choices for these maps but we choose the maps p,, defined below carefully so that
the AHA modules we consider in this paper satisfy nontrivial stability conditions.

Definition 2.32. Define the Q(q,t)-algebra homomorphism p,: <7, — 5, by
e p,(T;) =T, for 1 <i<n-—1,
o pn(h) =1.

For a ¢ ,-module V, we denote by p} (V) the «/,-module with action defined for v € V
and X € o/, by X(v) := pn(X)(v).

Remark 2.33. Note that p,(7,) = 15”_1T1_1---Tn_711 and for all 1 < i < n, p,(6;) = 0.
Thus p, maps the reversed orientation Cherednik elements 6; € <7, to the Jucys—Murphy
elements 0; € J,. Further, for A € Y with |\| = n, p}(\) is an irreducible .o7,,-module with
a basis of f-weight vectors {e;},cgyT(x) With distinct weights.

2.4 Positive double affine Hecke algebra

We use the following presentation for the positive DAHAs in type GL,,.

Definition 2.34. Define the positive double affine Hecke algebra 2,, to be the Q(g, t)-algebra
generated by T1,...,7T,_1, 9{51, ...,0F and X1,..., X, subject to the relations

00
e T1,....T,_1 and 9%1, ..., 0F" satisfy the relations of .27, in Definition 2.29,
o X;X;=X;X;forl<i,j<n,

o X1 =tT7 ' XTI Hfor 1 <i<n—1,

e I;X;=X;Tifor1<i<n—1land1<j<nwithj ¢ {i,i+1},

) 7rnX¢7r,;1 =X for1 <i<n-—1,

° ﬁanwgl =qX;.
Here 7, is the same as in Definition 2.29. Define the special element ~,, := X, T;,—1 - - 17.

The element +,, satisfies some nice intertwining relations which we need for later when we
study ©(-weight vectors.

Lemma 2.35. The following hold:
® Oivn = Ynbiy1 for 1 <i<n-—1,
b aann = ’anel'
Proof. Let 1 <43 <n—1. We find that
Oiyn = t—(n—i)T;ll .. 'T1_17TnTn—1 T Xy T+ T
_ 7g*(ﬂfi)Ti—_l1 .. .Tl—lﬁnTn_anTn_2 Ty - Ty
= t—(n—i)TZf_ll .. ~Tf17rntXn,1T,;_11Tn,2 R Y A )
= t_(n_(H_l))Ti_—ll ... Tl—anﬁnTn—_llTn_2 Ty 1Ty
= t*(n*(iﬂ))XnTi—_l1 e TflﬂnTn__llTn—z o Ti(Tpey - T1).
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From the braid relations, we see that for all 1 < j <n —2, T;(Ty—1---T1) = (Tn—1---T1)Tj+1
and hence
t*(n*(iﬂ))XnTi—_l1 e Tl—lﬂnT—l Tpo--Ty(Tpoy---T1)
= t_(n_(i+1))an';ill Ty 7TnTn ATy T) Ty -+ Tiga
= t—(n—(i+1))XnTZ:11 - Tr YtnTn—o- - TiTn 1 Tis
= t*(n*(iﬂ))XnTi—_ll ... T1_1Tn—1 Y Y s R
= 15*(7%(”1))XnTi—_l1 e TflTn—1 .. TleTflﬂnTn_l Ty
= (=) x 7 Tszil . .TngflﬂnTnfl N
= (XpTh_1 - Tl)(t_(”_(i“))Ti_l . ..TflﬂnTn_l .. 'Tz'+1) = Ynbis1.

Now we consider the last case

Oy =T,y Ty 'y Ty =Ty - T X mg Ty -+ T
=t VX, T 1 TigmnTat--- Ty = (Xp Tyt T1)(qt_(n_1)7TnTn—1 - T1)
= Ynq0;. [ |

Recall the definition of the intertwiner elements ¢; in Definition 2.29. We use the ele-
ments {1, ...,¢n-1,7n} to define intertwiner operators corresponding to elements of &;F.

Definition 2.36. For any o € é“‘ with ¢ = w;...w, written minimally in terms of the
generators w; € {S1,...,S— 1,%} define ¢, € 9, by Yo = w1 Wy € Dy, Where w; 1= @;
if w; = s; and w; = 7y, if w; = Y.

In particular, we have that s, = ¢; and @5, = v,.

The main utility of considering the intertwiner operators ¢, comes from the next lemma.

Lemma 2.37. If v is a ©" -weight vector in some 2,-module with weight o = (o1, .. )
and o € &, with ps(v) # 0, then ¢, (v) is a O™ -weight vector with weight o’ given by the
following recursion:

o oS — (a17__,,ai+1,ai,...an),
o o = (ag,...,an,qa1),
o (a72)71 = 7192,

Proof. This result follows using induction on @f{ and the relations in Proposition 2.31 and
Lemma 2.35. For reference, see [8, Section 3.3.3]. [ |

We are primarily interested in modules for the spherical subalgebra of Z,,.
Definition 2.38. Let ¢ ¢ #,, denote the trivial idempotent given by

el = |Z

O'Ebn

where [n],! == [T, (3% ) The positive spherical double affine Hecke algebra Z5P! is the (non-
unital) subalgebra of Qn given by Z5P8 := €™ @, (™),

The element
n) _ —L{(o)
= T Z T, € #),
ceG,

is uniquely determined by the following properties:
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(™ =£ 0 (non-zero),
. (e("))2 = ¢(® (idempotent),
o T, =Tie™ for all 1 <i <n—1 (central),
o Tiel™ = e (trivial-like).

We use without proof that ™ as defined in Definition 2.38 satisfies these properties but
it is straightforward to check this using the defining relations of 5#,. Since (6(”))2 = €™,
we see that szh is a unital algebra with unit €. The algebra 2! P contains both of the
subalgebras Q(q,t)[X1, ..., X,|%" €™ and Q(q, ) [9{51, ... Hil]G” (n),

We may use €™ to generate modules for the spherical DAHA. Given any Z,-module V,
the space €™ (V) is naturally a Z°P"-module. In the standard picture of Cherednik theory [8,
Section 3.8], the polynomial representation of 2, on Q(q,t)[x1, ..., x| is symmetrized using ™
to yield the symmetric polynomial representation of 2°P® on Q(q, t)[x1,.. ., x,]%".

Remark 2.39. It is a standard result [8, Theorem 3.2.1] that 2, is a free right 7,-module
with basis {X®}aezn . Importantly, for our purposes this implies that for any <7,,-module V'
with Q(g, t)-basis {vz}zg, the induced module Ind " V=9, R4,V has Q(g,t)-basis {X* ®
vilo € 22,1 € I},

2.5 Elliptic Hall algebra

Here we give a brief description of the positive elliptic Hall algebra which will be a sufficient
introduction for the purposes of this paper. For a more complete description of the elliptic Hall
algebra, we direct the reader to the original paper of Burban—Schiffmann [4] introducing EHA
and the subsequent papers of Schiffmann—Vasserot [19, 20] which develop more of the relations
between EHA and Macdonald theory.

Definition 2.40. For ¢ € Z \ {0}, r > 0, define the special elements PO(Z), P,fz) € 750 by
o By = (T, 6)e™,
o PG = e (S0, X)),

Theorem 2.41 ([20, Theorem 1.2] and [19 Proposition 4.1]). The elements Pée)’ Pyé for
¢ € Z\{0}, r > 0 generate Z°°" as a Q(q,t al%ebm There is a unique Z>o X Z gmdmg on Z5Ph
determined by deg( pn )) (0,¢) and deg( (r,0). There is a gmded algebra surjection
@5+1 — gPh determzned for £ € Z\ {0}, r > O by P("+1) - P g) and PT(75+ ) Pr(,%).

The existence of the Zx>( x Z-graded algebra surjections .@n 11— .@f{’h allows for the following
definition.

Definition 2.42 ([20, Section 1.3]). The positive elliptic Hall algebra €T is the limit of the
Z>o x Z-graded algebras Z°P" with respect to the maps '@n-l-l — 5P For £ € Z\ {0}, r > 0,
define the special elements of £ , Poy = lim, P(z) and P,.g := lim, PS& .

The positive elliptic Hall algebra contains elements P, for (a,b) € Z>o x Z \ {(0,0)} which
may be defined using repeated commutators of the elements Py, FP.o. For example, P; =
[Po,1, P1,0). We will not require an explicit description of these elements for the purposes of this
paper. Further, we will not require knowledge of the full elliptic Hall algebra £ which is obtained
as the Drinfeld double of £1 with respect to a certain Hopf pairing. In the standard Macdonald
theory picture [20, Corollary 1.5], we can realize the action of the full EHA on the ring of
symmetric functions A using multiplication operators p?, skewing operators prl, and Macdonald
operators py[A] roughly corresponding to the elements P, P, Py, respectively.
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Remark 2.43. We will be considering the Zs>(-grading on €T obtained by the specializa-
tion (a,b) — a, i.e., for r >0 and ¢ € Z\ {0}

o deg(Ppe) =0,
e deg(Po) =.

)

When we refer to a Et-module V' as graded we are referring to the Z>o-grading on £*.

3 DAHA modules from Young diagrams

3.1 The %,-module V,

We begin by defining a collection of DAHA modules indexed by Young diagrams A € Y. These
modules are the same as those appearing in [11, Definition 3.1] but we take the approach of
using induction from &7, to Z,, for their definition.

Definition 3.1. Let A € Y with |A\| = n. Define the Z,,-module V) to be the induced module
Vy = Ind?; 05 (Sy). The modules V) naturally have the basis given by X ® e, where X is
a monomial and 7 € SYT()A). We refer to this as the standard basis of V.

Using the theory of intertwiners for DAHA and some combinatorics, we are able to show the
following structural results. The F. appearing below are the version of the non-symmetric vv
Macdonald polynomials of Dunkl-Luque following our conventions but they are not the same
polynomials (see Corollary 4.7). The result below is analogous to [11, Theorem 4.12].

Proposition 3.2. There exists a basis of Vy consisting of ©™ -weight vectors
{FT | T E PSYTZ[)()\)}

with distinct O™ -weights such that the following hold:

o« 07 (F;) = gurOte 0 F,,
o IfT € SYT(N), then Fr =1®e,.
o Ifsi(T) > T, then

t—1 wT(i+1)tcT(i+1)
(tTil—i— ( )q ) (Fr) = Fyy(r).-

qur (D ¢er (@) — qur (i+1)¢er (i+1

b F\II(T) = qwl(T)Xnﬂ-El(F‘r)'

Proof. Using the analogue of Mackey decomposition for induction between «7,, and %, [8,
Proposition 3.9.5], we find

Resgg;)(v,\) = Resg&) Indf/jl pr(Sy) = @ (Res‘g(j”w p;(SA))U
o€ (@n/Gn)Jr
= @ Q(g,t) (v ® 7).
o€ (én/Gn)+
TESYT(N)

As a consequence, we find that the set {¢, ® e, } 5 7)E(Bn /Sn)+ xSYT(N) 15 2 generalized ©(™-
weight basis for V). Define scalars g, recursively as %ollows:
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[ ] gT/r\s = 1

e If 5;(7) > 7 and w.(i) = w-(i + 1), then g, ;) := ¢ —wrli)g

o If si(7) > 7 and w (i) # w,(i + 1), then g, ;) := (¢* r(@)er() q“’T(1'4“1)1507(”1))71 gr-

o gy =t Wy
For 7 € PSYT>o()), define Fr := gr¢,,, @ eg(ry. We now show that the set (Fr) epsyT.q(n)
constitutes a basis of V) satisfying the conditions of the proposition statement. -

By Proposition 2.21 and since the scalars g, are non-zero by construction, it follows that
the set (Fr)repsyT.o(n) i @ basis for V) labeled by PSYT>o(A). Further, by induction using
Lemma 2.37 and Proposition 2.20 we see that each F, is a ©(™-weight vector with 01(”) (Fr) =
qu(i)tCT (%) F,.

Suppose s;(7) > 7. By Proposition 2.31,

» (t — 1)gwr i+ ger(it1)
(tTi T e i) — qur e 4 D) (F7)

_ (qw-,—(i)tc-r(i) - qu(i—i-l)tcT(i—i-l))*l
« (tT-_l(qu(i)tcT(i) - qu(iJrl)tcT(iJrl)) + (t - 1)qw7—(i+1)tc¢(i+1))(FT)
(g Der) oo GH0) L GToL (0, — 9,0) + (¢ — 1)) ()
— (qwr(i)tcf(w _ qwf(i+1)tcf(i+1))*1%( F,)

wr (1) per (2 wr (2 er (i -t
= (q ()t ()_q ('H)t (+1)) 97-902'900107-@65(7)'

If wr (i) = w,(i + 1), then from the proof of Proposition 2.20, we know that ¢;@s, = ©o,. ©;
where j = 07 1(i) and o is the minimal length permutation such that o(sort(w;)) = w,. Com-
bining this observation with Definitions 2.19 and 2.25, we have

wr (1) gcr (1 w % cr (i -1
(q - ( )t (1) we( +1)t - ( +1)) 9rPiPo,, (4 €s(r)

wr (i) per (i wr (2 cr (i -1
_ (q r()t 0 g e D) g g 07 @ €5(r)

w.,—('L tc-r i) wT(iJrl)th—(iJrl))—l

—q 9rPow, O PjeS(r)

( wrli)erli) _ que(teriHD) g o g (gesn) — gesm G, o
wr 5;5(T

—w, (7 cr (1 cr (1 -1 cr (1 cr (1

= ¢ O — 1) Vg, @ 0 — T e )

= qiw‘r(l)gﬂpawsi(-r) ® €s5(si(r)) = gsi(T)SOUwsi(T) © €s(si(r)) = Fsi(‘r)'

If instead w, (i) # w. (i + 1), then Y0, = V500, = Po, . and S(s;(7)) = S(r). Thus,
(qrDger® — qurlitDyerGH D)y g o @ €5(r)
= (qwr(l)tc‘r(l) _ qIUT(1+1)tCT(Z+1)) gT(pO_wSi(T) ® 65(32.(7.))
= 9si()Pou, () @ ES(si(r) = Fsi(r)-
Now we check the last relation
VX W) = ¢t Wl gerger() x a (B = gl (Dgn=l ) o1, (B
=l WX A Ty - Ty (F) =t WX, T,y Ty (F,)
= tl_n_cT(l)'Vn(FT) = tl_n_cT(l)gT'YnéoowT @ es(r)
= JU(1) PAnow, @ ES(U(r)) = 9 (r) P05, (wr) © ES(U(7))
= GU(r) Pouy,,, @ Es(u(r)) = Fu(r)- u
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The above proposition allows for the following definition.

Definition 3.3. For 7 € PSYT>((\), define the non-symmetric vo Macdonald polynomial for T
to be F; € V) as described in the proof of Proposition 3.2.

Example 3.4. We have that

1q24]
3

1 2[_

= 3231\112 3

By starting with

Fim = 1® ey
3 3

and using the recurrence relations in Proposition 3.2, we find that

1—1t
—2 -2
F1q2q[:t X1 Xo®e 12[+t (1_ t2>X2X3®€ i3]
3] 3] 12]
t72 11—t s 1—t
+1—|—t<1_q752>X2X3®6§21_t <1_ t2>X1X3®€§3[
1t
— ) XX :
5 (1gm) Vo

Remark 3.5. Note that from Proposition 3.2, we get that v, (F;) = t"*HCT(l)F\I,(T). By induc-
tion, we see that for r > 1, v/ (F,) = tr(”_l)tcf(l)*“*cf(T)F‘l,r(T),

Now that we have a concrete combinatorial description for the module V), we study its
decomposition into &7 ,-submodules.

Proposition 3.6. The Z,,-module V) has the following decomposition into <f ,,-submodules:

Resz’; Vi = @ Ur,
TERYT>0(N)

where Ur = spangqn{Fr | 7 € PSYT>o(NT)}. Further, each o/y-module Uy is irreducible.

Proof. Let T' € RYT>o(\). Note that it follows immediately from Proposition 3.2 that each Ur
is a &/ ,-submodule of V). Further, trivially Ur N U = @& for T # T’ since the F; are a basis
for V) and the sets PSYT>o(\; T') partition PSYT>o(A). Therefore,

Res) Vx= P Ur.
TERYT>o(N)

Now, let T' € RYT>o(\). If U C Ur is a nonzero &7 ,-submodule, then U must contain some o).
weight vector as Uy is spanned by ©(™)-weight vectors. Thus there exists some 79 € PSYT>o(\ T)
with F;, € U. But then it follows readily from Proposition 3.2, that by using intertwiner
operators ¢; given any 7 € PSYT>¢()\) we may find A € &/, such that A(F;,) = F-. Therefore,
U = Ur and hence Uy is irreducible. |

Remark 3.7. It follows by using Frobenius reciprocity and Proposition 3.6 that in fact there
are surjective o/ ,-module maps Ind " xr — Ur, where yr is the 1-dimensional represen-
tation of &, (1) determined by the @(M”T—welght of Fnry and T; — 1 for relevant 7;. Thus
each Ur is a quotient of an induced module from a parabolic subalgebra of <7,. In the
case of T'€ RSSYT>o(\), this map is an isomorphism. We may witness the implied bijec-
tion between PSYT>o(A;T) and &,,/& ;) combinatorially using the map o — o (min(T))
for 0 € 6,,/6 w(T)- 1t is straightforward to check by decomposing A into horizontal strip dia-
grams where T is constant along rows that this map is actually an isomorphism of posets.
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The following lemma exhibits triangularity for the Ti_1 operators with respect to the reversed
Bruhat order on Z%,,.

Lemma 3.8. For1<i:<n-—1anda >0,

_ X=X
(T 1) X = XP(4T1) + (t—l)Xiﬂﬁ

Xo—Xg@
Further, every monomial occurring in the term Xl+1X7XH1 is strictly lower than X with
respect to the Bruhat ordering <. Consequently, it follows that for any o € Z%y with si(a) = «

the following expansion holds for some scalars cg:

(771X = XSO 0T + 0 epXP.
B=si(a)

Proof. We start with

¢! f =+t -10)X0, =T X0 +(t-1)X]"
X# X2
+1
ZXfTi-i-(l—t)XiAXZ X1+11 (1—t) qurl

a

X X
=X 1)+ (- )X - (1 - )X

Xi— Xip1
X7 X7
= XMT7T + (1= ) X8 — (1 - X4, + (1 — )Xt
Xi — Xit1
X7 X7
= XOMT V4 (= 1) X L2
7 I3 +( ) i+1 X/L+1 X»L
Further,
X X
Xz‘+1XlH7X X+ X0 X+ + X2 X072+ X X0
i+1
so that

t17 X = XU+ (= 1) (X + Xza-i-llXi o X2 XPTP Xz‘+1qu_1).

Now let a € Z%, with s;(a) > «, i.e., oy < 1. Then

tj'vileoc — tj'vilefq .. Xaz lXalXaz+1Xaz+2 .. Xotn

i+1 i+2
= X XX X XX
= X[ XXX X X X
= X{ e XU XXX X
(XTI (- D) (XG4 X X))

Oéi+1—ai—1
=Xxseh g g-1) ) xotilemen),
Lastly, from Definition 2.12 it is clear that for all 0 < j < aj11—a;—1, si(a) = a+j(e;—eir1). B

Using the above lemma, we are able to partially describe the expansions of the F; into the
standard basis of V).
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Corollary 3.9. For ™ € PSYT>0()), each Fr has a triangular monomial expansion with respect
to the Bruhat order on Z% of the form Fr = X" ® flr)+ Z,B-«u X ® vg for some vg € Sy
where f(T) € Sy is given by the following recurrence relations:

o If T € SYT(N), then f(7) = e-.

o FU() = DT,y Ty (f(7)).

o Ifw (i) <w,(i+1), then f(si(1)) = tT; 1 f(1).

o Ifw (i) =w,(i+1) and ¢, (i) — e (i +1) > 1, then

— cr(i+1)
F(su(r)) = (tT,-l n W) (f().

ter(8) — er(itl)

Proof. We proceed by induction with respect to the partial ordering on PSYTx>((\) defined
in Definition 2.3. At the same time, we verify the recurrence relations given for f(7) € Sy as
above.

From Proposition 3.2, we know that if 7 € SYT(A), then F; = 1®e,. Hence, F; trivially has
a triangular monomial expansion of the correct form in this case and that f(7) = e,. In what
follows, assume that for 7 € PSYT>o(A) we have that Fr = X" ® f(7) + 3 _5_,, XP @ vg for
some vg € Sy.

First, we see that

Fy(ry = ¢ O X, (Fr) = ¢ O Xm, ' X @ f(1) + Y ¢ O Xm, ' XP @ g
B=wr

= qwl(T)q_wl( )X’Y(wﬂ') _1 ®f Z q /BIXV( ) ;1 ®Uﬁ
B=wr

= X7 @ p, (m 1) f(7) + E X8 g g1 =5 p, (1, ) vg

B=wr

= X W) @¢=(=Dp Ty f(r Z XVB) g gui()=Pry=(n=1), - Tyvg.

B=wr

From Lemma 2.13, we know that if 8 < w;, then ¥(8) < ¥(w;). Therefore, we find that Fy ;)
has the expansion

Fyiy = XVwr) g y=(=Dp T f(r Z X8 ® vﬁ
B=A(7)

for some vy € Sy. From this, we see that f(¥(7)) = =0T T (f(7).
Now suppose s;(7) > 7. From Proposition 3.2, we get

s (t — 1)qur(+1) ger (1)
Fom = (tTi + D16 (6] — qur (it D ger (it1) (£7)

B 4 (t _ 1)qw7—(i+1)tc7—(’i+l) w, ﬂ
= (tTi + 016 (6) — qur (it Dger (it1) X" @f(r)+ ), X' @
B=wr
ﬁ<w
(t _ 1)q’w7—(i+l)th—(’i+l) w, ,8
+ <qw7(i)tcr(i) e ) e (1) X @ f(r Z X" @ug
B=wr
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For any 8 < w;, using Lemma 3.8, we find that

7 xPou= Y X oug
B <si(wr)
for some ug g € Sy; that is to say, each of the monomials X A" that appears in the standard

basis expansion of t7; ' X? ® vg must have 8’ < s;(w;).
Assume w; (i) < w,(i +1). By Lemma 3.8, we see

(tT7 )X @ f(r) = X5 @Y @ f(r) + Y epXP @ f(7)

B<s:i(wr)
= xsilwr) o (tT‘;l)f(T) + Z CﬂXﬁ ® f(1).

B=si(wr)
Therefore, Fy, ;) has the expansion
Fo = X"t )+ ) XP e,
B=si(wr)

where vj; € Sy. Since s;(w;) = wy,(r), we have

Fomy=X"0 T f(r)+ > Xeu)

ﬁ_<w s4(7)

and f(si(7)) = tT; ' f(7).
Now assume instead that w,(i) = w,(i+1) and ¢, (i) —c;(i4+1) > 1. Then T; X" = X" T; so

B B (t _ 1)qw7—(i+1)tcT(i+1)
Foyn = (th‘ + D56 (0) — qur (i D ger (1) (F7)

t — 1)terttD)
i H) (7)

ter (@) — ¢er(i+1)

1 (t - 1)tCT(i+1) wr B8
18'<'U—7'r
< N i

try " + e () _ tcT(i—‘rl)) XU @ f(r)

T—1 (t _ 1 tCT z+1 X,B
11 it ter (@) — per(i+1) Z ® v

B=<wr

_ wr -1 (t B l)tc‘r(l+1)
=X (tTi e e ) @S0
S (=1 38
+ (tTi + e ® — o) Z X @ v

B=<w,

_ cr(i+1)
—Xv g (tT TS e i )f(T)

(1) — ger(i+1)

(t — 1)tCT (i+1) 5

B=Lw,
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Therefore, since wy = wy,(r) we find that

(t _ 1)tc-r(i+1) )

prarcipmprn eyl AR >, Xed

Fsi(’r) = XYM @ (tTi_l +
B=ws, ()

for some vj; € Sy and
B t — 1)ger(i+1)
Flsi(r) = (ﬂ; Lt t(<>_)t<+>> (F(). .

Using the ¢; operators on PSYT>o()\), we may compute f(top(T")) explicitly.
Proposition 3.10. For T' € RYT>((\), we have that

ftop(1)) = & gD o),

where for 1 <i <n, we define €; := (tlfiTZ-_l . -Tl)i.

Proof. Using the recurrence relations in Corollary 3.9 for the elements f(7) and Proposi-
tion 2.20, we see that for any 7" € RSSYT>o(\) since

top(T) = ¢/ GO (5(1))
with each (; := (s;--- 8,_1¥)?, we have a similar expression for f(top(T))
Fleop(T) = &g D e,

where €, := ((tTi_l) e (tTn__ll) (t_(”_l)Tn_l . -Tl))Z = (tl_iﬂ_l . -Tl)Z is obtained by replac-
ing each s; and V¥ in (; with tij1 and t~(=DT,_, ... Ty, respectively. Importantly, when
we apply ¢; to any element of the form top(7”) we never perform any swaps s;(7) > 7 such
that w,(j) = w,(j + 1) and hence never require the more complicated recurrence relation

_ CT(. )
Fls;(m)) = (tT;l ¥ W) (F(7)). "

tC‘r(j) — tér (G+1)

The €; operators can be identified concretely using the @ elements of the finite Hecke algebra.
Lemma 3.11. For all1 <i<mn, ¢ = A;--- A1, where A; := t_(j_l)gj_l.
Proof. Let 0 < k <17 — 1. We first show by induction that
(ti—léi_l) e (ti—k—léi__lk) = (Tj—y--- Tl)k+1(Tk+1 T ) (T - Ti—g) - (T Ty_jp_y).
To start, we see that for £ = 0 we have
tifléz._l =T -T2 Ty = (T - THNT - Ty y).
Now suppose that for 0 < k < i — 2 the formula above holds. Then
(ti—1§i—1) o (ti—(kﬂ)g;l(kJrl))
=(Ti—y - TN Ty - Ty—)(Th -+ Tia) - - - (T1 - - 'jji—k—l)(tii(kJrl)?i_j(kJrl))
=(Ti—y - TN Ty Ty—1) (T Tja) - (Ty -+ Ti—p—1)
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=(Tj_1---T )’“*1(Tk+1- )Ty Tio) - (Ty---Ti_y)
(17 --- )Tz - T1)(T1 - Tig—2)

= (Ti1-- ) YTps1 - Tim1) (T Tima) -+ (To - Ty—y)
X (Ticg—r---T2)(T1 - Tz k—1)(T1 - Ti—g—2)

= (Tieq1-- )kH(TkH )Ty Ti2) -+ (T - Ti—)
X (Ti—p—1 - T1)(To - Tj—p—1)(T1 - - - Ti—g—2)

Z(Efl“'Tl)kH(TkJrl' Tie )(Tk Tig) - (T Tigy1)
X (Tp - Tip)(Ticgr - T1)(To - Tigp)(Th - Tig—2)
— (Tiil...Tl)k-H(Tk_i_l. )T -Tiea) - (Ts -+ Tigi)

X (Ti—g---T1)(T3 - - 'Tz'—k)(Tz - ‘Ti—k—l)(Tl o Ti_p—2)

= (Tj_y - 'Tl)kH(Tz'—l T (Tygo - Tio1) (Thgr - Tio) - (Ty - - Ti—p—z)
= (Tj—y - T (Thpo - Ti—1) (Thogr - Ti2) - (Th - - - Ti—p—2).
By taking k =i — 1, we find (ti_lg;l) e (togl—l) = (T;_1---T1)". Now we see that
G = ((tT7Y) - (T ) (T - T)) = (T Ty
_ t—i(i—1)(tz‘—1§i—1) o (tOgl—l) — $72(=1)=2(i~2)——2(1)~2(0) (ti—lgi_l) L (to§1—1)
- (f(ifl)g;l) ... (ng;l) — A Ay,

where A; := t_(j_l)gj_l. [ |

It will be important for our purposes later (Proposition 3.15, for instance) that we are able
to understand not just the ©()-weight spaces spanned by each F, but rather exactly where this
vector lies in that space. The next result determines a specific scaling factor for the Fi,,r) in
terms of the standard basis of V). Putting the results of this section together gives the following.

Corollary 3.12. For T'€ RYT>o(\), the triangular expansion of Fi,yr) has the form
Ftop(T) = tibTXV( ) &® €S + Z Xﬁ ® UB
B=w(T)
for some vg € S).

Proof. First, notice that for 7" € RYT>o(\) wiop(ry = v(T). From Proposition 3.10 and
Lemma 2.18,
fleop(1)) = 67D gD )

= AV (A 4 DT (A A) D (eer)
— A(V(T)l_V(T)Z)+"'+(V(T)n71_V(T)n)""V(T)n . A(”(T)nfl—V(T)7L)+V(T)nAV(T)n

n—1

x (es(T))

T ——1I\v(T)n
= (61 ) v - (0,) @ (es(r))
— +—V(Mhlesry(D)=(A-1)) ., p=v(T)nles(r)(n)—(n—1))

=t i v(Tiles(ry (i)-‘ri—l)e

es(r)
sy =t "Tegr).

Therefore, the leading term of Fi,,r) is

X Won(T) ® f(tOp(T)) = tibTXV(T) & €s(T)- o
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3.2 Connecting maps between V,)

Here we define connecting maps between the modules V), which satisfy many exceptional
properties. These connecting maps are certain lifts of the maps q /\n from Lemma 2.28 and will
be instrumental in the construction of the Murnaghan-type representations of £7. We will show
that the our connecting maps are well behaved with respect to both the standard basis and the
non-symmetric vv Macdonald polynomial bases of V).

Definition 3.13. Let A € Y. For n > n), define @E\n): Vi) = Vym) as the Q(g, t)-linear map
given on any element X* ® v € V) 41y by

(ID&H)(XO‘ ®@v) = L(apy1 =0) X - X" ® qg\n)(v).

It is non-trivial and somewhat counterintuitive that the Z,-modules V) should be related
in a direct way given that the algebras 2, fail to include naturally as subalgebras (unlike the .77,
and «/,). However, the next proposition shows that the connecting maps <I>E\n) satisfy multiple
exceptional properties upon which the remainder of this paper heavily relies.

Proposition 3.14. The map @g\n) satisfies the following relations:

e dT, =T 0" for1<i<n-—1.

e X, = x,0" for1<i<n.

e X, =0.

. CI)&n)t_”ﬂ'nHTn = t_(”_l)ﬂ'n@gn).

° @;")Hgnﬂ) = 91(”)@()\") for1 <i<mn.

o 50 (050 - W) —o,
Proof. From Lemma 2.28 and Definition 3.13, it follows immediately for all 1 < ¢ < n —1
and 1< j <n, that &7, = 1,6, " x; = X;0{" and ®{" X, = 0.

Let X* ® v € Vy(t1). By direct calculation, we find

O Ty (XT - X0 @)
— o\, X0 XTI, (XS X0 ® v)

n n+1
_ (I)g\n)t—nXén . Xsnilﬂ'n—&-lTn (XSnX::jHLl ® U)

= XS X010 T (X X0 @ 0)
— t—nxéll .. Xgnq

XanXan+1 _ XOén Xan+1
X (I)g\n)'ﬂn+1 (Xr?llX??n_‘—lTn Qv+ (1 - t)Xn E ntl USRSl X ’U>

Xn - Xn+1
= X5 X1\ (¢ X X 1 T @ 0

(679 n Qn,
Xon X = X X ®v>

1-H)X
+( ) n+1Tn+1 Xn — Xn+1

= IL(O‘nJrl = O)t_nqanX?nXQOq T Xgn71¢&n)(1 @ Pn+1 (7Tn+1Tn)U)
= L(anss = 0 g™ XEn X1 X010 (1@ Ty - 1)
= :ﬂ_(an+1 — O)QQanangl .. 'Xf;"71 B Tl_l - nglqg\n) (’U)

On the other hand, we see

t*(nfl)ﬂnq)f\”) (Xla - Xﬁi{l ® q))
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= L1 = 0t~ Dy (X7 X5n) @03 (v)
a1 = 0t~ Dg ™ XPn X5 X3 @ po(ma) (" (v))
= :ﬂ_(an+1 — O)QQanangl .. .Xﬁ‘nfl B Tl_l - nglqg\n) (’U)

Therefore, @g\n)t_"wnHTn = t_(”_l)wnq)f\n) as desired.
Now, let 1 < i < n. We see that
(I)g\n)el(nﬂ) _ @g\")t_("_Hl)Ti:ll T 1 T - T
— ¢ (@ T T - T
— ti_lﬂill .. 'T1_1 (t—(n—l)ﬂnq)g\”))Tn_l T
— D T e, Ty - T = 0 (Y,

1—

Now, let o € Z’;gl and 7 € SYT()\("H)). We find

oMo V(X @e,) = o T T (X @ )
= (I)E\H)Trjl .. .Tl—lqan+1X104n+1Xén .. X;fb‘il ® prua1(Tna1)er

= T TP XS X (L T T ).

If ap+1 > 0, then this evaluates to 0 since

n

o T X = e X, T, T = 0,
Hence,

{0 (XY @ er) = Lampn = 0@ T - TTIXS - XS (L@ T T ).

By repeatedly applying Lemma 3.8, we see that as maps Vym+1) = Vyim)
-1 —1(mp—1 n
(I)&R)Tn Ty (Tl XSI)X§2 X

q)(n) —1 -1 Xal —1 —1 X Xi)él _Xéxl Xaz Xan
=o', - P (-t X X, )8 A
= X{“(I)&”)Tn_l ... TleélZ .. Xgil

Xp - Xg° .
x, —x, A

= Xf”cbg\")Tn_l .. -Tf1X§2 e Xgil

+ (1=t et Ty X,

—1\;—(n—2) (n) Xill_XQal (o) Qan,
+ (11—t oY X,MT,@_l---BﬁX3 D

= X{1 O\ T XS X 40

= X T T (T X T X X

= XPXgReT T X X

= Xf“l .. -XS"@E\n)T,;l .. 'Tl_l'
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As usual, let CJy denote the unique square of the skew diagram A("+1) / A Returning to our
main calculation now shows

( )97(::’11) (Xa ® 67—)

= Lapy = )T T X X0 (L@ T T er)
apir = )X X T T (1@ T Ty e

( )
( ) n
(an+1 — )Xlal L. Xan(I)(Tl) (1 ® tnT_l L Tl—lTl—l L. Tn—l<eT))
(anp1 = 0) X7 - x2na( (10 80 (er)

(a1 = 0)X{ - X (! (1@ ¢ Ve )

_ tcT(n-&-l)ﬂ(anJrl _ O)Xlal . _Xscn ® qg\n)( T)

= t°C 1 (1 = 0)1(r(To) = n+ DX - X" @ ey

= 1" M L(ape1 = 0)1(r(Dg) = n+ DX X2 @ ey = ) (" VX @ ey).

Therefore, CID& )(0&;1) tn—lAl) =0. n

Here we utilize the exceptional properties in Proposition 3.14 to show that the F: behave
well with respect to the connecting maps ® )\n) from Definition 3.13.

Proposition 3.15. Let n > ny and Oy = A"V /XM, For 1 € PSYT»o(A™*Y), we have

@E\n)(Fr) = FT',\(")’ 7o) =n+1,
0, (o) #n + 1.

Proof. First, we deal with the case when 7(0yp) = n+ 1. Let T € RYT>g (A(")) and let
T € RYT>q ()\("H)? with 77(0p) = 0 and 7'\ = T‘Aé"i' By looking at the eigenvalues
of 9(n+1) .,92”“ on Figpry and the eigenvalues of 6, "6, on Fiop(T), we see that
<I>( )(Ftop 11) = BFiop(r) for some scalar 3. We now show that B = 1. From Corollary 3.12, we
know that

Ftop(T’) — t—bT/XI/(T/) ® eS(T’ Z XB ® Uﬁ
B=<v(T")

and

Fpry =t " X" D @egry+ > XP@up
B=v(T)

for some vg € Syn) and v/’@ € S}\%n+1). Since T"(0p) = 0 and T"|ym) = T'|\m), it follows that
brr = by, v(T") = v(T) % 0, and q/\n)(eS(T/)) = eg(r). Therefore,

(I)g\n) (t_bT'Xy(T/) &® 6S(T’)) = t_bTXV(T) X es(T)-

Now if 8 < v(T"), then <I>( )(Xﬁ ® v ) =1(Bnt1 = O)Xﬁl- X @ q(n)(vﬁ) cannot be of the
form X*(T) @ w for any w € Sym). As such the coefficient of X*() @ es(r) in the standard basis
expansion of <I>( )(Ftop(T/)) is t 77 Since this agrees with the same coefficient in the expansion
of Fiop(r), We know that 8 = 1 and thus <I>( )(Ftop(T/)) Fiop(T)-

Consider any 7/ € PSYT5o (A1) with 7'(0o) =n+ 1. Let

T’ =Py (1) € RYT5o(A"T).
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Then T'(0y) = 0 so if we set T :=T"|,(n), we have that @E\n) (Fiop(17)) = Frop(r)- Write 7 :=
7'|\m)- As seen before, there exists a sequence 7 < s;, (1) < -+ < s, -+ -8, (1) = top(T'). Since
7(0o) = n+ 1, we see that 7/ < s;,(7') < -+ < s, -+~ 54, (7") = top(T”) as well. For each 1 <
j <r, we consider using the intertwiner operators from Proposition 3.2 to obtain F; siy8,_y iy (7)
from FSij, esiy () We have that

1

(t - 1)qwsij—1"'si1(7)(ij+1)tcsij_1

“Siy () (7’]) Cs

+ g

sy (1) (35 +1)

T+ . : .
25 Wy 5iy (,.)(Zj) _ qwsij (T>(’Lj+1) CSij71.4.5i1 (T)(lj-i-l)

1Sy +

e
X (Fsij71 “8iy ('r)) = Fsij (81'];1 841 (7))
Now the same exact formula holds with 7 replaced by 7/. Importantly, we have that

w 841 (T) (Z] + 1) = wsijil'“sil (") (ZJ + 1)7

Siq (‘r)(ij + 1) = Csij,l"'sil (T/)(ij + 1).

Sij_q-

Cg.
Sij_q

Therefore, we may write
Dj(FSz‘j,l"'Sil (7.)) = Fsijsij,l“'sil (r) and Dj(FSij,l“'Sil (.,./)) = Fsijsz‘j,l"'sil(T’)

for D; € o, C (1) of the form D; = T;, + a; where a; € Q(g,t). Here we have used
tT_ =T, +t — 1. By using the quadratic relatlon for T;;, we may locally invert the operator D;
in the sense that there exists operators C; € <7, with

and F

F Sij_q 50y (7)) = Cj(FSijSij_l"'Sil(T’))'

siy g iy (1) =

C;(F,

SijSij_qSiy (7’))

Therefore, if we assume that @E\n) (Fs; 1._,Si1(71)) =F 81,y siy (7)) then

) s
37— 3

(n) _ ) _ (n)
(I))\ (Fsij,l"'sil (‘r’)) - (IDA (Cj<Fsi.si,7l~-~sil (7”))) - qu))\ (Fsijsijil-usil (T’))

J 77

SijSi; 1 Sip (r) — Fsij,l'”sil (r)-

Thus by induction, since we know <I>E\n) (Frop(17)) = Frop(T), it follows that <I>g\n) (Fy) = F-.
Lastly, we consider the case of 7(Cy) # n + 1. Then 7(0y) = ig® with either i # n + 1
ora>0. If a >0, then 7 = ¥(7') for some 7/ and thus from Proposition 3.2, we know X,,1;

divides F,. Since <I>( )Xn+1 = 0 it follows that (I>( )(F ) = 0. Suppose a = 0 and i # n + 1.
Notice for any m > n) that the largest power of t occurring in the ©0™)-wei ht of any F/
with 7/ € PSYT5q(A™) is exactly tm=A=1 Since i # n + 1, we know that if ®\"(F,) = BF,
for some nonzero scalar 8 and 7/ € PSYT> ()\("H)), then the maximal power of t occurrmg in
the ©(™-weight of F,s is t"~1* coming from

0:(F) = 0; (8 () = ( (6:(F))) = ™ (1P ) = () (1) = ¢,
Thus, CIDS\”) (F;) cannot be a ©(-weight vector in Vym and so 3 = 0. |
The maps @E\") possess another important stability property.

Proposition 3.16. For all £ € Z\ {0} and n > ny,

n+1 n

‘I’(An) Z(0§n+1))f_ Z S (m)) Z(ej(ﬁ))é_ Z £e(D) (I)E\n)'

j=1 Oe(n+1) j=1 Oex(®)
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Proof. Let ¢ € Z\ {0} and n > ny). As usual, let Oy denote the unique square of the skew
diagram A1) / A Directly from Proposition 3.14, we see

n+1

(I)g\n) Z(9§n+1))z_ Z tZC(D)
Jj=1 Oex(n+l)
=l [ Do(0) = 30 O ) e ((0) - )
Jj=1 Oex)
- [y - ) e ey - e,
Jj=1 Oext)

It follows from the relation 3" (6(n+1) —t”*w) = (0 and the fact that 9(n+1) is invertible
() ( (DY e K m
on Vy(+1) that @) ((0 ) - té("_|’\|)) = 0. Therefore,

n+1
) [ =t £ () ¢ (n)
V(O = Y O = 3e) - Y O | ey n
j=1 Oex(nt1) J=1 Oext)

4 Positive EHA representations from Young diagrams

In this section, we construct the Murnaghan-type representations V[N/,\ of &1 along with specified
bases Py which generalize the symmetric Macdonald functions. The representations W) are
shown to be mutually non-isomorphic and for A = & the representation Wy may be identified
with the representation of £ on the space of symmetric functions Ag;. The action of Py € ET
gives an analogue of the Macdonald operator A for each of the spaces W). We give explicit
formulas for the spectrum of A on each W) and recover the known formula in the A = & case.
To accomplish these results, we consider the spherical modules W, ) corresponding to the Z,,-
modules V) as n varies. We show, after restricting the connecting maps @E\n) to the Wy,
they are equivariant with respect to the Qflph actions in the sense of Definition 2.42. At the
same time, we construct the bases B, by further studying the combinatorics underpinning the
PDn-modules V().

4.1 The .@iph-modules Wi

We now consider the spherical DAHA modules and symmetric vv polynomials corresponding
to the positive DAHA modules V), and the non-symmetric vv polynomials F; considered in the
prior sections.

Definition 4.1. For A € Y with |\| = n, define the Z2°P"-module W := ™ (Vy).

The F; expansions of any symmetrized element of any .o ,-submodule Ur satisfy a simple
set of recurrence relations.

Lemma 4.2. Let T € RSSYT>o(X) and v € e (Ur). Suppose that v has the following expan-
sion into the I, basis v = ZTGPSYTM()\;T) o O
Then for each T € PSYT>o(N; T') with 1 <i < n—1 such that s;(T) > 7, we have the relation

B qu(i)tcT(i) _ qu(iJrl)tcT(iJrl)
Rsi(r) = 1R

qur (D) ¢er (i) — qur (i+1) per (i+1)+

As a consequence, if Kiopry # 0, then each coefficient ki is also nonzero.



32 M. Bechtloff Weising

Proof. Let 7 € PSYT>o(A;7T) and 1 <i <n — 1 with s;(7) > 7. Note that Q(q,t){Fr, F, (-}
is a 2-dimensional submodule for Q(q,t)[T;]. The T;-invariant subspace of Q(q, t){Fr, Fy; ()} is
given by Q(q, t)(l + tTi_l)FT. From Proposition 3.2, we find

(1 _ t)qwr(i+1)tcr(i+l)
qu(i)tcT(i) _ qu(iJrl)tc,—(iJrl)
qu(i)tcT(i) _ qu(i—&-l)tcT(i—l—l)—i-l

(1+tlTiil)FT:FT+tE71FT:FT+FSi(T)+ F-

= Fyr) + @ ger () — qur (it Dger (1) Fr.

Since v = ZT€PSYT>O()\ .7) Kr 7 is Ti-invariant then we know that in partlcular ke Frt kg, () Fs, ()
is also Tj-invariant and therefore must be a scalar multiple of (1 + T )F Therefore,

gor@¢er (@) _ qur(i+1)ger(i+1)+1 -
qwr(i)tc-r(i) _ qu(’L'Jrl)tCT(Z'Jrl) Ksy(r)I'r

Frbr + s, () Fsir) = Fsi(n) i) +

and so

7 @) ger @) _ gur ) e (i41)
Ksi(r) = qu(z)tcT(z) _ qu(z+l)tcT(z+1) Kr. u

Using the recurrence relations in Lemma 4.2 and the irreducibility of each of the .7,,-
submodules Ur of V), we may determine which 7" € RYT>(A) have a non-zero space of
H p-invariants €™ (Ur).

Proposition 4.3. For A € Y with |[A\| =n and T € RYT>o()),

ey (Ur) = {1, T € RSSYT50(N),
0, T ¢ RSSYT>o(A).

Proof. By Proposition 3.6, each &/ ,,-module Ur is irreducible with simple O™ spectrum. This
implies that dimQ(qi)e(”)(UT) <1 for any T € RYTx((A). Further, we have that ¢ (Uyr) is
zero if for any ©-weight vector v in Uz, €™ (v) is zero. If T € RYT>0(\) \ RSSYT>0(A), then
there exists a pair of boxes [J;, s € A with [J; directly above (g such that T'(0;) = T'(Og) = a.
Hence, top(T)(01) = ig® and top(T)(Tz) = (i-+1)g® for some 1 < i < n—1. Then Ty(Fop(r) =
—tFyop(r), Which implies that €™ (F,,7)) = 0. Thus ¢ (Ur) = 0.

Alternatively, now suppose T' € RSSYT>o(A). Following Lemma 4.2, we construct a vec-
tor v € Ur of the form

v = Z krFr,

TEPSYT>o(NT)

where kop(r) = 1 and if s;(7) > 7, then

qw"(i)tc"(i) _ qu(iJrl)tcT(iJrl)
Rsi(r) = qor(Dter (@) — qur(i+D)ger (i41)+1 R

These coefficients k, have the property that if s;(7) > 7, then

Ti(kr Fr + Koy Fyy () = 60 Fr + Koy Fy (1)

) ) wr (8) gor (i) _gwr (i4+1) ger (i+1)
q q .
By construction, v # 0 since 70r(ger () —gur (D 7er (DT # 0 whenever s;(1) > 7. We show

that Tj(v) = v for all 1 <i <n — 1 and thus €™ (Uy) # 0.
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We find that
Ti(v)= Y.  kT(F)

TEPSYT>o(NT)

= Z T; (’%T(F’F) +/isi(7')(Fsi(T)))
(1,8:(7)) PSYTZO()\)2
si(T)>7
+ > kT3 (Fr) + > 1. Ty (Fr)
TGPSYTZ()()\) TEPSYTZ()()\)
i,i4+1 same row of T i,i+1 same column of 7

= Z ("{T(F‘F) + K’Si(’r)(FSi(T)))

(7,8:(7)) PSYT>0(A)2

si(T)>7
+ Z L Z (_t)KTFT‘
T7€PSYT>0(A) T7EPSYT>0(A)
i,i+1 same row of T i,i+1 same column of T
Thus,
Ty(v) — v = > (14 t)k, Fy.
TGPSYTZ()()\)

i,i+1 same column of T

Lastly, since T € RSSYT>0() there cannot be any 7 € PSYT>((X; T') with 4, ¢ 4+ 1 occurring
in the same column as necessarily this would imply that 7" would have redundant values in those

boxes contradicting the fact that T is reverse semi-standard. Hence, the above sum vanishes
and we find T;(v) = v. [

Finally, we are able to define the symmetric vv Macdonald polynomials following the con-
ventions of this paper. By combining Lemma 4.2 and Proposition 4.3, we are able for each
T € RSSYT>0(\) to uniquely specify a non-zero vector in €™ (Ur).

Definition 4.4. Let T € RSSYT>()\). Define Pr € €™ (Ur) to be the unique element of the
form Pr = Fopr) + Zy kyFy, where the sum above ranges over y € PSYT>o(\) with py(y) =T
and y < top(T).

Now we are able to explicitly compute the F, expansion of each Pr using the recurrence
relations found in Lemma 4.2.
Corollary 4.5. For all T € RSSYT>o(A),

qT(Dl ) tc(D1)+1 _ qT(D2)tC(D2)

PT = Z H ( qT(Dl)tc(Dl) _ qT(Dg)tC(DQ) > FT.

TEPSYT>o(MT) (0y,02)€Inv(T)

Proof. For 7 € PSYT>o(\; 7)), let

T(D1) C(Dl)+1 _ T(Dg) C(Dg)
K — H <q t q t )

T (O c(Od _ T(0O (0
(O1,02)€Inv(T) q (E0)¢e(C) q (B2)¢c(02)

From Lemma 4.2, it suffices to show that

® Kiop(r) = 1.

wr (i) per (2) _ ,wr (i41) rer (i+1)
o If 5i(7) > 7, then kg ;) = (-4 : 4 :

g7 D ger () _qur ((F D ger GFDTT )“T-

It is easy to see that Inv(top(7')) = @ 80 Kyop(7) = 1. Suppose s;(T) > 7. Let OO, g6+l e )
denote the boxes of A\ with 7(0®) =ig® and 7(00+V)) = (i +1)¢" for some a,b > 0. It is
straightforward to check that Inv(s;()) = {(O®,00+F1)} UInv(r).
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Therefore,

qT(Dl)tC(D1)+1 _ qT(D2)tC(D2)>

Ksi(r) = H < T(O1)4e(01) — 4T(02)4c(02)
(O, O2)elnv(s;(r)) \ 7 (Oue(0) — T (O2)4e(0e

qT(D(i))tC(D(i))+1 . qT(D(i+1))tc(D(i+1))
qT(D(i))tc(D(i)) _ qT(D(””)tC(D“*”)

< I

(Dl ,DQ)EIHV(T)

B qu(i)tcT(i) _ qu(i+l)tcT(i+l) =
=\ e () — qur D) ger (i) +1 K-

qT O @)+ _ g T(@2) ()
gL O ¢e@) — ¢T(02)4c(C)

We look now at the action of the special spherical DAHA elements Pé?.

Proposition 4.6. Let |\| =n. The set {Pr | T € RSSYT>o(\)} is a Q(q,1) [9?1, . ,0%1]6”-
weight basis for Wy. Further, for ¢ € 7\ {0}

Py (Pr) = (Z q”@t@c@) Pr.

deA

)

Consequently, P(gﬁ acts on Wy with simple spectrum

{Z " |17 e RSSYTZO()\)} .

Oex

Proof. It follows directly from Propositions 3.6 and 4.3, that the set {Pr | T € RSSYT>o(A)}
is a linear basis for "W). We need to show that the Pr are Q(q,t) [9{51, e ,Hfllgn—weight vectors.
Let T € RSSYT>0()\). Then from Definition 4.4, we know that Pp = Be(® (Fiop(r)) for some
nonzero scalar 5 depending on 7. Then for any ¢ € Z \ {0}, we have that

SO | (Pr) = | DoO7) | (B (Fioper)) = 8™ [ | S5 | (Fuopir))
j=1 j=1 Jj=1
j— Be(n) Z qewtop(T) (j)tectop(T) (.7) Ftop(T))
j=1
— e ((Z qu)tec(D>> Fy (T))
Oex
— <Z qZT(D)th(D)> ﬁe(n)(Ftop(T)) _ (Z qET(D)tZC(D)> Pr.
e OeX

Hence, Pris a Q(q,t) [9%1, . ,031]6"-Weight vector. Now let S € RSSYT>((A) and suppose
that

3 OO 2 3 SO0,

Oex OeA
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Fix any d € Z. Since g and t are algebraically independent over Q,

Z O = Z FSO

e OeA
c(0)=d c(0)=d

Since the labeling T is reverse semi-standard, the values of T'(0) for O € X with ¢(0) = d
are all distinct and strictly decreasing down the d-diagonal. Of course, the same is true for S.
Therefore, the values of T' and S agree along the d-diagonal of A. As d € Z was general, it
follows that T'=S. Thus the spectrum of the operator Péﬁ) on W) is simple. |

As mentioned previously, the non-symmetric vv Macdonald polynomials do not agree with
those of Dunkl-Luque. To see this simply note that the F. in this paper are ©(-weight
vectors but the non-symmetric vv Macdonald polynomials of Dunkl- Luque are weight vectors
for the standard Cherednik elements § =nmiHl T17rnTn_1 T “Lfor1 <i < n.
Although similar, the 8’s and the £’s are not the same and in fact do not have the same spectrum
of V). However, we are able to show that, once symmetrized, the symmetrized vv polynomials
agree.

Corollary 4.7. The symmetric vv Macdonald polynomials of Dunkl-Luque [11, Theorem 5.27]
agree with the Pr of this paper up to nonzero scalars.

Proof. The Z,-modules V) in this paper are isomorphic (after aligning conventions) to the
P p-modules M in Dunkl-Luque’s paper. Dunkl and Luque characterize the symmetric vec-
tor valued Macdonald polynomials as elgenvectors with distinct eigenvalues for the opera-
tor 51 -+ §n actm on €™ (M,). Here f are the standard Cherednik elements given
in our conventlons by f =" i+1T 1 TmnT 1 T 1A simple calculation shows that
the spherical DAHA elements € (f + &y Tﬁ) n) and e( )(Ogn) + -4 97(«?))6(”) are both
nonzero scalar multiples of €™, (™). Namely,

e(n) (QYL) R 9,(1”))6(”) — ™ (t_(n_l)ﬂ'nTn—l Ty 4+ T .T;l)e(”)

n—1
B O W
11—ttt
and similarly,
() (é n) ) )e (n) — ¢(n) (T Ty A t Ty - T17Tn)6(”)
= tl - M, e,
1-t¢

Since the spectrum of e(")w (™ acting on W) is simple, it follows that the Pp are eigenvec-
tors for (™ (f + -+ fn ) (") and hence agree with the symmetric vector valued Macdonald
polynomials of Dunkl-Luque up to re-normalization. |

4.2 Limit of the W)

Here we will leverage the exceptional properties of the connecting maps @E\n) and the polynomi-
als F to define limits of the spherical modules W,(,). To start, we identify a special stability
property for the Pr elements.

Corollary 4.8. For T € RSSYT»o(A™), let T’ € RSSYT5o (A" +D) be such that T(O) = T'(0)
for O e A and T'(0g) = 0 for Oy € A /XM Then, <1>( )(Pp) = Pr.
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Proof. Note that restriction from A™*Y to A\ identifies PSYTsq ()\(”);T ) as the subset
of 7 € PSYT> ()\("+1); T’) with 7(0g) = n+ 1. Thus, by using Proposition 3.15 in conjunction
with Corollary 4.5, we find that

T(Dl)tc(Dl)—f—l _ T(Dg)tc(mg)

(n) _ q q (n)
@)\ (PT’) - Z H ( qT(Dl)tC(Dl) _ qT(D2)tC(D2) ) q))\ (F‘r)
TEPSYT 5o (A+1);17) (01,02)€lnv(r)

T(O1)ge(0h)+1 _ qT(D2)tC(D2)>
7\

_ q
= Z H " ( ¢TO0) @) — gT(@2)4e(@2)

TEPSYT5o(A+1;77) (O1,02)€lnv(r

T(Do):n+1
B qT @) pe(@)+1 _ (T(0a)pe(H2) "
- Z H gL @) ¢e@) — ¢T(O2)¢c(02) NG
TEPSYTE()()\(”-FU;T/) (DI,DQ)EIHV(T‘)\(,”))
7(0o)=n+1
T(Dl)tC(D1)+1 _ T(Dg)tc(Dg)
= > I1 d a F=Pr. W
qT(Dl)tC(Dl) — qT(Dz)tc(Dg)
TEPSYT 5o (A();T) (O1,02)€lnv(r)

We will use the above result to define limits of the polynomials Pr. First, we must define the
required associated combinatorics.

Definition 4.9. Let A € Y. Define the infinite diagram \(>) := |
the set of all labelings T': A(®) — Zx( such that

o {O e )| T(D) # 0} < oo,

e T decreases weakly left to right across rows,

A" Define Q(\) to be

n>ny

e T decreases strictly top to bottom down columns.

For T € Q(\), we define the degree of T" as deg(T") := > ) T(0). Define the rank of T,
rk(T’), to be the minimal n > n) such that T!/\@O)\)\(n) =0.

Example 4.10. For A\ = (3,2, 1), below is an example of a labeling in Q(\)

5 1 3| 3| 2 1 0j0]0

3 | 2 0

T = € Q(N)
1 1
0

Note that T is strictly decreasing down columns but only weakly decreasing across rows. The
degree of T is deg(T) :=5+3+1+3+2+1+3+2+1 =21 and the rank of T"is rk(T") = 11.

We may now define the main objects of study in this paper.

Definition 4.11. Define the space W)(\OO) to be the inverse limit @W/\(n) with respect to the
maps @g\n). Let Wy be the subspace of all bounded X-degree elements of W/soo). For T € Q,,
define the generalized Macdonald function Br := lim, PT\A(n) € W.

Remark 4.12. The degree of each B is given simply as deg(Pr) = deg(T) = > qeree T(O).
It is clear from definition that the set of all P, for T' € Q(A) gives a Q(g, t)-basis of W).

Using the stability of the action of the PT(E) and PO(? operators, we may define the following
operators.



Murnaghan-Type Representations for the Positive Elliptic Hall Algebra 37

Definition 4.13. For » > 1, define the operator py : W>(\ ) _, W(OO) as the limit of multiplication
operators p? := lim, (X] + - + X};). For £ € Z\ {0}, define the operator A W( =) W( %)
to be the limit

ﬁ@oo) = lim (Zn: 9 n) Z ple™ >
" Jj=1 Oea(®)

Proposition 3.14 guarantees that for any r > 1, p} defines a well-defined operator on V[N/,\
which restricts to an operator on W) since p? increases X-degree by r uniformly. A simple
calculation shows the following.

Lemma 4.14. For all ¢ € Z\ {0} and T € Q(N),

) (By) = < Z (¢""®) — 1)t )‘BT

Oex(e)
Proof. Let £ € Z\ {0} and T € Q(\). Then

ﬁ&m)(%ﬂ = li7rln Z 0(n Z e hm PT‘)\('”>)

J=1 Oex()
(g

1 n _ Le(O)

= lim Z(Hj ) Z e (Pry ()
Jj=1 Oex(®)

_ ) ple(0) Le(Od

(3 (TONO - S Oy

Oex) Oex()

1 £T(d Lc(O

= hgbrl( Z (a () 1)t e )>PT|>\(n)'
Oex()

Importantly, for n > rk(7")

Z (qu(m) _ 1)t€c(D) _ Z (qu(D) B 1)tec(m)'

OeX() Oe(e)
Therefore,
: (70 Le(O : T(ad Le(O
Oex(®) de(e0)
_ ( Z (qﬂT(D) _ 1)t€c(D)> hrrzn PT'/\(n)
Oe(e)
_( Z (qu( ) )tec )‘43T -
Oe(e)

Corollary 4.15. For ¢ € 7\ {0}, the operator ﬁéoo) restricts to an operator on Wi.

Proof. Let £ € Z\ {0}. We know that the set {Fp | T € Q(\)} is a basis for Wy. From
Lemma 4.14, we further know that AEOO) acts diagonally on this basis. Therefore, Aéoo) restricts
to an operator on W. |

Example 4.16. For T' € Q(3,2,1) as in Example 4.10,

D Pr) = (- 1) + (@ - 1) ([t + )+ (- 1) (0 + )
+(@—D)t 2+t ) P
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4.3 Positive elliptic Hall algebra action on ﬁv/}\

Combining every result of this paper thus far, we are able to define a novel family of positive
EHA representations.

Theorem 4.17. For A €Y, W)\ is a graded ET-module with action determined for £ € 7.\ {0}
and r >0 by

b PO_>qpr7
L] Po,g%Aé )

Further, WA is spanned by a basis of eigenvectors {‘BT}TEQ()\) with distinct eigenvalues for the
Macdonald operator A = Agoo).

Proof. It suffices to establish that the map €T — Endg(q (W)\) satisfies the generating re-
lations of £T. Any such relation is a non-commutative polynomial expression in £ of the
form F(Py —p,...,P0,-1Po1,...,Por,Pio,...,Ps0) =0 for some r > 0 and s > 0. By an ar-
gument of Schiffmann— Vasserot [20, Lemma 1.3], there are automorphisms '™ of 25! such
that for all £ € Z\ {0} and s > 0, T((R{)) = B} — Y n 3 1@ and 1) (P)) = PLY).
By applying the canonical quotient maps II,,: W) —> W/\m), we see using Corollary 3 16 that as
maps

IL,F(Py,—r,...,Po—1,Po1,..., Py, Pro,...,Psp)
= P (B ) T (B, ), DO (). T (BLD), EO (),
),
=T (F(P,, .. BV R, Py P PRI, = 0.

As this holds for all n > ny, it follows that F(Py —p, ..., Po.—1,Po1,---, Por, P1o,...,Ps0) =0
in Endgg, (W)\) as desired. The last statement regarding the spectrum of A follows dlrectly
from Proposition 4.6 and Corollary 4.8. |

Remark 4.18. For 7' € Q(\) and ¢ € Z \ {0},

Poo(Pr) = ( > (¢ - 1)#0(5)) Pr

OeX(e0)

For A = @, we recover the polynomial representation of £ on the space of symmetric
functions A ;.

Proposition 4.19. W@ = Ay is the standard representation of ET. In this case, the sets (D)
and Y are in bijection and for all p €Y, B, = P, (3:; q_l,t) up to some nonzero scalar.

Proof. We begin by noticing that for alln > 1, @™ = (n) corresponds to the trivial representa-
tion S, of the finite Hecke algebra J#’,,. Thus p;,(S(,)) is the trivial representation of the affine
Hecke algebra 7, and so when we induce from &7, to Z,,, we find that the Z,-module V(n) is the
polynomial representation of &, (see [8, Theorem 3.2.1]). As such, W, is just the symmetric
polynomial representation of Qflph. In this case, the connecting maps ®,"” : Vint1) = Vin) are
the usual projections f(z1,...,Zn, Tpt1) — f(z1,...,2,,0) on symmetric polynomials. There-
fore, when we limit, we find that W@ is the space of symmetric functions A,; along with the
usual action of £T [20, Corollary 1.5]. The Macdonald element Py acts by the classic Macdon-
ald operator A on A, and has 1-dimensional weight spaces indexed by integer partitions p € Y
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each spanned by the symmetric Macdonald polynomial P, (x; gt t). Furthermore, for all p € Y,
A(Py(z;q74t)) = (Zl<i<€(u) (¢" — 1)t 1) Py (x;¢71,t). The sets Q(2) and Y are in canonical
bijection. Namely, given T' € Q(2) the labels of T are weakly decreasing to the right along @ (o)
and thus define an integer partition u € Y. By Lemma 4.14, for p € Q(@) = Y, ‘B,, has the
same A-weight as P, (w; g t). Therefore, B, = P, (w; g, t) up to a non-zero scalar. |

We identify a special element of each W)\.

Definition 4.20. For any \ € Y, define the labeling 73 of A\() by Tmin(0) = #£{ € A(*) |
O strictly below O}

Lemma 4.21. The labeling T/{nm is the unique element of Q(\) of lowest degree dy := Zizl T

Proof. It is immediate that since A is a partition, T){nin € Q()\). Further, by construction each
entry of T{" is chosen minimally in that for any 7 € Q(\) and O € ) TRin(0) < 7(0).
To see this, simply note that if T € Q(\), O € A, and [’ is the box directly below [,
then 7'(0) > T(Y). Hence, T(0O) must be at least as large as the number of boxes strictly
below 0. Therefore, T has the minimal degree among all elements of Q()\). Lastly, the
number of boxes 0 € A(*) with TP"(0) =i is A; so deg(T{"™) = d, as defined above. [

Here we prove that the modules W)\ are mutually non-isomorphic. Although intuitive, it is
not immediately clear apriori that the A-spectra of the modules W) will be distinct. However,
it is straightforward to verify that the A-weights of the minimal degree generalized Macdonald
functions ‘BTimn are distinct for distinct A.

Proposition 4.22. For A\, € Y distinct, fW/,\ 2 Wu as graded £T-modules.

Proof. Let A\, € Y and suppose that f: WN/,\ — Wu is a graded £T-module isomorphism. Then
by Lemma 4.21 we know that f (%T;mn) = aPpmin for some nonzero scalar o € Q(g,t). Further,

Po,l(f(mTinin)) = f(P071(SBT>r\nin)) = f(( Z (qTf‘in(D) _ 1)tc(D)> mTinin>

Oe(e0)
(5 @090 g
Oe(ee)
_ ( T (GO - 1)tc<m>>a%ﬁm,
Oe(ee)

On the other hand,

Po,l(a %T:}lin) = < Z (qu’g;in(D) _ 1)tc(D)>amenin )

DE#(OO)

By assumption, « # 0 so

ST (@O 1)@ = §T (¢BO) ),

Oex(e) Oep(o)
This gives
Z (qTﬁﬂi“(m — 1)@ = Z (qT:““(D) — 1)),
Oex(™) Dep(mu)

which after limiting ¢ — 0 gives > ., @) = Y e 4 t“&). By comparing the coefficient of t¢
for all d € Z on both sides of the above equality, we see that A and p have the same number of
boxes on each diagonal and are therefore equal. |
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5 Pieri rule for generalized Macdonald functions

Recall that we have defined (see Definition 4.13) multiplication operators py: Wy — Wy for
all » > 1. We may similarly consider the operators ey: W) — W)y for r > 1 defined by e} :=
limy, e, (X1, ..., Xy) where ex(ur, ..., up) == 321 4 <. oj <p Wiy * Ui, 18 the r-th elementary sym-
metric polynomial for any variables u, ..., u,. Proposition 3.14 shows that these operators are
well defined. The goal of this section is to derive and utilize an explicit combinatorial formula
for the action of the multiplication operators e? on W). We investigate the e} matrix coefficients
in the generalized Macdonald basis, which we refer to as the e;-Pieri coefficients, in more depth
and show that they satisfy a simple non-vanishing condition. We use this non-vanishing to prove
that the modules W) are cyclic.

5.1 Pieri rule preliminaries

First, we establish some useful lemmas. We know apriori that for any 7 € PSYT>o(\; T') for T' €
RSSYT>0()), €™ (F;) = (*)Pr up to some scalar (x). To find our Pieri rule, we must compute
these scalars (x) explicitly. First, we understand the Hecke-symmetrizations of polynomials of
the form Fn (7).

Lemma 5.1. For T € RYT>o()),

n u(T)]:! M (1)) ~t(o
el )(Fmin(T)) = [ [(n]t)']t Z t((2) (")« )T (me(T))
O'EGn/Gu(T)

Proof. The result follows from the following simple calculation:

| gl
E(n)(Fmin(T)) = W Z t(2) “ )TU(Fmin(T))

1
= W Z Z a’y (Fmin(T))

t-
7€6n/G(T) “/E‘“?’um

- [nl], Z Z E(’Y)T T (Fmin(T))

"
0€6, /6,1y VES (1)

1 @) M(T) . u(T iy

[n]i!
7€GR /(1) VG%(T)

= L‘ Z t((g)*(MzT)))*@(G)TU(me(T)) Z t(u(;))e(0)>

—

[1]:!
0€6n/6 (1) €S ,u(1)
(D)) (D)) —t(o
= Yo GO, (B n
GEGH/GMT)

The action of the Tj-operators on polynomials of the form F;,(r) may be partially understood
as follows.

Lemma 5.2. For RSSYT>o(\) and 0 € 6,/6 (1)

Ta(Fmin(T)) = Fo(min(T)) + Z nrFr

7<o(min(T))

for some scalars n,.
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Proof. We proceed by induction using the fact that PSYT>((A; T') is isomorphic to &,/6 1)
as posets which we saw in Remark 3.7. Certainly, the statement holds trivially for 7 = min(7).
Take some o(min(7")) =7 € PSYT>o(\; T') with s;(7) > 7 and suppose that

Ty (Fmin(T)) = Fa(min(T)) + Z Ny Forr
7' <o(min(T))
for some scalars 7. Then using Proposition 3.2,

Tsia(Fmin(T)) = r—FiTa(Fmin(T)) =T;F + Z N T

7/ <o (min(T))

+ (1 _ t)q’wT (i)tCT (Z)
i) T w0 per () — guor (D ger Gr ) - T

(1 = t)gur Dgerr @
+ Z ) Nrr (FSi,(T’) + qu/(i)tcT/(i) _ qu/(i+1)tcT,(i+1) F.

7/ <o (min

= Flao)min) +  »  MpFp n
7' <(si0)(min(T))

The above lemmas may now be used to compute the symmetrization of each F in terms of
the Pr basis.

Proposition 5.3. For T € RSSYT>((\),

[1(T)]!
[n]t'

G(n) (Fmin(T)) = Pr.

Proof. Recall from Definition 4.4 that the coefficient of Fi,,7) in Pr is 1. We know from the
proof of Proposition 4.3 that since T € RSSYT>o()), e(”)(Fmin(T)) = aPr for some nonzero
scalar o. Let 0 denote the longest element of &,,/& (1. Note that og(min(7")) = top(T). We
now use Lemmas 5.1 and 5.2 to compute the coefficient of Fi,,7y in e(”)(Fmin(T)) determining o

) (Fpipry) = LIE S A GO (B )

|
[n]t‘ UEGn/Gu(T)
[u(T)]¢! ) (MDY —g(o o
Tl S O Fyiry + D i
0€6,/6 (1) 7<o(min(T))
T)]! nY_ (KT _g(o,
= [’u[(n]t)']t Foo(min(T))t((2> ("%7)=Heo) + Z 0. Fr
’ 7<o0(min(T))
[(T)]!
SR e S
’ T<top(T)
Therefore, o = LTIe! [ |

[n]t' :
Now we compute the scaling factors between each €™ (F;) and €™ (Fiop(T))-

Lemma 5.4. For t € PSYTZ()()\) with p)\(r) =T¢€ RSSYTZ()()\),

)= ]I

(O01,02)€Inv(r)

gT@)eCh) _ (T (H2)3e(02)
€ n)(F 7))
qT(E)¢eCr) — ¢T(B2)¢e(B2)+1 top(T)
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Proof. Let T' € RSSYT>0(A) and 7 € PSYT>o(\;T') with s;(7) > 7. Then using Proposi-
tion 3.2, we see

_ w‘r(i) Cf(i)
(n) _ (t = 1)g* ™t
o Fum) = ((T T e ® — gurge e )

_ (t — 1)gwrDeer @ (n)
= (1 + qu(Z)tcT(Z) — qu(Z+1)tCT(1+1) € (FT)

B qu(i—l—l)tcT(i—‘rl) _ qu(i)tcT(i)—i-l (n) . )
o qu(i+1)tcT(i+1) _ qu(i)tcT(i) T

Using an induction argument nearly identical to the proof of Corollary 4.5, we see that for
any 7 € PSYTZ()()\7T)

)= ]I

( gTED¢e@) _ (T (E2)4e(H2)
(O1,02)€Inv(T)

gT(On)¢eCr) — qT(Dg)tc(Dg)+1> e” (Ftop(T))' u

Finally, we may compute each e(”)(FT) explicitly in terms of the Pr.

Corollary 5.5. For p\(7) =T € RSSYT>o()\),

T(Dl)tc(ljl) _ T(Dz)tC(DQ)
(F) = Kr(g,t) ] (q a ) r,
)

(O1,02)€Inv(T

qT(Dl ) tC(Dl) _ qT(Dg)tC(Dg)+1

where

W(TY]! qT(Dl)tc(D1) _ qT(Dz)tc(Dz)Jrl
Kr(gt) = [(n]t)!h 11 ( L@ ¢e@) — T @2)ge@) |
(O1,02)€Inv(min(7T))

Proof. We begin by noting that from Lemma 5.4 applied to min(7")

H < qT(Dl)tC(Dl) _ qT(D2)tC(D2)

€™ (Fyin) = ¢T @)@ — qT(Dg)tc(Dg)-H) € n)(Ftop(T)).

(O01,02)€Inv(T)

But from Proposition 5.3, we know that (™ (Finin) = WPT SO

|t

II

( ¢TO)e@1) _  T(O2)4(02) ()]
(O01,02)€lInv(r)

gT (@) ¢e@) — qT(D2)tC(D2)+1> ¢ (FtOp(T)) B [n]¢!

Thus (™) (Fiop()) = Kr(g,t)Pr as defined in the corollary statement above.
Lastly, we can now use Lemma 5.4 to finish the proof. |

The last lemma of this section relates the action of e} to the action of +), on symmetrized
elements.

Lemma 5.6. For1 <r <n,

6(")6T(X1, e Xn)e(”) = ¢~ (=Dt n=r)) g (1, .. ,t"il)e(")%ﬁje(").
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Proof. First, we show by induction that for 1 <r < n,
AT = (=1 ++(n—r) (Tnf_l1 e Tfl) (T7:—11 e T;lTl) . (T{—11 .. -TT_ITrq e Tl)Xl o X
For r = 1, we see that v, = X,,Tj,—1---11 = tTl*lTn__l1 . 'T1_1X1- Suppose this equation holds
for some 1 <r <n — 1. Then we have
AL = ATy, = g DA () (Tn_—ll .. .Tl—l) (Tn_—ll .. -T2_1T1) . (Tn_—ll Y s LR 1)
x X1 X" T X
— $(n=D)tt(n—r)m—1 (Tn_—ll ... Tl—l) (Tn_—ll ... T2_1T1) .. (Tn_—ll T 'Tl)
x Tt - 'Tr_+11X1 X, TN T X
A simple calculation verifies that Xy - - - XTT,,_1 e Tfl =t7"T,---T1Xs--+ Xy41. Therefore,
r+l t(n—1)+~~~+(n—7’)tn—1(Tn:ll .. Tfl) (Till .. T{lTl) .. (Tnill T Tl)

n n
% T7;11 .. ‘Trllﬁ_rTr T X Xo - X
— (n=D++(n—r)+(n—(r+1)) (Tn_—ll - Tl—l) (Tn_—ll .. T2_1T1) .
% (Tn_—ll .. 'Tr_lTr—l .. -T1) (Tn—_l1 - .TT—+11TT ces Tl)Xl oo Xy,
which is of the correct form.
We see that for any 1 < r <n,
eMAr e = (()pn=1)+-+(n-) (Tn_—ll e Tl—l) (Tn—_ll e T2_1T1) e

% (Tn—jl . TflTr—l . Tl)Xl .. Xre(")
— (=Dt () L x )

Suppose that 1 =ig < i1 < -+ <4y <ipp1 = n with 4; <i;47 — 1 for some 0 < 57 < r. Then

Xiy o Xy X1 Xy Xy oo Xy = Xy oo Xy (t_sz‘;lXijTi;l)XijﬂXijw e X,
= tTi;IXil e Xy X Xy Xijp o XirTz';l
= tTi;lXil . ‘XirTi;la
which shows that
E(n)Xil TP CHED. CHED. D, CIFEES Xz‘TG(n) — te(")Xil .. .Xire(n)‘

It follows that for any 1 <i; < --- <1, <mn,
e(”)Xil .. Xirf(n) — t(irfr)+~--+(i1*1)€(n)Xl .. 'Xre(”).

Now we see

e (X1, Xop)e® = ) < Y X .Xz,>6<n>
1<i1 < <ipr<n
= Z eMx; - X; e
1< <-<r<n
= Z tlir=r)+t =D () x L x ()
1<i1 << <n
=S R (Db ) )y ()
1<i1 < <ir<n

:t<<n1>+-~-+<nr>>< 3 t(n1)+-~-+<ur>>€<n>%6(n>

1<iy <--<ip<n
— ¢~ (n=Dtt(n=r)) o (17 o ’tnfl)e(n)%ge(n)‘ [ |
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5.2 Pieri rule

Using the above lemmas, we may derive an explicit formula for the action of e, on the symmetric
vv Macdonald polynomials in the finite variable situation. We then use the stability of the Pr
to derive a similar formula for the L.

Theorem 5.7. For T'€ RSSYT>¢(\) and 1 < r < n, we have the expansion

er(X1,..., Xn)Pr =Y dy)Ps,
S

where for S € RSSYT>o(\) we have

qT(Dl)tC(D1)+1 _ qT(D2)tC(D2)>

_ Z ger(D+-er(r) H
qT(Dl)tc(Eh) _ qT(Dz)tC(DQ)
TEPSYT 5o (\T) (O1,02)€lnv(r)

s.t.
U (T)EPSYT>0(A;S)

S(O1)4e(01) _ (S(O2)pe(02)
< I (qg(Dl)tC(Dl) - qg@zncmzm) |
(O01,02)EInv (YT (7))

Here S ranges over all S € RSSYT>o(\) which can obtained from T by increasing by 1 the labels
of T in r distinct boxes of \.

Proof. Using Lemma 4.5 and Remark 3.5, we find

er(Xl, Ce ,Xn)PT
= (X, X)) (Pr) = -t (1 1) ) ()
_ tf((n71)+.--+(nfr))er(1’ o ’tnfl)e(n),y:L(PT)
= ¢~ (=Dt (1)

T(01) pe(Cr)+1

— T (@2)4c(02)

() 7 q q 't

X € Y Z H < qT(Dl)tC(Dl) _ qT(D2)tC(D2) ) F;
TEPSYT5o(MT) (O1,02)€lnv(r)

_ bt (1 o)

T(O1)pe(@)+1 _ T(02)pc(02)
1 a (n) o7
8 2 11 < ¢ O @) — gT(02)4e(C2) ) e (Fr)
TEPSYT>o(NT) (O1,02)€lnv(r)
:t(;)er(l,...,tnfl) Z

TEPSY T (NT)

T(0y)pe(@)+1 _ qT(Dz)tC(Dz)

q
(01, O2)elnv(r) \ 4 (@) ¢e(@) — ¢T(E2)¢e(D2)

= t(g)er(l, R t”_l) Z per(D+er(r)
TEPSYT5o(AT)
q"OgeO0 - T (Fyr ).
gT(@) (@) — gT(O2) (D) (r)

> emer(ter Ry,

< 11

(O01,02)€Inv(r)
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From Corollary 5.5,
e (Fyr(ry) = 1 (pA(T"(1)) € RSSYT50(N) Ky, (wr (7)) (¢ 1)

T(O1)pe(C1) _ ,T(O2)4c(02)

q l q 1

- 11 (qT(Dntc(Dn — qT(Dz)tC(Dg)H) NGO
(O01,02)EInv (T (7))

Hence, by collecting coefficients around each Ps for S € RSSYT>o(\) we see that

er(Xt1,..., Xn)Pr = dy)Ps,
S

(r)

where dg 7 are as given in the theorem statement above.

Lastly?, if 7 € PSYT>0(A; 1), then the boxes of A containing the labels 1,...,r (with some
powers of g given by T') are exactly those boxes O € A with p)(¥"(7))(d) = T(0d) + 1. Thus
if S =p\(¥"(7)) € RSSYT>¢(A), then we may obtain S from 7" by adding the value 1 to r boxes
of T with at most one 1 added to each box. |

We define the e.-Pieri coefficients as follows.

Definition 5.8. For T' € Q(\) and r > 1, define Dg)T € Q(q,t) by

EPr= > 0P

SEQ(N)

Remark 5. 9 Note that from Theorem 5.7, it is clear for T' € (\) and r > 1 that each S € Q())
such that o ST = (0 will necessarily be obtained from T by adding r 1’s to the boxes of T" with at

most one 1 being added to each box. As such, the set of such §' is finite. Further, any such S
has rk(S) < rk(T') + r.

As an immediate consequence of Theorem 5.7 and the definition of ‘B from Definition 4.11,
we obtain the following result.

Corollary 5.10 (Pieri rule). Let S,T € Q(\) and r > 1. For all n > rk(T) + r,

(r) _ 4
OS7T - ds‘)\(n) 7T|>\(n) :

5.3 Non-vanishing for e;-Pieri coefficients

In this subsection, we prove that if S, T" satisfy a simple combinatorial relationship, then o ST #*
0. This will be instrumental in the proof that the modules WA are cyclic.

Definition 5.11. Let A € Y and 7" € RSSYT>o(\). A box Og in A is T-raisable if the labeling S
defined by

T(O)+1, O=0

is also in RSSYT>o(A). We say that S is obtained by raising the box Oy of 7. Further, we say
that (g is a S-lowerable box in .
We write T' 1 S if S may be obtained by raising one box of T
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Remark 5.12. We may define a partial order C on the set RSSYT>((A) simply by
TCS&vYOeA® 7@ <s0).

Then the relation T 1 S defined in Definition 5.11 is simply the cover relation of C. Lastly,
we may extend the definitions of raisable/lowerable boxes and of the relation 7" 1 S to Q(\)
analogously in the obvious way.

We require the following lemmas regarding the combinatorics of inversion sets. These lemmas
are instrumental in proving the non-vanishing of the e;-Pieri coefficients.

Lemma 5.13. Let 7 € PSYT>o(\; T') forT € RSSYT>o(N). If (O1,02) € Inv(7), withT(0;) =
T(Os), then ¢(Oy) — ¢(Oy) > 2.

Proof. Since T' € RSSYT>o(\), for all n > 0 the set of boxes {0 € A | T(0) = n} is a skew-
diagram consisting of a union of disjoint horizontal strips. Suppose ([J1,002) € Inv(7) with
T(Oy) = T(d2) = n. Then, O; and Oy cannot be in the same horizontal strip component
of {00 é A | T(O) = n}. Further, [J; must be to the left of Os. Hence, ¢(02) —c¢(Cy) >2. W

Lemma 5.14. Let T € RSSYT>o(A\). Given a T-raisable box of A\, Oo, there exists a unique
7 € PSYT>o(\;T) such that

e 7(0y) = 1¢* for some a > 0,
e inv(7) = S(T)(0y) — 1.

Proof. Since the count inv(7) = S(T")(Cp) — 1 is tight, there exists at most one such labeling.
We may simply define 7 € PSYT>q by labeling the boxes [0 € X with 0 <7 Uy with the
labels {2,...,5(T)(0o) — 1} following the box ordering S(T"). Then fill the boxes O >p Oy
with the values {S(T")(Cp),...,n} following the box ordering S(T") where n = |A—. Thus, 7
has exactly S(T")(Cp) — 1 inversion pairs. [

Lemma 5.15. Let T,T' € RSSYT>o(\) with T 1+ T". Let Oy be the box of A on which T and T"
differ. Let 7 € PSYT>o(\;T) with ¥(1) € PSYT>o(A\;T7). If 01,02 € X with Oy ¢ {01, 0},
then (Oq,02) € Inv(7) if and only if (O1,02) € Inv(W(7)). Furthermore, we have

[ {(Dl,Dg) € IHV(T)‘D() S {Dl,DQ}} = {(D,Do) ‘ O<r Do} and
° {(Dl,Dg) S IDV(\IJ(T)) ’ Lo € {Dl,DQ}} = {(Do,D) | Co <7 D}

Proof. By assumptions, 7((gy) = 1¢70) and ¥ (7)(0p) = ng” o) = ngT@o)+1 where n = |A|.
Therefore, the relative orderings on the boxes of A\ {Jy} determined by S(T") and S(T") are

the same. Likewise, suppose we take we take two boxes [J1,[s € A with Oy ¢ {{J;,02} and
T(Dl) < T(Dg). If T(Dl) 75 T(Dz), then

T'(0) = T(04) = T(0z) = T'(0s)

and so ¥(7)(0;) < ¥(7)(02). Suppose instead that T'(0;) = T(0z) and 7(0;1) < 7(0),
say 7(0;) = i;¢* with 1 < 43 < dp. Then ¥(7)(01) = (i1 — 1)¢*, V(7)(02) = (i2 — 1)q%
and a = T(0;) = T'(0g) so ¥(7)(01) < ¥(7)(Oz). Thus, (O1,02) € Inv(r) if and only if
(01,02) € Inv(T(7)).

Let (Op,0z) € Inv(r) with Oy € {Oy,0s}. Since 7(0g) = 1¢7(0), we must have that
Oy = Op and Op <7 Op. Similarly, let (O1,02) € Inv(¥(7)) with Oy € {0;,02}. Since
U (7)(0p) = ngT(0) | we must have that Oy = Oy and Oy <qv Os. [ |

Putting these lemmas together we may show the following.
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Theorem 5.16. If A € Y and T,T' € RSSYT3o() with T 1 T", then diy).. # 0.
Proof. Let [y be the T-raisable box on which T and T" differ. From Theorem 5.7, we see that
(1) c c
R YL | U = ey
1" , c _ c
( 1-¢ )KT (q’t) TEPSYT 5o (NT) (O01,02)€Inv(r) q Sl q e

s.t.
\I/(T)GPSYTZO()\;T’)

T'(O1)¢e(@1) _ (T7(O2) pe(02)
X 11 (Qg'(ml)tc(ml) _ qg/(mz)tc(mg)H) :
(O01,02)€Inv(¥ (7))

Therefore, it suffices to show that the sum on the right-hand side of the above equation is
nonzero. If 7 € PSYT>o(\; T') with U(7) € PSYT>¢(A;77), then ¢ (1) = ¢(Cp). Hence, we may
factor out the term (1) = ¢¢(F0) outside the sum. From Lemma 5.15, we have the following for
any 7 € PSYT>o(\;T) with W(7) € PSYT5o(A;17):

H <qT(D1)tc(D1)+1 _ qT(Dg)tc(Dg)>

T(M1)ge(0r) — ¢T(O2)¢c(@
(d1,02)€Inv(T) q (Bn)ge(h) q (O2) ¢e(02)

< I

(01,02)EInv(¥ (7))

1 (QT(D)tc(D)H _ qT(Do)tC(E’o)>

T(O)+c(OD T(Oo) +c(Cd
oL\ O = T el)

< 11

(d1,02)€Inv(T
0;#0o

g (A ge@r) _ (T (0a)pe(C2)
qT’(Dl)tc(Dl) _ qT’(Dg)tc(Dg)—‘rl

I

o<pr

gL (@0)+14e(Co) _ (T(0) 4e(0)
@) +14e@o) — TO)4e@+1

qT(Dl)tC(D1)+1 . qT(Dz)tC(Dz)
: gT (@) ¢eE1) — ¢T(O2)e(@2)+1

The first two products above are nonzero and do not depend on 7 and can therefore be
brought outside the summation

D

TEPSYT >0 (NT)
s.t.
W(r)EPSYTso(AT")

Hence, it suffices to show that

2. 11

TEPSYT>o(MT)  (Op,02)€Inv(r)
0;#00

qT(Dl)tC(D1)+1 _ qT(Dz)tc(Dg)
IO e(01) — T (Ca)ge(D2)+1
W(r)ePSY Too(AT)

Notice that we can rewrite the above product terms in the following way:

H <qT(D1)tc(D1)+1 _ qT(Dg)tc(Dg)>

70O c(Od _ 7O (02)+1
(01, O2)elnv(r) \9 (E)ge@) — ¢T(E2)¢e(C2)
0 #0o

1 — gT(O2)=T(On) ge(C2) —c(Ch)-1

_ ¢inv(7)=S(T)(Uo)+1
— 4inv(m)=S5(T)(Co) H (1 _qT(DQ)—T(Dl)tC(D2)_C(D1)+1> ’

(01,02)€Inv(r)
0;#0o




48 M. Bechtloff Weising

Therefore,

2 11

TEPSYT>o(MT)  (O1,02)€Inv(T)

qT(Dl)tC(D1)+1 _ qT(Dz)tC(Dg)
qT(Dl)tc(Dl) _ qT(DQ)tC(Dg)-i-l

W(r)ePSY Too(AT) Hi#to
— Z tinv(T)*S(T)(Do)Jrl H Lo QT(DQ)_T(DI)tC(DZ)_C(Dl)_1 .
1— qT(Dg)—T(Dl)tc(Dz)—C(Eh)-i-l
TEPSYT5o(AT) (O1,02)€lnv(7)

s.t. 0;#0¢
\I/(T)EPSYTZO T

We have by definition for any inversion pair ((;,O2) that 7'(02) — 7(0;) < 0. Therefore, by
limiting ¢ — co we see that

: inv(r)—S(T)(0o)+1
P D D ’ 11
TEPSYT>o(NT) (01,02)€Inv(r)

s.t. 0,00
\If(T)GPSYTEO ()\;T/)

1— qT(Dg)—T(Dl)tc(ljg)—c([ll)—l
1— qT(I:Ig)—T(Dl)tc(Dg)—c(Dl)—i—l

1— tc(Dg)—c(D1)—1>

_ Z tinv(T)—S(T)(D0)+1 H <1 $e(@2)—c(01)+1

TEPSYT>o(NT) (O1,02)€Inv(T)
s.t. 0;#0¢
U(7)EPSYT 5o (AT) T(O1)=T(0s)

By Lemma 5.13, we see that for each of the inversion pairs (O;,02) € Inv(r) for 7 €
PSYTso(N;T) with U(7) € PSYT>o(NT7) and T'(0;) = T(Og) that ¢(02) — ¢(0h) — 1 > 1.
Therefore, if we limit ¢ — 0,

' 1 — ge(02)—c(@n)—1
. inv(7)—S(T)(0g)+1
%g% E t ’ H <1 — ¢e(B2)—c(1)+1
TEPSYT5o(AT) (B1,82)€lnv(7)
s.t. 0,200
T(T)EPSY T o(NT") T(01)=T(02)

) ) 1— tC(DQ)*C(Dl)fl
= Y tm=smo0 -y [T (ke

TEPSYT5o(AT) (01,82)€Inv(T)
s.t. 0;#0o
U(T)eEPSYT5o(NT) T(01)=T(0O2)
= > L(nv(r) =S(T)(C)-1)  J[ (1)
TEPSYT 5o (\T) (01,0z2)€Inv(r)
s.t. 0;#00
W(r)EPSYT5o(AT") T(01)=T(02)

=#{r € PSYT>o(\;T) | ¥(7) € PSYT>o(\; 1), inv(7) = S(T)(p) — 1}.

By Lemma 5.14, #{7 € PSYT>o(\;T) | U(7) € PSYT>o(\; T7),inv(7) = S(T)(0p) — 1} =1
which in particular is not 0. Therefore, dgpl,)T # 0. |

Using stability, we find the following.
Corollary 5.17. If A€ Y and T, T" € Q(\) with T 1 T", then 2% # 0.
Proof. From Corollary 5.10, we know that for all n > rk(T") + 1,

n 1)
Opip =Api| 7|

NODANOS

Since T” is obtained from T by increasing the value of a single box of T by 1, we know that the
same must be true for T’|>\((n)) and T'| ) for all n > rk(T") + 1. Therefore, from Theorem 5.16
1

we conclude that Dgpl,)T =dpi) 1o #0. ]
’ Aln)o Aln



Murnaghan-Type Representations for the Positive Elliptic Hall Algebra 49

The non-vanishing of the e;-Pieri coefficients is sufficient to prove that the WA are cyclic
ET-modules.

Corollary 5.18. For A € Y, W, is a cyclic £+ -module.

Proof. We show that ‘,}3Tmm is a cyclic vector for WA, ie., & ‘BTinm = WA It suffices to show
that for every T' € Q()) there exists some A € £+ with A(’BTmm) L. Notice that given
any T' € Q(\), we may choose any lowerable box [J; of T" and obtain a labeling 77 € Q(A) by
subtracting the value of 1 from [y in the labeling T'. Continuing this process, yields a sequence
of labelings 71,75, ... with T;11 1T T; which must eventually terminate as deg(7;) = deg(T) —
It is easy to verify that the only element of Q(\) without any lowerable boxes is T f‘in so the
sequence 17,75, ... must end at T/{nin. Reversing this process shows that any 7" € Q(\) may be
obtained from Tj\nin by a sequence T j\nin =1T,...,T, =T with T; T T;+1. Hence, by induction
it suffices to show that if 7'1 7", then there exists A € £T such that A(Pr) = P
Let T,T" € Q(\) with T 1 T". Consider the element A € £* defined by

A= H Poy — ZDeA(oo)( @) — l)tc( )
Tis \ 2o (@70 — g8 @)ee)
SAT

The denominator of the above product is nonzero since F 1 acts with simple spectrum on W)\.
Further, as mentioned before the set of S € Q(\) with T' 1 S is finite so the above product is
finite. We have that for "1V

Poi — Ypeaeo (¢ — 1))
A(By) = : e .
) 71;15 ( > nenco (@7 — g5 D)) (Bv)
SAT'
Y oeae (¢ = ¢* @)@
- 18 > ene) (@7 — ¢S5B))e@)

) By = v Py .
SAT!

From Corollary 5.17, we know that O + # 0. Therefore, we may consider the element A’ € £
defined by

-1

1.4
A - WAP17O-

'
We find that

-1

q q 1

A(Pr) = ) AP o(B7) = D A qel(Pr) = (Z 0( ) >

DT' T Opip DT’ T NS
1) ZDSTfsST’ PBs =P - |

DT’ T T1S
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