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Abstract. We investigate the phenomenon known as “quantum equals affine” in the set-
ting of T-equivariant quantum K-theory of the flag variety G/B, as established by Kato
for any semisimple algebraic group G. In particular, we focus on the K-Peterson isomor-
phism between the T-equivariant quantum K-ring QKr(SL,,(C)/B) and the T-equivariant
K-homology ring K (Grgy, ) of the affine Grassmannian, after suitable localizations on both
sides. Building on an earlier work by Ikeda, Iwao, and Maeno, we present an explicit alge-
braic realization of the K-Peterson map via a rational substitution that sends the generators
of the quantum K-theory ring to explicit rational expressions in the fundamental generators
of KI'(Grgr, ), thereby matching the Schubert bases on both sides. Our approach builds on
recent developments in the theory of QKr(SL, (C)/B) by Maeno, Naito, and Sagaki, as well
as the theory of K-theoretic double k-Schur functions introduced by Ikeda, Shimozono, and
Yamaguchi. This concrete formulation provides new insight into the combinatorial structure
of the K-Peterson isomorphism in the equivariant setting. As an application, we establish
a factorization formula for the K-theoretic double k-Schur function associated with the
maximal k-irreducible k-bounded partition.
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1 Introduction

Let G be a simple, simply-connected algebraic group over C. Fix a Borel subgroup B of G, and
a maximal torus T contained in B. We study a remarkable relation between the T-equivariant
quantum K-ring QK7 (G/B) and the T-equivariant K-homology ring K! (Grg) of the affine
Grassmannian Grg of G. This viewpoint, commonly referred to as the “quantum equals
affine” phenomenon, was originally introduced by Peterson [29] in the (co)homology context
(see also [20]), and its K-theory analogue has since been investigated by several authors (see the
next paragraph for references).

There exists a map, known as the K-Peterson map, which connects the rings QK7 (G/B)
and K (Grg), after appropriate localization. The purpose of this paper is to study the K-Peter-
son map for G = SL,, by realizing it through an explicit rational substitution, which establishes
a correspondence between the Schubert bases at the combinatorial level.
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A heuristic version of “quantum equals affine” phenomena in K-theory was explored for
G = SL,, in non-equivariant setting [8]. This approach utilized an integrable system, called the
relativictic Toda lattice, due to Ruijsenaars [30], which can be seen as the group version of the
ordinary Lie algebra version of the Toda lattice. The construction in [8] was somewhat ad hoc
as it relied on an unsolved conjecture by Kirillov and Maeno concerning the ring presentation
of QK (SL,,(C)/B) at that time. However, this conjecture has since been resolved, with a minor
correction, by Maeno, Naito, and Sagaki [26]; we also refer the reader to [1, 7, 15, 16] (see
Remark 2.3 below). This advancement has improved the situation significantly. The K-theoretic
Peterson isomorphism for general G was conjectured by Lam, Li, Mihalcea, and Shimozono [18],
and later proved by Kato [13] by using semi-infinite flag manifolds. An alternative proof was
also provided by Chow and Leung [3]. It is shown in [9] that the map studied in [8] coincides
with the map by Kato, up to a natural ring automorphism o (see Section 4.1).

The aim of this article is to extend the study in [8] to the equivariant case, building on
more recent developments. Specifically, Maeno, Naito, and Sagaki [26, 27| established that
the quantum double Grothendieck polynomials (’53 of Lenart—Maeno represent the Schubert
classes O% € QKr(SL,(C)/B). On the affine side, Ikeda, Shimozono, and Yamaguchi [10]
provided a realization of K7 (Grsy, ) in terms of equivariantly deformed symmetric functions.
They introduced a family of special functions, gék) (y|b), called the K-theoretic double k-Schur
functions, which are identified with the Schubert classes O,. The primary goal of this paper
is to realize the K-Peterson map explicitly through an algebraic substitution. This provides
a concrete connection between these Schubert representatives in both the quantum and affine
settings.

1.1 K-theoretic Peterson map: Abstract form

To describe the K-Peterson map more precisely, we fix some notation of the affine Weyl group.
Let W¢ be the Weyl group of (G,T), and We = W x QV the affine Weyl group, where QV
is the coroot lattice. Let Wg be the set of minimal-length coset representatives for We /Wea.
For z € Wg, there is an associated Schubert structure sheaf O, in K!(Grg). These sheaves
form an R(T)-basis of K!(Grg), where R(T) denotes the representation ring of 7. On the
quantum side, we have the Schubert class O for each w € Wg. For x € Wg, write it as x = wi;
with w e W, £ € QV, where t¢ is the translation element corresponding to & € QY. Let
QK1 (G/B)g denote the localization of QK7 (G/B) by the Novikov variables Q1, ..., Q,, where r
is the rank of G. The K-Peterson map, at the abstract level of Schubert bases, maps Q0¥ €
QKr(G/B)g to O, € KI'(Grg), where Q¢ denote the product of the Novikov variables corre-
sponding to €. This map establishes a correspondence between the quantum and affine Schubert
calculus.

1.2 K-Peterson map from the Relativistic Toda lattice

Let us explain the key idea of our construction before going into the details. By solving the
relativistic Toda lattice, we obtain a birational map between the phase space Y of the relativistic
Toda lattice and a certain centralizer family Z associated with PGL,(C). Both varieties are
defined over T', the maximal torus of SL,(C), and their coordinate rings have the following
geometric interpretations:

0(Y) = QKY(SL,(C)/B),  0(2) = KT (Grgy,). (1.1)

Here QK;OI(SLTL((C) /B) is the polynomial version of the quantum K-ring of the flag manifold
(see Section 2.2). The second isomorphism of (1.1) was proved in [10], which is a K-theory
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analogue of a result for H! (Grg) due to Peterson [29] and Ginzburg [4] independently. We
obtain the following commutative diagram (see Theorem 1.1)

QP (SLa(C)/B)q — K (Grsy, ) o7 L7 ! [ 1 < i <

| |

o) 0(z°).

where the top arrow is Kato’s map, and the bottom arrow is defined by (1.4) below. In this
diagram, all maps are isomorphisms, and Y° and Z° are certain open dense subsets of Y and Z
respectively, and o;, 7; are discussed in detail in Section 2.4. This perspective extends the
work [21, 22] by Lam and Shimozono for (co)homology and the classical Toda lattice.

1.3 K-theoretic double k-Schur function

Another ingredient of our work is the K-theoretic double k-Schur function introduced in [10],
which is an equivariant deformation of the K-theoretic k-Schur function introduced by Lam,
Schilling, and Shimozono [19]. The representation ring R(T) is given as

Z[eFi(1 <i<n)]/(emtTam —1).

For x € Wg, the K-theoretic double k-Schur function gg(ck) (y|b) is a symmetric formal power
series in the infinitely many variables y = (y1, yg, ...) with coefficients in R(T"), where we set
k =n—1. It depends on the sequence b= g@l, ..., by) of equivariant arameters where each b; is
identified with 1 —e™* € R(T'). Let AR( be the R( )-span of gtk (y\b) x € WQ. Then we

have an isomorphism

KT (Grgr,) = A(Y

of R(T)-algebras such that the structure sheaf O, corresponds to the closed K-theoretic double
k-Schur function gé )(y|b) Yo gg (y|b), where < denotes the Bruhat order on WG

There is a bijection WO >~ pk) , where P*) denotes the set of k-bounded partitions, i.e.,
the partltlon A= (A, ,)\i) such that M < k. If ZL' € WG corresponds to A € P*) | then we
wiite o/ (1) (resp. 3 (410)) as o (018) (resp. 3 ().

We have derived determinantal formulas for gg\k) (y|b) and g g A\ (y|b) (see Theorems 6.7 and 6.16)
for a k-small k-bounded partition \; a partition A € P®) is said to be k-small if A + (N <n,
where ¢()\) is the number of nonzero parts of \.

1.4 k-rectangles and the 7-functions

The so-called 7-functions in the theory of integrable systems also play an important role in
our geometric context. For 1 < ¢ < n, we define 7;,0; € O(Z) as the i-th principal minor
determinants of certain matrices related to the centralizer family (see Section 2.4).

For 1 < i < k, let R; denote the partition (i)"~* € P*¥) of rectangular shape, and R, = @.
Note that each R; (1 < ¢ < n — 1) is a maximal k-small k-bounded partition. Under the
isomorphism O(Z) = AR(T) 7; and o; correspond to gg% (y|b) and gl(Q) (y|b) up to some simple
factors respectively (see Corollary 6.15).

These functions are fundamental because gg\k)(y|b) satisfies the k-rectangle factorization prop-
erty (see Theorem 7.2)

TR wIb) = 39 (y0)g " (yIw'),
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where w is the permutation sending b; to b;11 with b,4+1 = b;. Thanks to this result, we only
need to study the functions f]/(\k) (y|b) associated with the k-irreducible k-bounded partition A;
i.e., an element of P*) which is not expressed as R;Upu for 1 < i < n—1and p € P* with 4 # @.

1.5 Quantum double Grothendieck polynomials

For w € 5, let 058(2\77) be the quantum double Grothendieck polynomial due to Lenart and
Maeno [23]. This is a polynomial in two sets of variables z1, ..., z, and 1y, . . ., n, with coefficients
in Z[Q1, . ..,Qn-1]. We basically follow the notation in [27], however, there are some differences
in the identification of the equivariant parameters. In particular, n; is identified with 1—e%»—i+1 ¢
R(T) (see (5.6) for more details). We denote R(T)[z1,...,2n, Q1,-..,Qn-1] by R(T)[z,Q].

In the context of the relativistic Toda lattice, z;, Q; are interpreted as dynamical variables (see
Section 2.1). There are conserved quantities F;(z, Q) € R(T')[z,Q] (1 < i < n) of the relativistic
Toda lattice. Let J¢P° be the ideal generated by Fj(z, Q) — e;(e™®,...,e7) (1 < i < n),
where e; denotes the i-th elementary symmetric polynomial. The ring R(T)[z, @]/ gQpol
our definition the ring of regular functions O(Y) on the phase space Y.

Let Y° be the open set of Y defined as the complement of the divisor given by the equa-
tion Q1---Qn—1 = 0. Due to [27], the ring O(Y°) = O(H)[Q;l |1 <i<n- 1] is iden-
tified with QK;OI(SLR((C)/B)Q and % (z|n) represents the Schubert structure sheaf O% (see
Remark 2.4 for more details).

is by

1.6 Correspondence of Schubert bases

Following an analogous approach to that used in Kostant’s construction of solutions to the Toda
lattice, we obtain a map

Du: 0(Y) — ARO[ o7 1< < n] = 0(2°)

1

of R(T)-algebras as

Tigi_ Ti 1T
10i—1 Qz'_> A 12z+1. (13)

Zi = ;
0;T;—1 T:

Let wy, with £ = n — 1, be an involution on Wg called the k-conjugation defined by replac-
ing s; with s,,—; for i € I :={1,...,n — 1} in any reduced expression of = € Wg There is an
automorphism o of Agz()T) as an R(T')-algebra sending h;(y) (i € N) to 1+ hi(y) +--- + hi(y),
where h;(y) is the i-th complete symmetric function. In particular, we have o(7;) = ;. Define
the map ®,, as follows

b, =00®,. (1.4)
The main result of this paper is the following.

Theorem 1.1. We have the commutative diagram (1.2). More precisely, for x € Wg, write
z=wtg withw e W, € QY. Then

0, (Q4&L(=Im)) = 35, (wlb).

Thus, the substitution map @, agrees with Kato’s map up to a twist, after identifying
QK7 (SL,(C)/B) with O(Y) (resp. K] (Grgr,,) with O(2)).

Let us outline the proof. We begin by proving the theorem for x = sg in a purely combinatorial
manner (see Proposition 5.10). In this proof, we utilize basic properties of the quantum double
Grothendieck polynomials, the realization of K (Grgy, ) as O(2), and the explicit description
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of ®,,. This step forms the technical core of the paper. An essential idea to prove the general
case is the use of the action of Demazure operators DY, z € Wg, on QK7 (SL,(C)/B)g

As a straightforward consequence of the theorem for the specific case x = sg, we demonstrate
that the map ®,, intertwines the actions of the Demazure operators on both the quantum and
affine sides (see Corollary 5.15). The final result needed to complete the proof is the precise
formula for the action of DZ-Q on the Schubert structure sheaves O in QKp(SL,,(C)/B) (see
Proposition C.2).

1.7 Factorization formula for the maximal k-irreducible partition v,
As an application of Theorem 1.1, we derive a factorization formula of § g,, (y|b) where

n—2

Up = U(n—i—l)i.

i=1

This partition v, is important because it is the unique maximal k-irreducible k-bounded par-
tition. The non-equivariant version of the following result was conjectured in [8], and it was
proved by Blasiak, Morse, and Seelinger [2].

Let | x| denote the greatest integer less than or equal to x € R.

Theorem 1.2. Let n be even and write n = 2m. Then

e Q(b 1-2ilY) T T ~ (k)
m— 7 m~+2i+1
gl/n (y’b) J Q(bm+2 21’y) g(n—i—l)i (y‘w A b)7 (15)
where Q(b;|y) is defined in (3.3). Let n be odd. Then
y’b H (n—i— 1)’ y‘w21+1b)_ (1.6)

Note that all the factors gé’?_i_l)i (y|w2i+1b) are expressed as determinants because (n—i— 1)
is k-small.

1.8 Organization

The paper is organized as follows. In Section 2, we first define the relativistic Toda lattice and
explain the presentation for QK7 (SL,(C)/B) due to Maeno, Naito, and Sagaki [26, 27]. We
also review the centralizer family Z given in [10]. We introduce the 7-functions as elements
of O(i) At the last part of this section we give a detailed review of the construction of &,
given in [8]. In Section 4, we collect results on some automorphisms used in the rest of the
paper. In Section 3, we review the definition and basic results on the K-theoretic double k-
Schur functions. In Section 5, we introduce the quantum double Grothendieck polynomlals and
prove Theorem 1.1. As an application we prove a formula giving a relation between g)\ (y|b)
and g g)\ (y]b) In Section 6, we prove determinantal formulas for the K-theoretic double k-Schur
functions associated with k-small partitions. In Section 7, we prove the k-rectangle factorization
property. In Section 8, we prove Theorem 1.2. In Appendix A, we discuss the meaning of the
automorphism o in the context of discrete integrable systems. In Appendix B, we prove a formula
for the conserved quantities of the relativistic Toda lattice. In Appendix C, we discuss the affine
K-nil-Hecke action on the quantum K-theory ring and give a proof of Proposition 5.8.
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of symbols

I, I =T1U{0}: (affine) Dynkin index set, Section 3.1,

Q;: Novikov variables, Section 2.2,

e, b;: the equivariant parameters, Section 1.3, (3.2),

i, Tit the tau-functions, (2.9), (2.10),

T;, D;: the Demazure operators, (3.1),

Q(bily): (3-3),

0i(y): (7.1),

Ex(y): (6.9),

®,,, ®,: the K-Peterson maps, (1.3), (1.4),

¢: an involution, Section 4.4,

TiQ, DiQ: Demazure operators on the quantum K-ring, (5.1), (5.13),
Fi(z,Q): the conserved quantities of the relativistic Toda lattice, (2.3),
F\V: (4.15),

gg(ck) (y|b), gz(:k)(y|b): K-theoretic double k-Schur functions, (3.4),
Z, Z: centralizer families, Section 2.3,

Z°, 2°: open parts of centralizer families, Section 2.4,

Z = (zij): matrix of coordinate functions of Z, (2.5),

A: (2.5),

C'4: companion matrix of A, (2.7),

P: transition matrix, from A to Cy4, (2.8),

L (and M, N): Lax matrix, Section 2.1,

Y, Y°: family of isolevel sets and its open part, Section 2.2, Remark 2.4,
Ci, cl(-j): Section 4.3,

Qig(z\n): quantum double Grothendieck polynomials, Section 5.1,
Yiz (5.3),

z;: variables of 6%(2’]77), Section 5.1,

7 equivariant parameters of ®g(z|77), (5.6),

o: automorphism, Section 4.1,

w: a cyclic permutation, Section 3.1,

wy: involution, (3.7),

R;: k-rectangle, the partition (i)"~%,

Vp: the maximal k-irreducible k-bounded partition, Section 1.7,
My: (6.11),

P*): set of k-bounded partitions, Section 1.3,

Wea: Weyl group,

We: affine Weyl group, Section 3.1,

Wg: mimimal-length coset representatives for WG /Wa.
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2 Relativistic Toda lattice and the centralizer family

The aim of this section is to explain how the map ®,, is obtained by solving the relativistic Toda
lattice. Taking into account recent developments, we will review the construction in [8].

2.1 Relativistic Toda lattice

The relativistic Toda lattice equation was introduced by Ruijsenaars [30]. In this paper, we start
from the Lax equation due to Suris [31]. Let

z7 —1 0 --- 0 1 0 0 0
zg —1 —Q121 1 0 :
M — ol N= Qo 0 (2.1)
-1 1 0
Zn —Qn-12p-1 1

and L := MN~!, which we call the Lax matrix. We consider the system of partial differential
equations

oL/t = [L,(L")_]  for 1<i<n-—1, (2.2)

where (LZ) < is the strictly lower triangular part of L’. The equation is a group version of the
finite open Toda lattice.

2.2 Quantum K-ring of the flag variety

The integrable system is related to the quantum K-ring of the flag variety SL,,(C)/B, analogously
to a result of Givental and Kim [5] for the quantum cohomology ring.
The conserved quantities F;(z, Q) of the system (2.2) are given by

n

det(CE — L) = (~1)'Fi(2,Q)¢" "

=0

Explicitly, we have (see Appendix B)

Fz= > JI a-e)]l= (2.3)
Jcl{Jll,.:.%,n} jeJ, j+1¢J jeJ

Let R(T)[Q] denote the ring of formal power series in the variables Q1, ..., Qn—1 with coef-
ficients in R(T"). The quantum K-ring QK7 (SL,(C)/B) is a commutative R(T')[Q]-algebra.

Theorem 2.1 (Maeno, Naito, Sagaki [26]). There exists an isomorphism of R(T)[Q]-algebras
QK1 (SLa(C)/B) = RD)[Q)[21. . 20) /92,
where the ideal fLQL 1s generated by the elements
Fi(z,Q) —e;j(e”,...,e %) for 1<i<n. (2.4)
Remark 2.2. Our q; is —¢; in [26].

In this geometric context, z; is related to the class of the universal line bundle (see [26] for
details), and @; (1 <i <n — 1) are the Novikov variables.
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Remark 2.3. It follows from [6, Corollary 2] that the elements in (2.4) are contained in the
defining ideal of QK7 (SL,(C)/B) (see also [1, 26] for details). We also note that Koroteev—
Puskar—Smirnov—Zeitlin [16] proved that the elements in (2.4) generate the defining ideal of
QKYQM (SL,(C)/B), which is the limit of quasimap quantum K-ring of 7*(SL,(C)/B) at h = cc.
Moreover, Huqg—Kuruvilla [7] established that this limit is isomorphic to QK7 (SL,,(C)/B) (more
generally, for partial flag varieties).

Let Y be the affine subscheme of A?"~! with coordinates Q1,...,Qn—1, 21,...,%, Whose
defining ideal is generated by the polynomials (2.4). Y is a scheme over T" whose fibers are the

isolevel sets. The coordinate ring, i.e., the ring of regular functions O(Y) is considered to be
a polynomial version QK2 (SL,(C)/B) of QK7(SL,(C)/B).

Remark 2.4. Let us denote the ideal of Rg )z, Q] generated by the polynomials (2.4) by g@pol,
The quotient ring O(Y) = R(T)[z, Q]/I¢P" is QKPO1 SL,( B ) in the notation used in the in-
troduction. Although there are subtleties in relating QKpO C)/B) to QKr(SL,(C)/B),
QKPOI(SL (C )/B)Q = 0(Y°) is actually a subring of QKT(SL ( )/B)g. Furthermore, the
residue class of &% in QKL2(SL,(C)/B)q corresponds to 0% in QK7 (SL,(C)/B). For these
facts, see [9, Sections 4.1 and 4.2]; it is straightforward to have the equivariant version based on
[26, Remark 6.3].

If we consider the special fiber Yyy,; corresponding to the case when the Lax matrix is unipo-
tent, and the corresponding centralizer Z,,;, we obtain the non-equivariant K-Peterson isomor-
phism QK (SL,(C)/ B)f:)ocl = K, (GrgL, )loc studied in [8]. In fact, the element of Zyy; is of the
form

1 hy hy -+ hpq
1 M
. |
ha
1

80 O(Zuni) is a polynomial ring of (n — 1) variables, which can be identified with the non-
equivariant K-homology ring K, (Grgr, ) studied by Lam, Schilling, and Shimozono. If we iden-
tify the generators of the polynomial ring with the complete symmetric functions hq, ..., h,_1,
the Schubert structure sheaves are given by the K-theoretic closed k-Schur functions. See [9]
for a more precise correspondence.

2.3 Centralizer family %

We construct the solutions of (2.2) from a centralizer family Z defined below. Consider the
matrix equation

e ™ -1 0 0
e 2 —1 . :
[A,Z] =0, A= o0 | (2.5)
-1
e n

where Z is an upper triangular matrix with the entries z;; for 1 <7 < j < n. We assume
211 Znn 7 0. [A, Z] = 0 is equivalent to the equations

(bi — bj)zij = Zij—1 — Zi+1,j for 1 S ) S j S n. (26)
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Let us denote the affine variety over T defined by these equations by Z. So we have

0(2) =R(M) [z 1<i<n), z; 1<i<j<n)]/I,

I = <(bZ — bj)zij — Zij—1 1 Zi+1,j | 1<i<y < n)
There is a natural C*-action on Z by scalar multiplication z;; — cz;; (c € C*). The variety Z is
defined to be Z/C*. Thus the coordinate ring O(2) is the R(T')-subalgebra of O(Z) generated

by zij/z11 (1 <i<j<mn). Zis a closed subscheme of T'x BY, where B" is the Borel subgroup
of PGL,(C).

Remark 2.5. In [10], Z and Z are denoted by Zpqr, and Zqr, respectively.

Let R(T) be the localization of R(T') by the multiplicative set generated by 1 — e%~%
(1 # 7). Set O(Z)A = R(T)A @ R(T) O(Z). We often use the following.

Proposition 2.6. O(Z)A is generated by z; (1 <i <n) as an R(T)*-algebra.

2.4 T-functions

We will explain that a Zariski open subset Z° of Z is isomorphic to Y°, the compliment of the
divisors defined by @; (1 <1i < n — 1), whereas Z° is the complement of the divisor defined by
the so-called 7-functions.

Let egm) =e;(e7 ™, e ... e %) denote the i-th elementary symmetric polynomial in m
variables e7%,e7 %, . . e %m, The companion matrix C'4 of A is described as
0 -1
0o -1
Cy:=P'AP = : (2.7)
0 -1
eﬁl”) egln_)l e eén) e§”>
where
1
egl) 1
eé2) 652) 1
P= 2.8
OO IO (2.8)
egln_—ll) ein__;) e eg”_l) 1

For later use, we record the following formula:
(P_l)ij = (—1)i_jhi_j(e_a1, ceey e_aﬂ').

Let I, J be subsets of [1,n] :={1,...,n}, with I = {i1,...,4,} and J = {j1,...,Jj,}. Let X/
denote the submatrix of X consisting of its 41, ...,%y-th rows and ji, ..., js-th columns.

Definition 2.7. For 1 < ¢ < n, define 7;,0; € (‘)(2) by

7 = det(ZAP)"), (2.9)
0; = det(ZP) )"}, (2.10)

and 19 = 09 = 1.
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In particular, we have oy, = det(Z) = 211 - Zpn, T = €T Tong,  The open set Z° of Z is
the complement of the closed set defined by 7, =0, 0;, =0 (1 <i<n—1).
We often use the following results on the determinants.

Proposition 2.8. Let A, B be square matrices of sizen, and 1 < i <n. If A is lower triangular
or B is upper triangular, then

(1,4 _ [1,4] [1,4]
det(AB)[M] = det A’ det By

Proposition 2.9. Let A, B be square matrices of size n such that B is invertible, and 1 < i <
n—1.

det(AB)[1)" = det

2.5 Construction of &,

Theorem 2.10 ([8, Section 3]). By the map defined by (1.3), we have an isomorphism Y° = Z°
of varieties over T.

An element of Z is an algebraic family {Z,} of invertible upper triangular matrices parame-
trized by ¢ € T such that Z; commute with A;. We denote the family {Z;} simply by Z. If
we assume Z € ZO, there exists an upper triangular matrix R and a unipotent lower triangular
matrix U (see [8, Proposition 3.2]), both defined as families over 7', such that

P7'ZAP =U"'R. (2.11)
Because the left-hand side of (2.11) commutes with C4, we have
UC,U' = RC4R™. (2.12)

Let L denote the matrix (2.12). If we replace Z by ¢Z with ¢ € C*, then R becomes cR
and we obtain the same matrix L. We apply the Gauss decomposition to L as L = MN~L
Then M, N are matrices of the forms given in (2.1) for unique z1,...,2,,Q1,...,Qn-1 (see [8,
Section 3.2]). Thus we obtain functions z;, @Q; on Z° = Z°/C*. 1In view of (2.12), we
have det(CE — L) = det(CE — C4), which means that the regular functions z1, ..., z,, Q1,...,
Qn—1 satisfy the definiting equation for Y. We can also check Q; # 0 for 1 <i <n —1 (see [8,
Section 3.5]). In this way, we have a ring homomorphism ®,,: O(Z°) — 0(Y°), which is naturally
a homomorphism of R(T)-algebras.

The explicit form of ®,, is determined as follows. By abuse of notation we simply denote
P, (%), Pn(Qs) by zi, Qi. Let 145 be the (7, j)-th entry of R. Then, from (2.11) and the Cauchy—
Binet formula, we obtain

Fiars g = det B[l = det (UP™! ZAP) ') = det(ZAP) '] =, (2.13)
which implies r;; = 7;/7;_1. Comparing the (i + 1,7)-th entries on both sides of NM ™1 =
RC'R™', which is derived from (2.12), we obtain

Q; = Pitlitl _ Tit1Tio1 (2.14)

. 2
Tii T;

On the other hand, from (2.1) and (2.12), z; is expressed as

B det(L1)H ] ) det (UCT'UY) 7] _ det(C'UY) Ty
det(L-1)y)  det(UCFUY Y det(CIUY)
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As C'UL = P71 ZPR™!, we have

. o det(P1zP)P det(zp)M
—17—1\[13] _ -1 —1\ L] _ 14 _ (1i _ Oi
det(Cr U™) ) =det(PTZPR™) ) = e e T
which gives
Ti04—1
= _ 2.15
‘ Ti—10% ( )

We can construct the inverse of ®,, (see [8, Section 3.4]). Here we provide an expression
for @1, From (2.11), we have P~'ZP = U'RC'. The entries of U~! can be expressed as
polynomials in z;, @;, while the entries of R can be written as Laurent polynomials in z;, @);.
This gives rise to an expression for the entries of Z as Laurent polynomials in z;, (J;, which are
considered as elements in O(Y°).

Example 2.11. For n = 2, we have

7 — 1 z9 —e M 1
N 212901 0 29 —e %2 )7

For n = 3, we have

1 = (1253Q1 Q) (227 — € (a1 = Qo) + 23) +¢ %),
212 = (212223Q1Q2) " (22(1 — Qo) + 23 — €™ — e7%2),

213 = (212223Q1Q2)
The other entries are determined by z;41 j41 = w(2i;).
Remark 2.12. As a complex manifold, Z° is parameterized as
Z =exp(Aty + Aty + -+ A" M) € 2° (2.16)

by the complex parameters t1,ts,...,t,—1. From (2.16), we deduce the differential equation of
motion (%_Z = A'Z. Then, computing the differential (%(P‘lZAP), we obtain

—(P'ZAP)=P ' -Z) AP =P 'A"ZAP = C4, U 'R,
Bti 8ti

where, for the last equality, we used (2.11). On the other hand, by using (2.11) again, we also

obtain

i -1 _i -1 _rr—1 i !
8ti(P ZAP)_ati(U R)=U ((%iR) U (

9\,
(%U>U R.

Comparing these equations, we have
. A ) 0
L'=vCyU ' '=(—R)R'-(-U|U L
A <6ti > ((%i )
Since (%R) R~ is upper triangular, we obtain (Li)< = —(%Uti)U_l by (2.12). Then, we have
the relativistic Toda lattice (2.2) as follows:

9, _ 0 n_ (9 -1 _ -1 i -1
%L—%(UC’AU )_(%U>OAU UCU (atiU>U

— <6‘1U> U'L-L (%U) Ul =L, (L") _].
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3 K-theoretic double k-Schur functions

In order to study the map ®,, in more detail, we use a recent work [10] on a symmetric function
realization of KI(Grgy,,).

3.1 Definition of K-theoretic double k-Schur functions

The simple roots of G = SL,,(C) are given by a; = a; — a;41 for i € I, where I = {1,...,n—1}.
Let # = a; — a,, denote the highest root, and let 6V be its corresponding coroot. We define an
action of W on R(T), referred to as the level zero action. The coroot lattice QY acts by the
identity, while W acts naturally. In particular, so acts as sy where 6 is the highest root.

We will work in the level zero affine setting so we set ag := —0. Let Wg denote the corre-
sponding affine Weyl group, with the standard generators sg, s1,...,8,-1. Let R(T)A denote
the localization of R(7T") by the multiplicative set generated by 1 — e* where « are any roots.
The twisted group algebra R(T)> [Wg} is D et R(T)*w with product defined by

(frw1)(fowz) = (frwi(f2))(wiws) for fi,f2 € R(T)®, wi,ws € We.

with the level zero action of W¢ on R(T)™.

For i € I = I U{0}, define the Demazure operators
Ti=(l-e™) si—1), Di=Ti+1, (3.1)

which are considered as elements of R(T)> [Wg]

T; satisfies T? = —T; and the braid relations of type AS_)I. Similarly, D; satisfies D? = D;
and the braid relation of type Agzl. Then, for any w € W written as w = Siy -+ 8;;, the product
Ty =T;, - - - T;, and the product D,, = D;, --- D;, depend only on w (see [19], see also [10]).

The K-theoretic nil-Hecke algebra K is defined to be the left R(T)-module generated by D,,
for w € We (see [19], see also [10]).

We use notation

bii=1—e¢%  1<i<n. (3.2)

We consider the ring AR of symmetric formal power series in the infinitely many vari-
ables y = (y1,y2,...) with coefficients in R(T'). We can define an action of Demazure opera-
tors D; (0 < i <n—1) on AT (see [10]). For 1 <i < n — 1, we let s; act by exchanging a;
and a;41 in the coefficients, and sg by the formula

_ Q(b1|y)8 T 1
= Q) o(f); Qbily) == [T, b))’

where sy is the reflection with respect to 8, exchanging a; and a,,.

The finite Weyl group W = (s1,...,s,-1) is the symmetric group S,. Let Wg denote the
set of minimal-length coset representatives of We /Wea. The set Wg naturally indexes the set
of the Schubert classes of K (Grg), and we refer to an element of W2 as an affine Grassmann
element. For each x € W9 [10], the double K -theoretic k-Schur functions are defined as

ga(ck)(y’b) = Dm(l)ﬂ gy(ck)<y|b) = Tx(l)’ (34)
The R(T')-span

AR = @B R(T)FP (ylb)

zeWY,

so(f) (3.3)

is an R(T)-subalgebra of AR(T) which is isomorphic to K! (Grsr,) and the Schubert struc-
ture sheaf O, is identified with gfnk) (x|b). Let w € S, be the cyclic permutation sending i to i+ 1
with n + 1 =1 by convention.
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Theorem 3.1 ([10]). There are isomorphisms 3, k of R(T)-algebras

0(2) 5 AL =5 KT (Grs,),

such that
B(zij/711) = e T91Q(bi|y) b1 ly) " gp,_, (y|w' (b)),
k(@GP (Y1) = 04 k(9P (y[b)) = Ia, (3.5)

where py = s;_1---8180 for L <1 <n—1.

Remark 3.2. In [10], it is proven that each of the three R(T)-algebras has a natural R(T)-
Hopf-algebra structure.

Remark 3.3. It is natural to define a map f: O(Z) — AR(T) | We have

B(zij) = e 51Q(bily)g,,_, (y]w' (b)), (3.6)

where T is the maximal torus of GL,,(C). See [10, Theorem 1.2] for more details.

3.2 Preliminaries on Demazure operators

We collect some properties of T; and D; which are used in Section 6.2. Let ¢ be the involution
on ART) guch that

i—1

) =3 (1 el ey —em,

r=0
Proposition 3.4. Fori € l,10T; =T, ;0t,t0D; =D, ;0uL.
Proof. Straightforward. n

Let wi be the group automorphism of We such that
wk(si) =S4, (3.7)
with indices taken mod nZ.

Proposition 3.5 ([10, Proposition 3.14]). We have L(gg(gk) (ylw'd)) = §(’Z)k (ylw™d).

xT

We define elements Ty and Dy of the twisted group algebra R(T' )A [Wg]:

sp— 1

oo Do =w loDjow' =Tp+ 1. (3.8)

Ty =w 'oT,ow' =

Remark 3.6. For any « € @, an element T, of R(T)A [Wg] is defined. See [10, Section 2.2.4]
for more details.

Lemma 3.7. Forie I, Toe %+ =e % o D;, and Tyoe % = e~ o Dy.

Proof. The lemma is shown by direct calculations: Tj(e™%+! f) = T;(e™%+1) f+s;(e”%+1)T;(f)
=e %f+e %Ti(f) =e"%D;(f). |

Proposition 3.8. We have

To = Q(b1ly) o Ty o Qbrly) ™" = Q(bnly) ™" 0 Ty 0 Qb y).
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Proof. The first equality is shown as follows:

Q(biy) o Ty o Qbi|y) ()

- f B 1—b, f SH(f)
= Qbuly)Ty <Q(b1!y)> by — le(bl\y) (Q(bl‘y) - Q(b”’y)>

o 1 _bn N Q(b1|y)8 _
= (- g Ban)) = Tuls)

The second equality follows from the fact that Q(b;|y)Q2(b,|y) commutes with Tp. [

Lemma 3.9. For1<i<n—1landj—i<n—1, andm >0,

Dihp,(e” %t o7 %42 [ emY) = hy,(e” % e Wit T MiH2 L em W), (3.9)
For1<j<n-—1,andm>0,

Dohp (e e .. e %) = hp(e %, e % e 2 ... e Y). (3.10)
Proof. Note

Di(1 — e %tiy) ™t = (1 — e %) 71(1 — e %t+1y) L,
As H§:i+2(1 — e~%y)~! is invariant under s;, we obtain D; Hg:iﬂ(l —e %sy) Tl = g:i(l -
e~%q)~!, which implies (3.9). The proof of (3.10) is given similarly. [ |

4 Some automorphisms

For later use, we introduce some automorphisms of the algebras O(i),AR(T) and study their
properties.
4.1 Automorphism o
We define an automorphism o of O(Z) as an R(T)-algebra by

o(Z)=ZA" (4.1)
Explicitly, for 1 <7 < j < n, we have

0(2i5) = €Y zij + U U5 g 4o BTy,

In particular, we have

U(z“) = e’”zii. (4.2)
From (2.9) and (2.10), we have
o(r) = o;. (4.3)

Via the isomorphism [ we consider the corresponding automorphism on /A\%T ) and denote it

also by o. For example, we have

a(2(bily)) = e Q(bsly). (4.4)
In the next section, we prove

(gl (ylb)) = e~ i (y|b). (4.5)

Since we know gﬁ(,lf) (¥10) = hi(y), we have o(hi(y)) = 1+h1(y)+- - +hi(y). In fact, o on ART) can
be defined as the R(T)-linear map sending f(y1,y2,...) € A to f(1,y1,¥2,...). This automor-
phism already appeared in the study of the non-equivariant version of K-Peterson isomorphism

in [2, 9].
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4.2 Image of gf\k)(ylb) under o for k-small A

Let diag(\) denote the main diagonal of A, that is, the set of boxes at the (i,7)-th position
fori=1,2,.... For x € diag(\), let 7(z) be the n-residue of the box that is furthest to the right
from x, and b(x) the n-residue of the box that is furthest below from z.

Proposition 4.1. If A is k-small, we have
(k) b)) = e%r(2)+1~ () b
oloy’ i) = I 3 wlb).
z€diag(A)

Example 4.2. When n = 6 and

1(2
0f1

A:

BNEE

the main diagonal consists of two boxes x1, x2, where x; is at the (7,7)-th posmon Since
r(z1) =2, b(x1) =4, r(z2) = 1, and b(x2) = 0, we have 0(g§\ )(y|b )) = elas—a1)+(az—ae) g (y]b)

Lemma 4.3. 00Ty =¢’Dyoo.

Proof. Let f(y|b) € AR(T). Then by using (4.12), we have

Tl o) = o (s g e 010 ~ £ )
- = ( s (e ol - (o))

T
— s (G sl D) - Lot + o i) - o)

= "Tyo f(y|b) + o f(y[b) = ¢’ Doo f(y]b),

)
)
)
)’

where we use that o commutes with the action of sy. |

Proof of Proposition 4.1. We use induction on the number of boxes of \. The case A = @
is obvious. Suppose A\ # &. There is a box removable from A, with the n-residue say i. Let u
be the partition obtained from A by removing the box. We consider the case when ¢ = 0. One
easily sees that r(z) + 1, b(z) ¢ {1,n} for z € diag(p). It follows that sp(e(p)) = e(p). We also
note that e?e(u) = e(N),

U(g/(\k) (y|b)) = U(TOQ (y|b ) =e DOU(gﬁk ) by Lemma 4.3

~(k
= " Do (e(wgl? (41b)) = "e(1) Do (g1 (410)) = eV, (ul).
The case when ¢ # 0 is left to the reader since it is similar and easier. |

Remark 4.4. The assumption that X is k-small in Proposition 4.1 is mandatory. Indeed, if we
consider the case When n =3 and w = s2810p, the associated 2-bounded partition A = (2,1) is
not 2-small, and a(gw (y|b)) equals

Ta (e ® §12 (y|b))
=(1+ e“3‘“2) ® g10 (y\b) + e®3792 @ T2910 (y\b)
= 1@ 3\ (y]b) + €72 @ Dygld) (ylb) = 10 317 (y]b) + €72 @ G5y (y]b).
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4.3 Regular functions c;
For arbitrary matrix Z that commutes with A, there are unique scalars ¢; satisfying
7 = C()E + ClA + -+ CnflAn_l. (46)

The existence of such scalars is assured by the fact that A is conjugate to a companion matrix.
We will consider each ¢; as an element of O(Z).

Example 4.5. If n = 3 we have expressions
co=2z11+e€ Mzio+e T3, c1 = —z12 — (7% 4+ e )23, co = 213
by comparing the 1st row of (4.6).
By comparing the diagonal entries, we have z; = cg + cie™% +--- + cn_le*(”*l)‘”. We also
define c((]j),cgj) ...,cfjll € (‘)(2) for j € Z by
WZ=FE+D At gD At (4.7)

Note that we have c(p)

;= ¢;. Comparing the diagonal entries on both sides of (4.7), we have

e Iy, = c(()j) + cgj)e_“i 4+ -+ ngle_("_l)“i. (4.8)

Theorem 4.6. We have

R I
1 1 2 2
I I L IR Y ] -
c((f_l) c(li_l) cl(-i:ll) c(()i) cgi) cz@l

Proof. Since P! is lower unitriangular, we use Proposition 2.8 to have

[1,d]

0; = det(ZP)[}] = det(PT'ZP) ) = det(coE + c1Ca + -+ + en 1 CFT) Y.

[1,4]
By comparing the 1-st row of
Ci M B +e1Cat -+ i O ) = VE+ Vo4 4 Don
we see that the (j,1)-th entry of coE+c1Ca+- - -+cp—1 Cj}fl is (—1)j+lcl(j71). Hence the first equa-
tion of (4.9) holds. The equation for 7; follows from this by applying o~! because of (4.3). W
4.4 Involution ¢ on O(Z)

Let J be the permutation matrix of the longest element w, of S,,. Explicitly, J is Yoy Ein—it1-
Let ¢ be a ring automorphism of O(2) defined by ¢(e7) = e™°7 (in particular (%) = e~ *n—i+1),
and

n

1 ‘ -1\ !
(c)A™ = (Z cZ-A7’> .

1=0

I
=)

It is not difficult to show «(C4) = JC;'J. Since C4 = P~LAP, we obtain

n—1

n—1 -1
Z L(ci)CZi = (Z cZ-Ci\>
; i=0

=0
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and
L(P_lZP) =i(co+c1Ca+ -+ cn_le}fl)
= J(ueo) + 1er)Cx" 4o+ slea1)C "V
= J(co+eCat - +euaCi ) ' T=JP 1 Z7IPJ. (4.10)
Comparing the diagonal entries on both sides of (4.10), we have

~1
Uzii) = 2 i1 m—it1- (4.11)

Identifying z; with Q(b;|y), we have
UQ(bily)) = Abn—i+1]y) (4.12)
Remark 4.7. The automorphism ¢ is induced by a diagram automorphism of the affine Dynkin

diagram. See [10, Sections 2.7 and 3.3].

Proposition 4.8. ¢ commutes with o.
Proof. Note that ¢ and ¢ are naturally extended as ring automorphisms of O(Z)A. In view
of Proposition 2.6, we only need to check on the generators z; and f € R(T). From (4.11)

and (4.2), we have

1
U(L(ZZZ)) *O'(Zn 1+1,n— z—l—l) e T Z+1Zn i+1n—i+1 L(e ZZZ) - L( (Zu))

Since o is R(T)-linear, it is clear that ¢(o(f)) = o(c(f)) = ¢(f) for f € R(T). [ |

Proposition 4.9. We have

Tn—i

- On—i
L(Tl‘) = - , L(O’i) = o . (4.13)
Proof. By (4.10), we have
i) = 1 (det(PT'ZP) ) = det(JPT 27 PI) ) = det (P71 271 P) T
= det(PT' 27 P) - det(PT'ZP) "] = det(Z7") - det(PT' ZP) T

- On—i _ On—j
Qbrly) - Qbaly)  on
where for the fourth equality we use the fact det A[mJrl " = det A - det (A )[ Z], which holds

1
for any invertible A. The first equality of (4.13) is oLtamed from Proposition 4.8 and (4.3). W

4.5 Basic properties of ®,,
We collect some basic properties of ®,, which will be used below.
Proposition 4.10. We have
tod, =, 01 (4.14)

Proof. For (4.14), it suffices to show on generators z;, and @;. From Proposition 4.9, we have

(Lo®,)(z) =1 (Tiai_1> = InmiTnmidl O (270 41) = (Pn o 1) (2)

T;—104 On—iTn—i+1

and

(LO (I)n)(Qi) -, <Ti172'i+1> _ Tn7i+127—n7i71 _ @n(Qn—i) _ (‘Dn o L)(Qi);

Ty Tn—i

which concludes the proposition. |
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Let us denote the characteristic polynomial of LHE} by xi(¢) := det(CE — L)Eﬁ Then

we have from Appendix B

where
FW .= Z H (1—Qj)sz, (4.15)
JCli] j€J, jeJ
|J|=m j+1¢J

for 0 <m <i<n, with F\") = 1.
Lemma 4.11. For 1 <m <1 <n, we have

NOREAO o

Ch—i—2 Cp_itm—1

wlo® &b &)
(o (FWy = EUT | 0n At e Gicz s,
Tn—i : : .. : :
cén_z) an—z) . cgln__ll_)z C;n__;zm_l

Proof. We first compute ®,,(x;(¢)) as follows

b @u(a(0) - det B

= det (U™} - det(CE — ®,(L))}] - det R

det(U™1)

= det(U™!(CE — ®,(L)R)§l by Proposition 2.8
= det((CE — C’A)U_IR) H’Z} since ®, (L) = UC,U ™! from (2.12)
= det((CE— Ca)PT'ZAP) ) by (2.11).

Since det(U‘l)H’g =1 and det RH? = 7; (see (2.13)), we deduce that

B (xi(Q)) = 7" 'det (CE — Ca) P ZAP) "), (4.16)
Let us apply ¢ on both sides of (4.16). By using Proposition 4.10, we can verify
W(P7'ZAP) = JpP7'Z7 AT P

Using this together with «(C4) = JC’ZIJ, we have

(10 @,)(xi(Q)) = (7a/Tami) - det (J(CE — 1) P~ 27 AT PI) 1
— — — — n—i+1,n
= (/) det(CE = 31 P 2 AT P

([ (prazp)in
L)

where in the last equality we use Proposition 2.9, and det (P_IAZP) = 7,. Comparing the
coefficients of (*~™ on both sides of this equality, we obtain

[1,n—i—1]U{n—i+m}

det(P~1AZP) ")

(Lo (I)n)(Fygi)) =

Tn—i

Because we know P~AZP = ((—l)chl(j))Kj 1<n, (see the proof of Theorem 4.6), we obtain the
desired result, after eliminating unnecessary signs. [
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5 Quantum double Grothendieck polynomials

We use notation of binary operations t @y =z +y —ay and x Sy = (z —y)/(1 —y). We also
denote —x/(1 —z) =0© x by T.

5.1 Quantum double Grothendieck polynomials

We recall Lenart—Maeno’s quantum double Grothendieck polynomials.

Let us consider the two sets of variables z = (z1,...,2,) and n = (n1,...,7,), and the
polynomial ring Z[Q][z1,- -, Zn, M, - - - ], where Q1,...,Qn—1 are the Novikov variables. For
i € 1, define

(m) (m)
] g
Tz’Q = ) DiQ =1+ °i ) (5.1)
Ni+1 O M Ni+1 © N
as linear endomorphisms of Z[Q][z1, ..., 2n, N1, - ., Mn]. Define
n—1
62 (zln) =[] v (5.2)
i=1
vi= 3 (11 =n) BV (2, Q). (53)
§=0

Note that 1; can be written as

i = det(E — (1 - i) L)} (5.4)

if L is the matrix given as in Section 2.1.
There exists a unique collection of polynomials

{89(2[n) € Z[Q][21,- -+, 20y M1y -+, 0] | w € Sy},

where @80 corresponding to the longest element w, is given by (5.2), and each &9 for general w
is characterized by the recursive relation

DQ@Q(Z| )_ (’5gw(z|n) if s;w < w, (5 5)
P 953(Z|77) if s;w > w. .

Remark 5.1. We follow the notation in [27] as closely as possible, however, there are some
unavoidable differences as outlined below. The variables y; used for equivariant parameters
in [27] are denoted here by n;. This change is necessary because we reserve y; for the variables
of symmetric functions. We treat the variable n; as an element of R(T') via the correspondence

n=1—e—+ =b, ;4 1<i<n. (5.6)

Note that our a; corresponds to —¢; in [27]. Additionally, we use z; = 1 —x; with z; the variable
from [27].

Proposition 5.2. Fori € I, we have
Dy_io®, =, 0D, Dy_io®, =&, 0DY. (5.7)

Proof. The operators on both sides coincide on z;, @);, because 7; and o; are Sj,-invariant.
Since ®,, (and ®,,) is R(T)-linear, it suffices to see the equality on R(T). In fact, we have

(b) (b)
1+ & =1+ M -1 e
Ni+1 S Mi bp—i © bp—it1 br—it1 © bp—i’

(0)

under the identification (5.6), where s, exchanges b; and b;11, and weuse 7oy =ycz. W



20 T. Ikeda, S. Iwao, S. Naito and K. Yamaguchi

5.2 Involution ¢ on the equivariant quantum K-ring

Let ¢ be a ring homomorphism of R(T')[Q] [zfﬁl, ..., 21 such that

) Zn
ey =e () =20, UQ) = Qe
Obviously, ¢ satisfies 12 = 1. It is easy to prove that
LoD =D o (5.8)
holds for i € I.

Proposition 5.3. ¢ preserves the ideal 7% of R(T)[Q] [zfd, el zil}.

n

Proof. We claim that z1 --- zn/,(Fi(n)) = Ffﬁ)i, e%")b(ei")) = egi)i for 1 <i¢<n-—1. The second
identity is obvious. For J C [1,n], |J| =4, set K := {i’ | i ¢ J}, with ¢’ := n — i+ 1. Then
212 [ [ t(2i) = [L1ex 21 We see that j € J,j+1 ¢ J is equivalent to (j +1)' € K, j' ¢ K.

Thus
II a-eH)= ] a-@u.
jedj+1¢J leKI+1¢K

Hence the claim holds and we have z; - - - an(Fi(n)) = FT(ﬁ)Z Since F,(Ln) = 212z, and eﬁl”)

e~(at+an) — 1 we are done.

The next result will be proved in Section 8.
Proposition 5.4. We have L(Qigo) = (’580.

For w € Sy, let w* = woww,; w* is obtained from any reduced expression of w by replacing s;
with s,,_;. Note that the map w — w* preserves the Bruhat order.

Proposition 5.5. Let w € S,,. Then
(62 (zIn)) = &% (zIn). (5.9)

Proof. We use induction on ¢(w,) — £(w). Since &%, is r-invariant (see Proposition 5.4) and
w}i = wo, (5.9) holds for w = w,. Suppose w € S, satisfies s;w > w for some 1 < i < n — 1.
Then we have (s;w)* > w*. It follows that s,_;(s;w)* < (s;w)*. Then by using (5.5) and (5.8),
we have

U(®L(2In)) = o(DPBE,(2In) = D21 (62,(2In))

S;w S;w

= D262 (2l = 62 . (2ln) = &L (=1n). -

5.3 Explicit formula for 6g(az|n)

The quantum double Grothendieck polynomial for sy plays a fundamental role in the following.
Let w™ be the cyclic permutation with respect to the variables 7, that is w(™ (n:) = Miv1
with 7,41 = 71. We use the following notation: [x|n]' = (x ®m)--- (x & n;) for i > 1.

Proposition 5.6. We have

68Q9 (2‘77) = QSSQl‘SQ..ASn,l (Z’n) : 62172...8281 (Z|w(n) (77)) ° (510)
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Proof. We first prove the classical version

659 (2‘7]) = 68182.”871—1(2’77) : ®5n—2~~-5231 (x|w(77) (Tl)) (5'11)

of (5.10). Since sy € Sy, is a dominant permutation of code (see [25, Chapter I] for the definitions)
c(sg) =(n—1,1,...,1,0),

&y, (2|n) = [ealn]" Haaln] - [za-1ln] = [ealnllealn] - [Ta-1ln] x [z1]w® @)]"

For the first equality, we have used [26, Lemma B.6]. Because s1sy...s,-1 and s,_2...S281
are also dominant, with the codes (1,...,1,0) and (n — 2,0,...,0) respectively, we have by [26,
Lemma B.6]

Gsss...5n-1 (2|1) = [T1|n][22|N] - - [T0=1[N], B, 55081 (2]1) = [w1|77]n72-
Therefore, (5.11) holds.

We will apply the quantization map Q of Lenart— Maeno (see [23, Section 3]) to (5.11) with
respect to the variables z1,...,x,, where x; =1 — z;. Let f @ _ ej(1—zq,...,1—x;). Then Q
is a linear map such that

Q(f f(Q) fpn 2)fp )_FIS})Fp(g).. F(n 2) pr(n—1)

n—2 n—2 Pn—1

for 0 < p; < i (see [23, Proposition 3.16]). As a polynomlal in 21, [z1|n]" 2 has degree n—2.

Hence it is easy to see that &g , s (2|n) = [z1]|n]" ° is a linear combination of fp1 ZS? e

fpn 2) with 0 < p; <. Also,

n—1
j p(n—1
Garss. s (210) = lallfwali] -~ famaln] = 14+ 3 (m = 17 £, (5.12)
j=1
Therefore, Q preserves the product of (5.11), so we have (5.10). [

By the proof of the previous proposition, we have the following.

Corollary 5.7. We have

n—1
j i (n—1
68@182 sna (2I0) = Z(—l)j(l — nl)JFj(" ).
=0
Proof. This identity is obtained by applying Q to (5.12). =

5.4 Affine K-nil-Hecke action on the equivariant quantum K-ring

Here we explain an action of the 0-th Demazure operator on QK7 (SL,(C)/B)g. We define an
operator Dg) on QK7 (SL,(C)/B)qg by

DY =T2 + Q0% - s, (5.13)
where an element TQQ is defined by
(77) -1 B 8577) -1

Q ._ —i Q (
Ty = (w(n)) oT*o (w(")) 7]01 S =1 o0

If we present QK7 (SL,(C)/B) as a quotient ring by [26], we can replace Q¢ 0%, acting as
a multiplication operator with @~ v@%

Together with D ,i € I, and the left multiplication by R(T"), QK7 (SL,(C)/B)g has a struc-
ture of K-nil- DAHA module (see [14, 17, 28]).



22 T. Ikeda, S. Iwao, S. Naito and K. Yamaguchi

Proposition 5.8. Let x = wt, € Wg Then, with the presentation [26], we have
DP(1) = Q*¢Y mod 79.

See Appendix C.

5.5 Proof of Theorem 1.1

The purpose of this section is to prove Theorem 1.1

R(T)
(n)

The following result is an important special case of Theorem 1.1. This proposition in turn
implies the commutativity of ®,, with the Demazure operators (see Corollary 5.15).

Remark 5.9. The image of @, is A [ai_l, (o(03)) M1 <i<nl.

Proposition 5.10. We have
B (Q " 02) = g (ylb)-

Remark 5.11. The proof of this result is purely combinatorial. We do not have to resort to
the deep geometric fact of Corollary C.3.

We first compute the image of the factor 05?132“,3”_1 of stQe in the factorized form (5.10)
under &,,.

Lemma 5.12. We have

e Mz
(®n00)(BFa; 00 ) = (5.14)
T, €%
(I)n(estlSQ...san = ma%' (515)

Proof. We will show (5.14). Then (5.15) is obtained from this by Proposition 4.9. Since
t(1 —n1) =e ", we have by Corollary 5.7

n—1

L(®3Q152...Sn,1) == Z(—l)jefjal L(Fj(nfl)> '
Jj=0

By Lemma 4.11, we have ($, 01¢) (Fj(n_l)) =(Lo CIJn)(Fj(n_l)) = (—1)jc§-l)/7'1. Note that we
have 7 = cO1 from (4.9). Therefore, we have

1 n—1 . ) e %z,
(Prot) (6%, 5. ) = - D eine) = - by (4.8). u
j=0

In order to compute the image of QSSQ%% 5951 (z\w(")n) under ®,,, we prepare the following lemma.
Proposition 5.13. We have

e—a1—a2 212

QTZ (QSSQTL_Q...SQSl (Z‘n)) = sl

Proof. By (5.5) and Proposition 5.5, we have

»<

Sn—9...8281

(2ln) = (DY B2 (2|n)). (5.16)

S$182...8n—1
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Applying ®,, to both sides of (5.16), we have

B (62, sy (20)) = (P 0 0)(DPEL,, ., (2In))
=Di((®not) (6%, 5. ,(2ln)) by (5.8) and (5.7)

oy
=D <e 2“) by (5.14)

71
= —Dy(e""z1) since 7 is Sy, -invariant.
T1
Finally, it is easy to show Dj(e™%211) = e~ %7922z by using (2.6). [ |

Proof of Proposition 5.10. Note that w(™ corresponds to w™! under the identification (5.6).
By using Proposition 5.6, (5.15), and Proposition 5.13, we have

(I)n(®ng(Z’n)) = ‘pn(@sleg...snfl( |77) sn 2...8281 ($|W(n)(77)))

Tn edn _1 (€ —a1—az 212
Tn—1 Znn T1

T €% e T Mzt
= _— since w(zij) = Zit1,j+1
Tn—1 Rnn T1

—a
™ € Zn,n+1

Tn—1T1 Znn

From (3.5), we have 2, p41 = w1 (212) = e“"zmgglg) (y|b). Thus, together with (4.5), we have

e_alznn —ai+a (g
I = et gD () = o (3L (yb)).-

Znn

In view of &, (ng) , the proof is complete. |

1Tl
Now we can prove a crucial property of @,.

Proposition 5.14. We have <i>n o D(? =Dyo <f>n.

Proof. Since sy = sy, we have P, oTaQ = Tyo®, and D, 059 = sypoD,. From Proposition 5.10,
we have

G, 0DF =®po0 (T + Q77 8Lsp) = B0 T2 + &, 0 (Q7° @sa@; y)s)
=Tyod, + d, (Q QSSQ(x y))@n 0sg="Tyod, —1—950 (y|b) - @y, 0 56
=Ty o P, + Dy(1)-sgo®, = Dyod,,
where the last equality follows from the simply identity Dy = Ty + Do(1)sg. |
Corollary 5.15. Let x € Wg Then ti)n o Dg = Dywy 0 @n.
Proof. This is an immediate consequence of Proposition 5.14 and (5.7). |

Proof of Theorem 1.1.

3,(Q°6Y)

D, (D (1 ) by Proposition 5.8
Dy (2,(1)) by Corollary 5.15
D

o (1) = 35, (y1b). =



24 T. Ikeda, S. Iwao, S. Naito and K. Yamaguchi

6 Determinantal formulas for the k-small gﬁ’“) (y|b)

6.1 S,-and T;-actions on O(%)

Let s; (1 < ¢ < mn—1) be the generators of the symmetric group S,, which acts on O(Z)A as
a C-algebra morphism by

si(eF17) = eF0sili), si(Z) = s Zs; ", where s, =FE — (e7% —e ") Ej ;.

The Sp-action preserves the subalgebra O(Z). The isomorphism 5: O(Z) — f\gl()T ) given in
Theorem 3.1 satisfies s; 0 8 = [ o s; for all i because s;(Z) is contained in the centralizer
of 5i(A) := Ala; a5,

On the coordinate functions z;;, S, acts as

si(2j5) = si(4) (6.1)
si(zki) = 2k + ( T e_ai“)zk i1 k<1, (6.2)
8i(Zit1,5) = Zig1,j — (e_‘“ —e ‘““) Zij, j >, (6.3)
si(2kj) = 2kj, kE#i+1 or j#i. (6.4)

It should be noted that (6.1) is a consequence of (6.2), and z;; is defined by (2.6).
Proposition 6.1. The action variables cg,c1,...,Ccn—1 are Sp-invariant.

Proof. From (4.6) and the definition of s;, we have

SZ‘(Z) = SZ'ZSZ-_I =5; ZCjAj 5;1

n—1 n—1
= g cjsiAls Tt = E c;j(s;As E cjsi(A
=0 j=0

Since s;(A) is also regular, this equation uniquely determines ¢;’s. On the other hand, because s;
is a C-algebra homomorphism we have s;(Z) = Z?;ol si(cj)si(A)’. Hence we have si(cj) =
Cj. [ |

Theorem 4.6 implies the following important consequence.
Corollary 6.2. 7; and o; are Sy,-invariant.

Remark 6.3. We have
n—1 )
P'ZP =) " ¢;CY.
§=0
Since the entries of C4 are S,-invariant, the entries of P~1ZP are S,-invariant by Proposi-
tion 6.1.

Proposition 6.4. For1 <i<n-—1,
Ti(zki) = € “zpiv1, (6.5)

Ti(zit1,5) = —e~ “2ij,
Ti(zk;) = 0, k#i+1 or j#i. (6.7)
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Proof. Equations (6.5), (6.6), and (6.7) are immediate consequences of (6.2), (6.3), and (6.4),
respectively. |

For convenience, we extend the definition of z;; to any 1 < i < j by letting 2;; = 2zi1niyn =
Zit2n,iton = - and

Rij—1 = Zitl,j
efai(mod n) — efaj(mod n) ’

Zij:_

By definition, z;; is an element of O(Z)A. Let w := s189...5,-1. It is shown by induction
on j —i > 0 that

w(2ij) = Zit1,j+15 (6.8)
which implies z;; € O(Z). In particular, we have z;; = Zitn_j4n-

Remark 6.5. Ty can be seen as the n-th divided difference operator. Proposition 6.4 is naturally
extended to the case for i = n as Tp(2kn) = € 2p pny1 and Ty(zp415) = —e~ " 2y;. Moreover,
the expressions (6.1)—(6.6) are also valid for arbitrarily i, k, 7 € Z under the identification T;4,, =
T; and T;, = Tp.

6.2 Determinantal formula for Q&k)

A k-bounded partition A is k-small if X is contained in at least one of Ry, Rs,..., R,_1. This is
equivalent to £(A) + A\ < n.

6.2.1 Notation

We identify the set T = {0,1,...,n — 1} of the type Aillll affine Dynkin nodes with Z/nZ.
The n-residue is the map res: N x N — I = Z/nZ, (i,7) — j —i mod n. For z = (i,j) € \,
let 0(z) 1= {e"Mreste) [ < s < A}

For any subset X of {e ... ;e %} we denote by h,,(X) the m-th complete symmetric

polynomial in X. We use the abbreviation f,gi’jw‘ = hm(0(4,7)), for (i,j) € A. For k-small
partition A, define
Ay
g)x(@/) = HQ(bres(i,l)‘y)' (69>
i=1

Example 6.6. When n = 6 and A = (3,3,1). If we fill the boxes of A\ with the n-residue, we
have

-
[\

BEE
=
—

For example, 9(2,1) = {e™%,e %} so f7<712’1>;/\ = hp(e”%,e7*). We also have &,(y) = Q(bg|y)
x Q(bs]y) 2 (baly).
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6.2.2 Determinantal formula for gy(y|b) for k-small A

Theorem 6.7. Let \ be a k-small partition.

square matrix of sizen — 1+ 1+

) Zln Rln+1 Zln4r
Znn An,n+1 “n,ndr
M)y = 21N T
IR Y 1
2,2);A 1,2):A
S IR
:|:f1ST7r>;)\ :FfTT 11 YA _fl(l,r);)\ 1
Then we have
det(M
i (yle) = L)
Oy)

Remark 6.8.

(1) 1 is the n-residue of the bottom box of the first column of A.

(2) We have A\; < I because A is k-small. If we take r such that \; < r <[ and consider the
matrix M) by the same formula (6.10), then (6.11) also holds.

Setl =n—X +1 and r = \1. Define the following

(6.10)

(6.11)

Example 6.9. Let n = 6 and X be as in Example 6.6. We have [ = 4. The formula for g g)\ (y\b)

by taking r = 3 is

244 245 246 247 248
0 255 256 257 258
1 0 0 266 267 268
3,1 2,1);A 1,1
Wl s0lbely) |57 K It L0
SO S T
0 0 U S
Remark 6.10. In the non-equivariant case a; = 0, (6.11) reduces to
ho(y) hi(y) ha(y) -+ hn—1(y)
ho(y) hi(y) ha(y) hn-2(y)
0 . ho(y)  ha(y)  ha(y) hr(y)
~ / )\/ >\/ A/
o= - BB !
N, by N, A,
[Ai] [22] [12] [02]
N AL N,
] vl %]
where h; = h;(y) and [}] = (—=1)°(7).

The proof of Theorem 6.7 is divided into two cases:
partition and (ii) the case when A is a general k-small partition.

Z49

259

269
0
0

1

(i) the case when A is a one-column
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6.2.3 Case: \ = (1’)

Let X is a one-column partition A = (11) We have

Zn—i+1n—i+1 T e Zn—i-i—l,n Zn—i+1,n+1
My =
Znn Zn,n4+1
(1) (10 2,117 1,1y;(1°
(_I)Zfi@ JHOS R f2< 23(1%) —f1< )5(1%) 1

In this case, det(M ;i) given in (6.11) is expanded as
det(Mp) = > fimbitgl)

m=0

by the expansion along the bottom row, where dg,? = det Z[[::ZLI ’Z]H]\{n_mﬂ}. For 0 < m <
1 < n, define

FO = plm1)(10) g (6.12)
Then (6.11) reads
(i)

3 (ylb) = W (6.13)

We consider the minor dgfl) of size i + 1. Note that we have
At = 2, d® (6.14)

m m

since Z is upper triangular. It follows that

il = fImD gl (6.15)
Lemma 6.11. For1<:<n—1, we have T,,_; (dg”l)) = e*“"*idgfll).

Proof. From (6.6) and (6.7), we have

; —i42 s —i4+2,n+1
Toi(d) = T,y (det Z[[g_;jljgf”) = —e T det Z A (6.16)
because every entry of the rows of Z[[Z:Zif ’:]H] except for the first row is invariant under s,_;.

Then by using this, we have

= Tn—i(zn—im—i) : dEZ) + sn—i(zn—i,n—i) T (diz))
(@)

—a,
=€ "T"Zn—in—it+1" dz

— Zn—itln—i+1 - € “"idet Z[[Z::Zf\?:_llﬂ} by (6.5) and (6.16)

T (dz(‘iﬂ)) =Tn—i (Zn—i,n—id(i)) by (6.14)

— o An—i (Z+1)
=¢ diy s

where the last equality follows by the expansion along the 1st column of dgfll). |
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Lemma 6.12. For1<i<n-—1, and 0 < m <1, we have

(i+1)

) Om 7, m < 1,
D —_i\Z —1, ,'80(1) = . .
R VR

Proof. Suppose m < i. We claim that d%ﬂ) is invariant under s,—;. In fact, we have
d7(7il+1) = ani,nfiznfiJrl,nfiJrldgriz_l)

by (6.14), which is s,_i-invariant by (6.1) and (6.7). We have

Dy (ani,nfisogi)) = Dp—; (f?fnm’l);(li) dq(qzj_l)) by (615)

=D, _; (ffnm’lx(lz)) . dgffl) since d,(ffl) is s,,_;-invariant
= f,<nm’1>;(1i+l) -l by Lemma 3.9
= it

When m = i, noting that fi<i’1>;(12) = e n-it+1_ e have

Dy (zn—i,n—i¢§i)) =Dy (fl<171>7(1l)d,gz+1)) by (615)
=D,_; (fi<i,1>;(1l)) ,d§i+1) et (dl(iJrl))
= h;(e” -t e dn—itl) . dgi“)

T @ Dan—igh  ho [ emmas 3.9 and 6.11

i+1
_ AT | g1) | LAt gl
R O A (A P)) m

Proof of Theorem 6.7 for A = (1). We show (6.13) by induction on i > 1. When i = 1,
the desired equation is shown directly as follows:

§Ef))(y|b) = Dy(1) =1+ Q(by|y)Ty (1> =1+ Q(b1|y)Ty (Q(Z”">

Q(b1]y) b1ly)2(bnly)
— 14 Dolznn) _ Znmt e znni1 _ oo+t _ of + oV
Q(bnly) Q(bnly) Q(bnly) £a)(y)

Suppose (6.13) holds for some 1 < i < n — 2. By induction hypothesis,
~ (k) anzo ‘Pgriz) Zn—in—i an:ﬂ 907(7?
g(1i+1)<y‘b) = Dp—; Y /N |~ Dy R i

5(11)(?4) ( n—z|y)€(1l)(y)

 Tho Dui o) S oY

by Lemma 6.12,

where in the third equality we use fact that Q(bn—i|y)§(1:)(y) is sp—; invariant. [

6.2.4 Case: general k-small A\

Before proving Theorem 6.7 for general k-small A, we list a few important properties of M.
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Lemma 6.13. Let A be a k-small partition. Assume X is i-addable. Let k be a partition obtained
from X\ by adding a box of n-residue i. We also assume k is k-small. Then D;(det M) = det M,
if i # 0, and Dg(det M) = det M,,.

Proof. We may assume A # &. The integers [, r are defined in Theorem 6.7. Let & :=
z—l+landal ;=2 —1+1+nforzeZ In M, zqp 1s at the (g, p)-th position (if exists).
For1 < s <, the (ST, ﬁ)—th entry of M) is either a constant or a complete symmetric polynomial
ine %, e %+ ... e % where b is the n-residue of the bottom box of the s-th column.

Let M /@ be the matrix obtained from M) by applying the following column or row operations:

(a) Add e % times the (% + 1)-th column to the i-th column.
(b) If I < i < n, subtract e~ % times the i-th row from the (5 + 1)-th row.

Since A is k-small and A is i-addable, there is a unique integer j such that the n-residue of the
bottom box of the j-th column is 7 4+ 1. In M(l), all the entries in rows except for the jf-th one
are s;-invariant because:

e the (¢, p)-th entry is
—eMiT i g i ifg=1+1, =1,

p
Zgi +€ Y Zg it ifg#i+1, p=i,
b

RN

Zitlp — e_“izip ifg=1i4+1, i,

qu lfQ#Z—’_l) p#za

One can verify that these entries are s;-invariant from (6.1)—(6.4).

e the (ST, z)—th entry (s # j) is either a constant or a polynomial of the form
he(e @ ... e” %) —e Phy_1(e %, ... e % e Yt
up to a sign, where b is the n-residue of the bottom box of the s-th column, and ¢ > 0. It

is not difficult to show the polynomial above is s;-invariant.

e the (ST,ﬁ)—th entry (s # j, p # i) is either a constant or a symmetric polynomial
ine % e ®+1 e~ % with b the n-residue of the bottom box of the s-th column. Note
that we have b # ¢ + 1. Clearly, these are s;-invariant.

Therefore, it suffices to compute the D;-actions on the jt-th row of M )(\i) only. Set m = )\;.
Then m =j —i+4+n — 1, and the (jT,ﬁ)-th entry of M)(\l) is

(_1)m7p+i+1hm—p+i+1(efa”l, cee efap) if p <1,
(_1)m+le—ai hm (e—ai+1) if ]5 — %’
0 ifp>1

and the (j1,p)-th entry of M. is

(_1)m7p+i+1hm—p+i+1(efai,efai“, co.,e0P) if p <
(=)™ (A (e7%) — e % hpy (e % e %+1))  if p=1,
0 ifp>i

By L((%nma 3.9, the image of the j'-th row of M )(\i) under D; coincides with the jf-th row

of M,.". [ |
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Proof of Theorem 6.7. Let w be the element of I/V0 associated with A. Since \ is k-small,
there exists a reduced expression w = vs;5;41 . .. Sp—150 for some v € Wg, where [ is the n-residue
at the bottom of the first column of A.

We show the theorem by induction on ¢(v). The case ¢(v) = 0 is done, so suppose £(v) > 0.
In this case, A contains at least one removable box not included in the first column. Let ¢ be the
n-residue of the box. Let p the partition obtained from A by removing the box of n-residue .

(i) If ¢ # 0, by induction hypothesis, we have

i () = Di (a0 (ulb) = (f@f)

Since A is k-small, we easily show that &) (y) is invariant under s;. Therefore, from Lemma 6.13,
we have

(det M\  Di(det M,)  det M)
D(@@)‘ NOEEOR

(ii) For ¢ = 0, because Q(b1|y)éx(y) is sp-invariant, we have

det M, )

Q(b1ly)éa(y)
Dg(det M)  det My

Qoily)éaa(y) — &ly)
from Lemma 6.13. |

37 (ylb) = Q(b1ly) Dy (

= Q(b1ly)

Corollary 6.14. Suppose i + j < n. Then we have

, [1,i+7]
~(k)<y\b) det(MGir)) My = w™ / Z[lﬁ] 7]
i ‘ ) i vy
&) () \(P i)

Proof. Note also that the size of the square matrix M,y is i+j. Let W be the matrix consisting
of the last 7 rows of M(Z'j). Then we can write

My = %M% : (6.17)

There is a lower unitriangular ¢ x ¢ matrix N such that
j _ (p—1)[Lit]]
N (W) = (P™4) (6.18)

In fact, if we define N := N1Ny---N;_1, where N,,, =1 — 27:1 e “E. i mrtj—m—1, then by
using the explicit formula for P~1, it is straightforward to check (6.18).
Combined with (6.17) and (6.18), we have

, , [1,i+4] ‘
<£(7)J J?f) W M) = Zl’j}' - = o' Miys).
Nerw [G+1,+4]
Therefore, by taking determinants we obtain the desired result. |

Corollary 6.15. We have

~(k) On—i

g% . (y|b) = ) (6.19)
n—i—1 Tn—i

gﬁff(y!b)ze a=0  fi—s (6.20)

§Ri (y) '
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Proof. Let M;?i be the n x n matrix in Corollary 6.14. We have

By taking determinants, we have

W' det(Mp,) = det (w' Mp, ) = det ((ZP)H:Z:ED = Oni.

Since 0,—; is Sp-invariant (see Corollary 6.2), we obtain (6.19). It is straightforward to ob-
tain (6.20) from (6.19) by using (4.4) and Proposition 4.1. [

6.3 Determinantal formula for gg\k)

The determinantal formula for the K-k-Schur function gg\k) (y|b) is also obtained for a k-small \.
Theorem 6.16. Let A\ be a k-small partition. Let [, r be as in Theorem 6.7. Let Wy be the
matriz consisting of the last © rows of My. Then

det(N [l,n+r]

ydettVy) - (A5 (6.21)

(k) — o2wediag()) (@r(2)+1— ()
g Y b)=e €diag(A) )
x (Wlb) &) W)

Proof. Since 07 1(Z) = ZA and o is R(T)-linear, we have o~1(M)) = N,. In view of this,
(6.21) is obtained from (6.11) by applying (4.4) and Proposition 4.1. [

Example 6.17. For A in Example 6.9, gg\S) (y|b) is

2 2%5 24:16 24117 2%8 2%9

K Y S A iy
€2(baly)€2(bs |y)2(bs |y) <2 1A (201>'>\ Z<?61>-A #67 “68  “69|

1ly) s |y)Rbsly) | 00 pl20; _f17.7 | | S

0 0 f2<272>7/\ _f1<1,2>,x 1 0

where zgj =e %z;; — 2 j—1. Note that zl{j is specialized to h;_;(y) — hj—i—1(y) at a; = 0.

7 k-rectangle factorization property
Define for 1 < j <n
05 = Q(bn*j+1|y)_1 "'Q(bn|y)_1' (7.1)

Note that for 1 <i <n — 1, we have

on—i = &R, (y) " (7.2)
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Lemma 7.1. Let 1 < j <n. We consider o; a linear transformation of ARD) by multiplication.
For any @ € I, we have

Djogj = gjo (w7 Diyjw), (7.3)
where the subscripts are taken modulo n.
Proof. Let us consider the case i # 0 and ¢ + j = 0 mod n. We have
D;ogj=D;oQbi1ly) ... Qbuly) ! by assumption i +j =0 mod n
= Di o Qbily)Ubily) ' Qbizaly) " oj—1
= Q(bily) " bis1ly) " oj-1 - Di 0 Abily) = 0 0 Abily) ™ 0 Di o Qbsly).

In the third equahty, we used that Q(b ly) 1 Z+1’y> 0j—1 is si-invariant. It is straightforward
to show Q(b;|y)~! o D; 0 Q(b;]y) = w' 0 Dy o w™". Hence we have (7.3) in this case. The other
cases are left to the reader. |

Theorem 7.2. Let A be an arbitmry k-bounded partition. Then we have

~ (k)
B0 WD) = 357 (ulw') - 357 (w1).
Proof. Let wy = sj,5j, - - - 55, be a reduced expression. Let w) = sj,4iSjo4i - - - Sj,44- 1t is shown
in [32, Lemma 2.15] that we have a length additive decomposition wyur, = wiwg,.
Therefore, we have

(k)
3, (WIb) = Dy DR, (1) = Dy (348 (410))
( On—i ) (6.19)

=0on_j Dwﬁ (y) by Proposition 6.1

by (7.2)
(1 ) by Lemma 7.1
)=

(u\b) (u]wlb) [

= 0On—i* Dw Qn i
= O0On—iOn—i - W W

= 39 (ulp) - w ( 1)

8 Proof of Theorem 1.2

This is obtained by computing the image of QS under @, in two different ways.

Wo

8.1 &,(v)
Recall that 1; (1 <i <mn —1) is defined by (5.3).

Proposition 8.1. For1 <i<n—1,

&) (w) o H;:l ( l+l+1|y) ~(k) ( ‘w21+1b)
n\¥i) = o g(n i—1) Y :
Note that for ¢ = n — 1, the partition appearing on the right-hand side is @. Since (’5 w, 18 the
product of ¢; (1 <i <n— 1), we immediately obtain the following formula.
Corollary 8.2. We have
Q H Hl 1 Z+l+1|y e ~ (k) 2341
B, (62,) = L% ™). (8.1)

0102+ Op—1 Pl
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Here we note that the factor [[7'-' [Ti_; Q(bisi1]y) in (8.1) can be expressed as follows:

n

H Q(bi|ly)™ for n =2m+1, H Q(bai—1]y)™Q(bag|y)™ ! for n = 2m. (8.2)
i=1 i=1

As an application of Corollary 8.2, we have a proof of Proposition 5.4.

Proof of Proposition 5.4. The product H?;f ggj)_i_l),. (y|w2i+1b) is t-invariant because

~(k ; ~(k —2i— ~(k e
[’(ggn)_i_l)i (y|w21+1b)) = gi((n)—i—l) (y|w 2 lb) = gi((n)—i—l) (y|w2(n ' 1)+1b>

by Proposition 3.5. Let €2, denote the factor (8.2). We will show the factor Q,,- (o109 -+ 0p_1) "

is also (-invariant. In fact, from (8.2) and (4.12) we have ¢(£2,) = Q,/c? !, From (4.9), we

have v(o1 - 0p_1) =01~ 0p_1-0" L.

Hence, from Corollary 8.2, ®,, (@80) is invariant under the action of ¢. |

The rest of this subsection is devoted to the proof of Proposition 8.1.
We start with the expression

_ det ((E — em+1C0)P1ZP)1
By (145) = =

0

This is obtained from (5.4) and (4.16).

Let us study the matrix = := (E — e C4)P ' ZP. Because the entries of C4 and P~!ZP
are Sy-invariant (see Remark 6.3), we have w'Z = (E — e%+1C4)P~1ZP.

In order to finish the proof of Proposition 8.1, it suffices to prove the following.

Lemma 8.3. Let M/nfifl ; be as defined in Corollary 6.14. We have

( )
det E[iﬂ = W' det M('n_i_1

[ )

Proof. Recall C4 = P~'AP. Because P~ ! is lower unitriangular, we have

det B} = det((E — e A)ZP){1].

(2.n]

(1] 18 lower triangular,

As all elements in the 1st column of £ —e® A are zero and (E —e® A)
the determinant det((E —e* A)Z P)HH decomposes as

det(E — e A) T4 det(ZP) 1, ) = e det(ZP)y1) ).

Therefore, we obtain

et =] = e aen(zPY, = e den

[2,i+1] — ’ (84)

where for the last equality we used det(P) = 1 (cf. proof of Corollary 6.15). By row reduction,

we can replace (P_I)Efl} nl in (8.4) by

((;:/_i_l) w(P*f) T ) , (8.5)

[i+1,n—1]
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In fact we sweep out the first column of (P_I)EJ’Z] ] taking (1,1) entry (—e~%)? as the pivot.
By using the following obvious identity ’

h(1, ..oy 2n) — hm—1(21, .o ) Tn = A (21, .o, Tp—1)

repeatedly, we obtain (8.5). Thus by expanding along the first column, we have

(2,n]
det Jl - det / Z[2’i+1] \ .

- _1\[1,n—1]
i \W(P 1)[i+1,n71]

If we compare this with

(2
M/ ] o wfi ,0
(n—i—1)t 1\ [1,n—1] )
\(P 1)[z’+1,n—1]
and use (6.8), we obtain (8.3). [

Proof of Proposition 8.1.

(i)n(¢z) = o; 'det (wiE) Ej = Gfldet(w%HM('n_i_l)i)E:g by Lemma 8.3

= o W (Emisyi () - 9((2)_i_1)i(y|b)) by Corollary 6.14

71HQ (biviv1ly) - Yin—i—1)i (y|w*1b). [ ]

8.2 Proof of Theorem 1.2

Lemma 8.4. Let p¥ = Z?:_ll w,. Suppose n is even and n = 2m. Then p¥ + w,, € Q" and
Wol_pV_¥ = TR, U, - Suppose n is odd. Then p¥ € QV, and wot_,v = ), .

Proof. It is well known that

n—1
= Z i(n —1) (8.6)
=1

We see that if n is odd then p¥ € QV and if n is even then pY + @), € QV.
We work in the extended affine Weyl group We := () x W where 7" = id and 7s; = s;417
for i € I =Z/nZ. By using [9, Lemma 4.6], we have

N[ —

Wot_pv = Wol_ -1 _v =T Z?:_lliz:l,n. (8.7)

=1 i

Suppose n = 2m is even. Then 7~ S = 7™ From this, together with t_v =7 "zg, , we
have

m —m
wot—Pv—wyn =T Ty, T LRm = LvnURm >

where, for the last equality, we use [32, Lemma 2.15]. If n is odd, then 7~ 5 = id and the
desired equality is nothing but (8.7). [
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Proof of Theorem 1.2. We first note that v, and R,, are invariant under wy,.
Suppose n is odd. From Theorem 1.1,

o (Q77'82.) = 510 (ylb) = 5 (yl)-
From (8.6), it is straightforward to show
(n—1)/2

i)n (va ) = In

0102 0n-1

Comparing these equations with Proposition 8.1 and using o, = Q(b1]y)---Q(b,|y), we ob-
tain (1.6).
Next we consider the case n = 2m. From Theorem 1.1, we have

~ oV oV (k
P, (Q" mcjgo) = géyiURm)Wk (y|b) by Lemma 8.4
_(k _(k _ m
- gl(/n)URm(y‘b) = gg%,i (y\b)gyz) (y|w™b) by Theorem 7.2.
From (8.6), it is straightforward to show

g

Um(0102 tee Un—l) )

m
n

3, (va +wn ) =

Comparing these equations with Proposition 8.1, and using o, = Q(b1|y) - - - Q(bn|y) together
with g4’ (y[b) = 0y /Er,, (y), we obtain (1.5). u

A Discrete relativistic Toda lattice

Let L = MN~! be the Lax matrix of the relativistic Toda equation (2.2). Define the new
matrix LT = N~!M by switching the position of M and N~!'. By the Gauss decompo-
sition LT = M*(N*)fl, we can define the rational map (N, M) — (N*,M*), where N*
and M™ are matrices of the form

1 +
-1
Qs 1 E
Nt = —Qf s 7 Mt = 2
. -1
1
n

+ 4
_anlznfl 1

Indeed, this correspondence defines an automorphism over the quotient field of R[T][z, @],
written as dToda: C(2;,Q;) — C(z:,Q:), 2 — 27, Qi — Q. This birational map is explicitly
written as

1— +

+ i—1
= ; z = 2 =0
Zit1 Qz: i 1— Q;r 2 QO )

which is known as the discrete Relativistic Toda lattice [31].
As NLT = LN, the two matrices L and LT are similar. Following the same argument
as (2.11) and (2.12), we have the pair of matrices UT, RT satisfying

P'Z*AP = (UY) 'Rt and LY =UrC4(UY) ! = RYCa(RY)

Comparing them with LT = N7'LN = M~'LM, we obtain the equations Ut = N~1U,
Rt = ¢- M~ R with some nonzero constant c¢. From these expressions, we can show P~ ZT AP =
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¢-P71ZP, and then, ZT = ¢ZA™'. The correspondence Z + Z* defines the same map as o
(see (4.1)) on the centralizer space Z. Symbolically, we have o = dToda.

Let 7,7 := 0; = o(r;) and 7; := 0~ 1(7;) be the tau-functions at the next and previous time
step, respectively. Substituting (2.14) and (2.15) to
_l’_
+ 1- Qi—l
2 = T AF Fis
1-Q;
we obtain
Tiz — Ti+1Ti—1 _ Ti2—1 — TiTi-2 7'12 — T270 1
+ - - + - == —-—==L
Ti Ti Ti—1Ti—1 T

Finally, we obtain 71»2 —Tit1Ti—1 = T+

"7, which is known as Hirota’s bilinear form of the discrete
Toda equation.

B Proof of (2.3)

Note that for any square matrix A of size n, we have

n

det(CE — A) =) (=1)"-¢"" > det A7,
i=0 JC[1,n]
|J|=i

Therefore, it suffices to show

detL‘]: H (1—Qj)HZj.

jedj+igd jeJ
Because the matrix L{Z’Z} decomposes as
ra -1 1 -
Zat1 _Qaza 1
_1 —Qat1%a+1 - ;
Zp—1 —1 I 1
(1= Q)2 —Qp—12p—1 1

we have

detL{Zﬂ =(1—Qp)za- 2 for 1<a<b<n.
If we decompose J as J = JyU---UJ, in such a way that J; = [a;, b;] with a;41 —b; > 2, then Lj
is blockwise lower triangular with respect to J = J; - --U.J,.. So we have det L = [T;_; det sz
which concludes (2.3).

C Affine K-nil-Hecke action on quantum K-ring

The aim of this appendix is to give a proof of Proposition 5.8. We use the theory of semi-infinite
flag manifolds.

Let G be a simple, simply-connected complex algebraic group. Let B be a Borel subgroup
of G and T a maximal torus contained in B. Let ), P be the root lattice and weight lattice,
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respectively. Let Wg = (s; | i € I) be the Weyl group of G, and Wg = Wg x QY the affine
Weyl group with We = <Si | i € f> The semi-infinite flag manifold associated with G is
the (reduced) ind-scheme of ind-infinite type Q&' = G(F)/(T(C)N(F)) (see [12, 14]), where
F = C((¢)) and N is the unipotent radical of B. For each z € W, there is the corresponding
Schubert variety Qg (z) C Q. Let Qe = Qg (e), where e is the identity. Let QY-+ denote the
positive part of the coroot lattice. The T-equivariant K-group K7 (Qg) is, as an R(T)-module,
the direct product [], i+ R(T)Oqy(w), where Wi = {wte | w € Wg, € € Q¥F}. Kato [13]
established an R(T )—modu(fe isomorphism from QK7(G/B) to K7(Qg). Explicitly, e*O”Q¢ in
QKr(G/B), with u € P, w € Wg, £ € QV, corresponds to e 10Qg (wte) In K7(Qg); here we
follow the convention of [24, Section 6.1] and [26, Section 5].

The semi-infinite length of x = wte € We is defined by £% (w) = £(w) + 2(p, &), where p
is the half sum of the positive roots. Let <c denote the semi-infinite Bruhat order (see [11,
Section 2.4]). We note that

SiT >§x<:>£%(six):€%(x)+l, iel

(see [11, Lemma 4.1.2]). Let Wg denote the minimal-length coset representatives for the coset
space W /W with respect to the ordinary length function.
The following fact is due to Peterson [29].

Lemma C.1. Forzx € Wg, we have ((x) = —07 (z).

Proof. Let x = wt), € Wg (w e Wg, A € Q). Note that A € Q" is anti-dominant according
to [20, Lemma 3.3]. We have

[es)

Ua) = £(tr) — €(w) = (e A\, —2p) — f(w) = —£F (a),

where the first equality uses [20, Lemma 3.3], and the second equality applies [20, Lemma 3.2]
with w = e. |

Motivated by the nil-DAHA action on K7 (Qf2") [14, Theorem 6.5] (see also [17, Section 3.1],
[28, Section 2.6]), we define an endomorphism of QK7(G/B)q,

DS =Ty+Q 0 0% . s,

where 6 is the highest root and Ty is defined in (3.8). Then D; (i € I ) satisfy the braid relations,

and hence Dg(;_2 is defined for z € Wg.
The next result is transported from the corresponding one for semi-infinite flag manifolds
(see [28, Section 2.6] and [17, Section 3.1]).

Proposition C.2. Let w e W. Fori € I, we have

DQ(O“’) ~JO%Y i siw < w, (C.1)
‘ ow if s;w > w. .
Moreover, we have
DQ(Ow) B Q—wfl(ev)Osgw ’Lf Spw > w, (C 2)
0 ow if spw < w. '

Proof. Let x = wte with w € W and € € QY. We use the following fact (see [11, Appendix A])
for i€el, St <o T = sw < W, 50T <sg T = Spw > w.

By the isomorphism QK7(G/B) = Kr(Qg) described above, (C.1) and (C.2) are obtained from
[28, equation (2.28)] or [17, equation (3.19)]. Note that spw = spwt_,,-1(gv) for w € W. [ |
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Corollary C.3. Let x = wt¢ € Wg Then Dg(l) = QfOv.

Proof. Let x = s;, ---s;, be a reduced expression. Then we have a saturated decreasing chain
of elements in WCO;

T = 8j; " *8j > Sjpr 85 > > 8, > €.

By Lemma C.1, we obtain a saturated increasing chain of elements with respect to <2

"L‘:Sil...sil <% S’L'Q"'S’il <% <% Sil <% e.
Thus from Proposition C.2, we deduce the corollary. |
Proof of Proposition 5.8. Apply Corollary C.3 to the T-equivariant quantum K-ring of
SL,,(C) presented in [26] and use the fact that &2 (2|n) represents OV. [
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