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Abstract. We propose a method to prove a polyhedral branching formula for Kirillov–
Reshetikhin (KR) modules over an untwisted quantum affine algebra. When the underlying
simple Lie algebra is of exceptional type, such a formula remains conjectural in many cases.
Using a linear recurrence relation satisfied by the characters of KR modules, we convert
the verification of a polyhedral formula into an identity between two rational functions of
a single variable with only simple poles at known locations. It is then sufficient to compare
the residues at those poles, which are explicitly computable quantities. By applying this
strategy, we obtain new, computer-assisted and easily verifiable proofs of known polyhedral
formulas in types F4 and G2 within a uniform framework.
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1 Introduction

Let g be a complex simple Lie algebra. The Kirillov–Reshetikhin (KR) modules constitute an
important family of finite-dimensional irreducible representations of the quantum affine alge-
bra Uq(ĝ). For each node a of the Dynkin diagram of g and m ∈ Z≥0, we use the notation W

(a)
m

for the corresponding Kirillov–Reshetikhin module and resW
(a)
m for its restriction to a Uq(g)-

module. An interesting problem is to understand how such a module, or a tensor product of
such modules, decomposes into irreducible Uq(g)-modules. Kirillov and Reshetikhin introduced
the fermionic formula [7] to describe such a decomposition; it was originally formulated as a con-
jecture based on insights from the Bethe ansatz in quantum spin chains, and is often interpreted
as a combinatorial completeness of the Bethe ansatz. This conjecture has since been proved
through a series of works including, among others, [4, 5, 6, 12], and it provides an answer to this
question by expressing the multiplicity of each irreducible summand using a certain combinato-
rial rule. Kleber’s algorithm gives an efficient way to compute branching rules from the fermionic
formula for fixed inputs [8]; nevertheless, for a family of single KR modules depending on the
parameter m, it is still desirable to have a closed decomposition formula that is more explicit
and computationally cheaper to use. In this sense, Kleber’s algorithm is complementary to the
present approach: computations based on the fermionic formula, including Kleber’s algorithm,
can provide useful data for guessing closed formulas, while the method of this paper is designed
to verify a proposed closed formula uniformly in the parameter m.

If g is of classical type, there is a well-known explicit formula often called the domino removal
rule, which was proved in [2]. It is a polyhedral formula in the sense that the highest weight of an
irreducible summand with non-zero multiplicity is characterized as a lattice point in a suitable
bounded polyhedron. Even when g is of exceptional type, a polyhedral formula still seems
to exist, although an irreducible summand with a multiplicity greater than one may appear.
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Conjectural polyhedral formulas with multiplicities were proposed in [5] for several exceptional
nodes, and many of these conjectures have since been verified, notably in [14]. However, explicit
polyhedral formulas are still not available for all exceptional nodes. Throughout the paper,
we use the same convention for enumerating the nodes of the Dynkin diagram as in [5]. The
known explicit polyhedral formulas with nontrivial multiplicities are those for type G2 [3], and
the cases (F4, a = 2), (E6, a = 3), (E7, a = 2), and (E8, a = 2) treated in [14].

In this paper, we propose a general method to prove a polyhedral formula. The key objects in
our approach are the coefficients that appear when the characters of KR modules are written in
some exponential form. They are essentially the residues at the poles of the generating function
of the characters of KR modules. It turns out that it is possible to decompose a polyhedral
formula into a finite list of identities involving these coefficients; see (3.2). Our method is well
suited for a computer-aided mechanical approach. While the difficulty of the actual implemen-
tation varies depending on the type of g, such an approach is well justified in view of our focus
on exceptional types. The method should be viewed as a verification procedure for proposed
polyhedral formulas. Finding a polyhedral formula remains a separate problem: one still has to
express the multiplicities as step-polynomials on suitable polyhedral regions. The method in the
present paper is formulated in the untwisted affine setting, since it uses the untwisted Q-system
and the linear recurrence relation from [9]. We expect the same strategy to apply to twisted
types as well, but in this paper we restrict ourselves to untwisted quantum affine algebras.

After presenting the general strategy, we consider special cases in which g is of type F4 or G2.
Although the results stated below are already known in the literature, we obtain a computer-
aided and easily verifiable proof of the following two polyhedral formulas conjectured in [5] using
the method introduced in this paper.

Theorem 1.1 ([14]). Let g be of type F4. For every m ∈ Z≥0, the following holds:

resW (2)
m =

⊕
j1+2j2+j3+j4≤m
j1,j2,j3,j4∈Z≥0

p(j1, j2, j3, j4;m)L (j1λ1 + j2λ2 + j3λ3 + j4λ4) , (1.1)

where

p(j1, j2, j3, j4;m) = min (1 + j3, 1 +m− j1 − 2j2 − j3 − j4) (j4 + 1)

and (λ1, λ2, λ3, λ4) = (2ω4, 2ω3, ω2, ω1).

Theorem 1.2 ([3]). Let g be of type G2. For every m ∈ Z≥0, the following holds:

resW (2)
m =

⊕
j0+3j1+j2=m
j0,j1,j2∈Z≥0

p(j0, j1, j2;m)L(j1ω1 + j2ω2), (1.2)

where

p(j0, j1, j2;m) =

{
min

(⌊
j0
3

⌋
,

⌊
j2 − j0

3

⌋
+

⌊
j0
3

⌋)
+ 1

}
(j1 + 1). (1.3)

This paper is organized as follows. In Section 2, we review the necessary background for our
approach such as the Q-system, and linear recurrence relations satisfied by the characters of KR
modules. In Section 3, we explain the steps for proving a polyhedral formula for KR modules.
In Section 4, we follow the procedures described in Section 3 to give a proof of Theorem 1.1. In
Section 5, we follow the same procedures to give a proof of Theorem 1.2.
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2 Background

Notation

We will use the following notation throughout the paper:

� g: simple Lie algebra over C of rank r,

� h: Cartan subalgebra of g,

� I = {1, . . . , r}: index set for the Dynkin diagram of g,

� αa, a ∈ I: simple root,

� ha, a ∈ I: simple coroot,

� ωa, a ∈ I: fundamental weight,

� C = (Cab)a,b∈I : Cartan matrix with Cab = αb(ha),

� P =
⊕

a∈I Zωa: weight lattice,

� P+ ⊆ P : set of dominant integral weights,

� Q: root lattice,

� ρ =
∑

a∈I ωa: Weyl vector,

� θ ∈ Q: highest root,

� ∆+: set of positive roots,

� h∗R :=
⊕

a∈I Rωa,

� (·, ·) : h∗R × h∗R → R: R-bilinear form induced from the Killing form with (θ, θ) = 2,

� Z[P ]: integral group ring of P (which is the same as the ring Z
[
e±ωj

]
j∈I of Laurent

polynomials in eωj ),

� K := C(eωj )j∈I : field of rational functions in eωj with coefficients in C,
� ta := (θ, θ)/(αa, αa) ∈ {1, 2, 3},
� [α]a ∈ Z(α ∈ Q, a ∈ I): coefficients in the sum α =

∑
a∈I [α]aαa,

� sa: simple reflection acting on h∗R by sa(λ) = λ− λ(ha)αa,

� W : Weyl group generated by {sa | a ∈ I},
� Wλ, λ ∈ P : isotropy subgroup of W fixing λ,

� WJ , J ⊆ I: standard parabolic subgroup of W generated by {sa | a ∈ J},
� L(λ), λ ∈ P+: irreducible highest weight representation of Uq(g),

� χ(V ) ∈ Z[P ]: character of a finite-dimensional Uq(g)-module V =
⊕

Vλ with weight
spaces Vλ, i.e., χ(V ) =

∑
λ∈P (dimVλ)e

λ.

2.1 Some properties of characters of KR modules

KR modules form a family of irreducible finite-dimensional representations of the quantum
affine algebra Uq(ĝ), where q ∈ C is not a root of unity. For every (a,m, u) ∈ I × Z≥0 × C×,
there exists a corresponding KR module W

(a)
m (u). By restriction, we obtain a finite-dimensional

Uq(g)-module resW
(a)
m (u), which can be denoted by resW

(a)
m since its isomorphism class as

a Uq(g)-module does not depend on the spectral parameter u.
Let Q

(a)
m := χ

(
resW

(a)
m

)
. The Q-system

(
Q(a)

m

)2
= Q

(a)
m+1Q

(a)
m−1 +

∏
b:Cab<0

−Cab−1∏
k=0

Q
(b)

⌊Cbam−k

Cab
⌋
, a ∈ I, m ≥ 1, (2.1)
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is a difference equation satisfied by the characters of KR modules. Nakajima [12] and Hernan-
dez [6] proved that the q-characters of KR modules satisfy the T -system, from which we obtain
the Q-system (2.1) by ignoring the spectral parameter.

In [9], we studied a linear recurrence relation with constant coefficients satisfied by the se-
quence

(
Q

(a)
m

)∞
m=0

. We can summarize its main properties in terms of its generating func-
tion Q(a)(t) :=

∑∞
m=0Q

(a)
m tm as follows.

Theorem 2.1 ([9, Theorem 1.1]). Let g be a simple Lie algebra and a ∈ I. Assume that (g, a)
is not one of the following exceptional cases: node 4 in type E7, and nodes 3, 4, 5, 8 in type E8.
There exist W -invariant finite subsets Λa and Λ′

a of P with the following properties:

(i) If we set D(a)(z) :=
∏

λ∈Λa

(
1− eλz

)∏
λ∈Λ′

a

(
1− eλzta

)
, then

N (a)(z) := Q(a)(z)D(a)(z) (2.2)

is a polynomial in z with coefficients in Z[P ] and degN (a) < degD(a).

(ii) taΛa ∩ Λ′
a = ∅, where taΛa = {taλ | λ ∈ Λa}.

(iii) ωa ∈ Λa.

The same form of the linear recurrence is expected to hold for the excluded exceptional nodes
as well, although those cases are not needed for the applications considered in this paper. Let
us fix Λa and Λ′

a as in the Appendix of [9]. When g is simply-laced, Λa is simply the set of
weights of the fundamental representation L(ωa).

Note that (ii) shows that 1/D(a)(t) has only simple poles. Then, from the partial fraction
decomposition of Q(a)(t) = N (a)(t)/D(a)(t), we deduce that for each (λ, ζ, l) ∈ P × C× × Z>0

there exists C
(
Q(a), λ, ζ, l

)
∈ K

(
eωj/ta

)
j∈I such that

Q(a)
m =

∑
(λ,ζ,l)

C
(
Q(a), λ, ζ, l

)
ζmemλ/l, m ∈ Z≥0, (2.3)

and the coefficient C
(
Q(a), λ, ζ, l

)
is zero unless either

� (λ, ζ, l) = (λ, 1, 1) with λ ∈ Λa; or,

� (λ, ζ, l) = (λ, ζ, ta) with λ ∈ Λ′
a and ζta = 1.

Due to the W -symmetry of Q
(a)
m , we have

w
(
C
(
Q(a), λ, ζ, l

))
= C

(
Q(a), w(λ), ζ, l

)
, w ∈ W. (2.4)

Let C
(a)
λ := C

(
Q(a), λ, 1, 1

)
for λ ∈ Λa and C

(a)
λ,ζ := C

(
Q(a), λ, ζ, ta

)
for λ ∈ Λ′

a and ζta = 1.
We can rewrite (2.3) as

Q(a)
m =

∑
λ∈Λa

C
(a)
λ emλ +

∑
λ∈Λ′

a

∑
ζ : ζta=1

C
(a)
λ,ζζ

memλ/ta . (2.5)

For C
(a)
ωa , we have an explicit product formula.

Theorem 2.2. For each a ∈ I,

C(a)
ωa

=
1∏

α∈∆+

(
1− e−α

)[α]a . (2.6)

Here, [α]a ∈ Z≥0 denotes the coefficient in the sum α =
∑

a∈I [α]aαa.

We call (2.6) the Mukhin–Young formula, which was originally conjectured in [11]. It was
proved in [10] except for two nodes in type E8; these remaining cases are covered in the more
general setting of [13]. We note that, in general, coefficients other than C

(
Q(a), λ, 1, 1

)
do not

seem to admit an expression as compact as (2.6).
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2.2 Fermionic formula

The fermionic formula, proposed by Kirillov and Reshetikhin [7], concerns the decomposi-
tion of a tensor product of Kirillov–Reshetikhin modules into irreducible Uq(g)-modules. Let(
ν
(a)
m

)
a∈I,m≥1 be a family of non-negative integers such that ν

(a)
m is zero for all but finitely

many (a,m). Consider

W =
⊗
(a,m)

(
resW (a)

m

)⊗ν
(a)
m ,

a tensor product of Kirillov–Reshetikhin modules, and its decomposition into irreducible Uq(g)-
representations

W ∼=
⊕
λ∈P+

m(W,λ)L(λ), m(W,λ) ∈ Z≥0,

where L(λ) denotes an irreducible Uq(g)-representation with highest weight λ. The fermionic
formula provides an explicit combinatorial description of the multiplicity m(W,λ) in terms
of
(
ν
(a)
m

)
a∈I,m≥1

and λ. Since this formula is somewhat complicated and not essentially used in
this paper, we refer the reader, for example, to [5] for its precise statement.

2.3 Polyhedral formula

Recall that a (rational) polyhedron P ⊂ Rd is the set of solutions of a finite number, say l,
of linear inequalities with integer coefficients P = {x ∈ Rd | ⟨ai,x⟩ ≤ βi for i = 1, . . . , l} for
some ai ∈ Zd and βi ∈ Z. Here ⟨·, ·⟩ denotes the standard inner product on Rd. We may include
linear equalities because ⟨ai,x⟩ ≤ βi and ⟨−ai,x⟩ ≤ −βi imply ⟨ai,x⟩ = βi.

Let θ =
∑

a∈I caαa, ca ∈ Z>0 be the highest root of g. Fix a ∈ I such that ca ≤ 2. For
example, this condition holds for all classical types. It is shown in [2] (see also [3]) that there
exist positive integers (bj)j∈Ja , and dominant integral weights (λj)j∈Ja for some finite set Ja
such that

resW (a)
m =

⊕
x∈F (a)

m

L(λx)

where F
(a)
m =

{
(xj)j∈Ja |

∑
j∈Ja bjxj = m,xj ∈ Z≥0

}
, and λx =

∑
j∈Ja xjλj for each x ∈ F

(a)
m .

Hence, F
(a)
m is the integer lattice points of a rational polyhedron. When ca > 2, we still expect

to have a similar formula, but now with multiplicity, of the form

resW (a)
m

?
=
⊕

x∈F (a)
m

p(x;m)L(λx). (2.7)

We further expect that p(x;m) is Z≥0-valued for m ∈ Z≥0, x ∈ F
(a)
m , and can be written as

step-polynomials defined piecewise on polyhedral regions. A step-polynomial is a Q-linear com-
bination of products of functions of the form ⌊⟨a, ·⟩+ b⌋ for some a ∈ Qd, b ∈ Q. A polyhedral
formula for the decomposition of KR modules will mean a formula of the form (2.7).

For example, consider p(j1, j2, j3, j4;m) from Theorem 1.1. Then p = gi on Qi (i = 1, 2),
where

Q1 = {(j1, . . . , j4,m) ∈ Z5
≥0 | j1 + 2j2 + 2j3 + j4 ≤ m}, g1 = (1 + j3)(j4 + 1),

Q2 = {(j1, . . . , j4,m) ∈ Z5
≥0 | j1 + 2j2 + j3 + j4 ≤ m ≤ j1 + 2j2 + 2j3 + j4},

g2 = (1 +m− j1 − 2j2 − j3 − j4)(j4 + 1).
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In the a = 2 case of type G2, the multiplicity function in (1.3) demonstrates the necessity of the
notion of step-polynomials.

As mentioned in the introduction, computations based on the fermionic formula can provide
useful data for guessing the multiplicity function p(x;m) in (2.7). However, a candidate formula
for p(x;m) still has to be guessed in advance; the method developed below is designed to verify
such a proposed formula for all m ∈ Z≥0. In the next section, we explain an approach for a proof
of (2.7).

3 Framework for proving polyhedral formula

Let P
(a)
m denote the character of the right-hand side of (2.7), i.e.,

P (a)
m =

∑
x∈F (a)

m

p(x;m)χ(L(λx)).

The letter P is chosen from the word ‘polyhedron’. When there is such a polyhedral formula,
consider its generating function P(a)(t) :=

∑∞
m=0 P

(a)
m tm. Once we combine the discussion from

Section 2.3 and the Weyl character formula, we can obtain P(a)(t) as a rational function in t.
Then, (2.7) is equivalent to the following identity between two rational functions

P(a)(t) = Q(a)(t). (3.1)

We can state the steps necessary to prove (3.1) as follows:

(i) Prove that P(a) has at most simple poles, and the set of poles of P(a) is a subset of the
set of poles of Q(a). Also make sure that the degree of the denominator of P(a) is greater
than that of its numerator.

(ii) Prove the equality of the coefficients

C
(
P(a), λ, ζ, l

)
= C

(
Q(a), λ, ζ, l

)
(3.2)

when (λ, ζ, l) belongs to one of the following cases:

� (λ, ζ, l) = (λ, 1, 1) with λ ∈ Λa;

� (λ, ζ, l) = (λ, ζ, ta) with λ ∈ Λ′
a and ζta = 1.

As P(a) is a rational function in t, we can effectively attack step (i), for example, using the
partial fraction decomposition method as we do in Section 4.1.

Recall that we already know explicitly where the poles of Q(a) are located and that these
poles are always simple. After settling step (i), we can deduce that P

(a)
m can be written in the

form

P (a)
m =

∑
(λ,ζ,l)

C
(
P(a), λ, ζ, l

)
ζmemλ/l

with C
(
P(a), λ, ζ, l

)
∈K
(
eωj/ta

)
j∈I , which vanishes unless the non-vanishing conditions for C

(
Q(a),

λ, ζ, l
)
, stated after (2.3), are satisfied.

Step (ii) is equivalent to showing that P(a) and Q(a) have the same residues at their poles,
which are simple at most. Since P(a) is W -invariant as each P

(a)
m is W -invariant, the coef-

ficients C
(
P(a), λ, ζ, l

)
follow the same W -symmetry as C

(
Q(a), λ, ζ, l

)
in (2.4). Hence, it is

enough to consider weights in P+ because every element of P has a unique element in P+ in its
W -orbit.
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Once P
(a)
m is explicitly given as in (2.7), it is more or less straightforward to compute P(a)

and C
(
P(a), λ, ζ, l

)
. For computing C

(
Q(a), λ, ζ, l

)
, we can use the Q-system (2.1) to derive

a system of equations among such coefficients, and find its solution, usually in a recursive way
from known ones.

Suppose that we already have proved (i). Then another way to finish the proof of P(a)(t) =
Q(a)(t) is by showing Q

(a)
m = P

(a)
m for m = 0, 1, . . . , |Λa| + ta|Λ′

a| − 1 since now we know that
both sequences satisfy the same linear recurrence relation of order |Λa|+ ta|Λ′

a|. Although it is
a purely mechanical task to check Q

(a)
m = P

(a)
m for given m using the fermionic formula, we have

found that it is still computationally challenging for large m.

By considering C
(
P(a), λ, ζ, l

)
and C

(
Q(a), λ, ζ, l

)
, we localize the problem in the sense that

we are looking at a single pole at a time, and thus obtain further simplifications. Another
advantage is that we are able to break the original problem into smaller and more tractable
pieces.

In a nutshell, it is possible to check both (i) and (ii) algorithmically. In the following sections,
we follow this strategy to prove polyhedral formulas in type F4 and in type G2 where we discuss
some practical issues in our method in detail.

Remark 3.1. In carrying out step (ii), we are eventually led to the problem of showing that
a sum of many multivariate rational functions actually vanishes. After removing the common
denominator, this is essentially a problem about multivariate polynomials.

Polynomial identity testing (PIT) is one of the important problems at the intersection of
algebra and computer science. It might be useful to add a few words about a well-known
result in the area. Let F be a field, P ∈ F [x1, x2, . . . , xn] a non-zero polynomial, S a finite
non-empty subset of F . The Schwartz–Zippel lemma gives an explicit upper bound on the size
of {(r1, . . . , rn) ∈ Sn | P (r1, . . . , rn) = 0} in terms of |S| and the degree of P . We refer the reader
to [1] and the references therein for a precise statement.

Remark 3.2. We know that C
(
Q(a), λ, ζ, l

)
is invariant under Wλ from (2.4). When we explic-

itly compute C
(
P(a), λ, ζ, l

)
, it is given as a sum over Wλ; see (4.8) for an example. Thus we

can regard (3.2) as a summation formula over Wλ for C
(
Q(a), λ, ζ, l

)
.

The accompanying Mathematica notebook file for some computer calculations in this paper
is available at https://github.com/chlee-0/KR-polyhedral-formula.

4 Proof of Theorem 1.1 for type F4

Let g be a simple Lie algebra of type F4. When a = 1 or 4, there is a known polyhedral formula
for resW

(a)
m . The formula for a = 1 is given in (4.7) and will be used later. The main goal of

this section is to prove Theorem 1.1, namely, the polyhedral formula for a = 2.

For m ∈ Z≥0, let P
(2)
m be the character of the right-hand side of (1.1) and P(2)(t) =∑∞

m=0 P
(2)
m tm. By following the strategy outlined in Section 3, we will show that

Q(2)
m = P (2)

m , (4.1)

that is, Q(2)(t) = P(2)(t) as rational functions in t.

Before turning to proofs, we present Table 1 for Λa and Λ′
a from [9]. Since they are

W -invariant, they are given as a disjoint union of W -orbits of elements of P+. Through-
out the section, ∆ =

∑
w∈W (−1)ℓ(w)ew(ρ) denotes the Weyl denominator and (λ1, λ2, λ3, λ4) =

(2ω4, 2ω3, ω2, ω1). We often need to explicitly deal with W or its subgroups. One may refer
to [15] for an algorithm to find the Weyl orbit of a weight or a minimal coset representative for
a coset of a standard parabolic subgroup of a Weyl group.

https://github.com/chlee-0/KR-polyhedral-formula
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a Λa ∩ P+ Λ′
a ∩ P+

1 0, ω1 ·
2 0, ω1, ω2, 2ω4 ·
3 ω3 0, ω1, 2ω1, ω2, 2ω4, ω1 + 2ω4

4 ω4 0, ω1

Table 1. The sets Λa and Λ′
a in type F4.

4.1 Step (i)

From (2.2), it is clear that Q(2)(t) can have only poles of order at most 1 and they can only be
found at t = e−λ, λ ∈ Λ2. Let us find the poles of P(2)(t). To write P(2)(t) explicitly, define
a sequence {am}∞m=0 by

am =
∑

j1+2j2+j3+j4≤m
j1,j2,j3,j4∈Z≥0

p(j1, j2, j3, j4;m)xj11 xj22 xj33 xj44 ,

whose generating function is

∞∑
m=0

amtm =
1

(1− t)(1− tx1)
(
1− t2x2

)
(1− tx3)

(
1− t2x3

)
(1− tx4)2

.

We note that this sum can be found using only elementary facts about geometric series.
By combining this with the Weyl character formula, P(2)(t) can be written as

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(1− t)
(
1− ew(λ1)t

)(
1− ew(λ2)t2

)(
1− ew(λ3)t

)(
1− ew(λ3)t2

)(
1− ew(λ4)t

)2 . (4.2)

At this point, it is not entirely clear whether P(2)(t) has only simple poles at t = e−λ, λ ∈ Λ2

or not. For example, P(2)(t) may have a double pole at t = e−w(λ4).
Consider the partial fraction decomposition of a summand in (4.2)

1

(1− t)
(
1− ew(λ1)t

)(
1− ew(λ2)t2

)(
1− ew(λ3)t

)(
1− ew(λ3)t2

)(
1− ew(λ4)t

)2
=

w
(
d
(2)
0

)
1− t

+
w
(
d
(2)
λ1

)
1− ew(λ1)t

+
w
(
d
(2)
λ3

)
1− ew(λ3)t

+
w
(
d
(2)
λ4

)
1− ew(λ4)t

+
w
(
e
(2)
λ2

)
1− ew(λ2)t2

+
w
(
e
(2)
λ3

)
1− ew(λ3)t2

+
w
(
e
(2)
λ4

)(
1− ew(λ4)t

)2 ,
where d

(2)
λ , e

(2)
λ4

∈ K, and e
(2)
λ2

, e
(2)
λ3

∈ K[t] are polynomials of degree at most 1, uniquely deter-
mined by this form of decomposition in the case w = 1. For example,

d
(2)
0 =

1(
1− eλ1

)(
1− eλ2

)(
1− eλ3

)2(
1− eλ4

)2 . (4.3)

Because these expressions are long but easy to find, we do not write them here; one can refer to
the accompanying file for an explicit description.

Proposition 4.1. We have

P(2)(t) =
1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(
w
(
d
(2)
0

)
1− t

+
w
(
d
(2)
λ1

)
1− ew(λ1)t

+
w
(
d
(2)
λ3

)
1− ew(λ3)t

+
w
(
d
(2)
λ4

)
1− ew(λ4)t

)
.
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Proof. It is sufficient to show that for λ ∈ {λ2, λ3, λ4},∑
w∈Wλ

(−1)ℓ(w)ew(ρ)w
(
e
(2)
λ

)
= 0. (4.4)

We may use computers to verify this directly. Below, we will explain how to reduce the amount
of calculation to check (4.4). While this reduction is not essential as long as we focus on type F4

whose Weyl group is manageable in size, it might be useful for treating a similar vanishing sum
over bigger groups in other types.

For λ = λ2 = 2ω3, Wλ = W{1,2,4}. The parabolic subgroup W{1,2} of W{1,2,4} satisfies∑
w∈W{1,2}

(−1)ℓ(w)ew(ρ)w
(
e
(2)
λ2

)
= 0,

which implies the vanishing of the sum over W{1,2,4} since (4.4) can be written as

∑
w′∈W ′

(−1)ℓ(w
′)w′

 ∑
w∈W{1,2}

(−1)ℓ(w)ew(ρ)w
(
e
(2)
λ2

) ,

where W ′ is the set of minimal coset representatives for cosets in W{1,2,4}/W{1,2}.

Similarly, when λ = λ3 = ω2, we have Wλ = W{1,3,4} and the following sum over the parabolic
subgroup W{1,3} vanishes:∑

w∈W{1,3}

(−1)ℓ(w)ew(ρ)w
(
e
(2)
λ3

)
= 0.

When λ = λ4 = ω1, we have not found any proper parabolic subgroup of Wλ = W{2,3,4}, over
which the sum vanishes. However, if we let

E
(2)
λ4

:=
∑

w∈W{2,4}

(−1)ℓ(w)ew(ρ)w
(
e
(2)
λ4

)
,

then the left-hand side of (4.4) becomes∑
w∈W ′′

(−1)ℓ(w)w
(
E

(2)
λ4

)
,

where W ′′ is the set of minimal coset representatives for cosets in W{2,3,4}/W{2,4}. The size
of W ′′ is 12, and it is possible to partition this set into 6 pairs of distinct elements so that the
contribution from each pair to the above sum is zero. In other words, for each w1 ∈ W ′′, there
exists w2 ∈ W ′′, w1 ̸= w2 such that

(−1)ℓ(w1)w1

(
E

(2)
λ4

)
+ (−1)ℓ(w2)w2

(
E

(2)
λ4

)
= 0. ■

This proposition immediately implies the following.

Proposition 4.2. The rational function P(2)(t) has only simple poles, possibly at t = e−λ,
λ ∈ Λ2 and no other poles.

Now we know that the poles of Q(2)(t) and P(2)(t) can only appear at t = e−λ, λ ∈ Λ2.
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4.2 Step (ii)

It remains to carry out the second step of our strategy from Section 3 to prove (4.1). As
shown in Table 1, Λ′

2 is empty. Hence we have to show C
(
P(2), λ, 1, 1

)
= C

(
Q(2), λ, 1, 1

)
for

λ ∈ Λ2 ∩ P+ = {0, ω1, ω2, 2ω4}. We first explain how to compute both sides, and then check
their equality. Let us write C

(2)
λ = C

(
Q(2), λ, 1, 1

)
and D

(2)
λ = C

(
P(2), λ, 1, 1

)
.

How to compute C
(2)
λ

Let us explain how to compute C
(2)
λ . Recall the Q-system relation (2.1) Q

(2)
m =

(
Q

(1)
m

)2 −
Q

(1)
m−1Q

(1)
m+1 for a = 1. By rewriting this relation using (2.5), we obtain an expression for C

(2)
λ

in terms of C
(1)
µ , µ ∈ Λ1

C
(2)
λ =

∑
(ν,µ)∈Sλ

C(1)
ν C(1)

µ (1− eν−µ), (4.5)

where Sλ := {(ν, µ) ∈ Λ1 × Λ1 | ν ̸= µ, ν + µ = λ}. To handle (4.5) explicitly, we need a way to
compute C

(1)
0 and C

(1)
ω1 . And these are all we need to find C

(1)
µ , µ ∈ Λ1 because C

(1)
λ with

non-zero λ ∈ Wω1 is given by C
(1)
w(ω1)

= w
(
C

(1)
ω1

)
.

Lemma 4.3. We have

C
(1)
0 =

∑
w∈W (−1)ℓ(w)ew(ρ)/

(
1− ew(ω1)

)
∆

, (4.6)

and

C(1)
ω1

= 1/
∏

α∈∆+

(
1− e−α

)[α]1 .
Proof. Note that C

(1)
ω1 is given by Theorem 2.2, the Mukhin–Young formula. To find C

(1)
0 , we

can exploit the known polyhedral formula from [2]

Q(1)
m =

m∑
k=0

χ(L(kω1)). (4.7)

By the Weyl character formula,

Q(1)(t) =
1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(1− t)
(
1− tew(ω1)

) =
1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(
w
(
d
(1)
0

)
1− t

+
w
(
d
(1)
ω1

)
1− tew(ω1)

)
,

where d
(1)
0 = 1

1−eω1 and d
(1)
ω1 = 1

1−e−ω1
. Therefore,

C
(1)
0 =

∑
w∈W (−1)ℓ(w)ew(ρ)w

(
d
(1)
0

)
∆

. ■

How to compute D
(2)
λ

Recall that we have P
(2)
m =

∑
λ∈Λ2

D
(2)
λ emλ. We only need to consider λ ∈ Λ2∩P+. By Proposi-

tion 4.1, we can write D
(2)
λ as

D
(2)
λ =

∑
w∈Wλ

(−1)ℓ(w)ew(ρ)w(d
(2)
λ )

∆
. (4.8)
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For a dominant weight λ, Wλ is a standard parabolic subgroup of W . Once we enumerate the
elements of Wλ, it is straightforward to compute D

(2)
λ . Of course, it becomes computationally

easier to manipulate (4.8) when Wλ is a proper subgroup of W . In this sense, the most difficult
case arises when λ = 0.

Now we can compute both (4.5) and (4.8) and thus, are ready to check C
(2)
λ = D

(2)
λ for

λ ∈ {0, ω1, ω2, 2ω4}. To use (4.5), we need Sλ = {(ν, µ) ∈ Λ1 × Λ1 | ν ̸= µ, ν + µ = λ}, as
described below. The cases of λ ∈ {ω1, ω2, 2ω4} do not bring much difficulty, and a computer
can easily simplify C

(2)
λ −D

(2)
λ and return zero. We give further comments on the λ = 0 case,

which is the most difficult one.

4.2.1 λ = ω1 case

In this case,

Sω1 = {(0, ω1), (ω1, 0), (2ω1 − ω2, ω2 − ω1), (ω2 − ω1, 2ω1 − ω2), (ω1 + ω2 − 2ω3, 2ω3 − ω2),

(2ω3 − ω2, ω1 + ω2 − 2ω3), (ω2 − 2ω4, ω1 − ω2 + 2ω4), (ω1 − ω2 + 2ω4, ω2 − 2ω4),

(ω1 − ω2 + 2ω3 − 2ω4, ω2 − 2ω3 + 2ω4), (ω2 − 2ω3 + 2ω4, ω1 − ω2 + 2ω3 − 2ω4)}.

4.2.2 λ = ω2 case

In this case, Sω2 = {(ω1, ω2 − ω1), (ω2 − ω1, ω1)}. Thus (4.5) gives

C(2)
ω2

= C(1)
ω1

C
(1)
ω2−ω1

(
2− e2ω1−ω2 − eω2−2ω1

)
.

In fact, this identity is a special case of [10, Corollary 3.5].

4.2.3 λ = 2ω4 case

In this case,

S2ω4 = {(ω1, 2ω4 − ω1), (2ω4 − ω1, ω1), (ω2 − ω1, ω1 − ω2 + 2ω4), (ω1 − ω2 + 2ω4, ω2 − ω1),

(2ω3 − ω2, ω2 − 2ω3 + 2ω4), (ω2 − 2ω3 + 2ω4, 2ω3 − ω2)}.

4.2.4 λ = 0 case

Our goal is to check whether C
(2)
0 −D

(2)
0 is actually zero, but this calculation is not quite

straightforward as before, since it is a sum of many rational functions. (4.5) can be rewritten as

C
(2)
0 =

∑
λ∈Wω1

C
(1)
λ C

(1)
−λ

(
1− e2λ

)
,

and |Wω1| = 24. On the other hand, D
(2)
0 involves an alternating sum of orbits of (4.3) over

the entire Weyl group W and hence, it is obtained by adding |W | = 1152 rational functions
in eω1 , . . . , eω4 .

It is slightly better to work with ∆C
(2)
0 and ∆D

(2)
0 to simplify their denominators. Let us

consider

∆D
(2)
0 =

∑
w∈W

(−1)ℓ(w)ew(ρ)w
(
d
(2)
0

)
.

We can rewrite the above as

∆D
(2)
0 =

∑
w′∈W {1,3,4}

(−1)ℓ(w
′)w′(fw′),
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where W {1,3,4} denotes the set of minimal coset representatives of cosets in W/W{1,3,4}, and

fw′ = (−1)ℓ(w
′)w′

 ∑
w∈W{1,3,4}

(−1)ℓ(w)ew(ρ)w
(
d
(2)
0

) , w′ ∈ W {1,3,4}.

Note that the size of W {1,3,4} is 96.

In actual calculations, we treat the above expressions as rational functions of variables
xi = eαi with coefficients in Q. Hence ∆C

(2)
0 and −∆D

(2)
0 produce 24 + 96 = 120 rational

functions in xi, and we can simply try to sum them up to get zero. On a standard desktop
computer, it took about 500 seconds to complete this calculation. When we computed with
120 polynomials, after multiplying a suitable common factor to these rational functions, it took
about 1400 seconds to get zero.

5 Proof of Theorem 1.2 for type G2

Let g be of type G2. We record the sets Λa and Λ′
a as given in [9, Appendix B]

a Λa ∩ P+ Λ′
a ∩ P+

1 0, ω1 ·
2 ω2 0, ω1

Throughout this section, we assume that the polyhedral formula for resW
(a)
m is unknown

in both cases a = 1 and a = 2, in order to illustrate our method. The argument in this
section gives a proof for both cases simultaneously. Let us first consider the case a = 1.
Set P(1)(t) =

∑∞
m=0 P

(1)
m tm. Then since the decomposition of resW

(1)
m agrees with (4.7), we

can reuse the computation in Lemma 4.3 to write P(1)(t) as

P(1)(t) =
1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(1− t)
(
1− ew(ω1)t

)
=

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(
w
(
d
(1)
0

)
1− t

+
w
(
d
(1)
ω1

)
1− tew(ω1)

)
. (5.1)

By comparing coefficients of tm in (5.1), we can rewrite P
(1)
m in the form

P (1)
m =

∑
λ∈Λ1

D
(1)
λ emλ, m ∈ Z≥0, (5.2)

where D
(1)
0 := 1

∆

∑
w∈W (−1)ℓ(w)ew(ρ)w

(
d
(1)
0

)
, and

D
(1)
λ :=

1

∆

∑
w∈W

w(ω1)=λ

(−1)ℓ(w)ew(ρ)w
(
d(1)ω1

)
, λ ∈ Wω1.

with d
(1)
0 = 1

1−eω1 and d
(1)
ω1 = 1

1−e−ω1
.

For m ∈ Z≥0, let P
(2)
m be the character of the right-hand side of (1.2) and set P(2)(t) =∑∞

m=0 P
(2)
m tm. We now write P(2)(t) explicitly. To this end, define a sequence {am}∞m=0 by

am =
∑

j0+3j1+j2=m
j0,j1,j2∈Z≥0

p(j0, j1, j2;m)xj11 xj22 ,
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whose generating function is

∞∑
m=0

amtm =
1(

1− t3
)(
1− t3x1

)2
(1− tx2)

(
1− t2x2

) .
By combining this with the Weyl character formula, P(2)(t) can be written as

P(2)(t) =
1

∆
(
1− t3

) ∑
w∈W

(−1)ℓ(w)ew(ρ)(
1− ew(ω1)t3

)2(
1− ew(ω2)t

)(
1− ew(ω2)t2

) . (5.3)

Then for w ∈ W we have

1(
1− t3

)(
1− ew(ω1)t3

)2(
1− ew(ω2)t

)(
1− ew(ω2)t2

)
=

w
(
d
(2)
0

)
1− t3

+
w
(
d
(2)
ω1

)
1− ew(ω1)t3

+
w
(
e
(2)
ω1

)(
1− ew(ω1)t3

)2 +
w
(
d
(2)
ω2

)
1− ew(ω2)t

+
w
(
e
(2)
ω2

)
1− ew(ω2)t2

, (5.4)

where d
(2)
0 , d

(2)
ω1 , e

(2)
ω1 , d

(2)
ω2 , e

(2)
ω2 ∈ K[t] are polynomials in t of degrees at most 2, 2, 2, 0, 1, respec-

tively, and are determined by the decomposition in the case w = 1.

Proposition 5.1. We have

P(2)(t) =
1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)

(
w
(
d
(2)
0

)
1− t3

+
w
(
d
(2)
ω1

)
1− ew(ω1)t3

+
w
(
d
(2)
ω2

)
1− ew(ω2)t

)
,

that is, the terms involving w
(
e
(2)
ω1

)
and w

(
e
(2)
ω2

)
cancel out after the Weyl group summation

in (5.3).

Proof. It is sufficient to show that for λ ∈ {ω1, ω2},
∑

w∈Wλ
(−1)ℓ(w)ew(ρ)w

(
e
(2)
λ

)
= 0. The

isotropy subgroup Wλ has only two elements for each λ. It is verified in the accompanying file
using explicit expressions for the partial fraction coefficients in (5.4). ■

This completes step (i) of Section 3 for the G2, a = 2 case.
For µ ∈ {0, ω1, ω2} and j ∈ {0, 1, 2}, define the coefficients a

(2)
µ;j ∈ K by

d
(2)
0 =

2∑
j=0

a
(2)
0;j t

j , d(2)ω1
=

2∑
j=0

a
(2)
ω1;j

tj , d(2)ω2
= a

(2)
ω2;0

,

and a
(2)
ω2;j

= 0 for j = 1, 2. For m ∈ Z≥0, the coefficients of P(2)(t) =
∑∞

m=0 P
(2)
m tm satisfy

P
(2)
3m =

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)
(
w
(
a
(2)
0;0

)
+ w

(
a
(2)
ω1;0

)
emw(ω1) + w

(
a
(2)
ω2;0

)
e3mw(ω2)

)
,

P
(2)
3m+1 =

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)
(
w
(
a
(2)
0;1

)
+ w

(
a
(2)
ω1;1

)
emw(ω1) + w

(
a
(2)
ω2;0

)
e(3m+1)w(ω2)

)
,

P
(2)
3m+2 =

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)
(
w
(
a
(2)
0;2

)
+ w

(
a
(2)
ω1;2

)
emw(ω1) + w

(
a
(2)
ω2;0

)
e(3m+2)w(ω2)

)
.

This follows by taking coefficients of t3m, t3m+1, and t3m+2 in Proposition 5.1 and expanding
each denominator as a geometric series. It can be rewritten in the form

P
(2)
3m+j =

∑
λ∈Λ2

D
(2)
λ ejλe3mλ +

∑
λ∈Λ′

2

E
(2)
λ,je

mλ, j ∈ {0, 1, 2}. (5.5)



14 C.-h. Lee

Here the coefficients D
(2)
λ and E

(2)
λ,j are given by

D
(2)
λ :=

1

∆

∑
w∈W

w(ω2)=λ

(−1)ℓ(w)ew(ρ)w
(
a
(2)
ω2;0

)
, λ ∈ Λ2,

E
(2)
λ,j :=

1

∆

∑
w∈W

w(ω1)=λ

(−1)ℓ(w)ew(ρ)w
(
a
(2)
ω1;j

)
, λ ∈ Wω1, j ∈ {0, 1, 2},

as well as

E
(2)
0,j :=

1

∆

∑
w∈W

(−1)ℓ(w)ew(ρ)w
(
a
(2)
0;j

)
, j ∈ {0, 1, 2}.

Let us carry out step (ii) in a slightly different way from that in Section 4. Instead of
working with C

(
P(a), λ, ζ, l

)
in P

(a)
m =

∑
(λ,ζ,l)C

(
P(a), λ, ζ, l

)
ζmemλ/l, we just work with D

(1)
λ ,

D
(2)
λ and E

(2)
λ,j in (5.2) and (5.5) to avoid the use of root of unity in the actual computation,

and work with rational functions in xi = eαi with coefficients in Q. We first verify that the
family

(
P

(a)
m

)
satisfies the Q-system by checking the relations among the coefficients appearing

above; this verification is carried out in the accompanying file. Once this is established, it suffices
to check the equality P

(a)
m = Q

(a)
m only for m = 0 and m = 1. Since this condition is satisfied

in the present case (that is, P
(a)
m gives the correct decomposition of the KR modules), it follows

that P
(a)
m = Q

(a)
m holds for all m ∈ Z≥0. This is because

(
Q

(a)
m

)
is a solution of the Q-system

and Q
(a)
m ̸= 0, and hence is uniquely determined by the values at m = 0, 1. This finishes the

proof of Theorem 1.2.
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