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Abstract. Given a semi-simple algebra equipped with a coproduct, the Clebsch–Gordan
coefficients are the elements of the transition matrices between direct product representation
and its irreducible decomposition. It is well known that the Clebsch–Gordan coefficients of
the Lie algebra sl2 are given in terms of the dual Hahn polynomials. Taking the reversed
point of view, we show that any finite dimensional family of polynomials belonging to the
Askey scheme can be interpreted as Clebsch–Gordan coefficients of an algebra. The Hahn
polynomials are thus associated to the oscillator algebra with the Krawtchouk polynomials
treated through a limit. The dual Hahn polynomials and Racah polynomials are seen to be
associated to sl2 with a more general coproduct than the standard one. The q-Hahn poly-
nomials are interpreted as Clebsch–Gordan coefficients of a q-deformation of the oscillator
algebra and the q-Racah polynomials are seen to be connected in this way to Uq(sl2) with
a generalized coproduct.

Key words: orthogonal polynomials; quantum group; coproduct; Clebsch–Gordan coeffi-
cients
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1 Introduction

Clebsch–Gordan (CG) coefficients are fundamental in the representation theory of Lie algebras,
where they enable the explicit direct sum decomposition of the tensor product of two irre-
ducible representations. In physics, they arise as the coupling coefficients when two angular
momenta are combined in quantum mechanics. The introduction of the coproduct, which is an
algebra homomorphism from the algebra to the tensor product of the algebra, allows for the
construction of tensor products of representations. This concept naturally leads to the search for
non-cocommutative coproducts and, ultimately, to the notion of quantum groups [6, 7], which
have since been intensively studied and applied in various contexts.

The structure of an algebra combined with its coproduct imposes strong constraints on its CG
coefficients. For sl2, this relationship yields recurrence relations that allows for identifying the
CG coefficients as a specific special function: the dual Hahn polynomials [14, 19]. The main goal
of this paper is to perform the reverse procedure: starting with a given set of CG coefficients, we
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derive the associated algebra A with the suitable homomorphism ∆: A → A⊗A. Importantly,
we do not require ∆ to satisfy the full suite of axioms necessary for A to be a Hopf algebra. In
particular, the resulting homomorphisms are not necessarily coassociative. Consequently, ∆ is
referred to as a generalized coproduct throughout this work. We prove that for any finite family
of polynomials within the (q-)Askey scheme (see [11]), there exists an algebra and a generalized
coproduct for which these polynomials serve as the corresponding CG coefficients. Since dual
Hahn polynomials belong to this scheme, our procedure not only recovers the sl2 result but also
yields a more general coproduct for it. We also successfully identify the generalized coproducts
for the (q-)oscillator algebra and the quantum group Uq(sl2). The core technical tool enabling
this procedure is the set of contiguity relations satisfied by the polynomials in the scheme,
classified in [4].

Outline of the paper. Section 2 reviews the direct approach for sl2: the well-known
coproduct of sl2 allows us to derive contiguity relations for the sl2 Clebsch–Gordan coefficients,
from which we deduce that these coefficients are proportional to the dual Hahn polynomials. In
Section 3, the general reverse approach is described in detail, and we present the methodology to
construct the algebra’s defining relations and the generalized coproduct such that the associated
CG coefficients are the polynomials we initially selected. We then apply this procedure to the
various finite families of the Askey scheme in Section 4 and of the q-Askey scheme in Section 5.
Finally, Section 6 is devoted to outlining the different future problems opened by the results
obtained in this work.

Notations. The generalized hypergeometric functions [8, 11] are defined by

r+1Fr

(
−n, a1, a2, . . . , ar

b1, b2, . . . , br

∣∣∣∣∣z
)

=

n∑
k=0

(−n, a1, a2, . . . , ar)k
k!(b1, b2, . . . , br)k

zk,

for r, n non-negative integers, and where the Pochhammer symbols are

(b1, b2, . . . , br)k = (b1)k(b2)k · · · (br)k, (b)k = b(b+ 1) · · · (b+ k − 1).

The q-hypergeometric functions [8, 11] are defined by

r+1ϕr

(
q−n, a1, a2, . . . , ar

b1, b2, . . . , br

∣∣∣∣∣q; z
)

=
n∑

k=0

(q−n, a1, a2, . . . , ar; q)k
(b1, b2, . . . , br, q; q)k

zk,

for r, n non-negative integers, with the q-Pochhammer symbols given by

(b1, b2, . . . , br; q)k = (b1; q)k(b2; q)k · · · (br; q)k, (b; q)k = (1− b)(1− qb) · · ·
(
1− qk−1b

)
.

The q-binomial coefficients are[
N
n

]
q

=
(q; q)N

(q; q)n(q; q)N−n
.

2 Clebsch–Gordan coefficients for sl2 revisited

The Clebsch–Gordan coefficients for the Lie algebra sl2 are proportional to the dual Hahn
polynomials (see [14, 16, 19]). We show in this section how to prove this result using the
contiguity and recurrence relations of these polynomials.

Let E, F, and H be the generators of the Lie algebra sl2 satisfying the defining relations
[H,E] = 2E, [H,F ] = −2F , [E,F ] = H. The action of these elements on the lowest-weight
Verma modules Vλ, for λ ∈ C, with the basis {|λ, n⟩|n = 0, 1, . . . } is given by

H|λ, n⟩ = (λ+ 2n)|λ, n⟩, E|λ, n⟩ = |λ, n+ 1⟩, F |λ, n⟩ = −n(n+ λ− 1)|λ, n− 1⟩.
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The representation Vλ is irreducible if λ is not a negative integer: λ ̸= 0,−1,−2, . . . . The tensor
product of two such representations Vλ1 and Vλ2 is isomorphic to a direct sum of representations:

Vλ1 ⊗ Vλ2
∼=
⊕
k≥0

Vλ1+λ2+2k. (2.1)

The parameters λ1, λ2 and λ1 + λ2 are assumed not to be negative integers: λ1, λ2, λ1 + λ2 ̸=
0,−1,−2, . . . , such that all the representations occurring in the previous formula are irreducible.

The action of the elements of the enveloping algebra U(sl2) on the modules Vλ1 ⊗Vλ2 is given
by the coproduct ∆ which is an algebra homomorphism from U(sl2) to U(sl2) ⊗ U(sl2), given
explicitly by ∆(X) = X ⊗ I+ I⊗X, for X = E,F,H, with I the identity operator.

Knowing that ∆(H) = H ⊗ I + I ⊗ H, a vector |λ1 + λ2 + 2k,N − k⟩ belonging to the
representation Vλ1+λ2+2k in the direct sum of (2.1) can be expressed as the following linear
combination

|λ1 + λ2 + 2k,N − k⟩ =
N∑

n=0

Γn(k,N)|λ1, n⟩ ⊗ |λ2, N − n⟩, (2.2)

with N = 0, 1, . . . and k = 0, 1, . . . , N . The above sum is taken over all the vectors in the
eigenspace for ∆(H) with eigenvalue λ1 + λ2 + 2N . The coefficients Γn(k,N) are called the
Clebsch–Gordan coefficients.

Contiguity relations for CG coefficients. Acting with ∆(E) on relation (2.2) and pro-
jecting on |λ1, n⟩⊗|λ2, N−n+1⟩, the following constraints for the CG coefficients are obtained,
for n = 0, 1, . . . N + 1,

Γn−1(k,N) + Γn(k,N) = Γn(k,N + 1) with Γ−1(k,N) = ΓN+1(k,N) = 0. (2.3)

Similarly, from the action of ∆(F ) on (2.2) with N → N + 1, other constraints are obtained

AnΓn+1(k,N + 1) + CnΓn(k,N + 1) = µ(k)Γn(k,N), (2.4)

where

An = (n+ 1)(n+ λ1), Cn = (N − n+ 1)(N − n+ λ2),

µ(k) = (N − k + 1)(N + k + λ1 + λ2).

Both relations above are known as contiguity relations. Replacing in relation (2.4) the CG
coefficients with argument N + 1 using (2.3), one obtains the following relation:

AnΓn+1(k,N) + (An + Cn)Γn(k,N) + CnΓn−1(k,N) = µ(k)Γn(k,N).

Considering carefully the coefficients, we can recognize Γn(k,N) as being proportional to the
dual Hahn polynomials (see, for example, [11] for their recurrence relation)

Γn(k,N) =

(
N

n

)
3F2

(
−n,−k, k + λ1 + λ2 − 1

λ1,−N

∣∣∣∣∣1
)
.

This hypergeometric function is indeed the dual Hahn polynomials Rn(k(k + λ1 + λ2 − 1);
λ1 − 1, λ2 − 1, N) in the usual notation (see, e.g., [11]). We can check for consistency that the
contiguity relations (2.3) and (2.4) are also satisfied (see [18] or the case called (dHII) in [4]).

In conclusion, we have just seen that the knowledge of the coproduct structure allows to
compute the CG coefficients. In this paper, we propose the reverse construction: we impose the
Clebsch–Gordan decomposition with the Clebsch–Gordan coefficients given by any polynomials
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of the (q-)Askey scheme, and we ask whether there is an algebra with a class of representations
admitting a tensor product structure realizing this Clebsch–Gordan decomposition. For the
success of this procedure, the knowledge of the contiguity relations is crucial: their classification
has been done in [4]. The next section explains in more details this procedure. It turns out that
surprisingly this construction works for all the finite sequences of polynomials of the (q-)Askey
scheme: the different cases are presented in detail in the last sections of this paper.

3 General approach

In this section, the elements E, F , H generate an algebra A given with a class of infinite-
dimensional representations Vλ indexed by a complex number λ (they will be lowest-weight
Verma modules). The vectors of a basis of Vλ is denoted {|λ, n⟩|n = 0, 1, . . . } and we postulate
the action of the generators as

H|λ, n⟩ = (λ+ 2n)|λ, n⟩, E|λ, n⟩ = |λ, n+ 1⟩, F |λ, n⟩ = ϕ(λ, n)|λ, n− 1⟩.

The coefficients for the action of E have been chosen equal to 1 without loss of generality since
we have the freedom in the normalization of the vectors |λ, n⟩, whereas the coefficients ϕ(λ, n)
in the action of F are to be determined and will define the algebra A. Note that for now, the
action of the generators ensure the relations [H,E] = 2E, [H,F ] = −2F . Only the commutator
of E and F remains to be determined. In all examples below, we will find that this commutator
is a constant (the oscillator algebra) or linear in H (the Lie algebra sl2), or a q-deformations of
these two situations.

Next, we consider the tensor product of two representations Vλ1 ⊗ Vλ2 with the canonical
product basis denoted |λ1, n⟩ ⊗ |λ2,m⟩, and we demand that it decomposes as the following
direct sum of representations

Vλ1 ⊗ Vλ2
∼=
⊕
k≥0

Vλ1+λ2+2k.

This decomposition is the same as that for the Lie algebra sl2, as recalled in the previous section.
We also consider only the cases where the action of the Cartan element H in the tensor product
is the sum of the action in the two components, namely, ∆(H) = H ⊗ I + I ⊗ H. Therefore,
for N a non-negative integer and k = 0, 1, . . . , N , the vectors in the representation Vλ1+λ2+2k

are given by

|λ1 + λ2 + 2k,N − k⟩ =
N∑

n=0

Pn(k,N)|λ1, n⟩ ⊗ |λ2, N − n⟩, (3.1)

where the coefficients {Pn(k,N)|n = 0, . . . , N} will be the CG coefficients for the algebra A.
Our goal in this paper is to find the algebra A with the associated homomorphism ∆: A →

A⊗A, when Pn(k,N) is a finite sequence of polynomials (up to a normalisation) of the (q-)Askey
scheme. Namely, the possibilities are the Krawtchouk, the (dual) Hahn, the Racah polynomials
together with their various q-versions. The homomorphism ∆ is defined by

∆(H)|λ1 + λ2 + 2k,N − k⟩ = (λ1 + λ2 + 2N)|λ1 + λ2 + 2k,N − k⟩,
∆(E)|λ1 + λ2 + 2k,N − k⟩ = |λ1 + λ2 + 2k,N − k + 1⟩,
∆(F )|λ1 + λ2 + 2k,N − k⟩ = ϕ(λ1 + λ2 + 2k,N − k)|λ1 + λ2 + 2k,N − k − 1⟩.

Remark 3.1. As mentioned in the introduction, all the properties for ∆, such that A becomes
a Hopf algebra, are not required and we referred to ∆ as a generalized coproduct. In partic-
ular, we do not require any coassociativity condition. Note nevertheless that the two ways of
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performing the tensor products (Vλ1 ⊗ Vλ2)⊗ Vλ3
∼= Vλ1 ⊗ (Vλ2 ⊗ Vλ3) give isomorphic represen-

tations (from the explicit decompositions as direct sums). However, the identity map is not the
isomorphism and this suggests non-trivial Drinfeld coassociators for our new tensor structures.

Strategy. The idea is to use the so-called contiguity relations for the family of polynomi-
als Pn(k,N). The contiguity relations which will be relevant for our purposes and in a suitable
notation are of the form

Pn(k,N + 1) = α1(n,N)Pn−1(k,N) + α2(n,N)Pn(k,N), (3.2)

µk(N)Pn(k,N − 1) = β1(n,N)Pn+1(k,N) + β2(n,N)Pn(k,N). (3.3)

Let us emphasize that the parameters (other than N of course) in the polynomials remain
constant in these relations. Such relations exist for all family of polynomials of the (q-)Askey
scheme (see [4] where they have been classified). The fact that these relations are closely related
to our setting relies on the following general observations.

Given formula (3.1) for the Clebsch–Gordan decomposition, one can calculate independently
the action on these vectors of E ⊗ I, I⊗ E and ∆(E) as follows:

∆(E)|λ1 + λ2 + 2k,N − k⟩ = |λ1 + λ2 + 2k,N + 1− k⟩

=
∑
n

Pn(k,N + 1)|λ1, n⟩ ⊗ |λ2, N + 1− n⟩,

(E ⊗ I)|λ1 + λ2 + 2k,N − k⟩ =
∑
n

Pn(k,N)|λ1, n+ 1⟩ ⊗ |λ2, N − n⟩

=
∑
n

Pn−1(k,N)|λ1, n⟩ ⊗ |λ2, N + 1− n⟩,

(I⊗ E)|λ1 + λ2 + 2k,N − k⟩ =
∑
n

Pn(k,N)|λ1, n⟩ ⊗ |λ2, N + 1− n⟩.

The terms appearing in front of |λ1, n⟩⊗ |λ2, N +1−n⟩ are Pn(k,N +1), Pn−1(k,N), Pn(k,N),
and therefore a relation among these three terms amount to a relation giving ∆(E) in terms
of E ⊗ I and E ⊗ I. This is exactly what the first contiguity relation (3.2) is doing. It turns out
that in all the cases considered, we can express ∆(E) as

∆(E) = x(E ⊗ I) + y(I⊗ E),

where the coefficients x and y are determined to recover α1(n,N) and α2(n,N), respectively.
In Section 4.1, these computations are performed in details for the Hahn polynomials. These
coefficients will often depend on the parameters of the polynomials we started with and also
on the parameters λ1, λ2 of the representations. We will also formulate x and y as algebraic
elements in A⊗A whose actions on |λ1, n⟩ ⊗ |λ2, N + 1− n⟩ reproduce α1(n,N) and α2(n,N),
respectively. This will involve the Cartan elements H ⊗ I and I ⊗H (as they do, for example,
for Uq(sl2)) and also a central Casimir element C of the algebra A. In order for this procedure
to work, it will be sometimes necessary to divide by algebraic expressions so strictly speaking
we will be working in some localization of A⊗A (see the remarks below for more details).

Similar reasoning is also valid for ∆(F ), F ⊗ I and I ⊗ F . The only difference is that the
action of F involves the function ϕ we look for and it must be given by

ϕ(λ1 + λ2 + 2k,N − k) = µk(N), (3.4)

where µk(N) is the function in the left-hand side of the contiguity relation (3.3). Let us em-
phasize that a proportionality factor could be added in the previous relation. This factor would
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change the commutation relation but the resulting algebra is isomorphic to the one with this
factor put to one by a rescaling of the generator F .

The coefficients x′ and y′ appearing in ∆(F ) = x′(F ⊗ I) + y′(I⊗F ), are determined so that
their action on |λ1, n⟩ ⊗ |λ2, N − 1− n⟩ provides β1(n,N)

ϕ(λ1,n+1) and β2(n,N)
ϕ(λ2,N−n) , respectively.

We emphasize that, having prescribed the actions of ∆(H), ∆(E) and ∆(F ) on the vec-
tors |λ1 + λ2 + 2k,N − k⟩, it is a consequence of our construction that these elements satisfy
the relations of the algebra A. In other words, it is automatic that the map ∆ is an algebra
homomorphism.

To summarize, this procedure allows to determine the algebra A with the determination of ϕ
and provide the associated homomorphism ∆ with the computations of x, y, x′ and y′.

Orthogonality. Let us choose a scalar product in Vλ such that ⟨λ,m|λ, n⟩ = δn,m, and
consider the usual scalar product in Vλ1 ⊗Vλ2 as the product of the scalar product in each space.
We renormalize this scalar product by setting their norm || · || to∣∣∣∣|λ1, n⟩ ⊗ |λ2, N − n⟩

∣∣∣∣2 = Ωn,N ,

and we choose Ωn,N such that

N∑
n=0

Pn(k,N)Pn(ℓ,N)Ωn,N = δk,lΩ
′
ℓ,N .

For a family of polynomials of the (q-)Askey scheme, the values of Ωn,N and Ω′
ℓ,N are known [11].

With this scalar product, the vectors |λ1 + λ2 + 2ℓ,N − ℓ⟩ defined by (3.1) are orthogonal and
can be renormalized thanks to Ω′

ℓ,N . Note that the factor Ωn,N does not always factorize as
a product of a function of n and a function of N − n and therefore cannot always be absorbed
in a renormalization of the vectors |λ, n⟩.

Remarks on the generalized coproducts. As mentioned before, the generalized coprod-
ucts ∆ we will obtain is not always well defined from A to A⊗A. The reason is that we need
to divide by some elements, i.e., for example, by some polynomials in H ⊗ I or in a central
element I⊗ C. Therefore a precise “universal” definition of ∆ should involve some localization
or some extension of A⊗A. Another point of view would be to define, instead of this universal
generalized coproduct, the following algebra homomorphism

∆λ1,λ2 : A → End(Vλ1 ⊗ Vλ2),

depending on the parameters λ1, λ2. This is indeed sufficient for having well-defined tensor
products of representations and a well-posed CG problem. This homomorphism is valid for
generic parameters, ensuring that the denominators appearing in its definition are invertible.

Remarks on the choice of the normalization. The validity of the procedure presented
above does not depend on the normalization of the CG coefficients we start with, but the
generalized coproduct obtained can have a different expression. Indeed, if we consider in rela-
tion (3.1) the CG coefficient fk(N)gn(N)Pn(k,N) instead of Pn(k,N). The normalization fac-
tor gn(N) could modify the coefficients in the contiguity relations α1(n,N), α2(n,N), β1(n,N)
and β2(n,N) and the obtained coproduct could have a different expression. In the following,
the normalization factor gn(N) is chosen such that the necessary localizations, discussed in the
previous remark, are minimal. The normalization factor fk(N) could change the factors in the
left-hand side of the contiguity relations as µk(N). It is chosen such that this factor is 1 in the
first relation. There is also the freedom to multiply the second contiguity relation by a constant.
It would change the factor µk(N) and the obtained commutation relations. However, this simply
corresponds to a different normalization of F and produces an isomorphic algebra.
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4 Askey scheme

In this section, we provide the explicit examples associated to the finite polynomial sequences
of the Askey scheme. We start with the Hahn polynomials and show that it is associated to
the oscillator algebra. We also perform a limit to obtain the Krawtchouk polynomials. Then,
we discuss the dual Hahn polynomials and obtain a more general coproduct than the usual one
discussed in Section 2. We end this section by applying the method to the Racah polynomials.

4.1 Hahn polynomials and oscillator algebra

Let us consider for the functions appearing in (3.1) the polynomials defined by

Qn(k,N) =

(
N

n

)
3F2

(
−n, n+ α+ β −N + 1,−k

α+ 1,−N

∣∣∣∣∣1
)
,

which are proportional to the Hahn polynomials. Their contiguity relations called (HIV) in [4]
are1

Qn(k,N + 1) =
n+ α+ β + 1

2n+ α+ β −N
Qn−1(k,N) +

n+ α+ β −N

2n+ α+ β −N
Qn(k,N),

(N − k)Qn(k,N − 1) =
(n+ 1 + α)(n+ 1)

2n+ 2 + α+ β −N
Qn+1(k,N)

+
(n+ 1 + β −N)(N − n)

2n+ 2 + α+ β −N
Qn(k,N).

Oscillator algebra. Looking at the left-hand side of the last equation, we take ϕ(λ, k) = −k.
We have multiplied the second contiguity relation by a global factor −1 for convenience (this
does not change the algebra up to a rescaling of the generator F ). Therefore, the representations
of A are H|λ, n⟩ = (λ+ 2n)|λ, n⟩, E|λ, n⟩ = |λ, n+ 1⟩, F |λ, n⟩ = −n|λ, n− 1⟩, and the defining
relations of the algebra are

[H,E] = 2E, [H,F ] = −2F, [E,F ] = 1. (4.1)

Therefore, the algebra A is the oscillator algebra osc. The Casimir element of this algebra is
C = 2EF +H, with C|λ, n⟩ = λ|λ, n⟩.

Generalized coproduct. As explained in the previous section to determine the generalized
coproduct, we look for an element x of the algebra A⊗A such that

x|λ1, n⟩ ⊗ |λ2, N + 1− n⟩ = n+ α+ β + 1

2n+ α+ β −N
|λ1, n⟩ ⊗ |λ2, N + 1− n⟩. (4.2)

Knowing the actions of H(1) = H ⊗ I, H(2) = I ⊗ H, C(1) = C ⊗ I and C(2) = I ⊗ C on this
vector, we can show that the following combination

x =
1

D

(
H(1) − C(1) + 2α+ 2β + 2

)
,

where D = H(1) −H(2) − C(1) + C(2) + 2α+ 2β + 2, satisfies (4.2). As mentioned previously,
we must consider the localization of A⊗A where D is invertible for x to be well defined.

The same computation for y leads to the following formula for the generalized coproduct

∆(E) =
1

D

((
H(1)−C(1)+2α+2β+2

)
(E⊗ I)+

(
C(2)−H(2)+2α+2β+2

)
(I⊗E)

)
. (4.3)

1We have replaced β by β −N compared to [4].
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Similarly, we compute

∆(F ) =
1

D

((
H(1) − C(1) + 2α+ 2

)
(F ⊗ I) +

(
C(2) −H(2) + 2β

)
(I⊗ F )

)
. (4.4)

Replacing C(i) by λi, we can also see the formulas above as providing a family of homomorphisms

∆λ1,λ2 : A → End(Vλ1 ⊗ Vλ2).

Let us emphasize that the construction depends on the two parameters α and β which can be
functions of C(1) and C(2) (or of λ1 and λ2). This is well defined under the restriction α+β /∈ Z,
because of the denominators.

Note that an automatic consequence of our construction is that the generalized coproduct,
defined by relations (4.3) and (4.4), is a homomorphism from osc to the correct localization
of osc ⊗ osc, or to the endomorphism algebra End(Vλ1 ⊗ Vλ2). Nevertheless, this can also be
checked by a direct calculation.

Limit to Krawtchouk polynomials. Take α = pz and β = (1 − p)z, and consider the
limit z → +∞ in the previous computations. The polynomials Qn(k,N) become proportional
to the Krawtchouk polynomials, namely they become

Kn(k,N) =

(
N

n

)
2F1

(
−n,−k
−N

∣∣∣∣∣p−1

)
.

The algebra remains the oscillator algebra defined by (4.1). However, the associated homomor-
phism simplifies and becomes ∆(E) = E ⊗ I+ I⊗E, ∆(F ) = pF ⊗ I+ (1− p)I⊗ F . Note that
for this generalized coproduct no localization is needed.

Remark 4.1. Let us denote by ∆p the map above. This generalized coproduct is not coasso-
ciative in general

(∆q ⊗ Id) ◦∆p ̸= (Id⊗∆q′) ◦∆p′ . (4.5)

However, as already mentioned in Remark 3.1, they lead to isomorphic representations. It is
worth to notice that if the parameters in (4.5) satisfy

p′ = pq and 1− p = (1− p′)(1− q′), (4.6)

we have equality in (4.5). This suggests that the non-trivial Drinfeld coassociator reduces to the
identity when conditions (4.6) is satisfied.

Comparison with standard results [5, 20]. To associate a coproduct with the oscillator
algebra, one considers usually a centrally extended version of it

[H,E] = 2E, [H,F ] = −2F, [E,F ] = c, (4.7)

with c a central element. For this latter algebra, the map ∆(X) = X ⊗ I + I ⊗ X (with
X = E,F,H, c) is a coproduct and the CG coefficients are also the Krawtchouk polynomials,
with parameters p given in terms of the values of the central elements c1 = c⊗ I and c2 = I⊗ c
by p = c1

c1+c2
. Furthermore, this coproduct is obviously coassociative. Although the Krawtchouk

polynomials appear in this standard setting, the limit procedure presented in the above para-
graph produces a generalized coproduct ∆p exhibiting a broader class of tensor-product struc-
tures and without the necessity to centrally extend the oscillator algebra.
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In this case, the four parameters p, p′, q, q′ appearing in the different Krawtchouk polyno-
mials, when one considers the two ways of recoupling a three-fold tensor product, are given in
terms of the values of the central elements c1, c2 and c3 = I⊗ I⊗ c by

q =
c1

c1 + c2
, p =

c1 + c2
c1 + c2 + c3

, q′ =
c2

c2 + c3
, p′ =

c1
c1 + c2 + c3

.

They are not independent, and in fact they satisfy exactly the constraints (4.6). This shows that
with the homomorphism ∆p, we obtain a recoupling depending on 4 independent parameters at
the price of relaxing the coassociativity of the tensor product.

4.2 Dual Hahn polynomials revisited

In Section 2, we recall that the dual Hahn polynomials are the CG coefficients for the Lie
algebra sl2. Applying our procedure, we show that not only do we recover this result but we
generalize it: there is one parameter which remains free in the CG coefficient.

Let us consider for the functions appearing in (3.1) the polynomials defined by

R(dH)
n (k,N) =

(
N

n

)
3F2

(
−k, k + α+ β −N + 1,−n

α+ 1,−N

∣∣∣∣∣1
)

with their contiguity relations called (dHII) in [4]

R(dH)
n (k,N + 1) = R

(dH)
n−1 (k,N) +R(dH)

n (k,N),

(k −N)(N + k + α+ β + 1)R(dH)
n (k,N − 1)

= −(n+ 1 + α)(n+ 1)R
(dH)
n+1 (k,N) + (N − n+ β)(n−N)R(dH)

n (k,N).

The left-hand side of the second contiguity relation imposes

ϕ(λ1 + λ2 + 2k,N − k) = (k −N)(N + k + α+ β + 1),

which implies that ϕ(λ, k) = −k(k + λ+ s), for a parameter s with the constraint α+ β + 1 =
λ1 + λ2 + s. In this case, the commutation relation between E and F is [E,F ] = H + 1+ s. By
setting s = −1, this defining relation becomes [E,F ] = H and the algebra A becomes the Lie
algebra sl2.

The associated homomorphism ∆λ1,λ2 : A → End(Vλ1 ⊗ Vλ2) is given by

∆λ1,λ2 : E 7→ E ⊗ I+ I⊗ E,

F 7→ H(1) − λ1 + 2α+ 2

H(1) + λ1 + 2s+ 2
F ⊗ I+

H(2) − λ2 + 2β + 2

H(2) + λ2 + 2s+ 2
I⊗ F.

In the previous expression, we have used the same notation for the abstract generators of the
algebra and their representation. As in Section 2, we assume that λi + s + 1 ̸= 0,−1,−2, . . .
such that the denominators in the right-hand side of the previous map do not vanish. Again the
fact that the map ∆λ1,λ2 is an algebra homomorphism is a consequence of our construction but
can also be checked by a direct calculation.

To pass from the map ∆λ1,λ2 to ∆, a generalized coproduct A → A ⊗ A, we need to ex-
press λ1, λ2 in terms of the Casimir element C of sl2, which is given by

C = 4EF +H2 − 2H with C|λ, n⟩ = λ(λ− 2)|λ, n⟩. (4.8)

This can be done by extending A with a central element X satisfying X(X − 2) = C. This
generalized coproduct is well defined if one considers the localization where H(i) +X(i) +2s+2
are invertible.

Finally, note that we recover the usual coproduct of sl2 when s = −1, α + 1 = λ1 and
β + 1 = λ2.
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4.3 Racah polynomials and generalized coproduct for sl2

Let us consider for the functions appearing in (3.1) the polynomials defined by2

R(R)
n (k,N) =

(
N

n

)
4F3

(
−n, n+ α+ β −N + 1,−k, k + γ

α+ 1, β + γ + 1,−N

∣∣∣∣∣1
)
,

which are proportional to the Racah polynomials.
The contiguity relations (see (RI) in [4]) are

R(R)
n (k,N + 1) =

n+ α+ β + 1

2n+ α+ β −N
R

(R)
n−1(k,N) +

n+ α+ β −N

2n+ α+ β −N
R(R)

n (k,N),

and

(k −N)(N + k + γ)R(R)
n (k,N − 1)

= −(n+ β + γ + 1)(n+ α+ 1)(n+ 1)

2n+ 2 + α+ β −N
R

(R)
n+1(k,N)

+
(n+ 1 + β −N)(n+ 1 + α− γ −N)(N − n)

2n+ 2 + α+ β −N
R(R)

n (k,N).

The left-hand side of the second contiguity relation imposes

ϕ(λ1 + λ2 + 2k,N − k) = (k −N)(N + k + γ),

which implies that ϕ(λ, k) = −k(k+λ+ s), with the constraint γ = λ1+λ2+ s. As for the dual
Hahn case, by choosing s = −1, the commutation relation between E and F is [E,F ] = H, and
we obtain the Lie algebra sl2.

The resulting homomorphism ∆λ1,λ2 : A → End(Vλ1 ⊗ Vλ2) is given by

∆λ1,λ2 : E 7→ 1

D

((
H(1) − λ1 + 2α+ 2β + 2

)
E ⊗ I+ I⊗

(
λ2 −H(2) + 2α+ 2β + 2

)
E
)
,

F 7→ 1

D

((
H(1) − λ1 + 2α+ 2

)(
H(1) − λ1 + 2β + 2γ + 2

)
H(1) + λ1 + 2s+ 2

F ⊗ I

+

(
λ2 −H(2) + 2β

)(
H(2) − λ2 − 2α+ 2γ

)
H(2) + λ2 + 2s+ 2

I⊗ F

)
,

with D = H(1) − H(2) − λ1 + λ2 + 2α + 2β + 2. In the previous map, one keeps the same
notations for the abstract and represented elements of the algebra. To avoid cancellations of the
denominators, the restrictions on the parameters are α+ β /∈ Z and λi + s+ 1 ̸= 0,−1,−2, . . . .

As in the previous subsection, to pass from the map ∆λ1,λ2 to ∆, a generalized coproduct
A → A⊗A, we express λ1, λ2 in terms of the central elementX satisfyingX(X−2) = C where C
is the Casimir element defined by (4.8). This generalized coproduct is well defined if one considers
the localization where D = H(1) −H(2) −X(1) +X(2) + 2α + 2β + 2 and H(i) +X(i) + 2s+ 2
are invertible.

Taking the limit β = +∞, and renaming γ = α+β+1, reproduces the results obtained with
the dual Hahn polynomials.

5 q-Askey scheme

This section contains the algebras and their generalized coproduct with their CG coefficients
given by the finite families of polynomials of the q-Askey scheme.

2We have replaced β by β −N and γ by γ +N compared to [4].
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5.1 q-Hahn polynomials and a deformation of the oscillator algebra

Let us consider for the functions appearing in (3.1) the polynomials defined by

Qn(k,N ; q) =

[
N
n

]
q
3ϕ2

(
q−n, αβqn−N+1, q−k

αq, q−N

∣∣∣∣∣q; q
)
,

which are proportional to the standard q-Hahn polynomials. Their contiguity relations called
(qHIV) in [4] are3

Qn(k,N + 1; q) =
1− αβqn+1

1− αβq2n−N
Qn−1(k,N ; q) +

qn
(
1− αβqn−N

)
1− αβq2n−N

Qn(k,N ; q),

(
1− qN−k

)
Qn(k,N − 1; q) =

(
1− αqn+1

)(
1− qn+1

)
1− αβq2n+2−N

Qn+1(k,N ; q)

+
αqn+1

(
1− βqn+1−N

)(
1− qN−n

)
1− αβq2n+2−N

Qn(k,N ; q).

q-oscillator algebra. Combining the left-hand side of the second contiguity relation with
condition (3.4) implies that ϕ(λ, k) = 1− qk. Therefore, the representations of A are

H|λ, n⟩ = (λ+ 2n)|λ, n⟩, E|λ, n⟩ = |λ, n+ 1⟩, F |λ, n⟩ = (1− qn)|λ, n− 1⟩.

Take K = qH/2. In terms of this generator, the defining relations of the algebra A read KE =
qEK, qKF = FK, qEF −FE = q−1. Therefore, the algebra A is the q-oscillator algebra oscq.
The Casimir element of this algebra is C = (1− EF )K−1, with C|λ, n⟩ = q−λ/2|λ, n⟩.

Generalized coproduct. As explained in the previous section, in order to determine the
homomorphism ∆, we look for an element x of the algebra such that

x|λ1, n⟩ ⊗ |λ2, N + 1− n⟩ = 1− αβqn+1

1− αβq2n−N
|λ1, n⟩ ⊗ |λ2, N + 1− n⟩.

Knowing the actions of K(1) = K ⊗ I, K(2) = I ⊗ K, C(1) = C ⊗ I and C(2) = I ⊗ C on
this vector, we can show that the suitable x is given by x = 1

D

(
1− qαβC(1)K(1)

)
, where D =

1 − qαβC(1)K(1)
(
C(2)K(2)

)−1
. A similar computation for y leads to the following formula for

the generalized coproduct:

∆(E) =
1

D

((
1− qαβC(1)K(1)

)
(E ⊗ I) + C(1)K(1)

(
1− qαβ

(
C(2)K(2)

)−1)
(I⊗ E)

)
.

Similarly, we compute

∆(F ) =
1

D

((
1− qαC(1)K(1)

)
(F ⊗ I) + qαC(1)K(1)

(
1− β

(
C(2)K(2)

)−1)
(I⊗ F )

)
.

This generalized coproduct is well defined in the localization of A⊗A, where D is invertible.
Keeping the same algebra A = oscq, generalized coproducts associated to some other polyno-

mials of the q-Askey scheme can be obtained by different limits of the previous formulas since,
as demonstrated in [4], the necessary contiguity relations are obtained as limits. The polyno-
mials which may be obtained are the q-Krawtchouk, the quantum q-Krawtchouk and the affine
q-Krawtchouk polynomials. Details are left to the interested reader.

Comparison with previous results. In [10], a generalized coproduct structure was given
for a deformation of the centrally extended oscillator algebra defined by (4.7). They proved
that the CG coefficients are expressed in terms of the quantum q-Krawtchouk. Let us mention
that they also need some localizations in their algebra to be able to define their generalized
coproduct which is also not coassociative. In the same spirit as in Section 4.1, our approach
allows us to obtain more general CG coefficients and we do not need to introduce an additional
central charge.

3We have replaced β by βq−N compared to [4].
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5.2 q-Racah polynomials and a generalized coproduct for Uq(sl2)

Let us consider for the functions appearing in (3.1) the polynomials defined by4

R(qR)
n (k,N ; q) =

[
N
n

]
q
4ϕ3

(
q−n, αβqn−N+1, q−k, γqk

αq, βγq, q−N

∣∣∣∣∣q; q
)
,

which are proportional to the q-Racah polynomials.
The contiguity relations (see (RI) in [4]) are

R(qR)
n (k,N + 1; q) =

1− αβqn+1

1− αβq2n−N
R

(qR)
n−1 (k,N ; q) +

qn
(
1− αβqn−N

)
1− αβq2n−N

R(qR)
n (k,N ; q),

and (
1− qN−k

)(
1− γqN+k

)
R(qR)

n (k,N − 1; q)

=

(
1− βγqn+1

)(
1− αqn+1

)(
1− qn+1

)
1− αβq2n+2−N

R
(qR)
n+1 (k,N ; q)

+

(
1− βqn+1−N

)(
αqn+1 − γqN

)(
1− qN−n

)
1− αβq2n+2−N

R(qR)
n (k,N ; q).

Combining the left-hand side of the second contiguity relation with relation (3.4) implies that

ϕ(λ1 + λ2 + 2k,N − k) =
(
1− qN−k

)(
1− γqN+k

)
,

which implies that ϕ(λ, k) =
(
1 − qk

)(
1 − sqk+λ

)
, for a free parameter s and with the con-

straint γ = qλ1+λ2−1. Therefore, the representations of A are

H|λ, n⟩ = (λ+ 2n)|λ, n⟩, E|λ, n⟩ = |λ, n+ 1⟩,
F |λ, n⟩ = (1− qn)

(
1− sqλ+n

)
|λ, n− 1⟩.

As previously, let us define the following generator K = qH/2. In terms of this generator, the
defining relations of the algebra A is KE = qEK, qKF = FK, qEF −FE = (q−1)

(
1−sqK2

)
.

Defining F̃ = −q1/2

(q−1)2
K−1F and setting s = q−1, the above defining relations become

KE = qEK, qKF̃ = F̃K, EF̃ − F̃E =
K −K−1

q1/2 − q−1/2
.

The previous relations are the defining relations of Uq(sl2). The Casimir element is

C = EFK−1 − q−1K −K−1 with C|λ, n⟩ = −
(
qλ/2−1 + q−λ/2

)
|λ, n⟩.

The resulting homomorphism ∆λ1,λ2 : A → End(Vλ1 ⊗ Vλ2) is given by

∆λ1,λ2 : E 7→ 1

D

((
1− αβq1−λ1/2K(1)

)
(E ⊗ I)

+ q−λ1/2K(1)
(
1− αβq1+λ2/2

(
K(2)

)−1)
(I⊗ E)

)
,

F 7→ 1

D

((
1− q1−λ1/2αK(1)

)(
1− q1−λ1/2βγK(1)

)
1− sq1+λ1/2K(1)

(F ⊗ I)

+ q1−λ1/2αK(1)

(
1− qλ2/2β

(
K(2)

)−1)(
1− q−λ2/2γK(2)/α

)
1− sq1+λ2/2K(2)

(I⊗ F )

)
4We have replaced β by βq−N and γ by γqN compared to [4].
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with D = 1 − q1−λ1/2+λ2/2αβK(1)
(
K(2)

)−1
. The same notations are kept for the abstract and

represented elements of the algebra. As for the Racah case (see Section 4.3), we can pass
from the previous map ∆λ1,λ2 to ∆, a generalized coproduct A → A⊗A, well defined only in
a localization.

Taking s = q−1, β = 0, α = qλ1−1 and γ = qλ1+λ2−1, the CG coefficients are associated to
the dual q-Hahn polynomials and ∆λ1,λ2 simplifies to

∆λ1,λ2 : E 7→ E ⊗ I+ q−λ1/2K ⊗ E, F 7→ F ⊗ I+ qλ1/2K ⊗ F.

With the Drinfeld twist F = I⊗Kλ1/2, the twisted coproduct ∆̃λ1,λ2 = F∆λ1,λ2F
−1 is

∆̃λ1,λ2 : E 7→ E ⊗ I+K ⊗ E, F 7→ F ⊗ I+K ⊗ F.

One recognizes the usual coproduct of Uq(sl2). We recover that the dual q-Hahn polynomials
are the CG coefficients of Uq(sl2) with the usual coproduct [2].

Keeping the same algebra A = Uq(sl2), generalized coproducts associated to other polyno-
mials of the q-Askey scheme (dual q-Hahn and dual q-Krawtchouk) can be obtained by different
limits of the previous formulas since, as demonstrated in [4], the necessary contiguity relations
are obtained as limits. Details are left to the interested reader.

6 Outlook

In this paper, we have introduced several new generalized coproducts on well-known algebras.
A natural line of inquiry is whether these generalized coproducts are related to existing ones, for
instance through a Drinfeld twist. Specifically, for the one presented in Section 5.2 (which ex-
tends the known result for Uq(sl2)), can it be proven that it is obtainable from the usual Uq(sl2)
coproduct via a Drinfeld twist? In [9], the q-Racah polynomials appear as “twisted” Clebsch–
Gordan coefficients for Uq(sl2), i.e., they are the overlap coefficients between rotated bases. It
would be interesting to investigate the relationship between the rotation introduced in [9] and
the generalized coproduct defined in this paper. Specifically, we believe that this rotation can
be interpreted as a Drinfeld twist of our map ∆, recovering the standard coproduct of Uq(sl2).
Similarly, the twisted primitive elements of Uq(sl2), which have been introduced in [13, 15, 17]
to study zonal spherical functions on the SUq(2) quantum group, could be given an interpreta-
tion of the generalized coproduct introduced here. It is also known that q-Racah polynomials
appear naturally in the context of the dynamical quantum Yang–Baxter equation [12] and of
the reflection equation [3]. Consequently, it is natural to ask whether the map ∆ obtained in
this work can also be derived within those frameworks.

Furthermore, since the generalized coproducts are generally non-cocommutative, it would be
valuable to investigate whether an associated universal R-matrix exists. A next step is to exam-
ine the coassociativity of these generalized coproducts. If they are not coassociative, computing
the associated coassociator would be a worthwhile endeavor, see, for example, Remark 4.1.

The CG coefficients are proportional to the 3j-symbols. For sl2, it is possible to compute
the 3nj-symbols, which govern the decomposition of tensor products involving more than two
irreducible representations into a direct sum of irreducible representations. These higher-order
symbols are also known to be associated with various special functions. We anticipate that
similar computations will be possible for the homomorphisms ∆ introduced here, leading to
interesting special functions. Finally, we focus on osc, sl2 or Uq(sl2), but we believe that our
approach can also be useful to obtain generalized coproduct for other Lie algebras as su(1, 1)
generalizing previous results obtained in this context [1]. We plan to address these open problems
in future work.



14 N. Crampé, L. Poulain d’Andecy and L. Vinet

Acknowledgments

The authors want to thank warmly the referees for their valuable comments. NC is partially
supported by the international research project AAPT of the CNRS. LV is funded in part
through a discovery grant of the Natural Sciences and Engineering Research Council (NSERC)
of Canada.

References
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