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Abstract. We construct and study a bicategory of super 2-line bundles over graded Lie
groupoids, providing a unified framework for geometric models of twistings of (real) K-
theory. The core of our work is to exhibit a wide range of models from the literature
as special cases, among them several variants of bundle gerbes (real/equivariant/Jandl),
Freed–Moore’s twisted groupoid extensions, Freed–Hopkins–Teleman’s K-theory twistings,
Moutuou’s real twistings, Freed’s invertible algebra bundles, and Distler–Freed–Moore’s
orientifold twistings.
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1 Introduction

Over the last few decades, twisted K-theory has attracted considerable interest, much of it
driven by applications in theoretical physics, e.g., [5, 10, 20, 27, 34, 55]. Twisted cohomology
theories in general can be approached via homotopy-theoretic methods, and twisted K-theory
has additionally elegant operator-algebraic descriptions, e.g., [29, 48]. However, when one wishes
to make close contact with physical models, differential-geometric realizations of the twistings
and the twisted K-theory classes become very useful.

It is well known that twistings are often easier to describe geometrically than the corre-
sponding twisted K-theory classes, which can be difficult to treat in a strictly finite-dimensional,
smooth framework. The focus of this article lies in differential-geometric models for the twist-
ings, and, more specifically, on their typical low-degree part located in the Čech cohomology
groups

Ȟ0(X,Z2)× Ȟ1(X,Z2)× Ȟ2(X,C×). (1.1)

Here, the first factor represents the Z2-grading of twisted K-theory (for KO-theory it would have
values in Z8). We remark at this point that we work without hermitian structures, which makes
no difference on the cohomological level since Ȟ2(X,C×) ∼= Ȟ2(X, U(1)) ∼= H3(X,Z).

A range of geometric models for these twists already exists. Classical work by Donavan and
Karoubi [13] characterizes the torsion components of (1.1) via central simple super algebra bun-
dles. The non-torsion part – i.e., general classes in Ȟ2(X,C×) – is elegantly realized by bundle
gerbes [4, 8, 42], objects that naturally appear in conformal field theory and higher gauge the-
ory [21, 38]. More recently, nice geometric objects with precisely the classification (1.1) have
been introduced: super 2-line bundles, a categorified version of super line bundles [31, 36]. Super
2-line bundles can be viewed as a combination of bundle gerbes and central simple algebra bun-
dles, and contain both structures as special cases. The basic idea is that a super 2-line consists
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2 T. Lüders, L. Otto and K. Waldorf

of locally defined central simple super algebra bundles, which are glued together along Morita
equivalences in a consistent way. Super 2-line bundles over X form a bicategory s2LBdl(X), and
satisfy a gluing law (they form a 2-stack). Moreover, they have a symmetric monoidal structure
capturing precisely the ring structure of twistings in K-theory. Thus, super 2-line bundles are
a complete and nice differential-geometric model for twistings on manifolds X.

Twisted K-theory arises naturally in string theory when D-branes wrap submanifolds of the
target space and B-fields necessitate a “twist” of Chan–Paton gauge bundles [21, 27, 55]. Fur-
ther generalizations of twisted K-theory become relevant when the target space admits additional
“orbifold” symmetries. These may be implemented by group actions, or more generally, by re-
placing target manifolds X by Lie groupoids Γ. For example, equivariant versions of bundle
gerbes – pioneered by Gawȩdzki–Reis and Meinrenken [22, 35] – play a key role in describing
WZW-models on non-simply connected groups. Likewise, the Verlinde ring of loop group repre-
sentations can be identified with a twisted K-theory associated to the action Lie groupoid G//G,
as shown in the seminal work of Freed, Hopkins, and Teleman [17, 18, 19]. They introduced
a new model for twistings over groupoids, based on central extensions of groupoids.

The full set of twistings (again, below degree three) on a Lie groupoid Γ is classified by the
Lie groupoid Čech cohomology groups

Ȟ0(Γ,Z2)× Ȟ1(Γ,Z2)× Ȟ2(Γ,C×), (1.2)

of which equivariant bundle gerbes realize the last factor, while the model of Freed–Hopkins–
Teleman realizes the last two factors (the first factor, the grading, is added manually).

A further layer of complexity arises in “orientifold” setups, where certain symmetries must act
by complex conjugation rather than in the usual C-linear way. This leads to so-called graded Lie
groupoids (Γ, ϕ), in which each morphism γ carries a Z2-label ϕ(γ) indicating if γ acts linearly or
anti-linearly. Graded Lie groupoids contain the previously considered cases of manifolds and Lie
groupoids, as well as further configurations such as manifolds with an involution (“real spaces”)
and Lie groupoids with an involution functor (“real groupoids”). One can extend the notion of
Lie groupoid cohomology to such graded situations, thereby obtaining classification data of the
form

Ȟ0(Γ,Z2)× Ȟ1(Γ,Z2)× Ȟ2((Γ, ϕ),C×). (1.3)

We remark that the grading ϕ has necessarily no effect on the first two factors. Variations of
bundle gerbes (so-called Jandl gerbes) [23, 50], real [41] or “ϕ-twisted” groupoid extensions [20],
and further constructions [11, 12, 24] have been developed to handle twistings in these graded
contexts. They appear, for instance, also in the classification of topological insulators, where
Bloch bundles over the Brillouin torus become twisted depending on symmetry types [20].

In this paper, we propose a new, comprehensive differential-geometric model for twistings
over graded Lie groupoids, one which unifies all of the aforementioned versions. Specifically, we
extend super 2-line bundles – which already capture all twistings on ordinary manifolds, (1.1) –
first to ordinary Lie groupoids and then to graded Lie groupoids. The passage from manifolds
to Lie groupoids follows a standard homotopy-limit construction applicable to any presheaf (of
sets, categories, or higher categories) on the site of manifolds. The extension to graded Lie
groupoids uses a further “involution” ingredient, but remains formally similar.

We thus arrive in Definition 3.7 at a bicategory s2LBdl(Γ, ϕ) of super 2-line bundles over
a graded Lie groupoid (Γ, ϕ) that reduces – for a trivial grading ϕ = 1 – to the canonical ho-
motopy limit construction of super 2-line bundles over Lie groupoids, and moreover – for a Lie
groupoid with only identity morphisms – to the ordinary bicategory of super 2-line bundles
over manifolds. Up to isomorphism, super 2-line bundles over graded Lie groupoids, over Lie
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groupoids, and over manifolds are classified by the cohomologies (1.3), (1.2), and (1.1), respec-
tively (see Theorem 3.22). A crucial feature of our bicategory s2LBdl(Γ, ϕ) is that it is invariant
under Morita equivalences of graded Lie groupoids (see Theorem 3.16).

After setting up our formalism, we show how super 2-line bundles recover or generalize several
well-known types of twistings from the literature; the most important ones are

� Jandl and other real or equivariant/anti-equivariant bundle gerbes [23, 45, 50], see The-
orem 5.6. This result comes essentially from the fact that already over manifolds bundle
gerbes are a subclass of 2-line bundles.

� Freed–Moore’s ϕ-twisted groupoid extensions [20], see Theorem 5.15. This result is ob-
tained by a detailed comparison of the relevant definitions.

� Freed–Hopkins–Teleman’s twistings by central extensions of groupoids [17], see Theo-
rem 5.26. Our work here is to compare spans and refinements of weak equivalences of
Lie groupoids (used by Freed–Hopkins–Teleman) with spans and refinements of surjective
submersions (used in our definition of super 2-line bundles).

� Moutuou’s real groupoid picture of twistings [41], extending the concept of real gerbes and
real central extensions, see Theorem 5.44.

Hence, super 2-line bundles provide a single, coherent framework that not only reproduces
these and many further special cases but clarifies their underlying geometry and consistency
conditions. We hope that this unification will be useful for researchers working on twisted
K-theory, higher geometry, and related applications in physics.

In order to keep the present paper more transparent, we do not consider additional structures
(e.g., hermitian metrics or connections) on our super 2-line bundles. We plan to include such
structures in forthcoming work. Likewise, we devote little attention to the symmetric monoidal
structure on super 2-line bundles over graded Lie groupoids. Finally, although we carry out
some comparisons with the twisted vector bundles belonging to each of the models, we do not
delve too far into the discussion of the corresponding twisted K-theory groups.

This article is organized in the following way. Section 2 contains a comprehensive introduction
to super 2-line bundles. In Section 3, we set up the formalism of super 2-line bundles over graded
Lie groupoids, and provide related results. We present in Section 4 our list of twistings from the
literature that we recover. Section 5 consists of separate sections in which detailed comparison
work from the list of Section 4 is carried out. Finally, we include an appendix about Lie groupoids
and weak equivalences, which appear at several places.

2 Super 2-line bundles

In this section, we set the stage for the fundamental objects studied in this paper, 2-line bundles,
i.e., categorified line bundles. In the first two subsections, we recall material derived from
a broader discussion of 2-vector bundles in [31]. In the third subsection, we introduce the notion
of complex conjugate 2-line bundles.

2.1 Definitions

We recall from [31, 36] the bicategory of super 2-line bundles s2LBdl(X) over a smooth mani-
fold X. Throughout, we use the field of complex numbers C as our ground field.

Definition 2.1. A super 2-line bundle over X is a quadruple L = (π,A,M, µ) consisting
of a surjective submersion π : Y → X, a central simple super algebra bundle A over Y , an
invertible bimodule bundle M over Y [2] whose fibre My1,y2 over a point (y1, y2) ∈ Y [2] is an
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Ay2-Ay1-bimodule, and an invertible even intertwiner µ of bimodule bundles over Y [3], which
restricts over each point (y1, y2, y3) ∈ Y [3] to an Ay3-Ay1-bimodule intertwiner

µy1,y2,y3 : My2,y3 ⊗Ay2
My1,y2 →My1,y3 .

This structure is subject to the condition that µ is associative, i.e., the diagram

My3,y4 ⊗Ay3
My2,y3 ⊗Ay2

My1,y2

id⊗µy1,y2,y3
��

µy2,y3,y4⊗id
//My2,y4 ⊗Ay2

My1,y2

µy1,y2,y4

��

My3,y4 ⊗Ay3
My1,y3 µy1,y3,y4

//My1,y4

is commutative for all (y1, y2, y3, y4) ∈ Y [4].

Remark 2.2.

� Definition 2.1 is almost the definition of a super 2-vector bundle given in [31], just that
we require here that the algebra bundle has central simple fibres, corresponding to the
condition of having rank one for ordinary line bundles.

� For precise definitions of algebra bundles and bimodule bundles we refer to [30]. In particu-
lar, all algebras are associative and unital. Due to the restriction to central simple algebra
bundles, the “insidious” problems in the construction of the relative tensor product of
bimodule bundles that have been observed in [30] do not appear here.

� If L = (π,A,M, µ) is a super 2-line bundle, and if ∆: Y → Y [2] denotes the diagonal map,
then there exists a canonical invertible intertwiner ∆∗M ∼= A of A-A-bimodule bundles
over Y . Second, if s : Y [2] → Y [2] swaps the factors, then s∗M is inverse toM.

We suppose that L1 = (π1,A1,M1, µ1) and L2 = (π2,A2,M2, µ2) are super 2-line bundles
over X.

Definition 2.3. A 1-morphism P : L1 → L2 is a triple P = (ζ,P, ϕ) consisting of a surjective
submersion ζ : Z → Y1 ×X Y2, a bimodule bundle P over Z, whose fibre Pz over a point z ∈ Z
with ζ(z) =: (y1, y2) is an (A2)y2-(A1)y1-bimodule, and an invertible even intertwiner ϕ of
bimodule bundles over Z [2], which restricts over a point (z, z′) ∈ Z [2] with ζ(z′) =: (y′1, y

′
2) to an

(A2)y′2-(A1)y1-intertwiner

ϕz,z′ : Pz′ ⊗(A1)y′1
(M1)y1,y′1 → (M2)y2,y′2 ⊗(A2)y2

Pz.

This intertwiner is a “homomorphism” with respect to the intertwiners µ1 and µ2, in the sense
that the diagram

Pz′′ ⊗(A1)y′′1
(M1)y′1,y′′1 ⊗(A1)y′1

(M1)y1,y′1

id⊗(µ1)y1,y′1,y
′′
1 //

ϕz′,z′′⊗id

��

Pz′′ ⊗(A1)y′′1
(M1)y1,y′′1

ϕz,z′′

��

(M2)y′2,y′′2 ⊗(A2)y′2
Pz′ ⊗(A1)y′1

(M1)y2,y′2

id⊗ϕz,z′
��

(M2)y′2,y′′2 ⊗(A2)y′2
(M2)y2,y′2 ⊗(A2)y2

Pz
(µ2)y2,y′2,y

′′
2
⊗id
// (M2)y2,y′′2 ⊗(A2)y2

Pz

(2.1)

is commutative for all (z, z′, z′′) ∈ Z [3], where ζ(z′′) =: (y′′1 , y
′′
2).
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Finally, we recall how the 2-morphisms are defined. Consider two 1-morphisms between the
same super 2-line bundles,

L1

P
%%

P′

99
L2,

with all structure denoted and labelled as above. For abbreviation, we set Y12 := Y1 ×X Y2.

Definition 2.4. A 2-morphism P ⇒ P′ is an equivalence class of pairs (ρ, φ) consisting of
a surjective submersion ρ : W → Z ×Y12 Z ′, and an intertwiner φ of bimodule bundles over W
that restricts over a point w ∈W with ρ(w) =: (z, z′) to an intertwiner φw : Pz → P ′

z′ of (A1)y1-
(A2)y2-bimodules, where ζ(z) = ζ ′(z′) =: (y1, y2). This intertwiner is subject to the condition
that it commutes with the intertwiners ϕ and ϕ′, in the sense that the diagram

Pz̃ ⊗(A1)ỹ1
(M1)y1,ỹ1

φw̃⊗id

��

ϕz,z̃
// (M2)y2,ỹ2 ⊗(A2)y2

Pz

id⊗φw

��

P ′
z̃′ ⊗(A1)ỹ′1

(M1)y′1,ỹ′1 ϕ′
z′,z̃′

// (M2)y′2,ỹ′2 ⊗(A2)y′2
P ′
z′

is commutative for all (w, w̃) ∈W ×X W , where ρ(w) = (z, z′), ρ(w̃) = (z̃, z̃′). Two pairs (ρ, φ)
and (ρ′, φ′) are equivalent if the pullbacks of φ and φ′ coincide over W ×Z×Y12

Z′ W ′.

The structure collected above forms the bicategory s2LBdl(X) of super 2-line bundles overX.
We recall the following result about the invertibility of 1-morphisms and 2-morphisms [31,
Lemma 2.3.4].

Proposition 2.5.

(a) A 1-morphism P = (ζ,P, ϕ) is invertible if and only if its bimodule bundle P is invertible
in the bicategory of central simple super algebra bundles.

(b) A 1-morphism P = (ζ,P, ϕ) has a right (left) adjoint if and only if its bimodule bundle P
has a right (left) adjoint in the bicategory of central simple super algebra bundles.

(c) A 2-morphism (ρ, φ) is invertible if and only if its intertwiner φ is invertible.

We also recall the following classification result [31, Theorem 4.4.4].

Theorem 2.6. The set of isomorphism classes of super 2-line bundles over X is in bijection
with the set

H0(X,BWC)×H1(X,Z2)×H3(X,Z),

where BWC ∼= Z2 is the Brauer–Wall group of Morita equivalence classes of central simple super
algebras over C.

Remark 2.7. We recall how the classification of Theorem 2.6 comes about by extracting co-
cycles from a super 2-line bundle L = (π,A,M, µ); see [31, Section 4] and [36, Section 2.2].
We choose an open cover U = (Ui)i∈I of X with simply-connected open sets Ui that allow
sections si : Ui → Y . The pullback s∗iA is then trivializable, s∗iA ∼= Ui × A′

i, where A′
i is

a central simple super algebra. We fix for each element in BWC ∼= Z2 a representative; for
instance, the neutral element may be represented by A = C (purely even), and the non-trivial
element may be represented by a super algebra A = C ⊕ Cu, where u is an odd element
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and u2 = 1. Let Ai denote the representative of the class of A′
i. Then, with Ai := Ui × Ai,

we obtain an invertible s∗iA-Ai-bimodule bundle Ni over Ui. We may also view Ni as an
isomorphism Ni : Ai → L|Ui in s2LBdl(Ui), a local trivialization. We obtain a (constant)
map αi : Ui → BWC with value Ai. On a double overlap Uij := Ui ∩ Uj , we consider the
corresponding section sij := (si, sj) : Uij → Y [2], and the s∗jA-s∗iA-bimodule bundle s∗ijM. We
obtain the invertible Aj-Ai-bimodule bundleMij := N−1

j ⊗s∗jA s
∗
ijM⊗s∗iA Ni over Uij . We may

also viewMij = N−1
j ◦Ni : Ai → Aj as the “transition function” for the local trivializations Ni.

We also remark that Mij
∼= Uij × Mij , with Mij an invertible Aj-Ai-bimodule. Since Ai

and Aj are – by construction – both the fixed representative of the same Morita equivalence
class, we have A := Ai = Aj and αi = αj . Now, Mij is an invertible A-A-bimodule of the
central simple super algebra A, whose well-known classification implies that either Mij

∼= A
or Mij

∼= ΠA, the grading reversal of A. Writing εA to mean either A (when ε = 1) or ΠA
(when ε = −1), we obtain a map ϵij : Uij → Z2 such that Mij

∼= εijA. On a triple over-
lap Uijk := Ui ∩ Uj ∩ Uk, the isomorphism µ becomes, under the above isomorphisms, an invert-
ible intertwiner µ′ijk : Uijk× (εjkA⊗A εijA)→ Uijk× εikA, where A := Ai = Aj = Ak. Thus, we
have εjkA⊗AεijA ∼= (εjkεij)A; this implies εjkεij = εik. Automorphisms of the A-A-bimodule A
are given by multiplication with elements in Z(A×), and sinceA is central, µ′ijk becomes a smooth
map µijk : Uijk → C×. The associativity condition in Definition 2.1 implies the cocycle condition
for µijk. The triple (αi, εij , µijk) is a Čech cocycle representative of the class of L under the
classification of Theorem 2.6 (under the usual identification Ȟ2(X,C×) ∼= H3(X,Z)).

Remark 2.8. A non-super version of super 2-line bundles is included into our discussion as
those super 2-line bundles where the odd components of all involved super algebra bundles and
bimodule bundles are zero. This sets up the bicategory 2LBdl(X) of 2-line bundles, and the
classification of Theorem 2.6 reduces to the set H3(X,Z), as the Brauer group of C is trivial.

If one restricts Definition 2.1 to the trivial algebra bundle with fibre C, A = Y × C, the
bimodule bundles in Definitions 2.1 and 2.3 become just super vector bundles. Moreover, in
Definition 2.1, the requirement that the bimodule bundle M is invertible implies that M has
rank one, i.e., it is a super line bundle. Thus, above definitions reduce to the ones of (super)
bundle gerbes [42], and we obtain the following result, see [31, Proposition 3.2.2].

Proposition 2.9. There are, respectively, a fully faithful functor and an equivalence of bicate-
gories,

sGrb(X)→ s2LBdl(X) Grb(X)
∼→ 2LBdl(X)

that embed (super) bundle gerbes into (super) 2-line bundles. Under the classification of Theo-
rem 2.6, their images correspond to the subsets H1(X,Z2)×H3(X,Z) and H3(X,Z), respectively.

We denote by cs-sAlgBdlbi(X) the bicategory of central simple super algebra bundles over X,
with bimodules as the 1-morphisms. The definition of the bicategory s2LBdl(X) recalled above
was obtained in [31] by applying the plus construction of [45] to the presheaf cs-sAlgBdlbi.
Recall that the classical plus construction of Grothendieck assigns to a presheaf F a sheaf F+,
its sheafification. The sheafification functor F 7→ F+ can be characterized abstractly as the left
adjoint to the inclusion functor of sheaves into presheaves, or can be described by a concrete
model. In the concrete model, F+(X) consists of matching families of local sections of F modulo
a suitable equivalence relation: two families are identified if they agree on a common refinement.

Nikolaus and Schweigert [45] have generalized this concrete description to presheaves of bicat-
egories. Intuitively, F+ assembles all compatible collections of locally defined objects together
with the gluing data relating them. Applying their construction here yields the definition

s2LBdl(X) :=
(
cs-sAlgBdlbi

)+
(X).
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In other words, super 2-line bundles over X are objects obtained by gluing central simple super
algebra bundles along invertible bimodule bundles. As a sheafification, the plus construction
comes with an embedding of the underlying presheaf; see [31, Section 3.3].

Proposition 2.10. There are fully faithful functors

cs-sAlgBdlbi(X)→ s2LBdl(X) csAlgBdlbi(X)→ 2LBdl(X)

that embed central simple (super) algebra bundles into (super) 2-line bundles. Under the classi-
fication of Theorem 2.6, their images corresponds to the subsets

H0(X,BWC)×H1(X,Z2)× Tor
(
H3(X,Z)

)
and Tor

(
H3(X,Z)

)
,

respectively.

The functors in Proposition 2.10 have the simple description to use the identity surjective sub-
mersion π = idX , the given algebra bundles, and identity bimodules and intertwiners. We remark
that the cohomological classification of the bicategories cs-sAlgBdlbi(X) and csAlgBdlbi(X) re-
produces a classical result of Donavan–Karoubi [13].

Remark 2.11. Theorem 2.6 can be enhanced to a group isomorphism by equipping the bicat-
egory s2LBdl(X) with a symmetric monoidal structure. Then, by [31, Corollary 4.4.10], every
super 2-line bundle is the tensor product of a central simple algebra bundle (under the functor
of Proposition 2.10) and of a super bundle gerbe (under the functor of Proposition 2.9).

Another consequence of the definition of (super) 2-line bundles as the sheafification is the
following result [31, Theorem 2.3.3], which we state for completeness.

Theorem 2.12. (Super) 2-line bundles form a 2-stack on the site of smooth manifolds.

2.2 Framing

Many bicategories provide a way to induce 1-morphisms from a simpler class of morphisms that
compose with strict associativity. We handle this situation within the following framework.

Definition 2.13. A framed bicategory consists of a bicategory B, a category C with the same
objects, and a functor F : C→ B such that

� F is the identity on the level of objects and

� the image of every morphism of C admits a right adjoint in B.

In this definition, by functor we mean a strong pseudofunctor, i.e., when f and g are com-
posable morphisms in C, it comes equipped with a 2-isomorphism ηf, : F (g) ◦ F (f)⇒ F (g ◦ f),
and these are coherent on triples of composable morphisms. There is a relation between framed
bicategories and double categories [52]; see [30, Remark 2.1.7]. Synonymously to Definition 2.13,
we also use the terminology that “B is framed under C”, and that “F is a framing of B”.

Example 2.14. The bicategory sAlgbi of super algebras is framed under the category sAlg, by
assigning to a homomorphism φ : A→ B between super algebras the B-A-bimodule Bφ, whose
underlying vector space is B, the left B-action is multiplication, and the right A-action is multi-
plication along φ. The “insidious” nature of the bicategory sAlgBdlbi(X) prevents this framing
to carry over to algebra bundles, see [30, Section 3.3]. However, the bicategory cs-sAlgBdlbi(X)
of central simple super algebra bundles is framed under the category of central simple super
algebra bundles.
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Example 2.15. The bicategory sGrb(X) of super bundle gerbes over X is framed under a cate-
gory sGrbref(X). Recall from Section 2.1 that a super bundle gerbe is a super 2-line whose super
algebra bundle is the trivial one with fibre C, in the following denoted by just G = (π,M, µ).
Objects in sGrbref(X) are super bundle gerbes G = (π,M, µ) over X, and morphisms G1 → G2

in sGrbref(X) are pairs (ρ, u) consisting of a smooth map ρ : Y1 → Y2 and an invertible super
line bundle morphism u :M1 → ρ∗M2 over Y

[2]
1 such that π2 ◦ρ = π1 and the following diagram

commutes:

(M1)y′,y′′ ⊗ (M1)y,y′

uy′,y′′⊗uy,y′
��

µ1
// (M1)y,y′′

uy,y′′

��

(M2)ρ(y′),ρ(y′′) ⊗ (M2)ρ(y),ρ(y′) µ2
// (M2)ρ(y),ρ(y′′).

(2.2)

The morphisms in sGrbref(X) are called refinements. We will not describe the framing func-
tor sGrbref(X) → sGrb(X) here; instead, we provide in Definition 2.16 below a more general
construction that can easily be reduced to the case of super bundle gerbes.

In the following we describe a canonical framing for the bicategory of super 2-line bundles
over X, deduced in [31, Section 3.5] as a feature of the plus construction.

Definition 2.16. Let L1 = (π1,A1,M1, µ1) and L2 = (π2,A2,M2, µ2) be super 2-line bundles
overX. A refinement R : L1 → L2 is a triple R = (ρ, φ, u) consisting of a smooth map ρ : Y1 → Y2
such that π2 ◦ ρ = π1, of a homomorphism φ : A1 → ρ∗A2 of super algebra bundles over Y1 and
of an invertible bundle morphism u : M1 → ρ∗M2 over Y

[2]
1 that over a point (y, y′) ∈ Y [2]

1

restricts to an intertwiner uy,y′ : (M1)y,y′ → (M2)ρ(y),ρ(y′) along the algebra homomorphisms
φy′ : (A1)y′ → (A2)ρ(y′) and φy : (A1)y → (A2)ρ(y), and renders the diagram

(M1)y′,y′′ ⊗(A1)y′
(M1)y,y′

uy′,y′′⊗uy,y′
��

µ1
// (M1)y,y′′

uy,y′′

��

(M2)ρ(y′),ρ(y′′) ⊗(A2)ρ(y′)
(M2)ρ(y),ρ(y′) µ2

// (M2)ρ(y),ρ(y′′)

commutative for all (y, y′, y′′) ∈ Y [3]
1 .

Given two refinements R12 = (ρ12, φ12, u12) : L1 → L2, R23 = (ρ23, φ23, u23) : L2 → L3, their
composition is given by

R23 ◦ R12 :=
(
ρ23 ◦ ρ12, ρ∗12φ23 ◦ φ12,

(
ρ
[2]
12

)∗
u23 ◦ u12

)
,

and the identity morphism of L is (idY , idA, idM). This defines the category s2LBdlrefk (X).

The framing

s2LBdlref(X)→ s2LBdl(X) (2.3)

is defined as follows. On the level of objects, it is the identity. On the level of morphisms,
they associate to a refinement R = (ρ, φ, u) : L1 → L2 the following 1-morphism (ζ,P, ϕ). We
define Z := Y1 ×X Y2 and ζ = idZ . Consider the smooth map ρ̃ : Z → Y

[2]
2 with ρ̃(y1, y2) :=

(ρ(y1), y2). We define the bimodule bundle P := (ρ̃∗M2)pr∗1 φ over Z, in which the right pr∗1A1-
action is along the algebra homomorphism pr∗1 φ : pr∗1A1 → pr∗1 ρ

∗A2. Over a point (y1, y2) ∈ Z,
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its fibre is Py1,y2 = ((M2)ρ(y1),y2)φy1
, which is an (A2)y2-(A1)y1-bimodule. Finally, we define the

intertwiner ϕ fibre-wise over a point ((y1, y2), (y
′
1, y

′
2)) ∈ Z [2] as the following composite:

Py′1,y′2 ⊗(A1)y′1
(M1)y1,y′1 = ((M2)ρ(y′1),y′2)φy′1

⊗(A1)y′1
(M1)y1,y′1

id⊗uy1,y′1
��

(M2)ρ(y′1),y′2 ⊗(A2)ρ(y′1)
((M2)ρ(y1),ρ(y′1))φy1

(µ2)ρ(y1),ρ(y′1),y
′
2

��

((M2)ρ(y1),y′2)φy1

(µ2)
−1

ρ(y1),y2,y
′
2

��

(M2)y2,y′2 ⊗(A2)y2
((M2)ρ(y1,)y2)φy1

= (M2)y2,y′2 ⊗(A2)y2
Py1,y2 .

It is shown in [31, Proposition 3.5.2] that this is indeed a framing.
For later use, we state the following result.

Lemma 2.17. A refinement R = (ρ, φ, u) induces an invertible 1-morphism if the algebra bundle
morphism φ is invertible.

Proof. The induced 1-morphism is by Proposition 2.5 (a) invertible if and only if its bimodule
bundle P = (ρ̃∗M2)pr∗1 φ over Z is invertible. In turn, a bimodule bundle is invertible if and only
if it is fibre-wise invertible [30, Lemma 4.2.8]. This is the case whenM2 is invertible and φ is
an isomorphism. ■

Example 2.18. A standard source for refinements are situations in which a super 2-line bundle
L = (π,A,M, µ) is given together with a refinement of its surjective submersion π : Y → X, i.e.,
given is another surjective submersion π′ : Y ′ → X together with a smooth map ρ : Y ′ → Y such
that π ◦ ρ = π′. Then, one may define a second super 2-line bundle Lρ :=

(
π′, ρ∗A,

(
ρ[2]

)∗M,(
ρ[3]

)∗
µ
)
and observe that Rρ := (ρ, id, id) is a refinement Lρ → L that induces by Lemma 2.17

an isomorphism Lρ ∼= L in s2LBdl(X).

For later use, we record the appropriate notion of morphisms between framed bicategories.

Definition 2.19. Let F : C → B and F ′ : C′ → B′ be framed bicategories. A framed functor
consists of a pair of functors G1 : C→ C′ and G2 : B→ B′ and a pseudonatural equivalence

C
F //

G1

��

B

ρ
s{

G2

��

C′
F ′

// B′.

A framed functor is called an equivalence of framed bicategories if G1 and G2 are equivalences.

Example 2.20. There are natural and evident functors

sGrbref(X)→ s2LBdlref(X) and cs-sAlgBdl(X)→ s2LBdlref(X),

fitting into strictly commutative diagrams

sGrbref(X) //

��

sGrb(X)

��

s2LBdlref(X) // s2LBdl(X)

and

cs-sAlgBdl(X) //

��

cs-sAlgBdlbi(X)

��

s2LBdlref(X) // s2LBdl(X),

which are framed functors, see [31, Section 3.5]. We remark that all vertical functors in these
diagrams are in fact fully faithful.



10 T. Lüders, L. Otto and K. Waldorf

2.3 Complex conjugation

Let V be a finite dimensional complex vector space. We recall that the complex conjugate vector
space V consists of the same additive group V and the scalar multiplication given by λ ·v := λ̄v.
Further, we recall that any linear map f : V → W between complex vector spaces is a linear
map V → W , for which we will use the notation f in order to emphasize the changed domain
and codomain.

If A is a complex algebra, then we define the complex conjugate algebra A to have the
complex conjugate of the underlying vector space, and the same multiplication (which is, as
a map A × A → A, bilinear). Similarly, in the situation of bimodules, we complex conjugate
the underlying vector space and leave the actions as they are. This way, complex conjugation
becomes a functor

(..) : sAlgbi → sAlgbi,

which is strictly involutive. It is clear that complex conjugation extends to algebra bundles and
bimodule bundles, hence to the bicategory of algebra bundles, and moreover even to a morphism
of presheaves of bicategories.

It is now straightforward to define the complex conjugate of a super 2-line bundle L =
(π,A,M, µ): indeed, we use the same surjective submersion π, the complex conjugate algebra
bundle A, the complex conjugate bimodule bundle M, and the intertwiner µ. The complex
conjugate super 2-line bundle defined in this way is denoted L. Similarly, we define complex
conjugate 1-morphisms and 2-morphisms of super 2-line bundles. It is clear that this construction
extends to a 2-functor

(..) : s2LBdl(X)→ s2LBdl(X), (2.4)

which is strictly involutive, and again a morphism of presheaves of bicategories.

3 Super 2-line bundles over graded Lie groupoids

The purpose of this section is to introduce a very general theory of super 2-line bundles over
graded Lie groupoids, a notion that includes various structures that have appeared before in the
literature. We provide a descent result and a cohomological classification.

3.1 Graded Lie groupoids

Lie groupoids encode all sorts of equivariance; they include orbifolds and even more general
structures. Traditional equivariance, where a Lie group G acts on a smooth manifold X, is
included by considering the action groupoid X//G. The case of no equivariance is included by
associating to a smooth manifold X the Lie groupoid Xdis with only identity morphisms.

If Γ is a Lie groupoid, we will denote by s, t : Γ1 → Γ0 the source and target maps, by
Γk := Γ1 ×s t Γ1 ×s t · · · ×s t Γ1 the smooth manifold of k-tuples of composable morphisms, and
by c : Γ2 → Γ1 the composition map.

Every presheaf F on the category of smooth manifolds extends canonically to a presheaf on
the category of Lie groupoids (whose morphisms are smooth functors), via the homotopy limit
over the associated simplicial manifold,

F(Γ) := holim( F(Γ0)
//
// F(Γ1)

//
//
//
F(Γ2) . . . ), (3.1)

see, e.g., [45]. In particular, as super 2-line bundles form a sheaf of bicategories on the site of
smooth manifolds (see Theorem 2.12), we obtain a bicategory s2LBdl(Γ) of super 2-line bundles
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over a Lie groupoid Γ. If G is a Lie group acting on X, then, by definition, a G-equivariant
super 2-line bundle over X is a super 2-line bundle over the action groupoid Γ = X//G.

In this paper, we need a yet more general version of equivariance, namely, equivariance with
respect to graded Lie groupoids. These appeared in [17, Definition 2.4] (in a topological setting).

Definition 3.1. A graded Lie groupoid is a Lie groupoid Γ equipped with a smooth functor
ϕ : Γ→ BZ2, where the latter denotes the groupoid with a single object and two morphisms.

We use the convention that Z2 = {1,−1}. Saying that ϕ is a smooth functor is equivalent
to saying that ϕ : Γ1 → Z2 is a locally constant map such that ϕ(γ2 ◦ γ1) = ϕ(γ2)ϕ(γ1) holds
for all composable morphisms γ2 and γ1, and ϕ(idx) = 1 holds for all objects x. If (Γ, ϕ) is
a graded Lie groupoid, we denote by (Γ, ϕ)even the Lie groupoid with the same objects and
only those morphisms γ with ϕ(γ) = 1; this is a sub-Lie groupoid of Γ. The general idea is
that the sub-groupoid (Γ, ϕ)even captures all sort of “orbifold”-equivariance, for instance, with
respect to group actions, while the additional morphisms with ϕ = −1 parameterize possible
“orientifold”-equivariance (a.k.a. anti-equivariance, real-equivariance, etc.).

Example 3.2. We have the following main examples of graded Lie groupoids in mind:

(a) Smooth manifolds X, considered as groupoids with only identity morphisms, Γ = Xdis.
Note that necessarily ϕ = 1 in this case.

(b) Graded Lie groups (G, ε), i.e., Lie groups G with a smooth group homomorphism ε : G→
Z2. We consider G as a groupoid with a single object, Γ = BG, and equip it with the
grading ϕ := ε.

(c) Graded action groupoids, formed by a smooth manifold X, a graded Lie group (G, ε), and
a smooth (right) action of G on X. Then, Γ := X//G is the usual action groupoid, and
the grading ϕ : X ×G→ Z2 is ϕ := ε ◦ prG. We also write X//(G, ε) for the graded action
groupoid. It reduces to (a) when G = {e} and to (b) when X = {∗}.

(d) Real manifolds (X, τ), i.e., smooth manifolds X with a smooth involution τ : X → X.
We consider τ as an action of the group Z2 on X, and we consider Z2 graded under the
identity map ε := idZ2 . Then, we form the graded action groupoid Gr(X, τ) := X//(Z2, id)
of (c).

Analogous to the extension of presheaves on manifolds to (ordinary, ungraded) Lie groupoids,
one can extend them to graded Lie groupoids whenever the presheaf is equipped with a strictly
involutive presheaf automorphism. In the following subsection, we illustrate this process for
the presheaf of super 2-line bundles, whose automorphism is given by complex conjugation (see
Section 2.3).

3.2 Main definitions

We fix the convention that an upper index (..)ϕ on super 2-line bundles, 1-morphisms, or 2-
morphisms, where ϕ : X → Z2 is a smooth map, means the application of the complex conju-
gation functor (2.4) on connected components with ϕ = −1, and has no effect on components
with ϕ = 1.

Definition 3.3. Let (Γ, ϕ) be a graded Lie groupoid. A super 2-line bundle over (Γ, ϕ) is
a triple (L,P, ψ) consisting of

� a super 2-line bundle L over Γ0,
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� a 1-isomorphism of super 2-line bundles

P : s∗L→ (t∗L)ϕ (3.2)

over Γ1, and

� a 2-isomorphism of super 2-line bundles

ψ : (pr∗1 P)
pr∗2 ϕ ◦ pr∗2 P⇒ c∗P (3.3)

over Γ2,

such that the following diagram over Γ3 is commutative

pr∗12
(
pr∗1 P

pr∗2 ϕ ◦ pr∗2 P
)pr∗3 ϕ ◦ pr∗3 P +3

pr∗12 ψ
pr∗3 ϕ◦id

��

pr∗1 P
pr∗2 ϕ·pr∗3 ϕ ◦ pr∗23

(
pr∗1 P

pr∗2 ϕ ◦ pr∗2 P
)

id ◦pr∗23 ψ
��

pr∗12 c
∗Ppr∗3 ϕ ◦ pr∗3 P

��

pr∗1 P
pr∗23 c

∗ϕ ◦ pr∗23 c∗P

��
(c× id)∗

(
pr∗1 P

pr∗2 ϕ ◦ pr∗2 P
)

(c×id)∗ψ

��

(id×c)∗
(
pr∗1 P

pr∗2 ϕ ◦ pr∗2 P
)

(id×c)∗ψ
��

(c× id)∗c∗P +3 (id×c)∗c∗P.

(3.4)

Here, and in what follows, unlabelled arrows represent the canonical 2-isomorphisms aris-
ing from either the bicategorical structure or the presheaf structure of super 2-line bundles.
Whenever appropriate, we will also call (P, ψ) a graded-equivariant structure on the super 2-line
bundle L over Γ0. In fibre-wise notation, we have

Pγ : Ls(γ) → L
ϕ(γ)
t(γ) and ψγ1,γ2 : Pϕ(γ2)γ1 ◦ Pγ2 ⇒ Pγ1◦γ2 .

Remark 3.4. The pullback of P along id: Γ0 → Γ1 is a 1-isomorphism id∗ P : L → L, and
the pullback of ψ to Γ0 gives a 2-isomorphism (id∗ P)2 ∼= id∗ P. This shows that id∗ P ∼= idL;
moreover, under this identification the pullback of ψ along either of the maps γ 7→ (γ, ids(γ))
and γ 7→ (idt(γ), γ) is idP.

Definition 3.5. Let (L1,P1, ψ1) and (L2,P2, ψ2) be super 2-line bundles over (Γ, ϕ). A 1-
morphism (L1,P1, ψ1)→ (L2,P2, ψ2) is a pair (B, η) consisting of

� a 1-morphism of super 2-line bundles

B : L1 → L2 (3.5)

over Γ0, and

� a 2-isomorphism of super 2-line bundles

η : P2 ◦ s∗B⇒ (t∗B)ϕ ◦ P1 (3.6)

over Γ1,
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such that the following diagram over Γ2 is commutative

pr∗1 P
pr∗2 ϕ
2 ◦ pr∗2(P2 ◦ s∗B) +3

id ◦pr∗2 η
��

(
pr∗1 P

pr∗2 ϕ
2 ◦ pr∗2 P2

)
◦ pr∗2 s∗B

ψ2◦id +3 c∗P2 ◦ pr∗2 s∗B

��
pr∗1 P

pr∗2 ϕ
2 ◦ pr∗2

(
t∗Bϕ ◦ P1

)
��

c∗(P2 ◦ s∗B)

c∗η

��
pr∗1(P2 ◦ s∗B)pr

∗
2 ϕ ◦ pr∗2 P1

pr∗1 η
pr∗2 ϕ◦id

��

c∗
(
t∗Bϕ ◦ P1

)
��

pr∗1
(
t∗Bϕ ◦ P1

)pr∗2 ϕ ◦ pr∗2 P1
+3 pr∗1 t

∗Bpr∗1 ϕ·pr∗2 ϕ ◦
(
pr∗1 P

pr∗2 ϕ
1 ◦ pr∗2 P1

)
id ◦ψ1

+3 c∗t∗Bc∗ϕ ◦ c∗P1.

(3.7)

The identity 1-morphism of a super 2-line bundle (L,P, ψ) over (Γ, ϕ) is (idL, idP). In the
situation of three super 2-line bundles (L1,P1, ψ1), (L2,P2, ψ2), and (L3,P3, ψ3) over (Γ, ϕ), the
composition of two 1-morphisms

(L1,P1, ψ1)
(B,η)

// (L2,P2, ψ2)
(B′,η′)

// (L3,P3, ψ3)

consists of the 1-morphism B′ ◦B and the 2-isomorphism

P3 ◦ s∗(B′ ◦B)
η′◦id +3 t∗B′ϕ ◦ P2 ◦ s∗B

id ◦η +3 t∗(B′ ◦B)ϕ ◦ P1.

Definition 3.6. Let (L1,P1, ψ1) and (L2,P2, ψ2) be super 2-line bundles over (Γ, ϕ), and
let (B, η) and (B′, η′) be 1-morphisms (L1,P1, ψ1)→ (L2,P2, ψ2). A 2-morphism

ξ : (B, η)⇒ (B′, η′)

is a 2-morphism ξ : B⇒ B′ over Γ0 such that the following diagram over Γ1 is commutative

P2 ◦ s∗B

id ◦s∗ξ
��

η +3 t∗Bϕ ◦ P1

t∗ξϕ◦id
��

P2 ◦ s∗B′
η′
+3 t∗B′ϕ ◦ P1.

(3.8)

Vertical and horizontal composition of 2-morphisms of super 2-line bundles over (Γ, ϕ) are
given by the vertical and horizontal composition in s2LBdl(Γ0), respectively. Thus, super 2-line
bundles over (Γ, ϕ) form a bicategory. It is the central structure of this article.

Definition 3.7. The bicategory of super 2-line bundles over a graded Lie groupoid (Γ, ϕ) is
denoted by s2LBdl(Γ, ϕ).

Remark 3.8. Direct consequences of the definitions are the following statements about invert-
ibility:

(a) A 2-morphism ξ : (B, η)⇒ (B′, η′) in s2LBdl(Γ, ϕ) is invertible if and only if ξ : B⇒ B′ is
invertible in s2LBdl(Γ0).

(b) A 1-morphism (B, η) is invertible if and only if B is invertible in s2LBdl(Γ0).

(c) A 1-morphism has (B, η) has a right (left) adjoint if and only if B has a right (left) adjoint
in s2LBdl(Γ0).
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Remark 3.9. If ϕ is trivial (i.e., ϕ = 1), we also just write s2LBdl(Γ), and by inspection, we
observe that this reproduces the homotopy limit construction (3.1), i.e., the canonical definition
of super 2-line bundles over Lie groupoids. In particular, when Γ = Xdis is a smooth manifold,
we have a canonical equivalence of bicategories s2LBdl(Xdis) ∼= s2LBdl(X), i.e., we reproduce
the bicategory of super 2-line bundles over X described in Section 2.1.

Definition 3.10. We introduce several sub-bicategories of s2LBdl(Γ, ϕ):

(a) Restricting Definition 3.3 along the fully faithful embedding sGrb ↪→ s2LBdl of super
bundle gerbes, we obtain the full sub-bicategory

sGrb(Γ, ϕ) ⊆ s2LBdl(Γ, ϕ)

of super bundle gerbes over (Γ, ϕ).

(b) Restricting Definition 3.3 along the fully faithful embedding cs-sAlgBdlbi ↪→ s2LBdl of
central simple super algebra bundles, we obtain the full sub-bicategory

cs-sAlgBdlbi(Γ, ϕ) ⊆ s2LBdl(Γ, ϕ)

of central simple super algebra bundles over (Γ, ϕ).

(c) Restricting Definition 3.3 to the case where the super 2-line bundle L is the trivial super
2-line bundle I, we obtain the full sub-bicategory

s2LBdltriv(Γ, ϕ) ⊆ s2LBdl(Γ, ϕ)

of “graded-equivariant structures” on the trivial super 2-line bundle.

(d) Restricting Definitions 3.3, 3.5, and 3.6, as well as the sub-bicategories of (a), (b), and
(c) to the non-super case, we obtain bicategories 2LBdl(Γ, ϕ), Grb(Γ, ϕ), csAlgBdlbi(Γ, ϕ),
and 2LBdltriv(Γ, ϕ).

All together, we have – for each graded Lie groupoid (Γ, ϕ) – a commutative diagram

2LBdltriv(Γ, ϕ)

))vv ��

Grb(Γ, ϕ)

((��

s2LBdltriv(Γ, ϕ)

))vv

csAlgBdlbi(Γ, ϕ)

uu ��

sGrb(Γ, ϕ)

((

2LBdl(Γ, ϕ)

��

cs-sAlgBdlbi(Γ, ϕ)

uu

s2LBdl(Γ, ϕ)

of functors, in which all non-vertical functors are fully faithful.

Remark 3.11. Similarly to Definition 3.10 (c) one can define bicategories sGrbtriv(Γ, ϕ) and
cs-sAlgBdlbitriv(Γ, ϕ); however, as the embeddings of super bundle gerbes and central simple
super algebra bundles into super 2-line bundles are fully faithful (see Propositions 2.9 and 2.10)
these yield the same bicategory, i.e.,

sGrbtriv(Γ, ϕ) = cs-sAlgBdlbitriv(Γ, ϕ) = s2LBdltriv(Γ, ϕ).

We also generalize the framing of super 2-line bundles recalled in Section 2.2 from manifolds
to graded Lie groupoids.
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Definition 3.12. Let (Γ, ϕ) be a graded Lie groupoid, and let (L1,P1, ψ1) and (L2,P2, ψ2) be
super 2-line bundles over (Γ, ϕ). A refinement of super 2-line bundles over (Γ, ϕ) between them
consists of the following data: a refinement R : L1 → L2 of super 2-line bundles over Γ0 together
with a 2-isomorphism

η : P2 ◦ s∗F (R)⇒ t∗F (R)ϕ ◦ P1

over Γ1, such that diagram (3.7) is commutative. Here, F is the framing (2.3) of the bicategory
of super 2-line bundles.

We denote the category of super 2-line bundles over (Γ, ϕ) and refinements by s2LBdlref(Γ, ϕ).

Proposition 3.13. The bicategory s2LBdl(Γ, ϕ) is framed under s2LBdlref(Γ, ϕ).

Proof. The framing functor sends a refinement (R, η) to the 1-morphism (F (R), η). Combin-
ing [31, Proposition 3.5.2] and Remark 3.8, (R, η) has a right adjoint in s2LBdl(Γ, ϕ). ■

The framing restricts to all other seven bicategories in Definition 3.10 in a straightforward
way.

Remark 3.14. The symmetric monoidal structure of super 2-line bundles described in [31,
Section 3.6] canonically extends from manifolds to graded Lie groupoids. This follows from an
extension of the argument in [31], noting that pullbacks and complex conjugation are compatible
with the symmetric monoidal structure of super 2-line bundles over manifolds.

3.3 Functoriality

Graded Lie groupoids form a category whose morphisms are even functors, i.e., functors that
strictly respect the grading. Any even functor F : (Γ, ϕ)→ (Γ′, ϕ′) clearly induces, via pullback,
a 2-functor

F ∗ : s2LBdl(Γ′, ϕ′)→ s2LBdl(Γ, ϕ).

This way, super 2-line bundles form a presheaf of bicategories over the category of graded Lie
groupoids. We prove in the next lemma that naturally isomorphic functors induce naturally
equivalent pullback functors. In the ungraded case, this is [45, Proposition 6.2].

Lemma 3.15. Suppose F,G : (Γ, ϕ) → (Γ′, ϕ′) are even functors, and ξ : F ⇒ G is an even
smooth natural transformation, i.e., ϕ′(ξx) = 1 for each x ∈ Γ0. Then, there is a canonical
natural equivalence F ∗ ∼= G∗.

Proof. Let (L,P, ψ) be a super 2-line bundle over (Γ′, ϕ′). We construct a 1-isomorphism
(B, η) : F ∗(L,P, ψ)→ G∗(L,P, ψ). The 1-isomorphism B over Γ0 is

F ∗
0L = ξ∗s∗L

ξ∗P
// ξ∗(t∗L)ϕ

′◦ξ = G∗
0L,

and the 2-morphism η : G∗P ◦ s∗B ⇒ (t∗B)ϕ ◦ F ∗P is patched together from two applications
of ψ. This defines the component of a natural equivalence F ∗ ⇒ G∗ at the object (L,P, ψ). It
is straightforward to provide the component at a 1-morphism, and to complete the proof. ■

If an even functor F : (Γ, ϕ)→ (Γ′, ϕ′) between graded Lie groupoids is a strong equivalence
(of the underlying Lie groupoids, see Appendix A), then any inverse functor G : Γ′ → Γ is
automatically even, and as a consequence of Lemma 3.15, F ∗ and G∗ establish an equivalence
of bicategories s2LBdl(Γ′, ϕ′) ∼= s2LBdl(Γ, ϕ).

The above equivalence persists in fact when F : Γ → Γ′ is only a weak equivalence (see
Definition A.1). More precisely, we have the following result.
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Theorem 3.16. Suppose F : (Γ, ϕ)→ (Γ′, ϕ′) is an even functor between graded Lie groupoids,
such that the underlying functor F : Γ→ Γ′ is a weak equivalence. Then,

F ∗ : s2LBdl(Γ′, ϕ′)→ s2LBdl(Γ, ϕ).

is an equivalence of bicategories.

Proof. For ungraded super 2-line bundles over Lie groupoids, this follows from Theorem 2.12
and a result of [45] recalled in Appendix A as Proposition A.3. Here, we generalize this to
graded Lie groupoids. By [45, Proposition 5.7], the weak equivalence F : Γ→ Γ′ factors through
another Lie groupoid Ω, via a strong equivalence S : Γ → Ω (see Appendix A) and a cover-
ing functor T : Ω → Γ′, i.e., T is smoothly fully faithful in the sense of Definition A.1 and
a surjective submersion on the level of objects. In this situation, Ω becomes graded under
ω := ϕ ◦ S−1, in such a way that S and T are even functors. Pulling back along S and S−1

induces an equivalence s2LBdl(Γ, ϕ) ∼= s2LBdl(Ω, ω). It remains to show that T ∗ induces an
equivalence s2LBdl(Ω, ω) ∼= s2LBdl(Γ′, ϕ′).

To establish an inverse to T ∗, we intend to use descent along T , and for this, we need to work
on the fibre product Lie groupoids (recalled in Definition A.9)

Ω[k] := Ω×Γ′ Ω×Γ′ × · · · ×Γ′ Ω.

We require two facts about covering functors. The first is that covering functors are not only
surjective submersions on the level of objects, but also – automatically – surjective submer-
sions on the level of morphisms. Therefore, the fibre products Ω[k] can be formed strictly, i.e.,
separately on the level of objects and on the level of morphisms. Second, the diagonal func-
tors ∆k : Ω→ Ω[k] are strong equivalences [45, Lemma 8.1 (ii)]. Let pr1, pr2 : Ω

[2] → Ω be the
projection functors. We have pr1 ◦∆2 = idΩ = pr2 ◦∆2. By [45, Lemma 5.3], it follows that pr1
and pr2 are strong equivalences, too, and both inverses of ∆2; in particular, there is a natural
isomorphism pr1

∼= pr2.
We note that the fibre products Ω[k] are canonically graded. Indeed, if (α1, α2) ∈ Ω1 ×Γ′

1
Ω1

is a morphism in Ω[2], then we have, since T is even,

ω(α1) = ϕ′(T (α1)) = ϕ′(T (α2)) = ω(α2),

so that the grading is unambiguously defined through either of the morphisms. Moreover,
all projection functors Ω[k] → Ω[l] and the diagonal functors ∆k are even, and the natural
transformation pr1

∼= pr2 is even, too.
Now let (L,P, ψ) be a super 2-line bundle over (Ω, ω). By Lemma 3.15, there is a canonical

1-isomorphism (B, η) : pr∗1(L,P, ψ) → pr∗2(L,P, ψ) over Ω[2]. Similarly, we obtain a canonical
2-isomorphism

ξ : pr∗23(B, η) ◦ pr∗12(B, η)⇒ pr∗13(B, η)

over Ω[3], satisfying a coherence condition over 4-fold fibre products. This establishes a canonical
descent structure on (L,P, ψ), and it remains to perform the descent.

Separating structure, L is a super 2-line bundle over Ω0, B : pr∗1L→ pr∗2L is a 1-isomorphism
on Ω0 ×Γ′

0
Ω0, and ξ is a 2-isomorphism on Ω0 ×Γ′

0
Ω0 ×Γ′

0
Ω0; hence, a descent object for the 2-

stack of super 2-line bundles. Thus, by Theorem 2.12, there exists a super 2-line bundle L′ on Γ′
0

together with a 1-isomorphism T ∗
0L

′ ∼= L. Next, we consider the 1-isomorphism P : s∗L→ (t∗L)ω

over Ω1, and the 2-isomorphism

pr∗1 s
∗L

pr∗1 P //

s∗B
��

pr∗1(t
∗L)ω

t∗Bω

��

pr∗2 s
∗L

η

2:

pr∗2 P
// pr∗2(t

∗L)ω.
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Together with the compatibility condition (3.8) between η and ξ, this means precisely that P

descends along T1 to a 1-isomorphism P′ : s∗L′ → (t∗L′)ϕ
′
over Γ′

1. Finally, the compatibility
condition (3.7) means that ψ descends to a 2-isomorphism

ψ′ : (pr∗1 P
′)pr

∗
2 ϕ

′ ◦ pr∗2 P′ ⇒ c∗P′,

which then automatically satisfies the associativity condition (3.4). This shows that (L′,P′, ψ′)
is a super 2-line bundle over (Γ′, ϕ′). By construction, it is an essential preimage of (L,P, ψ)
under the pullback functor T ∗.

This proves that T ∗ is essentially surjective, which is the most important part of our theorem.
Similarly, one proves that it is also fully faithful. ■

Remark 3.17. Theorem 3.16 restricts to all sub-sheaves of s2LBdl that we have described
in Definition 3.10, namely, to Grb, sGrb, and 2LBdl. It does not restrict to cs-sAlgBdlbi and
versions thereof.

3.4 Cohomological classification

If Γ is a Lie groupoid and F is a sheaf of abelian groups on the category of smooth manifolds, one
defines the Čech cohomology groups Ȟk(Γ,F) using a semi-simplicial open cover U =

(
Uk

)
k∈N

of the simplicial smooth manifold N(Γ), i.e., Uk =
(
Uki

)
i∈Ik is an open cover of Γk, and for each

face map f : Γk → Γl there is a map f̃ : Ik → I l such that f
(
Uki

)
⊆ U l

f̃(i)
. Then, one can consider

the double complex

...
...

Č1
(
U0,F

)
OO

∆
// Č1(U1,F)

OO

// . . .

Č0
(
U0,F

)δ

OO

∆
// Č0(U1,F) //

δ

OO

. . . ,

whose columns are the usual Čech complexes of the open covers U0, U1, etc., and the differen-
tial ∆: Čn

(
U l,F

)
→ Čn

(
U l+1,F

)
in the rows is defined by

∆ :=

l+1∑
p=0

(−1)p∂∗p ,

where ∂p : Γl+1 → Γl is the p-th face map. Explicitly, ∂p : Γ1 → Γ0 are ∂0 = s and ∂1 = t,
and ∂p : Γl+1 → Γl is given by

∂p(γ0, . . . , γl) :=


(γ1, . . . , γl), p = 0,

(γ0, . . . , γp−1 ◦ γp, . . . , γl), 0 < p < l + 1,

(γ0, . . . , γl−1), p = l + 1.

For instance, ∆|Čn(U0,F) = s∗ − t∗. As usual, we form the total cohomology of this double
complex with differential D|Čp

(Uq ,F) := δ + (−1)p∆. There is a partial order on simplicial open
covers, and the direct limit over the total cohomology of the above double complex is called
the Čech cohomology of the Lie groupoid Γ with values in F and is denoted by Ȟn(Γ,F). We
refer to [54] for more details and background on Lie groupoid cohomology. We note that the
projection to the first column in the double complex induces a map p0 : Ȟ

k(Γ,F) → Ȟk(Γ0,F)
to the ordinary Čech cohomology of the manifold Γ0. We also note the following special cases:
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(i) If X is a smooth manifold, then p0 : Ȟ
k(Xdis,F) → Ȟk(X,F) is an isomorphism [54,

Proposition 4.8].

(ii) If G is a Lie group, and BG = ∗//G is the corresponding Lie groupoid, Ȟk(BG,F) is
the (“Segal–Mitchison”, “Brylinski”) smooth group cohomology of the Lie group G; this
follows, e.g., by comparing the constructions above with those in [7].

As usual, if A is an abelian Lie group, we will denote by the same letter the corresponding sheaf
of locally constant A-valued functions, and by A the corresponding sheaf of smooth A-valued
functions.

Example 3.18. Let us examine the Čech cohomology Ȟn(Γ,Z2) in lowest degrees:

(a) A class in Ȟ0(Γ,Z2) is represented by a family α = (αi)i∈I0 of smooth maps αi : U
0
i → Z2.

The cocycle condition δα = 0 requires αi = αj on any intersection U0
i ∩ U0

j of open
sets of U0, and the cocycle condition ∆α = 0 requires, for each open set U1

i of U1

that s∗αs(i) = t∗αt(i). In other words, α is a sign for each connected component of Γ0,
with signs coinciding whenever there is a morphism between two components.

(b) A class in Ȟ1(Γ,Z2) is represented by a pair (ϵ, σ) of a family ϵ = (ϵij)i,j∈I0 , with ϵij : U
0
i ∩

U0
j → Z2, and a family σ = (σi)i∈I1 with σi : U

1
i → Z2, satisfying three conditions:

� δϵ = 0: the usual Čech cocycle condition

� δσ −∆ϵ = 0, i.e., s∗ϵs(i),s(j) − t∗ϵt(i),t(j) = σj − σi on U1
i ∩ U1

j ,

� ∆σ = 0, i.e., pr∗2 σpr2(i) − c
∗σc(i) + pr∗1 σpr1(i) = 0.

We note the following result, which is merely a corollary of its graded version (to be proved
below as Theorem 3.22), obtained by considering the case ϕ = 1 there.

Proposition 3.19. Super 2-line bundles over a Lie groupoid Γ are classified by the Čech coho-
mology of Γ, in such a way that there is a canonical bijection

h0(s2LBdl(Γ)) ∼= Ȟ0(Γ,Z2)× Ȟ1(Γ,Z2)× Ȟ2(Γ,C×),

where h0 denotes the set of isomorphism classes of objects. Under this bijection, the sub-
sets h0sGrb(Γ) and h0(cs-sAlgBdl(Γ)) correspond to the subsets Ȟ1(Γ,Z2) × Ȟ2(Γ,C×) and
Ȟ0(Γ,Z2)× Ȟ1(Γ,Z2)× p−1

0

(
Tor Ȟ2(Γ0,C×)

)
, respectively.

The reduction of this result to Γ = Xdis reproduces Theorem 2.6.
Our aim is now to extend Čech cohomology for Lie groupoids to graded Lie groupoids. For

this purpose, we require that the sheaf F is equipped with a Z2-action by morphisms of sheaves
of abelian groups. We denote this action by ε ▷ f , for ε ∈ {±1} and some f ∈ F(U). Now we
modify the setup described above in the following way. The row’s differential ∆ is replaced by
a differential ∆ϕ : Čn

(
U l,F

)
→ Čn

(
U l+1,F

)
defined by

∆ϕ :=
l+1∑
p=0

εϕl+1,p ▷ (−1)
p∂∗p ,

where the function εϕl,p : Γl → Z2 = {±1} is defined for l > 0 and 0 ≤ p ≤ l by

εϕl,p(γ1, . . . , γl) :=

{
1, p < l,

ϕ(γl), p = l.

One can check that this satisfies ∆ϕ ◦ ∆ϕ = 0, and that ∆ϕ commutes with (the unchanged)
Čech coboundary operator δ. Thus, we obtain, via the same procedure as in the ungraded case,
the Čech cohomology Ȟn((Γ, ϕ),F) of the graded Lie groupoid (Γ, ϕ).
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Remark 3.20.

� If the Z2-action on F is the trivial one, then the Čech cohomology of the graded Lie
groupoid (Γ, ϕ) coincides with the one of the ungraded Lie groupoid Γ.

� Since the modification for the grading ϕ does not affect the Čech differential δ, the pro-
jection p0 : Ȟ

n((Γ, ϕ),F)→ Ȟn(Γ0,F) is still well-defined.
� If G is a graded Lie group, i.e., a Lie group equipped with a homomorphism ε : G→ Z2,
then Ȟn((BG, ε),F) defines a generalization of the (“Segal–Mitchison”, “Brylinski”)
smooth group cohomology to graded Lie groups.

Example 3.21. Let us examine the relevant Čech cohomology group Ȟ2((Γ, ϕ),C×), where the
Z2-action on C× is given by complex conjugation. A class in Ȟ2((Γ, ϕ),C×) is represented by
a triple (µ, η, f) consisting of a family µ = (µijk)i,j,k∈I0 of smooth maps µijk : U

0
i ∩U0

j ∩U0
k → C×,

of a family η = (ηij)i,j∈I1 of smooth maps ηij : U
1
i ∩ U1

j → C×, and of a family f = (fi)i∈I2 of

smooth maps fi : U
2
i → C×, satisfying the following four conditions:

� δµ = 0, the usual Čech cocycle condition.

� δη +∆ϕµ = 0: for all γ ∈ U1
i ∩ U1

j ∩ U1
k ,

µs(i),s(j),s(k)(s(γ)) · ηjk(γ) · ηik(γ)−1 · ηij(γ) = ϕ(γ) ▷ µt(i),t(j),t(k)(t(γ)). (3.9)

� δf −∆ϕη = 0: for all (γ1, γ2) ∈ U2
i ∩ U2

j ,

fj(γ1, γ2) · fi(γ1, γ2)−1 · ηc(i),c(j)(γ1 ◦ γ2)
= ϕ(γ2) ▷ ηpr1(i),pr1(j)(γ1) · ηpr2(i),pr2(j)(γ2). (3.10)

� ∆ϕf = 0: for (γ1, γ2, γ3) ∈ U3
i ,

f∂0(i)(γ2, γ3) · f∂2(i)(γ1, γ2 ◦ γ3) = f∂1(i)(γ1 ◦ γ2, γ3) · ϕ(γ3) ▷ f∂3(i)(γ1, γ2). (3.11)

Under the usual procedure of classifying bundle gerbes by Čech cohomology (see, e.g., [23, 53]),
one can construct from the Čech cocycle µ a bundle gerbe G over Γ0. Moreover, one can construct
from η – using (3.9) and that the complex conjugate cocycle constructs the complex conjugate
bundle gerbe – a 1-isomorphism P : s∗G → t∗Gϕ over Γ1. Finally, one can construct from f –
using (3.10) – a 2-isomorphism ψ : (pr∗1 P)

pr∗2 ϕ ◦ pr∗2 P ⇒ c∗P over Γ2, and (3.11) implies an
equality (c×id)∗ψ•(pr∗12 ψpr∗3 ϕ◦id) = (id×c)∗ψ•(id ◦pr∗23 ψ) of 2-isomorphisms over Γ3, which is
nothing but the commutative diagram (3.4). Summarizing, we have described the reconstruction
of a bundle gerbe over (Γ, ϕ) (see Definition 3.10) from a cocycle. It is standard to show that
this establishes a bijection Ȟ2((Γ, ϕ),C×) ∼= h0Grb(Γ, ϕ); in other words, Ȟ2((Γ, ϕ),C×) classifies
bundle gerbes over (Γ, ϕ).

Theorem 3.22. Super 2-line bundles over a graded Lie groupoid (Γ, ϕ) are classified by the
Čech cohomology of (Γ, ϕ), namely, there is a canonical bijection

h0(s2LBdl(Γ, ϕ)) ∼= Ȟ0((Γ, ϕ),Z2)× Ȟ1((Γ, ϕ),Z2)× Ȟ2((Γ, ϕ),C×),

where the sheaves Z2 are equipped with the trivial involution, and the sheaf C× is equipped with the
involution given by complex conjugation. The subsets h0(sGrb(Γ, ϕ)) and h0(cs-sAlgBdl(Γ, ϕ))
correspond, respectively, to the subsets

Ȟ1((Γ, ϕ),Z2)× Ȟ2((Γ, ϕ),C×) and

Ȟ0((Γ, ϕ),Z2)× Ȟ1((Γ, ϕ),Z2)× p−1
0

(
Tor Ȟ2(Γ0,C×)

)
.
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Here we recall, see Remark 3.20, that p−1
0

(
Tor Ȟ2(Γ0,C×)

)
denotes classes in Ȟ2((Γ, ϕ),C×))

whose image under p0 is torsion.

Proof. The main point is that extracting local data from a super 2-line bundle (L,P, ψ)
over (Γ, ϕ), as described for smooth manifolds in Remark 2.7, yields the correct cocycle data,
in particular, the correct signs for the grading ϕ. Indeed, we collect the data (αi, εij , µijk) ex-
tracted there for an open cover U0 of Γ0. Next, we work with respect to an open cover U1

on Γ1. We first consider the restriction of P to an open set U1
i and consider the compos-

ite 1-isomorphism Pi := t∗Nϕ
t(i) ◦ P|U1

i
◦ s∗Ns(i) : s

∗As(i) → t∗Aϕt(i). Since the inclusion of central
simple algebra bundles into super 2-vector bundles is fully faithful (see Proposition 2.10), Pi can
be identified with an invertible

(
t∗Aϕt(i)

)
-(s∗As(i))-bimodule bundle Pi. In particular, this implies

t∗αt(i) = s∗αs(i), providing the remaining cocycle condition in Example 3.18 (a); thus, α gives
the class Ȟ0(Γ,Z2) = Ȟ0((Γ, ϕ),Z2). Moreover, since, by construction, the algebras Ai are
fixed representatives of the Morita equivalence classes (see Remark 2.7), we have As(i) = Aϕit(i),
where ϕi is the value of ϕ over U1

i . We can assume that the bimodule bundle Pi is trivial-
izable, Pi ∼= U1

i × Pi, where Pi is an invertible Ãi-Ãi-bimodule, where Ãi := Aϕit(i) = As(i) for
any i ∈ I1. Thus, Pi ∼= −σiÃi, for a locally constant map σi : U

1
i → Z2, where −A stands

for ΠA, the grading reversal, see Remark 2.7. On a double overlap U1
ij := U1

i ∩ U1
j , we ob-

serve that the intertwiner ϕ of the 1-isomorphism P (see Definition 2.3) induces an invertible
intertwiner

ϕij : Pj ◦ s∗Ms(i),s(j) → t∗Mϕi
t(i),t(j) ◦ Pi,

whereMij is the invertible bimodule bundle over U1
ij constructed in Remark 2.7. Under the triv-

ializations Pi ∼= U1
i ×Pi andMij

∼= U0
ij×Mij (whereMij is an A-A-bimodule, for A = Ai = Aj),

we obtain two consequences:

(1) We obtain an invertible intertwiner between the typical fibres,

Mϕi
t(i),t(j) ⊗Ãi

Pi ∼= Pj ⊗Ãj
Ms(i),s(j).

Using the isomorphisms Pi ∼= −σiÃi and Mij
∼= εijAi = εijAj and the equality Ãi = As(i),

this shows an equality εt(i),t(j)−σi = −σj+εs(i),s(j), which is the cocycle condition δσ−∆ϵ
of (b).

(2) Under above trivializations, the intertwiner ϕij becomes a smooth map ηij : U
1
ij → C×. The

commutative diagram (2.1) for ϕ then shows precisely condition (3.9), i.e., δη +∆ϕµ = 0.

Finally, we work with a cover U2 of Γ2, and there on an open set U2
i . The 2-isomorphism ψ

induces an isomorphism

(pr∗1 Ppr1(i))
pr∗2 ϕi ◦ pr∗2 Ppr2(i) → c∗Pc(i).

Under the trivializations Pi ∼= −σiÃi, it becomes an equality

pr∗1 σpr1(i) + pr∗2 σpr2(i) = c∗σc(i),

which provides the cocycle condition ∆σ = 0 of Example 3.18 (b); thus showing that (ε, σ) defines
a class in Ȟ1(Γ,Z2) = Ȟ1((Γ, ϕ),Z2). Moreover, we obtain a smooth map fi : U

2
i → C× satisfy-

ing (3.10). Finally, the commutativity of (3.4) implies the remaining cocycle condition ∆ϕf = 0,
showing that (µ, η, f) defines a class in Ȟ2((Γ, ϕ),C×).

It is straightforward to generalize the reconstruction procedure explained in Example 3.21
for (ungraded) bundle gerbes to super 2-line bundles, and moreover, to show that this is inverse
to the above extraction of local data. ■
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4 Twistings and twisted vector bundles

The following is the central definition and conveys the main point of this article.

Definition 4.1. Let (Γ, ϕ) be a graded Lie groupoid. A twisting on (Γ, ϕ) is a super 2-line
bundle (L,P, ψ) over (Γ, ϕ) in the sense of Definition 3.3.

The following is the corresponding, canonical definition of a category of twisted vector bun-
dles; these constitute the ingredients of the twisted K-groups belonging to the twistings of
Definition 4.1.

Definition 4.2. Let (L,P, ψ) be a twisting on (Γ, ϕ). An (L,P, ψ)-twisted super vector bundle
is a 1-morphism (L,P, ψ) → (I, id, id) in the bicategory s2LBdl(Γ, ϕ). Twisted super vector
bundles form the category

sVBdl(L,P,ψ)(Γ, ϕ) := Homs2LBdl(Γ,ϕ)((L,P, ψ), (I, id, id)).

Remark 4.3. Unwinding Definition 4.2, an (L,P, ψ)-twisted super vector bundle is a 1-mor-
phism of super 2-line bundles B : L → I over Γ0 together with a 2-isomorphism of super 2-line
bundles η : s∗B⇒ (t∗B)ϕ ◦ P over Γ1, such that the diagram

Bs(γ2)

id ◦ηγ2
��

ηγ1◦γ2 +3 B
ϕ(γ1◦γ2)
t(γ1)

◦ Pγ1◦γ2

id ◦ψγ1,γ2

��

B
ϕ(γ2)
t(γ2)

◦ Pγ2
η
ϕ(γ2)
γ1

◦id
+3 B

ϕ(γ1)ϕ(γ2)
t(γ1)

◦ Pϕ(γ2)γ1 ◦ Pγ2

is commutative for all (γ1, γ2) ∈ Γ2. If L = I is the trivial 2-line bundle, then B is an or-
dinary super vector bundle. If the twisting is completely trivial (I, id, id), we obtain a cate-
gory sVBdl(Γ, ϕ) := sVBdl(I,id,id)(Γ, ϕ) of (untwisted) super vector bundles over (Γ, ϕ).

The purpose of this paper is to show that the following list of versions of twistings that have
appeared in the literature consists of special cases of Definitions 4.1 and 4.2.

(1) Central simple super algebra bundles [13, 28]. Central simple super algebra bundles for the
field C over a smooth manifoldM are a special case of Definition 4.1, see Proposition 2.10:

cs-sAlgBdlC(M) ⊆ s2LBdl(M) ∼= s2LBdl(Mdis) = s2LBdl(Mdis, 1).

The twisted vector bundles for a central simple super algebra bundle A are precisely the
super A-module bundles over M .

(2) Bundle gerbes [42]. Bundle gerbes over a smooth manifold M are a special case of Defini-
tion 4.1, as

Grb(M) ∼= 2LBdl(M) ⊆ s2LBdl(M) ∼= s2LBdl(Mdis) = s2LBdl(Mdis, 1),

see Propositions 2.9 and Remark 3.9. The twisted vector bundles are precisely the bundle
gerbe modules. Their role as twistings for K-theory has been described in [4]. Bundle
gerbes are of course just a special case of the next item, (3).

(3) Equivariant bundle gerbes [44, 45]. Equivariant bundle gerbes over Lie groupoids Γ are
defined by the canonical homotopy limit construction outlined in (3.1), and are included
as

Grb(Γ) ∼= 2LBdl(Γ) ⊆ s2LBdl(Γ) = s2LBdl(Γ, 1),

see Definition 3.10 and Remark 3.9. A similar construction of equivariant bundle gerbes
can be found in [43]. Precursors have appeared for the case when Γ is an action groupoid,
e.g., in [22, 23, 35].
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(4) Chern–Simons twistings [16]. Every multiplicative bundle gerbe over a Lie group G is
also G-equivariant with respect to the conjugation action of G on itself; this makes them
a subclass of equivariant bundle gerbes and a special case of (3). The twisted vector
bundles of Definition 4.2 form (for a finite group G) the modular tensor category that
belongs to the corresponding Chern–Simons theory (i.e., Dijkgraaf–Witten theory). We
discuss this in detail in Section 5.5.

(5) Jandl gerbes [50]. Jandl gerbes live over a real manifold, i.e., a smooth manifold M
with an involution σ : M → M . They are the same as bundle gerbes (G,P, ψ) over the
corresponding graded groupoid Gr(M,σ) (see (d)); thus,

JdlGrb(M,σ) ∼= Grb(Gr(M,σ)) = 2LBdl(Gr(M,σ)) ⊆ s2LBdl(Gr(M,σ)).

This is a special case of (8), which is investigated thoroughly in Section 5.1.

(6) Real gerbes of Gomi–Thiang [25]. These are Jandl gerbes (G,P, ψ) where the surjective
submersion of G is an open cover to which the involution lifts. This is a subclass of (5).

(7) Real bundle gerbes of Hekmati–Murray–Stevenson–Vozzo [26]. These are Jandl gerbes
(G,P, ψ) where the 1-isomorphism P is (induced from) a refinement (see Definition 2.16).
This is another subclass of (5).

(8) Equivariant Jandl gerbes [23]. Equivariant Jandl gerbes live over a smooth manifold M
with an action of a finite graded group (G, ε), i.e., a group G with a homomorphism
ε : G→ Z2, and we prove in Section 5.1 that they are the same as bundle gerbes over the
corresponding graded action groupoid M//(G, ε) (see Example 3.2 (c)),

GSWM (G, ε) ∼= Grb(M//(G, ε)) ∼= 2LBdl(M//(G, ε)) ⊆ s2LBdl(M//(G, ε)).

For (G, ε) = (Z2, id), this is (5). For arbitrary G and ε = 1, it is a special case of (3).

(9) Moutuou’s RG bundle gerbes [41]. These are a super version of (7); by a straightforward
generalization of the discussion of (8) in Section 5.1, they embed into super 2-line bundles
over Gr(M,σ).

(10) Twistings of Freed–Hopkins–Teleman [17]. Freed–Hopkins–Teleman’s twistings live over
(ungraded) Lie groupoids Γ, and are the same as (equivariant) super bundle gerbes,
FHT(Γ) ∼= h1(sGrb(Γ)) ⊆ h1(s2LBdl(Γ)). This needs again more elaboration, which is
carried out in Section 5.3.

(11) Twistings of Ángel–Gómez–Uribe [1]. These live over action groupoids X//G, and are
a special case of (10).

(12) Freed–Moore’s twisted groupoid extensions [20]. These live over graded Lie groupoids
(Γ, ϕ), and they are the same as super 2-line bundles (L,P, ψ) over (Γ, ϕ) whose underlying
super 2-line bundle L is trivial; while the morphisms correspond to refinements FM(Γ, ϕ) ∼=
s2LBdlreftriv(Γ, ϕ) ⊆ s2LBdl(Γ, ϕ). This needs more elaboration, which is carried out in
Section 5.2. The twisted vector bundles of [20] coincide precisely with our Definition 4.2.

(13) Magnetic equivariant vector bundles of Serrano–Uribe–Xicotencatl [51]. These are a special
case of our twisted vector bundles from Definition 4.2, reduced to graded Lie groupoids
induced from graded Lie groups (see Example 3.2 (b)), and reduced to trivial twistings.
This is a special case of (12).

(14) Moutuou’s real twistings [41]. Moutuou’s real twistings live over real groupoids (Γ, τ),
i.e., Lie groupoids with an involutive functor τ . They can be viewed as a real analogue of
Freed–Hopkins–Teleman’s twistings of (12). Indeed, associated to any real groupoid (Γ, τ)
is a graded Lie groupoid Gr(Γ, τ), and every real twisting over (Γ, τ) gives rise to a super
2-line bundle over Gr(Γ, τ). This is discussed thoroughly in Section 5.4.
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(15) Berwick–Evans–Guo real twistings [3]. These twistings are defined similarly to Moutuou’s
real twistings of (14) but using topological stacks instead of topological groupoids. A com-
parison between both approaches can be found in [3, Sections 3.4 and 3.5].

(16) Freed’s twisted invertible algebra bundles [15]. These live over Lie groupoids Γ, and
involve a certain “double cover” by a graded Lie groupoid. Under the assumption that
the grading of the double cover is induced by a grading ϕ on the Lie groupoid Γ, Freed’s
twisted invertible algebra bundles can be identified with super 2-line bundles over (Γ, ϕ).
This is discussed in detail in Section 5.6.

(17) Orientifold twistings of Distler–Freed–Moore [11, 12, 14]. Distler–Freed–Moore’s orien-
tifold twistings are similar to (16), but feature instead of algebra bundles a certain Z-valued
grading function d. Under the same limitation as in (16), these twistings yield super 2-line
bundles over (Γ, ϕ). This is discussed in detail in Section 5.7.

(18) Gomi–Freed–Moore twistings [24]. These live over graded groupoids (Γ, ϕ), and they are
the same as the Distler–Freed–Moore-twistings of (17) with two constraints: first, they
satisfy our assumption that the grading of the double cover is induced from one on the
base, and second, that the grading function d is trivial. This is a special case of (17), and
yields all super bundle gerbes over (Γ, ϕ).

5 Comparison work

In this section, we carry out the comparison work announced in Section 4.

5.1 Equivariant Jandl gerbes

The paper [23] introduced a general theory for B-fields in unoriented orbifold sigma models.
The B-field is modelled by a so-called equivariant Jandl gerbe, combining an orbifolding process
with the treatment of unoriented worldsheets. The following notion was introduced.

Definition 5.1. An orientifold group (G, ε) for a smooth manifold X is a finite group G acting
smoothly from the left on X, together with a group homomorphism ε : G→ Z2.

This embeds into the more general notion of graded Lie groupoids (see Definition 3.1) by
associating to an orientifold group (G, ε) the action groupoid X//G together with the map
ϕε : G × X → Z2, (g, x) 7→ ε(g). We prove in Theorem 5.6 below that the equivariant Jandl
gerbes of [23] for an orientifold group (G, ε) are the same as bundle gerbes over the graded Lie
groupoid (X//G, ϕε), and hence, in particular, 2-line bundles over that groupoid.

For the geometric part, we consider the bicategory hGrb(X) of hermitian bundle gerbes
over X, and therein the bigroupoid hGrb×(X) that contains only the invertible 1-morphisms
and 2-morphisms. Forgetting the hermitian metrics yields the vertical functors in the following
commutative diagram

hGrb×(X) //

��

hGrb(X)

��

Grb×(X) // Grb(X) ⊆ s2LBdl(X).

In [23], the following constructions are made. Suppose G = (π,M, µ) is a hermitian bundle
gerbe, i.e.,M is a hermitian line bundle and µ is an unitary bundle isomorphism. Then, G† :=(
π,M∗, µtr−1

)
denotes the (usual) dual bundle gerbe: M∗ is the dual line bundle, equipped

with the dual metric, and µtr−1 is the inverse of the transpose of µ. If A = (ζ,P, ϕ) : G1 → G2
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is a hermitian bundle gerbe isomorphism, then we set A† :=
(
ζ,P∗, ϕtr−1

)
: G†

1 → G
†
2. Thus, A

†

has the same surjective submersion ζ : Z → Y1 ×X Y2 and the dual hermitian line bundle P∗.
We note that ϕ is a unitary bundle isomorphism, over a point (z, z′) ∈ Z [2] with ζ(z) =: (y1, y2)
and ζ(z′) =: (y′1, y

′
2),

ϕz,z′ : Pz′ ⊗ (M1)y1,y′1 → (M2)y2,y′2 ⊗ Pz.

Up to a reordering of tensor factors, this coincides with the conventions of [23]. Thus, ϕtr−1 is
an isomorphism

ϕtr−1
z,z′ : P∗

z′ ⊗ (M∗
1)y1,y′1 → (M∗

2)y2,y′2 ⊗ P
∗
z ,

and one checks that it satisfies the required coherence property so that A† is well-defined. Finally,
if β : A1 ⇒ A2 is a 2-isomorphism, then β† := βtr−1 : A†

1 ⇒ A
†
2 is a new 2-isomorphism. These

constructions define a 2-functor

(..)† : hGrb×(X)→ hGrb×(X)

that is involutive under a canonical natural isomorphism (..)†† ∼= id.

The definitions in [23] are based on the 2-functor (..)†. Before we recall those, we want to
relate (..)† to our complex conjugation functor (..) of (2.4).

Lemma 5.2. The two 2-functors

hGrb×(X)→ Grb×(X) ⊆ 2LBdl(X)
(..)
// 2LBdl(X)

and

hGrb×(X)
(..)†
// hGrb×(X)→ Grb×(X) ⊆ 2LBdl(X)

are canonically naturally isomorphic. In short: upon forgetting the hermitian metrics, the func-
tor (..)† is complex conjugation.

Proof. We recall that an inner product ⟨−,−⟩ on a finite-dimensional complex vector space V
(antilinear in the first component) induces an isomorphism

V → V ∗ : v 7→ ⟨v,−⟩ . (5.1)

Moreover, V is equipped with an inner product ⟨−,−⟩, given by the complex conjugate of the
original one. Also, V ∗ is equipped with an inner product, which is usually induced from V along
the isomorphism (5.1), so that (5.1) actually becomes an isometric isomorphism. Moreover, for
an isometric isomorphism φ : V →W , the relevant diagram

V

φ
��

// V ∗

φtr−1

��

W //W ∗

(5.2)

is commutative. The isometric isomorphism (5.1) extends to hermitian vector bundles, and
a diagram analogous to (5.2) exists for unitary isomorphisms between hermitian vector bundles.

If G = (π,M, µ) is a hermitian bundle gerbe, then we obtain a canonical isomorphism
ηG : G → G†, which is the refinement consisting of the identity id : Y → Y and the unitary
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line bundle isomorphism uM : M → M∗. The commutativity of (5.2) shows the one of the
relevant diagram (2.2).

If A : G1 → G2 is a 1-isomorphism, then we construct a 2-isomorphism

G1

A
��

ηG1 // G
†
1;C

ηA A†
��

G2 ηG2
// G

†
2.

We have to compute the two composites. Suppose A = (ζ,P, ϕ), so that A =
(
ζ,P, ϕ

)
and

A† =
(
ζ,P∗, ϕtr−1

)
. Then, we get A† ◦ ηG1 =

(
ζ,P∗, ϕtr−1 ◦ (id⊗uM1)

)
, with the morphism

being

P∗
z′ ⊗

(
M1

)
y1,y′1

id⊗uM1 // P∗
z′ ⊗

(
M∗

1

)
y1,y′1

ϕtr−1
z,z′

//
(
M∗

2

)
y2,y′2

⊗ P∗
z ,

as well as ηG2 ◦A =
(
ζ,P, (uM2 ⊗ id) ◦ ϕ

)
, with the morphism being

Pz′ ⊗
(
M1

)
y1,y′1

ϕz,z′
//
(
M2

)
y2,y′2

⊗ Pz
uM2

⊗id
//
(
M∗

2

)
y2,y′2

⊗ Pz.

The claimed 2-morphism is given by ηA := uP : P → P∗. The relevant commutative diagram is
the outer shape of the diagram

Pz′ ⊗
(
M1

)
y1,y′1

uP⊗M1
**

uP⊗id

��

ϕz,z′
//
(
M2

)
y2,y′2

⊗ Pz
uM2⊗P

**

uM2
⊗id

//
(
M∗

2

)
y2,y′2

⊗ Pz

id⊗uP
��

P∗
z′ ⊗

(
M1

)
y1,y′1 id⊗uM1

// P∗
z′ ⊗

(
M∗

1

)
y1,y′1 ϕtr−1

z,z′

//
(
M∗

2

)
y2,y′2

⊗ P∗
z ,

which is commutative because all subdiagrams are commutative: the triangular diagrams be-
cause (5.1) is compatible with tensor products, and the one in the middle is (5.2). One can now
check that ηG and ηA are the components of a natural isomorphism η : (..)|hGrb×(X) ⇒ (..)†. ■

By Lemma 5.2, we can replace occurrences of (..)† in [23] consistently by complex conjugation.
Next we recall the following definition from [23]. Given an orientifold group (G, ε) and a bundle
gerbe G over X, we set for g ∈ G gG :=

(
g−1

)∗
Gε(g), where g−1 : X → X is the diffeomorphism

assigned to g−1 via the action of G on X, and (..)ε(g) refers to the convention fixed in Section 3.2,
i.e., it means nothing when ε(g) = 1 and it means complex conjugation when ε(g) = −1. For
a 1-isomorphism A : G→ H between bundle gerbes, we define

gA :=
(
g−1

)∗
Aε(g) : gG→ gH.

Finally, for a 2-isomorphism β : A⇒ A′, we define

gβ :=
(
g−1

)∗
βε(g) : gA⇒ gA′.

These definitions promote each group element g ∈ G to a functor Fg : Grb(X)→ Grb(X) that is
covariant at all levels and satisfies Fg2 ◦ Fg1 ∼= Fg2g1 . The following is [23, Definition 2.9].
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Definition 5.3. Let (G, ε) be an orientifold group for X and let G be a bundle gerbe over X.
A (G, ε)-equivariant structure on G consists of 1-isomorphisms Ag : G→ gG for each g ∈ G, and
of 2-isomorphisms φg1,g2 : g1Ag2 ◦Ag1 → Ag1g2 for each pair g1, g2 ∈ G, such that the diagram

g1g2Ag3 ◦ g1Ag2 ◦Ag1

id ◦φg1,g2 +3

g1φg2,g3◦id
��

g1g2Ag3 ◦Ag1g2

φg1g2,g3

��
g1Ag2g3 ◦Ag1 φg1,g2g3

+3 Ag1g2g3

is commutative for all g1, g2, g3 ∈ G. We call the triple (G,A, φ) a (G, ε)-equivariant bundle
gerbe.

The following is [23, Definition 2.11].

Definition 5.4. Let (G, ε) be an orientifold group for X and let
(
G1,A1, φ1

)
and

(
G2,A2, φ2

)
be

(G, ε)-equivariant bundle gerbes. A (G, ε)-equivariant 1-morphism
(
G1,A1, φ1

)
→

(
G2,A2, φ2

)
is a 1-morphism B : G1 → G2 of the underlying bundle gerbes together with a family of 2-
isomorphisms ηg : gB ◦A1

g ⇒ A2
g ◦B, one for each g ∈ G, such that the diagram

g1g2B ◦ g1A1
g2 ◦A

1
g1

id ◦φ1
g1,g2 +3

g1ηg2◦id
��

g1g2B ◦A1
g1g2

ηg1g2

��

g1A
2
g2 ◦ g1B ◦A

1
g1

id ◦ηg1
��

g1A
2
g2 ◦A

2
g1 ◦B φ2

g1,g2
◦id

+3 A2
g1g2 ◦B

of 2-isomorphisms is commutative for all g1, g2 ∈ G.

We also recall the notion of 2-morphisms from [23].

Definition 5.5. Suppose we have two (G, ε)-equivariant bundle gerbes
(
G1,A1, ψ1

)
and

(
G2,A2,

ψ2
)
and two equivariant 1-morphisms (B, η) and (B′, η′) between them. A (G, ε)-equivariant

2-morphism (B, η) ⇒ (B′, η′) is a 2-morphism ξ : B ⇒ B′ which is compatible with the 2-
isomorphisms ηg and η′g in the sense that the diagram

gB ◦A1
g

ηg +3

gξ◦id
��

A2
g ◦B

id ◦ξ
��

gB′ ◦A1
g η′g

+3 A2
g ◦B′

of 2-morphisms commutes for all g ∈ G.

(G, ε)-equivariant bundle gerbes in the sense of [23] form a bicategory that we denote here
for one moment by GSWX(G, ε).

Theorem 5.6. Let (G, ε) be an orientifold group for a smooth manifold X, and let (X//G, ϕε)
be the associated graded Lie groupoid. The bicategory of (G, ε)-equivariant bundle gerbes of [23]
is equivalent to the bicategory of bundle gerbes over (X//G, ϕε),

GSWX(G, ε) ∼= Grb(X//G, ϕε) ∼= 2LBdl(X//G, ϕε) ⊆ s2LBdl(X//G, ϕε).
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Proof. The proof consists mainly of a conversion between the different conventions. If G is
a bundle gerbe over X, and (Ag, φg1,g2) is a (G, ε)-equivariant structure on G in the sense of
Definition 5.3, then, using that G is finite,

L := G, P|{g}×X := Ag−1 and ψ|{g1}×{g2}×X := φg−1
2 ,g−1

1

is a bundle gerbe over (X//G, ϕε) in the sense of Definition 3.10. Next, if (B, ηg) :
(
G1,A1, φ1

)
→(

G2,A2, φ2
)
is a (G, ε)-equivariant 1-morphism, then B, η|{g}×X := η−1

g−1 is a 1-morphism of the
associated bundle gerbes

(
L1,P1, ψ1

)
→

(
L2,P2, ψ2

)
over (X//G, ϕε) in the sense of Defini-

tion 3.10. Similarly, if ξ : (B, ηg)→ (B′, η′g) is a (G, ε)-equivariant 2-morphism, then ξ : (B, η)→
(B′, η′) is a 2-morphism of the associated 1-morphisms of bundle gerbes over (X//G, ϕε) in the
sense of Definition 3.10. This defines a functor GSWX(G, ε) → Grb(X//G, ϕε) which is now
easily checked to be an equivalence. ■

Remark 5.7. [23, Proposition 3.1] gives a cohomological classification of equivariant Jandl
gerbes (with hermitian metrics and connections), by a “twisted-equivariant” version of smooth
Deligne cohomology. Stripping off the connection data, the cocycle data for an equivariant Jandl
gerbe satisfies conditions (3.3), (3.8), (3.10) and (3.11) in [23]. Under slight change of conven-
tions, one can check that these coincide with the conditions for a 2-cocycle in Ȟ2((X//G, ϕε),C×)
listed in Example 3.21. Indeed, under the equivalence of Theorem 5.6, Example 3.21 is precisely
the classification of equivariant Jandl gerbes (without metrics and connections).

Remark 5.8. Descent for equivariant Jandl gerbes has already been considered in [23]. We
consider an orientifold group (G, ε) for a smooth manifold X, in such a way that the normal
subgroup G0 := ker(ϵ) acts without fixed points. Thus, the quotient X ′ := X/G0 is again
a smooth manifold, for which the remaining group G′ := G/G0 together with its induced grad-
ing ϵ′ : G′ → Z2 is an orientifold group. Then, [23, Theorem 3.1] proves an equivalence

GSWX(G, ϵ) ∼= GSWX′
(
G′, ε′

)
. (5.3)

In our current framework, this result follows from Theorem 3.16 and our equivalence of Theo-
rem 5.6. To see this, we consider the graded Lie groupoids (X//G, ϕε) and (X ′//G′, ϕε′), and the
obvious projection functor (X//G, ϕε) → (X ′//G′, ϕε′). This functor is even and one can easily
prove that it is a weak equivalence, in fact, a covering functor. Hence, Theorem 3.16 implies the
equivalence (5.3).

5.2 Freed–Moore’s twisted groupoid extensions

Freed and Moore introduced in [20] so-called twisted groupoid extensions to describe symmetry
protected phases in condensed matter physics. We show (see Theorem 5.15) that Freed and
Moore’s twisted groupoid extensions are the same as graded-equivariant super 2-line bundles
whose underlying 2-line bundle is trivial; hence, they are particular graded-equivariant super
2-line bundles.

We recall that we denote by L the complex conjugate of a complex line bundle L. We fix the
following notation. Let L be a line bundle and ϕ = ±1. Then,

Lϕ =

{
L, ϕ = +1,

L, ϕ = −1.
(5.4)

Definition 5.9. Let (Γ, ϕ) be a graded Lie groupoid. A ϕ-twisted super extension of Γ is a pair
(L, λ) consisting of a super line bundle L over Γ1 together with an isomorphism

λ : pr∗1 Lpr
∗
2 ϕ ⊗ pr∗2 L → c∗L
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of super line bundles over Γ2, such that the diagram(
Lϕ(γ2)γ1 ⊗ Lγ2

)ϕ(γ3) ⊗ Lγ3 //

λ
ϕ(γ3)
γ1,γ2

⊗id
��

Lϕ(γ2)·ϕ(γ3)γ1 ⊗
(
Lϕ(γ2)γ2 ⊗ Lγ3

)
id⊗λγ2,γ3
��

Lϕ(γ3)γ1◦γ2 ⊗ Lγ3

λγ1◦γ2,γ3 ((

Lϕ(γ2◦γ3)γ1 ⊗ Lγ2◦γ3

λγ1,γ2◦γ3vv

Lγ1◦γ2◦γ3

(5.5)

commutes for each composable triple of morphisms (γ1, γ2, γ3) ∈ Γ3.

Definition 5.9 coincides with [20, Definition 7.23 (iii)] under the dropping of hermitian struc-
tures and some notational reformulations. First, our notion of a graded Lie groupoid coincides
with Freed–Moore’s notion of a “groupoid with a homomorphism to ±1”. Second, our super line
bundle L is described there as a line bundle with a map ϑ : Γ1 → {±1}. Third, our notation Lϕ
(defined in (5.4)) coincides with Freed–Moore’s notation ϕL defined in [20, equation (7.9)].
Then, the isomorphism λ is exactly as in [20, equation (7.10)], and the diagram is precisely [20,
equation (7.11)].

Example 5.10. For any graded Lie groupoid (Γ, ϕ), there is a trivial ϕ-twisted super exten-
sion IΓ,ϕ consisting of the trivial line bundle C × Γ1, considered as purely even, and of the
isomorphism λtriv given in each fibre by Cϕ ⊗ C ∼= C ⊗ C → C, using the canonical isomor-
phism C ∼= C over points with ϕ = −1.

Example 5.11. Let (G, ε) be a graded Lie group (see Example 3.2 (b)); we consider the asso-
ciated graded groupoid (BG,ϕ) with ϕ := ε. A ϕ-twisted super extension of BG is the same as
a group extension 1 −→ U(1) −→ Ĝ −→ G −→ 1, which for all ĝ ∈ Ĝ and λ ∈ U(1) satisfies

ĝλ =

{
λĝ, ϕ(ĝ) = +1,

λĝ, ϕ(ĝ) = −1

together with a Lie group homomorphism ϑ : G → {±1}. The trivial ϕ-twisted super ex-
tension IBG,ϕ corresponds to the semi-direct product G ⋉ U(1), where G acts on U(1) via
ϕ : G → Z2

∼= Aut(U(1)), and the constant Lie group homomorphism ϑ = 1. Twisted group
extensions are discussed in [6, Section 3.4] and [20, Section 1]. The super version thereof appears
in [20, Section 3].

Freed–Moore arrange ϕ-twisted super extensions of Γ in a category under the following notion
of morphisms, which we copy from [20, Definition 7.27]. We call these morphisms “refinements”
for reasons that will become clear later.

Definition 5.12. Let (Γ, ϕ) be a graded Lie groupoid and let (L1, λ1) and (L2, λ2) be ϕ-twisted
super extensions of Γ. A refinement (L1, λ1)→ (L2, λ2) is an isomorphism η : L1 → L2 of super
line bundles over Γ1 such that the diagram

L1|ϕ(γ2)γ1 ⊗ L1|γ2
η
ϕ(γ2)
γ1

⊗ηγ2
��

λ1|γ1,γ2 // L1|γ1◦γ2
ηγ1◦γ2

��

L2|ϕ(γ2)γ1 ⊗ L2|γ2 λ2|γ1,γ2
// L2|γ1◦γ2

(5.6)

commutes for each pair γ1, γ2 ∈ Γ1 of composable morphisms.
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We denote the category of Freed–Moore’s ϕ-twisted super extensions of Γ by FM(Γ, ϕ).
Interestingly, twisted super extensions also form a bicategory under a natural and more

general kind of morphisms. These more general morphisms do not appear in [20] but will be
useful in order to understand the relation to graded-equivariant super 2-line bundles, and also
clarify the role of twisted vector bundles, see Proposition 5.20. However, there is an untwisted
(i.e., ϕ = 1) version of these more general morphisms in [17, Section 2]. The situation is
fully analogous to the setting of algebras, which may be regarded as a category (with algebra
homomorphisms), but also as a bicategory (with bimodules).

Definition 5.13. Let (Γ, ϕ) be a graded Lie groupoid and (L1, λ1) and (L2, λ2) be ϕ-twisted
super extensions of Γ. A 1-morphism (L1, λ1) → (L2, λ2) is a pair (W, ρ) consisting of a super
vector bundle W over Γ0 and an isomorphism

ρ : L2 ⊗ s∗W → t∗Wϕ ⊗ L1

of super vector bundles over Γ1 such that the diagram

pr∗1 L
pr∗2 ϕ
2 ⊗ pr∗2

(
L2 ⊗ s∗W

)
//

id⊗pr∗2 ρ
��

(
pr∗1 L

pr∗2 ϕ
2 ⊗ pr∗2 L2

)
⊗ pr∗2 s

∗W λ2⊗id
// c∗L2 ⊗ pr∗2 s

∗W

��

pr∗1 L
pr∗2 ϕ
2 ⊗ pr∗2

(
t∗Wϕ ⊗ L1

)
��

c∗(L2 ⊗ s∗W)

c∗ρ

��

pr∗1
(
L2 ⊗ s∗W

)pr∗2 ϕ ⊗ pr∗2 L1

pr∗1 ρ
pr∗2 ϕ⊗id

��

pr∗1
(
t∗Wϕ ⊗ L1

)pr∗2 ϕ ⊗ pr∗2 L1

��

c∗
(
t∗Wϕ ⊗ L1

)
��

pr∗1 t
∗Wpr∗1 ϕ·pr∗2 ϕ ⊗

(
pr∗1 L

pr∗2 ϕ
1 ⊗ pr∗2 L1

)
id⊗λ1

// c∗t∗Wc∗ϕ ⊗ c∗L1

(5.7)

of vector bundle morphisms over Γ2 is commutative.

Let (W, ρ) : (L1, λ1) → (L2, λ2) and (W ′, ρ′) : (L2, λ2) → (L3, λ3) be 1-morphisms. The
composition (W ′, ρ′) ◦ (W, ρ) : (L1, λ1) → (L3, λ3) is the 1-morphism given by the super vector
bundle W ′ ⊗W over Γ0 and the isomorphism of vector bundles

L3 ⊗ s∗(W ′ ⊗W)
ρ′⊗id

// (t∗W ′)ϕ ⊗ L2 ⊗ s∗W
id⊗ρ

// t∗(W ′ ⊗W)ϕ ⊗ L1.

Moreover, if (W, ρ) and (W ′, ρ′) are both 1-morphisms (L1, λ1) → (L2, λ2), a 2-morphism
ξ : (W, ρ)⇒ (W ′, ρ′) is a morphism ξ : W →W ′ of super vector bundles over Γ0 that is compat-
ible with the isomorphisms ρ and ρ′ in the sense that the following diagram commutes

L2 ⊗ s∗W

id⊗s∗ξ
��

ρ
// t∗Wϕ ⊗ L1

t∗ξϕ⊗id
��

L2 ⊗ s∗W ′
ρ′
// t∗W ′ϕ ⊗ L1.

It is straightforward to complete this structure to a bicategory, which we denote by FMbi(Γ, ϕ),
the bicategory of super extensions of the graded Lie groupoid (Γ, ϕ).
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Proposition 5.14. The bicategory FMbi(Γ, ϕ) is framed under Freed–Moore’s category of twisted
super extensions FM(Γ, ϕ).

Proof. Given a refinement η : (L1, λ1) → (L2, λ2), we associate to it the 1-morphism (W, ρ) :
(L1, λ1) → (L2, λ2) whose super vector bundle W over Γ0 is the trivial one and whose map
ρ : L2 → L1 is η−1. This obviously preserves the composition. Moreover, it is clear that (W, ρ)
is invertible and hence admits an adjoint. ■

Now we are in position to establish the relation between the bicategory FMbi(Γ, ϕ) of ϕ-
twisted super extensions and our bicategory of twistings s2LBdl(Γ, ϕ).

Theorem 5.15. Let (Γ, ϕ) be a graded Lie groupoid. There is a canonical equivalence of framed
bicategories

FM(Γ, ϕ)

∼=
��

// FMbi(Γ, ϕ)

∼=
��

s2LBdlreftriv(Γ, ϕ) // s2LBdltriv(Γ, ϕ)

(5.8)

between the framed bicategory of ϕ-twisted super extensions of Γ and the framed bicategory of
super 2-line bundles over (Γ, ϕ) whose underlying super 2-line bundle is trivial.

Proof. In order to define the vertical functors on object level, we compare Definitions 5.9
and 3.3. First, we note that trivial super 2-line bundles canonically pull back and complex
conjugate to trivial super 2-line bundles. Then, the data of the 1-isomorphism P : I→ I over Γ1

(cf. (3.2)) reduces to a super line bundle L over Γ1 and the 2-isomorphism ψ : pr∗1 P
pr∗2 ϕ◦pr∗2 P⇒

c∗P (cf. (3.3)) reduces to an isomorphism λγ1,γ2 : L
ϕ(γ2)
γ1 ⊗ Lγ2 → Lγ1◦γ2 of super line bundles so

that (3.4) becomes (5.5). In other words, a triple (I,P, ψ) is the same as a ϕ-twisted super
extension (L, λ) of Γ. Hence, we define the vertical functors in diagram (5.8) on object level by
mapping (L, λ)→ (I,L, λ).

A similar comparison can be done on the level of refinements, 1- and 2-morphisms; we will not
spell this out in too much detail, but we write down the definitions that should be compared. To
define the functor FM(Γ, ϕ)→ s2LBdlreftriv(Γ, ϕ) on the level of morphisms, we note that, for triv-
ial underlying 2-line bundles, the data of Definition 3.12 reduces to a 2-isomorphism η : P2 ⇒ P1

which, by the description above, is the same as an isomorphism of super line bundles L2 → L1
over Γ1 that is – due to (3.7) – compatible with the maps λ in the sense of (5.6). In other
words, η−1 : L1 → L2 is precisely a refinement of ϕ-twisted super extensions of Γ in the sense of
Definition 5.12.

To define the functor FMbi(Γ, ϕ) → s2LBdltriv(Γ, ϕ) on the level of 1-morphisms, we note
that Definition 3.5 reduces – for trivial underlying 2-line bundles – to Definition 5.13. More pre-
cisely, the 1-morphism B : I → I over Γ0 of (3.5) is the same as a super vector bundle W
over Γ0, and the 2-isomorphism η : P2 ◦ s∗B ⇒ t∗Bϕ ◦ P1 of (3.6) reduces to an isomor-
phism ρ : L2 ⊗ s∗W → t∗Wϕ ⊗ L1 of super vector bundles over Γ1 such that (3.7) becomes (5.7).
Similar reasoning holds on the level of 2-morphisms.

It is also easy to check that both constructions result in functors and moreover in an equiv-
alence of categories and an equivalence of bicategories, respectively. ■

Remark 5.16. Theorem 5.15 together with our cohomological classification Theorem 3.22 shows
that ϕ-twisted super extensions (up to 1-isomorphisms in the sense of Definition 5.13) are clas-
sified by the kernel of the homomorphism

p0 × p0 : Ȟ1(Γ,Z2)× Ȟ2((Γ, ϕ),C×)→ H1(Γ0,Z2)× Ȟ2(Γ0,C×),
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since this homomorphism projects to the underlying super 2-line bundle over Γ0, which is trivial
in Theorem 5.15. In particular, in the case of an action groupoid (X//G, ϕε) for a graded Lie
group (G, ε) acting on a smooth manifold X, we obtain

h0FM
bi(X//G, ϕε)

= ker
(
p0 × p0 : Ȟ1(X//G,Z2)× Ȟ2

(
(X//G, ϕε),C×)→ H1(X,Z2)× Ȟ2

(
X,C×));

which is in line with a rigorous combination of the ideas sketched in [20, Remark 7.28] and the
discussion of the ungraded (ϕ = 1) case in [17, Section 2.2.1]. Even more special, if Γ = BG (see
Example 5.11), we get

h0FM
bi(BG,ϕ) ∼= Ȟ1(BG,Z2)× Ȟ2

(
(BG,ϕ),C×).

In the remainder of this section, we embed the twisted super vector bundles of Freed–
Moore [20, Definition 7.23] into our framework.

Definition 5.17. Let (Γ, ϕ) be a graded Lie groupoid and let (L, λ) a ϕ-twisted super extension
of Γ. A (L, λ)-twisted super vector bundle over Γ is a super vector bundle W over Γ0 together
with an isomorphism of super vector bundles

ρ : (L ⊗ s∗W)ϕ → t∗W (5.9)

over Γ1 such that the following diagram

((
Lϕ(γ2)γ1 ⊗ Lγ2

)
⊗Ws(γ1◦γ2)

)ϕ(γ1◦γ2)
(λγ1,γ2⊗id)ϕ(γ1◦γ2)

��

(
Lγ1 ⊗ (Lγ2 ⊗Ws(γ2))

ϕ(γ2)
)ϕ(γ1)

(id⊗ργ2 )
ϕ(γ1)

��

(Lγ1◦γ2 ⊗Ws(γ1◦γ2))
ϕ(γ1◦γ2)

ργ1◦γ2
))

(Lγ1 ⊗Ws(γ1))
ϕ(γ1)

ργ1
vv

Wt(γ1◦γ2)

(5.10)

of vector bundle morphisms commutes for each pair (γ1, γ2) ∈ Γ2.

Remark 5.18. Comparing this with [20, Definition 7.23 (iv)], we see that (5.9) coincides with
[20, equation (7.24)] and diagram (5.10) is what is demanded as an analog of diagram [20, equa-
tion (7.16)]. The requirement that “the map ρ is even or odd according to ϑ(γ)” is implemented
here automatically as ρ is a super vector bundle homomorphism, and ϑ is the grading of L in
our setting. There are two minor differences to [20]:

� The map ρ in [20] is only required to be linear, not an isomorphism; however, since we are
talking about equivariance, after all, our choice appears quite naturally.

� We have formulated all definitions throughout the paper in a smooth setting, whereas the
regularity is partly not clearly stated in loc.cit.

The following definition establishes the natural kind of morphism between (L, λ)-twisted
vector bundles; this notion does not appear in [20].

Definition 5.19. Let (Γ, ϕ) be a graded Lie groupoid, let (L, λ) be a ϕ-twisted super extension
of Γ, and let (W, ρ) and (W ′, ρ′) be (L, λ)-twisted super vector bundles. A morphism (W, ρ)→
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(W ′, ρ′) is a morphism of super vector bundles ξ : W → W ′ over Γ0 that is compatible with ρ
and ρ′ in the sense that the following diagram is commutative

(L ⊗ s∗W)ϕ
ρ

//

(id⊗s∗ξ)ϕ
��

t∗W

t∗ξ

��

(L ⊗ s∗W ′)ϕ
ρ′

// t∗W ′.

We denote the category of (L, λ)-twisted super vector bundles by FM-sVBdl(L,λ)(Γ, ϕ).

Proposition 5.20. There is an equivalence of categories

FM-sVBdl(L,λ)(Γ, ϕ) ∼= HomFMbi(Γ,ϕ)((L, λ), IΓ,ϕ).

Proof. This is clear by comparing definitions and slight rephrasing. The isomorphism (5.9)
can equivalently be understood as an isomorphism L ⊗ s∗W → (t∗W)ϕ which by duality is
then equivalent to an isomorphism s∗W∗ → (t∗W∗)ϕ ⊗ L. Hence, we assign

(
W∗, (ρ∗)−1

)
∈

HomFMbi(Γ,ϕ)((L, λ), IΓ,ϕ) to the object (W, ρ) ∈ FM-sVBdl(L,λ)(Γ, ϕ). It is straightforward to
compare the respective compatibility diagrams and extend this assignment into an equivalence
of categories. ■

Corollary 5.21. There is an equivalence of categories

FM-sVBdl(L,λ)(Γ, ϕ) ∼= sVBdl(I,L,λ)(Γ, ϕ).

Thus, the twisted vector bundles of Freed–Moore are precisely our (I,L, λ)-twisted super vector
bundles in the sense of Definition 4.2.

Proof. We combine Proposition 5.20 and Theorem 5.15, using the fact that s2LBdltriv(Γ, ϕ) is
a full sub-bicategory of s2LBdl(Γ, ϕ). ■

5.3 Freed–Hopkins–Teleman’s twistings

We show in Theorem 5.26 that the twistings of Freed, Hopkins, and Teleman are equivariant
super bundle gerbes, and hence, in particular, equivariant super 2-line bundles. To start with,
the twistings of [17] are based on the notion of a central super extension of a Lie groupoid.

Definition 5.22. Let Γ be a Lie groupoid. The bicategory of central super extensions of Γ
is defined as sExt(Γ) := FMbi(Γ, 1), i.e., a central super extension of Γ is a ϕ-twisted super
extension of Γ in the sense of Definition 5.9, for the trivial grading ϕ = 1.

This definition has been given originally in [17, Section 2]; here we present it – for economical
reasons – as a special case of our bicategory extension of Freed–Moore’s category of ϕ-twisted
super extensions, carried out in Section 5.2.

Remark 5.23. Likewise, as the bicategory extension FMbi(Γ, ϕ) is framed under Freed–Moore’s
original category FM(Γ, ϕ), the bicategory sExt(Γ) is framed under the category sExtref(Γ) :=
FM(Γ, 1).

The following definition is a smooth version of Freed–Hopkins–Teleman’s definition of twist-
ings, see [17, Section 2.3].
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Definition 5.24. Let Γ be a Lie groupoid. An FHT-twisting on Γ is a quadruple (Λ, T,L, λ)
consisting of a Lie groupoid Λ, a weak equivalence T : Λ → Γ and a central super extension
(L, λ) of Λ. A morphism (Λ1, T1,L1, λ1) → (Λ2, T2,L2, λ2) is an equivalence class [Ω, S,W, ρ]
represented by a Lie groupoid Ω, a weak equivalence S : Ω→ Λ1 ×Γ Λ2 and of a 1-morphism

(W, ρ) : S∗ pr∗1(L1, λ1)→ S∗ pr∗2(L2, λ2)

in sExt(Ω). The equivalence relation identifies (Ω, S,W, ρ) with (Ω′, S′,W ′, ρ′) if there exists
a smooth functor G : Ω→ Ω′, a smooth natural transformation S ∼= S′ ◦G, and a 2-isomorphism

S∗ pr∗1(L1, λ1)

��

(W,ρ)
// S∗ pr∗2(L2, λ2)

px ��

G∗S′∗ pr∗1(L1, λ1) G∗(W ′,ρ′)
// G∗S′∗ pr∗2(L2, λ2)

in sExt(Ω), where the vertical 1-morphisms are the ones induced by the natural isomorphism
S ∼= S′ ◦G under a procedure analogous to our Lemma 3.15. We denote the category of FHT-
twistings on the Lie groupoid Γ by FHT(Γ).

We recall the fibre product of Lie groupoids used above in Definition A.9.

The composition of two morphisms [Ω, S,W, ρ] : (Λ1, T1,L1, λ1)→ (Λ2, T2,L2, λ2) and
[
Ω̃, S̃,

W̃, ρ̃
]
: (Λ2, T2,L2, λ2) → (Λ3, T3,L3, λ3) in FHT(Γ) consists of the fibre product Lie groupoid

Ω×Λ2 Ω̃, the weak equivalence

Ω×Λ2 Ω̃
S×Λ2

S̃
// (Λ1 ×Γ Λ2)×Λ2 (Λ2 ×Γ Λ3)

pr14 // Λ1 ×Γ Λ3,

and of the 1-morphism given by the composition of the pullbacks of (W, ρ) and
(
W̃, ρ̃

)
to Ω×Λ2 Ω̃.

The identity 1-morphism of an object (Λ, T,L, λ) ∈ FHT(Γ) can be represented by the diagonal
functor ∆: Λ→ Λ×Γ Λ together with the trivial 1-isomorphism ∆∗ pr∗1(L, λ) ∼= ∆∗ pr∗2(L, λ).

Remark 5.25. Our Definition 5.24 is a smooth version of the original definition of [17]. More
precisely, in that original version, the groupoids Λ and Ω are topological groupoids, and the cen-
tral super extension (L, λ) is a continuous version of smooth central super extensions. Moreover,
the functors T and S are local equivalences instead of weak equivalences. A continuous func-
tor F : Γ→ Λ between topological groupoids is called a local equivalence [17, Definition A.4] if it
is topologically essentially surjective (this is analogous to the first point of Definition A.1, with
“surjective submersion” replaced by “locally split map”) and if the induced map on hom-sets

Fx,x′ : HomΓ

(
x, x′

)
→ HomΛ

(
F0(x), F0

(
x′
))

(5.11)

is a homeomorphism for all objects x, x′ ∈ Γ0, where HomΓ(x, x
′) ⊆ Γ1 and analogously

HomΛ(F0(x), F0(x
′)) carry the subspace topologies. One can show that weak equivalences are al-

ways local equivalences, but the converse may not hold. Indeed, it is claimed in [17, Remark A.5
and Example A.7] that a continuous functor is a local equivalence if and only if it induces equiv-
alences on stalks between the topological stacks represented by the groupoids; whereas a functor
is a weak equivalence if and only if it induces an equivalence between the stacks. Denoting
the category of original twistings, as defined in [17], by FHTtop(Γ); our Definition 5.24 yields
a subcategory

FHT(Γ) ⊆ FHTtop(Γ). (5.12)
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This subcategory inclusion (5.12) is essentially surjective. This follows from the classification
results: [17, Corollary 2.25] shows a bijection

h0FHT
top(Γ) ∼= Ȟ1(Γ,Z2)× Ȟ2(Γ,C×).

On the other hand, Theorem 5.26 and Proposition 3.19 imply that FHT(Γ) has the same clas-
sification. Thus, for a Lie groupoid Γ, our smooth version of FHT-twistings coincides with the
original ones.

Theorem 5.26. Let Γ be a Lie groupoid. There is an equivalence of categories FHT(Γ) ∼=
h1(sGrb(Γ)) ⊆ h1(s2LBdl(Γ)) between the category of Freed–Hopkins–Teleman twistings and the
homotopy 1-category of super bundle gerbes over Γ.

Proof. The equivalence is split into two functors

h1(sGrb(Γ))→ h1
(
sGrb+triv(Γ)

) F→ FHT(Γ)

which are both equivalences. The category in the middle is the homotopy category of the bicat-
egory sGrb+triv(Γ), which is obtained by considering the presheaf of bicategories sGrbtriv of trivial
super bundle gerbes, stackifying it, and evaluating it on the Lie groupoid Γ. Below we describe
it explicitly. By definition of a bundle gerbe (see [45]), there is an equivalence sGrb ∼= sGrb+triv
between 2-stacks on the category of smooth manifolds, which extends to an equivalence of their
extensions to Lie groupoids. This shows the first equivalence. The functor F is constructed
below; the proof that it is an equivalence is given in Proposition 5.30. ■

The construction of the functor F faces two main challenges:

(1) The translation between the language of bundle gerbes and the language of central super
extensions.

(2) The transformation of surjective submersions and their fibre products into weak equiva-
lences and their fibre products.

The first challenge is taken by the reduction of Theorem 5.15 to ungraded Lie groupoids, which
we state (using Remark 3.11) as the following corollary.

Corollary 5.27. The bicategories of central super extensions and of trivial super bundle gerbes
over a Lie groupoid Γ are canonically equivalent, sExt(Γ) ∼= sGrbtriv(Γ).

Remark 5.28. The equivalence of Corollary 5.27 was obtained separately by Mertsch [36,
Proposition B.3.7]. In [36, Theorem B.3.13], a further comparison between the category of FHT-
twistings and super bundle gerbes was obtained for global quotient groupoids Γ = X//G. The
main insight of Mertsch was that the definition of FHT-twistings resembles the plus construction
described in [45, Proposition 9.1]. The idea of our construction is similar; the main difference
is that we do not restrict to global quotient groupoids, and use weak equivalences instead of
local equivalences. According to [36, Lemma B.3.10], the notions of local and weak equivalences
coincide for certain global quotient groupoids.

The second challenge is taken manually in course of the construction of the functor F . We
first recall a concrete description of the bicategory sGrb+triv(Γ) obtained in [45, Proposition 9.1].
We use the notion of coverings groupoids π : Γπ → Γ from Definition A.4, for a Lie groupoid Γ
and a surjective submersion π : Y → Γ0. We also use the terminology that a refinement of



Real Twistings are 2-Line Bundles 35

a surjective submersion π : Y → M is another surjective submersion ζ : Z → M together with
a surjective submersion Z → Y such that the diagram

Z

ζ   

// Y

π
~~

M

is commutative. In that notation, the description of sGrb+triv(Γ) is the following:

(i) An object is a quadruple (Y, π,P, ψ), where π : Y → Γ0 is a surjective submersion and
(I,P, ψ) is an object in sGrbtriv(Γ

π) (in the triple notation of Definition 3.3).

(ii) A 1-morphism (Y, π,P, ψ)→
(
Y ′, π′,P′, ψ′) is again a quadruple (Z, ζ,B, η), where ζ : Z →

Γ0 is a refinement of Y ×Γ0 Y
′ → Γ0 and

(B, η) : ζ∗Y (I,P, ψ)→ ζ∗Y ′(I,P′, ψ′)

is a 1-morphism in sGrbtriv
(
Γζ

)
(in the notation of Definition 3.5). Here, we have de-

noted the projections from Z to Y and Y ′ by ζY and ζY ′ , respectively; the passage from
refinements to the corresponding weak equivalences can be visualized as follows:

Z

ζY

��

ζY ′

��

��

Γζ

ζY

��

ζY ′

��

Y ×Γ0 Y
′

����

Y

π ��

Y ′

π′��

⇝ Γπ Γπ
′

Γ0

(iii) The composition

(Y, π,P, ψ)
(Z,ζ,B,η)

//
(
Y ′, π′,P′, ψ′) (Z′,ζ′,B′,η′)

// (Y ′′, π′′,P′′, ψ′′)

of 1-morphisms is defined over the fibre product Z̃ := Z×Y ′ Z ′, considered as a refinement
of Y ×Γ0 Y

′′ → Γ0, together with the 1-morphism
(
ζ̃Z′

)∗
(B′, η′)◦

(
ζ̃Z

)∗
(B, η). The involved

refinements are depicted in the following diagrams:

Z̃

ζ̃Y

��

ζ̃Y ′′

��

ζ̃Z′
��

ζ̃Z
��

Γζ̃

ζ̃Y

��

ζ̃Y ′′

��

ζ̃Z′
��

ζ̃Z
��

Z

ζY
��

ζY ′
��

Z ′

ζ′
Y ′
��

ζ′
Y ′′
��

Γζ

ζY
��

ζY ′
��

Γζ
′

ζ′
Y ′
��

ζ′
Y ′′
��

Y Y ′ Y ′′ Γπ Γπ
′

Γπ
′′

(iv) The identity morphism of an object (Y, π,P, ψ) is defined over the fibre product Z :=
Y ×Γ0 Y , considered as a refinement ζ : Z → Γ0 of itself; its 1-morphism over Γζ0 = Z
is B := i∗P, where i : Z → Γπ1 is defined by (y1, y2) 7→ (y2, id, y1), and its 2-isomorphism η
over Γζ1 = Y ×Γ0 Y ×Γ0 Γ1 ×Γ0 Y ×Γ0 Y is η := i∗2ψ

−1 ◦ i∗1ψ where the two maps Γζ1 → Γπ2
are given by

i1(y1, y2, γ, y4, y5) := ((y2, γ, y5), (y5, id, y4)) and

i2(y1, y2, γ, y4, y5) := ((y2, id, y1), (y1, γ, y4)).
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(v) Let (Z, ζ,B, η),
(
Z̃, ζ̃, B̃, η̃

)
: (Y, π,P, ψ)→

(
Y ′, π′,P′, ψ′) be 1-morphisms. A 2-morphism

(Z, ζ,B, η)⇒
(
Z̃, ζ̃, B̃, η̃

)
is an equivalence class of triples (W,ω, ξ) consisting of a refine-

ment ω : W → Γ0 of Z ×Y×Γ0
Y ′ Z̃ → Γ0 and of a 2-morphism ξ : ω∗

Z(B, η) ⇒ ω∗
Z̃

(
B̃, η̃

)
in

sGrbtriv(Γ
ω); the various refinements and corresponding weak equivalences are depicted in

the following commutative diagram:

W

ωZ̃

��

ωZ

��

��

Γω

ωZ

��

ωZ̃

��

Z ×Y×Γ0
Y ′ Z̃

##||
Z

##

Z̃

{{

⇝ Γζ

ζY ′ !!

ζY

��

Γζ̃
ζ̃Y

}}

ζ̃Y ′

��

Y ×Γ0 Y
′

$${{
Y Y ′ Γπ Γπ

′

The equivalence relation identifies (W,ω, ξ) ∼
(
Ŵ , ω̂, ξ̂

)
if there is a refinement of the fibre

product of W and Ŵ over Z ×Y×Γ0
Y ′ Z̃, on which the pullbacks of ξ and ξ̂ coincide. Since

we are only interested in the homotopy 1-category, the details of this equivalence relation,
as well as horizontal and vertical composition of 2-morphisms, are not relevant.

Remark 5.29. Under this description of the bicategory sGrb+triv(Γ), the functor sGrb(Γ) →
sGrb+triv(Γ) is the following. If (G,P, ψ) is a super bundle gerbe over Γ, where G = (Y, π,L, µ)
is its super bundle gerbe over Γ0, then π

∗(G,P, ψ) is a super bundle gerbe over Γπ, containing
the super bundle gerbe π∗G over Γπ0 = Y . The surjective submersion of that bundle gerbe
has a canonical section, which induces a canonical trivialization T : π∗G → I. This, in turn,
induces a 1-isomorphism π∗(G,P, ψ) ∼= (I,P′, ψ′) in sGrb(Γπ), whose codomain is an object
in sGrbtriv(Γ

π). Thus, the quadruple (Y, π,P′, ψ′) is an object in sGrb+triv(Γ).

Now we are in position to construct the functor F : h1
(
sGrb+triv(Γ)

)
→ FHT(Γ). To an object

in (Y, π,P, ψ) ∈ h1
(
sGrb+triv(Γ)

)
we assign the object (Γπ, π,L, λ) ∈ FHT(Γ) consisting of the

weak equivalence π : Γπ → Γ and the central super extension (L, λ) of Γπ that corresponds to
the super bundle gerbe (I,P, ψ) over Γπ under the equivalence of Corollary 5.27. To a morphism

[(Z, ζ,B, η)] : (Y, π,P, ψ)→
(
Y ′, π′,P′, ψ′)

in h1
(
sGrb+triv(Γ)

)
we assign the equivalence class

[
Γζ , S,W, ρ

]
, where S : Γζ → Γπ ×Γ Γπ

′
is the

weak equivalence obtained from the refinement map Z → Y ×Γ0 Y
′ and the weak equivalence of

Lemma A.13, and (W, ρ) is the 1-morphism between central super extension that corresponds
to (B, η) under the equivalence of Corollary 5.27.

First, we need to check that this is well-defined. Indeed, let (Z, ζ,B, η) and
(
Z̃, ζ̃, B̃, η̃

)
be

two representatives of the same 1-morphism h1
(
sGrb+triv(Γ)

)
, i.e., there exists a 2-isomorphism

(W,ω, ξ) between them. The refinement diagram in (v) above yields, together with Lemma A.13,
a strictly commutative diagram of weak equivalences

Γω

U

��

F

yy

F̃

%%
Γζ

S
$$

Γζ̃

S̃zz

Γπ ×Γ Γπ
′
.
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Moreover, ξ is a 2-isomorphism ξ : F ∗(B, η) ⇒ F̃ ∗(B̃, η̃). The equivalence relation imposed in
Definition 5.24 on the morphisms of FHT(Γ) identifies then(

Γζ , S,W, ρ
)
∼ (Γω, U, F ∗(W, ρ)) ∼

(
Γω, U, F̃ ∗(W̃, ρ̃)

)
∼

(
Γζ̃ , S̃, W̃, ρ̃

)
;

this shows that our functor is well-defined.
Next we prove that identity morphisms go to identities. Let (Y, π,P, ψ) ∈ h1

(
sGrb+triv(Γ)

)
,

with F((Y, π,P, ψ)) =: (Γπ, π,L, λ). Let id(Y,π,P,ψ) = (Z, ζ,B, η) be the identity morphism, as
explained in (iv). Thus, F(id(Y,π,P,ψ)) =

[
Γζ , S,W, ρ

]
, where S is the weak equivalence Γζ →

Γπ×ΓΓ
π of Lemma A.13. We consider the functor G : Γπ → Γζ defined on objects by y 7→ (y, y),

and analogously on morphisms. Let i, i1, i2 be the maps considered in (iv); then, we have (i ◦
G)(y) = (y, id, y) = idy and thus, via Remark 3.4, G∗i∗P = id∗ P ∼= idI. Moreover, we have (i1 ◦
G)(y1, γ, y2) = ((y1, γ, y2), (y2, id, y2)), and similarly, (i2 ◦G)(y1, γ, y2) = ((y1, id, y1), (y1, γ, y2)),
showing that G∗(B, η) ∼= (idI, idP) = id(I,P,ψ). Under the equivalence of Corollary 5.27, this
implies G∗(W, ρ) ∼= id(L,λ) in sExt(Γπ). The diagram

Γπ

∆
$$

G // Γζ

S
zz

Γπ ×Γ Γπ

is strictly commutative; hence, we have the following equality of morphisms in FHT(Γ)

F(id(Y,π,P,ψ)) =
[
Γζ , S,W, ρ

]
= [Γπ,∆, id(L,λ)] = idF((Y,π,P,ψ)) .

This shows that F preserves identities.
It remains to show that F is compatible with composition. Suppose

(Y, π,P, ψ)
(Z,ζ,B,η)

//
(
Y ′, π′,P′, ψ′) (Z′,ζ′,B′,η′)

// (Y ′′, π′′,P′′, ψ′′)

are 1-morphisms and
(
Z̃, ζ̃, B̃, η̃

)
is their composition as defined in (iii). We compute

F([Z ′, ζ ′,B′, η′]) ◦ F([Z, ζ,B, η]) =
[
Γζ

′
, S′,W ′, ρ′

]
◦
[
Γζ , S,W, ρ

]
in FHT(Γ), which consists of the fibre product Lie groupoid Γζ ×Γπ′ Γζ

′
, the weak equivalence

Γζ ×Γπ′ Γζ
′ S×

Γπ′S′
//
(
Γπ ×Γ Γπ

′)×
Γπ′

(
Γπ

′ ×Γ Γπ
′′) pr14 // Γπ ×Γ Γπ

′′
,

and of the 1-morphism given by the composition of the pullbacks of (W, ρ) and (W ′, ρ′) to
Γζ ×Γπ′ Γζ

′
. On the other hand, we set

[
Γζ̃ , S̃, W̃, ρ̃

]
:= F

([
Z̃, ζ̃, B̃, η̃

])
. Lemma A.13 provides

a weak equivalence Γζ̃ → Γζ ×Γπ′ Γζ
′
under which the 1-morphisms coincide. This implies[

Γζ̃ , S̃, W̃, ρ̃
]
=

[
Γζ

′
, S′,W ′, ρ′

]
◦
[
Γζ , S,W, ρ

]
in FHT(Γ), showing that F respects the composition. It remains to prove the following.

Proposition 5.30. The functor F is an equivalence of categories.

Proof. We prove the claim in the usual three parts. We start by proving that F is essentially
surjective. Let (Λ, T,L, λ) be a FHT-twisting. According to Proposition A.8, there is a surjective
submersion π : Y → Γ0 and a strong equivalence F : Γπ → Λ such that T ◦ F ∼= P π. Let
(I,P, ψ) ∈ sGrbtriv(Γ

π) correspond to the central super extension F ∗(L, λ) of Γπ, under the
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equivalence of Corollary 5.27. Then, (Y, π,P, ψ) is an object in h1
(
sGrb+triv(Γ)

)
, which we claim

to be an essential preimage of (Λ, T,L, λ) under F . By definition of F , we have F(Y, π,P, ψ) =
(Γπ, π, F ∗(L, λ)). It remains to prove that (Γπ, π, F ∗(L, λ)) ∼= (Λ, T,L, λ) in FHT(Γ). Indeed,
an isomorphism between them is given by the Lie groupoid Ω := Γπ×ΓΓ

π, the weak equivalence

S := id×ΓF : Γπ ×Γ Γπ → Γπ ×Γ Λ,

constructed via Lemma A.12, and the isomorphism S∗ pr∗1 F
∗(L, λ) ∼= S∗ pr∗2(L, λ) of central

super extensions of Ω, which is induced from the equality F ◦pr1 ◦S = pr2 ◦S of functors Ω→ Λ.

Next we show that the functor F is full. Let (Y, π,P, ψ) and
(
Y ′, π′,P′, ψ′) be objects

in sGrb+triv(Γ) and let

[Ω, S,W, ρ] :
(
Γπ, π,L, λ

)
→

(
Γπ

′
, π′,L′, λ′

)
be a morphism between their images in FHT(Γ). By definition, S : Ω → Γπ ×Γ Γπ

′
is a weak

equivalence. By Proposition A.8, there exists a surjective submersion

ψ : W →
(
Γπ ×Γ Γπ

′)
0
= Y ×π s Γ1 ×t π′ Y ′,

and a strong equivalence F :
(
Γπ ×Γ Γπ

′)ψ → Ω such that S ◦ F ∼= ψ. Thus, we have

[Ω, S,W, ρ] =
[(
Γπ ×Γ Γπ

′)ψ
, ψ, F ∗(W, ρ)

]
.

Next we consider the weak equivalence H : Γπ̃ → Γπ ×Γ Γπ
′
of Lemma A.13, where π̃ is the

projection π̃ : Y ×Γ0 Y
′ → Γ0, and pull back ψ along H, see Lemma A.7. This yields a surjective

submersion ζ : Z → Y ×Γ0 Y
′ and a weak equivalence G :

(
Γπ̃

)ζ → (
Γπ ×Γ Γπ

′)ψ
. Noting that(

Γπ̃
)ζ

= Γπ̃◦ζ , we obtain another equality[(
Γπ ×Γ Γπ

′)ψ
, ψ, F ∗(W, ρ)

]
=

[
Γπ̃◦ζ , H ◦ ζ,G∗F ∗(W, ρ)

]
.

The right-hand side is the image under F of the 1-morphism (Z, ζ,B, η), where (B, η) corre-
sponds to the 1-morphism of central super extensions G∗F ∗(W, ρ) under the equivalence of
Corollary 5.27.

Finally, we prove that the functor F is faithful. Let

(Z, ζ,B, η),
(
Z̃, ζ̃, B̃, η̃

)
: (Y, π,P, ψ)→

(
Y ′, π′,P′, ψ′)

be morphisms in sGrb+triv(Γ) such that their images under F coincide, i.e.,
[
Γζ , S,W, ρ

]
=[

Γζ̃ , S̃, W̃, ρ̃
]
in FHT(Γ). This means that there is a smooth functor G, a smooth natural

transformation κ fitting into the diagram

Γζ
G //

S
!!

Γζ̃
κ

ow
S̃}}

Γπ ×Γ Γπ
′
,

(5.13)

and a 2-isomorphism ϕ : G∗(W̃, ρ̃
)
⇒ (W, ρ) in sExt

(
Γζ

)
, under the identifications S∗ pr∗1(L, λ) ∼=

G∗S̃∗ pr∗1(L, λ) and S∗ pr∗2(L′, λ′) ∼= G∗S̃∗ pr∗2(L′, λ′) provided by κ. We consider the fibre prod-
uct W := Z ×Y×Γ0

Y ′ Z̃ with its projection ω : W → Γ0 as the trivial refinement of itself. By
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Lemma A.13, we have a weak equivalence Γω ∼= Γζ ×Γπ×ΓΓπ′ Γζ̃ , and thus, a smooth natural
transformation

Γω

ωZ̃

  

ωZ

~~

Γζ

��

Γζ̃λks

��

Γπ ×Γ Γπ
′
.

(5.14)

Now, the diagram in (5.13) is a sub-diagram of the one in (5.14), and by Remark A.2 (ii), all
functors in both diagrams are weak equivalences. Using Remark A.2 (iii), this implies that there
is also a smooth natural transformation in the complementary sub-diagram,

Γω
ωZ̃

!!β
qy

ωZ

~~

Γζ
G

// Γζ̃ .

The pullback of ϕ along ωZ hence gives a 2-isomorphism in sExt(Γω) between ω∗
Z̃

(
W̃, ρ̃

)
and

ω∗
Z(W, ρ). Under the equivalence of Corollary 5.27, it corresponds to a 2-isomorphism in

sGrbtriv(Γ
ω) between

(
B̃, η̃

)
and (B, η). This proves that

[Z, ζ,B, η] =
[
Z̃, ζ̃, B̃, η̃

]
in h1

(
sGrb+triv(Γ)

)
. ■

5.4 Moutuou’s real twistings

In this section, we compare our twistings to the real twistings of Moutuou, see [40, 41], which
are defined over real groupoids. We associate to each real Lie groupoid a graded Lie groupoid,
and lift this to associate to each real twisting a graded-equivariant super 2-line bundle.

We recall that a real space is a topological space X together with a continuous involu-
tion τ : X → X. A real map between real spaces is a continuous map that commutes with
the involutions. We will work here in a smooth setting, where X is a smooth manifold and τ
is smooth, and call this a real manifold. The notion of a real vector bundle was introduced
by Atiyah in [2]. A real vector bundle over a real manifold (X, τ) is a complex vector bun-
dle π : E → X in which E is a real manifold such that π is real, and, for all x ∈ X, the
involution Ex → Eτ(x) is anti-linear. A morphism of real vector bundles is a real morphism
of vector bundles. We denote the category of real vector bundles over (X, τ) by RVBdl(X, τ).
Before we continue with real twistings, we remark that real vector bundles are included in our
setting, namely, in Definition 4.2.

Proposition 5.31. For (X, τ) a real manifold, there is a canonical isomorphism of categories

RVBdl(X, τ) ∼= VBdl(X//Z2, ϕ),

where X//Z2 is the action groupoid associated to the involution τ : X → X, and ϕ is the grading
induced by the projection X × Z2 → Z2.

Proof. An object in VBdl(X//Z2, ϕ) = Hom2LBdl(X//Z2,ϕ)((I, id, id), (I, id, id)) consists accord-
ing to Definition 3.5 of a vector bundle W over X together with a linear isomorphism Wx →
Wτ(x) such that the composition Wx →Wτ(x) →Wx is the identity. Put differently, we have an
antilinear map Wx → Wτ(x) which turns W into a real vector bundle. It is straightforward to
complete this to the claimed isomorphism. ■
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Next we continue with twistings, and first recall from [41] that a real structure on a Lie
groupoid Γ is a smooth functor τ : Γ → Γ such that τ2 = id holds. A Lie groupoid together
with a real structure is called a real Lie groupoid. Moreover, a real functor between real Lie
groupoids (Γ, τ) → (Γ′, τ ′) is a smooth functor F : Γ → Γ′ such that τ ′ ◦ F = F ◦ τ holds. We
denote the category of real Lie groupoids and real functors by RLieGrpd.

The definition of real twistings of Moutuou carries out a real version of Freed–Hopkins–
Teleman’s construction recalled in Section 5.3. We start by giving the following definition,
which is a slight reformulation of [41, Definition 2.5.1]. We recall that a central super extension
of a groupoid Γ is a ϕ-twisted super extension of Γ in the sense of Definition 5.9 (for ϕ = 1), and
that central super extensions of Γ form a category sExtref(Γ) := FM(Γ, 1), see Remark 5.23.

Definition 5.32. A real central super extension of (Γ, τ) consists of a central super exten-
sion (L, λ) of Γ together with a real structure β : L → τ∗L on the super line bundle L that is
compatible with λ in the sense that the diagram

Lγ1 ⊗ Lγ2
λγ1,γ2 //

βγ1⊗βγ2
��

Lγ1◦γ2
βγ1◦γ2
��

Lτ(γ1) ⊗ Lτ(γ2)
λτ(γ1),τ(γ2)

// Lτ(γ1◦γ2)

commutes for all composable γ1, γ2 ∈ Γ1. If (L, λ, β) and (L′, λ′, β′) are real central super
extensions of (Γ, τ), then an isomorphism (L, λ, β) → (L′, λ′, β′) is a refinement η : (L, λ) →
(L′, λ) of central super extensions that is compatible with β in the sense that the diagram

Lγ
ηγ

//

βγ
��

L′γ
β′
γ

��

Lτ(γ) ητ(γ)

// L′τ(γ)

commutes for all γ ∈ Γ1.

We denote the category of real central super extensions of (Γ, τ) by RsExt(Γ, τ). By con-
struction, it comes equipped with a functor RsExt(Γ, τ)→ sExtref(Γ) to the category of central
super extensions, see Remark 5.23; this functor forgets the real structure β.

Let (Γ, τ) be a real Lie groupoid, (Y, ρ) be a real manifold, and π : Y → Γ0 be a real surjective
submersion. The covering groupoid Γπ of Definition A.4 attains a real structure τπ : Γπ → Γπ

given on objects by y 7→ ρ(y) and on morphisms by (y, γ, y′) 7→ (ρ(y), τ(γ), ρ(y′)). The projection
functor π : Γπ → Γ is a real functor.

Definition 5.33. A real functor F : (Γ′, τ ′) → (Γ, τ) between real Lie groupoids is called real
weak equivalence if there exists a real surjective submersion π : Y → Γ0 and a real strong
equivalence S : (Γπ, τπ)→ (Γ′, τ ′) such that F ◦ S ∼= π.

Remark 5.34. In Definition 5.33, a real strong equivalence is an isomorphism in the cate-
gory RLieGrpd. Real weak equivalences between real Lie groupoids are in particular weak
equivalences between the underlying Lie groupoids; this follows from Proposition A.8.

Definition 5.35. A Moutuou real twisting of a real groupoid (Γ, τ) consists of another real
groupoid (Λ, τΛ), a real weak equivalence F : (Λ, τΛ) → (Γ, τ), and a real central super exten-
sion (L, λ, β) of (Λ, τΛ). We denote the set of Moutuou real twistings by Mou(Γ, τ).
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Remark 5.36. Any Moutuou real twisting of a real groupoid (Γ, τ) has an underlying FHT-
twisting of Γ (see Definition 5.24) using the forgetful functor RsExt(Γ, τ) → sExtref(Γ) and
Remark 5.34.

Remark 5.37. Definition 5.35 gives – a priori – only a special case of Moutuou’s twistings,
where F : (Λ, τΛ)→ (Γ, τ) is allowed to be a real Morita equivalence [41, Definitions 2.4.1
and 2.6.3]. In general, real Morita equivalences, are spans of so-called real generalized mor-
phisms. However, if

(Λ, τΛ)
G← (Ω, ω)

F→ (Γ, τ)

is a span of real generalized morphisms, then one can first replace (Ω, ω) by another real Lie
groupoid such that the real generalized morphisms G and F become real weak equivalences
in the sense of Definition 5.33 [41, Proposition 2.4.9]. In a second step, if a general Moutuou
real twisting comes with a real central super extension (L, λ, β) of (Λ, τΛ), then one may pull
back (L, λ, β) along G to obtain one of the more special twistings we defined in Definition 5.35.
We believe that – under a suitable notion of isomorphisms between Moutuou twistings, analogous
to Definition 5.24 – the two steps outlined above will result in isomorphisms, and show that every
general Moutuou twisting is isomorphic to one defined above.

In order to compare Moutuou real twistings to super 2-line bundles, we first associate to each
real Lie groupoid a graded Lie groupoid, via the following construction. First of all, we recall that
a strict action of a finite group G on a Lie groupoid Γ consists of smooth functors g∗ : Γ→ Γ, for
each g ∈ G, such that 1∗ = idΓ and (hg)∗ = h∗g∗ for all g, h ∈ G. The semi-direct product Γ⋊G
has the manifold of objects Γ0 and the manifold of morphisms Γ1×G, with s(γ, g) := g−1

∗ (s(γ))
and t(γ, g) := t(γ), and composition (δ, h) ◦ (γ, g) := (δ ◦ (h∗(γ)), hg). Now let (Γ, τ) be a real
groupoid. We regard τ as a Z2-action on Γ, and consider the corresponding semidirect prod-
uct Γ⋊τ Z2, which we equip with a grading ϕτ by projection to the second factor. We denote
this graded Lie groupoid by Gr(Γ, τ). Likewise, to a real functor F : (Γ, τ)→ (Γ′, τ ′) we assign
the smooth functor Γ ⋊τ Z2 → Γ′ ⋊τ ′ Z2, defined on objects by x 7→ F (x) and on morphisms
by (γ, g) 7→ (F (γ), g). This functor is even with respect to the gradings ϕτ and ϕτ ′ . We have
the following result.

Lemma 5.38. The assignment (Γ, τ) 7→ Gr(Γ, τ) := (Γ⋊τ Z2, ϕτ ) extends to a faithful functor

Gr: RLieGrpd→ GrLieGrpd,

and it sends real weak equivalences to even weak equivalences.

Proof. Let (Λ, τΛ) and (Γ, τ) be real Lie groupoids and F : (Λ, τΛ)→ (Γ, τ) a real weak equiv-
alence. Thus, there exists a real surjective submersion π : Y → Γ0 and a real strong equiva-
lence S : (Γπ, τπ)→ (Λ, τΛ) such that F ◦ S ∼= π. Since functors send isomorphisms to isomor-
phisms, our functor sends real strong equivalences to even strong equivalences. Moreover, it
is straightforward to show that the image of π : Γπ → Γ, (Γπ ⋊τπ Z2, ϕτπ) → (Γ ⋊τ Z2, ϕτ ), is
a weak equivalence. Via the 2-out-of-3 property of weak equivalences, this shows that the image
of F is a weak equivalence. ■

Remark 5.39. The functor Gr is not essentially surjective. Indeed, consider the group homo-
morphism Z4 → Z2, x 7→ x mod 2 which defines a graded Lie groupoid (BZ4, mod2). Since the
group extension 0 // Z2

// Z4
// Z2

// 0 is non-split, Z4 is not a semidirect product.

Remark 5.40. If (Γ, τ) is a real Lie groupoid, then the underlying groupoid can be obtained
from the associated graded Lie groupoid as the kernel of its grading, Γ = Gr(Γ, τ)even. In
particular, there is an even functor (Γ, 1)→ Gr(Γ, τ).
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Remark 5.41. Regarding a real manifold (X, τ) as a real Lie groupoid (Xdis, τdis) with only
identity morphisms, the graded Lie groupoid Gr(Xdis, τdis) coincides with the graded action
groupoid Gr(X, τ) = X//(Z2, id) associated to (X, τ) considered in Example 3.2 (d).

Next, we compare real central super extensions and super 2-line bundles. Let (Γ, τ) be a real
Lie groupoid and (L, λ, β) a real central super extension of (Γ, τ). We construct a super 2-line
bundle over the associated graded Lie groupoid Gr(Γ, τ). The underlying super 2-line bundle
over (Γ ⋊τ Z2)0 = Γ0 is I, the trivial one. We define a super line bundle over (Γ ⋊τ Z2)1 by
setting

L̃(γ,x) :=

{
Lγ if x = +1,

Lτ(γ) if x = −1.

It corresponds to the required 1-isomorphism P : s∗I = I → I = (t∗I)ϕ over (Γ ⋊τ Z2)1. Next
we construct the 2-isomorphism ψ, which corresponds to a super line bundle isomorphism λ̃
over (Γ⋊τ Z2)2, fibre-wise

(λ̃β)(γ,x),(γ′,x′) : L̃(γ,x)
x′

⊗ L̃(γ′,x′) → L̃(γ◦(x·γ′),xx′).

Considering the four possible signs of x and x′ separately, λ̃β is defined in the following ways:

� Lγ1 ⊗ Lγ2
λγ1,γ2 // Lγ1◦γ2 , x = +1, x′ = +1,

� Lτ(γ1) ⊗ Lγ2
λτ(γ1),γ2 // Lτ(γ1◦τ(γ2)), x = −1, x′ = +1,

� Lγ1 ⊗ Lτ(γ2)
βγ1⊗id

// Lτ(γ1) ⊗ Lτ(γ2)
λτ(γ1),τ(γ2) // Lτ(γ1γ2), x = +1, x′ = −1,

� Lτ(γ1) ⊗ Lτ(γ2)
β−1
γ1

⊗id
// Lγ1 ⊗ Lτ(γ2)

λγ1,τ(γ2) // Lγ1τ(γ2), x = −1, x′ = −1.

One checks that these pieces patch together to an isomorphism of super line bundles over
(Γ⋊τ Z2)2, using the compatibility of λ with the grading and the real structure β. Further,
one deduces the associativity property of λ̃β from the associativity condition of λ. This finalizes
the construction of a super 2-line bundle (I,P, ψ) over Gr(Γ, τ). We find the following result.

Theorem 5.42. The assignment described above extends to an essentially injective and faithful
functor RsExt(Γ, τ) → s2LBdlreftriv(Gr(Γ, τ)) from the category of real central super extensions
of (Γ, τ) to the category of trivial super 2-line bundles over Gr(Γ, τ) with refinements as mor-
phisms.

Proof. Let θ : (L, λ, β) → (L′, λ′, β′) be an isomorphism of real central super extensions. We
construct a refinement (R, η) :

(
I, L̃, λ̃β

)
→

(
I, L̃′, λ̃′β′

)
. The refinement R : I→ I of super 2-line

bundles over (Γ ⋊τ Z2)0 = Γ0 is taken to be the identity morphism of I. The 2-isomorphism η
is then defined fibrewise over (γ, x) ∈ (Γ⋊τ Z2)1 as

η : L̃′ → L̃, η(γ,x) :=

{
θ−1
γ : L′γ → Lγ if x = +1,

θ−1
τ(γ) : L

′
τ(γ) → Lτ(γ) if x = −1.

The compatibility of θ with λ, λ′ and β, β′ ensures that this yields a refinement (R, η). One
checks that the assignment is functorial.

It is clear that the functor is faithful, so it remains to show that it is essentially injective.
Let (L, λ, β), (L′, λ′, β′) be real central super extensions of (Γ, τ) such that there exists an
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isomorphism η :
(
I, L̃, λ̃β

)
→

(
I, L̃′, λ̃′β′

)
. We construct an isomorphism (L, λ, β)→ (L′, λ′, β′) as

follows. The isomorphism L → L′ over Γ1 is obtained by pulling back the isomorphism η : L̃ → L̃′
over (Γ ⋊τ Z2)1 along the inclusion ι1 : Γ1 → (Γ ⋊τ Z2)1, noting that (ι∗1L̃)γ = L̃(γ,1) = Lγ by
definition and similar for L̃′. The compatibility of ι∗1η with λ, λ′ is then encoded in the pullback
of the compatibility diagram of η with λ̃β, λ̃′β′ along the inclusion ι2 : Γ2 → (Γ ⋊τ Z2)2. It
remains to check that ι∗1η is compatible with the real structures. Here we use that the real
structures on L, L′ are essentially encoded in λ̃β, λ̃′β′ . In detail, we recover the real structure
on L from λ̃β (and the symmetric braiding) as follows:

Lγ = L(γ,1) ∼= L(id,−1) ⊗ L(τ(γ),−1)
∼= L(id,−1) ⊗ L(τ(γ),1) ⊗ L(id,−1)

∼= L(id,−1) ⊗ L(id,−1) ⊗ L(τ(γ),1) ∼= L(id,1) ⊗ L(τ(γ),1) ∼= L(τ(γ),1) = Lτ(γ).

The compatibility of ι∗1η with the real structures then follows from the compatibility of η
with λ̃β, λ̃′β′ . This shows that ι∗1η : (L, λ, β) → (L′, λ′, β′) is an isomorphism of real central
super extensions. ■

In combination with our Theorem 5.15, we obtain the following result.

Corollary 5.43. There is a canonical essentially injective and faithful functor

RsExt(Γ, τ)→ FM(Gr(Γ, τ))

from the category of real central super extensions to the category of Freed–Moore’s twisted
groupoid extensions.

Next, we compare Moutuou’s real twistings to ours: we associate to each Moutuou real
twisting of a real groupoid (Γ, τ) a super 2-line bundle over the associated graded Lie groupoid
Gr(Γ, τ) = (Γ⋊τ Z2, ϕτ ) as follows. Let (Λ, τΛ, F,L, λ, β) be a real twisting of (Γ, τ). According
to Theorem 5.42, the real central super extension (L, λ, β) of (Λ, τΛ) gives rise to a super 2-line
bundle

(
I, L̃, λ̃β

)
∈ s2LBdl(Λ ⋊τΛ Z2, ϕτΛ). Combining Lemma 5.38 with Theorem 3.16, the

real weak equivalence F : (Λ, τΛ)→ (Γ, τ) induces an equivalence of bicategories s2LBdl(Λ⋊τΛ

Z2, ϕτΛ)
∼= s2LBdl(Γ ⋊τ Z2, ϕτ ). The image (L,P, ψ) of

(
I, L̃, λ̃β

)
under this equivalence is

a super 2-line bundle over (Γ⋊τ Z2, ϕτ ). Thus, we have the following result.

Theorem 5.44. Every Moutuou real twisting in the sense of Definition 5.35 over a real groupoid
(Γ, τ) gives rise to a super 2-line bundle over the corresponding graded Lie groupoid Gr(Γ, τ), in
such a way that the diagram

Mou(Γ, τ)

��

// h0(s2LBdl(Gr(Γ, τ)))

��

h0(FHT(Γ)) // h0(s2LBdl(Γ))

commutes. Here, the left vertical arrow is described in Remark 5.36, the right vertical arrow
is pullback along the even functor (Γ, 1) → Gr(Γ, τ) of Remark 5.40, and the lower horizontal
arrow is induced from Theorem 5.26.

Remark 5.45. We have not attempted to construct a full bicategory of Moutuou’s real twist-
ings here; we expect that a proper formulation of this bicategory of real twistings would allow
us to extend the previous construction to a functor. We note that there is a notion of equiva-
lence among such twistings defined in [41, Definition 2.6.4], which we have not included in our
comparison since it is rather intricate.
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5.5 Chern–Simons twistings

In this section, we review, based on [16, Section 4], how Chern–Simons theory gives rise to
equivariant twistings and a corresponding theory of twisted equivariant vector bundles, and we
show that both fit into our general setting.

Let G be a compact Lie group. For maps Gk → Gl between products of G with itself,
we use a self-explaining notation that combines projections, multiplication, and inversion; e.g.,
p1,2·3,4−1 : G5 → G3 denotes the map (g1, . . . , g5) 7→

(
g1, g2g3, g

−1
4

)
. Moreover, the pullback

along such a map will be denoted by p∗1,2·3,4−1(. . . ) = (. . . )1,2·3,4−1 . The following definition

is [9, Definition 5.1].

Definition 5.46. A multiplicative bundle gerbe over G is a bundle gerbe G over G together with
a 1-isomorphism K : G1 ⊗ G2 → G1·2 over G×G, and a 2-isomorphism

G1 ⊗ G2 ⊗ G3
K1,2⊗id

//

id⊗K2,3

��

G1·2 ⊗ G

θ
qy

K1·2,3
��

G1 ⊗ G2·3
K1,2·3

// G1·2·3

over G×G×G that satisfies an evident Pentagon axiom over G4.

Definition 5.47. Let (G,K, θ) and
(
G′,K′, θ′

)
be multiplicative bundle gerbes over G. A 1-

morphism (G,K, θ) →
(
G′,K′, θ′

)
consists of a 1-morphism B : G → G′ over G and a 2-isomor-

phism

G1 ⊗ G2

B1⊗B2

��

K // G1·2

B1·2
��

ξ
rz

G′
1 ⊗ G′

2 K′
// G′

1·2

over G × G, satisfying an evident compatibility condition with θ, θ′ over G3. If (B, ξ),
(
B̂, ξ̂

)
:

(G,K, θ) →
(
G′,K′, θ′

)
are 1-morphisms, then a 2-morphism (B, ξ) ⇒

(
B̂, ξ̂

)
consists of a 2-

morphism α : B⇒ B̂ satisfying an evident compatibility condition with ξ and ξ̂ over G×G.

It is straightforward to show that multiplicative bundle gerbes, together with the 1-morphisms
and 2-morphisms form a bicategory MultGrb(G).

Multiplicative bundle gerbes over G are classified up to isomorphism by H4(BG,Z) [9, Propo-
sition 5.2]. The procedure (G,K, θ) 7→ G of forgetting the multiplicative structure realizes in
cohomology the “transgression” homomorphism

H4(BG,Z)→ H3(G,Z). (5.15)

In other words, a bundle gerbe over G is multiplicative if and only if its “Dixmier–Douady-class”
in H3(G,Z) lies in the image of that homomorphism.

The transgression homomorphism (5.15) factors in fact through theG-equivariant cohomology
of G, H3

G(G,Z), where G acts on itself by conjugation. We describe in the following how
this factorization is realized on the level of geometric objects. We consider a multiplicative
bundle gerbe (G,K, θ) over G. As G acts on itself via conjugation, we may form the action
groupoid G//G. A bundle gerbe over G//G (see Definition 3.3 and Remark 3.9) can now be
constructed as follows. The underlying bundle gerbe over G is G. The 1-isomorphism PK

over G×G is defined by the composition

G2
//G∗
1 ⊗ G1 ⊗ G2

id⊗K1,2
//G∗
1 ⊗ G1·2

id⊗K−1

1·2·1−1,1
//G∗
1 ⊗ G1·2·1−1 ⊗ G1

//G1·2·1−1 ,
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where the unlabel arrows are given by duality/symmetry in the bicategory of bundle gerbes.
The 2-isomorphism ψθ over G3 is induced from θ and diagram (3.4) commutes because of the
pentagon axiom required in Definition 5.46. We find the following.

Proposition 5.48. The assignment (G,K, θ) 7→ (G,PK, ψθ) extends to a functor

MultGrb(G)→ Grb(G//G) ⊆ s2LBdl(G//G)

between the bicategory of multiplicative bundle gerbes over G and the bicategory of bundle gerbes
over the action groupoid G//G.

Proof. Let (B, ξ) : (G,K, θ) →
(
G′,K′, θ′

)
be a 1-morphism of multiplicative bundle gerbes.

It is tedious but straightforward to construct a 2-isomorphism η : PK′ ◦ s∗B ⇒ t∗B ◦ PK from
the 2-isomorphism ξ and deduce the coherence property of η from the one of ξ. Given a 2-
morphism α : (B, ξ) ⇒

(
B̂, ξ̂

)
, it is also straightforward to show that α is compatible with η

and η̂. Functoriality follows from a standard pasting diagram argument. ■

Remark 5.49. If G is finite, and, correspondingly, G is the trivial bundle gerbe, then Proposi-
tion 5.48 reproduces a construction outlined in [16, equation (4.5)], using that a 1-isomorphism
between trivial bundle gerbes is precisely a line bundle.

The (G,PK, ψθ)-twisted vector bundles (in the sense of Definition 4.2) play an important
role in Chern–Simons theory, as we review next, following [16, Section 4]. For the rest of the
section, we let G be a finite group. Then, H3(G,Z) = 0, so every bundle gerbe over G is trivial.
Let (K, θ) be a multiplicative structure on the trivial bundle gerbe over G. As an isomorphism
between trivial bundle gerbes, we may identify K with a line bundle over G×G, and θ with a line
bundle isomorphism over G3. Using (K, θ), the category VBdl(G) of complex vector bundles
over G can be equipped with a monoidal structure by twisted convolution: if W, W ′ are vector
bundles, then

(W ⊗W ′)g :=
⊕
hh′=g

Kh,h′ ⊗Wh ⊗W ′
h′ ,

and the associator is defined using θ in a straightforward way. This yields a (C-linear) tensor
category that we denote by VBdl(G)⊗(K,θ). The Drinfel’d centre Z

(
VBdl(G)⊗(K,θ)

)
is a modular

tensor category; via the Reshetikhin–Turaev construction it determines an extended topological
quantum field theory, with the given modular tensor category as its value on the circle.

The category Z
(
VBdl(G)⊗(K,θ)

)
can also be described in terms of the G-equivariant struc-

ture (PK, ψθ) obtained from (K, θ), see [16, Proposition 4.9]. To recall this, we view PK as
a line bundle over G × G, and ψθ as a line bundle isomorphism over G3. Then, the objects
in Z

(
VBdl(G)⊗(K,θ)

)
are vector bundles W over G together with an isomorphism φ : W1 →

W2·1·2−1⊗ (PK)1,2 over G×G satisfying a compatibility condition with ψθ, cf. [16, equation 4.9].
Put differently, W : I → I is a 1-morphism of trivial bundle gerbes and φ is a 2-isomor-
phism s∗W⇒ t∗W ◦ PK and hence the pair (W, φ) is precisely an object in VBdl(I,PK,ψθ)(G//G, 1)
in the sense of Definition 4.2. A similar construction applies to the morphisms, and yields the
following result.

Proposition 5.50. There is an equivalence of categories

Z
(
VBdl(G)⊗(K,θ)

) ∼= VBdl(I,PK,ψθ)(G//G)

between the Drinfel’d centre Z
(
VBdl(G)⊗(K,θ)

)
and the category of (I,PK, ψθ)-twisted vector

bundles over (G//G).
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5.6 Freed’s twisted invertible algebra bundles

We show in Theorem 5.56 below that Freed’s twisted invertible algebra bundles [15], for a sub-
class of their involved double covers, are the same as graded-equivariant super 2-line bundles.
The following definition is a smooth version of [15, Definition 1.95].

Definition 5.51. A double cover of a Lie groupoid Γ is a triple ω =
(
Γ̃, ϕ̃, π

)
consisting of

a graded Lie groupoid
(
Γ̃, ϕ̃

)
and a weak equivalence π : Γ̃→ Γ.

Next we recall the definitions of Freed’s twisted invertible algebra bundles following [15,
Definitions 1.59 and 1.99].

Definition 5.52. Let ω =
(
Γ̃, ϕ̃, π

)
be a double cover of a Lie groupoid Γ. An ω-twisted

invertible algebra bundle over Γ is a triple A = (A,B, λ) consisting of the following data:

� a central simple super algebra bundle A over Γ̃0,

� an invertible super bimodule bundle B over Γ̃1 whose fibre over γ ∈ Γ̃1 is an Aϕ̃(γ)t(γ) -As(γ)-
bimodule, and

� an invertible even intertwiner λ over Γ̃2 that is fibre-wise over (γ1, γ2) ∈ Γ̃2 an intertwiner
of Aϕ̃(γ1◦γ2)t(γ1)

-As(γ2) bimodules

λγ1,γ2 : Bϕ̃(γ2)γ1 ⊗
Aϕ̃(γ2)

t(γ2)

Bγ2 → Bγ1◦γ2 ,

such that the following diagram of intertwiners is commutative for all (γ1, γ2, γ3) ∈ Γ̃3(
Bϕ̃(γ2)γ1 ⊗

Aϕ̃(γ2)

t(γ2)

Bγ2
)ϕ̃(γ3) ⊗

Aϕ̃(γ3)

t(γ3)

Bγ3 //

λ
ϕ̃(γ3)
γ1,γ2

⊗id
��

Bϕ̃(γ2)·ϕ̃(γ3)γ1 ⊗
Aϕ̃(γ2◦γ3)

t(γ2◦γ3)

(
Bϕ̃(γ3)γ2 ⊗

Aϕ̃(γ3)

t(γ3)

Bγ3
)

id⊗λγ2,γ3
��

Bϕ̃(γ3)γ1◦γ2 ⊗Aϕ̃(γ3)

t(γ3)

Bγ3

λγ1◦γ2,γ3
''

Bϕ̃(γ2◦γ3)γ1 ⊗
Aϕ̃(γ2◦γ3)

t(γ2◦γ3)
Bγ2◦γ3

λγ1,γ2◦γ3
vv

Bγ1◦γ2◦γ3 .

Here, we have employed our notation (5.4) saying that (..)ϕ̃ means complex conjugation
when ϕ̃ = −1 and no operation otherwise. For the sake of readability, we will omit writing out the
algebra in relative tensor products in the following. We remark that – despite of the terminology
– a twisted invertible algebra bundle over Γ makes no contact with Γ or the functor π : Γ̃→ Γ.
Next we recall the morphisms, following [15, Definition 1.62 (i)].

Definition 5.53. Let ω =
(
Γ̃, ϕ̃, π

)
be a double cover of Γ, and let A = (A,B, λ) and A′ =

(A′,B′, λ′) be ω-twisted invertible algebra bundles over Γ. A 1-morphism A → A′ is a pair
(C, µ) consisting of an invertible super bimodule bundle C over Γ̃0, whose fibre over x ∈ Γ̃0

is an A′
x-Ax-bimodule, and of an invertible even intertwiner µ that is fibrewise over γ ∈ Γ̃1

an intertwiner of A′ϕ̃(γ)
t(γ) -As(γ)-bimodules µγ : Cϕ̃(γ)t(γ) ⊗ Bγ → B

′
γ ⊗ Cs(γ) such that the following

diagram of intertwiners is commutative for all (γ1, γ2) ∈ Γ̃2

Cϕ̃(γ1◦γ2)t(γ1◦γ2) ⊗ B
ϕ̃(γ2)
γ1 ⊗ Bγ2

µ
ϕ̃(γ2)
γ1

⊗id
//

id⊗λγ1,γ2
��

B′ϕ̃(γ2)γ1 ⊗ Cϕ̃(γ2)t(γ2)
⊗ Bγ2

id⊗µγ2// B′ϕ̃(γ2)γ1 ⊗ B′γ2 ⊗ Cs(γ2)

λ′γ1,γ2⊗id

��

Cϕ̃(γ1◦γ2)t(γ1◦γ2) ⊗ Bγ1◦γ2 µγ1◦γ2
// B′γ1◦γ2 ⊗ Cs(γ1◦γ2).

(5.16)



Real Twistings are 2-Line Bundles 47

We remark that morphisms are only defined between twisted invertible algebra bundles with
the same double cover ω. Finally, we recall the definition of 2-morphisms from [15, Defini-
tion 1.62 (ii)].

Definition 5.54. Let
(
C1, µ1

)
and

(
C2, µ2

)
be 1-morphisms between ω-twisted invertible al-

gebras A and A′. A 2-morphism
(
C1, µ1

)
⇒

(
C2, µ2

)
is an invertible even intertwiner ν of

A′
x-Ax-bimodules, νx : C1x → C2x such that the following diagram of intertwiners is commutative

for all γ ∈ Γ̃1

C1ϕ̃(γ)t(γ) ⊗ Bγ
µ1γ
//

ν
ϕ̃(γ)
t(γ)

⊗id
��

B′γ ⊗ C1s(γ)

id⊗νs(γ)
��

C2ϕ̃(γ)t(γ) ⊗ Bγ µ2γ

// B′γ ⊗ C2s(γ).

Freed remarks that ω-twisted invertible algebra bundles over Γ form a bigroupoid, which we
denote by Fr(Γ)ω in order to reflect the terminology appropriately. Let us first note the following
result, which translates one-to-one between Freed’s and our setting.

Lemma 5.55. Let ω =
(
Γ̃, ϕ̃, π

)
be a double cover of a Lie groupoid Γ. There is a canonical

equivalence of bigroupoids Fr(Γ)ω ∼= cs-sAlgBdlbi
(
Γ̃, ϕ̃

)×
between Freed’s ω-twisted invertible al-

gebra bundles and the maximal sub-bigroupoid of the bicategory of central simple super algebra
bundles over

(
Γ̃, ϕ̃

)
.

Proof. The equivalence is a straightforward comparison of the Definitions 5.52, 5.53, and 5.54
with Definitions 3.3, 3.5, and 3.6. We only note that, on the level of 1-morphisms, the comparison
inverts the map µ in Definition 5.53 to get the map η from Definition 3.5, and vice versa. ■

The equivalence of Lemma 5.55 does not properly reflect the meaning of twisted invertible
algebra bundles, as they are meant to represent twistings on Γ and not twistings on Γ̃. In order
to resolve this, we will restrict to double covers ω =

(
Γ̃, ϕ̃, π

)
, where ϕ̃ = ϕ ◦ π, for a grading ϕ

on Γ. We will call double covers of this kind ϕ-induced double covers.
We assume that (Γ, ϕ) is a graded Lie groupoid and ω =

(
Γ̃, ϕ̃, π

)
is a ϕ-induced double cover

of Γ. We are then in position to construct a 2-functor

Fr(Γ)ω ∼= cs-sAlgBdlbi
(
Γ̃, ϕ̃

)×
↪→ s2LBdl

(
Γ̃, ϕ̃

) ∼= s2LBdl(Γ, ϕ), (5.17)

where the first equivalence is Lemma 5.55, the arrow is the inclusion of central simple super
algebra bundles into super 2-line bundles, and the second equivalence is Theorem 3.16. Since
the right-hand side in (5.17) is independent of the double cover, the 2-functor (5.17) extends to
the disjoint union over all ϕ-induced double covers of (Γ, ϕ).

Theorem 5.56. Let (Γ, ϕ) be a graded Lie groupoid. Then, the 2-functor∐
ω

Fr(Γ)ω → s2LBdl(Γ, ϕ),

where the disjoint union goes over all ϕ-induced double covers of (Γ, ϕ), is essentially surjective.

Proof. Let (L,P, ψ) be a super 2-line bundle over (Γ, ϕ). Then, L has some surjective submer-
sion π : Y → Γ0. The corresponding covering groupoid Γπ (see Definition A.4) has a natural
grading ϕ̃ := ϕ◦π, where π : Γπ → Γ, and π : Γπ → Γ is a weak equivalence. Thus, ω :=

(
Γπ, π, ϕ̃

)
is a ϕ-induced double cover. The pullback π∗L is canonically isomorphic to a central simple
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super algebra bundle A. Transferring the equivariant structure along this isomorphism produces
a central simple algebra bundle (A,P′, ψ′) over

(
Γπ, ϕ̃

)
; which, via Lemma 5.55, is a ω-twisted

invertible algebra bundle. Since the equivalence of Theorem 3.16, which is used in the definition
of (5.17), is established by pullback along the weak equivalence π, and π∗L ∼= A, it follows
that (A,P′, ψ′) is indeed an essential preimage of (L,P, ψ). ■

We expect that, if one enlarges the definitions above by allowing for non-invertible morphisms
and morphisms between twisted invertible algebra bundles for different double covers, then
Theorem 5.56 lifts to an equivalence of bicategories.

5.7 Distler–Freed–Moore twistings

In this section, we want to relate the twistings introduced by Distler, Freed, and Moore to graded-
equivariant super 2-line bundles [11, 12]; we will use a version described in the slides [14]. The
following is a smooth version of that definition.

Definition 5.57. Let Γ be a Lie groupoid and ω =
(
Γ̃, ϕ̃, π

)
a double cover of Γ in the sense of

Definition 5.51. A DFM ω-twisting of Γ is a triple τ = (d,L, λ) consisting of a locally constant
function d : Γ̃0 → Z, a super line bundle L over Γ̃1, and an isomorphism of super line bundles
over Γ̃2, which fibre-wise over (g, f) ∈ Γ̃2 reads λg,f : L

ϕ̃(f)
g ⊗ Lf → Lg◦f . The map d is subject

to the condition that d ◦ s = d ◦ t, i.e., d(s(f)) = d(t(f)) for all f ∈ Γ̃1, and the isomorphism λ
is required to be associative over Γ̃3.

We add the following notion of morphisms between DFM ω-twistings. Amorphism of DFM ω-
twistings τ → τ ′ is a morphism of ϕ̃-twisted super extensions of Γ̃ in the sense of Definition 5.12,
and it is required that the maps d and d′ coincide. We denote the category of DFM ω-twistings
of Γ by DFMω(Γ). By comparison of definitions, we find the following.

Lemma 5.58. Let Γ be a Lie groupoid and ω =
(
Γ̃, ϕ̃, π

)
a double cover of Γ. There is an

equivalence of categories DFM(Γ)ω ∼= C∞(
Γ̃,Z

)
dis
× FM

(
Γ̃, ϕ̃

)
, where C∞(

Γ̃,Z
)
denotes the set

of smooth maps d : Γ̃0 → Z such that d ◦ s = d ◦ t.

Next we exhibit the relation to super 2-line bundles, and consider first the functor

C∞(
Γ̃,Z

)
dis
→ cs-sAlgBdlbi

(
Γ̃, ϕ̃

)×
defined in the following way. The function d will select a Morita equivalence class of central
simple super algebras, i.e., an element in the Brauer–Wall group BWC ∼= Z2 = {0, 1}. We
shall fix representatives: A0 := C for the neutral element, and A1 := C ⊕ Cu (where u is odd
and u2 = 1) for the non-trivial element. Then, we assign to d the central simple super algebra
bundle Ad := Γ̃0 × Ad mod 2. In order to equip Ad with a

(
Γ̃, ϕ̃

)
-equivariant structure (P, ψ) in

the sense of Definition 3.3, we note that there are canonical super algebra isomorphisms A0
∼= A0

(just complex conjugation) and A1
∼= A1, given by x ⊕ yu 7→ x ⊕ yu. Thus, we have a bundle

isomorphism ρ : Ad → Ad. The required 1-isomorphism P : s∗Ad →
(
t∗Ad

)ϕ
is defined to be the

identity on connected components with ϕ = 1, and to be induced by the isomorphism ρ over
connected components with ϕ = −1, under the assignment of invertible bimodules to algebra
isomorphisms via the framing. The 2-isomorphism ψ is the identity (using that ρ2 = id).

Second, we consider the functor FM
(
Γ̃, ϕ̃

)
→ s2LBdlreftriv

(
Γ̃, ϕ̃

)
⊆ cs-sAlgBdlbi

(
Γ̃, ϕ̃

)×
of The-

orem 5.15. Together with the symmetric monoidal structure on super 2-line bundles, see also
Remark 3.14, we obtain a functor

C∞(
Γ̃,Z

)
dis
× FM

(
Γ̃, ϕ̃

)
→ cs-sAlgBdlbi

(
Γ̃, ϕ̃

)× × cs-sAlgBdlbi
(
Γ̃, ϕ̃

)×
⊗→ cs-sAlgBdlbi

(
Γ̃, ϕ̃

)×
. (5.18)
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We assume now that (Γ, ϕ) is a graded Lie groupoid and ω =
(
Γ̃, ϕ̃, π

)
is a ϕ-induced double

cover of Γ, see Section 5.6. Combining Lemma 5.58, Theorem 3.16, and the functor (5.18), we
obtain a functor DFM(Γ)ω → s2LBdl(Γ, ϕ).

Theorem 5.59. The functor∐
ω

DFM(Γ)ω → s2LBdl(Γ, ϕ),

where the disjoint union goes over all ϕ-induced double covers of (Γ, ϕ), is essentially surjective.

Proof. Let (L,P, ψ) be a super 2-line bundle over (Γ, ϕ). We first extract the map d. On
each connected component c of Γ0, L has some Morita class dc ∈ BWC ∼= Z2 in the Brauer–
Wall group of C, see [31, Section 3.1]. We regard this as a smooth map d : Γ0 → Z2 ⊆ Z.
The isomorphism P : s∗L→ t∗Lϕ implies that d(s(γ)) = d(t(γ)). We let A−d be the central
simple algebra bundle over (Γ, ϕ) that corresponds to −d via the construction above. Then,
L′ := L⊗A−d is a super 2-line bundle over (Γ, ϕ) with trivial Morita class, i.e., a super bundle
gerbe [31, Proposition 3.2.4]. As in the proof of Theorem 5.56, we then construct a ϕ-induced
double cover ω =

(
Γπ, π, ϕ̃

)
from the surjective submersion of L′, so that the pullback π∗L′

is trivializable. By Theorem 5.15, it can then be identified with a ϕ̃-twisted super extension
of Γπ. ■

Remark 5.60. Our functor (5.18) above may be used, together with Lemmas 5.58 and 5.55,
to obtain a functor DFM(Γ)ω → Fr(Γ)ω that relates Distler–Freed–Moore’s twistings directly to
Freed’s invertible algebra bundles.

A Appendix: Lie groupoids and weak equivalences

Lie groupoids, smooth functors, and smooth natural transformations form a strict 2-category
LieGrpdfun. The 1-isomorphisms in this 2-category are called strong equivalences. There is
also a bicategory LieGrpd whose objects are Lie groupoids, whose 1-morphisms are smooth
anafunctors, and whose 2-morphisms are smooth anafunctor transformations, see, for example,
[33, 46, 49]. This bicategory LieGrpd is equivalent to the bicategory of differentiable stacks [47].
Smooth anafunctors are also known as bibundles, Hilsum–Skandalis maps, or generalized mor-
phisms; the precise notion is not of relevance for this article. Invertible smooth anafunctors
establish Morita equivalences between Lie groupoids.

Every smooth functor induces a smooth anafunctor, this way making up a functor LieGrpdfun

→ LieGrpd that is the identity on the level of objects, and fully faithful on 2-morphism level.
A smooth functor is called a weak equivalence if and only if its induced smooth anafunctor
is invertible, see [37, Definition 58/Proposition 60] or [32, Lemma 3.34], and hence a Morita
equivalence. The following definition characterizes them precisely.

Definition A.1. A smooth functor F : Γ→ Λ between Lie groupoids is called a weak equivalence
if both of the following conditions are satisfied:

� F is smoothly essentially surjective: the map s ◦ prΛ1
: Γ0 ×F0 t Λ1 → Λ0 is a surjective

submersion.

� F is smoothly fully faithful: the commutative square

Γ1
F1 //

(s,t)
��

Λ1

(s,t)
��

Γ0 × Γ0
F0×F0

// Λ0 × Λ0

is a pullback diagram in the category of smooth manifolds.
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Remark A.2. The following facts follow immediately from the fact that weak equivalences
become 1-isomorphisms in a bicategory:

(i) If T, T ′ : Λ→ Γ are smooth functors, and there is a smooth natural transformation T ⇒ T ′,
then T is a weak equivalence if and only if T ′ is a weak equivalence.

(ii) Weak equivalences satisfy the 2-out-of-3 property: if T : Ω→ Λ and F : Λ→ Γ are smooth
functors, and any two of the three smooth functors T , F , and F ◦T are weak equivalences,
then so is the third.

(iii) If F, F ′ : Ω → Λ are smooth functors, T : Λ → Γ is a weak equivalence, then there is
a smooth natural transformation T ◦ F ⇒ T ◦ F ′ if and only if there is a smooth natural
transformation F ⇒ F ′.

Proposition A.3 ([45, Theorem 2.16]). Suppose F : Γ → Λ is a weak equivalence between Lie
groupoids. Let X be a 2-stack on the site of smooth manifolds. Then, the functor F ∗ : X(Λ) →
X(Γ) is an equivalence of bicategories.

Next we discuss the notion of a covering groupoid and provide some results we use in the
main text.

Definition A.4. Let Γ be a Lie groupoid and π : Y → Γ0 be a surjective submersion. The
covering groupoid Γπ has objects Γπ0 := Y and morphisms Γπ1 := Y ×π t Γ1 ×s π Y , and its
structural maps are defined by

s(y2, γ, y1) := y1, t(y2, γ, y1) := y2, (y3, γ23, y2) ◦ (y2, γ12, y1) := (y3, γ23 ◦ γ12, y1).

The projection functor P π : Γπ → Γ is given by P0 := π and P1(y2, γ, y1) := γ.

Example A.5. Let M be a smooth manifold and π : Y → M a surjective submersion. Then,
Č(π) :=Mπ

dis is the usual Čech groupoid.

Lemma A.6. Let Γ be a Lie groupoid. If π : Y → Γ0 is a surjective submersion, then the
projection functor P π : Γπ → Γ is a weak equivalence. Moreover, if ζ : Z → Y is a further
surjective submersion, then the evident functor Γπ◦ζ → Γπ is a weak equivalence.

Proof. The first statement can be checked directly. The second statement follows from Re-
mark A.2 (ii). ■

Lemma A.7. Let Λ: Γ→ Ω be smooth functor, and let π : Y → Ω0 be a surjective submersion.
Then, there exists a surjective submersion ζ : Z → Γ0 and a functor Λ̃ : Γζ → Ωπ such that the
diagram

Γζ

P ζ

��

Λ̃ // Ωπ

Pπ

��

Γ
Λ
// Ω

is strictly commutative. Moreover, if Λ is a weak equivalence, then Λ̃ is a weak equivalence.

Proof. The surjective submersion ζ is the pullback of π along Λ0, i.e., we have a pullback
diagram

Z

ζ
��

Λ̃0 // Y

π
��

Γ0
Λ0

// Ω0.

This defines Λ̃ on the level of objects, and it is straightforward to complete its definition. ■
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Coverings groupoids are important because weak equivalences can be inverted on covering
groupoids; see, e.g., [45, Proposition 5.7].

Proposition A.8. A smooth functor T : Λ→ Γ is a weak equivalence if and only if there exists
a surjective submersion π : Y → Γ0 and a strong equivalence S : Λ→ Γπ such that T ∼= P π ◦ S.

Finally, we discuss fibre products of Lie groupoids.

Definition A.9. Let T : Λ → Γ and T ′ : Λ′ → Γ be smooth functors of Lie groupoids for
which either t ◦ prΓ1

: Λ0 ×T0 s Γ1 → Γ0 or s ◦ prΓ1
: Λ′

0 ×T ′
0 t Γ1 → Γ0 is a surjective submersion.

The fibre product Λ ×Γ Λ′ is the Lie groupoid whose objects are tuples (p, ϕ, p′), where p ∈ Λ,
p′ ∈ Λ′ are objects and ϕ : T (p) → T ′(p′) is an isomorphism. Morphisms (p, ϕ, p′) → (q, ψ, q′)
are pairs (α, β) where α : p→ q and β : p′ → q′ are morphisms such that the following diagram
commutes:

T (p)
T (α)

//

ϕ
��

T (q)

ψ
��

T ′(p′)
T ′(β)

// T ′(q′).

Composition is given componentwise. Put differently, the smooth manifold of objects is Λ0 ×T s

Γ1 ×t T ′ Λ′
0 and the smooth manifold of morphisms is Λ1 ×s◦T s Γ1 ×t s◦T ′ Λ′

1.

Remark A.10. The fibre product of Lie groupoids is a 2-pullback in the bicategory LieGrpdfun,
see [39, Section 5.3] and [33, Remark 1.18] for further references.

Remark A.11. The following elementary consequence of these definitions is [33, Proposi-
tion 1.26]. For a weak equivalence T : Λ → Γ and a smooth functor F : Λ′ → Γ, their fibre
product Λ×Γ Λ′ exists. Moreover, the projection Λ×Γ Λ′ → Λ′ is a weak equivalence.

Lemma A.12. Let T : Λ → Γ, T ′ : Λ′ → Γ, S : Ω → Λ and S′ : Ω′ → Λ′ weak equivalences of
Lie groupoids. Then, there is a weak equivalence S′ ×Γ S : Ω

′ ×Γ Ω→ Λ′ ×Γ Λ.

Proof. Combine Remarks A.10, A.11, and A.2. ■

Fibre products of surjective submersions and fibre products of Lie groupoids are compatible
in the following way.

Lemma A.13. Let Γ be a Lie groupoid and let π : Y → Γ0 and π′ : Y ′ → Γ0 be surjective
submersions. Let Z := Y ×Γ0 Y

′ be the fibre product, and let ζ : Z → Γ0 be the projection to the
base. Then, there is a canonical weak equivalence Γζ → Γπ ×Γ Γπ

′
such that the diagram

Γζ

ζ
��

// Γπ ×Γ Γπ
′

zz
Γ

is strictly commutative.

Proof. We construct a functor F : Γζ → Γπ×ΓΓ
π′
. To an object (y, y′) ∈ Y ×Γ0Y

′ we assign the
object F (y, y′) := (y, y′, idπ(y)) of Γ

π×ΓΓ
π′
. To a morphism (y1, y

′
1, γ, y2, y

′
2) in Γζ we assign the

morphism ((y1, γ, y2), (y
′
1, γ, y

′
2)). This is well-defined, smooth, functorial, and the diagram is

obviously commutative. Since the vertical arrows are weak equivalences, the 2-out-of-3 property
of weak equivalences (Remark A.2 (ii)) shows that F is a weak equivalence. ■
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arXiv:1208.5055.
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[29] Kasparov G.G., The K-functors in the theory of extensions of C∗-algebras, Funct. Anal. Appl. 13 (1979),
296–297.

[30] Kristel P., Ludewig M., Waldorf K., The insidious bicategory of algebra bundles, arXiv:2204.03900.

[31] Kristel P., Ludewig M., Waldorf K., 2-vector bundles, High. Struct. 9 (2025), 36–87, arXiv:2106.12198.

[32] Lerman E., Orbifolds as stacks?, Enseign. Math. 56 (2010), 315–363, arXiv:0806.4160.

[33] Li D., Higher groupoid actions, bibundles, and differentiation, Ph.D. Thesis, Georg-August-Universität
Göttingen, 2014, arXiv:1512.04209.

[34] Maldacena J., Moore G., Seiberg N., D-brane instantons and K-theory charges, J. High Energy Phys. 2001
(2001), no. 11, 062, 42 pages, arXiv:hep-th/0108100.

[35] Meinrenken E., The basic gerbe over a compact simple Lie group, Enseign. Math. (2) 49 (2003), 307–333,
arXiv:math.DG/0209194.

[36] Mertsch D., Geometric models for twisted K-theory based on bundle gerbes and algebra bundles, Ph.D. The-
sis, Universität Greifswald, 2020.

[37] Metzler D.S., Topological and smooth stacks, arXiv:math.DG/0306176.

[38] Mickelsson J., Gerbes, (twisted) K-theory, and the supersymmetric WZW model, in Infinite Dimensional
Groups and Manifolds, IRMA Lect. Math. Theor. Phys., Vol. 5, de Gruyter, Berlin, 2004, 93–107, arXiv:hep-
th/0206139.
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