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Abstract. We investigate the irreducible smooth f?[g—modules recently constructed in [Adv.
Math. 481 (2025), 110559, 34 pages, arXiv:2404.03855], and demonstrate that these modules
admit a Wakimoto-type realization at both critical and non-critical levels. In the critical
level case, we identify simple quotients of these modules with the Wakimoto modules whose
irreducibility was already established by Adamovié. We also generalize some Wakimoto
modules constructed in [Adv. Math. 289 (2016), 438-479, arXiv:1409.5354] and identify
them as generalized Whittaker modules.
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1 Introduction

The Wakimoto modules are representations of affine Kac-Moody Lie algebras. They were first
introduced by M. Wakimoto [24] in the case of sly and later generalized by E. Frenkel and
B. Feigin [11, 12, 13]. A vertex-algebraic approach to Wakimoto modules was described in [15].
Wakimoto modules were also used for a construction of positive energy modules (cf. [18]) and
for the determination of the associated varieties of affine vertex algebras (cf. [8]). A version of
Wakimoto modules for studying imaginary highest weight modules (which are not smooth) was
introduced in [9, 10].

Let V*(g) denote the universal affine vertex algebra associated with a simple Lie algebra g at
level k. Assume that g = n_®hPny is the usual triangular decomposition of g. Then there exists
an injective homomorphism of vertex algebras, known as the Frenkel-Feigin homomorphism,

hV
" VH(g) — Wy mt™,
where Wy is the Weyl vertex algebra associated with g, and 7Tg+hv
algebra of level x + h" associated with b (see [15] for details).

In particular, Wy is the tensor product of dimn_ copies of the rank-one Weyl vertex al-
\
gebra W, while ﬁg+ a Heisenberg vertex algebra of rank equal to dim b.

is the Heisenberg vertex
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Suppose that M; is a Wy-module and N; a 7r;;+hv—module. Then, using the Frenkel-Feigin

homomorphism, the tensor product M; ® Ny naturally acquires the structure of a weak V"(g)-
module. This module is called the Wakimoto module, since in the case sly this construction was
originally discovered by M. Wakimoto (cf. [24]). If N; is taken to be a highest weight module
for the Heisenberg vertex algebra, then Wakimoto modules provide a framework for studying
highest weight modules for affine Lie algebras. For generic highest weights, Wakimoto modules
are isomorphic to irreducible highest weight modules of affine Lie algebras. The irreducibility of
certain Wakimoto modules gave a natural proof of the Kac-Kazhdan conjecture [21] concerning
the characters of irreducible representations at the critical level (see [15, Section 4] for details).

The connection with Kac—-Kazhdan conjecture, motivated the investigation of irreducibility
Wakimoto modules of non-highest weight type in [2, 3, 4]. These results are obtained for the
affine vertex algebra V"(g) at the critical level. The natural step is to consider analogs of these
modules of non-critical level. In this paper, we propose one generalization.

We may consider the special case My = W, and N; an arbitrary 716“ “module. It is
then natural to ask under what conditions the tensor product M; ® N1 becomes an irreducible
V*(g)-module.

In this paper, we first study the case of non-critical levels, and we propose the following
conjecture.

+h

Conjecture 1.1. Assume that k is non-critical and that N1(X) is a Whittaker, non-highest-
weight module for the Heisenberg vertex algebra ="' . Then Wy ® Ni(X) is an irreducible
V*(g)-module.

In Theorem 5.1, we prove Conjecture 1.1 in the case g = sla:

e If Ni(A) is a Whittaker module for the Heisenberg vertex algebra 75" then W @ N1 ()
is an irreducible V*(slz)-module.

We further show that the above Wakimoto modules for g = sly are isomorphic to the irre-
ducible modules M () recently studied by V. Futorny, X. Guo, Y. Xue, and K. Zhao in [17] as
certain universal modules (cf. Section 3 for a precise definition).

A special interest arises in the case of the critical level, when WQHLV becomes a commutative
vertex algebra. In [2, 3], the first-named author considered Wakimoto modules for V*(sly) at
the critical level and completely solved the question of their irreducibility. We recall this result
in Section 6. At the critical level, we identify the quotients M (i, ) of the modules M () as
Wakimoto modules parameterized by x € C((z)) (cf. Theorem 6.2) where the center of V ~2(sly)
acts as T'(z) = 0(z) = 3,7, 002" "2 € C((2)).

Our results slightly generalize those of [17], showing that in certain cases the modules M (¢, 6)
are reducible (cf. Proposition 6.3). The next natural step is to consider modules of the form
M; ® Ny, where M is a Whittaker module for W (cf. [5]), and N is a Whittaker 7%t -module.
In Section 7, we identify such modules as generalized Whittaker modules. At the critical level, we
establish new results concerning their irreducibility. A more detailed analysis will be presented
in our forthcoming paper [7].

Notation
e g=g® [t,t"'] ®CK.
e h) C gis a Cartan subalgebra, and A is a root system.
e Simple roots are II.

e AT are positive roots with respect to II.

for « € A", hy € b is the corresponding coroot and e, f, are bases of root sub-
spaces go; 9—a
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2 Preliminaries

2.1 Affine vertex algebra V*(slz) and its modules

Following [16, 20, 23], let us first recall some background on affine Lie algebras and vertex
algebras. Let g be a finite-dimensional simple Lie algebra over C, and let (-, -) be a nondegenerate
symmetric bilinear form on g. We fix a triangular decomposition

g=n_®hdn,.
The affine Lie algebra g associated with g is defined by
g=9®C[t,t"'] & CK & Cd,
where K is the canonical central element [19]. The Lie bracket on g is given by

[z @t" y@t"] = [2,y] @ "™ + n(2,y)dnim o K,
[d,z®@t"] =nx@t",

for x,y € g and m,n € Z. We write z(n) for z ® t".
The Cartan subalgebra gy and subalgebras g+ of g are defined by

G=bdCK®Cd, gr=g@t C[tT]+n:®C.
Thus, we obtain the triangular decomposition
9=0+Dgo Do
Let g =1[9,0] = g+ D do P §—, where §o = h® CK and g+ = g+. Let
P=g®C[t] ¢ CK.

For each k € C, let Cv,, be the one-dimensional P-module on which g ® C[t] acts trivially and K
acts as multiplication by x. Define the generalized Verma module

V*(g) = U(g) ®u(p) Cux.
Then V*(g) carries a natural structure of a vertex algebra generated by the fields
p(z) =Y(@(-1)1,2) =Y a(n)z™"",  (zeg),
nez

where 1 = 1 ® v, is the vacuum vector.
A g-module N is called restricted (or smooth) if for every w € N and x € g we have

z(2)w € C((2)).

A restricted g-module of level x naturally acquires the structure of a V*(g)-module.
From now on, we specialize to g = sly with standard generators e, f, h, and let b = Ch + Ce.
Recall that

le, f] = h, [h, €] = 2e, [h, f] = —2f, (e, f) =1, (h,h) = 2.

Hence h = Ch, ny = Ce, and n_ = Cf. Let b denote the subalgebra of g generated by e(n) and
h(n) for n € Z.
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Assume first that £ # —2. Define the canonical Sugawara Virasoro vector in the vertex
algebra V" (sly) by

w:2w12¢d—nﬂ—n+fvnd—n+5M—M%L

Then the corresponding field
Y(w,z)=L(z) = Y _ L(n)z" "2
nez
satisfies the commutation relations of the Virasoro algebra with central charge

3K
k+2

Cx —

Thus, every V*(sly)-module becomes a module over the Virasoro algebra. Moreover,
[L(n),x(m)] = —ma(n+m), € {e f,h}.
In particular,
[L(n),z(0)] =0, z € {e, f,h}.
Now let kK = —2. Set
t= L(e(=1)F(=1) + F(—L)e(—1) + Sh(~1)2)1 € V2(sly),
and define

T(z) =Y(t,2) =Y T(n)z ">

neL

Then
[T(n),z(m)] =0 for all m,n € Z,

so the modes T'(n) are central elements. In particular, ¢ generates the center of the vertex
algebra V =2(sly) (cf. [15, 16]). This center is a commutative vertex algebra My (0), which, as
a vector space, is isomorphic to the polynomial algebra C[T'(—n) | n > 0].

2.2 Weyl vertex algebra and its Whittaker modules

We now recall the definition of the Weyl vertex algebra, which will serve as one of our main
objects of study. To define this vertex algebra, we first review the notion of the Weyl algebra A.

Let £ be the infinite-dimensional Lie algebra with generators K, a(n), a*(n), n € Z, such
that K is central and the only nontrivial commutation relations are

[a(n),a”(m)] = OntmokK, n,m € Z.

The corresponding Weyl algebra A is defined by

U(£)

j:<K—1>’

where (K — 1) denotes the two-sided ideal generated by K — 1. Hence, in A we have K = 1.
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To construct the Weyl vertex algebra, we consider the simple A-module W generated by
a cyclic vector 1 satisfying

a(n)l =a*(n+1)1 =0, n > 0.
Thus,
W = Cla(—n), a*(—m) | n > 0, m > 0].

By the generating fields theorem, there exists a unique vertex algebra (WW,Y, 1) such that the
vertex operator map

Y: W — End(W)][]z, Z_IH
is determined by

Y(a(-1)1,2) = a(z), Y (a*(0)1,2) = a*(2),
where

a(z) = Z a(n)z "1, a*(z) = Z a*(n)z™".

ne”L neL

We choose the following conformal vector (cf. [22]) of central charge ¢ = 2:

Then (W, Y, 1,w) has the structure of a Z>(-graded vertex operator algebra.
Following [5], we define the Whittaker module for A to be the quotient

My(A, ) = A/,

where A = (An)nezs, and p = (fin)nez., are sequences such that A\, = 0 and p,, = 0 for n >0
and [ is the left ideal

I'=({a(i) = Ai, a”(j) = pj | i, € Zz0, § > 0}).

Let n be the subalgebra of £ generated by a(n), a*(n+1), n € Z>o. Then n is a commutative,
and therefore nilpotent subalgebra of L.

Proposition 2.1 ([5]). We have

1. Mi(X, p) is a universal Whittaker module for the Whittaker pair (L,n). It is of level K =1
with the Whittaker function A = (A, pu): n — C:

Aa(i)) =X, A*(4) = pj, 45 € Zz0, > 0.

2. My(A, ) is an irreducible A-module.
3. My(A, ) is an irreducible weak module for the Weyl vertez algebra W .

We denote the associated Whittaker vector by wy .



6 D. Adamovié¢ and V. Pedi¢ Tomi¢

3 Futorny—Guo—Xue—Zhao modules [17]

Let us consider the case g = sly. Take integers N, M € Z such that N + M > 0. In [17], the
authors studied the Lie subalgebra Sy s C g generated by K and the elements

{e(n), f(p), h(m) |n >N, p> M, m > 0}.
Let ¢: Sy, — C be a Lie algebra homomorphism such that K = ¢(K). Denote by Cuv the
one-dimensional Sy p-module on which x € Sy s acts as
x-v=p(x).
We then form the induced g-module
]\7((,0) = IndgNﬂM Cu.

The module M\(go) is a restricted (i.e., smooth) g-module of level k. Hence, ]\/Z(gp) is a weak
V*(g)-module. Let u =1® v.
The following results were proved in [17, Theorem 1.1].

Theorem 3.1 ([17]). Let g = sly and k # —2. Then J\/Z(go) is an irreducible V"(g)-module if
and only if o(h(N + M + 1)) # 0.

In [17, Theorem 1.2], the authors considered the critical level and, in certain cases, described
the irreducible quotients of M (¢) when @(h(N + M + 1)) # 0. We shall slightly reformulate
their theorem.

Let T(z) = >,z T(n)z~"~2 denote the center of V"2(g) at the critical level. Note that on
every irreducible V' ~2(g)-module, the central elements T'(n) must act as scalar.

By construction of the module M(y), one can see that for Ny = N + M + 1 € Z~(y and
1 € Z~o we have

o T(Ny —i)u,u are linearly independent.

e T'(Ny+i— 1)u is proportional to u and T'(Ng + i — 1)u = 0 for i > 0.

Choose
0(z) = 6,277 € C((2))
nez

such that T'(No + ¢ — 1)u = On,4+i—1u for @ > 0. (Other coefficients are arbitrary complex
numbers.)
Recall that a nonzero vector M (¢, 0) is called a singular vector of weight A € C if

e(N +i)w= f(M+i)w = (h(i) — ¢(h(i)))w = 0, i € Z~o,
and
h(0)w = Aw.

Since T'(n) is central at the critical level, it commutes with e(N + 7), f(M + j), and h(j) for all
j > 0. Hence, by the choice of (z), the vectors

(T(Ng — i) — Ony—i)u, >0, (3.1)

are singular vectors. .
Let M(p,0) be the submodule of M (p) generated by the singular vectors (3.1). Define the
quotient module

M(p,0) = M(p)/M(p.0).

The following result is a slightly reformulated version of [17, Theorem 1.2].
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Theorem 3.2 ([17]). Let g = sly and k = —2. Suppose that N+ M € Z>q, p(h(N+M+1)) #0
and let 0(2) is as above. Then M (p,0) is an irreducible V*(g)-module such that

T(z) =0(2) on  M(p,0).

We shall see below that these results are closely related to the irreducible Wakimoto modules
at the critical level constructed in [2, 3]. The results of [17] do not describe the irreducible quo-
tients of the universal modules M (¢) in the cases where these modules are reducible. However,
the paper [3] already provided a complete classification of all irreducible quotients of M (¢) at the
critical level. In the present paper, we also aim to describe the simple quotients for non-critical
levels.

Consider the following automorphism of ;[2:

e(n) — f(n), f(n) — e(n), h(n) — —h(n), K — K.

This automorphism extends to an automorphism 7 of order two on V*(sly). Note that the
subalgebra Sy, n of sly is T-invariant. Let 1/"“(5[2)<T> denote the fixed-point subalgebra under 7.

Lemma 3.3. Let ¢: Sn.nv — C be a Lie functional such that p(e(n)) = ¢(f(n)) =0 forn > N,
and w(h(m)) =0 for sufficiently large m, but o # 0. Then

—

70 M(p) = M(—p).
In particular, ]\/4\(90) %710 ]\7(@)

Using the main result of [5], we obtain the following.

Corollary 3.4. Assume that k # —2. The module ]\/Z(ga) is an irreducible V*(sly){™ -module.

4 Wakimoto modules for ;[2

Let h = Cb be a one-dimensional commutative Lie algebra equipped with a symmetric bilinear
form (b,0) =2, and let h = h® (C[t,t_l] @ Cc be its affinization. Set b(n) = b ® t". Let m"*2
denote the simple H—module of level k + 2 generated by the vector 1 such that

b(n)1 =0 for all n > 0.
As a vector space, we have
2 = C[b(n) | n < —1].

Then 712 carries a unique structure of a vertex algebra generated by the field

b(z) =) b(n)z™",

neL

satisfying the commutation relation
1b(n), b(m)] = 2(k + 2)nb .

Let V*(slz) denote the universal vertex algebra of level x associated to the affine Lie alge-
bra sly. Recall that W is the Weyl vertex algebra from Section 2.2. There exists an injective
homomorphism of vertex algebras

O: Vi(sly) — W @ n"2,
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given on generators by
e=a(—-1)1,
h=—-2a"(0)a(—1)1 + b(—1)1,
f=—a*(0)%a(=1)1 + rka*(—1)1 + a*(0)b(—1)1.
We identify
a=a®1, a*=a"®1, b=1®0.
For = € {e, f, h}, set

Then
e(z) =Y (e, z) = a(z),
h(z) =Y (h,z) = —2:a"(2)a(z): + b(z),
f(z)=Y(f,2) = —a*(2)a"(2)a(2): + kKO.a™ (z) + a*(2)b(2).

The following proposition is a standard result in the theory of vertex algebras (cf. [16, 20, 23]),
applied to the vertex algebra W & 772,

Proposition 4.1. Assume that My is a restricted module for the Weyl algebra and Ny is a re-
stricted module of level k+2 for the Heisenberg algebra by. That is, for everyu € My and v € Ny
there exists N € Z>q such that

a(n)u =0, b(n)v =0 for alln > N.
Then M; @ Ny is an W ® 7 2-module, and therefore a V" (sly)-module.

Assume now that k # —2. Then we have a natural action of the Virasoro algebra generated
by the Sugawara vector

1 1

= 3t gy ECDIED +F(De(=1) + 3h(=1)%)1
* 1
=a(-1)a"(-1) + Py (b(—1)2 — 2b(~2))

Let
L(z) =Y(w,2) =Y L(n)z ">

For further details, see [16].

5 Wakimoto realization of modules M (¢): The case Kk # —2

Let 620 =h®C[t]. Let n € (GZO)* such that
n(b(n)) =0, n>0.

Let Ni(n) be the standard Whittaker module for the Heisenberg Lie algebra H of level Kk + 2
with the Whittaker function n. This module is an irreducible module for the Heisenberg vertex
algebra 7%%2 (for details see [5] and references therein).

Now we shall prove the first main theorem in our paper.
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Theorem 5.1. Assume that N > 0 such that n(b(N)) # 0 and n(b(j)) =0 for j > N. Then
W & Ni(n) is an irreducible V" (sly)-module. Moreover,

—

W@ Ni(n) = M(p),
where ¢: S_1 Ny — C is the Lie functional uniquely determined by
ple(n) =o(f(N+1+n)) =0, ¢(h(n)) =n(b(n)),  n€Zx.
Proof. Identify v, with 1 ® v;. We first claim that
(1) vy is a cyclic vector for the V*(sly)-action, i.e.,
V%(sly).vy = W ® Ni(n).
Let us prove claim (1). The PBW basis of W ® Ni(n) as W @ 7"*2-module is
a(—n1)---a(=np)a*(=my) - - a*(=mg)b(—j1) - - - b(—Jjt)vm,
where 7, 5,1 € Z>0, N1, ...,y J15- -+, Jt € L0, M, ..., Mg € Z>o. Define

deg(a(—m1) -~ a(—nr)a”(=m) -+~ a”(=ms)b(—j1) -+ b(—jr))
=+t nptmtdme+ g4+
Then
WeN(m= @ WeN@m)n,

mEZZO

we (W Ni(n))m < deg(w) =m.

We shall prove by induction on m that (W ® Ni(n))m C V*(slz).vy.
Basis: m = 0. Then each w € (W ® Ni(n))o is a linear combination of vectors a*(0)?vy,.
Using the action of f(N) on W ® Ni(n), we easily get

f(N) oy = va™(0)vg, (v #0),

which implies that a*(0)Pv, € V*(sly).v, for each p € Zxo. Therefore, (W ® Ni(n))y C
V*(sly).vy. The basis of induction holds.
Assume now that there is M € Z~( such that

(W@ Ni1(n))m C VE(slp).vy for m < M.

Let w € (W ® Ni(n))a. It suffices to consider the case when w is written in PBW basis. So
assume that

w=a(—n) -+ a(—ny)a* (—m1) -+ @ (—ma)b(—j1) -+ b(— i), (5.1)

If » > 0, then we have w = e(—ny)w’ for deg(w’) < M. By the inductive assumption, we have
that w’ € V"(sly).vy, which implies that w € V"(sly).vy,. So it suffices to prove the statement
in the case 7 = 0. Therefore, let

w=a"(—my)---a*(—mg)b(—j1) - - b(—j¢) vy, M=mi+---+ms+j+-+js
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Assume that s > 0. Then
F(N —mq)a™(—mg) - - a*(=ms)b(—71) - - - b(—je)vn = 1w + w,

for certain 14 # 0 and deg(w’) < M. Using the inductive assumption again, we get that
w € V=(sly).vy.
Finally, we consider the case r = s = 0, and w of the form

w = b(—j1) - b(—ji)vm, M =ji+-+ji
Let ¢ > 0. Then
h(=j1)b(—j2) - - b(—jt)vr, =w + wq,

where deg(w;) = M and w; is a linear combination of basis elements of the form (5.1), where
r > 0. We have already shown that in these cases w; € V””(s[g).vn. This proves that w €
V*(sly).vy. Therefore, the claim (1) holds.

So vy, is cyclic vector in W ® Ny(n). Since

e(n)vy = f(N +1+njoy =0, h(n)vy = n(b(n))vy,

for n > 0, we conclude that W ® Ni(m) is isomorphic to a quotient of the universal module
M (p), where ¢: S_1 v — C is the Lie functional defined by

ple(n) =p(f(N+14n)) =0,  @(h(n)) =nb(n),  neZx.

Since p(h(N)) # 0, Theorem 3.1 implies that M () is irreducible. Therefore,

—

M(p) =W @ Ni(n),

and thus W ® Ni(n) is an irreducible V*(slz)-module. [

6 The explicit realization of simple quotients of M (p)
at the critical level

Now we consider the critical level case k = —2. Therefore, 7712 = 70 is a commutative vertex

algebra generated by the field

b(z) = Z b(n)z "1 b(n) =0 for n > 0.

nez
Let
xX(z) = 3 xnz " € C((2).
nez

Let L(x) be the one-dimensional 7’-module such that b(n) acts as a multiplication with y,.
Since 7° is commutative, all irreducible modules are one-dimensional and isomorphic to L(x)
for certain x(z) € C((2)).

Note that L(x) is a simple quotient of the Whittaker m-module Ni(n) where n € (HZO)* is
given by

n(b() =xi; =0
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Now we consider the Wakimoto module Wy = W®L(x). The irreducibility result for modules
W, was obtained in [2, 3]. In order to present the irreducibility criterion, we need to recall the
definition of Schur polynomials.

Define the Schur polynomials S, (x1, x2, ... ) in variables 1, 2, ... by the following equation:
o0 T [o¢]
exp (Z :y”> = Z Sp(z1,22,...)y".
n=1 r=0
We shall also use the following formula for Schur polynomials:
&1 o . e Ty
—r+1 T To 0 Tp_q
1 0 —r 42 e
Sr(acl,xg,...):jdet T+ 1 Tr—2
id
0 e 0 -1 x

Theorem 6.1 ([2, 3]). Assume that x € C((z)). Then the Wakimoto module W_y, is an
irreducible V=2(sly)-module if and only if x satisfies one of the following conditions:

(1) There is p € Z~o such that

x(z) = Z X—nz""1 € C((2)) and Xp # 0.

(i)
X(2) =S " eC((2)  and X0 €{1}U(C\Z).
n=0

(tit) There is £ € N such that

x(z) = ——+ ) x-nz""' €C((2))
n=1
and Sg(—x) # 0, where Sg(—x) = Se(—x—1, —X-2,--.) s a Schur polynomial.

Let us now explicitly compare modules M (¢, #) from [17], which we recalled in Section 3,
with the Wakimoto modules considered in [2, 3].

Theorem 6.2. Assume that N =p € Z>¢ and
oo
x(z) = > x-z" ' €C((2)).
n=-—p

Let ¢: S_1 Ny — C be the Lie functional such that
e(h(i) = —xi,  ¢le(@) =p(f(i+N+1))=0  fori>0.

Assume that x € C((2)) satisfies the condition (i), (ii) or (iit) of Theorem 6.1. Then W_,

is a simple quotient of M ().
Ifp>1 and x, # 0, then M(p,0) = W_,,, where

9(2) = % (X(z)2 + 2(ix(z)) — 292p+i272p7i72.

>0



12 D. Adamovié¢ and V. Pedi¢ Tomi¢

Proof. By construction, W_, is generated by a cyclic vector w satisfying conditions
e()w=f(i+N+1w=0, h(i)w =—x;w, i > 0.

Therefore, it is isomorphic to a quotient of M ().

Moreover, whenever one of the conditions (i), (ii), or (iii) of Theorem 6.1 is satisfied, the
module W_, is simple. Consequently, in this case, W_, is a simple quotient of M (o).

Assume next that the condition (i) holds, i.e., p > 1 and x,, # 0. Since we know that M(p,0)
is a quotient of M () by a submodule generated by singular vectors

(T(’L) — Hl)u, 1< Ng=N,

and T'(z) = 6(z) on W_,, we get that W_,, is a quotient of M (¢, 0).
For N > 1, the module M (¢, 0) is irreducible by Theorem 3.2, so M (p,0) = W_,. [

Let us now consider the case N = (. The simple quotients in the case N = 0 were not
described in [17]. So our result in the case N = 0 is a refinement of the main result of [17].
Moreover, we shall see below that in this case M (¢, §) need not be irreducible. Applying previous
theorem and [3, Corollary 5.2 and Remark 5.1], we get the following.

Proposition 6.3. Assume that

e}

X(2) = ——+ > x-a?""' €C((2))

n=1

is such that { € Zsy and Sy(—=x) = 0 or £ < 0. Then M(p,0) is reducible and contains

an irreducible submodule isomorphic to Wl,n;ﬂ"’, which is the mazximal integrable slo-submodule
of W_,.

Remark 6.4. The reducibility was established in the earlier paper [3], using methods developed
in [2]. These methods are based on the vertex superalgebra V, which appears as a limit of the
N = 2 superconformal vertex algebra, together with the critical-level version of the correspon-
dence between N = 2 superconformal vertex algebra and affine vertex algebras associated to sla,
and in particular on the anti-Kazama—Suzuki mapping (cf. [1, 14]). Since it is much easier to
prove irreducibility or reducibility for certain V-modules, one can then deduce the corresponding
irreducibility or reducibility of sly-modules.

More precisely, in [2] we constructed V-modules ﬁx’ realized on certain fermionic Fock spaces
and parametrized by x € C((z)). We also constructed a functor Ly from the category of V-mod-
ules to the category of V ~2(sly)-modules, and showed that W_, =Ly (ﬁx) Consequently, the
question of irreducibility or reducibility of Wakimoto modules reduces to the corresponding
question for the module fx. If x satisfies the condition of Proposition 6.3, we proved that ﬁx
is reducible and contains an irreducible submodule U, such that Lo(Uy) = WI,HXBIZ. In this way,
we obtained the reducibility of W_,,.

7 Wakimoto realization of generalized Whittaker modules
Let P,, where q,7 € Z>o, ¢ < r, be the Lie subalgebra of g generated by K and the elements
{e(n), h(m), f(p) In >0, m=>q,p=>r}.

Let ¢: P, — C be a homomorphism of the Lie algebra such that k = ¢(K).
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Denote by Cv the one-dimensional P, ,-module on which x € P, , acts as
x-v=1(z)v. (7.1)
We then form the induced g-module
Bl — Ind®
R(y) = Indp Co.
The module ﬁ(zp) is a restricted (i.e., smooth) g-module of level x. Hence, ﬁ(w) is a weak

V*(g)-module. This module is a standard (universal) generalized Whittaker module with the
Whittaker function .

Definition 7.1. Assume that Z is any V*(sly)-module and v € Z. We say that v is a ¢-Whit-
taker vector if it satisfies condition (7.1).

We shall consider W @ 7*+2-modules M (A, u) ® Ni(n) from Section 2.2. Assume that
AN F O, upr #0 and AN+ = pp+i =0 for i € Z~o.
As before for n € (HZO)*, set n, = n(b(n)). Assume that
np # 0, np+i =0  fori>0.

Using the Frenkel-Feigin homomorphism, we can consider M (A, p)®@N1(n) as a V" (sly)-module.
Set w = vy, ® vy. Let

q = max{M,N + 1}, r=max{M + N +1,2M, P + 1}.
By a direct calculation, we see that
e(i)w = Aw, h(q +i)w = B;w, fr+idw=Cw  i>0,

where

M
Ai=Xy  Bi==2) udgrii+ngri

=1
Ci=— D it D i — R+ D (7.2)
k1,ka€Z>, J1€Z>1
k3s€Z>q J2€Z>¢
k1+ko+kz=r+i J1+je=r+i
Therefore, w is a 1-Whittaker vector with Whittaker function ¢: Py, — C defined by
Ple(i) = A, Y(h(g+14) = Bi,  (f(r+1i)) =C; i 20, (7.3)

where A;, B;, C; are given by (7.2).
In this way, we have proved the following.

Proposition 7.2. Let k € C be arbitrary. Then U(;[;)w is a generalized Whittaker module
with the Whittaker function 1 satisfying the condition (7.3).

Remark 7.3. Using the Frenkel-Feigin realization, the formulas in (7.2) are obtained by eval-
uating the modes of e(z), h(z), f(z) on the Whittaker vector w = vy, ® v,. The choice

q = max{M,N + 1}, r=max{M + N +1,2M,P + 1}

ensures that the relevant positive modes act on w by scalars, so that w is a ¥-Whittaker vector
for the subalgebra P, ,. More precisely, the coefficients in (7.2) come respectively from the
linear term e(z), the quadratic term —2:a*a: together with b(z), and the three summands in the
formula for f(z).
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Example 7.4. To illustrate the choice of Whittaker function, we recall the following example
from [6, Section 9]:

A=(A,0,0,...), pw=(10,0,...), n= no,n1,0,...),
with A#£0, u#0,and 1 #20. Then N =0, M =1, P=1, so

g=max{M,N + 1} =1, r=max{M + N +1,2M,P + 1} = 2.
The formulas in (7.2) reduce to

e(0)w = Aw, e(i)w =0, i>0,
h(1)w = (m — 2uN)w, h(1+i)w =0, i >0,

and

fQuw=p(m —pNw,  f2+i)w=0, i>0.

Hence w = vy, ® vy is a y-Whittaker vector for P o with

D(e0) =A (1) =m =20\, P(f(2)) = pm — 4N,
and all higher values v (e(4)), ¥ (h(1 + 1)), ¥(f(2 + ¢)) vanish for ¢ > 0.
We have the following general conjecture.

Conjecture 7.5. Assume that py # 0, An # 0, n # 0 and that ¢ is a Whittaker function
satisfying (7.3). Assume that k # —2. Then R(1)) is an irreducible V" (sly)-module and

R(y) = My(A\, ) ® Ni(n).

Remark 7.6. Although Conjecture 7.5 may be viewed as a natural extension of Theorem 5.1,
we do not see a direct way to extend the proof of Theorem 5.1 to this setting. The proof of
Theorem 5.1 uses ingredients specific to Wakimoto-type modules and their free-field realization;
in addition, it depends in part on the result of [17], for which no direct analogue is presently
available for Conjecture 7.5.

By contrast, the modules arising in Conjecture 7.5 are closer in nature to generalized Whit-
taker modules, and to the irreducibility arguments used in [6]. Thus, while Conjecture 7.5
is a natural continuation of Theorem 5.1 at the level of the expected statement, the relevant
methods appear to be different.

This is already reflected at the critical level, where Wakimoto modules and Whittaker-type
modules require essentially different proofs. In what follows, we consider the critical-level case,
which provides further support for Conjecture 7.5 in view of the analogy with generalized Whit-
taker modules.

Similarly to Theorem 3.2 one shows that ﬁ(q/}) is reducible at the critical level. But we shall
identify its irreducible subquotients following approaches from [3, 6].

Let
X(z)= 3 xeat"eC(z), xp #0,
n=—P
such that

Xi = i for i > 0,

and let L(x) be the simple one-dimensional m’-module as in Section 6. Clearly, L(x) is a simple
quotient of Ni(n). We have the following result.
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Theorem 7.7. Assume that k = —2. Then M;(X\,pn) ® L(x) is a simple quotient of ]/%(1/1),
where 1 is a Whittaker function determined by (7.3).

Proof. First, we note that theorem was already proved in [6, Theorem 10.4] in the special case
A= (X,0,0,...), p = (11,0,0,...), Ag # 0 and x arbitrary. Our situation is slightly more
general, but the same proof applies here. Let us just present the basic idea for the reader’s
convenience.

Let hy = —2:aa™:, by = Ce + Chy be a two dimensional Borel Lie algebra with bracket
[h1,e] = 2¢ and by = by ® C[t,¢"!] + CK its affinization. Using the same arguments as in the
proof of [6, Proposition 10.2] we get

e Mi(A, p) is an irreducible by-module.

Next, we consider the Borel Lie algebra b = Ce+Ch, where h = hy +b, with b the Heisenberg
field generator from Section 4, and its affinization b = b&C[t, t=1 +CK _C sly. Then we consider
Mi(X, p) ® L(x) as an b-module. The irreducibility of M;(A, i) as a by-module is not affected
if we twist the action of hq(z) by x(z). Thus, we get

o Mi(A, p) ® L(x) is an irreducible b-module.

Since b is a Lie subalgebra of sl we conclude that M (X, p) ® L(x) is irreducible sly-module
and therefore irreducible V*(sly)-module. The proof follows. [
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