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Abstract. Recently, a plethora of multivariable knot polynomials were introduced by
Kashaev and one of the authors, by applying the Reshetikhin–Turaev functor to rigid R-
matrices that come from braided Hopf algebras with automorphisms. We study the exten-
sion of these knot invariants to links, and use this to identify some of them with known link
invariants, as conjectured in that same recent work.
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1 Introduction

1.1 From knot polynomials to link polynomials

Suppose one is given a polynomial invariant of knots in 3-space. Is there a natural way to
extend it to a polynomial invariant of links? Of course, one can extend it by declaring it to
vanish for links of more than one component, or that it is the product of the polynomials of
each component of the link. Most people would accept, however, that such extensions are not
very natural.

This paper aims to give an answer to this question for the polynomial invariants of (long)
knots constructed via the Reshetikhin–Turaev functor [16] using as input a rigid R-matrix, as
explained in detail in [12]. A rich source of rigid R-matrices was recently discovered by Kashaev
and one of the authors in [7] to come from braided Hopf algebras (such as Nichols algebras) with
automorphisms and their finite-dimensional left/right Drinfeld–Yetter modules. This, together
with the classification of Nichols algebras gives a systematic way to construct multivariable
polynomials of long knots.

This construction provides a novel framework to study quantum group invariants even if the
invariants they produce are already known. For example, it provides a somewhat unified setting
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to consider the colored Jones polynomial and ADO polynomial invariants at roots of unity [1]
from rank one Nichols algebras. One exchanges the structure of quantum sl2 modules for the
structure of a Nichols algebra, where the underlying vector spaces are naturally identified. One
also finds that the gl(n|1) quantum invariants, i.e., the higher rank Links–Gould invariants, are
associated to exterior algebras [13]. Finally, the approach of [7] implies a natural hierarchy of
invariants. In the above reference, 2-variable knot polynomials coming from the simplest rank 2
Nichols algebra were defined, and denoted by Λω(t, s) and Vn(t, q), respectively. Our goal is
to extend these two 2-variable polynomial invariants of knots to invariants of links, especially
towards applications in our sequel works [5, 6].

Throughout the paper, all knots and links will be oriented, embedded in S3, and considered
up to ambient isotopy. But even more, a rigid R-matrix R ∈ End(V ⊗ V ) on a vector space V
together with an enhancement h ∈ End(V ) that satisfies the polynomial equations from [15,
Theorem 3.7] gives invariants of tangles (up to isotopy) that may have closed components. We
review these identities in (2.2) of Section 2.2 and show in Lemma 3.1 that the rigid R-matrix
for V1, introduced in [7], has a canonically defined enhancement that satisfies the required
identities. The construction of this enhancement amounts to solving a system of equations, and
a similar derivation applies to the R-matrix enhancements of Λ1 and Λ−1.

In this context, by canonical, we mean that upon assigning a natural (weight) grading to
vectors and assuming that h respects this grading (it is diagonal), then the relations (2.2)
uniquely determine h. See Lemma 3.1, for example, which uses (2.2b) to determine h. The
sense in which h is canonical can also be compared to the case of quantum groups equipped
with an R-matrix. The ribbon element, if one exists, is unique up to a group-like element of
order 2. This determines h up to some signs which are fixed by the Reidemeister I constraints
of (2.2b).

Assuming this, a rigid R-matrix on V gives rise to an invariant F of closed links. However,
for some rigid R-matrices (e.g., for all discussed in our paper) F is the zero invariant. To obtain
a nontrivial invariant, we consider tangles, where a rigid R-matrix gives an End(V )-valued
invariant FT of a (1, 1)-tangle T and an End(V ⊗ V )-valued invariant FT of a (2, 2)-tangle with
upward oriented boundary, by which we mean a tangle with two upward incoming and outgoing
arcs and perhaps additional closed components. To get to a scalar-valued invariant of links, we
need to ensure:

(P1) For every (1, 1)-tangle T , FT is a scalar multiple of idV .

(P2) For every (2, 2)-tangle T defining a map FT ∈ End
(
V ⊗2

)
with left and right closures T1

and T2, we have FT1 = FT2 ∈ End(V ).

T

T1

T

T2

Figure 1. The left and right closures T1 and T2 of a (2, 2)-tangle T .

When (P1) is satisfied and T is a (1, 1)-tangle, we write FT = ⟨FT ⟩idV . Properties (P1)
and (P2) imply the existence of a scalar invariant of links L obtained by cutting a link along
any component to obtain a (1, 1)-tangle Lcut. We denote this modified Reshetikhin–Turaev link
invariant mRTL = ⟨FLcut⟩.

Remark 1.1. Suppose that F is determined by the monoidal category generated by the ob-
jects V and V ∗, and by the morphisms R ∈ End(V ⊗ V ) and the evaluation and coevaluation



Extending Knot Polynomials of Braided Hopf Algebras to Links 3

maps of Figure 3 defined by equations (2.2). Then the properties (P1) and (P2) are the assump-
tions that the object V is simple and that V is an ambidextrous object in the sense of [8, 10].
In this case, mRT is known to define a link invariant by [10, Theorem 3].

Once the link invariant is defined, the next question is how to identify it with a known link
invariant. For this, observe that any identity of the R-matrix of braids implies a corresponding
skein theory for the constructed link invariants.

A key example of this exposition is the R-matrix of the Alexander polynomial given in the
beautiful exposition of Ohtsuki [15, Proposition 2.6], which we review in Section 2.4 below, using
a slightly different R-matrix for the purpose of our work.

1.2 Our results

With the above preliminaries, we can phrase our results.

Theorem 1.2. The knot polynomial invariants V1, Λ1 and Λ−1 extend to invariants of links.

The next theorem identifies the associated link invariants Λ1 and Λ−1 confirming a conjecture
in [7].

Theorem 1.3. For all links L, we have

Λ1,L(t0, t1) = ∆L(t0)∆L(t1) ∈ Z
[
t±1
0 , t±1

1

]
,

Λ−1,L

(
t−2, s−2

)
= ∆sl3,L(t, s) ∈ Z

[
t±2, s±2

]
, (1.1)

where ∆ is the (palindromic normalization of the) Alexander polynomial and ∆sl3 is the invariant
studied in [11].

The Garoufalidis–Kashaev construction seems to offer a more natural setting for connecting
quantum invariants to invariants from classical topology. Specifically, the coefficients of the R-
matrices are valued in integral Laurent polynomials with canonical variables; t1, t2 rather than
their squares.

In subsequent work [5], we prove that the extension of V1 coincides with the Links–Gould
invariant of links, verifying another conjecture of [7]. Building on both of these results, we
prove in [6] that the Garoufalidis–Kashaev invariant V2 agrees with the 2-colored Links–Gould
polynomial and we use this result to prove a conjecturally sharp bound for the 3-genus of a knot.

We should mention that the particular choice of local, tangle definition of these multivariable
polynomials of links plays an important role in their efficient computation, as was explained
time and again by Bar-Natan and van der Veen [2, 3]. In particular, it leads to an efficient
computation of the Vn and the Λω polynomials of knots, that itself leads to newly discovered
patterns in knot theory; see [4].

1.3 Plan of the proofs

In Section 2, we recall the basics on tangles and the Reshetikhin–Turaev functor, as well as
the properties of enhanced R-matrices that are used to realize the functor, and its comparison
with the tangle construction of [7]. We also introduce the notion of a weak conjugacy between
pairs of enhanced R-matrices. Following Ohtsuki, we discuss in detail the Alexander R-matrix
of a 2-dimensional space and how it leads to a link invariant, which is then identified with the
Alexander polynomial.

We then discuss the rigid R-matrix of V1 on a 4-dimensional space in Section 3 and produce
an enhancement. We show that the enhanced R-matrix defines a link invariant.
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The extension of Λ1 to a link invariant and its identification with a product of Alexander poly-
nomials is done simultaneously. This is proven by an appropriate conjugation of the enhanced
R-matrix at the level of individual tensor factors V on which the R-matrix acts.

The proof of Theorems 1.2 and 1.3 for Λ−1 is also based on a conjugacy of enhanced R-
matrices, but is instead defined on the vector spaces V ⊗n for each n ≥ 1. This determines an
equivalence of braid group representations that respects partial trace operations, and implies
equality with the link invariant ∆sl3 .

2 Link invariants from the Reshetikhin–Turaev functor

2.1 A review of the Reshetikhin–Turaev functor

In this section we review briefly the well-known Reshetikhin–Turaev functor [16, 19] from tangles
to tensor products of endomorphisms of a vector space and its dual. All tangles are oriented
and framed, however our invariants will be independent of the framing.

A tangle diagram can be decomposed into a finite number of elementary oriented tangle
diagrams shown in Figure 2. Moreover, up to isotopy, we may assume that for any horizontal
line drawn on the diagram there is at most one critical point or a single crossing.

Set V a vector space over a field K of characteristic zero and consider V ∗ = End(V,K) its
dual. Each elementary oriented tangle is associated to a linear map as shown in Figure 3 under
the Reshetikhin–Turaev functor F . Now composing these elementary maps, one obtains a linear
map FT for any oriented tangle diagram T . For example, if T is an oriented (n,m)-tangle
diagram, then FT ∈ End(V ϵ1 ⊗ V ϵ2 ⊗ · · · ⊗ V ϵn , V δ1 ⊗ V δ2 ⊗ · · · ⊗ V δm), where ϵi, δj are empty
or ∗, depending on the orientations of the boundary ∂T of T .

Figure 2. Elementary oriented tangles.

V

V
idV

V ⊗W

W ⊗ V
RVW

V ⊗ V ∗

K
−→evV

V ∗ ⊗ V

K
←−evV

V ∗

V ∗

idV ∗

W ⊗ V

V ⊗W
R−1

VW

V ⊗ V ∗

K
←−−coevV

V ∗ ⊗ V

K
−−→coevV

Figure 3. A graphical definition of the Reshetikhin–Turaev functor on oriented elementary tangle

diagrams.

2.2 Invariants of tangles

To state the identities of an enhanced R-matrix, we need to fix some notation. We do so following
Ohtsuki [15] rather than Kashaev [7, 12]. Fix a finite-dimensional vector space V with basis

(e1, . . . , en). For A ∈ End(V ⊗V ), we write A = (A
(k,l)
(i,j)) as a matrix in basis (ei⊗ej). Therefore,

A
(k,l)
(i,j) = (ek ⊗ el)

∗(A(ei ⊗ ej)). Then we define matrices A⟲ and A⟳ by setting:

(A⟲)
(l,j)
(k,i) = A

(k,l)
(i,j) , (A⟳)

(i,k)
(j,l) = A

(k,l)
(i,j) . (2.1)
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The next definition plays a crucial role in our paper and is originally due to Turaev [17, 18].
Also see [14, Section XII.4].

Definition 2.1. An enhanced R-matrix on a finite-dimensional vector space V is a pair of
invertible endomorphisms R ∈ End(V ⊗ V ), the R-matrix, and h ∈ End(V ), the enhancement,
satisfying

R ◦ (h⊗ h) = (h⊗ h) ◦R, (2.2a)

tr2
(
(idV ⊗ h) ◦R±1

)
= idV , (2.2b)(

R−1
)⟲ ◦ ((idV ⊗ h) ◦R ◦

(
h−1 ⊗ idV

))⟳
= idV ⊗ idV ∗ , (2.2c)

(R⊗ idV ) ◦ (idV ⊗R) ◦ (R⊗ idV ) = (idV ⊗R) ◦ (R⊗ idV ) ◦ (idV ⊗R). (2.2d)

The partial trace tr2 of f ⊗ g ∈ End(V ⊗ V ) is defined by

tr2(f ⊗ g) = tr(g)f ∈ End(V ) (2.3)

with the natural identification of End(V ⊗ V ) and End(V ) ⊗ End(V ). This extends to partial
trace operations tri : End(V

⊗n) → End
(
V ⊗n−1

)
where we trace in the i-th component. Let

tri1i2···ij denote the composition of partial traces tri1 ◦ tri2 ◦ · · · ◦ trij .
For 1 ≤ i < j ≤ n and f ∈ End(V ⊗ V ), define (f)ij ∈ End(V ⊗n) which acts by f in the i-th

and j-th tensor factors and is the identity otherwise.
Given an R-matrix, equation (2.2d) defines a representation ρR of the braid group Bn by

mapping the elementary braid generator in position (k, k + 1) to (R)k,k+1 ∈ End(V ⊗n).

Remark 2.2. An enhanced R-matrix determines an operator valued invariant of isotopy classes
of tangles under the Reshetikhin–Turaev functor under the following definitions of cup and cap
maps:

−→evV (x⊗ f) := f(h(x)), ←−evV (f ⊗ x) := f(x),

←−−coevV (1) :=
∑
i

ei ⊗ e∗i ,
−−→coevV (1) :=

∑
i

e∗i ⊗ h−1(ei)
∗.

Remark 2.3. If β ∈ Bn is a braid with closure L and V is simple, then

FLcut = tr2,...,n
((
idV ⊗ h⊗(n−1)

)
◦ ρR(β)

)
∈ End(V ),

⟨FLcut⟩ = 1

dim(V )
tr
((
idV ⊗ h⊗(n−1)

)
◦ ρR(β)

)
.

2.3 Rotated tangles

In this subsection we compare the tangles of the enhanced R-matrices (see Figure 2) with the
rotated tangles used in [7]. The latter are compositions of four types of segments

, , , (2.4)

and eight types of crossings (four positive and four negative ones)

, , , , , , , . (2.5)

In addition, the remaining two types of segments are allowed, but when they occur, they are
replaced as follows:

7→ , 7→ . (2.6)
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The local weights are given by

a b

c d

,
c a

d b

,
d c

b a

ws7−→ ⟨c∗ ⊗ d∗, R(a⊗ b)⟩,
b d

a c

ws7−→
〈
a⊗ c∗,

((
R−1

)⟲)−1
(b⊗ d∗)

〉
for positive crossings and likewise for negative crossings. By (2.2c), there is an equality((

R−1
)⟲)−1

=
(
(idV ⊗ h) ◦R ◦

(
h−1 ⊗ idV

))⟳
.

The reason for using the rotated tangles of equations (2.4), (2.5) and (2.6) rather than the
ones in Figure 2 is that this leads to an efficient computation of the corresponding link invariants
using the local methods and thin position highlighted by Bar-Natan and van der Veen [2, 3] and
implemented by Li and one of the authors in [4].

Using the rigid R-matrix and the rotation numbers φ = (1,−1,−1, 1) in the Rot.m program
of [2, Section 2], we can confirm by an explicit calculation that the polynomial equations (11)–
(13) of [2] are satisfied and hence one obtains invariants of tangles (up to isotopy) with no closed
components, hence endomorphism-valued invariants of (long) knots. By their very definition,
these invariants coincide with the ones of [7] since the weights of the rotated crossings match in
both cases.

Finally, to identify the long knot polynomial invariants of [7] with those of Definition 2.1, we
use the fact that the [7]-weights of the crossings of Figure 2.5 are obtained by rotating the two
tangles in the right of Figure 2 accordingly and multiplying by the corresponding caps/cups.

2.4 The Alexander R-matrix

In this subsection, we review in detail the Alexander R-matrix, its enhancement, its invariance
under (P1) and (P2) and the identification of the corresponding link invariant with the Alexander
polynomial, following the beautiful presentation of Ohtsuki [15].

We begin by defining the enhanced R-matrix we use to define the Alexander polynomial.
Let Y denote the 2-dimensional C-vector space with basis (v0, v1). Then Y ⊗Y is equipped with
the basis (v0 ⊗ v0, v0 ⊗ v1, v1 ⊗ v0, v1 ⊗ v1). Define

Rt = t−1/2


1 0 0 0
0 0 1 0
0 t 1− t 0
0 0 0 −t

 ∈ End(Y ⊗ Y ), ht = t1/2
(
1 0
0 −1

)
∈ End(Y ). (2.7)

The next lemma can be proven by a straightforward matrix computation.

Lemma 2.4. The pair (Rt, ht) satisfies equations (2.2).

As discussed in the introduction, this leads to a definition of an operator-valued invariant of
isotopy class of tangles T , which for reasons that will become clear later, we will denote by F∆,T .

Lemma 2.5. The enhanced Alexander R-matrix satisfies properties (P1) and (P2).

Proof. The proof uses a degree argument for the R-matrix (and its inverse) and the tangle
isotopies of Figure 4 (for (P1)) and 5 (for (P2)). We use the grading of the basis of Y and its
dual deg(v0) = 0, deg(v1) = 1, deg(v∗0) = 0, deg(v∗1) = −1. It follows by inspection that the
R-matrix and its inverse (as well as the cups/caps with the convention that the ground field C
is in degree 0) are degree-preserving.



Extending Knot Polynomials of Braided Hopf Algebras to Links 7

T =
T

Figure 4. A tangle isotopy.

T
=

T T
=

T

Figure 5. More tangle isotopies.

Let us first prove that Rt satisfies (P1). Fix T a (1, 1)-tangle. Using the degree-preservation
of F∆,T ∈ End(Y ), it follows that

F∆,T =

(
α 0
0 β

)
. (2.8)

The invariance of F∆ under the isotopy of Figure 4 implies that

(idY ⊗ F∆,T ) ◦Rt = Rt ◦ (F∆,T ⊗ idY ).

Inserting (2.8) in the above identity shows that α = β. Therefore, F∆,T = α idY . So Rt

satisfies (P1).
Now we prove that Rt satisfies (P2). Fix a (2, 2)-tangle T and consider its left and right

closures T1 and T2, as in Figure 1. Using the degree-preservation of the R-matrix, it follows
that the operator invariant representing T has the following form when written in the standard
basis for Y ⊗ Y :

F∆,T =


a 0 0 0
0 b c 0
0 d e 0
0 0 0 f

 ,

where a, b, c, d, e, f are 6 parameters. The tangle isotopy of the left- and right-hand sides of
Figure 5 implies the equations

R2
t ◦ F∆,T − F∆,T ◦R2

t = 0,

(Rt ⊗ idY ) ◦ (idY ⊗Rt) ◦ (F∆,T ⊗ idY )− (idY ⊗ F∆,T ) ◦ (Rt ⊗ idY ) ◦ (idY ⊗Rt) = 0.

This is a linear system of equations in 6 variables a, b, . . . , f with coefficients in Q(t). It has
rank 2 and solving, we find that a = b+ c, d = ct, e = b+ c(1− t), f = b− ct. Using this and
the definition of tr2 from equation (2.3), we can now compute F∆,T1 and F∆,T2 , and we find

F∆,T1 = tr2((idY ⊗ ht) ◦ F∆,T ) = ct1/2 idY ,

F∆,T2 = tr1
(
F∆,T ◦

(
h−1
t ⊗ idY

))
= ct1/2 idY .

It follows that F∆,T1 = F∆,T2 and this concludes the proof of (P2). ■

Lemma 2.6. The corresponding link invariant from Lemma 2.5 is the Alexander polynomial.
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Proof. Recall that the Alexander polynomial of links satisfies the skein relation and the initial
condition

∆L+(t)−∆L−(t) =
(
t−1/2 − t1/2

)
∆L0(t), ∆⃝(t) = 1,

where (L+, L−, L0) is a triple of links as in Figure 6.

L+ L− L0

Figure 6. A triple of links.

It is well-known that the above skein theory uniquely characterizes the Alexander polynomial.

The identity Rt − R−1
t =

(
t−1/2 − t1/2

)
idY⊗Y implies that the link invariant satisfies the

same skein relation as the Alexander polynomial, with the same initial condition. The result
follows. ■

2.5 Conjugation of R-matrices

In this section we make remarks concerning different R-matrices leading to the same link invari-
ants. We say that two R-matrices R ∈ End

(
V ⊗2

)
and R′ ∈ End

(
W⊗2

)
are conjugate if there

exists an isomorphism φ : V → W such that (φ ⊗ φ)R
(
φ−1 ⊗ φ−1

)
= R′. Note that conjugate

R-matrices on V are conjugate automorphisms of V ⊗ V , but the converse is not true. This
definition extends naturally to enhanced R-matrices (R, h) and (R′, h′) by requiring ϕhϕ−1 = h′.
If one R-matrix is enhanced and conjugate to another R-matrix, then that one is canonically
enhanced too.

It is easy to see that the operator-valued RT invariants of two conjugate enhanced R-matrices
are conjugate, and hence if one satisfies (P1) and (P2), so does the other, and the two associated
link invariants are equal. But equality of link invariants is also implied by a weaker version of
conjugacy for R-matrices, a fact that should be better-known.

We say that two enhanced R-matrices (R, h) and (R′, h′), where R ∈ End
(
V ⊗2

)
and R′ ∈

End
(
W⊗2

)
, are weakly-conjugate if there exist automorphisms φn : V

⊗n → W⊗n for all n ≥ 1
such that

(BC1) The maps determine an equivalence of braid group representations, i.e., φnρR(β)φ
−1
n =

ρR′(β).

(BC2) There exist automorphisms σ ∈ Hom(V,W ), νn, γn ∈ End(V ⊗n) which satisfy the fol-
lowing properties for n ≥ 2:

φn = (φn−1 ⊗ idW ) ◦ (νn−1 ⊗ σ) ◦ γn, (2.9)

σ−1 ◦ h′ ◦ σ = h, (2.10)

trn
(
(idV ⊗(n−1) ⊗ h) ◦ γn ◦ FT ◦ γ−1

n

)
= trn((idV ⊗(n−1) ⊗ h) ◦ FT ), (2.11)

νn−1 ◦ trn((idV ⊗(n−1) ⊗ h) ◦ FT ) ◦ ν−1
n−1 = trn((idV ⊗(n−1) ⊗ h) ◦ FT ) (2.12)

for any (n, n)-tangle T with upward oriented boundary. When n = 2, we also require

tr1
((
h−1 ⊗ idV

)
◦ γ2 ◦ FT ◦ γ−1

2

)
= tr1

((
h−1 ⊗ idV

)
◦ FT

)
, (2.13)

ν−1
1 ◦ h ◦ ν1 = h. (2.14)
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Lemma 2.7. Suppose (R, h) and (R′, h′) are weakly-conjugate enhanced R-matrices. If the RT
invariant of links associated to (R, h) determines a modified RT invariant, then (R′, h′) also
determines a modified RT invariant and these two invariants are equal.

Proof. It is sufficient to show that the RT invariant associated to (R′, h′) satisfies proper-
ties (P1) and (P2). Let L be a link with braid representative β ∈ Bn and its modified invariant
mRTL,R associated to (R, h). The key observation is that the partial trace on a weak conjugacy
implies a weak conjugacy between partial traces. Then

ρR′(β)

· · ·

· · ·
= ρR(β)

φ−1
n

φn

· · ·

· · ·

· · ·

· · ·
=

σ−1

σ

φ−1
n−1

φn−1

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·
ρR(β)

γn

γ−1
n

νn−1

ν−1
n−1

=

φ−1
n−1

φn−1

· · ·

· · ·

· · ·

· · ·
ρR(β)

φn−1

φ−1
n−1

(2.15)

The first equality is due to property (BC1), the second equality is due to equation (2.9) of (BC2),
and the last equality follows from equations (2.10), (2.11), and (2.12) of (BC2). Thus we have
a graphical proof of property (P1) by induction

ρR′(β) · · · = ρR(β)

φ1

φ−1
1

· · · = mRTL,R

φ1

φ−1
1

= mRTL,R (2.16)

using property (P1) of the RT invariant associated to (R, h). We now show property (P2) for
(R′, h′) in the equalities below using it for (R, h) and equations (2.13)–(2.16). Let T be the
closure of β over the right n−2 stands with FR′,T and FR,T its associated RT morphisms. Then

FR′,T = FR,T

φ2

φ−1
2

= FR,T

σ

σ−1

= mRTL,R

σ

σ−1

= mRTL,R ■
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Remark 2.8. When two enhanced R-matrices are conjugate by φ : V → W , then there is
a strict ribbon equivalence (F,G) between the ribbon categories V and W tensor generated
by V and W , respectively, and equipped with a braiding and ribbon structure induced by their
respective enhanced R-matrices. The functors F and G are implemented by φ and φ−1 on
generators.

In the case of a weak conjugacy, define the functor F : V → W implementing the mapping
V ⊗n →W⊗n by v 7→ φn(v), where φ1 = σ. There is a natural tensorator map:

µn,m : F (V ⊗n)⊗ F (V ⊗m)→ F (V ⊗n+m),

φn(v)⊗ φm(w) 7→ φn+m(v ⊗ w).

However, F is not necessarily braided monoidal with respect to µ, as the following diagram may
not commute

F (V )⊗ F (V ) F (V ⊗ V )

F (V )⊗ F (V ) F (V ⊗ V ).

µ1,1

βF (V )⊗F (V ) F (βV ⊗V )

µ1,1

The composites of maps yield

φ⊗2
1 (v ⊗ w)

µ1,17−−→ φ2(v ⊗ w)
F (βV ⊗V )7−−−−−−→ φ2(R · (v ⊗ w)),

φ⊗2
1 (v ⊗ w)

βF (V )⊗F (V )7−−−−−−−→ R′ · φ⊗2
1 (v ⊗ w)

µ1,17−−→ φ2 ◦ (φ−1
1 )⊗2

(
R′ · φ⊗2

1 (v ⊗ w)
)
,

which implies φ⊗2
1 ·R = R′ ·φ⊗2

1 rather than φ2 ·R = R′ ·φ2. In other words, a braided monoidal
functor cannot realize a general weak conjugacy, but only one which is a standard conjugacy.

2.6 Tensor product of R-matrices

In this subsection, we briefly review the tensor product R′⊗̂R′′ ∈ End
(
(V ⊗ W )⊗2

)
of two

R-matrices R ∈ End
(
V ⊗2

)
and R′ ∈ End

(
W⊗2

)
, defined by

R⊗̂R′ = τ(R⊗R′)τ,

where τ is the tensor swap V ⊗W → W ⊗ V applied to the inner factors. In other words, for
all vi, vj ∈ V , wk, wℓ ∈W , we have

R⊗̂R′((vi ⊗ wk)⊗ (vj ⊗ wℓ)) = τR(vi ⊗ vj)R
′(wk ⊗ wℓ).

It follows by the graphical calculus of the RT functor that the link invariant of the tensor
product of two enhanced R-matrices is the product of the link invariants.

3 Extending V1 to a link invariant

In this section, we prove that the rigid R-matrix of the V1 polynomial of [7], which we give
in Appendix A.1 is enhanced and satisfies the properties (P1) and (P2) and hence leads to
a polynomial link invariant. In subsequent work, we will prove that this extension coincides
with the Links–Gould invariant of links, verifying a conjecture of [7].

Our first task is to find an enhancement Rr of the R-matrix of Appendix A.1. The next lemma
determines all diagonal enhancements – we will note later that this is a reasonable assumption.
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Lemma 3.1. Let h = diag(a, b, c, d) ∈ End(W ). Then (Rr, h) is an enhanced R-matrix if and
only if r = ±1 and (a, b, c, d) = (−1, 1, 1,−1).

Proof. We just have to check equations (2.2). Equation (2.2d) is satisfied for any r because Rr

is a rigid R-matrix [7]. Equation (2.2b) is equivalent to a system of four polynomial equations
with unique solution (a, b, c, d) = (−1, 1, 1,−1). With this choice, one can check then that
equation (2.2a) is automatically satisfied. Then, a computation shows that the left side of
equation (2.2c)(

R−1
r

)⟲ ◦ ((idV ⊗ h) ◦Rr ◦
(
h−1 ⊗ idV

))⟳
= idV ⊗ idV ∗ +

(
1− r2

)
(1− t0)(e2 ⊗ e∗1)

∗(e4 ⊗ e∗3).

So r2 = 1. The result follows. ■

Our next task is to show that the corresponding tangle invariant satisfies the properties (P1)
and (P2).

Lemma 3.2. The enhanced R-matrix R±1 satisfies (P1) and (P2).

Proof. The proof closely follows the one of Lemma 2.5, except that the underlying vector space
of the R-matrix is 4-dimensional instead of 2-dimensional.

Recall that R±1 ∈ End(W ) where W is a 4-dimensional vector space with (e1, e2, e3, e4)
a basis for W . We will use not one, but two gradings on the basis of W given by

dege2(e1) = 0, dege2(e2) = 1, dege2(e3) = 0, dege2(e4) = 1,

dege3(e1) = 0, dege3(e2) = 0, dege3(e3) = 1, dege3(e4) = 1.

It follows by an explicit inspection of the entries of the R-matrix that the maps (R±1)
±1 are

degree-preserving for both these degrees. Actually, these gradings are not accidental. They
follow from the fact that the rank 2 Nichols algebra, which is responsible for the R-matrix, has
natural gradings. Moreover, a enhancement which preserves these gradings must be diagonal.
We denote the corresponding RT-functor by FV1 since the corresponding knot polynomial of [7]
was denoted by V1.

Now we prove that R±1 satisfies (P1). Fix a (1, 1)-tangle T . Using the degree-preservation
of FV1,T ∈ End(W ) under both gradings, it follows that

FV1,T =


α 0 0 0
0 β 0 0
0 0 γ 0
0 0 0 δ

 . (3.1)

The invariance of FV1 under the isotopy of Figure 4 implies that

(idW ⊗ FV1,T ) ◦R±1 = R±1 ◦ (FV1,T ⊗ idW ).

Inserting (3.1) in the above identity, it follows that α = β = γ = δ. Hence FV1,T = α idW ,
concluding the proof of the (P1) identity.

Finally, we prove that R1 satisfies (P2), the proof for R−1 involves similar computations. Fix
a (2, 2)-tangle T and consider its left and right closures T1 and T2, as in Figure 1. Using the
degree-preservation of the R-matrix, it follows that the operator invariant representing T has
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the following form when written in the standard basis for W ⊗W :

FV1,T =



a 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b 0 0 j 0 0 0 0 0 0 0 0 0 0 0
0 0 d 0 0 0 0 0 s 0 0 0 0 0 0 0
0 0 0 f 0 0 m 0 0 u 0 0 B 0 0 0

0 c 0 0 k 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 l 0 0 0 0 0 0 0 0 0 0
0 0 0 g 0 0 n 0 0 v 0 0 C 0 0 0
0 0 0 0 0 0 0 q 0 0 0 0 0 F 0 0

0 0 e 0 0 0 0 0 t 0 0 0 0 0 0 0
0 0 0 h 0 0 o 0 0 w 0 0 D 0 0 0
0 0 0 0 0 0 0 0 0 0 y 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 z 0 0 H 0

0 0 0 i 0 0 p 0 0 x 0 0 E 0 0 0
0 0 0 0 0 0 0 r 0 0 0 0 0 G 0 0
0 0 0 0 0 0 0 0 0 0 0 A 0 0 I 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 J



,

where a, b, . . . , J are 36 parameters. The tangle isotopies of the left- and right-hand sides of
Figure 5 imply the equations

R2
1 ◦ FV1,T − FV1,T ◦R2

1 = 0,

(R1 ⊗ idW ) ◦ (idW ⊗R1) ◦ (FV1,T ⊗ idW )− (idW ⊗ FV1,T ) ◦ (R1 ⊗ idW ) ◦ (idW ⊗R1) = 0.

This is a linear system in 36 variables a, b, . . . , J with coefficients in Q(t0, t1). It has rank 3 and
solving, we find that we can express all variables as Q(t0, t1)-linear combinations of (E, i, p). We
write the 33 other variables as inner products of (E, i, p) with some triple:

a =

(
1, 1,
−1 + t1

t1

)
· (E, i, p), s =

(
0,

1

t1
,
1

t1

)
· (E, i, p),

b =

(
1,
−1 + t0

t0
,
(−1 + t1)(−2 + t0)

t1(−1 + t0)

)
· (E, i, p), t =

(
1, 0,− 1

t1

)
· (E, i, p),

c =

(
0, 1,

(−1 + t1)t0
t1(−1 + t0)

)
· (E, i, p), u =

(
0,
−1 + t0
t1t0

,
1

t1

)
· (E, i, p),

d =

(
1,
−1 + t1

t1
,
−2 + t1

t1

)
· (E, i, p), v =

(
0,

1

t1
,
−1 + t1t0
t21(−1 + t0)

)
· (E, i, p),

e = (0, 1, 1) · (E, i, p), w =

(
1, 0,
−2 + t1 + t0
t1(−1 + t0)

)
· (E, i, p),

f =

(
1, 2− 1

t1
− 1

t0
, 2− 2

t1

)
· (E, i, p), x =

(
0, 0,− 1

t1

)
· (E, i, p),

g =

(
0,
−1 + t1

t1
,
(−1 + t1)t0
t1(−1 + t0)

)
· (E, i, p), y =

(
1,− 1

t1
,− 2

t1

)
· (E, i, p),

h =

(
0, 1− t0,−

(−1 + t1)t0
−1 + t0

)
· (E, i, p), z =

(
1,
−1 + t1

t1
,
−2 + t1

t1

)
· (E, i, p),

j =

(
0,

1

t0
,
−1 + t1

t1(−1 + t0)

)
· (E, i, p), A =

(
0,− 1

t1
,− 1

t1

)
· (E, i, p),

k =

(
1, 0,

1− t1
t1(−1 + t0)

)
· (E, i, p), B =

(
0,

1

t1t0
, 0

)
· (E, i, p),
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l =

(
1,− 1

t0
,− 2(−1 + t1)

t1(−1 + t0)

)
· (E, i, p), C =

(
0, 0,

1− t1
t21(−1 + t0)

)
· (E, i, p),

m =

(
0,−1 + 1

t0
,−1

)
· (E, i, p), D =

(
0, 0,

−1 + t1
t1(−1 + t0)

)
· (E, i, p),

n =

(
1, 0,−−2 + t1 + t0

t1(−1 + t0)

)
· (E, i, p), F =

(
0,− 1

t1t0
,

1− t1
t21(−1 + t0)

)
· (E, i, p),

o =

(
0, t1,

−1 + t1t0
−1 + t0

)
· (E, i, p), G =

(
1, 0,

1− t1
t1(−1 + t0)

)
· (E, i, p),

q =

(
1,
−1 + t0

t0
,
(−1 + t1)(−2 + t0)

t1(−1 + t0)

)
· (E, i, p), H = (0,−1,−1) · (E, i, p),

r =

(
0,−t1,

t0 − t1t0
−1 + t0

)
· (E, i, p), I =

(
1, 0,− 1

t1

)
· (E, i, p),

J =

(
1, 1,
−1 + t1

t1

)
· (E, i, p).

Using this and the definition of tr2 from equation (2.3), we can now compute FV1,T1 and FV1,T2 ,
and we find

FV1,T1 = tr2((idW ⊗ h) ◦ FV1,T ) = diag(x1, x2, x3, x4),

FV1,T2 = tr1(FV1,T ◦ (h−1 ⊗ idW )) = diag(x4, x2, x3, x1),

where

x1 = −i− 2p+
p

t1
− 2p

t0 − 1
+

2p

(t0 − 1)t1
+

pt0
t0 − 1

− pt0
(t0 − 1)t1

,

x2 = −i+
p

(t0 − 1)t1
− pt0

t0 − 1
,

x3 = −i− p+
p

t1
− p

t0 − 1
+

2p

(t0 − 1)t1
− pt0

(t0 − 1)t1
,

x4 = −E − i− p− E

t0 − 1
− p

t0 − 1
+

p

(t0 − 1)t1
+

Et0
t0 − 1

.

This implies that FV1,T1 = FV1,T2 and this concludes the proof of (P2). ■

This concludes the proof of Theorem 1.2 for V1.

4 Extending and identifying Λ1 to a link invariant

In this short section, we extend the Λ1 polynomial of knots to links, and what is more, we
identify it with a known polynomial invariant. We achieve both tasks at once by proving that
the Λ1 R-matrix is simply conjugate to the product of two Alexander R-matrices.

To begin with, the R-matrix of Λ1 given in Appendix A.2, has the following enhancement:

R̃Λ1 =
1

t
1/2
0 t

1/2
1

RΛ1 ∈ End(X ⊗X), hΛ1 = t
1/2
0 t

1/2
1


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ∈ End(X).

The proof that this is indeed an enhancement follows by an explicit calculation.
We now discuss a conjugation of the above R-matrix with the product of two Alexander

matrices, each as in equation (2.7).
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Consider a 2-dimensional vector space Y with basis (y0, y1). Let us define the following
isomorphisms:

θ : Y ⊗2 → X, θ(y0 ⊗ y0) = x1, θ(y0 ⊗ y1) = x2,

θ(y1 ⊗ y0) = x3, θ(y1 ⊗ y1) = x4,

τ : Y ⊗4 → Y ⊗4, τ(a⊗ b⊗ c⊗ d) = a⊗ c⊗ b⊗ d.

Lemma 4.1. We have

hΛ1 = θ ◦ (ht1 ⊗ ht0) ◦ θ−1, R̃Λ1 = (θ ⊗ θ) ◦ τ ◦ (Rt1 ⊗Rt0) ◦ τ ◦
(
θ−1 ⊗ θ−1

)
.

Proof. This is a direct matrix calculation. ■

The discussion of Section 2.5 and the above lemma implies that the R-matrices of Λ1 and of
the square of the Alexander polynomial are conjugate, hence the two link invariants are equal.

5 Extending and identifying Λ−1 to a link invariant

5.1 Extension of Λ−1 to links

We extend the Λ−1 polynomial of knots to links, and identify it with the operator invariant
determined by the quantum group of sl3 at a fourth root of unity studied in [11]. Thus con-
cluding the proof of Theorems 1.2 and 1.3. Unlike the R-matrix Λ1 and product of Alexander
polynomials, the R-matrices of Λ−1 and ∆sl3 are not conjugate. Yet, we will show that they are
weakly-conjugate.

Let r2 = 1 and ζ = r
√
−1 be a primitive fourth root of unity. We consider an 8-dimensional

vector space Z with 2-variable Laurent polynomial coefficients over C. The R-matrix RΛ−1

given in Appendix A.3 is expressed in the standard tensor product basis zi⊗ zj for 1 ≤ i, j ≤ 8.
Moreover, RΛ−1 determines an enhanced R-matrix (R̃Λ−1 , hΛ−1), where

R̃Λ−1 =
1

st
RΛ−1 ∈ End

(
Z⊗2

)
, hΛ−1 = st · diag(1,−1,−1, 1, 1,−1,−1, 1) ∈ End(Z).

5.2 The ∆sl3 link invariant

The ∆sl3 link invariant comes from an enhanced R-matrix (Rsl3 , hsl3) which is given in Ap-
pendix A.4 as determined by a certain quantum group representation V . This enhanced R-
matrix satisfies (P1) because of Schur’s lemma, i.e., V is a simple module. This representation is
also known to be ambidextrous in the sense of [10], as shown in [11] following [9], and therefore
satisfies (P2). Hence it leads to the link invariant ∆sl3 of [11].

To each vector in V , we assign a weight in the A2 weight lattice

wt(v1) = 0, wt(v2) = α1, wt(v3) = α2, wt(v4) = α1 + α2,

wt(v5) = α1 + α2, wt(v6) = 2α1 + α2, wt(v7) = α1 + 2α2, wt(v8) = 2α1 + 2α2.

The associated degree degi of the basis vector vj is the coefficient of αi in wt(vj). Extend the
weight function so that it is additive over tensor products, that is wt(vi⊗ vj) = wt(vi)+wt(vj).

The R-matrix respects this weight grading on V ⊗V . Therefore, any given weight determines
an invariant subspace. This justifies our presentation of the R-matrices in Appendices A.3
and A.4. Moreover, Rsl3 and R̃Λ−1 have the same support.
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5.3 Weak conjugacy between ∆sl3 and Λ−1

In this subsection, we show that the enhanced R-matrices Rsl3 and R̃Λ−1 are weakly-conjugate,
hence the corresponding link invariants coincide. To do so, we define the following invertible
linear maps:

σ : V → Z, (z1, z2, z3, z4, z5, z6, z7, z8) 7→ (v1, v2, v3, v4, ζv5, ζv6, ζv7, ζv8),

ν : V → V, vi 7→ t
−deg1(vi)
1 t

−deg2(vi)
2 vi,

γ : V ⊗ V → V ⊗ V, vi ⊗ vj 7→ ζdeg2(vi)deg1(vj)vi ⊗ vj .

Let φ = (σ ⊗ σ) ◦ (ν ⊗ idV ) ◦ γ ∈ Hom
(
V ⊗2, Z⊗2

)
.

Lemma 5.1. We have

φ ◦Rsl3 ◦ φ−1 =
[
R̃Λ−1

]
t=t−2

1 ,s=t−2
2
.

The equality of the lemma can be proven by comparing the two endomorphisms on invariant
subspaces of V ⊗ V . Let

φn =

( n⊗
i=1

σ ◦ νn−i

)
◦
( ∏

1≤i<j≤n

(γ)i,j

)
In this way, φ = φ2 is the intertwiner between R-matrices given in Lemma 5.1. Setting
νn−1 =

⊗n−1
i=1 ν and γn =

∏
1≤i<n(γ)i,n yields the identity φn = (φn−1 ⊗ idZ) ◦ (νn−1 ⊗ σ) ◦ γn

in accordance with equation (2.9). Equation (2.12) is satisfied for our choice of νn−1 be-
cause trn((1⊗ h) ◦ FT ) is a weight-preserving linear map and νn−1 is constant on weight spaces
of V ⊗(n−1). The endomorphism γn is constant on weight spaces determined by the weights of the
first n−1 and the last tensor factors taken as a pair. Since FT and h are both weight preserving
and the n-th partial trace operation preserves weight in the n-th tensor factor, equation (2.11)
is then satisfied. Similarly, equation (2.13) holds. Clearly, (2.10) and (2.14) hold for our choices
of σ and ν1, under the specialization of parameters. Thus, φn satisfies property (BC2).

Lemma 5.2. For each n ≥ 2 and 1 ≤ k ≤ n−1, there is an equality of morphisms on End(Z⊗n)

φn ◦ (Rsl3)k,k+1 ◦ φ−1
n =

[(
R̃Λ−1

)
k,k+1

]
t=t−2

1 ,s=t−2
2
.

Therefore, φn satisfies (BC1) for weak conjugacy.

Proof. Any morphism which does not act on tensor factors k or k+1 commutes with (Rsl3)k,k+1,
thereby reducing our considerations to conjugation of (Rsl3)k,k+1 by

((σ ⊗ σ) ◦ (ν ⊗ idV ) ◦ γ)k,k+1

◦ (νn−(k+1) ⊗ νn−(k+1))k,k+1 ◦
( ∏

1≤i<k

(γ)i,k(γ)i,k+1

)
◦
( ∏

k+1<j≤n

(γ)k,j(γ)k+1,j

)
. (5.1)

The second line of morphisms in (5.1) commutes with (Rsl3)k,k+1. This is because the morphisms
depend only on the weight of the vectors in the k-th and (k+1)-st tensor factors and R-matrix
preserves these weights. Now applying Lemma 5.1 to the conjugacy by (φ)k,k+1, the first line
of (5.1), and evaluating the change of parameters, we obtain R̃Λ−1 . ■

Since the enhancedR-matricesRsl3 and R̃Λ−1 are weakly-conjugate, it follows from Lemma 2.7
that the corresponding link invariants Λ−1 and ∆sl3 are equal, after a change of variables (t, s)→(
t−2
1 , t−2

2

)
. This concludes equation (1.1) of Theorem 1.3.
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A Explicit R-matrices

In this appendix, we give the four R-matrices that appear in our paper.

A.1 The R-matrix of the V1-polynomial

In this appendix, we give the enhanced R-matrix of the V1-polynomial whose explicit computa-
tion was discussed in [7]. We fix two variables t0, t1 and consider a 4-dimensional vector space W
with basis (e1, e2, e3, e4). We define a map Rr ∈ End(W ⊗W ) that depends on an additional
free variable r and can be presented in matrix form as follows, when written in the standard
basis (e1 ⊗ e1, e1 ⊗ e2, e1 ⊗ e3, e1 ⊗ e4, e2 ⊗ e1, e2 ⊗ e2, . . . ):

Rr =



−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0

0 −t0 0 0 t0 − 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 t0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 −r−1t−1
1 0 0 t−1

1 − 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 r−1t−1
1 0 0

0 0 −t1 0 0 0 0 0 t1 − 1 0 0 0 0 0 0 0
0 0 0 0 0 0 −rt1 0 0 0 0 0 r(t1 − 1) 0 0 0
0 0 0 0 0 0 0 0 0 0 t1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 rt1 0

0 0 0 −t0t1 0 0 (t0 − 1)t1 0 0 r−1(1− t0) 0 0 t0 + t1 − 2 0 0 0
0 0 0 0 0 0 0 rt0t1 0 0 0 0 0 t0 − 1 0 0
0 0 0 0 0 0 0 0 0 0 0 r−1 0 0 t1 − 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



.

The basis can be reordered, which presents the matrix in block form. Here (i, j) stands for
ei ⊗ ej :

Rr =

(1,1) (1,2) (2,1) (1,3) (3,1) (2,2) (3,3) (1,4) (2,3) (3,2) (4,1) (2,4) (4,2) (3,4) (4,3) (4,4)



−1 . . . . . . . . . . . . . . . (1,1)

. 0 −1 . . . . . . . . . . . . . (1,2)

. −t0 t0 − 1 . . . . . . . . . . . . . (2,1)

. . . 0 −1 . . . . . . . . . . . (1,3)

. . . −t1 t1 − 1 . . . . . . . . . . . (3,1)

. . . . . t0 . . . . . . . . . . (2,2)

. . . . . . t1 . . . . . . . . . (3,3)

. . . . . . . 0 0 0 −1 . . . . . (1,4)

. . . . . . . 0 0 −r−1t−1
1 t−1

1 − 1 . . . . . (2,3)

. . . . . . . 0 −rt1 0 r(t1 − 1) . . . . . (3,2)

. . . . . . . −t0t1 t1(t0 − 1) (1− t0)r
−1 t0 + t1 − 2 . . . . . (4,1)

. . . . . . . . . . . 0 r−1t−1
1 . . . (2,4)

. . . . . . . . . . . rt0t1 t0 − 1 . . . (4,2)

. . . . . . . . . . . . . 0 rt1 . (3,4)

. . . . . . . . . . . . . r−1 t1 − 1 . (4,3)

. . . . . . . . . . . . . . . −1 (4,4)

.

A.2 The R-matrix of the Λ1-polynomial

Fix two variables t0, t1 and a 4-dimensional vector space X over a field of characteristic zero
with basis (x1, x2, x3, x4). We can write the rigid R-matrix RΛ1 ∈ End(X ⊗ X) that defines
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polynomial Λ1 using the Garoufalidis–Kashaev construction in the natural basis for X⊗X, that
is (x1 ⊗ x1, x1 ⊗ x2, x1 ⊗ x3, x1 ⊗ x4, x2 ⊗ x1, . . . ):

RΛ1 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 t0 0 0 1− t0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −t0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 t0r 0 0 1− t0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −t0r 0 0

0 0 t1 0 0 0 0 0 1− t1 0 0 0 0 0 0 0
0 0 0 0 0 0 t1r

−1 0 0 0 0 0 (1− t1)r
−1 0 0 0

0 0 0 0 0 0 0 0 0 0 −t1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −t1r−1 0

0 0 0 t0t1 0 0 (1− t0)t1 0 0 t0(1− t1)r 0 0 (1− t0)(1− t1) 0 0 0
0 0 0 0 0 0 0 −t0t1r−1 0 0 0 0 0 −t0(1− t1) 0 0
0 0 0 0 0 0 0 0 0 0 0 −t0t1r 0 0 −t1(1− t0) 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 t0t1



,

A.3 The R-matrix of the Λ−1-polynomial

Fix two variables t, s and an 8-dimensional vector space Z with basis (z1, . . . , z8). The rigid
R-matrix RΛ−1 ∈ End(Z ⊗ Z) that defines the invariant Λ−1 can be decomposed in terms of
invariant subspaces in the natural basis for Z ⊗ Z. Rows and columns are labeled (i, j) to
designate the vector zi ⊗ zj , and r is an additional variable.

Six 1-dimensional invariant subspaces:

(1,1)

( )1 (1,1)

(2,2)

( )−s (2,2)

(3,3)

( )−t (3,3)

(6,6)

( )−s2t (6,6)

(7,7)

( )−st2 (7,7)

(8,8)

( )s2t2 (8,8)

Six 2-dimensional invariant subspaces:

(1,2) (2,1)( )
0 1 (1,2)

s 1− s (2,1)

(1,3) (3,1)( )
0 1 (1,3)

t 1− t (3,1)

(2,6) (6,2)( )
0 rs (2,6)

− s2t
r −s(1 + st) (6,2)

(3,7) (7,3)( )
0 − t

r (3,7)

rst2 −t(1 + st) (7,3)

(6,8) (8,6)( )
0 r2s2t (6,8)

s2t2

r2
−s2t(1− t) (8,6)

(7,8) (8,7)( )
0 st2

r2
(7,8)

r2s2t2 −st2(1− s) (8,7)

Six 6-dimensional invariant subspaces:

(1,4) (1,5) (2,3) (3,2) (5,1) (4,1)



0 0 0 0 0 1 (1,4)

0 0 0 0 1 0 (1,5)

0 0 0 rs r(1− s) 1 + s (2,3)

0 0 − t
r 0 1 + t t−1

r (3,2)

0 ts 0 s(1− t) 1− s s(1−t)
r (5,1)

st 0 t(1− s) 0 rt(s− 1) 1− t (4,1)
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(1,6) (2,4) (2,5) (5,2) (4,2) (6,1)



0 0 0 0 0 1 (1,6)

0 0 0 0 −rs r(s− 1) (2,4)

0 0 0 −rs 0 1 + s (2,5)

0 0 st
r −s(1 + t) s(1−t)

r
1+st
r (5,2)

0 st
r 0 0 0 1 + st (4,2)

s2t 0 ts(1− s) rst(s− 1) s(1− t) (1− s)(1 + st) (6,1)

(1,7) (3,5) (3,4) (4,3) (5,3) (7,1)



0 0 0 0 0 1 (1,7)

0 0 0 0 t
r

1−t
r (3,5)

0 0 0 t
r 0 1 + t (3,4)

0 0 −rst −(1 + s)t rt(s− 1) −r(1 + st) (4,3)

0 −rst 0 0 0 1 + st (5,3)

st2 0 ts(1− t) ts(1−t)
r t(1− s) (1− t)(1 + st) (7,1)

(2,8) (5,6) (4,6) (6,4) (6,5) (8,2)



0 0 0 0 0 r2s (2,8)

0 0 0 0 − st
r

s(t−1)
r (5,6)

0 0 0 − st
r 0 0 (4,6)

0 0 rs2t 0 rst(1− s) rst(s− 1) (6,4)

0 rs2t 0 0 −st(1 + s) s(t− 1) (6,5)

s2t2

r2
rs2t(1 + t) s2t(t− 1) st(1+st)

r −st(1 + st) s(t− 1)(1 + st) (8,2)

(3,8) (4,7) (5,7) (7,5) (7,4) (8,3)



0 0 0 0 0 t
r2

(3,8)

0 0 0 0 rst t(s−1)
r (4,7)

0 0 0 rst 0 0 (5,7)

0 0 − st2

r 0 st(t−1)
r

st(t−1)
r3

(7,5)

0 − st2

r 0 0 −st(1 + t) − t(s−1)
r2

(7,4)

r2s2t2 rst2(1 + s) r2st2(1− s) r3st(1 + st) r2st(1 + st) t(s− 1)(1 + st) (8,3)

(4,8) (5,8) (6,7) (7,6) (8,5) (8,4)



0 0 0 0 0 st (4,8)

0 0 0 0 st 0 (5,8)

0 0 0 −r3s2t rst(1− s) 0 (6,7)

0 0 st2

r3
0 0 st(1−t)

r3
(7,6)

0 s2t2 − s(1+s)t2

r r2s2t(t− 1) s2t(t− 1) st(t−1)
r (8,5)

s2t2 0 st2(1− s) −r3s2t(1 + t) rst(1− s) s(s− 1)t2 (8,4)
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One 10-dimensional invariant subspace:

(1,8) (2,7) (3,6) (4,5) (4,4) (5,5) (5,4) (6,3) (7,2) (8,1)



0 0 0 0 0 0 0 0 0 1 (1,8)

0 0 0 0 0 0 0 0 −r2s 1− s (2,7)

0 0 0 0 0 0 0 − t
r2

0 t−1
r2

(3,6)

0 0 0 0 0 0 −st t(s+1)
r 0 1−t

r (4,5)

0 0 0 0 −st 0 0 t(s− 1) 0 (1− s)t (4,4)

0 0 0 0 0 −st 0 0 s(t− 1) s(t−1)
r2

(5,5)

0 0 0 −st 0 0 0 0 −rs(1 + t) 1−s
r (5,4)

0 0 −r2s2t −rst(s+ 1) 0 r2st(s− 1) 0 0 −r2s(1 + st) (1− s)(1 + st) (6,3)

0 − st2

r2
0 0 st(t−1)

r2
0 st(t+1)

r − t(1+st)
r2

0 (t−1)(1+st)
r2

(7,2)

s2t2 st2(1− s) r2s2t(t− 1) rs2t(t− 1) st(1− t) r2st(s− 1) rst2(s− 1)
t(1− s)
×(1 + st)

r2s(t− 1)
×(1 + st)

(s− 1)(t− 1)
×(1 + st)

(8,1)

A.4 The R-matrix of ∆sl3

Fix two variables t1, t2 and ζ =
√
−1. Consider an 8-dimensional vector space V = V (t1, t2)

with basis (v1, . . . , v8).
Next define Rsl3 ∈ End(V ⊗ V ) in the standard tensor product basis (vi ⊗ vj). Given that

V ⊗ V is a 64-dimensional vector space, to ease the presentation of the enhanced R-matrix
(Rsl3 , hsl3) we define its action in terms of blocks (invariant subspaces). Once again, rows and
columns are labeled by pairs (i, j) to indicate the basis vector vi ⊗ vj .

We give the enhancement:

hsl3 = t−2
1 t−2

2 · diag(1,−1,−1, 1, 1,−1,−1, 1).

Six 1-dimensional invariant subspaces:

(1,1)

( )t21t
2
2 (1,1)

(2,2)

( )−t22 (2,2)

(3,3)

( )−t21 (3,3)

(6,6)( )
−t−2

1 (6,6)

(7,7)( )
−t−2

2 (7,7)

(8,8)( )
t−2
1 t−2

2 (8,8)

Six 2-dimensional invariant subspaces:

t22

(1,2) (2,1)( )
0 t1 (1,2)

t1 t21 − 1 (2,1)
t21

(1,3) (3,1)( )
0 t2 (1,3)

t2 t22 − 1 (3,1)

−t−1
1 t2

(2,6) (6,2)( )
0 ζ (2,6)

ζ t1t2 + t−1
1 t−1

2 (6,2)
− t1t

−1
2

(3,7) (7,3)( )
0 ζ (3,7)

ζ t1t2 + t−1
1 t−1

2 (7,3)

−t−2
1

(6,8) (8,6)( )
0 t−1

2 (6,8)

t−1
2 1− t−2

2 (8,6)
− t−2

2

(7,8) (8,7)( )
0 t−1

1 (7,8)

t−1
1 1− t−2

1 (8,7)
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Six 6-dimensional invariant subspaces:

(1,4) (1,5) (2,3) (3,2) (5,1) (4,1)



0 0 0 0 0 t1t2 (1,4)

0 0 0 0 t1t2 0 (1,5)

0 0 0 −ζt1t2 ζt2
(
1− t21

)
t2
(
t21 + 1

)
(2,3)

0 0 −ζt1t2 0 t1
(
t22 + 1

)
ζt1

(
1− t22

)
(3,2)

0 t1t2 0 t1
(
t22 − 1

)
t22
(
t21 − 1

)
ζ
(
t22 − 1

)
(5,1)

t1t2 0 t2
(
t21 − 1

)
0 ζ

(
t21 − 1

)
t21(t

2
2 − 1) (4,1)

(1,6) (2,4) (2,5) (5,2) (4,2) (6,1)



0 0 0 0 0 t2 (1,6)

0 0 0 0 ζt2 ζt2
(
t1 − t−1

1

)
(2,4)

0 0 0 ζt2 0 t2
(
t1 + t−1

1

)
(2,5)

0 0 ζt2 −
(
t22 + 1

)
ζ
(
t22 − 1

)
ζ
(
t1t

2
2 + t−1

1

)
(5,2)

0 ζt2 0 0 0
(
t1t

2
2 + t−1

1

)
(4,2)

t2 0 t2
(
t1 − t−1

1

)
ζ
(
t1 − t−1

1

)
t1
(
t22 − 1

) (
t22 + t−2

1

)(
t21 − 1

)
(6,1)

(1,7) (3,5) (3,4) (4,3) (5,3) (7,1)



0 0 0 0 0 t1 (1,7)

0 0 0 0 ζt1 ζt1
(
t2 − t−1

2

)
(3,5)

0 0 0 ζt1 0 t1
(
t2 + t−1

2

)
(3,4)

0 0 ζt1 −
(
t21 + 1

)
ζ
(
t21 − 1

)
ζ
(
t21t2 + t−1

2

)
(4,3)

0 ζt1 0 0 0
(
t21t2 + t−1

2

)
(5,3)

t1 0 t1
(
t2 − t−1

2

)
ζ
(
t2 − t−1

2

)
t2
(
t21 − 1

) (
t21 + t−2

2

)(
t22 − 1

)
(7,1)

(2,8) (5,6) (4,6) (6,4) (6,5) (8,2)



0 0 0 0 0 −t−1
1 (2,8)

0 0 0 0 −ζt−1
1 ζt−1

1

(
t−1
2 − t2

)
(5,6)

0 0 0 −ζt−1
1 0 0 (4,6)

0 0 −ζt−1
1 0 ζ

(
t−2
1 − 1

)
ζt−1

2

(
1− t−2

1

)
(6,4)

0 −ζt−1
1 0 0 −t−2

1

(
1 + t−2

1

)
t−1
2 − t2 (6,5)

−t−1
1 ζt−2

1

(
t−1
2 − t2

)
t−1
1

(
t−1
2 − t2

)
ζ
(
t21t2 + t−1

2

)
−
(
t1t2 + t−1

1 t−1
2

) (
1 + t−2

1 t−2
2

)(
1− t22

)
(8,2)

(3,8) (4,7) (5,7) (7,5) (7,4) (8,3)



0 0 0 0 0 −t−1
2 (3,8)

0 0 0 0 −ζt−1
2 ζt−1

2

(
t−1
1 − t1

)
(4,7)

0 0 0 −ζt−1
2 0 0 (5,7)

0 0 −ζt−1
2 0 ζ

(
t−2
2 − 1

)
ζt−1

1

(
1− t−2

2

)
(7,5)

0 −ζt−1
2 0 0 −t−2

2

(
t22 + 1

) (
t−1
1 − t1

)
(7,4)

−t−1
2 ζt−2

2

(
t−1
1 − t1

)
t−1
2

(
t−1
1 − t1

)
ζ
(
t1t

2
2 + t−1

1

)
−
(
t1t2 + t−1

1 t−1
2

) (
1 + t−2

1 t−2
2

)(
1− t21

)
(8,3)

(4,8) (5,8) (6,7) (7,6) (8,5) (8,4)



0 0 0 0 0 t−1
1 t−1

2 (4,8)

0 0 0 0 t−1
1 t−1

2 0 (5,8)

0 0 0 −ζt−1
1 t−1

2 ζt−1
2

(
t−2
1 − 1

)
0 (6,7)

0 0 −ζt−1
1 t−1

2 0 0 ζt−1
1

(
t−2
2 − 1

)
(7,6)

0 t−1
1 t−1

2 −ζt−2
1

(
t2 + t−1

2

)
t−1
1

(
1− t−2

2

)
−ζt−1

1

(
1 + t−2

2

)
ζ
(
t−2
2 − 1

)
(8,5)

t−1
1 t−1

2 0 t−1
2

(
1− t−2

1

)
−ζt−2

2

(
t1 + t−1

1

)
ζ
(
t−2
1 − 1

)
−ζt−1

2

(
1 + t−2

1

)
(8,4)
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One 10-dimensional invariant subspace:

(1,8) (2,7) (3,6) (4,5) (4,4) (5,5) (5,4) (6,3) (7,2) (8,1)



0 0 0 0 0 0 0 0 0 1 (1,8)

0 0 0 0 0 0 0 0 1 t1 − t−1
1 (2,7)

0 0 0 0 0 0 0 1 0 t2 − t−1
2 (3,6)

0 0 0 0 0 0 −1 ζ
(
t1 + t−1

1

)
0

(
t2 − t−1

2

)
ζt1 (4,5)

0 0 0 0 −1 0 0 t−1
1 − t1 0

(
t1 − t−1

1

)
t−1
2 (4,4)

0 0 0 0 0 −1 0 0 t−1
2 − t2

(
t2 − t−1

2

)
t−1
1 (5,5)

0 0 0 −1 0 0 0 0 ζ(t2 + t−1
2 )

(
t1 − t−1

1

)
ζt2 (5,4)

0 0 1 ζ
(
t1 + t−1

1

)
0 t1 − t−1

1 0 0 t1t2 + t−1
1 t−1

2

(
t1t2 + t−1

1 t−1
2

)
×
(
t1 − t−1

1

) (6,3)

0 1 0 0 t2 − t−1
2 0 ζ

(
t2 + t−1

2

)
t1t2 + t−1

1 t−1
2 0

(
t1t2 + t−1

1 t−1
2

)
×
(
t2 − t−1

2

) (7,2)

1 t1 − t−1
1 t2 − t−1

2

(
t2 − t−1

2

)
×ζt−1

1

(
t2 − t−1

2

)
×t1

(
t1 − t−1

1

)
×t2

(
t1 − t−1

1

)
×ζt−1

2

(
t1t2 + t−1

1 t−1
2

)
×
(
t1 − t−1

1

) (
t1t2 + t−1

1 t−1
2

)
×
(
t2 − t−1

2

) (
t1 − t−1

1

)(
t2 − t−1

2

)
×
(
t1t2 + t−1

1 t−1
2

) (8,1)
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Systems, Progr. Math., Vol. 340, Birkhäuser, Cham, 2021, 431–451, arXiv:1908.00118.

[13] Kashaev R., Mangazeev V., On braided Hopf structures on exterior algebras, J. Pure Appl. Algebra 229
(2025), 108135, 30 pages, arXiv:2505.15569.

[14] Kassel C., Quantum groups, Grad. Texts in Math., Vol. 155, Springer, New York, 1995.

[15] Ohtsuki T., Quantum invariants: A study of knots, 3-manifolds, and their sets, Ser. Knots Everything,
Vol. 29, World Scientific Publishing, River Edge, NJ, 2002.

https://doi.org/10.1142/S0218216592000094
http://arxiv.org/abs/2109.02057
https://doi.org/10.4171/qt/206
http://arxiv.org/abs/2206.12298
http://arxiv.org/abs/2409.03557
https://doi.org/10.1112/jlms.70522
http://arxiv.org/abs/2505.19251
http://arxiv.org/abs/2509.10911
https://doi.org/10.4171/prims/62-1-3
http://arxiv.org/abs/2311.11528
https://doi.org/10.1007/s00029-010-0046-7
http://arxiv.org/abs/1001.0985
https://doi.org/10.2140/agt.2013.13.3305
https://doi.org/10.2140/agt.2013.13.3305
http://arxiv.org/abs/1009.4120
https://doi.org/10.1112/S0010437X08003795
http://arxiv.org/abs/0711.4229
https://doi.org/10.3842/SIGMA.2026.025
http://arxiv.org/abs/2008.06983
https://doi.org/10.1007/978-3-030-78148-4_15
http://arxiv.org/abs/1908.00118
https://doi.org/10.1016/j.jpaa.2025.108135
http://arxiv.org/abs/2505.15569
https://doi.org/10.1007/978-1-4612-0783-2


22 S. Garoufalidis, M. Harper, B.-M. Kohli, J. Song and G. Tahar

[16] Reshetikhin N.Yu., Turaev V.G., Ribbon graphs and their invariants derived from quantum groups, Comm.
Math. Phys. 127 (1990), 1–26.

[17] Turaev V.G., The Yang–Baxter equation and invariants of links, Invent. Math. 92 (1988), 527–553.

[18] Turaev V.G., Operator invariants of tangles, and R-matrices, Math. USSR-Izv. 35 (1990), 411–444.

[19] Turaev V.G., Quantum invariants of knots and 3-manifolds, 3rd ed., De Gruyter Stud. Math., Vol. 18, Walter
de Gruyter, Berlin, 1994.

https://doi.org/10.1007/BF02096491
https://doi.org/10.1007/BF02096491
https://doi.org/10.1007/BF01393746
https://doi.org/10.1070/IM1990v035n02ABEH000711
https://doi.org/10.1515/9783110435221
https://doi.org/10.1515/9783110435221

	1 Introduction
	1.1 From knot polynomials to link polynomials
	1.2 Our results
	1.3 Plan of the proofs

	2 Link invariants from the Reshetikhin–Turaev functor
	2.1 A review of the Reshetikhin–Turaev functor
	2.2 Invariants of tangles
	2.3 Rotated tangles
	2.4 The Alexander R-matrix
	2.5 Conjugation of R-matrices
	2.6 Tensor product of R-matrices

	3 Extending V_1 to a link invariant
	4 Extending and identifying Lambda_1 to a link invariant
	5 Extending and identifying Lambda_{-1} to a link invariant
	5.1 Extension of Lambda_{-1} to links
	5.2 The Delta_{sl_3} link invariant
	5.3 Weak conjugacy between Delta_{sl_3} and Lambda_{-1}

	A Explicit R-matrices
	A.1 The R-matrix of the V_1-polynomial
	A.2 The R-matrix of the Lambda_1-polynomial
	A.3 The R-matrix of the Lambda_{-1}-polynomial
	A.4 The R-matrix of Delta_{sl_3}

	References

