Symmetry, Integrability and Geometry: Methods and Applications SIGMA 22 (2026), 048, 23 pages

1-Point Functions for Z,-Orbifolds of Lattice VOAs

Maneesha AMPAGOUNI

Department of Mathematics, University of California, Santa Cruz,
1156 High St, Santa Cruz, CA 95064, USA

E-mail: dampagou@ucsc.edu

URL: https://sites.google.com/view/maneeshaampagouni

Received May 07, 2025, in final form May 03, 2026; Published online May 13, 2026
https://doi.org/10.3842/SIGMA.2026.048

Abstract. In this paper, we compute the 1-point correlation functions of all states for the
Zo-orbifolds of lattice vertex operator algebras.

Key words: one-point functions; trace functions; modular invariance; lattice vertex operator
algebra; orbifold theory; vertex operator algebra

2020 Mathematics Subject Classification: 17B69; 11F11; 11F27

1 Introduction

The first example of an orbifold in the theory of vertex operator algebras is the moonshine
module V. It was constructed by Igor Frenkel, James Lepowsky and Arne Meurman [5] as
a Zo-orbifold of the vertex operator algebra associated with the Leech lattice. The construction
of the moonshine module can be generalized by replacing the Leech lattice with any even,
positive-definite lattice L of rank k = 8I, where | € Z* (the set of positive integers) such
that v/2L* is also even, where L* denotes the dual lattice of L, to obtain the Zs-orbifold of
the lattice vertex operator algebra Vi with respect to the involutive automorphism 6, where 6
is the lift of the (—1)-involution of the lattice L. This was first done explicitly by Dolan,
Goddard and Montague [1]. This condition on L is more general than unimodularity. When L
is unimodular, the orbifold that is obtained through this construction indeed coincides with that
of the holomorphic vertex operator algebra obtained through the cyclic orbifold theory given by
Ekeren, Méller and Scheithauer in [9)].

One of the most intriguing features of the moonshine module as it was initially constructed
was its character (1-point function corresponding to the vacuum state) being the modular func-
tion j(7)—744. The modular invariance of the character function was later explained by Zhu [10]
as a consequence of the axioms of the vertex operator algebras together with some finiteness
conditions. Thus modular invariance of characters of vertex operator algebras (VOAs) became
a subject of interest further. In [4], Dong, Mason and Nagatomo investigated the modular prop-
erties of 1-point functions corresponding to free bosonic VOAs and lattice VOAs and found that
the trace functions in these two theories have the shape f(q)/n(q)¢, where f(q) is quasi-modular
in the case of d free bosons and modular in the latter case. In analogy with these works, one
may study the modular properties of 1-point functions associated with the Zs-orbifolds of lattice
VOAs. This requires, as a first step, explicit computations of such 1-point functions, which is
the focus of the present paper.

In this paper, we focus on the computation of 1-point correlation functions for the Zs-orbifolds
of vertex operator algebras associated with unimodular, even, positive definite lattices L of
rank k = 8] where [ € ZT. The approach in this paper is inspired by the techniques developed
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by Geoffrey Mason and Michael Mertens in their paper on 1-point functions for symmetrized
Heisenberg and lattice vertex operator algebras [7]. We adopt and extend those techniques to
the Zs-orbifold setting to perform computations on the twisted sector and obtain results for the
1-point functions for the Zs-orbifold. While the work by Mason and Mertens sheds light on how
the 1-point functions traced over VL+ exhibit modular i 1nvar1ance with respect to a congruence
subgroup, our work finds the trace contributed by (VL ) (which is the +1-eigenspace of the
action of the (—1)-involution (f) on V' defined in Section 2.3). Combining the two traces, we
obtain the 1-point functions for the Zg-orbifold V' [9], which are expected to exhibit modular
invariance under the full modular group up to a character. This modular invariance is a property
that can be realized as a special case of [10, Theorem 5.1.1] when n =1 and it is verified in
Proposition 6.2. Further, we also observe that due to the structure of the twisted module,
the 1-point functions corresponding to the lattice states of the form hy [—ni]---hi,[-npleq
when o € L\2L vanish.

The main contributions of this paper are as follows:

1. We derive explicit formulas for the 1-point correlation functions of the Zs-orbifold of lattice
vertex operator algebras, as in the following theorems.

Theorem 1.1. Let L be a positive-definite even unimodular lattice of rank k = 81 (wherel € ZT).
Let V' be the Zs-orbifold of the VOA Vi, associated with the lattice L formed by the construction
of Dolan, Goddard and Montague [1] (also by [9]). For positive integers n; > 1, corresponding
to the Heisenberg state u = h;, [—n1] - - - hi,[—np]1, we have the 1-point function given by

1 Or(t, P, ~
Zy(u,7) =5 > W( Yo I 6umiBnin, (T)>

ACA o€lnvo(p\A) (rs)

i %W(T)W <@12(T)> " ( > I 6 Fnin, (T)>

o€lnvo(p) (rs)

+%n(7)k/2 <@22(T)> < S 1600 En s )>

o€lnvo(p) (rs)

+(_21)ln(7)’“/2 (632(T)> < > H‘SWS et )>

o€lnvo(p) (rs)

where A = {j € p | n; =1}, A is a subset of A of even cardinality, p = {1,2,...,p}, for a set S,
Invo(S) is the set of all fized-point-free involutions of the set S and Pa(«o) = H]EA<hZJ ,a). More
details about the notation can be found in Section 2.

Theorem 1.2. In the same setting as the above theorem, for positive integers n; > 1, a € 2L,
corresponding to the state u = h; [—n1] - - - hy, [-npleq, where ey is fo = e*+e™% or g, = e*—e™ @
accordingly as p is even or odd, respectively, the 1-point function is given by

Zrtw) = (A (5 IT 5. (7))

o (rs)(t

wa(r) (247 ) W(Z H 31 BB (1))

o (rs)(t)

F e ()T (ST P o),

o (rs)(t)
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where o ranges over all involutions of the index set S, = {1,2,...,p} and (rs), (t) range over
the 2-cycles and 1-cycles respectively in the decomposition of o in S, as a product of disjoint
2-cycles and 1-cycles. For o € L\2L, we have Zy (u,7) = 0.

2. We analyse the modular properties of these 1-point functions, confirming that they indeed
exhibit modular invariance under the full modular group (up to a character).

This paper is organized as follows: In Section 2, we provide a brief overview of the neces-
sary background and notation on modular forms, elliptic-type functions, theta functions, lattice
vertex operator algebras, the corresponding Zs-orbifold, and the square bracket formalism. Sec-
tion 3 outlines the methods used by Mason and Mertens, which we adapt for our purposes to
develop Zs-twisted Zhu theory. Here, we produce a reduction theorem for 2-point functions
traced over the twisted module V" and similar formulas were first produced in [2, Theorem 8.4].
In Section 4, we present some computations in the twisted space. In Section 5, we present
our main results, including the explicit computation of 1-point functions for the Zs-orbifolds
of lattice vertex operator algebras. In Section 6, we verify that these 1-point functions exhibit
modular invariance under the full modular group up to a character.

2 Background and notation

2.1 Modular forms and elliptic-type functions

Let H denote the complex upper-half plane, 7 a typical element in H and ¢ = €*™7. The
Dedekind eta function is defined as

n(r) =g @ -q".

n>1
The Bernoulli numbers By, are defined by
B
P P
k! (e —1)
k>0

The Eisenstein series for even positive integers k are defined by

By, 2
E = —_—— _— _ n
k(T) o &= 1) n§>10k 1(n)q",
where o;_1(m) = > dim d*=1 denotes the usual divisor sum function. We denote the level 2

Eisenstein series defined for positive k, by Fj, where Fj(7) := 2Ey(27) — Ex(7). Note that Ej(7)
is a modular form of weight k£ for the full modular group SLy(Z) as long as k # 2 and the
functions Fj, are modular forms of weight k£ for

To(2) = {(Z 2) lc=0 (mod 2)}‘

We use the same notation for renormalised Eisenstein series as in [7]

Brninlr) = (00 (") B,

Frgn (1) = (_1)n+1n<m+n -1

n

)P
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Additionally, we introduce a new notation for the following level 2 and level 4 modular forms
Em-i—n(T) = 27(m+n71)EA‘m+n(T/2) - Em+n(7)7
Fern(T) = 2_(m+n_1)Fm+n(7/2) - Fern(T)'

We also use the same notation for the following elliptic-type functions used in [7] as

enz

Pi(z,7) = L + Z T = 2 + ZEgk(T)z%*l = Es(1)z — ((2,7), (2.1)
2 0#n€Z (1 q ) z k>1

where ((z,7) is the Weirstrass zeta function for the lattice A = 27i(Z @ Z7), i.e.,

C(z,¢)=i+z< ! +i+z>, z € C\A.

2
z w w
wEA

The z-derivatives of the above Lambert series are thus

m —1)mtt 2k —1
P1( )(Z,T) =m! il 2”3“ + Z ( . )E2k<T)Z2k_m_l , m > 0.
k>1

We also use the function

eTLZ

Ql(Z,T) = ZW’

nel

whose higher z-derivatives have series expansions as follows:

manz (71)m+1

(m) — ne  _ 2k —1 2k—m—1
Ql (Z, T) = Z 1+ qn =m! W + Z < m FQk(T)Z (22)

nez k>1

for m > 0.

2.2 Theta functions

The theta function of an even lattice L of rank k with a positive definite bilinear form (-,-) is
defined by

op(r) = 7 gl
acl
We use the same notation as [7] for the following variant of the theta function:
Or(1,v,m) = Z(U,a>mq<o"a>/2
a€cl

for any vector v € L ® C and non-negative integer m > 0. We also require the following variant
of the theta function of a lattice L. For any function P: L — C, set

0r(r,P) := Z P(a)gl®)/2,
a€l

We follow the notation of [3] to denote the Jacobi theta functions by ©1, O, ©3, where

5

_ @)’ _y_n(T/2)? )
Oilr) =2 2= P T R
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2.3 Lattice vertex operator algebra V; and the Z,-twisted module VIT

Let L be an even, positive definite, unimodular lattice of rank k = 8[ (for some [ € Z1) with the
bilinear form (-,-): L x L — Z. The C-linear extension defines a bilinear form on h := L ® C.
Let (L,”) be a central extension of L by a cyclic group of order 2 (k) = (k | k* = 1) such that

1 > (K) s L > L 1.

Lete: L — ﬁ, a — e, be a section of I:, that is, a map e such that ~ o e = 1 such that ey = 1,
and denote by €y: L x L — Z/2Z the corresponding 2-cocycle, which is defined by the condition

eqes = lieo(o"ﬁ)ea+5 for a, 8 € L.
Further, define
e: LxL—-C*,  (a,p)— (=1)o@A)
We can choose € [8] (and hence ) so that it satisfies
e(a, B)e(B, o) = (—1){@AH{a)(B.p) e(a, @) = (—1){xe)H(ea)?)/2,

Define a faithful character x: (k) — C* by the condition x(x) = —1. Denote by C,, the one-
dimensional space C viewed as a (x)-module on which (k) acts according to x: x.1 = —1. Denote
by C{L} = Ind<LH>(CX = C[L] ®c(xy) Cx = C[L]/(k + 1)CI[L]. For a € L, set 1(a) =a®1 € C{L}.
The choice of the section allows us to identify C{L} with the group algebra C[L| twisted by the
2-cocycle €, viewed as a vector space, by the linear isomorphism [6]

CI[L] — C{L}, e” = 1(eq) for o € L,
where e” is the image of 1 through e, (realised through the action of L on C[L]). Recall that
for o, B,y € L, the action of L on C[L] is given by

e’ = e(a, B)eTP, k.e? = —ef for o, 8 € L.

Thus following the notation as in [7], we denote the Fock space of the corresponding Heisenberg
VOA of rank k with M and that of the corresponding lattice theory VOA with

Vi=M®C{L} =M QC[L] = ®ocr M ® €.

We further use the same notation as in [7, Section 2.4] for representing different Fock states
of V, after considering an orthonormal basis {h1, ha, ..., h;} of h. However, we use 6 to denote
the involutive automorphism of V;, which is a lift of the negating automorphism of L. To form
the Zo-twisted module VLT , consider the twisted affine algebra

hi-11= P bet"aCe

n€Z+1/2

Let S (6[—1]_) denote the symmetric algebra generateAd by the Z~-graded subalgebra of the
twisted affine algebra. Let the objects associated with L be defined as in [5, equations (7.1.6)—
(7.1.27)] and let T be any irreducible L-module such that x.v = —v for v € T. Observe that we
set s = 2 and thus w = —1 in the notation of [5]. Since L is unimodular, there exists a unique
such T'. The Z,-twisted module VLT is the space

VE=8([-1]7)®T.

Note that the elements of T are all graded by the L[0]-weight k/16 [5]. Further, for h; € b,
n; —1/2 € Z* U{0}, t € T, the action of § on the twisted module V' is defined by

O(hiy[—n1] - - b, [—nj] @ 1) = (=1)7 T8, [—nq] - - by [-nj] @ t.

]
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2.4 Zs-orbifold of the lattice VOA Vi,

The holomorphic Zs-orbifold V' of Vi, 1s thus formed from the fixed subspaces of the involutive
automorphism ¢, V C V;, and ( VLe) C V6 as [1 gv=vle VT )9. Moving forward, we
shall denote VL with V+ and (VL ) with (VL) and the —1-eigenspaces of 6 in Vi, and VL
with V" and (VL ) respectlvely We further use the same notation as in [7] for states in VL ,
where for a€Ll fo=e"+e % gy =e*—e

2.5 1-point functions

Also similarly as in [7], we denote the zero mode of v € Vj, with o(v) := v(k — 1) and extend the
definition linearly to every state u € V. Define the 1-point function for u € V' by

Zy (u,7) == Try o(u)g“ 0=/,

Further, for a module or a twisted module M of a vertex operator algebra V', corresponding to
a homogeneous state u € Vi, the trace function for u € V over M can be defined as

Zyr(u, ) == Tryy o(u)qL(O)_C/%.

2.6 Square bracket formalism

Suppose that V' = @, V}, is a vertex operator algebra of central charge c. We are going to define
some new endomorphisms v[n] for states v € V, called the square bracket modes. The round
and square bracket modes are related as follows: for m > 0 and v € Vj, we have

Y(v, 2] = Zv[n]z_”_l = Y(eZL(O)v,ez - 1),
nez

=m! Z c(k,i,m)v(i), m >0,

i>m

where

i
k—1
c(k,i,m)x™ = < , + ac)’ where ¢ > 0. (2.3)
i
m=0

3 Z,-twisted Zhu theory

3.1 Reduction theorems

For the twisted vertex operator defined as in [5], Y: V, — End(VLT) [[21/2, 2*1/2“, 21,29 € C,
¢ = €%, ¢ = e?™7_ define the twisted 2-point function on the torus as

FVLT((u, 21), (v, 22),7) == Tryr y(qf(o)% ql)Y(QQL(O)U, qz)qL(O)_C/24.

In this subsection, we obtain reduction theorems where we express the above twisted 2-point
function on the torus in terms of modular data and 1-point functions.

Theorem 3.1. For u,v € Vp,,

Fyr((u, 21), (v, 22),7) = > 2

p=0,1m>0

2—m—1

Zyr ((0Pu)[m]v, ) P{™ (212 + pri, 7/2),

where z91 ‘= 29 — 21 = —212.
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Proof. Since L is even, for m,n € %Z, we have the following twisted commutator formula
from [5]:

- m . .

[u(m), v(n)] =5 3 (1™ > (Z,)((@pu)(z)v)(m +n—i),
p=0,1 i€zt

and the above equation could further be rewritten as

). ¥ (@9 =5 ¥ -1 3 (7 ) v (@i

p=0,1 i€zt
Forne€ 3Z, k€Z,uc VL, (weight k L(0)-eigenspace of V1), v € Vf,

.Y @ Vv)] = 5 3 0P (v (@008 v m)a (3.)

7
p=0,1 <Y/

and we have
n : n—i n— n .
. (Z-)Y((HPU)(Z)@L Vv, ¢) g5 = g3 ’““Y(clzL Y <Z->(9”u)(z)v,qz>-
ieZt ezt
From (2.3), we have
n D, (), L(0) —i n k+1 N—k"i‘l L(0) / pp
> )Y (0P @) 0 e2)as ™" = Z Y (@ (07 (w) [m]v, g2).
Az m>0

We set r :==n — k + 1, we have
TrvLT {u(n)Y (qL(O),U q2) }qL(0)7C/24

(~1)Z" Tryrgh Y - *Y LO) (6P (w)) [m]v, g2) g~ O~/
p=0,1 m>0
+Tryr 1Y (g5 V0, go)u(n) yg* O =/,
Tryr {u(n)Y (g5 v, g2) hg" O /2
1 —c
=3 S T g Y Ty (@O @), ) O
p=0,1 m>0
+4q" TrVLT {Y(qQL(O)v, qg)qL(O)_C/M}u(n). (3.2)

1
2

Since Tr(AB) = Tr(BA), the last term above can be rewritten as follows:

TTVT{u( (qL(O)v a2 )}qL(O)—c/24

(—1)%" TrquQZ*Y (g2 (67 (u))m]v, g2 ) g~/
p=0,1 m>0

+q ’I‘I'VE{U(n)Y(qL(O)U @)q L(O)—c/24}’
TTVLT{ u(n )Y(qg( )}qL(O) c/24
1

5 S0 (1Y e ¥ (O 0 ) v, 02) O/

p=0,1 m>0

(NN
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+4q" TrVT{u n Y(qQL(O)v q2)qL(0)_C/24},
TTVLT{“(”)Y(qz( v Q2)}qL(0) o2

=2 Y 0P Y Dz (0wl )

p=0,1 m>0

+q" Tryr {u(n)Y (¢ v, g2) g0 =/24},

For » = 0, the above equation says that

2. (=1)*P"Zyr ((67(w))[0]v, 7) = 0.

p=0,1
For r # 0, the above equation gives

TrVLT{u(n)Y qL( v,q2) }q )—c/24

a5 o rm »
= So gy 2 GV 2 (0w, 7). (3.3)

p=0,1 m>0

However, observe that the commutator formula (3.1) is non-zero only when n ¢ Z (i.e., r # 0)
and hence the 2-point function we defined above can now be written as

Fyr((u,21), (v, 22), Z ¢t *1Trvg{u<n>y(q” v, q2) -0/
ne; 17
= X aggog 2 2 12 2y (6P0) o, 7)
ne%Z,r;éO ) Z0r0 m

1) ahqy
— Zyr ((07u)[m]v, 7')7‘"112_71(174.

X X z<‘

m=>0 nE%Z,T’;&O p=0,1
We set ¢o1 = ‘q’—f, then

ST ¥ re

reiZr#0p=0,1

ZVT (0Pu)[m ]v,T)rm(lq_glqr).

The above expression can be written as

2pr m QSl _9—m (m) .
Z Z a-q) 2 Z P (201 /2 + pri, 7/2).

p=0,1,¢l 5Z,r#0

Thus expression in (3.4) can be rewritten as

FVLT((u,zl) v, 22), Z Z

p=0,1m>0

9—m— 1 m
Zyr ((0Pu)[m]v, ) P{™ (2012 + pri, 7/2). u

Theorem 3.2. The twisted 2-point function can be rewritten as
L L _
TrVE Y(ql (O)U, ql)Y(CI2 (O)U’ qQ)qL(O) o2 = ZVLT (YZ [U, ZIQ]U? T)7

where Yz[v,z] ==Y, c,v[n]z™"7L, i.e., the restriction of the twisted vertex operator'Y (which is
also referred to as YVLT occasionally in the paper) to integer-modes.
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Proof. From the associativity [5, formula (9.3.52)], we have
YVLT (U, z1 + ZQ)YVLT (U, 22) = YVE (YVL (U, Zl)’U, 22),
using which we have
Tryr Yyr (u, 21 + zg)YVLT (v, z9) g (O)—¢/24 = Tryr Yyr (Yo, (u, 21)v, 22) MO =¢/24,

Further, in [7, Theorem 10] we have the 2-point function Fy ((u,z1), (v,22),7) rewritten as
Zy (Yu, z12]v, 7). Using a similar argument, we have

Tryr Y (g7 " w, 1) Y (g57v, g) gH O/
= Tryr V(Y2 (qlL(O)% ¢ — qg)qQL(O)v, q2)qL(O)—c/247

and thus we obtain the required result. |

3.2 Recursion formula

In this subsection, we obtain a recursion formula where we express 1-point functions in terms
of modular functions and 1-point functions of states of lower weight.

Theorem 3.3. Foru,v eV, ,n>1,

1\ _
Zpul-nlor) = 3 (o) Bsalr)Zyg ulle, ).
m>1
Proof. From Theorems 3.1 and 3.2, we have

2—m—1

m) (% . T
ZVLT(YZ[U, z12|v,T) = Z Z — ZVLT((Gpu)[m]v,T)Pl( ) (% + pmi, 5) .
p=0,1m>1 ’

Since
P™(z/2 + mi, 7/2) = 27 P (2, 7) — P (2/2,7/2), (3.5)
we have

ZVLT (Yz[u, z12]v, 7)




10 M. Ampagouni

For n € Z*t, comparing coefficients of 2" above gives us
, p 12

Zpul=alo.r) = S0 (") Bl 2y (00l )

= m
+n—1
£ N (m1)mHLg—(mn) <m >Em (/2
PO ) Bn(r/2)

% (Zyr (ulmlo,7) — Zyr ((Bu)m]v, 7).

3.3 Twisted reduction theorems

For w,v € V, we can define modified twisted 2-point functions on the torus

F(VLT)+(<U, 21), (v, 22),T) = Tryry+ Y(qlL(O)u, (J1)Y(q2L(0)v, q2)qL(0)—c/24'

In this subsection, we obtain expressions for the above modified twisted 2-point functions on
the torus in the form of theorems analogous to the reduction theorem in Section 3.1. Before we

prove the main theorems, we shall recall the following lemma from [7, Lemma 12].

Lemma 3.4. Let the finite-dimensional linear space X = X1 & Xo decompose as indicated, and

let f,g € End(X) be a pair of endomorphisms mapping X1 — X9 and Xo — Xj.

following statements hold:

(1) We have Trx, fg =Trx, gf.

(2) We have Trx, (fg+gf) = Trx fg.
(3) If Trx fg =0 then we have Trx, fg = —Trx, gf.

Theorem 3.5. For u,v €V, ,
F(VLT)+ ((U, 21)7 (Ua ZQ)? T)

D3 %Q§m><zzl/2 + pri, 7/2) Zyry+ ((07u)[m]o, 7)

p—O 1m>0

) (221/2 + pri, 7/2) — Q™ (201 /2 + pri, 7/2))

p 0,1 m>1
X ZvLT((9p(U))[m]vaT)-

Proof. For u,v € V; and m,n € %Z,

u(m): (VE)" = (V)" ey (V)T = (VD)

and when u € VL(k)’

F(VLT)+((U,Z1) v, 22), Z qf n—1my W) +{u ( 0, qz)}q )—c/24
nesz iz

Then the

Using the commutator formula (3.1), and a similar argument as before, where r .= n — k + 1,

we have

Tr(VLT)+{u(n)Y(q§(0 v qz)}qL(O) ¢/24
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Y Yz (@@l

p=0,1m>0

+TT(VLT)+{Y(Q Yy L q2)u( }q )=e/24

LY Yz (@@l

p=0,1m>0
0 T (Y (@00, 02) PO )},

Using Lemma 3.4, we have

*qz IDE 2” vT>+((9”(U))[m]v, 7)

p=0,1m>0
L(0)

- Tr(VLT)+{U(n)Y(q2 v, q2) "0
+ 0" Trom (Y (0 Vv, 02) O~/ u(n) }.
Thus, we have

Tr (W) +{u Y(qL(O)U q2)qL(0)—C/24}

0 S D Zy (6wl )

p=0,1 1 + q m>0
q L(0 e
e T Y (@, 2)a O ()}
Using (3.2),
,,,.m
> Z Z 1) —Zyry+ (67 () [m]v, 7)
p 0,1 1 + q m>0 m! L
L(0 e
T {TYVLT (“(H)Y(qz( v, g2) MO~/
1
5 X X P 2y (@)l ) .
p=0,1m>0

Thus, we have
Tr W) +{u Y(qL(O)U qZ)qL(O)—c/24}

1)21”’"%{Z(VLT)+((9p(u))[m]v, ™) = Zyr (0 (u))[m]v, 7)}

p 0, 1 m>0
1 L(0 L(0)—
+ WTTVLT (u(m)Y (g5 v, g2) g0/,

Note that when u,v € V', Tryr o(u)o(v)qH0=¢/24 = 0 since both o(u) and o(v) are zero as
we set for o € b, a(n) =0 for n € Z (see [5, equation (9.1.13)]). Since u,v € V; , we have

Tryry+ o(u)o(v)g 0=/t = Tryr o(u)o(v)g“0=¢/24 = 0. (3.6)
When r # 0, using (3.3) we have

Tr oy {u(n)Y (g v, o) "=/}
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1 s 1—-4" opr T
:221+qT<1—qT 2 (=D
p=0,1

m>0

x {Z<vg>+<<ep<u>>[m]v )= 2y (@ )l )}
1 T
g ( 7 ) > Y (N Zy (67 (w) o, 7).

p=0,1m>1

That is, we have

Tr (W) +{u Y(qL(O)U q2)qL(0)—C/24}

(02" L Zr (07) ], 7)

p 0, 1 m>0 me
—i—l %7 E (—1)2pT—TmZ 7 ((6Pu)[m]v, T)
2 1—¢?% m! Ve T
p=0,1 m2>1

Returning to the 2-point function we defined above,

F(VE)-&-((“H Zl)? (Ua 22)3 7—)
= > d T Ty {um)Y (a5 v, ) bt O/

nelZ

- G "
DI > (@0l
p 01r¢0r€ Z '
- 0514 r
F3 2 X R S A () e )
p 0.1r£0,re17 v m21
+ Tr(VLT)+ o(u)o(v)qL(O)fc/M.

Using (3.6), we have

" rm 1 1
DI Z 2w (@)lmlv.r) =5 3 52wy (67w)0lo.7)
p 0,1pel 52 ¢ " p=01
- 519" r
4z Z Z 1) % Z ﬁZVLT((Hp(“))[m]U’T)
p 01r#0r€ Z q m>1
1 2—m
=3 Z Z ﬁQ(l (221/2 4 pmi, 7/2) Z(yr)+ ((07u)[m]v, T)
p=0,1m>0 m:
1 1 )
—3 2 S (@0l
p—Ol

Y X 0 (e ) (@)l

p 0,1 r#0,r€L7 m>1
1 2-™m
=3 Z Z WQg (221/2 +pri, 7/2)Z VI)+ +((6Pu)[m]v, T)
p—O Im>0

z21/2 + pri, 7/2) — ( (221/2 + pmi, 7/2))

p 01m>1

x ng((H”( ))[m]vﬁ)-
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Now, using (3.6), we have

:% Z Z %Qg (221/2 +pri, 7/2)Z VT +((6°u)[m]v, )
p*01m>0 :

221/2 + pri, 7/2) — ( (221/2+p7ri,7/2))

p 01m>1
x ng((9p( ))[m]vﬁ)- u

Theorem 3.6. For u,v € V; , the modified twisted 2-point functions can be rewritten as

Tryry+ Y(qlL(O)U, Q1)Y(QQL(O)U7QQ)QL(O)_C/24 = Zwry+ (Yzu, z12]v, 7).

Proof. Similar to the proof of Theorem 3.2. |

3.4 Twisted recursion formulas

In this subsection, we obtain recursion formulas for trace functions of states in VEr traced
over (VL ) analogous to the recursion formula obtained in Section 3.2. Before we prove the
main theorem, we shall recall the following lemma from [7, Lemma 3].

Lemma 3.7. The following hold:

(1) Laurent series expansions for Pi(z,7) and Q1(z,T) are as in (2.1) and (2.2), respectively.

(2) With respect to the variable z, Pl(m)(z, T) and ng)(z, T) for m > 0 are odd functions if m
is even and even functions if m is odd.

(3) We have Q1(z,7) = 2P1(2,27) — Pi(2,7) and Q1(z,7) is an elliptic function for the lat-
tice 2mi(Z @ 27Z).

Theorem 3.8. Foru,v eV, ,n>1,

_ 1
Z(VLT)+ (U[—TL]’U7 T) = FO—}—n(T)Z(VE)vL (U[O]'U, 7') -+ EF"H'”(T)Z(VLT)JF (u[m]v T)
m>1
+ = Z Evmin(r) = Frnin(7)) Zyr (u[m]o, 7).
m>1
Proof. We have
Q™ (/2 + 7, 7/2) = 27 T1Q™ (2, 7) — Q™ (2/2,7/2). (3.7)

Using Theorem 3.6, we have
F(VLT)7L ((uv Zl)? (U, 22)7 T) = Z(VLT)+(YZ [uv 2’12]1), T)
and from Theorem 3.5,

Z(VT)+(YZ[U 2’12]1} T)

= Z > —'Ql (221/2 + pi, 7/2) Zyry (0Pu)[m]v, 7)

p 0,1 m>0

™ (291/2 + pri, 7/2) — Q™ (221/2+pﬂ'i,7/2))

p 01m>1
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% Zyr (6" (w)imlo, 7).
Using equations (3.5), (3.7), we shall rewrite the above equation as
Zyry+ (YZ[u z12|v, T)

5 Z —Ql (221/2.7/2) Zoyry+ (ulm]v, 7)

m>0
- Z — ™ (291 /2 + i, 7/2)Zyry+ ((Qu)[m]v, )
m>0
* ;m>1 22(_7;(131(7”)(221/1 7/2) = Q™ (201/2, 7/2)) Zyg (ulmlo, 7)
4+ Z 221/2 + 7, 7/2) — ( (221/2 + Wiﬂ'/z))ZVLT((@U)[m]UaT)-

Thus, we have

Z(VT) (Yz[u Zlg]v T)

53 2 QU e 2,7/ Z s (o, ) — Ziy - (Bw) o, 7))

m>0

1 2 _m
=D QQS (21,7 vy ((Bu) o, )
m>0 "

)(201/2,7/2) — Q™ (201/2,7/2))

. {ngw[mw) — Zyr(6u)lmlo, )}
2 5 (P o) = Q1 z21.7) 2 (0o 7).

Now using Lemma 3.7, we shall rewrite the above as

Z(VLT)+ (YZ [u, 2’12]'0, 7')

_1\ym+lo—m
- % 2 (l)rm!QQﬁm)(m/l7/2){Z(VE>+(“[W}”’T) ~ Zwpys (Ow)mlo, )}
m>0
_1\ym+1

+% (17)m2 U (212, 7) Zgyry - (0w)[m]o, 7)

m>0

m+lg—m

* % : 1;(771!)2 (P™ (212/2,7/2) — Q" (212/2,7/2))

m>1

< {Zyr (ulmlo,7) - Zyr ((6u)lmlv, 7))

(P e12,7) = Q" e12,) Zg (Gl ).

Comparing the coefficients of 275! above (where n € Z1), we have

Z(VLT)+ (u[-n]v, )
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— % Z (_1)m+12—m—n+1 <m +n— 1) Fm+n(7-/2)

m
m>0

xAZwyrys (ulmlo, 7) = Zyry 4 ((Ou)[m]v, 7)}

#5202 T B (02 (00 o)

m>0 "
_1\m+lg—m—n+1 m n —
+ ;mzx = +22 - ( +m 1) (Emtn(7/2) = Frnan(7/2))

x {Zyr((w)mlv, 7) = Zyr((0u)lm]v, 7)}

—1)mH2 fm 4 n —
v % 3 (1)+2< + 1) (Buren(7) = Frven (7)) Zyr (00 [m]o, 7).

2 m
m>1

Since u € V; , we have fu = —u, and hence
Zyry+ (ul=njv,T)

— Z (_1)m+12—m—n+1 <m +n— 1> Fm+n(7/2)Z(VLT)+(u[m]v, 7_)

m>0 m
_ Z (—1)m+t <m +7:;L — 1>Fm+n(r)Z(VL:r)+(u[m}v, T)
m>0
#5  (mzm (M T (/2) = B/ 2 Culnlo. )
m>1
_ ;mzl(—l)m—&—l (m +7Z - 1) (Emn(7) = Frrgn(r) Zyr (ulmlv, 7).

Using the notation for renormalized Eisenstein series, we have

Z(VLI")+(U[—H]U, 7_) _ Z %{Q—m—n-i-lﬁ‘m_,'_n(T/Q) — Fm+n(7)}Z(VLT)+(u[m}v, 7’)
m>1

+ {27 Eon(7/2) = Foan(1) } 2+ (ul0]o, 7)

3 Y T Bia(/2) — Bianlr)} 2y (a7

m>1

- % Z %{27min+1Fm+n(7/2) - Fm‘*‘”(T)}ZVLT (u[m]v, 7).

m>1
Thus, the above can rewritten as
Z(VE)+ (U[—n]'l)7 7') = FO+N(T)Z(VE)+ (U[O]’U, 7') +

+ é Z %(Em—‘rn('r) - Fm-i-n(T))ZVT (u[m]v, 7_)' u

L
m>1

4 Calculations in the twisted space

In this section, we perform certain computations as applications of the theorems we obtained in
the previous section.
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4.1 In the twisted module

Here we derive formulas corresponding to the twisted space using the recursion formula we
obtained in Section 3.2.

Theorem 4.1. For positive integers n; > 1, corresponding to the state u = h; [—nq]---
hip[—np]ea, where eq = fo 0r go according as p is even or odd respectively, we have

Z( {Z H 617“715 ne nr+ns( )}Z(VLT)(faaT)a

o (rs)(t)

where ink (1) = (hi, @) En, (T) where (-,-) is naturally extended from L toh = L ® C and o
ranges over all involutions of the index set Sy, = {1,2,...,p} and (rs), (t) range over the 2-cycles
and 1-cycles respectively in the decomposition of o in S, as a product of disjoint 2-cycles and
1-cycles.

Proof. Let v i= hj,[—na] - - - h;,[-np]eq, then Theorem 3.3 gives

Zupy (1) = 32 () Bowenlr) 2 (s o).

m>1
Since
P
Z hiy[m]v = Z Giy ;15 (V\J)
m>1 j=2

where v\j denotes the state obtained from v by deleting the operator h;;[—n;], we have

p
VT U, T) Zén i Enjing ( )ZVLT(U\]', T)
7j=2
=+ <hi17 a>{2_(n1_1)En1 (7—/2) - Em (T)}ZVLT ('Ul, 7—)7

where v" denotes the state v’ := hj,[—na] - - - hi,[—ny)el, and e, = go or fo according as e, = fq
or gq, respectively. Thus similarly as in [7] one can easily obtain using induction that

L (Z H irsia By By, (7 >)ng<fa,7>. m

An immediate corollary of the above theorem is the following.

Corollary 4.2. For positive integers n; > 1, and even p, corresponding to the state u =
hiy [=n1] -+ - hi,[-np]1, we have

Z( {ZH(S@“Z& n7+n5 )}Z(VLT)(]-?T)v
o (rs)

where o ranges over all fized point free involutions of S, and (rs) ranges over all 2-cycles in the
decomposition of o in Sp.

Proof. Evaluate the above theorem at o = 0. [ |
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4.2 Outside 2L

Here we obtain formulas corresponding to certain states in V]f whose lattice part comes from
an element outside 2L.

Theorem 4.3. If a € L\2L, for positive integers nj > 1, corresponding to the state
w = hi [=na] - hi, [—npleq,
where eq = fo 0T go according as p is even or odd, respectively, we have
Z( { Z H 5lr,zs e (T) Fnyony (T)}Z(Vgﬁ(faa 7)
o (rs)(t)

where Fnk( 7) = (hi, @) Fp, (T) where (-,-) is naturally extended from L toh = L ® C and o
ranges over all involutions of the index set S, = {1,2,...,p} and (rs), (t) range over the 2-cycles
and 1-cycles respectively in the decomposition of o in S, as a product of disjoint 2-cycles and
1-cycles.

Proof. Let v := hy,[—na]---hi,[-npleq, v = hiy[—na] - hi, [-ny)el,
according as e, = f, or g, respectively. From Theorem 3.8, we have

Z gy (ul=nlo,7) = Forn(r) 2y (l0]o, 1)+ 3~ Fonn(r) 2y (ulmo, 7)

where €/, = g, or f,

m>1
1 1 — _
+ 3 2 p— (Em+n(7) — Fm+n(7')) ZVLT(u[m]U, 7).
Thus
_ 1
Zyry+ (s ) = F0(7) Zyry+ (hiy [0]v, 7) + Z <> Fpin (1) Z gy (hiy [m]v, 7)
m>1

If o ¢ 2L, since Zyr (hi, [m]v, 7) = 0 due to the structure of T', we have

Zrys (0.7) = Fapsol™) Zypy- “vf+2()7Wuwwmmmmm
m2>1

Zyryr (u,m) = {27V, (7/2) = Foy (1)} 2y (hiy (00, 7)

+ Z < ) {2 (nj+n1— I)Fn]+7l1 (7/2) FTLJ‘+TL1 (T>}Z(VE)+(h741 [nj]’l),'r)7
Ziyrye (u,7) = hil,a {27m=VE, (r/2) - (M)} Zyrye (Vs 7)

+Z5217 {27 (7/2) = By (1)} Z gm0\, 7),
7=2

which can further be rewritten as

p
Zyrye (u,7) = Foy (1) Zyrys (v, 7) + > Giri Fyamy (T)Zyry+ (V\J, 7).
=2

Thus, we have

o (rs)(t)
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4.3 At Heisenberg states

Here we obtain formulas corresponding to the Heisenberg states in VL+ .

Theorem 4.4. For positive integers n; > 1 and p even, corresponding to the state u =
hi, [_nl] T hip[—np]l, we have

1 1
Z(VE)+(u7 7-) ZVT u, T Z H 517‘,’55 nr“l’nS ) {Z(VE)+(1’ T) - 2ZVE(177—)} ’

o€lnvo(p) (rs)
where p == {1,2,...,p} and Invo(p) is the set of all fized-point-free involutions of p.

Proof. From Theorem 3.8, if v := hy,[—na] - - - h;,[-np]1, then for n = ny, we have

Z( Z Fm+n Z(VT)+(hZ1 [m]U,T) + % Z (Em-‘rn(T) - Fm-i—n(T))

m>1 m>1
X Zyr (hi, [m]v, T).

Using Heisenberg relations, we have

M-

_ . 1 .
Ly (.7 = 3 B P (1) { Zeyy 00 7) = 2 0V}

7j=2
12
+ = Zéll,l] n1+n] )ZVLT(U\jvT)7
j:2
1 P 1
Z(VLT) +(u, ) — inT u,T) = 25“71] ny+n; (T) {Z(VLT)+(v\j, T) — 2ZVLT(U\]',T)}.

7j=2
Using induction further, we obtain
1 — 1
Zivrys (um) = 5 Zyr (u,7) = > 1% iFnpin.(7) Zyry(L7) = 5Zyr(Lr) . W
a€lnvo(p) (rs)

4.4 Inside 2L

Here we obtain formulas corresponding to certain states in VLJr whose lattice part comes from
an element inside 2L.

Theorem 4.5. For positive integers nj > 1, a € 2L, corresponding to the state u = h;, [—nq] - - -
hip[—np]ea, where eq 1S fo 0T go according as p is even or odd respectively, we have

Z( <Z H 5zr,25 nt nr—i-nS(T)) {Z(VLT)“'(fOHT) — ;ZVLT(fa,T)}

o (rs)(t)
+ §ZVLT (U, T)a
where o ranges over all involutions of the index set S, = {1,2,...,p} and (rs), (t) range over

the 2-cycles and 1-cycles respectively in the decomposition of o in S, as a product of disjoint
2-cycles and 1-cycles.
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Proof. For u,v € V, , from Theorem 3.8, we have

Z(VE)JF (u[—n]v, T) = FO—F’n(T)Z(VE)Jr (U[O]'U, T) +

+ - Z m+n - Fern(T)) ZVLT (U[m]va T)'

m>1

Let v := hy[—no] - hi,[-nplea, v = hi,[—na]--- hi,[-nple,,, where we use same notation as
earlier for e/,. Then similarly as earlier, we have

p
_ ) 1 .
By ) = 3 P (1) Zigy (01 7) = 5 20 (0\07) |
J:

p
Z (S'lezj n1+n3 )ZVLT ('U\j, T) + Fnl (7—)Z(VLT)7L (Ula T)a
7=2

_l’_

N =

which can be rewritten as
1 P 1
Z(VLT)Jr(U, 7') *ZVT u, 7' = Z 511,17 n1+nj ) {Z(VLT)JF (U\j, 7') - §ZVLT (U\j, T)}
322

Due to the structure of T', we have ZVT (v ,7') = 0. Thus, we can rewrite the above equation as

1 . 1 .
Zyry+ (u, ) — *ZVT u,T) 25117% na+n; (T ){Z(VLT)+(U\J>7') - QZVLT(U\LT)}

1
+Fn1(7-) {Z(Vg)+(’ul”r) - QZVE(U/7T)} .

We thus have

1
Z(VLT)+(U7 T) - §ZVLT(U77—)

— (Z H 61*,‘,1‘5,?% (T)Frpim, (T)) {Z(VLTV(fO"T) B % VLT(fa’T)} . .

g (rs)(t)

5 1-point functions

In this section, we write down the explicit formulas for the 1-point functions of all states in the
Zs-orbifold of the lattice vertex operator algebra. Recall that [ = k/8 where k is the rank of the
lattice L.

Lemma 5.1. We have

0r,(7
Zy,(1,7) = n?i)g, (5.1)
)\ k2
Zyr(1,7) = n(r)"/? (92”) , (5.2)
- T
Zy+(1,7) = ;f]ﬁ)g + %n(T)’f/Q (912( )) , (5.3)

)\ R/2 )\ k72
Z(VE)*(]"T) = %7](7—)’?/2 { <®22( )) + (_1)1 <@32( )> } ) (54)
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Proof. We know equations (5.1), (5.3) from [7, Lemma 7] and equations (5.2) and (5.4) can be
obtained using similar counting. |

Lemma 5.2. For a € L\2L, we have Zvj(fow 7)=0, Z (VY +(fa,7) =0. For o € 2L,

/o) (a,a)—k/2
ZV;(fOU T) = n(T)k/2 <12(T)> )

- (a,0)—k/2
%ng(fam) = n(r)*/? { (925 )> } :

(o) = ()2 { (622(7))<a,a>—k/2 +(-1)’ <@32(r)> <a7a>—k/2} .

Proof. Similarly as in [3]. [

We have the following formulas for 1-point functions in the Zs-orbifold V' of Vi, given by
v=vte V"

Lemma 5.3. Suppose V is the Zy-orbifold of the lattice VOA Vi, corresponding to the (—1)-
involution as defined in Section 2.3, then we have

. )\ k72 )\ k2 NS
Zy(1,7) = ;%)2 + %77(7)’“/2 { <@12( )> + <@22( )> +(-1)! (@32( )> }

and for o € 2L,

Zy (fa.7) = 0(r)*/? { (612(7)) T <@22(T)><a’a>_k/2+ 1! <@32(7')> <a’a>—k/z}

for a € L\2L, Zy(fa,7) = 0.

Proof. Using Lemmas 5.1 and 5.2, this follows. |

Theorem 5.4. Suppose V' is the Za-orbifold of the lattice VOA Vi, corresponding to the (—1)-
involution as defined in Section 2.3, then for positive integers n; > 1, corresponding to the
Heisenberg state u = h; [—n1] - - - hy, [-ny|1 € V, we have

1 0r(r, P,
Zy(u, 1) = 5 Z W( Z Hdlrﬂs s ))

ACA o€lnvo( p\A (rs)

—i—%n(T)k/Q (@12@) ( > H%,zs Rt ( ))

a€lnvo(p) (r

+%77(T)k/2 <622(T)> < > Héi,-,z‘sEnr+ns(T)>

o€lnvo(p) (rs)
—1)t Q5(r)\ "2 —
+ (2)77(7-)k/2 (32()> ( Z H 5ir7i5Fnr+ns (7—)> )
o€lnvo(p) (rs)

where A = {j € p| nj = 1}, A is a subset of A of even cardinality and

Pa(a) = [ (P, ).

JEA
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Proof. Using Lemma 5.1 and [7, Theorem 22|, we have

1 Or(r, P .
Zyptur) =5 3 B (S [T ()

ACA a€lnvo(p\A) (rs)

+ %n(T)k/Q (@12(T)> o ( Z H%,ianﬁnS(T))-

a€lnvo(p) (rs)

Further, using Theorem 4.4, Lemma 5.1, Corollary 4.2 and the above equation, we have the
required result. |

Theorem 5.5. Suppose V' is the Zy-orbifold of the lattice VOA Vi, corresponding to the (—1)-
involution as defined in Section 2.3, then for positive integers n; > 1, a € 2L, corresponding to

the state u = h; [—n1] -~ hi, [—nplea € V, where eq is fo or go accordingly as p is even or odd,
respectively,
@1(7_) (a,0)—k /2
ZV<U7T) = W(T)k/Q <2> Z H 5'51"718 nt nr“!‘”s (T)
o (rs)(t)
@ (7_) (Oz,oc>—k‘/2 -~
k2 ( 22877
+ 77(7_) < 2 > ; ( H 517"7745E nr+ns( )

e ) <Z T 60 FouFarin (7).

o (rs)(t)

where o ranges over all involutions of the index set S, = {1,2,...,p} and (rs), (t) range over
the 2-cycles and 1-cycles respectively in the decomposition of o in S, as a product of disjoint
2-cycles and 1-cycles. For a € L\2L, u := hy [~n1] - - - hi,[—npleq, we have Zy (u,T) = 0.

Proof. Using Lemma 5.2 and [7, Theorem 19], we have

Zy+ (u,7) = n(7)*/? <@12(T)><a’a>k/2 (Zgj H G iy P ( n,+n5<7)>-

Further, using Theorems 4.3 and 4.5, Lemma 5.2, we can compute Z(VLT)+ (u, 7). Combining the
two traces, we have the required result. |
6 Modular Invariance in the Zs-orbifold

Before we prove modular invariance in the orbifold, we shall state a lemma which is an immediate
consequence of [7, Proposition 23].

Lemma 6.1. For a state u = hy [—n1]---hy,[-np|1, let
O (7, Pa
6= X PO TLdaBun ),
ACA N o€lnvo(p\A) (rs)

where A = {j € p | nj = 1} and A is a subset of A of even cardinality. When L is unimodular
of rank k, G(u, 1) is modular of weight equal to L[0]-weight of u.
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Proposition 6.2. Suppose V' is the Zo-orbifold of the lattice VOA Vi corresponding to the
(—1)-involution as defined in Section 2.3, then for every homogeneous state u (with respect
to L[0]-grading) in V, we have

Zy (u, ST) = th(”)ZV(u, T), Zy(u, TT) = ef2k”i/24Zv(u,7' ,

)
where S, T € SLo(Z) represent as usual the elements ( I ) and ((1) ) respectively and hence
Zy (u, 7) is modular of weight wt(u) (with respect to L[O]) over the full modular group SLa(Z)
up to a character.

Proof. Observe that the proposition is true for any homogeneous state u in (VLT ) * since for such
states Zy (u,7) = 0. Thus, we prove the proposition for states in VLJr below. The S-invariance
follows from the following:

E(ST) = 7FEL(7), Ep(S7) = 77y (1), Fr(S7) = m°F4 (1),
01(57) = (—ir)/204(7), 05(S7) = (—ir)'/?204(7), 03(57) = (—ir)/204(7),
n(St) = (—ir)2n(r).

Using Lemma 6.1, we also have G(u, S7) = 7°“®G(u, 7). The T-invariance follows from the
following:

E(TT) Zﬁk(f)a Fip(TT) = ER(7), EL(TT) = E(7), Ey(TT) = Fi(1),
O1(T7) =e20y(1), Os(T7)=05(1), O3(Tr) = (1),
n(TT) = elzn(T).

Using Lemma 6.1, we also have G(u, T7) = e 2#™/24G(u, 7). Thus, for a Heisenberg state u =
hi1 [_nl] T hip[_np]lv

2yt Tr) = oty + ey (20D (5 [T 6o rn)

a€lnvo(p) (rs)
1 Oy(T7)\ */?
+ 5n(TT)"? (2(2 )> (
a€lnvo(p) (rs)

+(_21)ZU(TT)W2 (93(2%)>k/2< > Héws gt ( TT))

o€Invo(p) (rs)

—2kmi/24 —2kmi/24 —k/2
= G + g (247

57/7‘774s Nyr+ns TT))

2 2 2

> T8 Fuin, (T))

a€lnvo(p) (rs)

o GO s (O™ (5 o)

o€lnvo(p) (rs)

( 1)lek7ri/24

4 %ﬁ(ﬂkﬂ <®22(T)) _k/Q < > 116 iEnin, (7'))-

o€lnvg (B) (rs)

Rewriting (—1)! as €*™/8 we have Zy (u, T'1) = e~ 2¢™/24 7y, (u, 7). Similarly, for a lattice state
u = hg [=n1] -+ hi,[—npleq, we have the T-invariance given by

Zy(u, T7) = e 2F/24 70 (4, 7). [
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