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1 Introduction

Let n be a non-negative integer. A partition of n is a list of integers
(
λ1, λ2, . . . , λk

)
such

that λ1 + λ2 + · · · + λk = n and λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 1. We will frequently write this as
λ1+λ2+ · · ·+λk. For a given partition λ, let fj be the number of parts of λ equal to j. We will
use the term “weight” to mean the sum of the parts of a partition or cylindric partition (to be
defined later).

Our starting point is the following well-known partition theorem of Basil Gordon [25], and
its analytic form due to George E. Andrews [2] (see also Chapter 7 of Andrews’s text [7] or
Chapter 3 of Andrew V. Sills’s text [45]).

Theorem 1.1. Fix ℓ ≥ 1, and let 0 ≤ i ≤ ℓ. Let Bℓ,i(n) denote the number of partitions of n
satisfying, for all j, fj + fj+1 ≤ ℓ and f1 ≤ i. Let Aℓ,i(n) denote the number of partitions of n
into parts ̸≡ 0,±(i+ 1) (mod 2ℓ+ 3). Then Aℓ,i(n) = Bℓ,i(n) for all n.

Theorem 1.2. For 0 ≤ i ≤ ℓ,

∑
n1,n2,...,nℓ≥0

qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ

=

(
qi+1, q2ℓ+2−i, q2ℓ+3; q2ℓ+3

)
∞

(q; q)∞
.
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Here (and throughout the paper), Ni = ni + ni+1 + · · ·+ nℓ. For the purposes of our present
paper, we will view such functions as formal power series in q. We are using the standard
q-Pochhammer notation (a; q)n =

∏n
j=1

(
1 − aqj−1

)
for n ∈ N ∪ {∞} and (a1, . . . , am; q)n =

(a1; q)n · · · (am; q)n. We also define (a; q)−1 = 1.

The generating function in Theorem 1.2 was further refined by Andrews [4] into a bivariate
generating function. Let Bℓ,i,m(n) denote the number of partitions of n with exactly m parts
satisfying, for all j, fj + fj+1 ≤ ℓ and f1 ≤ i. Then

∑
m,n≥0

Bℓ,i,m(n)xmqn =
∑

n1,n2,...,nℓ≥0

xN1+N2+···+NℓqN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ

. (1.1)

Note that these identities all have odd modulus. The even modulus companions were found by
David M. Bressoud [11, 12, 13]; these are known as the Andrews–Bressoud identities.

Theorem 1.3. Fix ℓ ≥ 1, and let 0 ≤ i ≤ ℓ. Let B⋆
ℓ,i(n) denote the number of partitions of n

satisfying, for all j, fj + fj+1 ≤ ℓ and, if fj + fj+1 = ℓ, then j · fj + (j + 1) · fj+1 ≡ i (mod 2),
and furthermore f1 ≤ i. Let A⋆

ℓ,i(n) be the coefficient of qn in the product(
qi+1, q2ℓ−i+1, q2ℓ+2; q2ℓ+2

)
∞

(q; q)∞
.

(For i ̸= ℓ, this is the number of partitions of n into parts ̸≡ 0,±(i + 1) (mod 2ℓ + 2).) Then
A⋆

ℓ,i(n) = B⋆
ℓ,i(n) for all n.

Theorem 1.4. For 0 ≤ i ≤ ℓ,

∑
n1,n2,...,nℓ≥0

qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ−1

(
q2; q2

)
nℓ

=

(
qi+1, q2ℓ+1−i, q2ℓ+2; q2ℓ+2

)
∞

(q; q)∞
.

Again, this generating function in Theorem 1.4 can be refined into a bivariate generating
function. Let B⋆

ℓ,i,m(n) denote the number of partitions of n counted by B⋆
ℓ,i(n) with exactly m

parts. Then

∑
m,n≥0

B⋆
ℓ,i,m(n)xmqn =

∑
n1,n2,...,nℓ≥0

xN1+N2+···+NℓqN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ−1

(
q2; q2

)
nℓ

. (1.2)

For some recent papers on other facets of the Andrews–Gordon and Andrews–Bressoud identities,
see [1, 27, 34, 46, 50].

We now turn our attention to a recent article [16] of Stefano Capparelli, Arne Meurman,
Andrej Primc, and Mirko Primc, in which they conjectured intriguing (colored) partition identi-
ties related to standard representations of the affine Lie algebra of type C

(1)
ℓ (for ℓ ≥ 2). These

(conjectured) identities follow in a long vein of research connecting partition identities to the rep-
resentation theory of affine Lie algebras [15, 28, 29, 35, 37, 38, 39, 47]. Most directly, these con-
jectures built off of the work of M. Primc and Tomislav Šikić [43, 44] and Goran Trupčević [48].
M. Primc and Trupčević have very recently proven the type C

(1)
ℓ conjectures in the special case

of initial conditions [k, 0, . . . , 0] [42].

First, let us consider the conjectures in Section 4 of their paper [16]. Capparelli, Meurman,
A. Primc, and M. Primc left the representation-theoretic interpretations of this family of con-
jectures as an open question; Shashank Kanade, S. Ole Warnaar, Shunsuke Tsuchioka, and the
author [31] speculate that these conjectures have an association with type A

(2)
2n . Fix ℓ ≥ 2, and
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construct the following array with 2ℓ rows (and ℓ copies of N):

1 3 5 7 9 11
2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

...
...

...
...

...
...

...
...

...
...

...
...

1 3 5 7 9 11
2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

. . . .

Parts with the same value but lying in different rows are distinct, and can be thought of as
having distinct colors. We will sometimes call these colored partitions. To the above array, we
will associate an extended array of frequencies

k1 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k3 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k5 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

k4 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k2 f1 f3 f5 f7 f9 f11
k0 f2 f4 f6 f8 f10 f12

. . . ,

where each fj indicates how many times the corresponding part occurs in the original array.
The nonnegative integers k0, . . . , kℓ provide initial conditions. For odd i ≤ ℓ, ki is in the i-th
row, while for even 0 < i ≤ ℓ, ki is in the (2ℓ− i+1)-th row, and k0 is always in the (2ℓ)-th row.
Note that our ordering of k0, . . . , kℓ is different than that of the original paper. The symbol · is
a placeholder that represents parts that are forbidden from appearing. Every entry in the second
column, other than the final one, has a · in it. Here is the array in the case ℓ = 4:

k1 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k3 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k4 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k2 f1 f3 f5 f7 f9 f11
k0 f2 f4 f6 f8 f10 f12

. . . .

A downward path Z in the extended frequency array is a set of frequencies containing exactly
one element in each row, where the elements in consecutive rows are adjacent to each other.
(The placeholders · and the initial conditions ki are allowed to be part of these downward paths.)



4 M. C. Russell

Here are two sample downward paths in the case with ℓ = 3:

k1 f1 f3 f5 f7 f9 f11
• f2 f4 f6 f8 f10 f12

k3 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k2 f1 f3 f5 f7 f9 f11
k0 f2 f4 f6 f8 f10 f12

. . . .

We say that an array of frequencies is [k0, . . . , kℓ]-admissible if, for all downward paths Z in the
extended frequency array,∑

m∈Z
m ≤ k,

where k =
∑ℓ

i=0 ki.
Fix k = 1. For 0 ≤ i ≤ ℓ, let F (i, j, n) be the number of [k0, k1, . . . , kℓ] = [0, . . . , 0, 1, 0, . . . , 0]-

admissible colored partitions of n with exactly j parts, where ki = 1 (and all others are 0).
Then, define Pi(z, q) to be the bivariate generating function

Pi(z, q) =
∑
n,j≥0

F (i, j, n)zjqn.

The first goal of this paper will be to prove the following multisum for Pi(z, q).

Theorem 1.5. For 0 ≤ i ≤ ℓ,

Pi(z, q) =
∑

n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ

. (1.3)

Take a moment to appreciate just how similar the bivariate multisum in Theorem 1.5 is to
the multisum of (1.1). The only difference is that the factor xN1+N2+···+Nℓ has changed to zN1 .
As an immediate corollary,

Pi(1, q) =
∑

n1,n2,...,nℓ≥0

qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ

=

(
qi+1, q2ℓ+2−i, q2ℓ+3; q2ℓ+3

)
∞

(q; q)∞
(1.4)

by Theorem 1.2.
Now, let us consider the conjectured identities in Section 3 of Capparelli, Meurman, A. Primc,

and M. Primc [16], along with its sequel by M. Primc [41]. We still fix ℓ ≥ 2, but now construct
arrays with 2ℓ− 1 rows. Section 3 of [16] dealt with arrays whose top and bottom rows consist
of odd integers:

1 3 5 7 9 11
2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

...
...

...
...

...
...

...
...

...
...

...
...

1 3 5 7 9 11
2 4 6 8 10 12

1 3 5 7 9 11

. . . .
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In [41], the top and bottom rows consist of even integers:

2 4 6 8 10 12
1 3 5 7 9 11

2 4 6 8 10 12
...

...
...

...
...

...
...

...
...

...
...

...
2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

. . . .

The k = 1 case of the conjectures of Capparelli, Meurman, A. Primc, and M. Primc (corre-
sponding to odd first and last rows) was proved by Jehanne Dousse and Isaac Konan [20] using
perfect crystals. This is the same case that we will prove, but our proof methods are different,
and we will simultaneously prove the two cases (odd first and last rows and even first and last
rows).

We again form arrays of frequencies, and attach nonnegative integers k0, . . . , kℓ. Our def-
inition of an admissible partition, using downward paths, is the same as above, and we once
again restrict our attention to the case k = 1. See Section 4 for specific details, including
directions for how k0, . . . , kℓ are attached. Once again, for 0 ≤ i ≤ ℓ, let F ⋆(i, j, n) be the
number of [k0, k1 . . . , kℓ] = [0, . . . , 0, 1, 0, . . . , 0]-admissible colored partitions of n with exactly j
parts, where the 1 in [0, . . . , 0, 1, 0, . . . , 0] is located in position i. Then, define P ⋆

i (z, q) to be
the bivariate generating function

P ⋆
i (z, q) =

∑
n,j≥0

F ⋆(i, j, n)zjqn.

We then have the corresponding result here for P ⋆
i (z, q).

Theorem 1.6. For 0 ≤ i ≤ ℓ,

P ⋆
i (z, q) =

∑
n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ−1

(
q2; q2

)
nℓ

. (1.5)

This again is very similar to (1.2) and gives us the sum-to-product identity

P ⋆
i (1, q) =

∑
n1,n2,...,nℓ≥0

qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ−1

(
q2; q2

)
nℓ

=

(
qi+1, q2ℓ+1−i, q2ℓ+2; q2ℓ+2

)
∞

(q; q)∞
(1.6)

by Theorem 1.4.

Actually, the k = 1 cases of both families of conjectures turn out to be equivalent to a theorem
of Naihuan Jing, Kailash C. Misra, and Carla D. Savage published in 2001 [26]. This fact appears
to have gone unnoticed for quite some time, as the notation is a bit different in the papers (Jing,
Misra, and Savage’s difference conditions are expressed using absolute values of differences of
colors, not in terms of the “downward paths” of Capparelli, Meurman, A. Primc, and M. Primc).
The author is indebted to Shunsuke Tsuchioka for pointing this out to him after the first preprint
of this paper appeared. Thus, this present paper cannot take credit for initially proving (1.4)
and (1.6), as those results first appeared in [26]. However, Theorems 1.5 and 1.6 (the bivariate
multisums) are new. We summarize which cases of these Capparelli–Meurman–Primc–Primc
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all k, 3 rows, odd-odd arrays Meurman and Primc [38]

k = 1, all cases Jing, Misra, and Savage [26](
k1, k2, . . . , kℓ

)
= (1, 0, . . . , 0), 2ℓ− 1 rows Primc and Šikić [43]

k = 1, 2ℓ− 1 rows, odd-odd arrays Dousse and Konan [20](
k1, k2, . . . , kℓ

)
= (k, 0, . . . , 0), cases from [16] Primc and Trupčević [42]

k = 1, all cases This paper

Table 1. A summary of proven cases of the Capparelli–Meurman–Primc–Primc conjectures.

conjectures have been proven in Table 1 (see Section 4 for more information about the “odd-
odd” frequency arrays).

The final ingredients for this paper are cylindric partitions. Cylindric partitions were first in-
troduced by Ira Gessel and Christian Krattenthaler [24]. For a given composition (c1, c2, . . . , cr),
where each cj is a nonnegative integer, an r-rowed cylindric partition of profile (c1, c2, . . . , cr) is
a list of r partitions

(
τ (1), τ (2), . . . , τ (r)

)
satisfying τ

(j)
i ≥ τ

(j+1)
i+c(j+1)

for 1 ≤ j < r and all i, along
with τ

(r)
i ≥ τ

(1)
i+c1

for all i. In this paper, we concern ourselves only with two-rowed cylindric
partitions. In this case, the definition simplifies to a two-rowed cylindric partition Λ of profile
(c1, c2), where c1, c2 ≥ 0, is a pair of partitions

(
τ (1), τ (2)

)
such that, for all i,

τ
(1)
i ≥ τ

(2)
i+c2

and τ
(2)
i ≥ τ

(1)
i+c1

.

For example, if τ (1) = 6+ 3+ 2+ 2 and τ (2) = 5+ 2+ 1, then
(
τ (1), τ (2)

)
is a cylindric partition

of profile (2, 1). We can see this by arranging the parts in the following way:

τ (2) → 5 2 1

τ (1) → 6 3 2 2

τ (2) → 5 2 1

This satisfies the property that the parts are arranged in a nonincreasing fashion along each row
and each column. Note that we repeat τ (2) in grey above τ (1) to demonstrate the inequalities
arising from τ

(2)
i ≥ τ

(1)
i+c1

.
Alexei Borodin [10] found infinite product representations for the (single-variable) generating

functions of cylindric partitions with a given profile. In the case of two-rowed cylindric par-
titions, this ends up as (q; q)−1

∞ times the generating function for either the Andrews–Gordon
or Andrews–Bressoud identities, depending on the parity of c1 + c2. Omar Foda and Trevor
Welsh [21] then gave a proof of the Andrews–Gordon identities explicitly using two-rowed cylin-
dric partitions, and noted that the infinite product forms of the generating functions for cylindric
partitions of a given profile can be deduced using the work of Gessel and Krattenthaler [24],
along with the appropriate Macdonald identity. Sylvie Corteel and Trevor Welsh [18] deduced
functional equations governing bivariate generating functions for cylindric partitions. In recent
work [49], Warnaar found finitizations of bivariate multisum generating functions for two-rowed
cylindric partitions. For these bivariate (z, q)-generating functions, the exponent of z keeps
track of the size of the largest part of the cylindric partition (while the exponent of q, of course,
counts the sum of all of the parts).

As it turns out,

Pi(z, q)

(zq; q)∞
and

P ⋆
i (z, q)

(zq; q)∞

turn out to be exactly the same as the bivariate generating functions found by Warnaar [49]:
the multisums given in Theorems 1.5 and 1.6 can be obtained by taking the limit as L → ∞ in
equations (7.24) and (7.25) of his paper.
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Partition bijections are always treasured in the field; we note the bijective proofs of the
Rogers–Ramanujan identities offered by Adriano Garsia and Stephen Milne [22] and Bressoud
and Doron Zeilberger [14]. Igor Pak [40] offers a comprehensive survey of partition bijections.
Remarkably, Corteel [17] gave a bijective proof of the second Rogers–Ramanujan identity divided
by (q; q)∞:

1

(q; q)∞

∑
n=0

qn
2+n

(q; q)n
=

1

(q; q)∞
(
q2, q3; q5

)
∞

using two-rowed cylindric partitions of profile (3, 0). Inspired by her work, the last result of our
paper is a bijection between two-rowed cylindric partitions of profile (2ℓ+1, 0) and pairs (λ, µ),
where λ is an ordinary partition and µ is a [k0, k1, . . . , kℓ] = [1, 0, . . . , 0]-admissible partition of
Capparelli, Meurman, Primc, and Primc on 2ℓ rows.

The rest of the paper is organized as follows. In Section 2, we produce functional equations
for the generating functions for the admissible partitions on arrays with 2ℓ rows, corresponding
to the Andrews–Gordon case. In Section 3, we complete our proof of Theorem 1.5 by arguing
that the appropriate bivariate multisums do, in fact, satisfy the same functional equations as
the generating functions from Section 2. Sections 4 and 5 repeat this work for arrays on 2ℓ− 1
rows (corresponding to the Andrews–Bressoud case). Section 6 deals with two-rowed cylindric
partitions and the aforementioned bijective arguments. Section 7 provides some thoughts about
further research suggested by this paper. Appendix A illustrates several of the computations of
this paper by explicitly demonstrating them in the case ℓ = 4.

1.1 Jim Lepowsky’s influence on the author’s mathematical journey

It is only fitting that this introduction should conclude with a note of thanks to Jim Lepowsky,
to whom this paper is dedicated. The author is extremely grateful to Jim for teaching a course
in the spring of 2014 on the theory of partitions and vertex operator algebras. Jim’s original plan
for the course was to spend roughly the first half on integer partitions and the second half on
VOAs. As it turned out, out of the six students in the course, the author was the only one who
was unfamiliar with VOAs. Very wisely, Jim changed gears for the course at the halfway point
and organized a class project on a motivated proof of the Göllnitz–Gordon–Andrews identities
that was later published [19]. During that same semester, the author began working on two
more projects that were ultimately published: one joint with Jim, Shashank Kanade, and Drew
Sills [27], and one joint with Kanade that reflected lots of discussion with Jim [28]. So, the
author’s first three publications on integer partitions are all directly attributable to that one
course of Jim’s. Thank you!

2 Partitions: Andrews–Gordon case

Fix ℓ and take an array with 2ℓ rows to it (with ℓ copies of N). Define Pi(z, q) to be the bivariate
generating function for [k0, k1, . . . , kℓ] = [0, . . . , 0, 1, 0, . . . , 0]-admissible partitions, where below
ki = 1 and all other kj = 0:

k1 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k3 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

k2 f1 f3 f5 f7 f9 f11
k0 f2 f4 f6 f8 f10 f12

. . . .
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Here, for i odd, ki occurs in the i-th row, while for i even and i ≥ 2, ki occurs in the (2ℓ+1−i)-th
row. Finally, k0 always occurs in the (2ℓ)-th row. Note that, for 1 ≤ i ≤ 2ℓ, the only allowable
occurrence of the part 1 is in row i (if i is odd) or row 2ℓ+ 1− i (if i is even).

We will now show that these satisfy the following system of functional equations.

Theorem 2.1. The generating functions Pi(z, q) satisfy the following functional equations:

Pi(z, q)− Pi+1(zq, q) =
i∑

j=1

zqjPi−j+1

(
zqj+1, q

)
, 0 ≤ i ≤ ℓ− 1, (2.1)

Pℓ(z, q)− Pℓ(zq, q) =
ℓ∑

j=1

zqjPℓ−j+1

(
zqj+1, q

)
. (2.2)

Throughout the paper, empty sums are defined to equal zero. As an example, the instance
of (2.1) for i = 0 simply states that P0(z, q) − P1(zq, q) = 0. An illustration of the following
proof of this theorem for ℓ = 4 is given in Appendix A.1.

Proof. First, consider the case i = 0. We will show that P0(z, q) = P1(zq, q) by means of
a “flipping” trick. We present the extended frequency arrays for P0(z, q) and P1(z, q), with their
initial conditions shown as 1̂, and · representing parts that are forbidden from appearing:

P0(z, q) :

...
...

...
...

...
...

...
...

...
...

...
...

...
...

· · · f6 f8 f10 f12
· · · f5 f7 f9 f11

· · f4 f6 f8 f10 f12
· · f3 f5 f7 f9 f11

1̂ f2 f4 f6 f8 f10 f12

. . . ,

P1(z, q) :

1̂ f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· · f3 f5 f7 f9 f11
· · f4 f6 f8 f10 f12

· · · f5 f7 f9 f11
· · · f6 f8 f10 f12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .

Now, P1(zq, q) is the generating function for partitions counted by P1(z, q) with 1 added to every
part:

P1(zq, q) :

1̂ f2 f4 f6 f8 f10 f12
· f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12
· · f5 f7 f9 f11 f13

· · · f6 f8 f10 f12
· · · f7 f9 f11 f13

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .

And so flipping this picture upside down shows that P0(z, q) and P1(zq, q) count the same
partitions, and thus P0(z, q) = P1(zq, q). As noted right before the beginning of the proof, the
i = 0 instance of (2.1) simplifies to P0(z, q)− P1(zq, q) = 0, so we are done with the i = 0 case.
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Next, consider the case where i is odd (and i ̸= ℓ). Suppose that we have an admissible
partition counted by Pi(z, q). Consider, for 1 ≤ j ≤ i, the set of parts j that may occur in row
i − j + 1; at most one of these parts can occur in this partition (as they are all in the same
downward path). Here is a picture corresponding to the partitions counted by Pi(z, q); the parts
mentioned in the previous sentence are shown in blue. Recall that ki (represented by the 1̂)
occurs in row i:

Pi(z, q) :

· · · · · · · · · · fi fi+2 fi+4

· · · · · · · fi−1 fi+1 fi+3 fi+5

...
...

...
...

...
... . .

. ...
...

...
...

...
...

...
· · f4 f6 f8 f10 f12

· · f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

1̂ f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· · f3 f5 f7 f9 f11
· · f4 f6 f8 f10 f12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .

Suppose that j does occur in the (i− j+1)-th row. Here is the corresponding picture, where the
red j indicates the part for which fj = 1, while the red ⋆s show the parts that cannot appear
due to the presence of the j (because they share a downward path with the j):

· · · · · · · · · · · · · ⋆ fi+2

· · · · · · · · · · ⋆ fi+1 fi+3

...
...

...
...

...
...

...
... . .

. ...
...

...
...

...
· · · ⋆ fj+3 fj+5 fj+7

· · · j fj+2 fj+4 fj+6

· · ⋆ ⋆ fj+3 fj+5 fj+7

...
...

...
... . .

. ...
...

...
. . .

...
...

...
...

...
· ⋆ ⋆ ⋆ · · · · · · · · ·

1̂ ⋆ ⋆ ⋆ ⋆ · · · · · ·
· ⋆ ⋆ ⋆ ⋆ · · · · · ·

· · ⋆ ⋆ ⋆ ⋆ · · ·
· · ⋆ ⋆ ⋆ ⋆ · · ·

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .

After removing the j, the remaining parts will be counted by Pi−j+1

(
zqj+1, q

)
. To see this, note

that the smallest allowable part is in row i−j+1. If j is odd, then i−j+1 will also be odd, and
we use the previously-observed fact that the only allowable occurrence of the part 1 in the array
for Pi−j+1(z, q) is in row i − j + 1. Shifting z 7→ zqj+1 then makes the smallest allowable part
equal to j+2. On the other hand, if j is even, then i− j+1 will also be even, and we will need
to flip the array upside down. After the flip, the smallest allowable part is now in row 2ℓ− i+ j.
As i − j + 1 is even, the only allowable occurrence of 1 in the array for Pi−j+1(z, q) is in row
2ℓ + 1 − (i − j + 1) = 2ℓ − i + j. Again, shifting z 7→ zqj+1 then makes the smallest allowable
part equal to j+2. Thus, if j does occur in the (i− j+1)-th row, then, in both cases, that adds
a total of zqjPi−j+1

(
zqj+1, q

)
to the generating function, where the factor of zqj comes from

the part j.
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Now, if none of the parts j in the (i− j+1)-th rows actually occur, then we have a partition
that could be counted by Pi+1(zq, q):

Pi+1(zq, q) :

· · · · · · · · · · · · · fi+2 fi+4

· · · · · · · · · · fi+1 fi+3 fi+5

...
...

...
...

...
...

...
...

...
...

...
...

...
...

· · · f6 f8 f10 f12
· · · f5 f7 f9 f11

· · f4 f6 f8 f10 f12
1̂ · f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
· · f3 f5 f7 f9 f11

· · f4 f6 f8 f10 f12
...

...
...

...
...

...
...

...
...

...
...

...
...

...

. . . .

Again, to see this, we use the flipping trick: the smallest allowable part (the part 2) is in row
i+ 1, which is an even-indexed row (since i is odd). Flipping moves this part to row 2ℓ+ 1− i.
The partitions counted by Pi+1(z, q) only are allowed to have the part 1 in row 2ℓ+1−i; shifting
z 7→ zq increases all parts by 1.

Since exactly one of the above cases (j occurring in row i−j+1 for 1 ≤ j ≤ i, or none of those
js occurs), we obtain the functional equation Pi(z, q) =

∑i
j=1 zq

jPi−j+1

(
zqj+1, q

)
+Pi+1(zq, q).

Next, consider the case where i is even (and i ̸∈ {0, ℓ}). Suppose that we have an admissible
partition counted by Pi(z, q). Consider, for 1 ≤ j ≤ i, the set of parts j that may occur in row
2ℓ− i+ j; at most one of these parts can occur in this partition. Here is a picture corresponding
to the partitions counted by Pi(z, q); the parts mentioned in the previous sentence are shown in
blue. Recall that ki (represented by the 1̂) occurs in row 2ℓ+ 1− i.

Pi(z, q) :

...
...

...
...

...
...

...
...

...
...

...
...

...
...

· · f4 f6 f8 f10 f12
· · f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
1̂ f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
· · f3 f5 f7 f9 f11

· · f4 f6 f8 f10 f12
...

...
...

...
...

...
. . .

...
...

...
...

...
...

...
· · · · · · · fi−1 fi+1 fi+3 fi+5

· · · · · · · · · · fi fi+2 fi+4

. . . .

Suppose that j does occur in the (2ℓ− i+ j)-th row. After removing this j, the remaining parts
will be counted by Pi−j+1

(
zqj+1, q

)
. To see this, note that the smallest allowable part is in row

2ℓ − i + j. If j is odd, then i − j + 1 will be even, and we use the fact that the only allowable
occurrence of the part 1 in the array for Pi−j+1(z, q) is in row 2ℓ+ 1− (i− j + 1) = 2ℓ− i+ j.
Shifting z 7→ zqj+1 then makes the smallest allowable part for this array equal to j + 2. On the
other hand, if j is even, then i−j+1 will be odd, and we will need to flip the array upside down.
After the flip, the smallest allowable part is now in row i − j + 1. Again, shifting z 7→ zqj+1

then makes the smallest allowable part equal to j+2. Thus, if j does occur in the (i− j+1)-th
row, then, in both cases, that adds a total of zqjPi−j+1

(
zqj+1, q

)
to the generating function.

Now, if none of the parts j in the (2ℓ− i+ j)-th rows actually occur, then we have a partition
that could be counted by Pi+1(zq, q). Again, to see this, we use the flipping trick: the smallest
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allowable part (the part 2) is in row 2ℓ − i, which is an even-indexed row (since i is even).
Flipping moves this part to row i+ 1. The partitions counted by Pi+1(z, q) only are allowed to
have 1 in row i+ 1; shifting z 7→ zq increases all parts by 1.

Since exactly one of the above cases (j occurring in row 2ℓ−i+j for 1 ≤ j ≤ i, or none of those
js occurs), we obtain the functional equation Pi(z, q) =

∑i
j=1 zq

jPi−j+1

(
zqj+1, q

)
+Pi+1(zq, q).

Finally, consider the case i = ℓ. We follow one of the previous two cases, based on whether ℓ
is odd or even. The only difference is that if ℓ is odd and none of the parts j located in rows
ℓ− j + 1 (for 1 ≤ j ≤ ℓ) occur, or if ℓ is even and none of the parts j located in rows ℓ+ j (for
1 ≤ j ≤ ℓ) occur, then we have a partition counted by Pℓ(zq, q) (as can be seen after flipping).
This demonstrates Pℓ(z, q) =

∑ℓ
j=1 zq

jPℓ−j+1

(
zqj+1, q

)
+ Pℓ(zq, q). ■

It will be more useful for us to rewrite these functional equations in the following form.

Theorem 2.2. The generating functions Pi(z, q) satisfy the following functional equations:

P0(z, q)− P1(zq, q) = 0, (2.3)

Pi(z, q)− Pi+1(zq, q)− Pi−1(zq, q) + (1− zq)Pi

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1, (2.4)

Pℓ(z, q)− Pℓ(zq, q)− Pℓ−1(zq, q) + (1− zq)Pℓ

(
zq2, q

)
= 0. (2.5)

Proof. Let 1 ≤ i ≤ ℓ. We now take the (i − 1) instance of (2.1), dilate z 7→ zq, and then
reindex j:

Pi−1(z, q)− Pi(zq, q) =

i−1∑
j=1

zqjPi−j

(
zqj+1, q

)
,

Pi−1(zq, q)− Pi

(
zq2, q

)
=

i−1∑
j=1

zqj+1Pi−j

(
zqj+2, q

)
,

Pi−1(zq, q)− Pi

(
zq2, q

)
=

i∑
j=2

zqjPi−j+1

(
zqj+1, q

)
, 1 ≤ i ≤ ℓ. (2.6)

Subtracting this from the i instance of (2.1) gives

Pi(z, q)− Pi+1(zq, q)− Pi−1(zq, q) + Pi

(
zq2, q

)
=

i∑
j=1

zqjPi−j+1

(
zqj+1, q

)
−

i∑
j=2

zqjPi−j+1

(
zqj+1, q

)
= zqPi

(
zq2, q

)
,

or

Pi(z, q)− Pi+1(zq, q)− Pi−1(zq, q) + (1− zq)Pi

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1.

Now, combining the i = ℓ instance of (2.6) with (2.2) gives, similarly,

Pℓ(z, q)− Pℓ(zq, q)− Pℓ−1(zq, q) + (1− zq)Pℓ

(
zq2, q

)
= 0. ■

3 Completing the proof: Andrews–Gordon case

Let us now define Ti(z, q) (0 ≤ i ≤ ℓ) to be the right side of (1.3):

Ti(z, q) =
∑

n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ

. (3.1)
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Our goal is to use the results of the previous section to show that Ti(z, q) satisfies the following
system of functional equations, corresponding to (2.3), (2.4), and (2.5):

T0(z, q)− T1(zq, q) = 0, (3.2)

Ti(z, q)− Ti+1(zq, q)− Ti−1(zq, q) + (1− zq)Ti

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1, (3.3)

Tℓ(z, q)− Tℓ(zq, q)− Tℓ−1(zq, q) + (1− zq)Tℓ

(
zq2, q

)
= 0. (3.4)

As observed by Ole Warnaar,1 this set of functional equations exactly matches the (nor-
malized) Corteel–Welsh [18] functional equations for two-rowed cylindric partitions with profile
(c1, c2), where c1 + c2 is odd (see their equation (3.5)). As such, we can complete the proof of
Theorem 1.5 by simply observing that we can recover (3.1) by taking the limit as L → ∞ in equa-
tions (7.24) and (7.25) of Warnaar’s work [49]. For the sake of making our paper self-contained
(and because the proofs of Warnaar’s formulas were omitted from [49]), we will provide our own
proof that Ti(z, q) satisfies (3.2), (3.3), and (3.4).

Our proof involves what we will call the method of atomic relations, using computations
similar to those of [9, 30]. The difference is that we will prove everything for general ℓ and
0 ≤ i ≤ ℓ without relying on computers to prove special cases. We note that the computations
in this section were aided by Frank Garvan’s qseries Maple package [23], along with the survey
on Rogers–Ramanujan–Slater-type identities by James Mc Laughlin, Andrew V. Sills, and Peter
Zimmer [36]. To explain the concept of atomic relations, we first introduce some notation.

Let v = ⟨v1, v2, . . . , vℓ⟩ and n = ⟨n1, n2, . . . , nℓ⟩ be vectors in Rℓ. Then, define

Sv(z, q) =
∑

n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +v·n

(q; q)n1(q; q)n2 · · · (q; q)nℓ

,

where Ni = ni+ni+1+· · ·+nℓ and v ·n is the usual dot product. We will suppress the arguments
and simply write Sv for Sv(z, q). To make our computations flow more smoothly, we make the
following definitions:

0⃗ = ⟨0, 0, . . . , 0⟩,
1⃗ = ⟨1, 1, . . . , 1⟩,
2⃗ = ⟨2, 2, . . . , 2⟩,
ei = ⟨0, . . . , 0, 1, 0, . . . , 0⟩, 1 ≤ i ≤ ℓ,

ti = ⟨0, . . . , 0, 1, 2, 3, . . . , ℓ− i− 1, ℓ− i⟩, 1 ≤ i ≤ ℓ,

where, in ei and ti, the 1 is located in position i. We will also define tℓ+1 = 0⃗.

Atomic relations are identities that state certain linear combinations of Sv terms equal zero.
These are generally obtained by multiplying the terms of the summation in Sv by some factor
that cancels out with one of factors in a q-Pochhammer symbol in the denominator, which
then allows us to reindex the summation and then express the new summation again using
Sv notation. Our goal will be to rewrite the functional equations we would like to prove (in
this case, (3.2), (3.3), and (3.4)) in terms of the Sv notation, and then show that those new
equations can themselves be written as linear combinations of our atomic relations. There is no
guarantee that this method of atomic relations will work (in [30], some negative examples of the
method failing to prove certain conjectures are given), but when it does work (as in the cases
in this present paper), it provides an organized way of keeping track of what may otherwise be
rather complicated series manipulations. So now we have the following.

1Personal communication.
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Lemma 3.1. For all v and 1 ≤ i ≤ ℓ,

Sv − Sv+ei = zqv·ei+iSv+2t1−2ti+1 .

Proof. We first multiply Sv by
(
1− qni

)
, and observe then that we have

Sv − Sv+ei =
∑

n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +v·n(1− qni

)
(q; q)n1(q; q)n2 · · · (q; q)nℓ

.

Cancelling out a factor of
(
1− qni

)
in the denominator and reindexing ni − 1 = n̂i produces

Sv − Sv+ei =
∑

n1,n2,...,nℓ≥0

zn1+n2+···+nℓqN
2
1+N2

2+···+N2
ℓ +v·n

(q; q)n1(q; q)n2 · · · (q; q)ni−1 · · · (q; q)nℓ

=
∑

n1,n2,...,n̂i,...,nℓ≥0

zn1+n2+···+n̂i+···+nℓ+1q(N1+1)2+···+(Ni+1)2+N2
i+1+···+N2

ℓ +v·n+v·ei

(q; q)n1(q; q)n2 · · · (q; q)n̂i
· · · (q; q)nℓ

= zqv·ei+i
∑

n1,n2,...,n̂i,...,nℓ≥0

zn1+n2+···+n̂i+···+nℓqN
2
1+···+N2

ℓ +2(N1+···+Ni)+v·n

(q; q)n1(q; q)n2 · · · (q; q)n̂i
· · · (q; q)nℓ

= zqv·ei+iSv+2t1−2ti+1 .

(In a slight abuse of notation, we used the notation Nj and n with n̂i replacing ni.) ■

So we now define our atomic relations: for 1 ≤ i ≤ ℓ,

reliv := Sv − Sv+ei − zqv·ei+iSv+2t1−2ti+1 .

Each reliv is, of course, equal to zero. If we can obtain a certain expression as a linear combination
of relivs, then that expression will also be equal to zero.

We now translate the desired identities (3.2)–(3.4) into Sv notation. Recalling (3.1), we see
the identification Ti(z, q) = Sti+1(z, q). We obtain

St1(z, q)− St2(zq, q) = 0,

Sti+1(z, q)− Sti+2(zq, q)− Sti(zq, q) + (1− zq)Sti+1

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1,

S0⃗(z, q)− S0⃗(zq, q)− Seℓ(zq, q) + (1− zq)S0⃗

(
zq2, q

)
= 0.

Note that Sv(zq, q) = Sv+1⃗(z, q) and Sv

(
zq2, q

)
= Sv+2⃗(z, q). This allows us to rewrite these as

St1(z, q)− S1⃗+t2
(z, q) = 0, (3.5)

Sti+1(z, q)− S1⃗+ti+2
(z, q)− S1⃗+ti

(z, q) + (1− zq)S2⃗+ti+1
(z, q) = 0, 1 ≤ i ≤ ℓ− 1,(3.6)

S0⃗(z, q)− S1⃗(z, q)− S1⃗+eℓ
(z, q) + (1− zq)S2⃗(z, q) = 0. (3.7)

So our goal is to obtain (3.5), (3.6), and (3.7) as linear combinations of atomic relations. To that
end, we need two propositions. (Appendix A.2 explicitly shows how to obtain Propositions 3.2
and 3.3 in the case ℓ = 4.)

Proposition 3.2. S0⃗ − S1⃗ − S1⃗+eℓ
+ (1− zq)S2⃗ = 0.

Proof. We can obtain this as the following linear combinations of relations:

ℓ∑
i=1

relie1+···+ei−1
−

ℓ−1∑
i=1

reli
2⃗−e1−···−ei
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=
ℓ∑

i=1

(
Se1+···+ei−1 − Se1+···+ei − zqiSe1+···+ei−1+2t1−2ti+1

)
−

ℓ−1∑
i=1

(
S2⃗−e1−···−ei

− S2⃗−e1−···−ei−1
− zqi+1S2⃗−e1−···−ei+2t1−2ti+1

)
= S0⃗ − S1⃗ −

ℓ∑
i=1

zqiSe1+···+ei−1+2t1−2ti+1 − S1⃗+eℓ
+ S2⃗ +

ℓ−1∑
i=1

zqi+1S2⃗−e1−···−ei+2t1−2ti+1

= S0⃗ − S1⃗ − S1⃗+eℓ
+ S2⃗ −

ℓ∑
i=1

zqiSe1+···+ei−1+2t1−2ti+1 +
ℓ∑

i=2

zqiS2⃗−e1−···−ei−1+2t1−2ti

= S0⃗ − S1⃗ − S1⃗+eℓ
+ S2⃗ − zq1S2t1−2t2

−
ℓ∑

i=2

zqi
(
Se1+···+ei−1+2t1−2ti+1 − S2⃗−e1−···−ei−1+2t1−2ti

)
= S0⃗ − S1⃗ − S1⃗+eℓ

+ S2⃗ − zq1S2⃗ − 0

= S0⃗ − S1⃗ − S1⃗+eℓ
+ (1− zq)S2⃗

= 0.

Above, we used the equality

e1 + · · ·+ ei−1 + 2t1 − 2ti+1 = 2⃗− e1 − · · · − ei−1 + 2t1 − 2ti

which follows from 2
(
e1 + · · ·+ ei−1

)
= 2⃗− 2ti + 2ti+1. ■

Proposition 3.3. For 1 ≤ j ≤ ℓ− 1,

Stj+1 − Se1+···+ej+tj+1 − S2⃗−e1−···−ej−1+tj+1
+ (1− zq)S2⃗+tj+1

= 0.

Proof.

j∑
i=1

relie1+···+ei−1+tj+1
−

j−1∑
i=1

reli
2⃗−e1−···−ei+tj+1

=

j∑
i=1

(
Se1+···+ei−1+tj+1 − Se1+···+ei+tj+1 − zqiSe1+···+ei−1+tj+1+2t1−2ti+1

)
−

j−1∑
i=1

(
S2⃗−e1−···−ei+tj+1

− S2⃗−e1−···−ei−1+tj+1
− zqi+1S2⃗−e1−···−ei+tj+1+2t1−2ti+1

)
= Stj+1 − Se1+···+ej+tj+1 −

j∑
i=1

zqiSe1+···+ei−1+tj+1+2t1−2ti+1

− S2⃗−e1−···−ej−1+tj+1
+ S2⃗+tj+1

+

j−1∑
i=1

zqi+1S2⃗−e1−···−ei+tj+1+2t1−2ti+1

= Stj+1 − Se1+···+ej+tj+1 − S2⃗−e1−···−ej−1+tj+1
+ S2⃗+tj+1

−
j∑

i=1

zqiSe1+···+ei−1+tj+1+2t1−2ti+1 +

j∑
i=2

zqiS2⃗−e1−···−ei−1+tj+1+2t1−2ti

= Stj+1 − Se1+···+ej+tj+1 − S2⃗−e1−···−ej−1+tj+1
+ S2⃗+tj+1

− zq1Stj+1+2t1−2t2
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−
j∑

i=1

zqi
(
Se1+···+ei−1+tj+1+2t1−2ti+1 − S2⃗−e1−···−ei−1+tj+1+2t1−2ti

)
= Stj+1 − Se1+···+ej+tj+1 − S2⃗−e1−···−ej−1+tj+1

+ (1− zq)S2⃗+tj+1

= 0.

Again, we used the equality

e1 + · · ·+ ei−1 + tj+1 + 2t1 − 2ti+1 = 2⃗− e1 − · · · − ei−1 + tj+1 + 2t1 − 2ti

which follows from 2(e1 + · · · + ei−1) − 2ti+1 = 2⃗ − 2ti. We also used the equality 2⃗ + tj+1 =
tj+1 + 2t1 − 2t2. ■

So now Proposition 3.2 gives us (3.7) verbatim. Equation (3.5) follows from the fact that
t1 = 1⃗+ t2. Also, we can use Proposition 3.3, together with the facts that e1+ · · ·+ ei+ ti+1 =
1⃗ + ti+2 and 1⃗ + ti = 2⃗ − e1 − · · · − ei−1 + ti+1, to obtain (3.6). Finally, checking the initial
conditions (Pi(0, q) = Ti(0, q) = 1) allows us to complete our proof of Theorem 1.5.

4 Partitions: Andrews–Bressoud case

Fix ℓ ≥ 1. In this section (and the next), we construct two different types of (extended) frequency
arrays on 2ℓ− 1 rows.

What we will call an “odd-odd” frequency array will have odd numbers in the first and last
rows. Its second column will consist of all ·’s (again representing parts that are forbidden from
appearing). The entries of the first column in rows (with odd index) 1 through ℓ will be ki, while
the remainder of the entries in the first column (in rows with odd indices 2 ⌈ℓ/2⌉ + 1 through
2ℓ− 1) will have ·s in them. Here is the general form of these:

k1 1 3 5 7 9 11
· 2 4 6 8 10 12

k3 1 3 5 7 9 11
· 2 4 6 8 10 12

k5 1 3 5 7 9 11
· 2 4 6 8 10 12

...
...

...
...

...
...

...
...

...
...

...
...

k2⌈ℓ/2⌉−1 1 3 5 7 9 11

· 2 4 6 8 10 12
· 1 3 5 7 9 11

· 2 4 6 8 10 12
...

...
...

...
...

...
...

...
...

...
...

...
· 1 3 5 7 9 11

· 2 4 6 8 10 12
· 1 3 5 7 9 11

. . . .

Note that 2 ⌈ℓ/2⌉ − 1 is the largest odd number that is at most ℓ.

Correspondingly, what we will call an “even-even” frequency array will have even numbers
in the first and last rows. Its second column will have k0 in the first row, and then the rest of
the entries will be ·s. The entries of the first column in rows (with even index) 2 through ℓ will
be ki, while the remainder of the entries in the first column (in rows with even indices 2 ⌊ℓ/2⌋+2
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through 2ℓ− 2) will have ·s in them. Again, we show the general form of these:

k0 2 4 6 8 10 12
k2 1 3 5 7 9 11

· 2 4 6 8 10 12
k4 1 3 5 7 9 11

· 2 4 6 8 10 12
...

...
...

...
...

...
...

...
...

...
...

...
k2⌊ℓ/2⌋ 1 3 5 7 9 11

· 2 4 6 8 10 12
· 1 3 5 7 9 11

· 2 4 6 8 10 12
...

...
...

...
...

...
...

...
...

...
...

...
· 1 3 5 7 9 11

· 2 4 6 8 10 12
· 1 3 5 7 9 11

· 2 4 6 8 10 12

. . . .

Note that 2 ⌊ℓ/2⌋ is the largest even number that is at most ℓ. Here is an example of an odd-odd
frequency array for ℓ = 6:

k1 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k3 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

k5 f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· f1 f3 f5 f7 f9 f11

. . . .

And here is an example of an even-even frequency array for ℓ = 6:

k0 f2 f4 f6 f8 f10 f12
k2 f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
k4 f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
k6 f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12
· f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 10 f12
· f1 f3 f5 f7 f9 f11

· f2 f4 f6 f8 f10 f12

. . . .

For odd 1 ≤ i ≤ ℓ, define P ⋆
i (z, q) to be the bivariate generating function for [k0, k1 . . . , kℓ] =

[0, . . . , 0, 1, 0, . . . , 0]-admissible partitions (using odd-odd frequency arrays) of n, and for even
0 ≤ i ≤ ℓ, define P ⋆

i (z, q) to be the bivariate generating function for [k0, k1 . . . , kℓ] = [0, . . . , 0, 1,
0, . . . , 0]-admissible partitions (using even-even frequency arrays) of n. As before, we define ad-
missible partitions through downward paths: since k = 1, any downward path in these frequency
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arrays must have at most one part. In both cases, the 1 in [0, . . . , 0, 1, 0, . . . , 0] is located in po-
sition i. We will now show that the bivariate generating functions for the admissible partitions
related to these arrays satisfy the following system of functional equations.

Theorem 4.1. The generating functions P ⋆
i (z, q) satisfy the following functional equations:

P ⋆
i (z, q)− P ⋆

i+1(zq, q) =
i∑

j=1

zqjP ⋆
i−j+1

(
zqj+1, q

)
, 0 ≤ i ≤ ℓ− 1,

P ⋆
ℓ (z, q)− P ⋆

ℓ−1(zq, q) =
ℓ∑

j=1

zqjP ⋆
ℓ−j+1

(
zqj+1, q

)
.

Proof. Unlike in the proof of Theorem 2.1, the “flipping” trick is not required in any of these
cases.

First, consider the case i = 0. We present the extended frequency arrays for P ⋆
0 (z, q) and

P ⋆
1 (z, q):

P ⋆
0 (z, q) :

1̂ 2 4 6 8 10 12
· · 3 5 7 9 11

· · 4 6 8 10 12
· · · 5 7 9 11

· · · 6 8 10 12
...

...
...

...
...

...
...

...
...

...
...

...
...

...

. . . ,

P ⋆
1 (z, q) :

1̂ 1 3 5 7 9 11
· 2 4 6 8 10 12

· · 3 5 7 9 11
· · 4 6 8 10 12

· · · 5 7 9 11
· · · 6 8 10 12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .

The generating function P ⋆
1 (zq, q) corresponds to adding 1 to every part in the partitions counted

by P ⋆
1 (z, q), and so it is easy to see that P ⋆

0 (z, q) = P ⋆
1 (zq, q).

Next, consider the case where i ̸∈ {0, ℓ}. Suppose that we have an admissible partition
counted by P ⋆

i (z, q). Consider, for 1 ≤ j ≤ i, the set of parts j that may occur in row i− j + 1;
at most one of these parts can occur in this partition. Once again, let us look at a similar picture
to the one we presented in the proof of Theorem 2.1:

P ⋆
i (z, q) :

· · · · · · · · · · fi fi+2 fi+4

· · · · · · · fi−1 fi+1 fi+3 fi+5

...
...

...
...

...
... . .

. ...
...

...
...

...
...

...
· · f4 f6 f8 f10 f12

· · f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

1̂ f1 f3 f5 f7 f9 f11
· f2 f4 f6 f8 f10 f12

· · f3 f5 f7 f9 f11
· · f4 f6 f8 f10 f12

...
...

...
...

...
...

...
...

...
...

...
...

...
...

. . . .
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If i is odd, then this will be an odd-odd frequency array (with odd numbers in the first and last
rows), while if i is even, this will be an even-even frequency array. Suppose that j does occur
in the (i − j + 1)-th row. After removing this part j, the remaining parts will be counted by
P ⋆
i−j+1

(
zqj+1, q

)
. To see this, note that the smallest allowable part, j + 2, is in row i − j + 1.

Recall that the only row in which the part 1 can occur in the frequency array for P ⋆
i−j+1(z, q) is

row i− j + 1, and so shifting z 7→ zqj+1 gives the desired frequency array. (Note that, if j + 1
is odd, then shifting z 7→ zqj+1 switches an odd-odd frequency array to an even-even frequency
array or vice versa.) Thus, if j does occur in the (i − j + 1)-th row, then that adds a total of
zqjP ⋆

i−j+1

(
zqj+1, q

)
to the generating function, where the factor of zqj comes from the part j.

Now, if none of the parts j in the (i−j+1)-th rows actually occur, then we have a partition that
could be counted by P ⋆

i+1(zq, q). The only row that partitions counted by P ⋆
i+1(z, q) are allowed

to have the part 1 occur in is row i+1; shifting z 7→ zq increases all parts by 1. (Note that this
shift switches an odd-odd frequency array to an even-even frequency array or vice versa.) Since
exactly one of the above cases (j occurring in row i − j + 1 for 1 ≤ j ≤ i, or none of those js
occurs), we obtain the functional equation P ⋆

i (z, q) =
∑i

j=1 zq
jP ⋆

i−j+1

(
zqj+1, q

)
+ P ⋆

i+1(zq, q).
Finally, consider the case i = ℓ. We follow the previous case. The only difference is that if

none of the parts j in row i−j+1 occur, then we have a partition that is counted by P ⋆
ℓ−1(zq, q).

This demonstrates P ⋆
ℓ (z, q) =

∑ℓ
j=1 zq

jP ⋆
ℓ−j+1

(
zqj+1, q

)
+ P ⋆

ℓ (zq, q). ■

We illustrate the ℓ = 4 case of this theorem in Appendix A.3. Once again, we can follow
a very similar process to that of the proof of Theorem 2.2 to obtain the following.

Theorem 4.2. The generating functions P ⋆
i (z, q) satisfy the following functional equations:

P ⋆
0 (z, q)− P ⋆

1 (zq, q) = 0, (4.1)

P ⋆
i (z, q)− P ⋆

i+1(zq, q)− P ⋆
i−1(zq, q) + (1− zq)P ⋆

i

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1, (4.2)

P ⋆
ℓ (z, q)− 2P ⋆

ℓ−1(zq, q) + (1− zq)P ⋆
ℓ

(
zq2, q

)
= 0. (4.3)

Notice that (4.1) and (4.2) are essentially the same as (2.3) and (2.4); the only difference
between this theorem and Theorem 2.2 is the change from (2.5) to (4.3).

5 Completing the proof: Andrews–Bressoud case

Define (for 0 ≤ i ≤ ℓ)

T ⋆
i (z, q) =

∑
n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ

(q; q)n1(q; q)n2 · · · (q; q)nℓ−1

(
q2; q2

)
nℓ

. (5.1)

As before, we want to show that T ⋆
i (z, q) satisfies the following set of functional equations:

T ⋆
0 (z, q)− T ⋆

1 (zq, q) = 0, (5.2)

T ⋆
i (z, q)− T ⋆

i+1(zq, q)− T ⋆
i−1(zq, q) + (1− zq)T ⋆

i

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1, (5.3)

T ⋆
ℓ (z, q)− 2T ⋆

ℓ−1(zq, q) + (1− zq)T ⋆
ℓ

(
zq2, q

)
= 0. (5.4)

And once again, these are the same as the normalized Corteel–Welsh functional equations [18]
for two-rowed cylindric partitions – this time, for profiles (c1, c2) where c1 + c2 is even. Again,
we can simply appeal to Section 7 of Warnaar’s work [49], but we choose to give the full proof.
Analogously to before, we define

S⋆
v(z, q) =

∑
n1,n2,...,nℓ≥0

zN1qN
2
1+N2

2+···+N2
ℓ +v·n

(q; q)n1(q; q)n2 · · ·
(
q2; q2

)
nℓ

.
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Lemma 5.1 (atomic relations). For all v and 1 ≤ i ≤ ℓ− 1,

S⋆
v − S⋆

v+ei = zqv·ei+iS⋆
v+2t1−2ti+1

. (5.5)

Also,

S⋆
v − S⋆

v+2eℓ
= zqv·eℓ+ℓS⋆

v+2t1 . (5.6)

Proof. As before: for 1 ≤ i ≤ ℓ − 1, multiply S⋆
v by

(
1 − qni

)
, cancel out a factor in the

denominator, and reindex with respect to ni to obtain (5.5). Also, multiply S⋆
v by

(
1 − q2nℓ

)
and do the same to obtain (5.6). ■

So now define, for 1 ≤ i ≤ ℓ− 1,

reliv := S⋆
v − S⋆

v+ei − zqv·ei+iS⋆
v+2t1−2ti+1

,

and for i = ℓ,

relℓv := S⋆
v − S⋆

v+2eℓ
− zqv·eℓ+ℓS⋆

v+2t1 .

The atomic relations are nearly the same as those in Section 3. The only difference is that relℓv
has changed.

Proposition 5.2. For 1 ≤ j ≤ ℓ− 1,

S⋆
tj+1

− S⋆
e1+···+ej+tj+1

− S⋆
2⃗−e1−···−ej−1+tj+1

+ (1− zq)S⋆
2⃗+tj+1

= 0.

Proof. This is the equivalent proposition to the previous Proposition 3.3, but with S replaced
by S⋆. Since that one only relied on reliv for 1 ≤ i ≤ ℓ− 1, which are exactly the same in both
cases, the proof is exactly the same. ■

Proposition 5.3. We have S⋆
0⃗
− 2S⋆

1⃗+eℓ
+ (1− zq)S⋆

2⃗
= 0.

Proof. We can obtain this as the following linear combinations of relations:

ℓ∑
i=1

relie1+···+ei−1
−

ℓ−1∑
i=1

reli
2⃗−e1−···−ei

=
ℓ−1∑
i=1

(
S⋆
e1+···+ei−1

− S⋆
e1+···+ei − zqiS⋆

e1+···+ei−1+2t1−2ti+1

)
+ S⋆

e1+···+eℓ−1
− S⋆

e1+···+eℓ−1+2eℓ
− zqℓS⋆

e1+···+eℓ−1+2t1

−
ℓ−1∑
i=1

(
S⋆
2⃗−e1−···−ei

− S⋆
2⃗−e1−···−ei−1

− zqi+1S⋆
2⃗−e1−···−ei+2t1−2ti+1

)
= S⋆

0⃗
− S⋆

1⃗+eℓ
−

ℓ∑
i=1

zqiS⋆
e1+···+ei−1+2t1−2ti+1

− S⋆
1⃗+eℓ

+ S⋆
2⃗
+

ℓ−1∑
i=1

zqi+1S⋆
2⃗−e1−···−ei+2t1−2ti+1

= S⋆
0⃗
− 2S⋆

1⃗+eℓ
+ S⋆

2⃗
−

ℓ∑
i=1

zqiS⋆
e1+···+ei−1+2t1−2ti+1

+
ℓ∑

i=2

zqiS⋆
2⃗−e1−···−ei−1+2t1−2ti

= S⋆
0⃗
− 2S⋆

1⃗+eℓ
+ S⋆

2⃗
− zq1S⋆

2t1−2t2
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−
ℓ∑

i=2

zqi
(
S⋆
e1+···+ei−1+2t1−2ti+1

− S⋆
2⃗−e1−···−ei−1+2t1−2ti

)
= S⋆

0⃗
− 2S⋆

1⃗+eℓ
+ S⋆

2⃗
− zq1S⋆

2⃗

= S⋆
0⃗
− 2S⋆

1⃗+eℓ
+ (1− zq)S⋆

2⃗

= 0.

Once again, we used the facts that

e1 + · · ·+ ei−1 + 2t1 − 2ti+1 = 2⃗− e1 − · · · − ei−1 + 2t1 − 2ti

and 2t1 − 2t2 = 2⃗. ■

Let us translate (5.2)–(5.4) into S⋆
v notation. Recalling (5.1), we see the identification

T ⋆
i (z, q) = S⋆

ti+1
(z, q), producing

S⋆
t1(z, q)− S⋆

t2(zq, q) = 0,

S⋆
ti+1

(z, q)− S⋆
ti+2

(zq, q)− S⋆
ti(zq, q) + (1− zq)S⋆

ti+1

(
zq2, q

)
= 0, 1 ≤ i ≤ ℓ− 1,

S⋆
0⃗
(z, q)− 2S⋆

eℓ
(zq, q) + (1− zq)S⋆

0⃗

(
zq2, q

)
= 0.

Note that S⋆
v(zq, q) = S⋆

v+1⃗
(z, q) and S⋆

v

(
zq2, q

)
= S⋆

v+2⃗
(z, q). This allows us to rewrite

these as

S⋆
t1(z, q)− S⋆

1⃗+t2
(z, q) = 0, (5.7)

S⋆
ti+1

(z, q)− S⋆
1⃗+ti+2

(z, q)− S⋆
1⃗+ti

(z, q) + (1− zq)S⋆
2⃗+ti+1

(z, q) = 0, 1 ≤ i ≤ ℓ− 1,(5.8)

S⋆
0⃗
(z, q)− 2S⋆

1⃗+eℓ
(z, q) + (1− zq)S⋆

2⃗
(z, q) = 0. (5.9)

So now Proposition 5.3 gives us (5.9) verbatim. Equation (5.7) follows from the fact that
t1 = 1⃗ + t2. Additionally, we can use Proposition 5.2, together with the facts that e1 + · · · +
ei + ti+1 = 1⃗ + ti+2 and 1⃗ + ti = 2⃗ − e1 − · · · − ei−1 + ti+1, to obtain (5.8). Finally, checking
the initial conditions (P ⋆

i (0, q) = T ⋆
i (0, q) = 1) allows us to complete our proof of Theorem 1.6.

6 A bijection with cylindric partitions

Our goal is to demonstrate a bijection between cylindric partitions of profile (2ℓ + 1, 0) on the
one hand, with generating function(

q1, q2ℓ+2, q2ℓ+3; q2ℓ+3
)
∞

(q; q)2∞
,

and pairs of ordinary partitions and [1, 0, . . . , 0]-admissible partitions on 2ℓ rows on the other,
with respective generating functions

1

(q; q)∞
and

(
q1, q2ℓ+2, q2ℓ+3; q2ℓ+3

)
∞

(q; q)∞
.

We will follow Proposition 2 of Corteel [17] and its proof. As in Corteel’s proof, the first step
involves what is essentially “flattening” the cylindric partition (meaning to take the two ordinary
partitions τ (1) and τ (2) of the cylindric partition and construct a new ordinary partition τ⋆,
where the frequency of all parts m in τ⋆ is equal to the sum of the frequencies of that part m
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in τ (1) and τ (2)) and then computing the conjugate partition of this flattened cylindric partition,
and finally assigning colors to the parts of this conjugate. Our color assignment is similar to
Corteel’s. However, we differ in our method for constructing the pair of partitions µ and ν – in
the case ℓ = 1 (corresponding to the Rogers–Ramanujan case, which was the only one considered
by Corteel), the map produced by our bijection turns out to be different than that of Corteel.

Throughout this section, when considering colored partitions, we will use subscripts for colors:
iA is a part of size i with color A. Also, we will consider [1, 0, . . . , 0]-admissible partitions on 2ℓ
rows, and explicitly color their parts, giving parts in rows 2ℓ − 2A + 1 and 2ℓ − 2A + 2 the
color A. The initial conditions for [1, 0, . . . , 0]-admissible partitions mean that the smallest part
that is allowed to appear in row j is 2ℓ− j + 2. Here is an illustration in the case ℓ = 3:

73 93 113
63 83 103 123

52 72 92 112
42 62 82 102 122

31 51 71 91 111
21 41 61 81 101 121

. . . .

Using this coloring convention, it will be helpful to give an alternative to the downward-path
requirement for [1, 0, . . . , 0]-admissible partitions on 2ℓ rows.

Proposition 6.1. A colored partition on 2ℓ rows is a [1, 0, . . . , 0]-admissible partition if and
only if it satisfies the following conditions:

� All parts iA are distinct.

� Parts iA and iB (A ̸= B) cannot both appear.

� No parts have size 1.

� For 1 ≤ i < ℓ, parts of size 2i and 2i+ 1 can only occur with colors in the set {1, . . . , i}.
� Suppose i < j. The parts iA and jB (A,B > 0) are forbidden from appearing together if

– either i is even and A ≤ B, or i is odd and A < B, and furthermore
⌊ j
2

⌋
−
⌊
i
2

⌋
≤ B−A,

or

– either i is even and B < A, or i is odd and B ≤ A, and furthermore
⌈ j
2

⌉
−
⌈
i
2

⌉
≤ A−B.

Proof. Suppose Λ̂ is a [1, 0, . . . , 0]-admissible partition on 2ℓ rows, so k0 = k = 1. Since k = 1,
it follows that all parts are distinct, and iA and iB (A ̸= B) cannot both appear (as otherwise
those parts would be in the same downward path). The initial condition k0 = 1 means that no
parts have size 1 and that, for 1 ≤ A < ℓ, parts with color A cannot have size less than 2A, as
otherwise such parts would be in a downward path with the initial condition 1̂. Finally, suppose
that parts iA and jB (with i < j) lie in the same downward path. If the row that iA lies in is
below the row of jB, then, if i is even, then A ≤ B, and, if i is odd, then A < B. In this case,
we must have

⌊ j
2

⌋
−
⌊
i
2

⌋
≤ B −A. On the other hand, if the row that iA lies in is above the row

of jB, then, if i is even, then B < A, and, if i is odd, then B ≤ A. In this case, we must have⌈ j
2

⌉
−
⌈
i
2

⌉
≤ A−B. Taking these two cases together verifies the fifth condition. Thus, we have

verified all five conditions above.
Now, suppose that Λ̂ satisfies the five conditions above. We will show that it is a [1, 0, . . . , 0]-

admissible partition on 2ℓ rows by showing that no two parts (including the initial condition
k0 = 1) lie on the same downward path. (Note that we can assume that those parts are distinct
by the first condition above.)

Suppose that a downward path includes the k0 = 1 initial condition. In that case, the possible
parts in the path are all of the form iA with i < 2A. But those are exactly the ones forbidden
by the third and fourth conditions above.
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So now, suppose that we have a downward path that does not include the k0 = 1 initial
condition. Suppose that iA and jB both lie on this downward path. If i = j, then that pair is
forbidden by the first condition above, so suppose without loss of generality that i < j. As in
the previous case, if iA is in a lower row than jB (while sharing the same downward path), then,
if i is even, then A ≤ B, and if i is odd, then A < B, and furthermore

⌊ j
2

⌋
−

⌊
i
2

⌋
≤ B − A.

Alternatively, if iA is in a higher row than jB , then, if i is even, then B < A, and if i is odd,
then B ≤ A, and furthermore

⌈ j
2

⌉
−
⌈
i
2

⌉
≤ A−B. But these are exactly the cases forbidden in

the fifth condition above. We conclude that there are no downward paths with multiple parts
appearing in them, and that Λ̂ is a [1, 0, . . . , 0]-admissible partition on 2ℓ rows. ■

Theorem 6.2. Fix ℓ ≥ 1. For all n ≥ 0, the following are equinumerous:

� The set S1(n) of cylindric partitions of weight n with profile (2ℓ+ 1, 0).

� The set S2(n) of colored partitions of weight n with the following properties:

– All colors are in the set {0, 1, . . . , ℓ}.
– Any two parts of size i that appear must have the same color.

– Parts of size 1 can only occur with color 0.

– For 1 ≤ i < ℓ, parts of size 2i and 2i+ 1 can only occur with colors {0, 1, . . . , i}.
– Suppose i < j. If the parts iA and jB both appear in Λ, then both of the following

inequalities are true:⌊
j

2

⌋
−
⌊
i

2

⌋
≥ B −A, (6.1)⌈

j

2

⌉
−
⌈
i

2

⌉
≥ A−B. (6.2)

� The set S3(n) consisting of pairs (µ, ν), with the sum of the weights of µ and ν is n, where
µ is an ordinary partition and ν is a colored [1, 0, . . . , 0]-admissible partition of 2ℓ rows
(counted by P0(z, q)).

Proof. We will prove this by exhibiting bijections between S1(n) and S2(n) and between S2(n)
and S3(n), which then gives us a bijection between S1(n) and S3(n).

Part 1: S1(n) to S2(n). First, let us construct the map from S1(n) to S2(n). Consider
a cylindric partition Λ̂ of weight n of profile (2ℓ + 1, 0), so Λ̂ is in S1(n). This corresponds to
a pair of partitions

(
τ (1), τ (2)

)
such that, for all i,

τ
(1)
i ≥ τ

(2)
i and τ

(2)
i ≥ τ

(1)
i+2ℓ+1.

Let γ1(m) and γ2(m) be the number of parts of τ (1) and τ (2) (respectively) that are at least
m. We construct from Λ̂ a colored partition Λ, where the allowable colors are 0, 1, . . . , ℓ. The
number of parts of Λ will be τ

(1)
1 : Λ = λ1 + · · ·+ λ

τ
(1)
1

. For 1 ≤ m ≤ τ
(1)
1 , λm = γ1(m) + γ2(m),

and λm has color given by

cm =

⌊
γ1(m)− γ2(m)

2

⌋
.

Note that, for all i, 0 ≤ γ1(m)− γ2(m) ≤ 2ℓ+ 1.
We claim that Λ is in S2(n). The first condition of S2(n) is satisfied by construction.

Since γ1(m) and γ2(m) are both nonincreasing with respect to m, if λm = λm+1, then γ1(m) =
γ1(m+ 1) and γ2(m) = γ2(m+ 1), and thus the colors are the same:⌊

γ1(m)− γ2(m)

2

⌋
=

⌊
γ1(m+ 1)− γ2(m+ 1)

2

⌋
.

Hence, the second condition of S2(n) is also satisfied.
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Next, suppose that λm = 1 for some m. Since λ1 = γ1(m) + γ2(m) and γ1(m) ≥ γ2(m), it
follows that γ1(m) = 1, γ2(m) = 0, and

cm =

⌊
1− 0

2

⌋
= 0,

which shows that the third condition of S2(n) is satisfied.
Now, suppose that

⌊
λm
2

⌋
= i for some 1 ≤ i < ℓ. This implies that γ1(m) ≤ 2i+ 1, and thus

cm =

⌊
γ1(m)− γ2(m)

2

⌋
≤

⌊
2i+ 1− 0

2

⌋
= i.

This shows that the only possible colors for λm are {0, 1, . . . , i}, and thus the fourth condition
of S2(n) is satisfied.

Finally, to show that the two inequalities in the fifth condition of S2(n) are satisfied, assume
that λm1 = i and λm2 = j, with i < j, and so m1 > m2. Note that, for integers C and D,⌊

C +D

2

⌋
−
⌊
C −D

2

⌋
= D.

We can use this fact to show that⌊
i

2

⌋
−A =

⌊
γ1(m1) + γ2(m1)

2

⌋
−
⌊
γ1(m1)− γ2(m1)

2

⌋
= γ2(m1),

and similarly
⌊ j
2

⌋
−B = γ2(m2). Since m1 > m2, γ2(m1) ≤ γ2(m2), and so we conclude⌊

i

2

⌋
−A ≤

⌊
j

2

⌋
−B.

Rearranging this inequality gives (6.1). In the same way, for integers C and D,⌈
C +D

2

⌉
+

⌊
C −D

2

⌋
= C.

Thus,⌈
i

2

⌉
+A =

⌈
γ1(m1) + γ2(m1)

2

⌉
+

⌊
γ1(m1)− γ2(m1)

2

⌋
= γ1(m1),

and similarly
⌈ j
2

⌉
+B = γ1(m2). Now, using γ1(m1) ≤ γ1(m2) gives⌈

j

2

⌉
+B ≥

⌈
i

2

⌉
+A,

which can be rearranged to produce (6.2). Since all five conditions are satisfied, we accordingly
conclude that Λ ∈ S2(n).

Part 2: S2(n) to S1(n). Now, let us construct the inverse map (from S2(n) to S1(n)), and let
Λ = λ1 + · · ·+ λm be a colored partition in S2(n). Let cj be the color of λj . We will construct
a pair of partitions

(
τ (1), τ (2)

)
, where τ (1) will have

⌈
λ1
2

⌉
+ c1 parts and τ (2) will have

⌊
λ1
2

⌋
− c1

parts. For 1 ≤ i ≤
⌈
λ1
2

⌉
+ c1, set τ

(1)
i equal to the number of parts λj such that

⌈λj

2

⌉
+ cj ≥ i,

and for 1 ≤ i ≤
⌊
λ1
2

⌋
− c1, set τ

(2)
i equal to the number of parts λj such that

⌊λj

2

⌋
− cj ≥ i.

It is clear by construction that both τ (1) and τ (2) are partitions (their parts are in nonin-
creasing order). Next, for 1 ≤ i ≤

⌊
λ1
2

⌋
− c1, suppose that λj is a part such that

⌊λj

2

⌋
− cj ≥ i
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(and thus it is contributing to the count for τ
(2)
i ). Then, λj also satisfies

⌈λj

2

⌉
+ cj ≥ i, and thus

it contributes to the count for τ
(1)
i . This shows that τ

(1)
i ≥ τ

(2)
i , as needed.

Finally, suppose that λj is a part such that⌈
λj

2

⌉
+ cj ≥ i+ 2ℓ+ 1

(and thus it is contributing to the count for τ
(2)
i+2ℓ+1). Subtracting 2cj − 1 from both sides of

that inequality produces⌈
λj

2

⌉
− 1− cj ≥ i+ 2ℓ− 2cj .

Recall that the largest possible color is ℓ, and note that
⌈λj

2

⌉
− 1 ≤

⌊λj

2

⌋
. Hence,⌊

λj

2

⌋
− 1− cj ≥ i,

and so λj contributes to the count for τ
(2)
i . This shows that the final inequality τ

(2)
i ≥ τ

(1)
i+2ℓ+1

is satisfied. We conclude that
(
τ (1), τ (2)

)
is a cylindric partition of profile (2ℓ+ 1, 0).

Part 3: S2(n) to S3(n). Next, let us construct the map from S2(n) to S3(n). Let Λ ∈ S2(n).
We will construct a pair of partitions µ and ν, where µ will be an ordinary partition, while ν will
be a colored partition with colors in the set {1, . . . , ℓ}. (When we add parts to µ, we “forget”
their colors.) First, we take each part of Λ that occurs t > 1 times, and t − 1 occurrences of
that part are added to µ. Additionally, all parts colored 0 are added to µ. Now carry out the
following rules:

(R1) If iA and jB (with i < j) both appear as parts in Λ, where either i is even and 0 < A ≤ B,
or i is odd and 0 < A < B, and furthermore

⌊ j
2

⌋
−
⌊
i
2

⌋
= B −A, then insert i into µ.

(R2) If iA and jB (with i < j) both appear as parts in Λ, where either i is even and 0 < B < A,
or i is odd and 0 < B ≤ A, and furthermore

⌈ j
2

⌉
−
⌈
i
2

⌉
= A−B, then insert j into µ.

At the end, we form ν by taking all of the leftover parts from Λ not inserted into µ, keeping
their colors intact.

Now, µ is clearly an (ordinary) partition. We claim that ν is a colored [1, 0, . . . , 0]-admissible
partition on 2ℓ rows through checking the conditions of Proposition 6.1. The first condition
above is met by the fact that duplicated parts were sent to µ, while the second, third, and
fourth are met through the properties of Λ. (Recall that all parts of Λ colored 0 are sent to ν.)
Finally, the fifth condition nearly follows from the properties of Λ expressed in (6.1) and (6.2),
except for the extra cases

� either i is even and A ≤ B, or i is odd and A < B, and furthermore
⌊ j
2

⌋
−

⌊
i
2

⌋
= B − A,

or

� either i is even and B < A, or i is odd and B ≤ A, and furthermore
⌈ j
2

⌉
−
⌈
i
2

⌉
= A−B.

But, these cases are exactly the ones that were dealt with in the rules R1 and R2, and so
we conclude that ν is, in fact, a [1, 0, . . . , 0]-admissible partition on 2ℓ rows (with bivariate
generating function P0(z, q)).

Part 4: S3(n) to S2(n). Finally, let us construct the inverse map (from S3(n) to S2(n)). Let
(µ, ν) ∈ S3(n). We transform this pair into a colored partition Λ by carrying out the following
operations:
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(R′
1) If i is in µ, jB is in ν, i < j, and either i is even and j − i ≤ 2B − 1, or i is odd and

j − i < 2B − 1, then insert iC into Λ, where C = B −
⌊ j
2

⌋
+
⌊
i
2

⌋
.

(R′
2) If j is in µ, iA is in ν, i < j, and either i is even and j − i < 2A − 1, or i is odd and

j − i ≤ 2A− 1, then insert jC into Λ, where C = A+
⌈ j
2

⌉
−
⌈
i
2

⌉
.

All parts of ν are then inserted into Λ with their colors intact, and finally all remaining parts i
of µ are inserted into Λ. If there already is a part iA in Λ, then those parts i are also given
color A; otherwise, we insert i0 into Λ.

We claim that this is the inverse of the map given in Part 3. First, note that neither the
map in Part 3 nor this map changes the size of any part – only colors are (potentially) changed,
deleted, or added. Parts that are in ν do not have their colors changed by either the Part 3 map
or this map. If some part of Λ that had nonzero color occurred t times and had t − 1 copies
sent to µ (thus losing their color), those parts have their color restored by the “if there already
is a part iA in Λ, then those parts i are also given color A” part of the map. Finally, parts of Λ
that had nonzero color and were sent to µ by either R1 or R2 in the Part 3 map (thus losing
their color) are exactly the ones that have their colors restored by R′

1 and R′
2 in this present

map.

For example, suppose that i is even and iA and jB are parts of Λ that satisfy the conditions
of R1 in Part 3, so i is inserted into µ. Since

⌊ j
2

⌋
−
⌊
i
2

⌋
= B −A, it follows that

2A− 1 + 2

⌊
j

2

⌋
− 2

⌊
i

2

⌋
= 2B − 1.

We assumed i is even, and so 2
⌊
i
2

⌋
= i, and since A > 0, 2A−1+2

⌊ j
2

⌋
≥ j−1, so j− i ≤ 2B−1.

Hence, the hypotheses of R′
1 are met, and we insert iC into Λ, where C = B −

⌊ j
2

⌋
+

⌊
i
2

⌋
, but

then it is easy to see that this color C matches exactly the original color A, and so the correct
color has been restored to i in Λ. The other cases (R1 and i odd, along with R2 and both parities
of i) follow similarly.

We thus conclude that we have successfully produced bijections between S1(n) and S2(n)
and between S2(n) and S3(n). This gives us, as desired, a bijection between cylindric partitions
of profile (2ℓ + 1, 0) and pairs (µ, ν), where µ is an ordinary partition and ν is a [1, 0, . . . , 0]-
admissible partition on 2ℓ rows. ■

Let us present an example to demonstrate our work. Suppose that ℓ = 3, and our original
cylindric partition Λ̂ =

(
τ (1), τ (2)

)
has τ (1) = 9+8+8+5+5+3+3+3+3+3, τ (2) = 9+4+4+4+2,

so Λ̂ ∈ S1(73). Then, Λ = 152 + 152 + 143 + 90 + 62 + 41 + 41 + 41 + 20. Observe that Λ meets
the properties to be in S2(73).

We now construct µ and ν. Since 152 and 41 occur multiple times in Λ, we place all but one
occurrence of each into µ (with colors deleted), and we also place the parts colored 0 (9 and 2)
into µ, so right now, we have µ = 15 + 9 + 4 + 4 + 2. Following rule R2 above for 152 + 143, we
see that we insert the final copy of 15 into µ, and following rule R1 for 62 + 41, we see that we
also insert the final copy of 4 into µ. This leaves us with µ = 15 + 15 + 9 + 4 + 4 + 4 + 2 and
ν = 143 + 62, where µ is an ordinary partition and ν is a [1, 0, 0, 0]-admissible partition.

The above work was for [1, 0, . . . , 0]-admissible partitions on 2ℓ rows. For the case of admis-
sible partitions on 2ℓ − 1 rows, we now have a bijection between cylindric partitions of profile
(2ℓ, 0) and pairs of ordinary partitions and [1, 0, . . . , 0]-admissible partitions on 2ℓ−1 rows. It is
straightforward to adapt the proof of Theorem 6.2. The main difference is that, in the colored
partition Λ ∈ S2(n) that is constructed, parts with color ℓ cannot have odd size, which parallels
exactly how parts with color ℓ in the admissible partition ν that is constructed must have even
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size (again shown for ℓ = 3):

63 83 103 123
52 72 92 112

42 62 82 102 122
31 51 71 91 111

21 41 61 81 101 121

. . . .

7 Conclusion

We conclude by listing some questions suggested by the present research. We focus on the case
with an even number of rows (Theorem 1.5) corresponding to the Andrews–Gordon identities,
but many of the comments below would equally apply to the other case.

� As we have seen, taking the usual bivariate Andrews–Gordon and Andrews–Bressoud
multisums, which have elegant combinatorial interpretations, and altering the xN1+···+Nk

factor to zN1 produces new bivariate multisums that still have elegant combinatorial inter-
pretations. Can the same be done for other families of multisum identities? One natural
candidate would be the Göllnitz–Gordon–Andrews identities [3, 5].

Theorem 7.1. Fix ℓ ≥ 1, and let 0 ≤ i ≤ ℓ. Let Gℓ,i,m(n) denote the number of partitions of n
with exactly m parts satisfying, for all j ≥ 1, f2j−1 ≤ 1 and f2j + f2j+1 + f2j+2 ≤ ℓ, and also
satisfying f1 + f2 ≤ i. Then,∑

m,n≥0

Gℓ,i,m(n)xmqn =
∑

n1,n2,...,nℓ≥0

xN1+···+Nℓ
(
−q, q2

)
N1

qN
2
1+2(N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ)(

q2; q2
)
n1

(
q2; q2

)
n2

· · ·
(
q2; q2

)
nℓ

and, if x = 1 in the above equation, we have the infinite product∑
n1,n2,...,nℓ≥0

(
−q, q2

)
N1

qN
2
1+2(N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ)(

q2; q2
)
n1

(
q2; q2

)
n2

· · ·
(
q2; q2

)
nℓ

=

(
q2; q4

)
∞
(
q2i+1, q4ℓ−2i+3, q4ℓ+4; q4ℓ+4

)
∞

(q; q)∞
.

So, are there some combinatorial objects (that feel similar to the colored partitions of this
paper) with bivariate generating function∑

n1,n2,...,nℓ≥0

zN1
(
−q, q2

)
N1

qN
2
1+2(N2

2+···+N2
ℓ +Ni+1+Ni+2+···+Nℓ)(

q2; q2
)
n1

(
q2; q2

)
n2

· · ·
(
q2; q2

)
nℓ

?

� Can the ideas and results of this paper be extended to obtain a multisum for the k > 1,
ℓ > 1 cases of the conjectures of Capparelli, Meurman, Primc, and Primc? To be more
specific, let us restrict ourselves to the case with 2ℓ rows. We have a bivariate generating
function (Theorem 1.5) in the case k = 1 and ℓ ∈ N. But, as observed in [16], the case ℓ = 1
and k ∈ N also ends up literally as Theorem 1.2, with bivariate generating function (1.1).
Can these ideas be combined appropriately to give a multisum for general k, ℓ? Right
now, even the case k = 2 and ℓ = 2 is open.

� There exist many refinements and modifications of the Andrews–Gordon identities. For
example, the parity of parts has been investigated [8, 32, 33, 34]. A typical case to study
here is partitions counted by Bℓ,i(n) in Theorem 1.1 that further have the requirement
that even parts must appear an even number of times. Once again, there is a bivariate
multisum for these partitions with a factor of xN1+···+Nk ; if this is modified to zN1 , is there
a nice subfamily of these generalized partitions that are now counted?



Companions to Andrews–Gordon–Bressoud Identities and CMPP Conjectures 27

� Another combinatorial interpretation of the sum on the right side of (1.1) involves Durfee
squares and rectangles [6] (see also [1]). One nice feature of this combinatorial interpre-
tation is that the refinement obtained provides information about the values of each of
the variables n1, . . . , nℓ in the sum. Again, is there a corresponding combinatorial inter-
pretation for the bivariate generating functions Pi(z, q) and P ⋆

i (z, q) of the Capparelli–
Meurman–Primc–Primc colored partitions?

A Appendix: Explicit computations

In this appendix, we include explicit examples of some of our computations in the case ℓ = 4 in
order to illustrate our proofs.

A.1 Theorem 2.1 for ℓ = 4

Here, we have the following initial picture, where exactly one of the ki equals 1, and the rest are
zero:

k1 f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

k3 f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

k4 f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

k2 f1 f3 f5 f7 f9 f11 f13
k0 f2 f4 f6 f8 f10 f12 f14

. . . .

We display frequency arrays for the five generating functions that we care about, with
their initial conditions shown as 1̂, and · representing parts that are forbidden from appear-
ing:

P4(z, q) :

· · · f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

. . . ,

P3(z, q) :

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

. . . ,
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P2(z, q) :

· · · · f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

. . . ,

P1(z, q) :

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · · f7 f9 f11 f13
· · · · f8 f10 f12 f14

. . . ,

P0(z, q) :

· · · · · f9 f11 f13
· · · · f8 f10 f12 f14

· · · · f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
1̂ f2 f4 f6 f8 f10 f12 f14

. . . .(A.1)

We now show how to deduce the functional equations corresponding to (2.1) and (2.2) in this
particular case:

� P0(z, q) = P1(zq, q): This is clear by inspection: simply “flip” the picture in (A.1) up-
side down. This flipping trick will be used constantly throughout the rest of this ap-
pendix.

� P1(z, q) = zq1P1

(
zq2, q

)
+ P2(zq, q): Consider a partition counted by P1(z, q). Either

there is a 1 in this partition, or there is not. If there is, we have the following pic-
ture:

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · · ⋆ f7 f9 f11 f13
· · · ⋆ f8 f10 f12 f14

· · · · ⋆ f9 f11 f13
· · · · ⋆ f10 f12 f14

. . . .

Here (and following), the red 1 indicates the location of the 1 we are assuming to be in this
partition, while the red ⋆s show the frequencies that are forced to equal zero by the inclu-
sion of this part. We can see that this corresponds to zqP1

(
zq2, q

)
. The other possibility
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is that there is no 1

· ⋆ f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · · f7 f9 f11 f13
· · · · f8 f10 f12 f14

. . . ,

which corresponds to P2(zq, q) by flipping the array.

� P2(z, q) = zq1P2

(
zq2, q

)
+ zq2P1

(
zq3, q

)
+ P3(zq, q): Either there is a 1

· · · · ⋆ f9 f11 f13
· · · ⋆ f8 f10 f12 f14

· · · ⋆ f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

. . . ,

which corresponds to zq1P2

(
zq2, q

)
, or there is a 2 in the final row2

· · · · ⋆ ⋆ f11 f13
· · · ⋆ ⋆ f10 f12 f14

· · · ⋆ ⋆ f9 f11 f13
· · ⋆ ⋆ f8 f10 f12 f14

· · ⋆ ⋆ f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· ⋆ ⋆ f5 f7 f9 f11 f13
· 2 f4 f6 f8 f10 f12 f14

. . . ,

which corresponds to zq2P1

(
zq3, q

)
, or neither of these occur

· · · · f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· ⋆ f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

. . . ,

which corresponds to P3(zq, q).

2In a small abuse of notation, we are using 2 to indicate f2 = 1 here (and similarly throughout the rest of the
appendix).
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� P3(z, q) = zq1P3

(
zq2, q

)
+ zq2P2

(
zq3, q

)
+ zq3P1

(
zq4, q

)
+ P4(zq, q): Either there is a 1

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · · ⋆ f7 f9 f11 f13
· · · ⋆ f8 f10 f12 f14

. . . ,

which corresponds to zq1P3

(
zq2, q

)
, or there is a 2 in the second row

· · ⋆ f5 f7 f9 f11 f13
· 2 f4 f6 f8 f10 f12 f14

· ⋆ ⋆ f5 f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· · ⋆ ⋆ f7 f9 f11 f13
· · ⋆ ⋆ f8 f10 f12 f14

· · · ⋆ ⋆ f9 f11 f13
· · · ⋆ ⋆ f10 f12 f14

. . . ,

which corresponds to zq2P2

(
zq3, q

)
, or there is a 3 in the first row

· · 3 f5 f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· ⋆ ⋆ ⋆ f7 f9 f11 f13
· ⋆ ⋆ ⋆ f8 f10 f12 f14

· · ⋆ ⋆ ⋆ f9 f11 f13
· · ⋆ ⋆ ⋆ f10 f12 f14

· · · ⋆ ⋆ ⋆ f11 f13
· · · ⋆ ⋆ ⋆ f12 f14

. . . ,

which corresponds to zq3P1

(
zq4, q

)
, or none of these occur

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· ⋆ f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

. . . ,

which corresponds to P4(zq, q).

� P4(z, q) = zq1P4

(
zq2, q

)
+ zq2P3

(
zq3, q

)
+ zq3P2

(
zq4, q

)
+ zq4P1

(
zq5, q

)
+ P4(zq, q).
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Either a 1 occurs in the partition

· · · ⋆ f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

. . . ,

corresponding to zq1P4

(
zq2, q

)
, or a 2 occurs in the sixth row

· · · ⋆ ⋆ f9 f11 f13
· · ⋆ ⋆ f8 f10 f12 f14

· · ⋆ ⋆ f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· ⋆ ⋆ f5 f7 f9 f11 f13
· 2 f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

. . . ,

corresponding to zq2P3

(
zq3, q

)
, or a 3 occurs in the seventh row

· · · ⋆ ⋆ ⋆ f11 f13
· · ⋆ ⋆ ⋆ f10 f12 f14

· · ⋆ ⋆ ⋆ f9 f11 f13
· ⋆ ⋆ ⋆ f8 f10 f12 f14

· ⋆ ⋆ ⋆ f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· · 3 f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

. . . ,

corresponding to zq3P2

(
zq4, q

)
, or a 4 occurs in the eighth row

· · · ⋆ ⋆ ⋆ ⋆ f13
· · ⋆ ⋆ ⋆ ⋆ f12 f14

· · ⋆ ⋆ ⋆ ⋆ f11 f13
· ⋆ ⋆ ⋆ ⋆ f10 f12 f14

· ⋆ ⋆ ⋆ ⋆ f9 f11 f13
· ⋆ ⋆ ⋆ f8 f10 f12 f14

· · ⋆ ⋆ f7 f9 f11 f13
· · 4 f6 f8 f10 f12 f14

. . . ,

corresponding to zq4P1

(
zq5, q

)
, or none of these occur

· · · f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· ⋆ f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

. . . ,

corresponding to P4(zq, q).
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A.2 Propositions 3.2 and 3.3 for ℓ = 4

Let us explicitly show how to obtain Propositions 3.2 and 3.3 from Lemma 3.1 in the case ℓ = 4.
Our atomic relations are

rel1⟨v1,v2,v3,v4⟩ := S⟨v1,v2,v3,v4⟩ − S⟨v1+1,v2,v3,v4⟩ − zqv1+1S⟨v1+2,v2+2,v3+2,v4+2⟩,

rel2⟨v1,v2,v3,v4⟩ := S⟨v1,v2,v3,v4⟩ − S⟨v1,v2+1,v3,v4⟩ − zqv2+2S⟨v1+2,v2+4,v3+4,v4+4⟩,

rel3⟨v1,v2,v3,v4⟩ := S⟨v1,v2,v3,v4⟩ − S⟨v1,v2,v3+1,v4⟩ − zqv3+3S⟨v1+2,v2+4,v3+6,v4+6⟩,

rel4⟨v1,v2,v3,v4⟩ := S⟨v1,v2,v3,v4⟩ − S⟨v1,v2,v3,v4+1⟩ − zqv4+4S⟨v1+2,v2+4,v3+6,v4+8⟩.

Proposition A.1. The following equation is true:

S⟨0,0,0,0⟩ − S⟨1,1,1,1⟩ − S⟨1,1,1,2⟩ + (1− zq)S⟨2,2,2,2⟩ = 0.

Proof. We begin by adding together rel1⟨0,0,0,0⟩ + rel2⟨1,0,0,0⟩ + rel3⟨1,1,0,0⟩ + rel4⟨1,1,1,0⟩:(
S⟨0,0,0,0⟩ − S⟨1,0,0,0⟩ − zq1S⟨2,2,2,2⟩

)
+
(
S⟨1,0,0,0⟩ − S⟨1,1,0,0⟩ − zq2S⟨3,4,4,4⟩

)
+
(
S⟨1,1,0,0⟩ − S⟨1,1,1,0⟩ − zq3S⟨3,5,6,6⟩

)
+
(
S⟨1,1,1,0⟩ − S⟨1,1,1,1⟩ − zq4S⟨3,5,7,8⟩

)
= S⟨0,0,0,0⟩ − S⟨1,1,1,1⟩ − zqS⟨2,2,2,2⟩ − zq2S⟨3,4,4,4⟩ − zq3S⟨3,5,6,6⟩ − zq4S⟨3,5,7,8⟩.(A.2)

Meanwhile, we also add together rel1⟨1,2,2,2⟩ + rel2⟨1,1,2,2⟩ + rel3⟨1,1,1,2⟩:(
S⟨1,2,2,2⟩ − S⟨2,2,2,2⟩ − zq2S⟨3,4,4,4⟩

)
+
(
S⟨1,1,2,2⟩ − S⟨1,2,2,2⟩ − zq3S⟨3,5,6,6⟩

)
+
(
S⟨1,1,1,2⟩ − S⟨1,1,2,2⟩ − zq4S⟨3,5,7,8⟩

)
= S⟨1,1,1,2⟩ − S⟨2,2,2,2⟩ − zq2S⟨3,4,4,4⟩ − zq3S⟨3,5,6,6⟩ − zq4S⟨3,5,7,8⟩. (A.3)

So, subtracting (A.3) from (A.2) produces

S⟨0,0,0,0⟩ − S⟨1,1,1,1⟩ − zqS⟨2,2,2,2⟩ − zq2S⟨3,4,4,4⟩ − zq3S⟨3,5,6,6⟩ − zq4S⟨3,5,7,8⟩

−
(
S⟨1,1,1,2⟩ − S⟨2,2,2,2⟩ − zq2S⟨3,4,4,4⟩ − zq3S⟨3,5,6,6⟩ − zq4S⟨3,5,7,8⟩

)
= S⟨0,0,0,0⟩ − S⟨1,1,1,1⟩ − S⟨1,1,1,2⟩ + (1− zq)S⟨2,2,2,2⟩ = 0,

as desired. ■

Proposition A.2. The following equations are true:

S⟨0,0,0,1⟩ − S⟨1,1,1,1⟩ − S⟨1,1,2,3⟩ + (1− zq)S⟨2,2,2,3⟩ = 0,

S⟨0,0,1,2⟩ − S⟨1,1,1,2⟩ − S⟨1,2,3,4⟩ + (1− zq)S⟨2,2,3,4⟩ = 0,

S⟨0,1,2,3⟩ − S⟨1,1,2,3⟩ − S⟨2,3,4,5⟩ + (1− zq)S⟨2,3,4,5⟩ = 0.

Proof. We compute

rel1⟨0,0,0,1⟩ + rel2⟨1,0,0,1⟩ + rel3⟨1,1,0,1⟩ − rel1⟨1,2,2,3⟩ − rel2⟨1,1,2,3⟩

=
(
S⟨0,0,0,1⟩ − S⟨1,0,0,1⟩ − zqS⟨2,2,2,3⟩

)
+
(
S⟨1,0,0,1⟩ − S⟨1,1,0,1⟩ − zq2S⟨3,4,4,5⟩

)
+
(
S⟨1,1,0,1⟩ − S⟨1,1,1,1⟩ − zq3S⟨3,5,6,7⟩

)
−
(
S⟨1,2,2,3⟩ − S⟨2,2,2,3⟩ − zq2S⟨3,4,4,5⟩

)
−
(
S⟨1,1,2,3⟩ − S⟨1,2,2,3⟩ − zq3S⟨3,5,6,7⟩

)
= S⟨0,0,0,1⟩ − S⟨1,1,1,1⟩ − S⟨1,1,2,3⟩ + (1− zq)S⟨2,2,2,3⟩ = 0,

rel1⟨0,0,1,2⟩ + rel2⟨1,0,1,2⟩ − rel1⟨1,2,3,4⟩
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=
(
S⟨0,0,1,2⟩ − S⟨1,0,1,2⟩ − zqS⟨2,2,3,4⟩

)
+
(
S⟨1,0,1,2⟩ − S⟨1,1,1,2⟩ − zq2S⟨3,4,5,6⟩

)
−
(
S⟨1,2,3,4⟩ − S⟨2,2,3,4⟩ − zq2S⟨3,4,5,6⟩

)
= S⟨0,0,1,2⟩ − S⟨1,1,1,2⟩ − S⟨1,2,3,4⟩ + (1− zq)S⟨2,2,3,4⟩ = 0,

rel1⟨0,1,2,3⟩ = S⟨0,1,2,3⟩ − S⟨1,1,2,3⟩ − zqS⟨2,3,4,5⟩

= S⟨0,1,2,3⟩ − S⟨1,1,2,3⟩ − S⟨2,3,4,5⟩ + (1− zq)S⟨2,3,4,5⟩ = 0. ■

A.3 Theorem 4.1 for ℓ = 4

Let us again consider ℓ = 4, resulting in 2(4)−1 = 7 rows. Once again, there are five generating
functions to consider:

P ⋆
4 (z, q) :

· · f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· f2 f4 f6 f8 f10 f12 f14
1̂ f1 f3 f5 f7 f9 f11 f13

· f2 f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12 f14

. . . ,

P ⋆
3 (z, q) :

· · f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13

. . . ,

P ⋆
2 (z, q) :

· f2 f4 f6 f8 f10 f12 f14
1̂ f1 f3 f5 f7 f9 f11 f13

· f2 f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12 f14
· · · f5 f7 f9 f11 f13

· · · f6 f8 f10 f12 f14

. . . ,

P ⋆
1 (z, q) :

1̂ f1 f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · · f7 f9 f11 f13

. . . ,

P ⋆
0 (z, q) :

1̂ f2 f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12 f14
· · · f5 f7 f9 f11 f13

· · · f6 f8 f10 f12 f14
· · · · f7 f9 f11 f13

· · · · f8 f10 f12 f14

. . . .
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� P ⋆
0 (z, q) = P ⋆

1 (zq, q): This is clear by inspection.

� P ⋆
1 (z, q) = zq1P ⋆

1

(
zq2, q

)
+ P ⋆

2 (zq, q): Either there is a 1 in the first row

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · · ⋆ f7 f9 f11 f13
· · · ⋆ f8 f10 f12 f14

· · · · ⋆ f9 f11 f13

. . . ,

which corresponds to zq1P ⋆
1

(
zq2, q

)
, or there is no 1

· ⋆ f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13
· · · f6 f8 f10 f12 f14

· · · · f7 f9 f11 f13

. . . ,

which corresponds to P ⋆
2 (zq, q).

� P ⋆
2 (z, q) = zq1P ⋆

2

(
zq2, q

)
+ zq2P ⋆

1

(
zq3, q

)
+ P ⋆

3 (zq, q): Either there is a 1

· ⋆ f4 f6 f8 f10 f12 f14
· 1 f3 f5 f7 f9 f11 f13

· ⋆ f4 f6 f8 f10 f12 f14
· · ⋆ f5 f7 f9 f11 f13

· · ⋆ f6 f8 f10 f12 f14
· · · ⋆ f7 f9 f11 f13

· · · ⋆ f8 f10 f12 f14

. . . ,

corresponding to zq1P ⋆
2

(
zq2, q

)
, or there is a 2 in the first row

· 2 f4 f6 f8 f10 f12 f14
· ⋆ ⋆ f5 f7 f9 f11 f13

· ⋆ ⋆ f6 f8 f10 f12 f14
· · ⋆ ⋆ f7 f9 f11 f13

· · ⋆ ⋆ f8 f10 f12 f14
· · · ⋆ ⋆ f9 f11 f13

· · · ⋆ ⋆ f10 f12 f14

. . . ,

corresponding to zq2P ⋆
1

(
zq3, q

)
, or neither of these occur

· ⋆ f4 f6 f8 f10 f12 f14
· ⋆ f3 f5 f7 f9 f11 f13

· f2 f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12 f14
· · · f5 f7 f9 f11 f13

· · · f6 f8 f10 f12 f14

. . . ,

corresponding to P ⋆
3 (zq, q).
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� P ⋆
3 (z, q) = zq1P ⋆

3

(
zq2, q

)
+ zq2P ⋆

2

(
zq3, q

)
+ zq3P ⋆

1

(
zq4, q

)
+ P ⋆

4 (zq, q): Either there is a 1

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· 1 f3 f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· · ⋆ f5 f7 f9 f11 f13
· · ⋆ f6 f8 f10 f12 f14

· · · ⋆ f7 f9 f11 f13

. . . ,

corresponding to zq1P ⋆
3

(
zq2, q

)
, or there is a 2 in the second row

· · ⋆ f5 f7 f9 f11 f13
· 2 f4 f6 f8 f10 f12 f14

· ⋆ ⋆ f5 f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· · ⋆ ⋆ f7 f9 f11 f13
· · ⋆ ⋆ f8 f10 f12 f14

· · · ⋆ ⋆ f9 f11 f13

. . . ,

corresponding to zq2P ⋆
2

(
zq3, q

)
, or there is a 3 in the first row

· · 3 f5 f7 f9 f11 f13
· ⋆ ⋆ f6 f8 f10 f12 f14

· ⋆ ⋆ ⋆ f7 f9 f11 f13
· ⋆ ⋆ ⋆ f8 f10 f12 f14

· · ⋆ ⋆ ⋆ f9 f11 f13
· · ⋆ ⋆ ⋆ f10 f12 f14

· · · ⋆ ⋆ ⋆ f11 f13

. . . ,

corresponding to zq3P ⋆
1

(
zq4, q

)
, or none of these occur

· · ⋆ f5 f7 f9 f11 f13
· ⋆ f4 f6 f8 f10 f12 f14

· ⋆ f3 f5 f7 f9 f11 f13
· f2 f4 f6 f8 f10 f12 f14

· · f3 f5 f7 f9 f11 f13
· · f4 f6 f8 f10 f12 f14

· · · f5 f7 f9 f11 f13

. . . ,

corresponding to P ⋆
4 (zq, q).

� P ⋆
4 (z, q) = zq1P ⋆

4

(
zq2, q

)
+zq2P ⋆

3

(
zq3, q

)
+zq3P ⋆

2

(
zq4, q

)
+zq4P ⋆

1

(
zq5, q

)
+P ⋆

3 (zq, q): Either
there is a 1

· · ⋆ f6 f8 f10 f12 f14
· · ⋆ f5 f7 f9 f11 f13

· ⋆ f4 f6 f8 f10 f12 f14
· 1 f3 f5 f7 f9 f11 f13

· ⋆ f4 f6 f8 f10 f12 f14
· · ⋆ f5 f7 f9 f11 f13

· · ⋆ f6 f8 f10 f12 f14

. . . ,
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corresponding to zq1P ⋆
4

(
zq2, q

)
, or there is a 2 in the third row

· · ⋆ f6 f8 f10 f12 f14
· · ⋆ f5 f7 f9 f11 f13

· 2 f4 f6 f8 f10 f12 f14
· ⋆ ⋆ f5 f7 f9 f11 f13

· ⋆ ⋆ f6 f8 f10 f12 f14
· · ⋆ ⋆ f7 f9 f11 f13

· · ⋆ ⋆ f8 f10 f12 f14

. . . ,

corresponding to zq2P ⋆
3

(
zq3, q

)
, or there is a 3 in the second row

· · ⋆ f6 f8 f10 f12 f14
· · 3 f5 f7 f9 f11 f13

· ⋆ ⋆ f6 f8 f10 f12 f14
· ⋆ ⋆ ⋆ f7 f9 f11 f13

· ⋆ ⋆ ⋆ f8 f10 f12 f14
· · ⋆ ⋆ f7 f9 f11 f13

· · ⋆ ⋆ f8 f10 f12 f14

. . . ,

corresponding to zq3P ⋆
2

(
zq4, q

)
, or there is a 4 in the first row

· · 4 f6 f8 f10 f12 f14
· · ⋆ ⋆ f7 f9 f11 f13

· ⋆ ⋆ ⋆ f8 f10 f12 f14
· ⋆ ⋆ ⋆ ⋆ f9 f11 f13

· ⋆ ⋆ ⋆ ⋆ f10 f12 f14
· · ⋆ ⋆ ⋆ ⋆ f11 f13

· · ⋆ ⋆ ⋆ ⋆ f12 f14

. . . ,

corresponding to zq4P ⋆
1

(
zq5, q

)
, or none of these occur

· · ⋆ f6 f8 f10 f12 f14
· · ⋆ f5 f7 f9 f11 f13

· ⋆ f4 f6 f8 f10 f12 f14
· ⋆ f3 f5 f7 f9 f11 f13

· f2 f4 f6 f8 f10 f12 f14
· · f3 f5 f7 f9 f11 f13

· · f4 f6 f8 f10 f12 f14

. . . ,

corresponding to P ⋆
3 (zq, q).
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[34] Kurşungöz K., Parity considerations in Andrews–Gordon identities, European J. Combin. 31 (2010), 976–
1000.

[35] Lepowsky J., Wilson R.L., The structure of standard modules. I. Universal algebras and the Rogers–
Ramanujan identities, Invent. Math. 77 (1984), 199–290.

[36] Mc Laughlin J., Sills A.V., Zimmer P., Rogers–Ramanujan–Slater type identities, Electron. J. Combin.
DS15 (2008), 59 pages, arXiv:1901.00946.

[37] Meurman A., Primc M., Annihilating ideals of standard modules of sl(2,C)∼ and combinatorial identities,
Adv. Math. 64 (1987), 177–240.

[38] Meurman A., Primc M., Annihilating fields of standard modules of sl(2,C)∼ and combinatorial identities,
Mem. Amer. Math. Soc. 137 (1999), viii+89 pages, arXiv:math.QA/9806105.

[39] Nandi D., Partition identities arising from the standard A
(2)
2 -modules of level 4, Ph.D. Thesis, The State

University of New Jersey, 2014, https://www.proquest.com/docview/1655001196.

[40] Pak I., Partition bijections, a survey, Ramanujan J. 12 (2006), 5–75.

[41] Primc M., New partition identities for odd W odd, Rad Hrvat. Akad. Znan. Umjet. Mat. Znan. 28(558)
(2024), 49–56, arXiv:2301.12484.
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