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Abstract. In this paper, we prove a new Rogers-Ramanujan-type identity, involving
grounded partitions, by computing a character of the affine Kac-Moody algebra Df) in
two different ways. The product side is derived using Lepowsky’s product formula, while
the sum side is obtained using perfect crystals with a technique of Dousse and Konan.
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1 Introduction

A partition of a nonnegative integer n is a non-increasing sequence A = (A1, Ag, . .., A\x) of positive
integers such that n = Ay + Ao + - - - + Ag. The terms \; are called the parts of the partition .
The integer n is called the size of A, denoted |A|. The empty sequence corresponds to the unique
partition of size 0, called the empty partition.

In the theory of integer partitions, it is convenient to abbreviate some finite and infinite
products by g-Pochhammer symbols. For formal variables a and ¢, we define

(a;9)r == (1 —a)(l - aq)(l - aq2) e (1 - aqk_l) for k > 1,

o0

(@igo=1,  (a;¢)e =[] (1 - ad").

k=0
We also use the shorthand notation
(a1,.-+,00,0")oo = (a15¢" oo - - (a4, 4" )0~ for £>1.

Partition identities of the form: the number of partitions of n with certain congruence conditions
on the parts equals the number of partitions of n with certain difference conditions on the parts,
are called identities of Rogers—Ramanujan type, named after the following theorem.

Theorem 1.1 (Rogers—Ramanujan identities, in terms of g-series, [19]).

n n2+n 1

[e'e} 2 [ele}
I >4 -
Zadn  (6:0°) (5 Z(@on  (¢5¢°) (635 6°)

Each of these ¢-series identities corresponds to a partition identity. Here, we only state the
first identity (see [18] and [20] for further details). The number of partitions of n such that the
difference between consecutive parts is at least 2 is equal to the number of partitions of n into
parts congruent to 1 or 4 (mod 5).

This paper is a contribution to the Special Issue on Recent Advances in Vertex Operator Algebras in honor
of James Lepowsky. The full collection is available at https://sigma-journal.com/Lepowsky.html
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Lepowsky and Wilson [16, 17] gave a representation-theoretic proof of the Rogers—Ramanujan
identities, building on earlier work of Lepowsky and Milne [15]. The product side can be obtained
directly from the principal specialisation of the Weyl-Kac character formula (see Kac [11, The-
orem 10.4]), for highest weight characters of type Agl) at level 3. The representation-theoretic
interpretation of the sum side is more intricate. In these papers, Lepowsky and Wilson developed
and applied the theory of vertex operators to derive it.

Grounded partitions are combinatorial objects introduced by Dousse and Konan in [6] and [7],
motivated by the theory of perfect crystals, introduced by Kang, Kashiwara, Misra, Miwa,
Nakashima, and Nakayashiki [12]. Here, we define only a simplified version of grounded partitions
with exact difference conditions, which will be sufficient for our purposes.

Definition 1.2. Let n be a nonnegative integer, and let C' = {cp,c1,...,c,} denote the set
of colours, let M be a square matrix of size n + 1 with integer entries. Fix a colour ¢; € C.
A grounded partition m = (71, w2, ... ) corresponding to the matrix M with ground O, is defined
as follows:

i) Each part 7, is a positive integer indexed by some colour in C.
J g Y
(ii) We start with the part O.,, as an initial condition, called the ground.
iii) Exact difference conditions: for j > 0, let w; < m;51 be two consecutive parts with
J Jj Jj+ p

colours ¢;; and ¢, respectively. Then

Tjr1 — 75 = (ij41,1;)-entry in M.

The size of m, denoted |7|, is defined as the sum of the positive integers obtained by forgetting
the colours of the parts. We denote the set of grounded partitions corresponding to the matrix M
with ground 0., by Pjy.

Remark 1.3. Partitions are typically written in weakly decreasing order. For grounded parti-
tions, however, we list parts in weakly increasing order, as the colour of the O-part is significant.

Dousse and Konan [6, 7, 8] provided combinatorial character formulas for all level-one rep-
resentations in affine types A, B, C', D given by generating functions of grounded partitions.
Furthermore, Dousse, Hardiman, and Konan [4] found identities in affine type Agl) for all lev-
els ¢ > 1.

Theorem 1.4 ([4, Theorem 1.6]). Let My denote the square matriz of size {41 whose (i, j)-entry
is |i — j|. Then, the generating function for grounded partitions in P;}l is given by

3 gl =

AEPy,

i+1  f—i+1  O+2. O+2
(¢t g g2 g2

(4:4%) (@ Do

They used the character formula for perfect crystals [12] corresponding to the standard mod-
ules of the affine Lie algebra Agl) at level ¢, of highest weight iAg+(£—i)A;. Using the associated
energy matrices, they showed that this character formula coincides with the generating function
for grounded partitions Py, ;, and obtained the right-hand side via the principal specialization
of the Weyl-Kac character formula.

In this paper, we prove a new identity of Rogers—Ramanujan-type using a perfect crystal of
affine type D43 .
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Theorem 1.5. Let Mg, be the following square matriz with rows and columns indexed by
colours {a,b,c,d,e, f,g,h}:

a b c de f g h

a8 5 6 3 45 6 7

b|7 8 5 6 7 4 5 6

c|6 7 8 5 6 7 4 5

Mg,= d|5 6 7 4 5 6 3 4
el4d 56 78 5 6 3

fl13 45 6 7 8 5 2

g2 3 45 6 7 81

hil 2 3 45 6 7 0

For a non-negative integer n, the number of grounded partitions in Pﬁcz of size n is equal to
the number of partitions of n with parts congruent to 1 or 5 modulo 6.

Dousse and Konan [6] also considered a variation of Definition 1.2. Grounded partitions
with non-exact difference conditions are defined in the same way as grounded partitions except
condition (iii):

(iii") Non-exact difference conditions: for j > 0, let m; < mj+1 be two consecutive parts with
colours ¢;; and ¢;;,, respectively. Then

Tj+1 — T4 > (ij+1,ij)—entry in M.

Let PC”— denote the set of grounded partitions with non-exact difference conditions correspond-
ing to the matrix M with ground 0O.,. Furthermore, we denote by PX}’% the set of elements
of PC“— satisfying the following extra condition:

(iv) Congruence conditions: for any j € {1,...,n}, parts with colour ¢; are congruent to the
(i,j)-entry in M modulo m.

Theorem 1.6. For a non-negative integer n, the number of elements in Pl ’E of size n is
equal to the number of partitions with parts congruent to 1 or 5 modulo 6, or congruent to 0
modulo 4.

In Section 2, we give a brief summary of key definitions and results on affine Kac—Moody
algebras and perfect crystals. In Section 3, we derive an explicit infinite-product form for the
principal specialisation of the character of the level 1 irreducible representation with highest
weight Ag of the twisted affine Kac—Moody algebra of type Dflg), expressing it as a generating
function for partitions with congruence conditions. In Section 4, we express this character
as a generating function for grounded partitions, using a perfect crystal of type Df) and the
combinatorial framework of Dousse—Konan, which completes the proof of Theorems 1.5 and 1.6.
In Section 5, we derive recursions for this generating function and show that it is impossible to
keep track of any colours in the generating functions and still have an infinite product expression.

2 Preliminaries

In this section, we provide a summary of key constructions and results on affine Kac—Moody
algebras and perfect crystals. For an introduction to affine Kac—-Moody algebras, two standard
references are Kac [11] and Carter [2]. For an introduction to perfect crystals, a standard
reference is Hong—Kang [10, Chapter 10].
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2.1 Lepowsky’s product formula

The definition of Kac-Moody algebras is motivated by Serre’s reconstruction of finite-dimen-
sional semisimple Lie algebras from their Cartan matrices. A generalised Cartan matriz is
a square matrix A = (a;;)i jer, where I = {0,1,...,n}, with integer entries such that a;; = 2
for all 7 € I; a;; < 0 for all ¢ # j; and a;; = 0 if and only if aj; = 0. Given a generalised Cartan
matrix A = (a;);jer, the associated Kac-Moody algebra is defined as the Lie algebra g(A)
over C, generated by the elements {e;, hi, fi}icr, subject to the following relations:

[hi, hi] =0 for all i € I,
le;, fi] = h; for alli e I,
lei, fj] = 0 for all i # j,

[hi,ej] = aije;, [hi, fj] = —asj f; for all 4,5 € I,

ad}a;a” ej = ad};a” fi = 0if i # j, where ad is the adjoint.

A generalised Cartan matrix A is called symmetrisable if there exist d; € Z for all i € I, such
that (a;jd;)i jer is a symmetric matrix. If a symmetrisable generalised Cartan matrix A has
nonzero determinant, it is said to be of finite type. If A has determinant zero and each proper
principal minor is positive definite, it is said to be of affine type. A generalised Cartan matrix
of finite type and size n 4+ 1 has rank n + 1, whereas a generalised Cartan matrix of affine type
and size n + 1 has rank n. For a generalised Cartan matrix A of finite type, g(A4) is a finite
dimensional semisimple Lie algebra, and all finite dimensional semisimple Lie algebras arise this
way. For a generalised Cartan matrix A of affine type, g(A) is called a Kac—Moody algebra of
affine type.

For the remainder of this subsection, let g be a Kac—-Moody algebra of affine type. The Kac
labels a;, © € I are defined as the unique coprime positive integers satisfying

> aijaj=0 forallicl.
Jjel

The dual Kac labels a), i € I, are defined as the unique coprime positive integers satisfying

Zal-vaijzo for all j € I.
el

The central element ¢ € g is defined as

— Vi,
ci= E a; hi,

el

and the degree derivation d is defined as the unique element of the Kac—Moody algebra g
satisfying [d, eg] = eo, [d, fo] = —fo, [d,ei] = [d, fi] = 0 for all i # 0, and [d, h;] = 0 for all i € I.
The Cartan subalgebra b of g (that we choose) is the maximal abelian subalgebra given by
h:=C{h; | i € I} ®Cd. A g-module V is called a highest weight module of highest weight
A € b* if there exists a non-zero vector va € V such that h.wpa = A(h)vy for all h € b;
e;.vp = 0 for all ¢ € I; and V is generated by vpy under the action of the operators f;, ¢ € I.
A highest weight module V' admits a unique highest weight A up to scaling and a weight-space
decomposition:

V=W  Vai={veV|hv=AhVheh}.
AEh*
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The character of V' is defined as

chV =) (dimVy)e.
Aebh*

The set of dominant integral weights of g is defined as Py := {A € b* | A(h;) € Z>p for all i € T},
and the weight lattice is defined as P := {A € b* | A(h;) € Z for all : € I}. We only consider
highest weight modules of g with highest weight A € PT.

The elements h;, ¢ € I, are called simple coroots, and the simple roots o; € h* are defined
by a;(hj) = aj; for j € I, a;(c) = 0 and «;(d) = 6;0. For each i € I, consider the reflection
si € Autc(b) by si(hj) = hj — ajihs, j € I, and s;(d) = d. The Weyl group is defined as
W := (s; | i € I). For any w € W, we denote by |w| the length of w in W with respect to the
generators s;, i € I. The Weyl group W acts on h* by (w - A)(h) = )\(w_lh), where w € W,
Aeb*, and h €.

The set of real roots of g is defined as ®Pre := W{a; | i € I}, the set of imaginary roots is
defined as ®ryy, := {nd | n € Z\ {0}}, and the set of roots of g is defined as ® := Pre U Pry,. We
have the root space decomposition

0=00Pta,  Ga:={z€g|ha]=alh).xforall hcbh}.
acd

The set of positive roots, denoted @, consists of roots a € ® that can be written as a nonnegative
linear combination of simple roots. The basic imaginary root is defined by

0= Z a;0y.

i€l
Let Agy, denote the generalised Cartan matrix obtained by deleting the 0-th row and column of A,
and let ggy be the finite-dimensional Lie algebra corresponding to Ag,. Let ®g, denote the root
system of gg,. Then the real roots of g can be parametrised as Pre = {a+nd | @ € Pgy, n € Z}.
The level of an element \ € h* is defined as lev(\) := A(c¢). The fundamental weights A; € b*,
i € I are defined by Aj(h;) = 0;; for j € I and A;(d) = 0. We have

Ai(e) = aAi(hy) = af.
JjeI

The Weyl vector p € b* is defined by p(h;) = 1 for i € I. Let A = } . ;m;A; with
m; € Z>o. Then A € Py, and there exists a unique (up to isomorphism) irreducible highest-
weight g-module L(A) of highest weight A. Its level is given by

lev(A) = ZmiAi(c) = Zml Za}/Ai(hj) = Zazvmi.
i€l i€l jel i€l

We denote by PZF the set of dominant integral weights of level £.

The Weyl-Kac character formula gives an explicit expression for characters of highest weight
modules of g with dominant integral highest weight in terms of the action of the Weyl group
on roots.

Theorem 2.1 (Weyl-Kac character formula [11, Theorem 10.4]). The character of the irre-
ducible representation L(X\) of g with highest weight A € Py can be expressed as

Zwew(_l)lwlew@ﬂ)—p
Hae<1>+(1 _ e—oc)m(a) )

where m(«) denotes dim(gq).

chL(A) =
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There is a specialisation of the Weyl-Kac character formula that yields a product expansion.
This expansion can be used to obtain the product side of g-series identities, corresponding to
congruence conditions in partition identities. For a sequence s = (sg, s1,. .., ;) of non-negative
integers, the s-specialisation is defined as

F,: Z[le @, e, ... e )] = Z[[q]], e % g%

The special case s = (1,1,...,1) is called the principal specialisation and is denoted by Fj.
Consider the product

D(®):= [ (1—e)™.
acdt

Then the principal specialisation of the character ch L(A) of highest weight A has the following
product expansion.

Theorem 2.2 (Lepowsky’s product formula, [14]).

F D(®V
Fy (e~ ch L(A)) = (A<h0>+;$<(/gv+)1> ( )7

where ®V denotes the dual root system.

Remark 2.3. In the denominator, it makes no difference whether we use the root system or its
dual, as F1D(®") = F1D(®), see [11, equation (10.8.5)].

2.2 Perfect crystals

Let g be a Kac-Moody algebra with weight lattice P, simple roots {a; | ¢ € I} and co-
roots {h; | i € I}.

Definition 2.4. A crystal B is a nonempty set endowed with the maps: wt: B — P and
éi, fi: B— BU{0}, are called raising and lowering operators, respectively, satisfying the fol-
lowing conditions for all ¢ € I:

(i) if fi(v) # 0, then Wt(fZ ) = ) — i,

(ii) if é;(v) # 0, then wt(e;(v)) = ( )+ai,

(iif) f;(v) = w if and only if & (w) = v for all v,w € B,
) piv) = &i(v) + (wt(v))(ha),

e ci(v) :==max{k >0 | éf(v) #0},
o ¢i(v) :=max{k >0 ff(v) #0}.

The crystal graph associated to B has vertex set B, and oriented, coloured edges

(iv where

v =5 vy if and only if filv1) = va (or equivalently é;(vy) = v1).
When the operator fz takes a vertex to 0, we simply omit the arrow.

Definition 2.5. Given two crystals By and Bs, the tensor product of crystals By ® Bs is a new
crystal defined on the set 3y x By. The crystal structure on B; ® By is given by the following
rules for elements vy € By and vy € Bs:

Wt(bl (%9 bg) = Wt(vl) + Wt(vg),

filvr) @ vy if (1) > &i(va),

filvr ® vg) = {'Ul ® filva) if pi(v1) < ei(va).
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To each highest weight U,(g)-module of highest weight A, one can associate a unique crystal
of highest weight A. See Hong-Kang [10, Chapters 3 and 4] for the definition of the quantum
affine algebra U,(g) and the construction of crystal bases. Perfect crystals are associated with
finite-dimensional modules over the derived quantum algebra Ué(g). The following definition is
due to Kang, Kashiwara, Misra, Miwa, Nakashima, and Nakayashiki [12].

Definition 2.6. For a positive integer ¢, a crystal B with finitely many vertices is said to be
a perfect crystal of level £ for g if the following conditions hold:

(i) B® B is connected.
(ii) There exists Ag € P such that
1
wt(B) C Ao+ — > Zcoai  and By | =1,
@0 2o
where ag is the coefficient of the simple root ag in the basic imaginary root § and By,
denotes the set of vertices in B of weight Ag.

(iii) For any v € B, we have (¢(v))(c) > ¢, where c is the canonical central element and the
operator € on B is given by

e(v) = Z gi(v)A;,
i=0

where A;, i € I, are the basic fundamental weights of g.

(iv) For every A € P, there exist unique vertices v* and vy in B such that s(v/\) = X and
©(vx) = A, where the operator ¢ is defined as

Definition 2.7. For \ € PZF, the ground state path of weight A is the tensor product

Pr=(0n)ilo =" Q1 QP Q- ® 1 ® ¢y,

where ¢g is the unique vertex in by, € B of weight A\g := A and
)\k-i-l = 6(6)\k), Qbk-i—l = b>\k+1 for all k > 0.

A tensor product p = (pi)il o = @ Pry1 @ Pk @ -+ - @ p1 @ po of elements py, € B is said to be
a A\-path if pp = ¢y, for all k large enough. Let P()\) denote the set of A-paths.

The tensor product rule in Definition 2.5 endows the set P(A) with a g-crystal structure.
There is a crystal isomorphism B(\) — P(A), see [10, Theorem 10.6.4], where B(\) denotes the
affine crystal corresponding to the irreducible g-module of highest weight .

Definition 2.8. An energy function on B ® B is a map H: B ® B — Z such that for all
1€ {0, e, — 1} and by, by with fz(bl &® bg) # 0, we have

H(by @ by) if i 0,
H(fl(bl ® bg)) = H(bl X bg) —1 ifi=0and gDo(bl) > 50(b2),
H(b1®b2)+1 if i =0 and gD()(bl) S{:‘o(bz).

Given a total order on B, the square matrix H with rows and columns indexed by B whose
(v1,v2)-th entry is H(v; ® vg) is called the energy matriz of B.
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0 1 2 0 1 2
0 2 -1 0 0 2 -1 0
1| —1 2 -1 1| —1 2 -3
2 0 -3 2 2 0 -1 2
(a) GV (b) DY

Figure 1. Generalised Cartan matrices of Ggl) and Df’).

For any perfect crystal, there exists an energy function, which is uniquely determined by
a single value, as B ® B is connected. The following character formula was also proved in [12],
and is known as the (KMN)2-character formula.

Theorem 2.9 ((KMN)2-character formula, [12]). Let B be a perfect crystal for an affine Kac—
Moody algebra g and \ € PZF with \(d) = 0. Let H the an energy function on B ® B and let
P = (pr)i2y € P(N). Then the character of the irreducible highest weight module L(X) is given
by the following expression:

ch L(A Z eV
peEP(A

where the weight of a path is given by

wtp = >\+Z wtpr, — wt ¢y,) —*Z k+1)(H(pe1 @ pr) — H(p1 @ dr)),
k=0 0 k=0

and wt(v) is defined as p(v) — e(v) modulo § such that the coefficient of ag in wt(v) is 0.

Note that eventually we have pp = ¢, making this sum finite. A specialisation of Theorem 2.9
yields the following formula in the case where the ground state path is constant. Assume \ € PZF
is such that by = b* = ¢, and set H(¢ ® ¢) = 0. Then wt ¢ = 0, and we have

[oe) o
wtp:/\+z<wtpk— > H(pjy1 ®p; )

k=0 j=k

3 Congruence conditions

In this section, we derive an explicit infinite product form for the principal specialisation of the
character of the irreducible representation of the twisted affine Kac-Moody algebra of type DS’)
of highest weight Ay, expressing it as a generating function for partitions with congruence
conditions.

The affine Lie algebras Ggl) and Df) are defined by the generalised Cartan matrices shown
in Figure 1.

The finite part of both Gél) and Df) is the simple Lie algebra of type G2, whose root system,
with simple roots a1 and ao, is shown in Figure 2. In particular, the set of short roots of the

finite part G is given by
O, = H{ag, a1 + ag, a1 + 200}
and the set of long roots of Gy is given by
= +{aq,2a1 + 32, a1 + 3as},

and the set of roots of o is given by ® = &, L ;.
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20 + 3an
PN
ap + ag
ai ay + 20
a1 + 3as
yi \
¢ > as

Figure 2. G5 root system.
Next, we need to parametrise the positive roots of the dual Ggl) of Df), with Cartan matrix

shown in Figure 1. The basic imaginary root is given by § = ag + 21 + 3as. The set of real
roots is given by

OPpe ={a+7rd|acd® relZ}
and the set of imaginary roots is given by
Oy = {kd | k € Z\0}.

Therefore, we can parametrise the set of positive roots of Ggl) as follows. The short, real positive

roots are given by

ag + k(ap + 201 + 3az) for k>0

a1 + oo + k(ap + 201 + 3a2) for k>0

ot - a1+ 2ag + k(ag + 201 +3ag)  for k>0
Re,s —Qp + k(Ozo + 2040 + 30&2) for k>1
—ay —ag + k(ag + 201 +3ag)  for k>1

(| —a1 — 209 + k(ag + 201 + 3a) for k> 1

koo + 2kay + (3k + 1)z for k>0
kog + (2k+1)oy + 3k + 1) for k>0
kag + (2k 4+ 1)ag + (3k +2)ay for k>0
kao + 2kaq + (3k — 1) fork>1("
kag + (2]4} — 1)0[1 + (3k‘ — 1)0[2 for k>1
kag + (2k — 1)ag + (3k — 2)ay for k> 1

the long, real positive roots are given by

a1 + k(oo + 201 + 3ae) for k> 0)
a1 + 3ag + k(ag + 201 + 3az) for k>0
oF — 2011 + 3ag + k(g + 201 + 3az) for k>0
Red ™ ) —qq + k(ao + 207 + 3042) for k>1
—ay — 3ag + k(ag + 201 + 3ag)  for k>1
—2a1 — 3ag + k(ap + 201 + 3ag) for k> 1)
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for k>0
for k>0
for k>0
fork>1("
for k>1
for k>1

kog + (2k + 1) + 3kao
kOéO + (2k -+ 1)0[1 + (3k' =+ 3)0&2
) kao + (2k + 2)ar + (3k + 3) a2
koag + (Qk — 1)0[1 + 3kas
(2k — D)ag + (3k — 3)aa
(2% —2)

koo + (2k
\k‘ag + (2k a1+ (3]{3 - 3)062

and the positive imaginary roots are given by

= {k(ao + 201 + 3ag) for k > 1}.

For o € ®Re, we have m(a) = 1. For a € Py, in type Gél), we have m(a) = 2.

We need to compute specialisations of the product

D) := J[ @—e )™
acdt
_ H (1 o e—a)m(a) H (1 _ e—a)m(a) H (1 - e—a)m(a)7
aedf, acdf_ acdf

which takes the following form. For the real short roots, this product is

o0

H (1-— e—a)m(a) — H (1 _ e—kaoe—Qkale—(3k+1)a2)
aedf, k=0

e oo

X H(1 _ efkaoe*(2k+1)a1e*(3k+1)a2) H(l B efkaoef2ka1ef(3k71)a2)
k=0 k=1
e o0

x [J (1 = ehooeBhtlonem(hi2)az) TT(q — ghaoe—(h=lon o= (Bh—1)az)
k=0 Pt
oo

> II(l__e4kaoef@kfna1e76kfma2)

>
Il
—_

for real long roots, we have

H (1 — e—a)m(a) — ﬁ (1 _ e—kaoe—(2k+1)ale—3k‘a2)
acdf k=0

0 oo

% H (1 o e—kaoe—(2k+1)a1e—(3k+3)a2) H (1 o e—kage—(2k+2)a1e—(3k+3)a2)
k=0 k=0
oo (e.9]

« H(l _ e—k:aoe—(Qk—l)a1e—3kOc2) H (1 _ e—kaoe—(zk—1)a1e—(3kz—3)a2)
k=1 k=1
oo

% H(l _ efkagef(2k72)a1ef(3k73)a2)7

i
I

and for the imaginary roots, we have

H (1 _ e—a)m(oc) — H (1 _ e_kaoe_Qkale_gkOQ)Z,

ae@frm k=1
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Thus, the principal specialisation of D(CIDV) simplifies to the following product of infinite
g-Pochhammer symbols:

B J[a-e )™= (g:¢°) _ (¢%4°) (¢* ¢%) (% d°) (a* ¢®) (% d®)
acer *(4:0%) (g% 4%)  (a%0%) . (¢%¢%) . (a%:d%) (a5 ¢%) . (a°: ¢°)?
= (:0)% (% 4% _(a:4°) .,
and the (2,1, 1)-specialisation of D(@V) simplifies to
Foin [J =)™ =(gq") (¢*d") (¢% ") (% d) (") (a"d7) o (6:47) o,
o % (q%47) (% ") L (a%d") _ (a%d") (a5 d7) (7547
= (4:9) -

Hence, the principal specialisation of the highest weight Ag-character is given by

_ 1 0)2 1
Fi(e™eh(L(A)) = (q;Q)%o(qiq;q?) ). (6054 (3.1)

the generating function of partitions with parts congruent to 1 or 5 modulo 6.

4 Difference conditions

In this section, we express the character of the irreducible representation of highest weight Ag of
the twisted affine Kac-Moody algebra g of type Df), using a perfect crystal of type Df) and
the combinatorial framework of Dousse—Konan [6, 7].

Theorem 4.1 (Dousse—Konan [6, Theorem 1.9]). Let BB be a perfect crystal of level ¢ for an affine
Kac—Moody algebra g with vertices vi,va,...,v,. Let A € PZF with a constant ground state path
Py = Qu; ®v; ®vj for some j € {1,...,n}. Let H be the energy matriz of B determined by
the initial condition H(v; ®vj) = 0, with rows and columns indexed by colours ci,ca, ..., cn. To
a grounded partition T = (71,72, ..., ™) where the colour of the part mj is c;; for j € {1,... 0},
we associate the monomial C(7) := ¢ ¢y - -~ ¢,. Setting t = e=%/%  and setting c, = e"*? for
all v € B, we have

> Cmtt =eeh L), (4.1)
WEPE
A e A ch L(X)

We will use this combinatorial character formula on the perfect crystal corresponding to
the level 1 irreducible representation of highest weight Ay of g. This crystal was explicitly
constructed by Kashiwara, Misra, Okado and Yamada [13], shown in Figure 3, where the 1-arrows
are coloured blue, the 2-arrows are coloured red, and the 0-arrows are coloured green.

We compute the levels of vertices v € B, using that ¢ = hg + 2hy + 3hs in g:

(£(0))(c) = (e(v))(ho + 2h1 + 3ha) = £0(v) + 261 (v) + 3e2(v).

Now we can read off the values of ¢(v) and e(v) for each vertex v € B, compute the weights
wt(v) = ¢(v) — e(v), and the levels. We summarise these values in Figure 4. For this crystal
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Vg = Up = Ve = Vg = Ve = Uf =5 Ug
(3)

Figure 3. Perfect crystal B of level 1 of type D;™.

v | Level | ¢(v) e(v) Weight

Vg 2 A 2Ag —2A0 + Aq

Vp 3 As Ag+Ar | —Aog—A1+ Ay
Ve 4 2A4 Ao+ Ay | —Apg+2A1 — Ay
Vd 2 A1 A1 0

Ve 4 Ao + As 2A1 Ao — 2A1 + Ay
v 3 Ao+ Ay Ao Ag+A1— Ay
v | 2 | 27 A 200 — A

Up, 1 AO AO 0

Figure 4. Weights and levels of the vertices of B.

to be perfect, we must first verify that there are unique elements v* and vy in B such that
e(v*) = Ag and p(vy) = Ag. Indeed, we have v* = vy = vy, resulting in a constant ground state
path of level 1, --- ® vy ® v ® vy. Furthermore, the restriction of the maps € and ¢ to P; is
bijective, as there is only one level-1 vertex in B. Next, we need to compute B® B to verify that
it is connected. The explicit description of B ® B will also be necessary to compute the energy
matrix. By Definition 2.5, the arrows in B® B can be computed independently. The finite part,
which we obtain from B® B by deleting the O-arrows, has six connected components: two copies
of the trivial representation of gg, = G2, three copies of the finite part of B, one copy of the
14-dimensional regular representation of gg, and a 27-dimensional irreducible representation.
On the other hand, the crystal B ® B, including the 0-arrows (in green) is connected. This is
shown in Figure 5. Using Definition 2.8, we can directly read off the energy matrix H from the
crystal B ® B, shown in Figure 6.

Recall from Figure 4 that the two 0-weight vertices are vy and v;,. To express the weights wt(v)
for all v € B in terms of the simple roots a; and a3, we simply need to follow the arrows
in the crystal. For ¢ € {0,1,2}, an arrow labelled i decreases the weight by «;. Note that
0 = ap+2a1 +as = 0 in the derived algebra g’, which is consistent with the cycles in the crystal
graph (Figure 3). The assumption A\(d) = 0, together with condition (iii) of Definition 2.6,
implies that for each v € B the coefficient of o in wt(v) is zero. Starting from vertex v4, which
has weight 0, we have: wt(ve) = —a1, wt(vf) = —a1 — ag, wt(vy) = =201 — ag, wt(vy) = 0,
wt(v,) = 201 + ag, wt(vp) = a1 + ag and wt(v.) = ag.

By Theorem 4.1, equation (4.1), the character can be written as

> Oyt = e ch L(Ay),

TI'GP?I

where t = e7?, ¢, = eVt for all v € B, and 732, is the set of grounded partitions with ground 0y
with respect to the energy function shown in Figure 6. It can be seen from the generalised Cartan
matrix in Figure 1 that ag = 1 in type Df’ .

The ground state path corresponding to the highest weight Ag is

PAy = Q@Up Q@ vp  Upy.
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Vg Q Vg Vg @ Vp — Vg Q Ve Vg @ Vg —> Vg @ Vg —> Vg @ Uf Vg & Vg Vg @ Vp ———»
|
Ubéva—>vb®vb%mvb®vf—>”b®% Ub(gvh—)
| |
vcéva Ve @ Vp — Ve @ Ve Ve @ Ve —H[Ve @ Vy Ve @ Vg vc;i;vh—>
| L/l
'Udéva Vg @ vp — Vg @ Ve vd®vd—>vd®ve—>vd®vf Ud & Vg Udgévh—)
| |
veéva—)ve@)vb Ve Q@ Ve —$\Ve @ Vg —H\Ve R Ve Ve @ Vf —H\Ve ® Vg ve;z;vh—)
| | |
vaéva Vf QUp —> Vf & Ve Vf QU3 —> Vf Q Ve —> Vf QUF Vf @ Vg vfévh—)
| |
vgéva—)vg(@vb—)vg®vc—)vg®vd—)v9®ve—)vg®vf—)vg®vg vgévh
Vh & Vg — Vh @ Vp —> Vh ® Ve — Up @ Vg — Vp @ Ve —» Uh @ Vf — Vp @ g vp ® v ——
LoD
Figure 5. the crystal B® B.
Three examples of paths in P(Ag) are
QR UR QU QU QU Q Ve @ Vg Q Ve @ Up @ Up,
QU QU QU QU QU R Ve @ Ug R Vp ® U, (4'3)

To avoid confusion, we introduce the variables a, b, ¢, d, e, f, g, h for the colours corresponding
to the crystal vertices vq, vy, Ve, V4, Ve, Vf, Vg, Vp, Tespectively. The grounded partitions corre-

sponding to the paths in (4.3) are
Op 15 2¢344c5p 64,
Only27475.647y8y,
Op 1y 2 e 5¢ 65 7o

In the principal specialisation, for each simple root «;, e~® is mapped to ¢. In particular,
we have the dilation ¢ = ¢*. The weights, expressed in terms of a; and ag, along with their

corresponding colour specialisations, are listed in Figure 7.

We aim to find a square matrix M with rows and columns indexed by a, b, ¢, d, e, f, g, h
such that the specialisation of the sum in (4.1) becomes the following generating function:

F1< > C’(7r)t|7r> = 3 gl

reP} TePY,
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i~
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>4
S
i~
[}
i~
IsH
<
®
<
\H
i~
Q
<
>

Vq
Up

Uq
Ve

vf

NN NN NN NN
NN DNDNDND DN
NN NN - =
NN == =O
N NN - == O
NN === O
i VR i e i e S e R an)
O = e e

Uh

Figure 6. Energy matrix H of B.

0 specialisations

Vg 2001 + an d, h—1

vy | op+ o a g3

Ve (65} b q72

Vd 0 — 3

Ve -1 gr—=q

vy | —ap —ag [ q2

vg | =201 — 2 e q

0
Yh c— (f1

Figure 7. Specialisations of the weights.

To this end, we need to alter the matrix according to the specialisations above. For example,
the entry in column b and row @ in H is 1, which means that if a part with colour a follows a part
with colour b, then their difference is 1. The relevant specialisations are t = ¢*, a = ¢~2, and
b= ¢~ 2, and the corresponding value in the new matrix M should be: 1-4 + (—2) — (-=3) = 5.
The other entries of the altered energy function are computed analogously. Combining this
with (3.1), we complete the proof of Theorem 1.5.

After principal specialisation, the grounded partitions corresponding to the paths in (4.3) are

On 2 e 12417, 22y 24,
On 1467 145 19, 244 30, 325,
On 1y 7e 150 21,26, 31,.

Using Theorem 4.1, equation (4.2), the same specialisation yields Theorem 1.6.

5 Recursions

In this section, we express the sum side of the identity in Theorem 1.6 as a system of recursions.
We will use this to show that Theorem 1.6 cannot be refined by keeping track of some of the
colours in the generating functions as variables, as was done for Primc’s identity by Dousse—
Lovejoy [9] and by Dousse—Konan [5]. To derive these recursions, we use Dousse’s method of
weighted words [3], which was motivated by Andrews’ proof of Schur’s identity [1].

First, we impose a total order on the set of colours C = {a, b, c,d, e, f, g, h}, corresponding to
the specialisations given in Figure 7: ¢ > f > e > h > d > ¢ > b > a. This ordering, together
with the natural total order on 7Z, induces a total order on the set Z x C of coloured integers:
(k1)e, > (k2)e, if k1 > ko or if k1 = ko and ¢; > ¢o. For each colour ¢ € C, consider the following
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generating functions:

Py, = Py (1) Z C ()t and Ry, = Ry, (t) Z C(m)t™,

TEPk, TERk,

where Py, denotes the set of elements of 73 2 whose largest part, with respect to the total
order > above, is k.; and Ry, denotes the set of elements of PM’Z whose largest part, with
respect to the total order > above, is at most k..

By definition, Ry, — Rx ; = Dk, and similarly for other colours along the total order. First,
compute Py, directly by reading off column g of the energy matrix shown in Figure 6. The value
in rows a, b, ¢, d is 0, so the parts lg, I, ly, l, can proceed ky for any [ < k. In rows e, f, and h,
the value is 1, so ke, kyf, and kj, cannot proceed kg, but I, [ and Ij, can for any [ < k—1. Finally,
in row g, the value is 2, so neither k; nor (k — 1), can proceed kg4, but [, can for [ < k —2. We
illustrate these observations below by painting the first part blue, the admissible parts that can
proceed it are in green, and the forbidden parts are in red:

kg >kp>ke>kp>kqy>ke>ky >k,
> (k=1)g> (k= 1);> (k= 1)e > (k— 1)
>k—1)g>k—-1)c>k—-1)p>(k—1)g> -

Hence, we obtain the following recursion:
Pkg = ng — ka = gtk(Pkd + Py, + Py, + Py, + R(kfl)f)-
Analogously, we obtain the following six recursion:

Pkf = ka — Ry, = ftk(Pkb + Py, + R(k,l)e),
Py, = Ry, — Ry, = et (Pk —|—R(k 1) )
(

Py, = Ry, — Ry, = dt* (P, + R—1y,,),

Py, = Ry, Rkb Ctk(Pk s + Ri—1),)»
Py, = Ry, — Ry, = bt" (Py_1), + Rk, )

Py, = Ry, — R(k—l)g = at (P(k—nh + Rk-),)-

The only difference in the computation of Py, is that row h of column h in the energy matrix
has entry 0, allowing the part kj to repeat indefinitely (which will be indicated by a green box
around kp, below). Consequently, we need to use a geometric series to express the generating
function Py, in terms of a generating function where the largest possible part is a strictly smaller
coloured integer than kj:

k:g>kf>ke>>kd>kc>kb>ka
S (k=1)y> (k—1); > (k= 1)c > (k= 1)y
> (k_l)d> (k_l)c> (k‘_l)b> (k_l)a >
Hence, the generating function Py, satisfies
th = Rkh — de = htk (th + R(k,l)g),
which can be written as

htk

P = T Re-1),°



16 B. Dombos

Ideally, we would like to refine Theorem 1.6, keeping some of the colours as variables. Since
the coefficients are positive, this product expansion can only contain terms of the form
1

(—xthem) o or (XtRE)
where X is a monomial in the colour set C and k, n are positive integers.
To achieve this, we use the recursions without any specialisations to compute the first few

terms:

1+ (a+b+c+d+e+f+g+h)t
+(a+b+ctd+ad+etac+ f+(a+b)f+g+(atb+ct+dg+h+h®)t
+(a+b+ct+d+e+ f+g+adg+h+ah+h®+bla+h)+cla+b+h)
+dla+b+c+d+h)+ela+b+c+d+h)+ fla+b+c+d+e+h)
+glatbtctdtet+f+h)+hlatbtetrdtet f+g+h)td+...

From the coefficient of ¢, we can see that the infinite product must include either (1 + at)
or 1/(1 —at). Similarly, it must include either (1 + bt) or 1/(1 — bt), and so on, for all
colours a,b,c,...,h. Therefore, the coefficient of t> must contain all (g) pairwise products
of these variables. However, this coefficient only has 17 monomial terms. Thus, it is impossible
to keep any of the colours in the generating function without specialisation and still obtain an
infinite product.

On the other hand, it might still be possible to keep some colours as variables in the dilated

version, i.e., by mapping each colour to itself multiplied by its specialisation:

ar—>aq_3, b»—>bq_2, cr—>cq_1, d—d,

h+— h, gr—>gq3, fr—>aq2, e — eq, tr—>q4.

We have attempted, via a case-by-case analysis, to keep some of the colours as independent
variables in the dilated version, but without success. We believe that the resulting generating
function does not admit a product form unless we specialise a =b=---=h = 1.
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