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Abstract. We reformulate the q-convolution and the q-middle convolution introduced by
Sakai and Yamaguchi, and we introduce q-analogues of the addition which is related to the
gauge-transformation. A merit of the reformulation is the additivity on composition of two
q-middle convolutions. We obtain sufficient conditions that the Jackson integrals associated
with the q-convolution converge and satisfy the q-difference equation associated with the
q-convolution. We present several third-order linear q-difference equations and solutions of
them by using the q-middle convolution and the q-analogues of the addition.
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1 Introduction

Differential equations and difference equations play important roles in investigating special func-
tions, and the middle convolution has been applied for the study of special functions and differ-
ential equations. Katz introduced the middle convolution in his book [11] to study rigid local
systems. Dettweiler and Reiter [3, 4] reformulated the middle convolution for the Fuchsian equa-
tions in terms of the linear algebra. The Fuchsian equations is the system of linear differential
equations written as

dY

dx
=

(
A0

x− t0
+

A1

x− t1
+ · · ·+ AN

x− tN

)
Y, (1.1)

where Y is a column vector with m entries and A0, A1, . . . , AN are constant square matrices
of size m. We review briefly the definition of the convolution and the middle convolution for
equation (1.1) (or the tuple of the matrices (A0, . . . , AN )). Let λ ∈ C and Fi (i = 0, . . . , N) be
the square matrix of size (N + 1)m of the form

F0 =


A0 + λIm A1 · · · AN

0 0 · · · 0
...

...
...

0 0 · · · 0

 , F1 =


0 0 · · · 0
A0 A1 + λIm · · · AN
...

...
...

0 0 · · · 0

 , . . . , (1.2)

where Im is the identity matrix of size m. Then, the correspondence of the tuple of matrices
(A0, . . . , AN ) 7→ (F0, . . . , FN ) (or the correspondence of the associated Fuchsian system) is called
the convolution. It is shown that the following subspaces K, L of C(N+1)m are preserved by the
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action of Fi (i = 0, . . . , r).

K =

kerA0
...

kerAN

 , L = ker(F0 + F1 + · · ·+ FN ).

We denote the linear transformation induced from the action of Fi on the quotient space
C(N+1)m/(K+L) by F i. The correspondence of the tuple of matrices (A0, . . . , AN ) 7→

(
F 0, . . . ,

FN

)
(or the correspondence of the associated Fuchsian system) is called the middle convolution,

and we denote it by mcλ. See also Haraoka [7, Section 7.5] for a detailed description.
It is known that the middle convolution has additivity. Namely, mc0 is an identity map

and we have mcλ ◦ mcµ = mcλ+µ, under some conditions (see the conditions (∗) and (∗∗) in
Definition 5.1).

A theory of the q-deformation of the middle convolution was constructed by Yamaguchi
and Sakai. A tentative theory was presented in master’s thesis of Yamaguchi [18] which was
supervised by Sakai, and a full paper was published later by their joint paper [13]. They handled
the system of q-difference equations described as

Y (qx) =

(
B∞ +

B1

1− x/b1
+ · · ·+ BN

1− x/bN

)
Y (x), (1.3)

where Y (x) is a column vector with m entries and B∞, B1, . . . , BN are constant square matrices
of size (N + 1)m. The construction of the q-middle convolution is similar to the case of the
Fuchsian system of differential equations. They investigated several properties of the q-middle
convolution and related topics. On the composition of the q-middle convolution, they obtained

Ψµ ◦Ψλ ≃ Ψlog(qλ+qµ−1)/ log q. (1.4)

See the appendix for the notation.
The theory by Sakai and Yamaguchi was applied to studies of some q-difference equations

in [2, 14]. Recall that the convolution in equation (1.2) is related with Euler’s integral transfor-
mation. Let Y (x) be a solution of equation (1.1). Set

Wj(x) =
Y (x)

x− tj
, W (x) =

W0(x)
...

WN (x)

 .

We apply Euler’s integral transformation for each entry of W (x), i.e., we set

Ỹ (x) =

∫
∆
W (s)(x− s)λds,

where ∆ is an appropriate cycle in C with the variable s. Dettweiler and Reiter [3] established
that the function Ỹ (x) satisfies the following Fuchsian system of differential equations:

dỸ

dx
=

(
F0

x− t0
+

F1

x− t1
+ · · ·+ FN

x− tN

)
Ỹ ,

where F0, . . . , FN were defined in equation (1.2). Sakai and Yamaguchi [13] introduced the
q-deformation of the convolution by considering a q-deformation of the integral transformation
of Dettweiler and Reiter. See the appendix for a review of them. In [14], the theory of Sakai
and Yamaguchi was applied to the q-Heun equation. Consequently, a q-integral transformation
of the q-Heun equation was suggested. Note that it was discussed in [17] from another approach



Reformulation of q-Middle Convolution and Applications 3

based on the kernel function identity, and the q-integral transformation was extended to the
variants of the q-Heun equations. In our previous paper [2], the q-convolution of Sakai and
Yamaguchi was reconsidered. Namely, one parameter which corresponds to the integral cycle
was added to the q-integral transformation of Sakai and Yamaguchi, and convergence of the q-
integral transformation was considered. As an application, q-integral representations of solutions
to the q-hypergeometric equation and its variants were obtained.

In this paper, we reformulate the q-convolution of Sakai and Yamaguchi. Our definition of
the q-convolution is simpler than that of Sakai and Yamaguchi, and our discussion takes care of
convergence. We rewrite equation (1.3) to

Y (qx)− Y (x)

−x
=

[
N∑
i=0

Bi

x− bi

]
Y (x), (1.5)

where b0 = 0, and define the q-convolution and the q-middle convolution for the tuple (B0, B1,
. . . , BN ). The q-difference operator in equation (1.5) has already appeared in the work of Kakei
and Kikuchi [10]. A merit of our definition is the additivity of two q-middle convolutions.
Namely, we have

mcqλ ◦mcqµ = mcqλ+µ, (1.6)

instead of equation (1.4) (see Section 3 for the definition). The q-convolution in this paper is
also related to a q-integral transformation, and the q-middle convolution induces the q-integral
transformation for solutions to q-difference equations.

We pay attention to a q-analogue of the addition for the Fuchsian equations, which is induced
from a gauge-transformation of solutions. Let Y be a solution to the system of differential
equation given in equation (1.1), and let (a0, a1, . . . , aN ) be a tuple of complex numbers. Then,
the function Z = (x− t0)a0(x− t1)a1 · · · (x− tN )aNY satisfies the following system of differential
equations:

dZ

dx
=

(
A0 + a0Im
x− t0

+
A1 + a1Im
x− t1

+ · · ·+ AN + aNIm
x− tN

)
Z.

The correspondence of the tuple of the matrices (A0, A1, . . . , AN ) 7→ (A0+a0Im, A1+a1Im, . . . ,
AN + aNIm) is called the addition.

We introduce an analogue of the addition for systems of q-difference equations. In particular,
we investigate the transformations of the tuples (B0, B1, . . . , BN ) induced from the transforma-
tions of the solutions by

Y (x) 7→ xµY (x) and Y (x) 7→ (x/γ; q)∞
(x/δ; q)∞

Y (x), (1.7)

where (α; q)∞ = (1 − α)(1 − qα)
(
1 − q2α

)
· · · . The transformation (1.7), which is related to

the q-analogue of addition, also appeared in [10]. See Section 2 for details of the q-analogue of
addition.

In our previous paper [2], we obtained q-integral representations of solutions to the q-
hypergeometric equation and the variants of the q-hypergeometric equation by applying the
q-middle convolution. A standard form of the q-hypergeometric equation is given as

(x− q)g(x/q) + (abx− c)g(qx)− {(a+ b)x− q − c}g(x) = 0. (1.8)

In this paper, we obtain several q-difference equations by applying q-analogues of the addition
and the reformulated q-middle convolution repeatedly. Consequently, we have formal q-integral
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representations of solutions. The reformulated q-middle convolution would be better for dis-
cussing a sequence of q-difference equations. We discuss sufficient conditions that the q-integral
representations converge and they satisfy the attached q-difference equation, which is used to
generate actual solutions. The generalized q-hypergeometric equation of order 3 is written in
the form

(a3x− b3)g
(
q3x
)
+ (a2x− b2)g

(
q2x
)
+ (a1x− b1)g(qx) + (a0x− b0)g(x) = 0,

a3b3a0b0 ̸= 0,

and we obtain double q-integral representations of solutions of this equation. We also obtain
other q-difference equations of order 3, which seems to be novel (e.g., see equation (4.25)).

This paper is organized as follows. In Section 2, we discuss q-analogues of the addition. In
Section 3, we reformulate the q-convolution and discuss convergence of the q-integral transfor-
mation which is associated with the q-convolution. In Section 4, we obtain the q-hypergeometric
equation and some generalizations by applying the q-middle convolutions and the q-analogues of
the addition. We obtain q-integral representations of solutions formally, and discuss convergence
in some cases. In Section 5, we discuss composition of the q-middle convolutions and establish
the formula in equation (1.6). In Section 6, we give concluding remarks. In the appendix,
we review the q-convolution and the q-middle convolution of Sakai and Yamaguch.

Throughout this paper, we assume that the complex number q satisfies 0 < |q| < 1.

2 q-analogues of addition

To reformulate the q-convolution in a simpler form, we replace the expression of the linear q-
difference equation which is associated with the q-convolution. Sakai and Yamaguchi used the
linear q-difference equation

Y (qx) =

(
B∞ +

N∑
i=1

Bi

1− x/bi

)
Y (x). (2.1)

Set B0 = Im −B∞ −B1 − · · · −BN and b0 = 0. Then, equation (2.1) is equivalent to

Y (qx)− Y (x)

−x
=

[
B0

x
+

N∑
i=1

Bi

x− bi

]
Y (x) =

[
N∑
i=0

Bi

x− bi

]
Y (x). (2.2)

Note that we can regard the left-hand side of equation (2.2) as the q-derivative of Y (x) by
dividing by 1− q.

We introduce a q-analogue of the addition. If the function Y (x) ∈ Cm satisfies Y (qx) =
B(x)Y (x), then the function

Z(x) = xµY (x) (2.3)

satisfies Z(qx) = qµB(x)Z(x). In particular, if Y (x) is a solution to equation (2.2), then the
function Z(x) in equation (2.3) satisfies

Z(qx)− Z(x)

−x
=

[
(1− qµ)Im + qµB0

x
+

N∑
i=1

qµBi

x− bi

]
Z(x).

Thus, we define the addition addµ by

addµ : (B0, B1, . . . , BN ) 7→ ((1− qµ)Im + qµB0, q
µB1, . . . , q

µBN ).
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We introduce another q-analogue of the addition which is induced by the gauge-transformation

Yg(x) =
(x/b′1; q)∞
(x/b1; q)∞

Y (x). (2.4)

We have

Yg(qx) =
(qx/b′1; q)∞
(qx/b1; q)∞

Y (qx) =
(1− x/b1)

(1− x/b′1)

(x/b′1; q)∞
(x/b1; q)∞

Y (qx).

If the function Y (x) ∈ Cm satisfies Y (qx) = B(x)Y (x), then the function Yg(x) satisfies

Yg(qx) =
(1− x/b1)

(1− x/b′1)

(x/b′1; q)∞
(x/b1; q)∞

B(x)Y (x) =
(1− x/b1)

(1− x/b′1)
B(x)Yg(x).

Note that equation (2.2) is equivalent to

Y (qx) = B(x)Y (x), B(x) =

[
I −B0 +

N∑
i=1

Bi
−x
x− bi

]
. (2.5)

By rewriting B(x)(1− x/b1)/(1− x/b′1) as the form of the second equation in (2.5), we obtain

Yg(qx) =

[
I −B0 +

{(
1− b′1

b1

)
(I −B0) +

b′1
b1
B1 −

N∑
i=2

1− b′1/b1
1− bi/b′1

Bi

}
−x

x− b′1

+
N∑
i=2

1− bi/b1
1− bi/b′1

Bi
−x
x− bi

]
Yg(x).

Therefore, the gauge-transformation (2.4) induces the change of the poles (b1, b2, . . . , bN ) 7→
(b′1, b2, . . . , bN ) and the tuple of the matrices (B0, B1, . . . , BN ) 7→ (B′

0, B
′
1, . . . , B

′
N ), where

B′
0 = B0, B

′
1 =

(
1− b′1

b1

)
(I −B0) +

b′1
b1
B1 −

N∑
i=2

1− b′1/b1
1− bi/b′1

Bi,

B′
j =

1− bj/b1
1− bj/b′1

Bj , j = 2, . . . , N.

We may also regard this correspondence as a q-analogue of addition.

3 q-middle convolution and convergence

We reformulate the q-convolution by modifying the definition of Sakai and Yamaguchi. See the
appendix for the q-convolution of Sakai and Yamaguchi.

Definition 3.1 (reformulation of q-convolution). Let (B0, B1, . . . , BN ) be the tuple of m ×m
matrices and λ ∈ C. We define the tuple (G0, G1, . . . , GN ) of (N +1)m× (N +1)m matrices as
follows:

G0 =

q
−λB0 +

(
1− q−λ

)
Im q−λB1 · · · · · · q−λBN

0 0 · · · · · · 0
...

...
...

 ,

...
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Gi =

 O
q−λB0 · · · q−λBi +

(
1− q−λ

)
Im · · · q−λBN

O

 (i+1),

...

GN =

 ...
...

...
0 · · · · · · 0 0

q−λB0 · · · · · · q−λBN−1 q−λBN +
(
1− q−λ

)
Im

 . (3.1)

The correspondence cqλ : (B0, B1, . . . , BN ) 7→ (G0, G1, . . . , GN ) is called the q-convolution.

The q-convolution in Definition 3.1 is related with a q-integral transformation on the linear
q-difference equations in the form of equation (2.2). Let ξ ∈ C \ {0}. The Jackson integral on
the open interval (0,∞) is defined as the infinite sum∫ ξ∞

0
f(s)dqs = (1− q)

∞∑
n=−∞

qnξf(qnξ).

Let Kλ(x, s) be a function which satisfies

qλKλ(qx, s) = Kλ(x, s/q) =
x− qλs

x− s
Kλ(x, s). (3.2)

Then, the functions

K
(1)
λ (x, s) = x−λ

(
qλ+1s/x; q

)
∞

(qs/x; q)∞
, K

(2)
λ (x, s) = s−λ (x/s; q)∞(

q−λx/s; q
)
∞

(3.3)

satisfy equation (3.2). The functions(
qλ+1s/x, bx, q/(bx); q

)
∞(

qs/x, q−λbx, qλ+1/(bx); q
)
∞
,

(x/s, bs, q/(bs); q)∞(
q−λx/s, q−λbs, qλ+1/(bs); q

)
∞

also satisfy equation (3.2) for any b ∈ C \ {0}.
The following theorem indicates a correspondence of the solutions to q-difference equations

associated with the q-convolution. Although this theorem is related to the results in [13, Theo-
rem 2.1] and [2, Corollary 2.3], it is not a mere reformulation of them. In the present setting, the
definition of the q-convolution is modified, and the variable ξ is allowed to be either independent
of x or proportional to x, which is not covered in [2, 13].

Theorem 3.2 (cf. [13, Theorem 2.1], [2, Corollary 2.3]). Set b0 = 0. Let Y (x) be a solution to

Y (qx)− Y (x)

−x
=

[
N∑
i=0

Bi

x− bi

]
Y (x), (3.4)

and set

Ỹi(x) =

∫ ξ∞

0

Kλ(x, s)

s− bi
Y (s)dqs, i = 0, . . . , N, Ỹ (x) =

 Ỹ0(x)
...

ỸN (x)

 . (3.5)

Assume that the variable ξ is independent of the variable x or it is proportional to x (i.e., ξ = Ax
where A is independent of x). If every element of Ỹi(x) converges for i = 0, 1, . . . , N and

lim
K→−∞

Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
= 0, lim

L→+∞
Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)
= 0, (3.6)
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then the function Ỹ (x) satisfies

Ỹ (qx)− Ỹ (x)

−x
=

[
N∑
i=0

Gi

x− bi

]
Ỹ (x).

To prove the theorem, we define the function Ỹ
[K,L]
i (x) by

Ỹ
[K,L]
i (x) = (1− q)

L∑
n=K

Kλ(x, s)

s− bi
sY (s)|s=qnξ. (3.7)

Proposition 3.3. Let Y (x) be a solution to equation (3.4) and assume that the variable ξ is
independent of the variable x. For i = 0, 1, . . . , N , we have

Ỹ
[K,L]
i (qx)− Ỹ

[K,L]
i (x)

−x

=
1− q−λ

x− bi
Ỹ

[K,L]
i (x) +

1

x− bi

N∑
j=0

q−λBj Ỹ
[K,L]
j (x)

− (1− q)q−λ

x− bi

{
Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)}
. (3.8)

Proof. It follows from equation (3.2) that

Kλ(qx, s)−Kλ(x, s)

−x
=

1− q−λ

x− s
Kλ(x, s),

Kλ(x, s/q)−Kλ(x, s)

s
=

1− qλ

x− s
Kλ(x, s).

Since 1
(x−s)(s−bi)

= 1
(s−bi)(x−bi)

+ 1
(x−s)(x−bi)

, we have

Kλ(qx, s)−Kλ(x, s)

−x(s− bi)
=

1− q−λ

(s− bi)(x− bi)
Kλ(x, s) +

1− q−λ

(x− s)(x− bi)
Kλ(x, s)

=
1− q−λ

(s− bi)(x− bi)
Kλ(x, s)−

q−λ

x− bi

Kλ(x, s/q)−Kλ(x, s)

s
.

By multiplying by (1− q)sY (s) and taking summation, we have

Ỹ
[K,L]
i (qx)− Ỹ

[K,L]
i (x)

−x

=
1− q−λ

x− bi
Ỹ

[K,L]
i (x)− q−λ(1− q)

x− bi

L∑
n=K

(Kλ(x, s/q)−Kλ(x, s))Y (s)|s=qnξ. (3.9)

It follows from equation (3.4) that

L∑
n=K

(Kλ(x, s/q)−Kλ(x, s))Y (s)|s=qnξ

= Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)
+

L∑
n=K

Kλ(x, s)(Y (qs)− Y (s))|s=qnξ

= Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)
−

L∑
n=K

N∑
j=0

sKλ(x, s)

s− bj
BjY (s)|s=qnξ

= Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)
− 1

1− q

N∑
j=0

Bj Ỹ
[K,L]
j (x).

Therefore, we obtain equation (3.8). ■
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The following corollary follows from the definition of the matrices Gi (i = 0, 1, . . . , N).

Corollary 3.4. Let Y (x) be a solution to equation (3.4) and assume that the variable ξ is
independent of the variable x. Set

g[K,L](x) = (q − 1)q−λ
{
Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)}
,

Ỹ [K,L](x) =

Ỹ
[K,L]
0 (x)

...

Ỹ
[K,L]
N (x)

 , g̃[K,L](x) =

 (x− b0)
−1g[K,L](x)
...

(x− bN )−1g[K,L](x)

 .

Then, we have

Ỹ [K,L](qx)− Ỹ [K,L](x)

−x
=

[
N∑
i=0

Gi

x− bi

]
Ỹ [K,L](x) + g̃[K,L](x).

In the case ξ = Ax, Proposition 3.3 is replaced as follows.

Proposition 3.5. Let Y (x) be a solution to equation (3.4) and assume that ξ = Ax. For
i = 0, 1, . . . , N , we have

Ỹ
[K,L]
i (qx)− Ỹ

[K,L]
i (x)

−x

=
1− q−λ

x− bi
Ỹ

[K,L]
i (x) +

1

x− bi

N∑
j=0

q−λBj Ỹ
[K,L]
j (x)

− (1− q)q−λ

x− bi

{
Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
−Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)}
+

1− q

x

[
Kλ(qx, s)

s− bi
sY (s)|s=AqKx −

Kλ(qx, s)

s− bi
sY (s)|s=AqL+1x

]
.

Proof. In the case ξ = Ax, we have

Ỹ
[K,L]
i (x) = (1− q)

L∑
n=K

Kλ(x,Aq
nx)

Aqnx− bi
AqnxY (Aqnx),

Ỹ
[K,L]
i (qx) = (1− q)

L∑
n=K

Kλ(qx, s)

s− bi
sY (s)|s=Aqn+1x.

It follows that

(1− q)
L∑

n=K

Kλ(qx, s)

s− bi
sY (s)|s=Aqnx

= (1− q)
L−1∑

n=K−1

Kλ(qx, s)

s− bi
sY (s)|s=Aqn+1x

= Ỹ
[K,L]
i (qx) + (1− q)

Kλ(qx, s)

s− bi
sY (s)|s=AqKx − (1− q)

Kλ(qx, s)

s− bi
sY (s)|s=AqL+1x.

Therefore, in the case ξ = Ax, equation (3.9) is replaced to

Ỹ
[K,L]
i (qx)− Ỹ

[K,L]
i (x)

−x
+

1− q

−x

[
Kλ(qx, s)

s− bi
sY (s)|s=AqKx −

Kλ(qx, s)

s− bi
sY (s)|s=AqL+1x

]
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=
1− q−λ

x− bi
Ỹ

[K,L]
i (x)− q−λ(1− q)

x− bi

L∑
n=K

(Kλ(x, s/q)−Kλ(x, s))Y (s)|s=qnξ,

and we obtain Proposition 3.5 by repeating the proof of Proposition 3.3. ■

We now prove Theorem 3.2. The convergence of Ỹi(x) is described as the convergence of

Ỹ
[K,L]
i (x) in equation (3.7) as K → −∞ and L→ +∞, and we have

Ỹi(x) = lim
K→−∞
L→+∞

Ỹ
[K,L]
i (x).

The theorem for the case that the variable ξ is independent of the variable x follows from
Corollary 3.4, because the function g̃[K,L](x) in Corollary 3.4 converges to 0 as K → −∞
and L→ +∞ by equation (3.6). To obtain the theorem for the case ξ = Ax, we use the fact
that the convergence of the summation a1 + a2 + · · · implies the condition an → 0 as n → ∞.
Since the Jackson integral Ỹi(x) converges, we have

Kλ(qx, s)

s− bi
sY (s)|s=Aqnx → 0

as n → +∞ and n → −∞, the supplementary terms in Proposition 3.5 converge as K → −∞
and L→ +∞, and we obtain the theorem.

We give a sufficient condition that the assumption of the convergence holds, which was
essentially established in [2, Proposition 2.5].

Proposition 3.6. Let [Y (s)]k be the k-th component of Y (s)(∈ Cm). Assume that the integrand
of Ỹi(x) in equation (3.5) is well defined (i.e., does not diverge) about s = qnξ for any i ∈
{0, 1, . . . , N} and n ∈ Z.

(i) If there exist ε1, C1 ∈ R>0 and M1 ∈ Z such that |[Y (s)]k| ≤ C1|s|ε1 for any s ∈ {qnξ |
n ≥M1, n ∈ Z} and k = 1, . . . ,m, then every component of Ỹ

[K,L]
j (x) converges absolutely

as L→ +∞ for each K ∈ Z and j = 0, 1, . . . , N , and

lim
L→+∞

Kλ

(
x, qLξ

)
Y
(
qL+1ξ

)
= 0. (3.10)

(ii) If there exist ε2, C2 ∈ R>0 and M2 ∈ Z such that |[Y (s)]k| ≤ C2|sλ||s|−ε2 for any s ∈
{qnξ | n ≤ −M2, n ∈ Z} and k = 1, . . . ,m, then every component of Ỹ

[K,L]
j (x) converges

absolutely as K → −∞ for each L ∈ Z and j = 0, 1, . . . , N , and

lim
K→−∞

Kλ

(
x, qK−1ξ

)
Y
(
qKξ

)
= 0. (3.11)

Proof. We show (i). It follows from equation (3.2) that

Kλ

(
x, qn+1ξ

)
Kλ(x, qnξ)

=
1− qn+1ξ/x

1− qλ+n+1ξ/x
→ 1

as n → +∞ for each ξ and x. Since |q|−ε1/2 > 1, there exists an integer N ′
1 such that∣∣Kλ

(
x, qn+1ξ

)
/Kλ(x, q

nξ)
∣∣ ≤ |q|−ε1/2 for any integer n no less than N ′

1. Hence, we have

|Kλ(x, q
nξ)| ≤ B′

1|q|−nε1/2 (3.12)
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for any integer n no less than N ′
1 by setting B′

1 = |q|N ′
1ε1/2

∣∣Kλ

(
x, qN

′
1ξ
)∣∣. By combining with

the assumption, there exist an integer M ′
1 and a positive number C ′

1 such that∣∣∣∣∣Kλ(x, s)

s− bj
s[Y (s)]k

∣∣∣∣
s=qnξ

∣∣∣∣∣ ≤ C ′
1|q|nε1/2

for any integer n no less than M ′
1, k ∈ {1, . . . ,m} and j ∈ {0, 1, . . . , N}. Absolute convergence

of the summation

∞∑
n=M ′

1

Kλ(x, s)

s− bi
s[Y (s)]k|s=qnξ

follows from the convergence of the majorant series C ′
1|q|nε1/2, and every component of Ỹ

[K,L]
j (x)

converges absolutely as L → +∞ for each K ∈ Z and j = 0, 1, . . . , N . Equation (3.10) is also
shown by using equation (3.12) and the assumption.

We show (ii). It follows from equation (3.2) that

Kλ

(
x, q−n−1ξ

)
Kλ(x, q−nξ)

=
qλ − qnx/ξ

1− qnx/ξ
→ qλ

as n → +∞ for each ξ and x. Since |q|−ε2/2 > 1, there exists an integer N ′
2 and a positive

number B′
2 such that

∣∣Kλ

(
x, q−n−1ξ

)
/Kλ(x, q

−nξ)
∣∣ ≤ |q|−ε2/2

∣∣qλ∣∣ and
|Kλ(x, q

−nξ)| ≤ B′
2|q|−nε2/2

∣∣qλ∣∣n (3.13)

for any integer n no less than N ′
2. By the assumption, we have

|[Y (q−nξ)]k| ≤ C2

∣∣qλ∣∣−n∣∣ξλ−ε2
∣∣|q|nε2

for any integer n no less than M2. Hence, there exist an integer M ′
2 and a positive number C ′

2

such that∣∣∣∣∣Kλ(x, s)

s− bj
s[Y (s)]k

∣∣∣∣
s=q−nξ

∣∣∣∣∣ ≤ C ′
2|q|nε2/2

for any integer n no less than M ′
2, k ∈ {1, . . . ,m} and j ∈ {0, 1, . . . , N}. Thus, every com-

ponent of Ỹ
[K,L]
j (x) converges absolutely as K → −∞ for each L ∈ Z and j = 0, 1, . . . , N .

Equation (3.11) is also shown by using equation (3.13) and the assumption. ■

Proposition 3.7. Set b0 = 0. Let Y (x) be a solution to

Y (qx)− Y (x)

−x
=

[
N∑
i=0

Bi

x− bi

]
Y (x). (3.14)

(i) If the absolute value of any eigenvalue of Im − B0 is strictly less than 1, then there ex-
ist ε1, C1 ∈ R>0 and M1 ∈ Z such that |[Y (s)]k| ≤ C1|s|ε1 for any s ∈ {qnξ | n ≥M1, n ∈
Z} and k = 1, . . . ,m.

(ii) If the absolute value of any eigenvalue of Im − B0 − B1 − · · · − BN is strictly more
than

∣∣qλ∣∣, then there exist ε2, C2 ∈ R>0 and M2 ∈ Z such that |[Y (s)]k| ≤ C2

∣∣sλ∣∣|s|−ε2 for
any s ∈ {qnξ | n ≤ −M2, n ∈ Z} and k = 1, . . . ,m.



Reformulation of q-Middle Convolution and Applications 11

Proof. Write equation (3.14) as Y (qx) = B(x)Y (x). Then, we have B(x) → Im −B0 as x→ 0
and B(x) → Im −B0 −B1 − · · · −BN as x→ ∞.

We show (i). Let e1, e2, . . . , em be the eigenvalues of the matrix Im−B0. By the assumption,
we have max{|e1|, |e2|, . . . , |em|} < 1. There exists ε1 > 0 such that |ek| < |q|ε1 for any k ∈
{1, . . . ,m}. Set ε = |q|ε1 − max{|e1|, |e2|, . . . , |em|}(> 0). There exist numbers pj ∈ {0, ε/2}
(j = 1, . . . ,m− 1) and an invertible matrix Q0 such that

Q−1
0 (Im −B0)Q0 =



e1 p1 · · · 0 0

0 e2
. . . 0 0

...
. . .

. . .
. . .

...

0 0
. . . em−1 pm−1

0 0 · · · 0 em


.

Set pm = 0 for later use. The numbers p1, . . . , pm−1 are determined by the Jordan normal form
of Im −B0. If Im −B0 is diagonalizable, then p1 = · · · = pm−1 = 0. Write

Q−1
0 B(x)Q0 = Q−1

0 (Im −B0)Q0 +

 b1,1(x) · · · b1,m(x)
...

...
bm,1(x) · · · bm,m(x)

 . (3.15)

Since Q−1
0 B(x)Q0 → Q−1

0 (Im −B0)Q0 as x→ 0, there exists δ > 0 such that |bi,j(x)| < ε/(2m)
for any i, j ∈ {1, . . . ,m} and any x (|x| < δ). Let Y (x) be a solution to Y (qx) = B(x)Y (x).
Then, the function Z(x) = Q−1

0 Y (x) satisfies Z(qx) = Q−1
0 B(x)Q0Z(x). Let [Z(s)]k be the k-th

component of Z(s)(∈ Cm). We have

[Z(qx)]k = ek[Z(x)]k + pk[Z(x)]k+1 + bk,1(x)[Z(x)]1 + · · ·+ bk,m(x)[Z(x)]m.

We assume that |x| < δ and |[Z(x)]k| < Ã for any k ∈ {1, . . . ,m}. Then,

|[Z(qx)]k| ≤ |ek||[Z(x)]k|+ |pk||[Z(x)]k+1|+ |bk,1(x)||[Z(x)]1|+ · · ·+ |bk,m(x)||[Z(x)]m|

≤ Ã|ek|+ Ãε/2 + Ãmε/(2m) ≤ Ã(max{|e1|, |e2|, . . . , |em|}+ ε) = |q|ε1Ã (3.16)

for any k ∈ {1, . . . ,m}. We also have

|[Z(qnx)]k| ≤ |q|nε1Ã (3.17)

for n ∈ Z≥0 and k ∈ {1, . . . ,m}. Let ξ ∈ C \ {0}. There exists an integer M0 such that
|qnξ| < δ for any integer n ≥ M0. We take a positive number C ′ such that

∣∣[Z(qM0ξ
)]

k

∣∣ ≤ C ′

for any k ∈ {1, . . . ,m}. It follows from the inequality (3.17) that∣∣[Z(qM0+nξ
)]

k

∣∣ ≤ |q|nε1C ′ =
∣∣qM0+nξ

∣∣ε1∣∣qM0ξ
∣∣−ε1C ′

for any k ∈ {1, . . . ,m} and n ∈ Z≥0. Since Y (x) = Q0Z(x), there exists a positive number C
such that

∣∣[Y (qM0+nξ
)]

k

∣∣ ≤ ∣∣qM0+nξ
∣∣ε1C for any k ∈ {1, . . . ,m} and n ∈ Z≥0. Therefore, we

obtain (i).
We show (ii). Let e′1, e

′
2, . . . , e

′
m be the eigenvalues of the matrix Im−B0−B1−· · ·−BN . By the

assumption, we have min{|e′1|, |e′2|, . . . , |e′m|} >
∣∣qλ∣∣. Hence, the matrix Im−B0−B1−· · ·−BN

is invertible and there exists ε2 > 0 such that |e′k|−1 < |q|ε2
∣∣qλ∣∣−1

for any k ∈ {1, . . . ,m}.
Set ek = 1/e′k (k = 1, . . . ,m) and ε = |q|ε2

∣∣qλ∣∣−1 −max{|e1|, |e2|, . . . , |em|}(> 0). There exist
numbers pj ∈ {0, ε/2} (j = 1, . . . ,m−1) and an invertible matrix Q∞ such that Q−1

∞ (Im−B0−
B1− · · ·−BN )−1Q∞ is expressed as the right-hand side of equation (3.15). Set pm = 0 for later
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use. Since B(x) → Im − B0 − B1 − · · · − BN as x → ∞, the matrix B(x) is invertible if |x| is
sufficiently large. Write

Q−1
∞ B

(
q−1x

)−1
Q∞ = Q−1

∞ (Im −B0 −B1 − · · · −BN )−1Q∞

+

 b1,1(x) · · · b1,m(x)
...

...
bm,1(x) · · · bm,m(x)

 .

Since Q−1
∞ B

(
q−1x

)−1
Q∞ → Q−1

∞ (Im − B0 − B1 − · · · − BN )−1Q∞ as x → ∞, there exists
D > 0 such that |bi,j(x)| < ε/(2m) for any i, j ∈ {1, . . . ,m} and any x (|x| > D). Let Y (x)
be a solution to Y (qx) = B(x)Y (x). Then, the function Z(x) = Q−1

∞ Y (x) satisfies Z
(
q−1x

)
=

Q−1
∞ B

(
q−1x

)−1
Q∞Z(x). We assume that |x| > D and |[Z(x)]k| < Ã for any k ∈ {1, . . . ,m}. It

is shown as equation (3.16) that
∣∣[Z(q−1x

)]
k

∣∣ ≤ |q|ε2
∣∣qλ∣∣−1

Ã and

|[Z(q−nx)]k| ≤ |q|nε2
∣∣qλ∣∣−n

Ã (3.18)

for n ∈ Z≥0 and k ∈ {1, . . . ,m}.
Let ξ ∈ C \ {0}. There exists an integer M∞ such that |qnξ| < D for any integer n ≤ −M∞.

We take a positive number C ′ such that
∣∣[Z(q−M∞ξ

)]
k

∣∣ ≤ C ′ for any k ∈ {1, . . . ,m}. It follows
from the inequality (3.18) that∣∣[Z(q−M∞−nξ

)]
k

∣∣ ≤ |q|nε2
∣∣qλ∣∣−n

C ′

=
∣∣(q−M∞−nξ

)λ∣∣∣∣q−M∞−nξ
∣∣−ε2

∣∣(q−M∞ξ
)−λ∣∣∣∣q−M∞ξ

∣∣ε2C ′

for any k ∈ {1, . . . ,m} and n ∈ Z≥0. Since Y (x) = Q∞Z(x), we obtain that there exists
a positive number C such that∣∣[Y (q−M∞−nξ

)]
k

∣∣ ≤ ∣∣(q−M∞−nξ
)λ∣∣ · ∣∣q−M∞−nξ

∣∣−ε2C

for any k ∈ {1, . . . ,m} and n ∈ Z≥0. Therefore, we obtain (ii). ■

By combining Propositions 3.6 and 3.7 with Theorem 3.2, we have the following.

Theorem 3.8. Set b0 = 0. Let Y (x) be a solution to

Y (qx)− Y (x)

−x
=

[
N∑
i=0

Bi

x− bi

]
Y (x).

Assume that the integrand of Ỹi(x) in equation (3.5) is well defined (i.e., does not diverge)
about s = qnξ for any i ∈ {0, 1, . . . , N} and n ∈ Z. If the absolute value of any eigenvalue
of Im −B0 is strictly less than 1 and the absolute value of any eigenvalue of Im−B0−B1−· · ·−BN

is strictly more than
∣∣qλ∣∣, then the function Ỹ (x) in equation (3.5) converges and it satisfies

Ỹ (qx)− Ỹ (x)

−x
=

[
N∑
i=0

Gi

x− bi

]
Ỹ (x).

Remark 3.9. It is natural to ask whether these conditions are also necessary. We expect that
the absence of eigenvalues ν of Im −B0 satisfying |ν| > 1 and eigenvalues ν ′ of Im −B0 −B1 −
· · · − BN satisfying |ν ′| <

∣∣qλ∣∣ should be closely related to the convergence of Ỹ (x). However,
the borderline cases, namely when the eigenvalues satisfy |ν| = 1 or |ν ′| =

∣∣qλ∣∣, require delicate
analysis. For this reason, we focus on sufficient conditions and leave a precise characterization
of necessary conditions for future investigation.
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The definition of the q-middle convolution based on the q-convolution is quite the same
as the one by Sakai and Yamaguchi [13] (see Definition A.3 in the appendix), which is a q-
analogue of the one by Dettweiler and Reiter [3]. The following proposition, which is proved
straightforwardly, is used to define the q-middle convolution.

Proposition 3.10. Define the subspaces K and L of (Cm)N+1 as follows:

K =

kerB0
...

kerBN

 , L = ker(G0 +G1 + · · ·+GN ). (3.19)

Then, the spaces K and L are invariant under the action of Gk for k = 0, 1, . . . , N .

Definition 3.11 (q-middle convolution). We denote the matrix induced from the action of Gk

on the quotient space (Cm)N+1/(K+L) by Gk (k = 0, 1, . . . , N). The q-middle convolution mcqλ
is defined by the correspondence (B0, B1, . . . , BN ) 7→

(
G0, G1, . . . , GN

)
.

4 q-hypergeometric equation and generalization

4.1 q-hypergeometric equation

The q-hypergeometric equation and its solution have been studied from various viewpoints (e.g.,
see [6]), and the q-convolution was used in [2]. We review the approach by the reformulated
q-convolution. Let µ ∈ C, α, β ∈ C \ {0} and set y(x) = xµ(αx; q)∞/(βx; q)∞. Then, it satisfies
the first-order linear q-difference equation

y(qx)− y(x)

−x
=

[
B0

x
+

B1

x− 1/α

]
y(x), B0 = 1− qµ, B1 = qµ

(
1− β

α

)
. (4.1)

The function y(x) = xµ̃(q/(βx); q)∞/(q/(αx); q)∞ with the condition qµ̃α/β = qµ also sat-
isfies equation (4.1). We apply q-convolution cqλ to the pair (B0, B1) of 1 × 1 matrices and
set cqλ(B0, B1) = (G0, G1). The pair (G0, G1) is the 2× 2 matrices written as

G0 =

(
q−λB0 + 1− q−λ q−λB1

0 0

)
=

(
1− qµ−λ qµ−λ(1− β/α)

0 0

)
,

G1 =

(
0 0

q−λB0 q−λB1 + 1− q−λ

)
=

(
0 0

q−λ − qµ−λ qµ−λ(1− β/α) + 1− q−λ

)
.

Note that det(G0 + G1) =
(
1 − q−λ

)(
1 − qµ−λβ/α

)
, and the q-middle convolution coincides

with the q-convolution (i.e., K + L = {0}), if λ ̸= 0 ̸= µ, α ̸= β and qµ−λβ/α ̸= 1. Write the
corresponding q-difference equation as

Ỹ (qx)− Ỹ (x)

−x
=

[
G0

x
+

G1

x− 1/α

]
Ỹ (x), Ỹ (x) =

(
ỹ0(x)
ỹ1(x)

)
. (4.2)

Then, the function ỹ0(x) satisfies the single second-order equation(
q−λβx− q

)
ỹ0(x/q) + qλ−µ(αx− q)ỹ0(qx)−

{(
q−µα+ β

)
x− q − qλ−µ+1

}
ỹ0(x) = 0, (4.3)

and equation (4.3) corresponds to the standard form of q-hypergeometric equation (1.8) by
setting the parameters appropriately.
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By the q-integral transformation associated with the q-convolution, the q-integral represen-
tation of solutions to equation (4.2) is obtained as

Ỹ (x) =

(
ỹ0(x)
ỹ1(x)

)
=


∫ ξ∞

0

Kλ(x, t)

t
y(t)dqt∫ ξ∞

0

Kλ(x, t)

t− 1/α
y(t)dqt

 , (4.4)

if the assumption of Theorem 3.2 holds. We look into a sufficient condition that the q-integral
representation converges and satisfies equation (4.2) by applying Theorem 3.8. In this case, the
matrices B0 and B1 in Theorem 3.8 are scalars in equation (4.1), and we have 1−B0 = qµ,
1−B0 −B1 = qµβ/α. Therefore, under the condition that the functions y(t)Kλ(x, t)/t and
y(t)Kλ(x, t)/(t− 1/α) are well defined about t = qnξ for any n ∈ Z, a sufficient condition
that the function in (4.4) converges and satisfies equation (4.2) is written as µ > 0 and∣∣qλ−µα/β

∣∣ < 1. Note that the condition µ > 0 and
∣∣qλ−µα/β

∣∣ < 1 leads to the condition |qµ| < 1
and |qµβ/α| > |qλ|.

In the case Kλ(x, s) = K
(1)
λ (x, s) (see equation (3.3)) and y(x) = xµ(αx; q)∞/(βx; q)∞, the

condition of well-definedness is ξ ̸= qn/β and ξ ̸= xqn for any n ∈ Z, and the function ỹ0(x) in
equation (4.4) is written as

ỹ0(x) = (1− q)x−λ
∞∑

n=−∞
(qnξ)µ

(
qλ+n+1ξ/x, qnξα; q

)
∞(

qn+1ξ/x, qnξβ; q
)
∞

. (4.5)

By specializing the value ξ, it can further be expressed as a unilateral q-hypergeometric series 2ϕ1.
As shown in [2], if we set ξ = 1/α in equation (4.5), then it follows from (qn; q)∞ = 0 for n ∈ Z≤0

that

ỹ0(x)|ξ=1/α

= (1− q)x−λ
∞∑
n=1

(qn/α)µ
(
qλ+n+1/(αx), qn; q

)
∞(

qn+1/(αx), qnβ/α; q
)
∞

= (1− q)
qµ

αµ

(
qλ+2/(αx

)
, q; q)∞(

q2/(αx), qβ/α; q
)
∞
x−λ

{
1 +

∞∑
n=2

(
q2/(αx); q

)
n−1

(qβ/α; q)n−1(
qλ+2/(αx); q

)
n−1

(q; q)n−1
(qµ)n−1

}

= (1− q)
qµ

αµ

(
qλ+2/(αx), q; q

)
∞(

q2/(αx), qβ/α; q
)
∞
x−λ

2ϕ1

(
q2/(αx), qβ/α
qλ+2/(αx)

; q, qµ
)
.

By applying Heine’s transformation formula in [6, equation (1.4.1)],

2ϕ1(a, b; c; q, z) =
(b, az; q)∞
(c, z; q)∞

· 2ϕ1(c/b, z; az; q, b), |z| < 1, |b| < 1,

we can rewrite it as

ỹ0(x)|ξ=1/α = (1− q)qµα−µx−λ

(
q, qµ+1β/α; q

)
∞

(qβ/α, qµ; q)∞
2ϕ1

(
qλ, qµ

qµ+1β/α
; q, q2/(αx)

)
, (4.6)

which was essentially obtained in version 2 of [1]. We also have

ỹ0(x)|ξ=q−λx = (1− q)q−λµxµ−λ

(
q−λαx, q; q

)
∞(

q−λβx, q1−λ; q
)
∞

2ϕ1

(
q−λβx, q1−λ

q−λαx
; q, qµ

)
= (1− q)q−λµxµ−λ

(
q, q−λ+µ+1; q

)
∞(

q−λ+1, qµ; q
)
∞

2ϕ1

(
α/β, qµ

q−λ+µ+1; q, q
−λβx

)
. (4.7)



Reformulation of q-Middle Convolution and Applications 15

The condition for the parameters is µ > 0 in these two cases, and we do not need the condi-
tion

∣∣qλ−µα/β
∣∣ < 1 (see [2]). The functions in equations (4.6) and (4.7) satisfy the q-hypergeo-

metric equation in (4.3).
In the case Kλ(x, s) = K

(2)
λ (x, s) and y(x) = xµ̃(q/(βx); q)∞/(q/(αx); q)∞, the condition of

well-definedness is ξ ̸= qn/α and ξ ̸= xq−λ+n for any n ∈ Z, and the function ỹ0(x) is written as

ỹ0(x) = (1− q)
∞∑

n=−∞
(qnξ)µ̃−λ

(
xq−n/ξ, q1−n/(βξ); q

)
∞(

xq−λ−n/ξ, q1−n/(αξ); q
)
∞
. (4.8)

We set ξ = 1/β or ξ = x in equation (4.8). It was essentially established in version 2 of [1]
and [2] that

ỹ0(x)|ξ=1/β = (1− q)βλ−µ̃ (βx, q; q)∞(
q−λβx, qβ/α; q

)
∞

2ϕ1

(
q−λβx, qβ/α

βx
; q, qλ−µα

β

)
= (1− q)βλ−µ̃

(
q, qλ−µ+1; q

)
∞(

qβ/α, qλ−µα/β; q
)
∞

2ϕ1

(
qλ, qλ−µα/β
qλ−µ+1 ; q, q−λβx

)
,

ỹ0(x)|ξ=x = (1− q)qλ−µα

β
xµ̃−λ

(
q2/(βx), q; q

)
∞(

q2/(αx), q−λ+1; q
)
∞

2ϕ1

(
q−λ+1, q2/(αx)

q2/(βx)
; q, qλ−µα

β

)
= (1− q)qλ−µα

β
xµ̃−λ

(
q, q−µ+1α/β; q

)
∞(

q−λ+1, qλ−µα/β; q
)
∞

2ϕ1

×
(
α/β, qλ−µα/β
q−µ+1α/β

; q, q2/(αx)

)
. (4.9)

The condition for the parameters is |qλ−µα/β| < 1 in these two cases, and we do not need the
condition µ > 0 (see [2]). The functions in equation (4.9) satisfy the q-hypergeometric equation
in (4.3).

4.2 Generalized q-hypergeometric equation of order 3

To obtain the generalized q-hypergeometric equation of order 3, we use an addition and a q-
middle convolution. We apply the addition addµ′ to the pair (G0, G1) in equation (4.2). Then,
we have the pair (B′

0, B
′
1), where

B′
0 =

(
1− qµ

′+µ−λ qµ
′+µ−λ(1− β/α)

0 1− qµ
′

)
,

B′
1 =

(
0 0

qµ
′−λ(1− qµ) qµ

′(
qµ−λ(1− β/α) + 1− q−λ

)) .
The mapping (G0, G1) 7→ (B′

0, B
′
1) corresponds to a gauge transformation of the q-difference

equations. Let Ỹ (x) be a solution to equation (4.2), and set

Yg(x) = xµ
′
Ỹ (x). (4.10)

The function Yg(x) satisfies

Yg(qx)− Yg(x)

−x
=

[
B′

0

x
+

B′
1

x− 1/α

]
Yg(x). (4.11)

It follow from equation (4.10) and the argument around equation (4.4) that the function

Yg(x) =


xµ

′
∫ ξ∞

0

Kλ(x, t)

t
y(t)dqt

xµ
′
∫ ξ∞

0

Kλ(x, t)

t− 1/α
y(t)dqt

 ,
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satisfies equation (4.11), if the function y(x) is a solution to equation (4.1), µ > 0,
∣∣qλ−µα/β

∣∣ < 1
and the functions y(t)Kλ(x, t)/t and y(t)Kλ(x, t)/(t − 1/α) are well defined about t = qnξ for
any n ∈ Z.

Before considering the q-middle convolution, we apply the q-convolution cqλ′ to (B′
0, B

′
1). We

obtain cqλ′(B′
0, B

′
1) = (G′

0, G
′
1), where G

′
0 and G′

1 are the 4× 4 matrices described as

G′
0 =

(
q−λ′

B′
0 +

(
1− q−λ′)

I2 q−λ′
B′

1

O O

)
, G′

1 =

(
O O

q−λ′
B′

0 q−λ′
B′

1 +
(
1− q−λ′)

I2

)
.

Note that det(G′
0 +G′

1) =
(
1− q−λ′)2(

1− qµ
′−λ−λ′)(

1− qµ+µ′−λ−λ′
β/α

)
. We investigate a suf-

ficient condition for the parameters that the q-difference equation

Ỹg(qx)− Ỹg(x)

−x
=

[
G′

0

x
+

G′
1

x− 1/α

]
Ỹg(x) (4.12)

admits solutions in terms of the q-integral representation by applying Theorem 3.8 for cqλ′(B′
0, B

′
1)

= (G′
0, G

′
1). In this case, the condition for the eigenvalues is applied for the matrices I2 − B′

0

and I2 −B′
0 −B′

1. The eigenvalues of I2−B′
0 are q

µ′
, qµ+µ′−λ, and the eigenvalues of I2−B′

0−B′
1

are qµ
′−λ, qµ+µ′−λβ/α. The formal q-integral representation of solutions to the equation obtained

after applying q-convolution cqλ′ is given by

Ỹg(x) =


∫ ξ′∞

0

K̂λ′(x, s)

s
Yg(s)dqs∫ ξ′∞

0

K̂λ′(x, s)

s− 1/α
Yg(s)dqs



=



∫ ξ′∞

0

K̂λ′(x, s)

s
sµ

′
∫ ξ∞

0

Kλ(s, t)

t
y(t)dqtdqs∫ ξ′∞

0

K̂λ′(x, s)

s
sµ

′
∫ ξ∞

0

Kλ(s, t)

t− 1/α
y(t)dqtdqs∫ ξ′∞

0

K̂λ′(x, s)

s− 1/α
sµ

′
∫ ξ∞

0

Kλ(s, t)

t
y(t)dqtdqs∫ ξ′∞

0

K̂λ′(x, s)

s− 1/α
sµ

′
∫ ξ∞

0

Kλ(s, t)

t− 1/α
y(t)dqtdqs


, (4.13)

where K̂λ(x, s) and Kλ(x, s) are functions which satisfy equation (3.2), and y(x) is a function
which satisfies equation (4.1). Then, we obtain the following proposition by Theorem 3.8.

Proposition 4.1. If the parameters satisfy

µ > 0, µ′ > 0, µ′ + µ− λ > 0, λ′ + λ− µ′ > 0,
∣∣qλ−µα/β

∣∣ < 1,∣∣qλ′+λ−µ′−µα/β
∣∣ < 1, (4.14)

and the integrands in equation (4.13) are well defined about (s, t) = (qn
′
ξ′, qnξ) for any n′, n ∈ Z,

then the function Ỹg(x) in equation (4.13) converges and satisfies equation (4.12).

Note that the condition µ > 0, µ′ > 0, µ′ + µ − λ > 0 and λ′ + λ − µ′ > 0 leads to the
condition |qµ| < 1, |qµ′ | < 1,

∣∣qµ′+µ−λ
∣∣ < 1 and

∣∣qµ′−λ
∣∣ > ∣∣qλ′∣∣.

We look into the q-middle convolution mcqλ′ to (B′
0, B

′
1). Recall that the q-middle convo-

lution is obtained as the pair of the operators on the quotient space C4/(K + L). The vec-
tor t

(
qµ(1 − β/α) + qλ − 1, qµ − 1

)
belongs to the space ker(B′

1), and we have dimK = 1
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under the condition µ ̸= 0, µ′ ̸= 0 and µ + µ′ − λ ̸= 0. We have dimL = 0, if λ′ ̸= 0,
µ′ − λ − λ′ ̸= 0 and qµ+µ′−λ−λ′

β/α ̸= 1. We continue the argument under these inequalities.
We have dim

(
C4/(K + L)

)
= 3. To obtain matrix representations of mcqλ′(B′

0, B
′
1), we consider

simultaneous transformation for the matrices G′
0 and G′

1. Set

P =


1 0 0 0
0 1 0 0
0 0 1 f0
0 0 0 qµ − 1

 , f0 = qµ(1− β/α) + qλ − 1.

Then, P is invertible and we have

P−1G′
0P =


1− qµ+µ′−λ−λ′

qµ+µ′−λ−λ′
(1− β/α) 0 0

0 1− qµ
′−λ′

qµ
′−λ−λ′

(1− qµ) 0
0 0 0 0
0 0 0 0

 ,

P−1G′
1P =


0 0 0 0
0 0 0 0
f1 f2 f3 0

0 −q−λ′ qµ
′−1

qµ−1 −qµ′−λ′−λ 1− q−λ′

 ,

where

f1 = q−λ′ − qµ
′+µ−λ′−λ, f2 = qµ

′+µ−λ′−λ(1− β/α) + q−λ′ qµ
′ − 1

qµ − 1
f0, and

f3 = 1− q−λ′
+ qµ

′−λ−λ′
f0.

The upper-left 3×3 submatrices of P−1G′
0P and P−1G′

1P are matrix representations of G′
0 and

G′
1 on the quotient space C4/(K + L). Thus, we can write mcqλ′(B′

0, B
′
1) =

(
G′

0, G′
1

)
, where

G′
0 =

1− qµ+µ′−λ−λ′
qµ+µ′−λ−λ′

(1− β/α) 0

0 1− qµ
′−λ′

qµ
′−λ−λ′

(1− qµ)
0 0 0

 ,

G′
1 =

 0 0 0
0 0 0
f1 f2 f3

 .

The equation obtained after applying q-middle convolution mcqλ′ is written as

1

−x

g1(qx)− g1(x)
g2(qx)− g2(x)
g3(qx)− g3(x)

 =

[
G′

0

x
+

G′
1

x− 1/α

]g1(x)g2(x)
g3(x)

 . (4.15)

From equation (4.15), the single third-order q-difference equation for g1(x) is derived as

(αx− 1)g1
(
q3x
)
+ q−λ−λ′{−(qµ+µ′

β + qµ
′
α+ qλα

)
x+ qµ+µ′

+ qλ+µ′
+ qλ+λ′}

g1
(
q2x
)

+ qµ
′−2λ−2λ′{(

qλα+ qµ+µ′
β + qλ+µβ

)
x− qλ

(
qλ+λ′

+ qµ+µ′
+ qµ+λ′)}

g1(qx)

− qµ+2µ′−λ−2λ′(
q−λ−λ′

βx− 1
)
g1(x) = 0. (4.16)

Each coefficient of g1
(
qjx
)
(j = 0, 1, 2, 3) is a linear polynomial in x. This is the generalized

q-hypergeometric equation of order 3. The functions g2(x) and g3(x) also satisfy the generalized
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q-hypergeometric equation of order 3, whose coefficients are of degree 1 and some terms are
different from equation (4.16).

We investigate integral representations of solutions to equation (4.16). From now on, we
assume the assumption of Proposition 4.1. If Ỹg(x) is a solution to equation (4.12) and we write

g1(x)
g2(x)
g3(x)
g4(x)

 = P−1Ỹg(x) =


1 0 0 0
0 1 0 0
0 0 1 −f0/(qµ − 1)
0 0 0 1/(qµ − 1)

 Ỹg(x),

then the function t(g1(x), g2(x), g3(x)) satisfies equation (4.15). In particular, we obtain integral

representations of solutions to equation (4.15) by setting Ỹg(x) as equation (4.13).
If we specialize to the case

K̂λ′(x, s) = K
(1)
λ′ (x, s), Kλ(s, t) = K

(1)
λ (s, t), y(t) = tµ

(αt; q)∞
(βt; q)∞

, (4.17)

then we obtain

g1(x) = x−λ′
∫ ξ′∞

0

(
qλ

′+1s/x; q
)
∞

(qs/x; q)∞
sµ

′−λ−1

∫ ξ∞

0
tµ−1

(
qλ+1t/s, αt; q

)
∞

(qt/s, βt; q)∞
dqtdqs

= (1− q)2ξµξ′µ
′−λ

× x−λ′
∞∑

n=−∞

∞∑
m=−∞

(
qµ

′−λ
)n
(qµ)m

(
qλ

′+n+1ξ′/x, qλ+m−n+1ξ/ξ′, qmξα; q
)
∞(

qn+1ξ′/x, qm−n+1ξ/ξ′, qmξβ; q
)
∞

. (4.18)

This function is a solution to equation (4.16). By specializing the values ξ and ξ′ and using the
q-binomial theorem, the solution (4.18) can be transformed to the q-hypergeometric series 3ϕ2.

Proposition 4.2. If the parameters satisfy equation (4.14), λ ̸∈ Z, λ′ ̸∈ Z and
∣∣q−λ′−λβx

∣∣ < 1,
then

g1(x)|ξ=q−λ′−λx,ξ′=q−λ′x = (1− q)2q−λ′µ−λµ−λ′µ′+λ′λ

(
q, q, qµ−λ+1, qµ

′+µ−λ−λ′+1; q
)
∞(

q1−λ′ , q1−λ, qµ, qµ′+µ−λ; q
)
∞

× xµ
′+µ−λ′−λ

3ϕ2

(
α/β, qµ, qµ

′+µ−λ

qµ−λ+1, qµ′+µ−λ−λ′+1
; q, q−λ′−λβx

)
.

Proof. Set ξ′ = q−λ′
x and ξ = q−λ′−λx in equation (4.18). We change the variables (m,n) in

equation (4.18) to the variables (n, k) by setting m − n = k. It follows from
(
qℓ+1; q

)
∞ = 0

for ℓ ∈ Z<0 that

∞∑
n=−∞

∞∑
m=−∞

(
qµ

′−λ
)n
(qµ)m

(
qλ

′+n+1ξ′/x, qλ+m−n+1ξ/ξ′, qmξα; q
)
∞(

qn+1ξ′/x, qm−n+1ξ/ξ′, qmξβ; q
)
∞

=

∞∑
n=0

∞∑
k=0

(
qµ

′−λ
)n
(qµ)n+k

(
qn+1, qk+1, q−λ′−λ+n+kαx; q

)
∞(

q−λ′+n+1, q−λ+k+1, q−λ′−λ+n+kβx; q
)
∞
. (4.19)

Note that the summand in equation (4.19) is well defined, if λ ̸∈ Z and λ′ ̸∈ Z. By the q-binomial
theorem, we have(

q−λ′−λ+n+kαx; q
)
∞(

q−λ′−λ+n+kβx; q
)
∞

=
∞∑

N=0

(α/β; q)N
(q; q)N

(
q−λ′−λ+n+kβx

)N
,
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if
∣∣q−λ′−λβx

∣∣ < 1. Hence, equation (4.19) is equal to

∞∑
n=0

∞∑
k=0

∞∑
N=0

(
qµ

′+µ−λ+N
)n(

qµ+N
)k (

qn+1, qk+1; q
)
∞(

q−λ′+n+1, q−λ+k+1; q
)
∞

(α/β; q)N
(q; q)N

(
q−λ′−λβx

)N
=

(q, q; q)∞(
q−λ′+1, q−λ+1; q

)
∞

∞∑
n=0

∞∑
k=0

∞∑
N=0

(
qµ

′+µ−λ+N
)n (q−λ′+1; q

)
n

(q; q)n

(
qµ+N

)k (q−λ+1; q
)
k

(q; q)k

× (α/β; q)N
(q; q)N

(
q−λ′−λβx

)N
. (4.20)

It follow from the conditions µ′ + µ − λ > 0 and µ > 0 and the q-binomial theorem that
equation (4.20) is equal to

(q, q; q)∞(
q−λ′+1, q−λ+1; q

)
∞

∞∑
N=0

(
qµ

′+µ−λ−λ′+1+N ; q
)
∞(

qµ′+µ−λ+N ; q
)
∞

(
qµ−λ+1+N ; q

)
∞(

qµ+N ; q
)
∞

(α/β; q)N
(q; q)N

(
q−λ′−λβx

)N
=

(
q, q, qµ−λ+1, qµ

′+µ−λ−λ′+1; q
)
∞(

q−λ′+1, q−λ+1, qµ, qµ′+µ−λ; q
)
∞

∞∑
N=0

(
α/β, qµ, qµ

′+µ−λ; q
)
N(

q, qµ−λ+1, qµ′+µ−λ−λ′+1; q
)
N

(
q−λ′−λβx

)N
.

By combining with equation (4.18), we obtain the proposition. ■

If we choose K̂λ′(x, s), Kλ(s, t) and y(t) differently from equation (4.17), then we obtain
a solution different from equation (4.18). Furthermore, by suitably specializing the values ξ
and ξ′, it can be transformed into the q-hypergeometric series 3ϕ2.

4.3 Another generalized q-hypergeometric equation

To obtain the q-difference equation which is different from the generalized q-hypergeometric
equation in the previous subsection, we apply another operation to equation (4.2). Let Ỹ (x) be
a solution to equation (4.2), and set

Yg(x) =
(γx; q)∞
(αx; q)∞

Ỹ (x). (4.21)

As we discussed in Section 2, the q-difference equation which the function Yg(x) satisfies is
written as

Yg(qx)− Yg(x)

−x
=

[
B′

0

x
+

B′
1

x− 1/γ

]
Yg(x), (4.22)

B′
0 = q−λ

(
qλ − qµ qµ(1− β/α)

0 0

)
=

(
1− qµ−λ qµ−λ(1− β/α)

0 0

)
,

B′
1 =

(
qµ−λ(1− α/γ) −qµ−λ(1− β/α)(1− α/γ)
q−λ

(
1− qµ

)
α/γ q−λ

{
qµ(α− β)/γ + qλ − α/γ

}) .
Note that detB′

1 = qµ−λ(1 − α/γ)
(
1 − q−λβ/γ

)
. We apply the q-convolution cqλ′ to (B′

0, B
′
1).

Then, we obtain cqλ′(B′
0, B

′
1) = (G′

0, G
′
1), where G

′
0 and G′

1 are the 4× 4 matrices described as

G′
0 =

(
q−λ′

B′
0 +

(
1− q−λ′)

I2 q−λ′
B′

1

O O

)
,

G′
1 =

(
O O

q−λ′
B′

0 q−λ′
B′

1 +
(
1− q−λ′)

I2

)
. (4.23)
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Note that det(G′
0 +G′

1) =
(
1− q−λ′)2(

1− q−λ′−λα/γ
)(
1− q−λ′−λ+µβ/γ

)
.

We now look into the q-middle convolution mcqλ′ to (B′
0, B

′
1). The vector t

(
qµ(1 − β/α),

qµ − qλ
)
belongs to the space ker(B′

0), and we have dimK = 1 under the condition β ̸= α ̸= γ

and β ̸= qλγ. We have dimL = 0, if λ′ ̸= 0, q−λ′−λα/γ ̸= 1 and q−λ′−λ+µβ/γ ̸= 1. We continue
the argument under these inequalities. We have dim

(
C4/(K + L)

)
= 3. By the simultaneous

transformation for (G′
0, G

′
1) by the matrix

P =


0 0 0 qµ(1− β/α)
0 1 0 qµ − qλ

0 0 1 0
1 0 0 0

 ,

we can extract the 3 × 3 matrices G′
0 and G′

1, where mc
q
λ′(B′

0, B
′
1) =

(
G′

0, G′
1

)
. Namely, the

upper-left 3× 3 submatrices of P−1G′
0P and P−1G′

1P are matrix representations of G′
0 and G′

1

on the quotient space C4/(K + L), and they are expressed as

G′
0 =

 0 0 0
h1 h2 h3
0 0 0

 , G′
1 =

j1 0 j2
0 0 0
j3 j4 j5

 ,

where

h1 = q−λ−λ′{
qµ(1− β/γ) +

(
qλ − 1

)
α/γ

}
, h2 = 1− qµ−λ−λ′

,

h3 =
qµ − qλ +

{(
qλ − 1

)
α+

(
1− qµ

)
β
}
/γ

qλ+λ′(β/α− 1)
, j1 = 1 + q−λ−λ′{qµ(α− β)− α}/γ,

j2 = q−λ−λ′(
1− qµ

)
α/γ, j3 = −qµ−λ−λ′

(1− β/α)(1− α/γ),

j4 = qµ−λ−λ′
(1− β/α), j5 = 1 + q−λ−λ′{

qµ(1− α/γ)− qλ
}
.

The equation obtained after applying q-middle convolution mcqλ′ is written as

1

−x

g1(qx)− g1(x)
g2(qx)− g2(x)
g3(qx)− g3(x)

 =

[
G′

0

x
+

G′
1

x− 1/γ

]g1(x)g2(x)
g3(x)

 . (4.24)

The single third-order q-difference equation for g1(x) is derived as

(qγx− 1)
(
q2γx− 1

)
g1
(
q3x
)

− q−λ−λ′
(1− q−µ)α2

(β − α)(α− γ)

{
q2
(
qµβ + α+ qλγ

)
x− qλ+λ′

(q + 1)− qµ+2
}
(qγx− 1)g1

(
q2x
)

− q−2λ−2λ′+1(1− q−µ)α2

(β − α)(α− γ)

{
−q2

(
qµαβ + qλ+µβγ + qλγα

)
x2 + q

(
qλ+λ′

α+ qλ+µ+1α

+ qµ+1β + qλ+λ′+µβ + q2λ+λ′
γ + qλ+λ′+µ+1γ

)
x− qλ+λ′(

qλ+λ′
+ qµ+1 + qµ+2

)}
g1(qx)

+
q−λ−λ′+3(qµ − 1)α2

(β − α)γ

(
q−λ′

αx− 1
)(
q−λ−λ′

βx− 1
)
g1(x) = 0. (4.25)

Each coefficient of g1
(
qjx
)
(j = 0, 1, 2, 3) is a quadratic polynomial in x. This is a generalization

of the q-hypergeometric equation, although it is different from the generalized q-hypergeometric
equation of order 3 discussed in Section 4.2. Equation (4.25) would be novel to the best of
our knowledge. The function g2(x) satisfies a single third-order q-difference equation whose
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coefficients are quadratic polynomials in x, but the function g3(x) satisfies a single third-order
q-difference equation whose coefficients are cubic polynomials in x.

We discuss q-integral representations of solutions. On the q-integral transformation with
respect to the q-convolution cqλ′(B′

0, B
′
1) = (G′

0, G
′
1), it is not possible to apply Theorem 3.8,

because the matrix I2 − B′
0 has the eigenvalue 1. We use Proposition 3.6 instead. It follows

from equations (4.4) and (4.21) that the function

Yg(x) =

(
ỹg0(x)
ỹg1(x)

)
=


(γx; q)∞
(αx; q)∞

∫ ξ∞

0

Kλ(x, t)

t
y(t)dqt

(γx; q)∞
(αx; q)∞

∫ ξ∞

0

Kλ(x, t)

t− 1/α
y(t)dqt

 (4.26)

satisfies equation (4.22) under a suitable condition. We specialize the value ξ in equation (4.26)
to apply Proposition 3.6 for q-integral representation of solutions to the q-difference equation
related to G′

0 and G′
1 in equation (4.23). We set

Kλ(x, s) = K
(1)
λ (x, s), y(s) = sµ(αs; q)∞/(βs; q)∞, ξ = q−λx (4.27)

in equation (4.26). It follows from equation (4.7) that

ỹg0(x)|ξ=q−λx = (1− q)q−λµxµ−λ

(
q, q−λ+µ+1; q

)
∞(

q−λ+1, qµ; q
)
∞

(γx; q)∞
(αx; q)∞

2ϕ1

(
α/β, qµ

q−λ+µ+1; q, q
−λβx

)
,

under the condition µ > 0. It follows from the q-difference equation that ỹg1(x) is expressed
by a combination of ỹg0(qx) and ỹg0(x). Hence, if µ − λ > 0, then the assumption of Propo-
sition 3.6 (i) to the function Yg(x) in equation (4.26) holds because of the term xµ−λ. We
are going to apply Theorem 3.2 in the situation that equations (3.4) and (3.5) correspond to
equation (4.22) and

Ỹg(x) =


∫ ξ′∞

0

Kλ′(x, s)

s
Yg(s)dqs∫ ξ′∞

0

Kλ′(x, s)

s− 1/γ
Yg(s)dqs

 . (4.28)

Since the eigenvalues of I2 − B′
0 − B′

1 are qµ−λβ/γ and q−λα/γ, the assumption of Proposi-
tion 3.7 (ii) is written as

∣∣qλ′+λ−µγ/β
∣∣ < 1 and

∣∣qλ′+λγ/α
∣∣ < 1, and Proposition 3.6 (ii) holds

under this condition. By Proposition 3.6, the assumption of Theorem 3.2 holds if µ > 0,
µ− λ > 0,

∣∣qλ′+λ−µγ/β
∣∣ < 1,

∣∣qλ′+λγ/α
∣∣ < 1 and the condition in (4.27) is satisfied. Then, the

function Ỹg(x) in equation (4.28) is written as

Ỹg(x) =


ỹg00(x)
ỹg01(x)
ỹg10(x)
ỹg11(x)



=



∫ ξ′∞

0
Kλ′(x, s)s−λ−1 (γs; q)∞

(αs; q)∞

∫ q−λs∞

0
tµ−1

(
qλ+1t/s, αt; q

)
∞

(qt/s, βt; q)∞
dqtdqs

−α
∫ ξ′∞

0
Kλ′(x, s)s−λ−1 (γs; q)∞

(αs; q)∞

∫ q−λs∞

0
tµ
(
qλ+1t/s, qαt; q

)
∞

(qt/s, βt; q)∞
dqtdqs

−γ
∫ ξ′∞

0
Kλ′(x, s)s−λ (qγs; q)∞

(αs; q)∞

∫ q−λs∞

0
tµ−1

(
qλ+1t/s, αt; q

)
∞

(qt/s, βt; q)∞
dqtdqs

αγ

∫ ξ′∞

0
Kλ′(x, s)s−λ (qγs; q)∞

(αs; q)∞

∫ q−λs∞

0
tµ
(
qλ+1t/s, qαt; q

)
∞

(qt/s, βt; q)∞
dqtdqs


. (4.29)



22 Y. Arai and K. Takemura

Consequently, we obtain the following proposition.

Proposition 4.3. Let Kλ(x, s) be a function which satisfies equation (3.2). If µ > 0, µ−λ > 0,∣∣qλ′+λ−µγ/β
∣∣ < 1 and

∣∣qλ′+λγ/α
∣∣ < 1 and the integrands in equation (4.29) are well defined

about (s, t) =
(
qn

′
ξ′, qn+n′−λξ′

)
for any n′, n ∈ Z, then the function Ỹg(x) in equation (4.29)

converges and satisfies

Ỹg(qx)− Ỹg(x)

−x
=

[
G′

0

x
+

G′
1

x− 1/α

]
Ỹg(x), (4.30)

where G′
0 and G′

1 are given in equation (4.23).

If Ỹg(x) is a solution to equation (4.30) and set


g1(x)
g2(x)
g3(x)
g4(x)

 = P−1Ỹg(x) =


0 0 0 1

qµ − qλ

qµ(β/α− 1)
1 0 0

0 0 1 0
−1

qµ(β/α− 1)
0 0 0



ỹg00(x)
ỹg01(x)
ỹg10(x)
ỹg11(x)

 ,

then the function t(g1(x), g2(x), g3(x)) satisfies equation (4.24). In the caseKλ′(x, s)=K
(1)
λ′ (x, s),

we have

g1(x) = αγx−λ′
∫ ξ′∞

0
s−λ

(
qλ

′+1s/x, qγs; q
)
∞

(qs/x, αs; q)∞

∫ q−λs∞

0
tµ
(
qλ+1t/s, qαt; q

)
∞

(qt/s, βt; q)∞
dqtdqs

= (1− q)2αγξ′µ−λ+2q−λ(µ+1)x−λ′
∞∑

n=−∞

(
qµ−λ+2

)n (qλ′+n+1ξ′/x, qn+1ξ′γ; q
)
∞(

qn+1ξ′/x, qnξ′α; q
)
∞

×
∞∑

m=0

(
qµ+1

)m (
qm+1, q−λ+n+m+1ξ′α; q

)
∞(

q−λ+m+1, q−λ+n+mξ′β; q
)
∞
,

and this is a solution to equation (4.25).

4.4 q-convolution and q-Jordan Pochhammer equation

We review the q-Jordan Pochhammer equation in terms of the q-convolution, which is a slight
modification of [2, Section 3.2]. Let N be a positive integer, and set

y(x) = xµ
N∏
j=1

(αjx; q)∞
(βjx; q)∞

.

It satisfies the single q-difference equation

y(qx)− y(x)

−x
=

[
B0

x
+

N∑
k=1

Bk

x− 1/αk

]
y(x),

B0 = 1− qµ, Bk = qµ
αk − βk
αk

N∏
j=1,j ̸=k

αk − βj
αk − αj

, k = 1, . . . , N. (4.31)

We apply the convolution cqλ. The matrices cqλ(B0, . . . , BN ) = (G0, . . . , GN ) are written as

Gi =

 O
q−λB0 q−λB1 · · · q−λBi + 1− q−λ · · · q−λBN

O

 (i+1), 0 ≤ i ≤ N, (4.32)

By applying Proposition 3.6 and Theorem 3.2, we obtain the following theorem.
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Theorem 4.4 (cf. [2, Theorem 3.5]). Let ξ ∈ C \ {0} and let Kλ(x, s) be a function which
satisfies equation (3.2). If µ > 0 and

∣∣qλ−µα1 · · ·αN/(β1 · · ·βN )
∣∣ < 1, then the function Ỹ (x)

defined by

Ỹ (x) =


ỹ0(x)
ỹ1(x)
...

ỹN (x)

 , ỹ0(x) =

∫ ξ∞

0

Kλ(x, s)

s
sµ

N∏
j=1

(αjs; q)∞
(βjs; q)∞

dqs,

ỹk(x) =

∫ ξ∞

0

Kλ(x, s)

s− 1/αk
sµ

N∏
j=1

(αjs; q)∞
(βjs; q)∞

dqs, k = 1, . . . , N,

is convergent and it satisfies the equation

Ỹ (qx)− Ỹ (x)

−x
=

[
G0

x
+

N∑
k=1

Gk

x− 1/αk

]
Ỹ (x), (4.33)

where G0, G1, . . . , GN are determined in equation (4.32).

Note that the tuple (G0, G1, . . . , GN ) is irreducible for generic parameters. If the parame-
ters are special, then the tuple (G0, G1, . . . , GN ) is reducible and the system of the q-difference
equations (4.33) may have a subsystem of equations. If µ = 0, then the space K in equa-
tion (3.19), which was used to define the q-middle convolution, is non-zero, i.e., dimK ≥ 1.
If qλ−µα1 · · ·αN/(β1 · · ·βN ) = 1, then the space L in equation (3.19) satisfies dimL ≥ 1.

4.5 q-middle convolution and variants of q-hypergeometric equation

We investigate the case (N = 2 and µ = 0) and the case (N = 3, µ = 0 and qλ = β1β2β3/
(α1α2α3)). In the case N = 2 and µ = 0, the single q-difference equation in (4.31) is written as

y(qx)− y(x)

−x
=

[
B0

x
+

B1

x− 1/α1
+

B2

x− 1/α2

]
y(x),

B0 = 0, B1 =
(α1 − β1)(α1 − β2)

α1(α1 − α2)
, B2 =

(α2 − β1)(α2 − β2)

α2(α2 − α1)
. (4.34)

The function y(x) = (α1x, α2x; q)∞/(β1x, β2x; q)∞ satisfies this equation. By applying the q-
convolution cqλ to (B0, B1, B2), we obtain the 3× 3 matrices G0, G1, G2 in equation (4.32). The
q-middle convolution mcqλ is formulated on the space C3/(K + L), and we have L = {0} and
a basis of K is t(1, 0, 0) for generic α1, α2, β1, β2 ∈ C\{0}. Writemcqλ(B0, B1, B2) =

(
G0, G1, G2

)
.

The matrix representations of G0, G1, G2 ∈ End
(
C3/(K+L)

)
are realized as the 2×2 lower-right

submatrices (see [2]). Namely,

G0 = O, G1 =

(
q−λB1 + 1− q−λ q−λB2

0 0

)
,

G2 =

(
0 0

q−λB1 q−λB2 + 1− q−λ

)
, (4.35)

and the q-difference equation corresponding to mcqλ(B0, B1, B2) is written as

Y (qx)− Y (x)

−x
=

[
G1

x− 1/α1
+

G2

x− 1/α2

]
Y (x). (4.36)



24 Y. Arai and K. Takemura

The single second-order q-difference equations derived from equation (4.36) are the variant of
q-hypergeometric equation of degree 2 [8]. Formal q-integral representations of solutions are
written as

Y (x) =


∫ ξ∞

0

Kλ(x, t)

t− 1/α1
y(t)dqt∫ ξ∞

0

Kλ(x, t)

t− 1/α2
y(t)dqt

 , (4.37)

where y(t) is a solution to equation (4.34) andKλ(x, t) is a function which satisfies equation (3.2).
However, they are not generally actual solutions, because the assumption of Theorem 3.8 does
not hold. As we discussed in [2], the q-integral in equation (4.37) converges and satisfies an
non-homogeneous version of equation (4.36). If the functions Kλ(x, t) and y(t) and the value ξ
are chosen appropriately (e.g., ξ = 1/β1, 1/β2 or x), the q-integral in equation (4.37) satisfies
equation (4.36). For details see [2, Section 4.1.1].

We discuss the case N = 3 and µ = 0. In this case, the single q-difference equation in (4.31)
is written as

y(qx)− y(x)

−x
=

[
B0

x
+

B1

x− 1/α1
+

B2

x− 1/α2
+

B3

x− 1/α3

]
y(x),

B0 = 0, B1 =
(α1 − β1)(α1 − β2)(α1 − β3)

α1(α1 − α2)(α1 − α3)
,

B2 =
(α2 − β1)(α2 − β2)(α2 − β3)

α2(α2 − α3)(α2 − α1)
, B3 =

(α3 − β1)(α3 − β2)(α3 − β3)

α3(α3 − α2)(α3 − α1)
. (4.38)

By applying the q-convolution cqλ to (B0, B1, B2, B3), we obtain the 4× 4 matrices G0, G1, G2,
G3 in equation (4.32). We impose the condition

µ = 0, qλ = β1β2β3/(α1α2α3). (4.39)

The q-middle convolution mcqλ is formulated on the space C4/(K + L), and it is shown that
dimK = 1 = dimL and dim(K+ L) = 2 for generic α1, α2, α3, β1, β2, β3 ∈ C \ {0} which satisfy
equation (4.39) (see [2]). By choosing an appropriate basis of C4/(K + L) ≃ C2, we obtain the
tuple of 2× 2 matrices

(
G0, G1, G2, G3

)
and the q-difference equation described as

Y (qx)− Y (x)

−x
=

[
G1

x− 1/α1
+

G2

x− 1/α2
+

G3

x− 1/α3

]
Y (x),

G0 = O, G1 =

(
q−λB1 + 1− q−λ q−λB2

0 0

)
,

G2 =

(
0 0

q−λB1 q−λB2 + 1− q−λ

)
, G3 =

(
−q−λB1 −q−λB2

−q−λB1 −q−λB2

)
. (4.40)

The single second-order q-difference equations derived from equation (4.40) correspond to the
variant of q-hypergeometric equation of degree 3 [8]. What we have mentioned above is a recal-
culation of what is written in [2] by using the reformulated q-convolution. Note that q-integral
representations of solutions to the variant of q-hypergeometric equation of degree 3 were dis-
cussed in [2] from the framework of the q-middle convolution, and Fujii and Nobukawa obtained
significant results on solutions to the variant of q-hypergeometric equation of degree 3 in [5].

In the following subsections, we apply gauge-transformations and the q-middle convolution
to the tuple

(
O,G1, G2

)
in equation (4.35) or the tuple

(
O,G1, G2, G3

)
in equation (4.40).
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4.6 Third-order extension of variants of q-hypergeometric equation

4.6.1 Extension of variant of q-hypergeometric equation of degree 2

In this subsection, we apply the addition with respect to gauge-transformation

Yg(x) =
(γ1x; q)∞
(α1x; q)∞

Y (x) (4.41)

to the tuple
(
O,G1, G2

)
in equation (4.35). Then, we obtain the tuple (B′

0, B
′
1, B

′
2) and the

q-difference equation

Yg(qx)− Yg(x)

−x
=

[
B′

1

x− 1/γ1
+

B′
2

x− 1/α2

]
Yg(x), (4.42)

where

B′
0 = O,B′

1 =

(
b111 b112
b121 b122

)
, B′

2 =

(
0 0
b221 b222

)
, b111 = 1 + q−λ(B1 − 1)

α1

γ1
,

b112 = q−λB2
α1

γ1
, b121 = q−λB1

α2(α1 − γ1)

γ1(α2 − γ1)
, b122 =

{
1 + q−λ(B2 − 1)

α2

γ1

}
α1 − γ1
α2 − γ1

,

b221 = q−λB1
α1 − α2

γ1 − α2
, b222 =

{
1 + q−λ(B2 − 1)

}α1 − α2

γ1 − α2
,

B1 =
(α1 − β1)(α1 − β2)

α1(α1 − α2)
, B2 =

(α2 − β1)(α2 − β2)

α2(α2 − α1)
.

We apply the q-convolution. Then, we have cqλ′(O,B′
1, B

′
2) = (G′

0, G
′
1, G

′
2), where

G′
0 =

(1− q−λ′)
I2 q−λ′

B′
1 q−λ′

B′
2

O O O
O O O

 ,

G′
1 =

O O O

O q−λ′
B′

1 +
(
1− q−λ′)

I2 q−λ′
B′

2

O O O

 ,

G′
2 =

O O O
O O O

O q−λ′
B′

1 q−λ′
B′

2 +
(
1− q−λ′)

I2

 . (4.43)

The vectors t(1, 0) and t(0, 1) are a basis for the space ker(B′
0), and the vector t

(
qλ + B2 −

1,−B1

)
belongs to the space ker(B′

2). We have dimK = 3, dimL = 0 and dim
(
C6/(K +

L)
)
= 3 for generic parameters. Write mcqλ′(O,B′

1, B
′
2) =

(
G′

0, G′
1, G′

2

)
. By the simultaneous

transformation for (G′
0, G

′
1, G

′
2) by the matrix

P =



0 0 0 1 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 qλ +B2 − 1
0 0 0 0 0 −B1

 ,

we obtain matrix representations G′
0, G′

1 and G′
2 on the space C6/(K + L) by the upper-

left 3× 3 submatrices of P−1G′
0P , P

−1G′
1P and P−1G′

2P . They are expressed as

G′
0 = O,G′

1 =

1 + q−λ′
(b111 − 1) q−λ′

b112 0

q−λ′
b121 1 + q−λ′(

b122 − 1
)

q−λ′
b221

0 0 0

 ,
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G′
2 =

0 0 0
0 0 0
l1 l2 l3

 , l1 = q−λ′{
b111 +

(
B2 + qλ − 1

)
b121/B1

}
,

l2 = q−λ′{
b112 +

(
B2 + qλ − 1

)
b122/B1

}
, l3 = 1− q−λ′

+ q−λ′{(
B2 + qλ − 1

)
b221/B1

}
.

The equation obtained after applying q-middle convolution mcqλ′ is written as

1

−x

g1(qx)− g1(x)
g2(qx)− g2(x)
g3(qx)− g3(x)

 =

[
G′

1

x− 1/γ1
+

G′
2

x− 1/α2

]g1(x)g2(x)
g3(x)

 . (4.44)

We derive single third-order q-difference equations from equation (4.44). The functions g1(x)
and g3(x) satisfy single third-order q-difference equations whose coefficients are cubic polynomi-
als in x, and g2(x) satisfies one whose coefficients are quartic polynomials in x.

The single third-order q-difference equation satisfied by g1(x) and q-integral representations
of solutions are described in Appendix B.

Next, we apply the addition with respect to the gauge-transformation

Yg(x) =
(γ1x, γ2x; q)∞
(α1x, α2x; q)∞

Y (x)

to the tuple
(
O,G1, G2

)
in equation (4.35). Then, we obtain the tuple (B′

0, B
′
1, B

′
2) and the

q-difference equation

Yg(qx)− Yg(x)

−x
=

[
B′

1

x− 1/γ1
+

B′
2

x− 1/γ2

]
Yg(x),

where

B′
0 = O,B′

1 =

(
b111 b112
b121 b122

)
, B′

2 =

(
b211 b212
b221 b222

)
,

b111 =

{
1 + q−λ(B1 − 1)

α1

γ1

}
α2 − γ1
γ2 − γ1

,

b112 = q−λB2
α1(α2 − γ1)

γ1(γ2 − γ1)
, b121 = q−λB1

α2(α1 − γ1)

γ1(γ2 − γ1)
,

b122 =

{
1 + q−λ(B2 − 1)

α2

γ1

}
α1 − γ1
γ2 − γ1

,

b211 =

{
1 + q−λ(B1 − 1)

α1

γ2

}
α2 − γ2
γ1 − γ2

, b212 = q−λB2
α1(α2 − γ2)

γ2(γ1 − γ2)
,

b221 = q−λB1
α2(α1 − γ2)

γ2(γ1 − γ2)
, b222 =

{
1 + q−λ(B2 − 1)

α2

γ2

}α1 − γ2
γ1 − γ2

,

B1 =
(α1 − β1)(α1 − β2)

α1(α1 − α2)
, B2 =

(α2 − β1)(α2 − β2)

α2(α2 − α1)
.

Then, we have cqλ′(O,B′
1, B

′
2) = (G′

0, G
′
1, G

′
2), where the tuple (G′

0, G
′
1, G

′
2) is the 6× 6 matrices

given as equation (4.43). The vectors t(1, 0) and t(0, 1) are a basis for the space ker(B′
0). Hence,

we have dimK ≥ 2.
We look for a description of the condition dimL ≥ 1. If qλ+λ′

= α1α2/(γ1γ2) holds, then the
vector t(B2,−B1, B2,−B1, B2,−B1) belongs to the space L. We have dimK = 2 and dimL = 1
for the generic parameters which satisfy qλ+λ′

= α1α2/(γ1γ2). Write

mcqλ′(O,B
′
1, B

′
2) =

(
G′

0, G′
1, G′

2

)
.
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By the simultaneous transformation for (G′
0, G

′
1, G

′
2) by the matrix

P =



0 0 0 1 0 B2

0 0 0 0 1 −B1

1 0 0 0 0 B2

0 1 0 0 0 −B1

0 0 1 0 0 B2

0 0 0 0 0 −B1

 ,

we obtain matrix representations G′
0, G′

1 and G′
2 on the space C6/(K + L) by the upper-

left 3× 3 submatrices of P−1G′
0P , P

−1G′
1P and P−1G′

2P . They are expressed as

G′
0 = O, G′

1 =

1− q−λ′
+ q−λ′

b111 q−λ′
b112 q−λ′

b211
q−λ′

b121 1− q−λ′
+ q−λ′

b122 q−λ′
b221

0 0 0

 ,

G′
2 = q−λ′

 b121B2/B1 b122B2/B1 b221B2/B1

−b121 −b122 −b221
b111 + b121B2/B1 b112 + b122B2/B1 qλ

′ − 1 + b211 + b221B2/B1

 .

The equation obtained after applying q-middle convolution mcqλ′ is written as

1

−x

g1(qx)− g1(x)
g2(qx)− g2(x)
g3(qx)− g3(x)

 =

[
G′

1

x− 1/γ1
+

G′
2

x− 1/γ2

]g1(x)g2(x)
g3(x)

 . (4.45)

We derive single third-order q-difference equations from equation (4.45). The functions g1(x),
g2(x), and g3(x) satisfy single third-order q-difference equations whose coefficients are polyno-
mials in x of degree 6, 5, and 4, respectively.

The single third-order q-difference equation satisfied by g3(x) and q-integral representations
of solutions are described in Appendix B.

4.6.2 Extension of variant of q-hypergeometric equation of degree 3

In this subsection, we apply the addition with respect to the gauge-transformation

Yg(x) =
(γ1x, γ2x; q)∞
(α1x, α2x; q)∞

Y (x)

to the tuple
(
O,G1, G2, G3

)
in equation (4.40). Then, we obtain the tuple (B′

0, B
′
1, B

′
2, B

′
3) and

the q-difference equation

Yg(qx)− Yg(x)

−x
=

[
B′

0

x
+

B′
1

x− 1/γ1
+

B′
2

x− 1/γ2
+

B′
3

x− 1/α3

]
Yg(x),

where

B′
0 = O,B′

1 =

(
b111 b112
b121 b122

)
, B′

2 =

(
b211 b212
b221 b222

)
, B′

3 =

(
b311 b312
b321 b322

)
,

b111 =
1

(γ1 − γ2)(α3 − γ1)

{
−(α1α2 + α2α3 + α3α1) + γ1(α1 + α2 + α3 − γ1)

+
α1α2α3

qλγ1
+ (α1 − α3)(α2 − γ1)q

−λB1 + α1(α2 + α3 − γ1)
(
1− q−λ

)}
,

b112 =
(α1 − α3)(α2 − γ1)

(γ1 − γ2)(α3 − γ1)
q−λB2, b121 =

(α2 − α3)(α1 − γ1)

(γ1 − γ2)(α3 − γ1)
q−λB1,
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b122 =
1

(γ1 − γ2)(α3 − γ1)

{
−(α1α2 + α2α3 + α3α1) + γ1(α1 + α2 + α3 − γ1)

+
α1α2α3

qλγ1
+ (α2 − α3)(α1 − γ1)q

−λB2 + α2(α3 + α1 − γ1)
(
1− q−λ

)}
,

b211 =
1

(γ1 − γ2)(γ2 − α3)

{
−(α1α2 + α2α3 + α3α1) + γ2(α1 + α2 + α3 − γ2)

+
α1α2α3

qλγ2
+ (α1 − α3)(α2 − γ2)q

−λB1 + α1(α2 + α3 − γ2)
(
1− q−λ

)}
,

b212 =
(α1 − α3)(α2 − γ2)

(γ1 − γ2)(γ2 − α3)
q−λB2, b221 =

(α2 − α3)(α1 − γ2)

(γ1 − γ2)(γ2 − α3)
q−λB1,

b222 =
1

(γ1 − γ2)(γ2 − α3)

{
−(α1α2 + α2α3 + α3α1) + γ2(α1 + α2 + α3 − γ2)

+
α1α2α3

qλγ2
+ (α2 − α3)(α1 − γ2)q

−λB2 + α2(α3 + α1 − γ2)
(
1− q−λ

)}
,

b311 = b321 = −(α2 − α3)(α3 − α1)

(γ2 − α3)(α3 − γ1)
q−λB1,

b312 = b322 = −(α2 − α3)(α3 − α1)

(γ2 − α3)(α3 − γ1)
q−λB2,

and B1, B2, B3 are defined in equation (4.38). Then, we have

cqλ′(O,B
′
1, B

′
2, B

′
3) = (G′

0, G
′
1, G

′
2, G

′
3),

where the tuple (G′
0, G

′
1, G

′
2, G

′
3) is the 8 × 8 matrices given by the q-convolution cqλ′ . The

vectors t(1, 0) and t(0, 1) are a basis for the space ker(B′
0), and the vector t(−B2, B1) belongs

to the space ker(B′
3). Hence, we have dimK ≥ 3. If qλ+λ′

= α1α2/(γ1γ2), then the vectors
t(1, 0, 1, 0, 1, 0, 1, 0) and t(0, 1, 0, 1, 0, 1, 0, 1) can be taken as a basis of the vector space L =
ker(G′

0 +G′
1 +G′

2 +G′
3). Therefore, we have dimK = 3 and dimL = 2. Write

mcqλ′(O,B
′
1, B

′
2, B

′
3) =

(
G′

0, G′
1, G′

2, G′
3

)
.

By the simultaneous transformation for (G′
0, G

′
1, G

′
2, G

′
3) by the matrix

P =



0 0 0 1 0 0 1 0
0 0 0 0 1 0 0 1
1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 1 0 0 −B2 1 0
0 0 0 0 0 B1 0 1


,

we obtain the expression

G′
0 = O, G′

1 =

1 + q−λ′(
b111 − 1

)
q−λ′

b112 q−λ′
b311

q−λ′
b121 1 + q−λ′(

b122 − 1
)

q−λ′
b321

0 0 0

 ,

G′
2 =


−q−λ′

b121 −q−λ′
b112 −q−λ′

b311
−q−λ′

b121 −q−λ′
b122 −q−λ′

b321

−b
1
11

qλ′ −
B2b

1
21

qλ′B1
−b

1
12

qλ′ −
B2b

1
22

qλ′B1
−b

3
11

qλ′ −
B2b

3
21

qλ′B1

 ,
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G′
3 =


0 0 0
0 0 0

b111
qλ′ +

B2b
1
21

qλ′B1

b112
qλ′ +

B2b
1
22

qλ′B1
1 +

b311 − 1

qλ′ +
B2b

3
21

qλ′B1

 .

The equation obtained after applying q-middle convolution mcqλ′ is written as

1

−x

g1(qx)− g1(x)
g2(qx)− g2(x)
g3(qx)− g3(x)

 =

[
G′

1

x− 1/γ1
+

G′
2

x− 1/γ2
+

G′
3

x− 1/α3

]g1(x)g2(x)
g3(x)

 . (4.46)

We derive single third-order q-difference equations from equation (4.46). The functions g1(x)
and g2(x) satisfy single third-order q-difference equations whose coefficients are polynomials in x
of degree 6, and g3(x) satisfies one whose coefficients are polynomials in x of degree 5.

The single third-order q-difference equation satisfied by g3(x) and q-integral representations
of solutions are described in Appendix B.

4.7 Spectral type of equation

Sakai and Yamaguchi obtained other important results in the paper [13], where the q-middle
convolution was launched. Namely, they introduced the spectral type and the index of rigidity
for some class of linear q-difference equations, and they established that the index of rigidity is
preserved by the q-middle convolution. On the system of the q-difference equations

Y (qx) = B(x)Y (x), B(x) = B∞ +

N∑
i=1

Bi

1− x/bi
,

the spectral type (S0;S∞;Sdiv) is determined by the Jordan normal forms of B0 = Im − B∞ −
B1 − · · · −BN and B∞, and the Smith normal form of the matrix A(x) = B(x)

∏N
i=1(1− x/bi)

whose elements are polynomials in x. If B0 (resp. B∞) is diagonalizable, then S0 (resp. S∞) is
the partition whose element is the multiplicity of each eigenvalue of B0 (resp. B∞). If the Smith
normal form of the matrix A(x) is written as

diag

(
1, . . . , 1,

k3∏
i=1

(x− ai),

k2∏
i=1

(x− ai),

k1∏
i=1

(x− ai)

)
,

where k3 ≤ k2 ≤ k1, then Sdiv is the partition 3 · · · 32 · · · 21 · · · 1 where the total number of 3
(resp. 2, 1) is k3 (resp. k2 − k3, k1 − k2). In particular, if the roots of detA(x) = 0 are different
mutually, then Sdiv = 11 · · · 1. For the precise definition of the spectral type and the index
of rigidity, see [13]. The spectral type would be a nice labelling to the system of the linear
q-difference equations. In Figure 1, the spectral types of the system of the linear q-difference
equations which appeared in this paper are described.

We explain the spectral type of equation (4.44) as an example. The matrix G′
0 in equa-

tion (4.44) is the zero matrix, which is a diagonal matrix with the eigenvalue 0 of multiplicity 3.
The matrix I3−G′

0−G′
1−G′

2 is diagonalizable for generic parameters and each eigenvalue is of
multiplicity 1. Hence, the part 3; 111 appears in the spectral type. To interpret the part 21111,
we write equation (4.44) as Y (qx) = B(x)Y (x) and set C(x) = (x−1/γ1)(x−1/α2)B(x). Then,
each coefficient of C(x) is a polynomial of degree 2, and the matrix C(x) is equivalent to1 0 0

0 x− a1 0
0 0 (x− a1)(x− a2)(x− a3)(x− a4)(x− a5)





30 Y. Arai and K. Takemura

1; 1; 1
(4.1)

11; 11; 11
(4.2)

111; 111; 21
(4.15)

21; 111; 111
(4.24)

1; 1; 11
(4.34)

2; 11; 1111
(4.36)

3; 111; 21111
(4.44)

3; 21; 111111
(4.45)

21; 21; 2211
(4.33), N=2

1; 1; 111
(4.38)

2; 2; 111111
(4.40)

3; 3; 21111111
(4.46)

31; 31; 333111
(4.33), N=3

Figure 1. Change of the spectral type.

as the Smith normal form of the polynomial matrix. Thus, the part 21111 appears in the spectral
type as the multiplicities of the Smith normal form. Note that the index of rigidity for the cases
in Figure 1 is equal to 2 (see [13] for the definition of the index of rigidity), and we can regard
these equations rigid.

On the other hand, the spectral type of the system of the q-difference equations written as

Y (qx)− Y (x)

−x
=

[
B0

x
+

B1

x− b1
+

B2

x− b2

]
Y (x)

for generic 2 × 2 matrices B0, B1, B2 is 11; 11; 1111. This equation is related to the sixth q-
difference Painlevé equation in [9] and the q-Heun equation in [14, 15, 16]. On this equation, the
index of rigidity is equal to 0, and it indicates that a nature of this equation would be different
from that of the equations appeared in this paper.

5 Composition of q-middle convolution

In this section, we establish the additivity of the q-middle convolution in equation (1.6) by
refocusing the arguments in Dettweiler and Reiter [3, 4]. A key formula for the additivity is
equation (5.9), which is valid because the definition of the q-middle convolution is reformulated.

We change notations around the middle convolution to have more precise description. Let V
be a finite-dimensional vector space and B = (B0, B1, . . . , BN ) be a tuple of endomorphisms
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(linear transformations) of V . By fixing a basis of the vector space V , we obtain the tuple of
square matrices of size dimV from the tuple of endomorphisms of V .

In [3, 4], Dettweiler and Reiter discussed several properties of the middle convolution, which
are related to the following definition.

Definition 5.1. Let V andW be finite-dimensional vector spaces and let B = (B0, B1, . . . , BN )
(resp. C = (C0, C1, . . . , CN )) be a tuple of endomorphisms of V (resp. W ).

(i) (V,B) is isomorphic to (W,C), if there exists an isomorphism ϕ : V → W of the vector
spaces such that ϕ ◦Bj = Cj ◦ ϕ for j = 0, 1, . . . , N .

(ii) (V,B) is irreducible, if the subspace W of V such that BjW ⊂ W for all j = 0, 1, . . . , N
is only W = V or W = {0}.

(iii) (V,B) satisfies (∗), if

∀i = 0, 1, . . . , N, ∀τ ∈ C,

(
N⋂

i′=0
i′ ̸=i

ker(Bi′)

)⋂
ker(Bi + τ) = {0}. (5.1)

(iv) (V,B) satisfies (∗∗), if

∀i = 0, 1, . . . , N, ∀τ ∈ C,

(
N∑

i′=0
i′ ̸=i

im(Bi′)

)
+ im(Bi + τ) = V. (5.2)

Set Vj = V (j = 0, . . . , N) and V ′ = V0 ⊕ V1 ⊕ · · · ⊕ VN
(
= V ⊕N+1

)
. Write u ∈ V ′ as

u =

u0
...
uN

 , uj ∈ Vj , j = 0, . . . , N.

Let λ ∈ C, j ∈ {0, 1, . . . , N} and Gq
j(λ) be an endomorphism of V ′ which corresponds to the

q-convolution given in equation (3.1). Then, it admits the expression

Gq
j(λ)

u0
...
uN

 =

w0
...
wN

 , wj =
(
1− q−λ

)
uj + q−λ

N∑
i=0

Biui,

wk = 0, k ̸= j. (5.3)

Write the q-convolution as cqλ(B0, . . . , BN ) =
(
Gq

0(λ), . . . , G
q
N (λ)

)
. Let Kq and Lq(λ) be the

subspaces of V ′ defined in equation (3.19). They are expressed as

Kq = kerB0 ⊕ kerB1 ⊕ · · · ⊕ kerBN ,

Lq(λ) = ker
(
Gq

0(λ) +Gq
1(λ) + · · ·+Gq

N (λ)
)
.

We denote the action of Gq
j(λ) on the quotient space M = V ⊕N+1/(Kq + Lq(λ)) by G

q
j(λ)

(j = 0, 1, . . . , N). Then, the q-middle convolution mcqλ is defined by the correspondence of
the tuples of endomorphisms (B0, B1, . . . , BN ) 7→

(
G

q
0(λ), G

q
1(λ), . . . , G

q
N (λ)

)
. Write mcqλ(V ) =

V ⊕N+1/(Kq + Lq(λ)).
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We express the convolution and the middle convolution of Dettweiler and Reiter in our
notation. Let λ ∈ C and j ∈ {0, 1, . . . , N}. Let Gj(λ) be an endomorphism of V ′ which
corresponds to the convolution given in equation (1.2). It is expressed as

Gj(λ)

u0
...
uN

 =

w0
...
wN

 , wj = λuj +
N∑
i=0

Biui, wk = 0, k ̸= j. (5.4)

Write the convolution as cλ(B0, . . . , BN ) = (G0(λ), . . . , GN (λ)). Let K and L(λ) be the sub-
spaces of V ′ such that

K = kerB0 ⊕ kerB1 ⊕ · · · ⊕ kerBN ,

L(λ) = ker(G0(λ) +G1(λ) + · · ·+GN (λ)).

We denote the action of Gj(λ) on the quotient space M = V ⊕N+1/(K + L(λ)) by Gj(λ) (j =
0, 1, . . . , N). Then, the middle convolution mcλ is defined by the correspondence of the tuples of
endomorphisms (B0, B1, . . . , BN ) 7→

(
G0(λ), G1(λ), . . . , GN (λ)

)
. Write mcλ(V ) = V ⊕N+1/(K+

L(λ)). We describe some results obtained by Dettweiler and Reiter [3] in our notation.

Proposition 5.2 ([3, Proposition 3.4]). If (V,B) satisfies (∗) (resp. (∗∗)), then (mcµ(V ),
mcµ(B)) also satisfies (∗) (resp. (∗∗)).

Proposition 5.3 ([3, Proposition 3.2]). If (V,B) satisfies (∗∗), then (mc0(V ),mc0(B)) is iso-
morphic to (V,B).

Theorem 5.4 ([3, Theorem 3.5]). If (V,B) satisfies (∗) and (∗∗), then

(mcµ2(mcµ1(V )),mcµ2(mcµ1(B)))

is isomorphic to (mcµ1+µ2(V ),mcµ1+µ2(B)) for any µ1, µ2 ∈ C. Moreover,

(mc−µ(mcµ(V )),mc−µ(mcµ(B)))

is isomorphic to (V,B) for any µ ∈ C.

Theorem 5.5 ([3, Corollary 3.6]). If (V,B) is irreducible, then (mcµ(V ),mcµ(B)) is irreducible
or V = {0}.

Some properties of the q-middle convolution are obtained by comparing the description of
the q-deformed ones with the original ones. It follows from equations (5.3) and (5.4) that

Gq
j(λ) = q−λGj

(
qλ − 1

)
, j = 0, . . . , N, Kq = K, Lq(λ) = L

(
qλ − 1

)
. (5.5)

The space mcqλ(V ) = V ⊕N+1/(Kq + Lq(λ)) coincides with the space mcqλ−1(V ) = V ⊕N+1/
(
K+

L
(
qλ − 1

))
, and we have

G
q
j(λ) = q−λGj

(
qλ − 1

)
, j = 0, . . . , N. (5.6)

The following propositions are obtained by Propositions 5.2 and 5.3, and the correspondence
above.

Proposition 5.6. The conditions (∗) and (∗∗) are preserved by the q-middle convolution mcqλ.

Proposition 5.7 (cf. [3, Proposition 3.2]). If (V,B) satisfies (∗∗), then
(
mcq0(V ),mcq0(B)

)
is

isomorphic to (V,B).
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We are going to consider composition of the middle convolutions, which is related to The-
orem 5.4. We apply the q-convolution with the parameter λ2 to the tuples of endomorphisms(
Gq

0(λ1), G
q
1(λ1), . . . , G

q
N (λ1)

)(
= cqλ1

(B0, . . . , BN )
)
on the space V ′ = V ⊕N+1. Write

cqλ2

(
cqλ1

(B0, . . . , BN )
)
=
(
Gq

0(λ1, λ2), . . . , G
q
N (λ1, λ2)

)
.

We denote an element u in (V ′)⊕N+1
(
=
(
V ⊕N+1

)⊕N+1)
by

u =

u0
...

uN

 ∈ (V ′)⊕N+1, uj =

uj,0
...

uj,N

 ∈ V ⊕N+1, j = 0, . . . , N.

Let j ∈ {0, . . . , N}. The action of Gq
j(λ1, λ2) on the space (V ′)⊕N+1 is written as

Gq
j(λ1, λ2)

u0
...

uN

 =

w0
...

wN

 , wj = (1− q−λ2)uj + q−λ2

N∑
i=0

Gq
i (λ1)ui,

wk = 0, k ̸= j,

and wj is written as

wj =

wj,0
...

wj,N

 ,

wj,k =
(
1− q−λ2

)
uj,k + q−λ2

(
1− q−λ1

)
uk,k + q−λ2q−λ1

N∑
l=0

Bluk,l. (5.7)

We investigate composition of two convolutions. Let λ1, λ2 ∈ C and write the composition of
two convolutions as

cλ2(cλ1(B0, . . . , BN )) = (G0(λ1, λ2), . . . , GN (λ1, λ2)).

Then, Gj(λ1, λ2) is an endomorphism of (V ′)⊕N+1, and it admits the expression

Gj(λ1, λ2)

u0
...

uN

 =

w0
...

wN

 , wj = λ2uj +

N∑
i=0

Gi(λ1)ui, wk = 0, k ̸= j,

and wj is written as

wj =

wj,0
...

wj,N

 , wj,k = λ2uj,k + λ1uk,k +
N∑
l=0

Bluk,l. (5.8)

By combining equation (5.8) with equation (5.7), we have

Gq
j(λ1, λ2) = q−λ1−λ2Gj

(
qλ1 − 1, qλ1+λ2 − qλ1

)
, j = 0, . . . , N. (5.9)

Let us describe the vector space mcqλ2
(mcqλ1

(V )), which is obtained by composition of two
q-middle convolutions. Set

M = mcqλ1
(V ) = V ⊕N+1/(Kq + Lq(λ1)).
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Write a representative element v
(
∈
(
V ⊕N+1

)⊕N+1)
in the space M⊕N+1 as

v =

v0
...

vN

 .

The condition that a representative element v belongs to the space

Kq
M = kerG

q
0(λ1)⊕ · · · ⊕ kerG

q
N (λ1)

is

Gq
j(λ1)vj ∈ Kq + Lq(λ1), j = 0, . . . , N, (5.10)

and the condition that a representative element v belongs to the space

Lq
M(λ2) = ker

((
Gq

0(λ1, λ2) + · · ·+Gq
N (λ1, λ2)

)
|M⊕N+1

)
is (

Gq
0(λ1, λ2) + · · ·+Gq

N (λ1, λ2)
)
v ∈

(
Kq + Lq(λ1)

)⊕N+1
. (5.11)

Let Kq(λ1) and Lq(λ1, λ2) be the subspaces of
(
V ⊕N+1

)⊕N+1
determined by equations (5.10)

and (5.11) respectively. Then, the space

mcqλ2
(mcqλ1

(V )) = M⊕N+1/(KM + LM(λ2))

is isomorphic to
(
V ⊕N+1

)⊕N+1
/(Kq(λ1) + Lq(λ1, λ2)) as the vector space, because

mcqλ2
(mcqλ1

(V ))

= mcλ2(M) = M⊕N+1/(KM + LM(µ2))

=
((
V ⊕N+1

)⊕N+1
/
(
Kq + Lq(λ1)

)⊕N+1)
/
(
(Kq(λ1) + Lq(λ1, λ2))/(Kq + Lq(λ1))

⊕N+1
)

≃
(
V ⊕N+1

)⊕N+1
/(Kq(λ1) + Lq(λ1, λ2)).

The action of mcqλ2
(mcqλ1

(B0, . . . , BN )) on the space mcqλ2
(mcqλ1

(V )) is induced by the tuple
(Gq

0(λ1, λ2), . . . , G
q
N (λ1, λ2)) acting on

(
V ⊕N+1

)⊕N+1
, and we write

mcqλ2

(
mcqλ1

(B0, . . . , BN )
)
=
(
G

q
0(λ1, λ2), . . . , G

q
N (λ1, λ2)

)
. (5.12)

The vector space mcλ2(mcλ1(V )), which is obtained by composition of two middle convolutions,
is described as

mcλ2(mcλ1(V )) ≃
(
V ⊕N+1

)⊕N+1
/(K(λ1) + L(λ1, λ2)),

where the space K(λ1) (resp. L(λ1, λ2)) is characterized by the condition

Gj(λ1)vj ∈ K + L(λ1), j = 0, . . . , N,(
resp. (G0(λ1, λ2) + · · ·+GN (λ1, λ2))v ∈ (K + L(λ1))⊕N+1

)
. (5.13)

The action of mcλ2(mcλ1(B0, . . . , BN )) on the space mcλ2(mcλ1(V )) is induced by the tuple
(G0(λ1, λ2), . . . , GN (λ1, λ2)) acting on

(
V ⊕N+1

)⊕N+1
, and we write

mcλ2(mcλ1(B0, . . . , BN )) =
(
G0(λ1, λ2), . . . , GN (λ1, λ2)

)
. (5.14)
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It follows from equations (5.5), (5.9), (5.10), (5.11) and (5.13) that

Kq(λ1) = K
(
qλ1 − 1

)
, Lq(λ1, λ2) = L

(
qλ1 − 1, qλ1+λ2 − qλ1

)
.

Therefore, the vector space mcqλ2

(
mcqλ1

(V )
)
is isomorphic to mcqλ1+λ2−qλ1 (mcqλ1−1(V )), and it

follows from equation (5.9) that

G
q
j(λ1, λ2) = q−λ1−λ2Gj

(
qλ1 − 1, qλ1+λ2 − qλ1

)
, j = 0, . . . , N. (5.15)

The following theorem is obtained by Theorem 5.4 [3, Theorem 3.5].

Theorem 5.8. Assume that (V,B) satisfies (∗) and (∗∗).

(i)
(
mcqλ2

(
mcqλ1

(V )
)
,mcqλ2

(
mcqλ1

(B)
))

is isomorphic to
(
mcqλ1+λ2

(V ),mcqλ1+λ2
(B)

)
for any

λ1, λ2 ∈ C.

(ii)
(
mcq−λ

(
mcqλ(V )

)
,mcq−λ

(
mcqλ(B)

))
is isomorphic to (V,B) for any λ ∈ C.

Proof. It follows from Theorem 5.4 that(
mcqλ1+λ2−qλ1 (mcqλ1−1(V )),mcqλ1+λ2−qλ1 (mcqλ1−1(B))

)
is isomorphic to (mcqλ1+λ2−1(V ),mcqλ1+λ2−1(B)). By combining with equations (5.14), (5.12),
(5.15) and (5.6) for λ = λ1 + λ2, we obtain (i). We set λ2 = −λ1 in (i). Then, we obtain
that

(
mcq−λ1

(
mcqλ1

(V )
)
,mcq−λ1

(
mcqλ1

(B)
))

is isomorphic to
(
mcq0(V ),mcq0(B)

)
, and it follows

from Proposition 5.7 that it is isomorphic to (V,B). ■

The following theorem is obtained by Theorem 5.5 [3, Corollary 3.6].

Theorem 5.9. If (V,B) is irreducible, then
(
mcqλ(V ),mcqλ(B)

)
is irreducible or V = {0}.

We describe an isomorphism between
(
mcqλ2

(mcqλ1
(V )),mcqλ2

(
mcqλ1

(B)
))

and
(
mcqλ1+λ2

(V ),

mcqλ1+λ2
(B)

)
in the case λ1 ̸= 0 ̸= λ2.

Proposition 5.10. Define the map ϕq :
(
V ⊕N+1

)⊕N+1 → V ⊕N+1 by

ϕq(v) =
N∑
j=0

Gq
j(λ1)vj .

This map induces an isomorphism ϕ
q
between(

mcqλ2

(
mcqλ1

(V )
)
,mcqλ2

(
mcqλ1

(B)
))

and
(
mcqλ1+λ2

(V ),mcqλ1+λ2
(B)

)
,

if λ1 ̸= 0 ̸= λ2.

Proof. It was shown in [3] (see also [7, Section 7.5]) that the map ϕ :
(
V ⊕N+1

)⊕N+1 → V ⊕N+1

defined by

ϕ(v) =

N∑
j=0

Gj(µ1)vj

induces an isomorphism ϕ between

(mcµ2(mcµ1(V )),mcµ2(mcµ1(B))) and (mcµ1+µ2(V ),mcµ1+µ2(B)),
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if µ1 ̸=0 ̸=µ2. Namely, the map ϕ is an isomorphism of the vector spaces betweenmcµ2(mcµ1(V ))
and mcµ1+µ2(V ), and it satisfies

ϕ
(
Gj(µ1, µ2)v

)
= Gj(µ1 + µ2)ϕ(v) (5.16)

for j = 0, . . . , N and v ∈ mcµ2(mcµ1(V )). Set µ1 = qλ1 − 1 and µ2 = qλ1+λ2 − qλ1 . Then, we
have ϕq = qλ1ϕ. The map ϕ

q
is an isomorphism of the vector spaces between mcqλ2

(
mcqλ1

(V )
)
(=

mcµ2(mcµ1(V ))) and mcqλ1+λ2
(V )(= mcµ1+µ2(V )). It follows from equations (5.6), (5.15) and

(5.16) that

ϕ
q(
G

q
j(λ1, λ2)v

)
= G

q
j(λ1 + λ2)ϕ

q
(v),

because the scalar qλ1+λ2 commutes with the linear map ϕq. Hence, the map ϕ
q
is an isomor-

phism between
(
mcqλ2

(
mcqλ1

(V )
)
,mcqλ2

(
mcqλ1

(B)
))

and
(
mcqλ1+λ2

(V ),mcqλ1+λ2
(B)

)
. ■

6 Concluding remarks

In this paper, we reformulated the q-middle convolution. By applying the q-middle convolution
and q-analogues of addition, we obtained several linear q-difference equations and their solu-
tions. We attached the spectral type, which was introduced by Sakai and Yamaguchi [13], to
these q-difference equations in Section 4.7. The spectral type would be useful for the study of
undiscovered linear q-difference equations.

On the limit q → 1, the q-difference equation

Y (qx)− Y (x)

−x
=

[
B0

x
+

N∑
i=1

Bi

x− bi

]
Y (x)

might be related with the Fuchsian system of differential equation.
The problem on finding similarities or differences between the linear system of differential

equation and the linear system of q-difference equation would not be studied very well. In
reference to this problem, we observe the limit q → 1 of some q-difference equations appeared
in this paper

Let us recall equation (4.2), which is related to the q-hypergeometric equation. Set β/α = qν ,
and assume that the parameter α does not depend on q. Then, equation (4.2) is written as

Ỹ (qx)− Ỹ (x)

qx− x
=

1
x

1− qµ−λ

1− q
qµ−λ 1− qν

1− q
0 0


+

1

x− 1/α

 0 0

q−λ 1− qµ

1− q
qµ−λ 1− qν

1− q
+

1− q−λ

1− q

 Ỹ (x). (6.1)

As q → 1, equation (6.1) tends to

d

dx
Ỹ (x) =

[
1

x

(
µ− λ ν
0 0

)
+

1

x− 1/α

(
0 0
µ ν − λ

)]
Ỹ (x). (6.2)

Note that this equation is obtained by the convolution c−λ in equation (1.2) from the single
differential equation y′ = {µ/x + ν/(x − 1/α)}y, which has a solution y = xµ(x − 1/α)ν .
Let ỹ0(x) be the upper element of Ỹ (x). It follows from equation (6.2) that the function ỹ0(x)
satisfies the hypergeometric differential equation by setting α = 1. Conversely, equation (4.2) is
a q-deformation of equation (6.2).
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We investigate the limit q → 1 on the q-difference equation which is related to the generalized
q-hypergeometric equation of order 3. Set β/α = qν in equation (4.15), and assume that α does
not depend on q. By dividing by 1−q on equation (4.15) and taking the limit as q → 1, we have

d

dx
G(x) =

1
x

µ− λ+ µ′ − λ′ ν 0
0 µ′ − λ′ µ
0 0 0



+
1

x− 1/α


0 0 0
0 0 0

µ′ + µ− λ ν +
(ν − λ)µ′

µ
ν − λ′ − λ


G(x). (6.3)

The rank of the residue matrix about x = 1/α is one, and we obtain the generalized hypergeo-
metric equation of order 3 from equation (6.3) by setting α = 1 (see Oshima [12, Example 5.3]).

We discuss the limit q → 1 on the equation (4.24). Set β/α = qν and α/γ = qν
′
in equa-

tion (4.24), and assume that α does not depend on q. By dividing by 1− q on equation (4.24)
and taking the limit as q → 1, we have

d

dx
G(x) =

1
x

 0 0 0

ν − λ µ− λ− λ′
−λν ′ + µν + µν ′

ν
0 0 0


+

1

x− 1/α

−λ− λ′ + ν + ν ′ 0 µ
0 0 0
0 ν −λ′ + ν ′

G(x). (6.4)

The rank of the residue matrix about x = 0 is one, and we can obtain the generalized hyperge-
ometric equation of order 3 from equation (6.4) by setting α = 1 and replacing x with 1− x.

A q-middle convolution by Sakai and Yamaguchi

Let B = (B∞;B1, . . . , BN ) be the tuple of the square matrices of the same size and b =
(b1, b2, . . . , bN ) be the tuple of the non-zero complex numbers which are different one another.
Sakai and Yamaguchi investigated the q-difference equation of the form

Y (qx) = B(x)Y (x), B(x) = B∞ +

N∑
i=1

Bi

1− x/bi
. (A.1)

Definition A.1 (q-convolution [13]). Let (B∞;B1, . . . , BN ) be the tuple of m × m matrices
and λ ∈ C. Set B0 = Im −B∞ −B1 − · · · −BN . We define the q-convolution cSYλ : (B∞;B1, . . . ,
BN ) 7→ (F∞;F1, . . . , FN ) as follows:

F = (F∞;F1, . . . , FN ) is a tuple of (N + 1)m× (N + 1)m matrices,

Fi =

 O
B0 · · · Bi −

(
1− qλ

)
Im · · · BN

O

 (i+1), 1 ≤ i ≤ N,

F∞ = I(N+1)m − F̂ , F̂ =

B0 · · · BN
... · · ·

...
B0 · · · BN

 . (A.2)
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The q-convolution in Definition A.1 induces the correspondence of the linear q-difference
equations

Y (qx) = B(x)Y (x) 7→ Ŷ (qx) = F (x)Ŷ (x),

B(x) = B∞ +

N∑
i=1

Bi

1− x/bi
, F (x) = F∞ +

N∑
i=1

Fi

1− x/bi
,

and it is related with a q-integral transformation, which was established by Sakai and Yam-
aguchi [13].

Theorem A.2 (cf. [13, Theorem 2.1]). Let Y (x) be a solution to equation (A.1). Set b0 = 0
and

Pλ(x, s) =

(
qλ+1s/x; q

)
∞

(qs/x; q)∞
. (A.3)

Define the function Ŷ (x) by

Ŷi(x) =

∫ ξ∞

0

Pλ(x, s)

s− bi
Y (s)dqs, i = 0, . . . , N, Ŷ (x) =

 Ŷ0(x)
...

ŶN (x)

 . (A.4)

Then, the function Ŷ (x) formally satisfies

Ŷ (qx) =

(
F∞ +

N∑
i=1

Fi

1− x/bi

)
Ŷ (x).

Note that the original theorem by Sakai and Yamaguchi was restricted to the case ξ = 1 in
the Jackson integral, and convergence was discussed in [2].

Definition A.3 (q-middle convolution, [13]). We define the subspaces K and L of (Cm)N+1 as
follows;

K =

kerB0
...

kerBN

 , L = ker
(
F̂ −

(
1− qλ

)
I(N+1)m

)
.

Then, the spaces K and L are invariant under the action of Fk, and we denote the matrix induced
from the action of Fk on the quotient space (Cm)N+1/(K+L) by F k (k = 0, 1, . . . , N,∞). The
q-middle convolution mcSYλ is defined by the correspondence

(B∞;B1, . . . , BN ) 7→
(
F∞;F 1 . . . , FN

)
(or the correspondence of associated q-difference equations).

In [13], the transformation ψµ (µ ∈ C) on the tuple of square matrices of size m′ was de-
fined by ψµ : (F∞;F1, . . . , FN ) 7→ (F∞ + (1 − qµ)Im′ ;F1, . . . , FN ), and the map Ψλ was defined
by Ψλ = ψλ ◦mcSYλ . The relation which was mentioned in equation (1.4) is described precisely
as the following proposition.

Proposition A.4 ([13, Proposition 4.12]). Under the conditions (∗), (∗∗) in (5.1) and (5.2),
we have Ψµ ◦Ψλ ≃ Ψlog(qλ+qµ−1)/ log q.
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We compare the q-convolution and the q-middle convolution of Sakai and Yamaguchi with
the ones in this manuscript. The q-difference equation (A.1) is equivalent to

Y (qx)− Y (x)

−x
=

[
N∑
i=0

Bi

x− bi

]
Y (x)

by setting B0 = Im − B∞ − B1 − · · · − BN and b0 = 0. On the matrices G0, G1, . . . , GN in
equation (3.1) and the ones F1, . . . , FN , F∞, F̂ in equation (A.2), we have

G1 = q−λF1, . . . , GN = q−λFN , G0 +G1 + · · ·+GN =
(
1− q−λ

)
I(N+1)m + q−λF̂ .

Set G∞ = I(N+1)m − G0 − G1 − · · · − GN . Then, we have G∞ = q−λI(N+1)m − q−λF̂ =

q−λF∞. On the function K
(1)
λ (x, s) in equation (3.3) and the function Pλ(x, s) in equation (A.3),

there is a relation K
(1)
λ (x, s) = x−λPλ(x, s). If we take Kλ(x, s) = K

(1)
λ (x, s), then we have

Ỹ (x) = x−λŶ (x) on the functions Ỹ (x) and Ŷ (x) in equations (3.5) and (A.4). Hence, we
may regard the q-convolution cqλ as the composition of the q-convolution cSYλ of Sakai and
Yamaguchi and the addition induced by the gauge transformation with respect to x−λ. Namely,
we have cqλ = add−λ ◦ cSYλ . If λ is an integer, then we have

K
(1)
λ (x, s) = x−λ

(
qλ+1s/x; q

)
∞

(qs/x; q)∞
→ x−λ(1− s/x)−λ = (x− s)−λ

as q → 1. Thus, the q-integral transformation with respect to the kernel function K
(1)
λ (x, s)

is a direct q-deformation of the Euler’s integral transformation, and the q-analogue by the
q-convolution cqλ would be more suitable from the aspect of the integral transformation.

B Supplement to Section 4.6

We derive single third-order q-difference equations from the systems of three q-difference equa-
tions obtained in Section 4.6 and also discuss their q-integral representations of solutions.

B.1 Supplement to Section 4.6.1

The single third-order q-difference equation for the function g1(x) from equation (4.44) is de-
rived as

(α2x− 1)(qγ1x− 1)
(
q2γ1x− 1

)
g1
(
q3x
)
− q−λ−λ′

[c2,2x
2 − c2,1x+ qλ+λ′(

1 + q + q2
)
]

×(qγ1x− 1)g1
(
q2x
)
+ q−2λ−2λ′+1

[
c1,3x

3 − c1,2x
2 + c1,1x− q2λ+2λ′(

1 + q + q2
)]
g1(qx)

− q3
(
q−λ′

α1x− 1
)(
q−λ−λ′

β1x− 1
)(
q−λ−λ′

β2x− 1
)
g1(x) = 0, (B.1)

where

c2,2 = q2
(
qλα2γ1 + α1α2 + β1β2

)
,

c2,1 = qλ+λ′+2γ1 + qλ+2α1 + q2(β1 + β2) + qλ+λ′
(1 + q)α2,

c1,3 = q2
(
qλβ1β2γ1 + qλα1α2γ1 + α1β1β2

)
,

c1,2 = q
{
qλ+1

(
qλ

′
γ1 + α1

)
(β1 + β2) + qβ1β2 + q2λ+λ′

γ1(qα1 + α2) + qλ+λ′
(α1α2 + β1β2)

}
,

c1,1 = qλ+λ′{
qλ+λ′+1(1 + q)γ1 + qλ+λ′

α2 + qλ+1(1 + q)α1 + q(1 + q)(β1 + β2)
}
.

Each coefficient of g1
(
qjx
)
(j = 0, 1, 2, 3) is a cubic polynomial in x.
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We discuss q-integral representations of solutions. We obtain q-integral representations of
solutions Yg(x) to equation (4.42) by using the q-integral in equation (4.37) and the transforma-
tion in equation (4.41). By the q-integral transformation induced from the q-convolution cqλ′ and
the transformation by the matrix P , we obtain formal q-integral representations of solutions to
equation (4.44). The formal q-integral representation for g1(x) is expressed as

g1(x) =

∫ ξ′∞

0

K̂λ′(x, s)

s− 1/γ1

(γ1s; q)∞
(α1s; q)∞

∫ ξ∞

0

Kλ(s, t)

t− 1/α1
y(t)dqtdqs,

where K̂λ′(x, s) and Kλ(s, t) are functions which satisfy equation (3.2), and y(t) is a function
which satisfies equation (4.34). By specializing to K̂λ′(x, s) = K

(1)
λ′ (x, s), Kλ(s, t) = K

(1)
λ (s, t)

and y(t) = (α1t, α2t; q)∞/(β1t, β2t; q)∞, the formal solution to equation (B.1) is written as

g1(x) = α1γ1x
−λ′
∫ ξ′∞

0

(
qλ

′+1s/x, qγ1s; q
)
∞

(qs/x, α1s; q)∞
s−λ

∫ ξ∞

0

(
qλ+1t/s, qα1t, α2t; q

)
∞

(qt/s, β1t, β2t; q)∞
dqtdqs.

We need to examine the condition that a formal solution converges and it is an actual solution
to equation (B.1), and we do not discuss it here.

The single third-order q-difference equation for the function g3(x) from equation (4.45) is
derived as

(γ1x− 1)(qγ1x− 1)(qγ2x− 1)
(
q2γ2x− 1

)
g3
(
q3x
)

− q−λ′
{
q2
γ1γ2
α1α2

(
α1α2 + qα1α2 + qλ

′+1β1β2
)
x2 + r1x+ qλ

′(
1 + q + q2

)}
(γ1x− 1)

× (qγ2x− 1)g3
(
q2x
)
+ q−2λ′+1

{
s4x

4 + s3x
3 + s2x

2 + s1x+ q2λ
′(
1 + q + q2

)}
g3(qx)

− q3
(
q−λ′

α1x− 1
)(
q−λ′

α2x− 1
)(β1γ1γ2

α1α2
x− 1

)(
β2γ1γ2
α1α2

x− 1

)
g3(x) = 0, (B.2)

where

r1 = − q

α1α2

{
qλ

′+1(β1 + β2)γ1γ2 + qλ
′
α1α2(γ1 + qγ2) + qα1α2(α1 + α2)

}
,

s4 = q2
γ21γ

2
2

α1α2

{
qλ

′
β1β2(1 + q) + α1α2

}
,

s3 = −q γ1γ2
α2
1α

2
2

{
qλ

′+1α1α2(α1α2 + γ1γ2)(β1 + β2) + q
(
α2
1α

2
2 + q2λ

′
β1β2γ1γ2

)
(α1 + α2)

+ qλ
′
α1α2(α1α2 + qβ1β2)(γ1 + qγ2)

}
,

s2 =
q

α2
1α

2
2

[
qλ

′
α2
1α

2
2(γ1 + qγ2)(α1 + α2) + qλ

′
α2
1α

2
2γ1γ2

(
qλ

′
+ 1 + q

)
+ qλ

′
α1α2γ1γ2

{
q(α1 + α2) + qλ

′
(γ1 + qγ2)

}
(β1 + β2)

+ q2λ
′+1β1β2γ1γ2(α1α2 + γ1γ2) + qα3

1α
3
2

]
,

s1 = −q
λ′
(1 + q)

α1α2

{
qλ

′+1γ1γ2(β1 + β2) + qλ
′
α1α2(γ1 + qγ2) + qα1α2(α1 + α2)

}
.

Each coefficient of g3
(
qjx
)
(j = 0, 1, 2, 3) is a quartic polynomial in x. Remark that the co-

efficients in equation (B.2) are expected to be characterized by some underlying structural
conditions of equation (4.45).

By the q-integral transformation induced from the q-convolution cqλ′ and the transformation
by the matrix P , we obtain formal q-integral representations of solutions to equation (4.45), and
they include the expression

g3(x) =
−α1(α1 − α2)γ2

(α1 − β1)(α1 − β2)
x−λ′

∫ ξ′∞

0

(
qλ

′+1s/x, γ1s, qγ2s; q
)
∞

(qs/x, α1s, α2s; q)∞
s−λ
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×
∫ ξ∞

0

(
qλ+1t/s, qα1t, qα2t; q

)
∞

(qt/s, β1t, β2t; q)∞
(−α1 − α2 + β1 + β2 + (α1α2 − β1β2)t)dqtdqs,

where qλ+λ′
= α1α2/(γ1γ2). Since the assumption of Theorem 3.2 is not satisfied in general

for this case, the formal q-integral representations may not satisfy the designated q-difference
equation, and we need to discuss more to obtain actual solutions.

B.2 Supplement to Section 4.6.2

The single third-order q-difference equation for the function g3(x) from equation (4.46) is de-
rived as(

q2α3x− 1
)
(γ1x− 1)(qγ1x− 1)(qγ2x− 1)

(
q2γ2x− 1

)
g3
(
q3x
)

+
{
t3x

3 + t2x
2 + t1x+

(
1 + q + q2

)}
(γ1x− 1)(qγ2x− 1)g3

(
q2x
)

+
{
u5x

5 + u4x
4 + u3x

3 + u2x
2 + u1x− q

(
1 + q + q2

)}
g3(qx)

− q3

(
β1γ1γ2
α1α2

x− 1

)(
β2γ1γ2
α1α2

x− 1

)(
β3γ1γ2
α1α2

x− 1

)

×

(
β1β2β3γ1γ2
α2
1α2α3

x− 1

)(
β1β2β3γ1γ2
α1α2

2α3
x− 1

)
g3(x) = 0, (B.3)

where

t3 = −q3
(
1 + q + q2

)β1β2β3γ21γ22
α2
1α

2
2

,

t2 = q2
γ1γ2

α2
1α

2
2α3

{
(1 + q)β1β2β3γ1γ2 + qα3β1β2β3(γ1 + qγ2)

+ qα1α2α3β1(β2 + β3) + qα1α2α
2
3(α1 + α2) + qα1α2α3β2β3

}
,

t1 = − q

α2
1α

2
2α3

{
(1 + q)qα2

1α
2
2α

2
3 + qα1α2α3γ1γ2(β1 + β2 + β3)

+ qβ1β2β3γ1γ2(α1 + α2) + α2
1α

2
2α3(γ1 + qγ2)

}
,

u5 = q3
(
1 + q + q2

)β21β22β23γ41γ42
α4
1α

4
2α3

,

u4 = −q
3β1β2β3γ

3
1γ

3
2

α4
1α

4
2α

2
3

{
β1β2β3γ1γ2 + (1 + q)α3β1β2β3(γ1 + qγ2)

+ (1 + q)α1α2α3(β1β2 + β2β3 + β3β1) + (1 + q)α1α2α
2
3(α1 + α2)

}
,

u3 =
q2γ21γ

2
2

α4
1α

4
2α

2
3

[
α1α2α3β1β2β3(γ1 + qγ2)(α1α2 + qα2α3 + qα3α1 + qβ1β2 + qβ2β3 + qβ3β1)

+ qα1α2α3β1β2β3γ1γ2(β1 + β2 + β3) + qβ21β
2
2β

2
3γ1γ2(α1 + α2 + qα3)

+ qα1α2α3β1β2β3{α1α2(β1 + β2 + β3) + (1 + q)α1α2α3}
+ qα2

1α
2
2α

2
3(α1 + α2)(β1β2 + β2β3 + β3β1) + qα3

1α
3
2α

3
3

]
,

u2 = − q2γ1γ2
α3
1α

3
2α

2
3

{
qα3β1β2β3γ1γ2(α1 + α2)(β1 + β2 + β3)

+ qα1α2α
2
3γ1γ2(β1β2 + β2β3 + β3β1)

+ (1 + q)α1α2α3β1β2β3γ1γ2 + α1α2α3β1β2β3(γ1 + qγ2)(α1 + α2 + qα3)

+ α2
1α

2
2α

2
3(γ1 + qγ2)(β1 + β2 + β3) + α2

1α
2
2α

2
3(α1α2 + qα2α3 + qα3α1)

+ qα2
1α

2
2α

2
3(β1β2 + β2β3 + β3β1) + qβ21β

2
2β

2
3γ1γ2

}
,
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u1 =
q

α2
1α

2
2α3

{
q2α2

1α
2
2α

2
3 + (1 + q)qα1α2α3γ1γ2(β1 + β2 + β3)

+ (1 + q)α2
1α

2
2α3(γ1 + qγ2) + (1 + q)qβ1β2β3γ1γ2(α1 + α2)

}
.

Each coefficient of g3
(
qjx
)
(j = 0, 1, 2, 3) is a polynomial in x of degree 5. Remark that the

coefficients in equation (B.3) are expected to be characterized by some conditions inherent in
equation (4.46).

By the q-integral transformation induced from the q-convolution cqλ′ and the transformation
by the matrix P , we obtain formal q-integral representations of solutions to equation (4.46), and
they include the expression

g3(x) =
(α3 − α1)(α1 − α2)(γ2 − α3)

(α1 − β1)(α1 − β2)(α1 − β3)α2
x−λ′

∫ ξ′∞

0

(
qλ

′+1s/x, γ1s, qγ2s; q
)
∞

(qs/x, α1s, α2s; q)∞

× s−λ

1− α3s

∫ ξ∞

0

(
qλ+1t/s, qα1t, qα2t, qα3t; q

)
∞

(qt/s, β1t, β2t, β3t; q)∞
(η1 − η2t)dqtdqs,

where

qλ = β1β2β3/(α1α2α3), qλ
′
= α2

1α
2
2α3/(β1β2β3γ1γ2),

η1 = α1α2(α1 + α2)− α1α2(β1 + β2 + β3) + β1β2β3, and

η2 = α2
1α

2
2 − α1α2(β1β2 + β2β3 + β3β1) + (α1 + α2)β1β2β3.

Since the assumption of Theorem 3.2 is not satisfied in general for this case, the formal q-integral
representations may not satisfy the designated q-difference equation, and we need to discuss more
to obtain actual solutions.
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Microlocal Analysis, RIMS Kôkyûroku Bessatsu, Vol. B37, Research Institute for Mathematical Sciences
(RIMS), Kyoto, 2013, 163–192, arXiv:0811.2916.

[13] Sakai H., Yamaguchi M., Spectral types of linear q-difference equations and q-analog of middle convolution,
Int. Math. Res. Not. 2017 (2017), 1975–2013, arXiv:1410.3674.

[14] Sasaki S., Takagi S., Takemura K., q-middle convolution and q-Painlevé equation, SIGMA 18 (2022), 056,
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