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Abstract. We reformulate the g-convolution and the g-middle convolution introduced by
Sakai and Yamaguchi, and we introduce g-analogues of the addition which is related to the
gauge-transformation. A merit of the reformulation is the additivity on composition of two
g-middle convolutions. We obtain sufficient conditions that the Jackson integrals associated
with the g-convolution converge and satisfy the g¢-difference equation associated with the
g-convolution. We present several third-order linear g-difference equations and solutions of
them by using the g-middle convolution and the g-analogues of the addition.
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1 Introduction

Differential equations and difference equations play important roles in investigating special func-
tions, and the middle convolution has been applied for the study of special functions and differ-
ential equations. Katz introduced the middle convolution in his book [11] to study rigid local
systems. Dettweiler and Reiter [3, 4] reformulated the middle convolution for the Fuchsian equa-
tions in terms of the linear algebra. The Fuchsian equations is the system of linear differential
equations written as

dY AO A1 AN

- Y, 1.1

dx (az—t0+x—t1+ +a:—tN (1.1)
where Y is a column vector with m entries and Ag, A1,..., Ay are constant square matrices

of size m. We review briefly the definition of the convolution and the middle convolution for
equation (1.1) (or the tuple of the matrices (Ag,...,An)). Let A€ C and F; (: =0,...,N) be
the square matrix of size (N 4 1)m of the form

Ag+ M, Ay --- Apn 0 0 0
0 o --- 0 Ay A1+ M, - Ay
m=| | | O | T

where I,,, is the identity matrix of size m. Then, the correspondence of the tuple of matrices
(Ao, ..., An) — (Fy, ..., Fn) (or the correspondence of the associated Fuchsian system) is called
the convolution. It is shown that the following subspaces K, £ of CVTD™ are preserved by the
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action of F; (i =0,...,7).

ker Ag
K= : , L =%ker(Fop+ F1+---+ Fn).
ker Ay

We denote the linear transformation induced from the action of F; on the quotient space
CW+Dm /(K 4+ L) by F;. The correspondence of the tuple of matrices (Ao, ..., Ay) — (Fo, -
FN) (or the correspondence of the associated Fuchsian system) is called the middle convolution,
and we denote it by mcy. See also Haraoka [7, Section 7.5] for a detailed description.

It is known that the middle convolution has additivity. Namely, mcy is an identity map
and we have mcy o mc, = mcy4,, under some conditions (see the conditions (x) and (*x) in
Definition 5.1).

A theory of the g-deformation of the middle convolution was constructed by Yamaguchi
and Sakai. A tentative theory was presented in master’s thesis of Yamaguchi [18] which was
supervised by Sakai, and a full paper was published later by their joint paper [13]. They handled
the system of ¢-difference equations described as

By By
Y = (B —+ -+ —— | Y(x), 1.3
(09) = (Bt oy + b gy ) Y0 (13)
where Y (z) is a column vector with m entries and By, By, ..., By are constant square matrices

of size (N + 1)m. The construction of the g-middle convolution is similar to the case of the
Fuchsian system of differential equations. They investigated several properties of the ¢g-middle
convolution and related topics. On the composition of the g-middle convolution, they obtained

@‘u e} ﬁ)\ ~ ﬁlog((f‘—&-ql‘—l)/logq' (14)

See the appendix for the notation.

The theory by Sakai and Yamaguchi was applied to studies of some g-difference equations
in [2, 14]. Recall that the convolution in equation (1.2) is related with Euler’s integral transfor-
mation. Let Y (z) be a solution of equation (1.1). Set

Wo(z)
W)= 1 W= |

Wi (z)
We apply Euler’s integral transformation for each entry of W(x), i.e., we set
V(z) = / W(s)(z — 5)Mds,
A

where A is an appropriate cycle in C with the variable s. Dettweiler and Reiter [3] established
that the function Y (z) satisfies the following Fuchsian system of differential equations:

el 4. Y,
dx r—ty x—1t +:L‘—tN

vy ( Fy P Fy > ~
where Fp,...,Fy were defined in equation (1.2). Sakai and Yamaguchi [13] introduced the
g-deformation of the convolution by considering a g-deformation of the integral transformation
of Dettweiler and Reiter. See the appendix for a review of them. In [14], the theory of Sakai
and Yamaguchi was applied to the g-Heun equation. Consequently, a g-integral transformation
of the ¢-Heun equation was suggested. Note that it was discussed in [17] from another approach
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based on the kernel function identity, and the g-integral transformation was extended to the
variants of the ¢g-Heun equations. In our previous paper [2], the g-convolution of Sakai and
Yamaguchi was reconsidered. Namely, one parameter which corresponds to the integral cycle
was added to the g-integral transformation of Sakai and Yamaguchi, and convergence of the g¢-
integral transformation was considered. As an application, g-integral representations of solutions
to the g-hypergeometric equation and its variants were obtained.

In this paper, we reformulate the g-convolution of Sakai and Yamaguchi. Our definition of
the g-convolution is simpler than that of Sakai and Yamaguchi, and our discussion takes care of
convergence. We rewrite equation (1.3) to

Y (x), (1.5)

—x r —b;

Y(gz) =Y (x) _ [i B;

=0

where by = 0, and define the g-convolution and the g-middle convolution for the tuple (By, Bi,
..., Bn). The g¢-difference operator in equation (1.5) has already appeared in the work of Kakei
and Kikuchi [10]. A merit of our definition is the additivity of two g-middle convolutions.
Namely, we have

mc} o mej, =mc |, (1.6)
instead of equation (1.4) (see Section 3 for the definition). The g-convolution in this paper is
also related to a g-integral transformation, and the g-middle convolution induces the g-integral
transformation for solutions to g-difference equations.

We pay attention to a g-analogue of the addition for the Fuchsian equations, which is induced
from a gauge-transformation of solutions. Let Y be a solution to the system of differential
equation given in equation (1.1), and let (ag,a1,...,an) be a tuple of complex numbers. Then,
the function Z = (x —t¢)® (z —t1)™ - - - (x — t§)*VY satisfies the following system of differential
equations:

dz _ (A0+a0Im n A+ a1y, T AN+GNIm> 7
dx T —to r—1 Tz —tn
The correspondence of the tuple of the matrices (A, A1,..., Ax) — (Ao +aolpm, A1 +a1ln,. ..,
AN +anIy,) is called the addition.

We introduce an analogue of the addition for systems of g-difference equations. In particular,
we investigate the transformations of the tuples (By, By, ..., By) induced from the transforma-
tions of the solutions by

(/7 9)oo
Y(z) — 2"Y (x and Y(z)—» ——=Y(x), 1.7
(@) = 2V (@) (@) = (LY (0 (1.1)
where (a;¢)so = (1 — a)(1 — ga)(1 — ¢*a) ---. The transformation (1.7), which is related to

the g-analogue of addition, also appeared in [10]. See Section 2 for details of the g-analogue of
addition.

In our previous paper [2], we obtained g¢-integral representations of solutions to the ¢-
hypergeometric equation and the variants of the ¢-hypergeometric equation by applying the
g-middle convolution. A standard form of the g-hypergeometric equation is given as

(z —q)g(z/q) + (abr — c)g(qz) — {(a + b)x — ¢ — c}g(z) = 0. (1.8)

In this paper, we obtain several ¢-difference equations by applying g-analogues of the addition
and the reformulated g-middle convolution repeatedly. Consequently, we have formal ¢-integral
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representations of solutions. The reformulated g-middle convolution would be better for dis-
cussing a sequence of g-difference equations. We discuss sufficient conditions that the ¢-integral
representations converge and they satisfy the attached g¢-difference equation, which is used to
generate actual solutions. The generalized g-hypergeometric equation of order 3 is written in
the form

(azz — b3)g(q’z) + (asz — b2)g(q°x) + (a1x — b1)g(qz) + (apz — by)g(z) = 0,
azbsapby # 0,

and we obtain double ¢-integral representations of solutions of this equation. We also obtain
other ¢-difference equations of order 3, which seems to be novel (e.g., see equation (4.25)).
This paper is organized as follows. In Section 2, we discuss g-analogues of the addition. In
Section 3, we reformulate the g-convolution and discuss convergence of the g-integral transfor-
mation which is associated with the g-convolution. In Section 4, we obtain the g-hypergeometric
equation and some generalizations by applying the g-middle convolutions and the g-analogues of
the addition. We obtain g-integral representations of solutions formally, and discuss convergence
in some cases. In Section 5, we discuss composition of the g-middle convolutions and establish
the formula in equation (1.6). In Section 6, we give concluding remarks. In the appendix,
we review the g-convolution and the g-middle convolution of Sakai and Yamaguch.
Throughout this paper, we assume that the complex number ¢ satisfies 0 < |¢| < 1.

2 g-analogues of addition

To reformulate the g-convolution in a simpler form, we replace the expression of the linear g-
difference equation which is associated with the g-convolution. Sakai and Yamaguchi used the
linear g-difference equation

N
¥ (gz) = (Boo S 1';/b> Y (a). (2.1)
i=1 v

Set Bg = I,, — Boo — By — -+ — By and by = 0. Then, equation (2.1) is equivalent to
N N
Y(qx) — Y(CE) Bo Bz Bl
B Y = Y (x). 2.2
- x+;x—bi (z) iz;x—bi (z) (2:2)

Note that we can regard the left-hand side of equation (2.2) as the g¢-derivative of Y (z) by
dividing by 1 — q.

We introduce a g-analogue of the addition. If the function Y (x) € C™ satisfies Y (qz) =
B(x)Y (z), then the function

Z(z) =2"Y () (2.3)

satisfies Z(qz) = ¢"B(x)Z(z). In particular, if Y (z) is a solution to equation (2.2), then the
function Z(x) in equation (2.3) satisfies

Zar) = 2(0) _ [ (1= )l + By Z 0B,
—x T —b;

Thus, we define the addition add,, by

addu: (Bo,B1,...,BN) — ((1 —q“)]m +q‘uB(),q'uBl,. . .,q‘uBN).
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We introduce another g-analogue of the addition which is induced by the gauge-transformation

(2/b); @)oo

Yow) = (e Y (@), (2.4)
We have
Y, (qz) = (02/%3 ooy oy - L= 2/b1) (@/01i D)oy g

(1—2/b)) (2/b15 )00

If the function Y'(x) € C™ satisfies Y (qx) = B(x)Y (x), then the function Y,(x) satisfies

(qz/b1; @)oo

S T S
Note that equation (2.2) is equivalent to
N
Y(gz) = B(x)Y(x), Bla)=|I-Bo+Y_ Bia;z] . (2.5)
i=1 !

By rewriting B(z)(1 — x/b1)/(1 — /b)) as the form of the second equation in (2.5), we obtain

v b, No1—v /by —
Y, = |I-B 1—2)(I—-By)+ By — =B,
s(az) °+{< b1>( 0+ B Zl—bi/b’l p—)
=2
N
1-— bi/bl —T

B; Y, (x).

21T b o P =gy | Yo@)
=2

Therefore, the gauge-transformation (2.4) induces the change of the poles (b1, ba,...,by) —

(b}, b2,...,by) and the tuple of the matrices (Bo, Bi,...,Bn) +— (B{, By, ..., B)), where

b, b, No1-v /b
B,=By,B ' =(1-2)|(UI-B A -y — 2B,
0= P ( b1>( o) + 5, B ;1—@/1)3 ’
1—b;/bs ,
B, =—2 "R =2,...,N.
Ay A

We may also regard this correspondence as a g-analogue of addition.

3 g-middle convolution and convergence

We reformulate the g-convolution by modifying the definition of Sakai and Yamaguchi. See the
appendix for the g-convolution of Sakai and Yamaguchi.

Definition 3.1 (reformulation of g-convolution). Let (By, Bi, ..., By) be the tuple of m x m
matrices and A € C. We define the tuple (Go, G1,...,Gn) of (N +1)m x (N + 1)m matrices as
follows:

¢*Bo+(1-q¢ "y ¢*B1 -+ -+ ¢ By
Go = 0 0 0
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O
Gi=|q¢*Bo -+ ¢ *Bi+(1—q ) - ¢ By | G+,
@)
GN = 0 e e 0 0 . (3'1)
¢ By -+ - q¢*By-1 ¢ B+ (1—q NI,
The correspondence ¢ : (Bo, Bi,...,Bn) — (Go,G1,...,Gy) is called the g-convolution.

The g-convolution in Definition 3.1 is related with a g-integral transformation on the linear
g-difference equations in the form of equation (2.2). Let £ € C\ {0}. The Jackson integral on
the open interval (0, 00) is defined as the infinite sum

€00 o0
()dgs = (1—q) > q"¢f(q"¢).

n=—oo

0

Let K (x,s) be a function which satisfies

A z—q's
" Kx(qx,s) = Kx(z,s/q) = p— Ky(x,s). (3.2)
Then, the functions
Mg/ )
Kgl)(a:, s) = af)‘—(q / q)oo, K/(\Q) (x,8) = 87}\—(_:5)\/5, q.)oo (3.3)
(¢5/%;q)oo (¢ /s59)
satisfy equation (3.2). The functions
(4 s/, b, g/ (br);q) (2/s,bs,q/(bs); d)oc
(¢s/x,q 2 bx, T/ (bx);q) . (a7 x/s,q7 bs, 1/ (bs); q)

also satisfy equation (3.2) for any b € C \ {0}.

The following theorem indicates a correspondence of the solutions to g-difference equations
associated with the g-convolution. Although this theorem is related to the results in [13, Theo-
rem 2.1] and [2, Corollary 2.3], it is not a mere reformulation of them. In the present setting, the
definition of the g-convolution is modified, and the variable £ is allowed to be either independent
of = or proportional to z, which is not covered in [2, 13].

Theorem 3.2 (cf. [13, Theorem 2.1], [2, Corollary 2.3]). Set by = 0. Let Y (z) be a solution to

N
Y(qw)_;Y(@ S xljib- Y (@), (3.4)
i=0 ’
and set
Yo ()
~ oo .5 ~
Yi(z) = ; Ii’\(_’bi)Y(s)dqs, i=0,...,N, Y(z) = - : . (3.5)
YN(.’IJ)

Assume that the variable & is independent of the variable x or it is proportional to x (i.e., { = Az
where A is independent of x). If every element of Yi(x) converges for i =0,1,...,N and

Jm Ko (2, g Y (gR¢) =0, lim Ky(2,4%€)Y (4" = 0, (3.6)
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then the function Y (z) satisfies

> > N

Y(gz) —Y(z) Gi |

S e e A %

—x ; T —b; (z).
To prove the theorem, we define the function Y[ L]( ) by

SIK,L Kx(z, s)

v @) = —q)g(s_bi SY ()] s—gne- (3.7)
Proposition 3.3. Let Y (x) be a solution to equation (3.4) and assume that the variable £ is
independent of the variable x. Fori=0,1,..., N, we have

v Mgr) - VM)

—x
N
1 - ¢ k) 1 g L
= Vi (x)+sz—:oq B;Y; ™ ()
l—q
ST e POV (69 — (e a )Y (4 ) (3.
Proof. It follows from equation (3.2) that
K - K 1—q¢* K - K 1—¢*
)\(qxvs) )\(.’L',S) _ q K,\(ZL‘,S), )\(x,s/q) )\(x73> _ q K,\(ZL‘,S)
—x xr—s s r—s
Since ;6757 = Goes) T Gy We have
K)\(QIII, S) —K/\(CC,S) 1 _q_)\ 1 _q_)\
- K S B
—x(s — b;) (s —bi)(x — b;) M@, 8) + (x —s)(z —b;) M@ )
1—g* g Ki(z,s/q) — Kx(z,5)
S T - .
(s —b;)(z —by) M@ ) x—1b s
By multiplying by (1 — ¢)sY (s) and taking summation, we have
v Mgr) - ¥ )
—x
1— ¢ Sk, - &
e A O ;{ K@, 5/a) ~ Kx(e, )Y (5)logre. (39)

It follows from equation (3.4) that
L

Z (Kx(z,5/q) — Kx(x,5))Y ()] s=qne

n=K

= K (z,¢" )Y (¢"¢) — Kx(2,q") Y (¢"€) + >~ Ki(z,5)(Y(gs) — Y(5))]s=gne

M=

Il
=

n

N
SK)\ (z,s)
Z Y (8)|s=qne
s —
7=0
N
quﬂa

7=0

Mh

= K (2,¢" 7)Y (¢"¢) — Ka(z,q"€)Y ("¢

n

w

= Ky (2,¢" )Y (¢5€) — K (x, %)Y (¢FH1¢) —

Therefore, we obtain equation (3.8). [
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The following corollary follows from the definition of the matrices G; (i =0,1,...,N).

Corollary 3.4. Let Y(x) be a solution to equation (3.4) and assume that the variable £ is
independent of the variable x. Set

Q[K’L]( )=1(q—1)q A{KA(:E g5 lf)Y(qu) — KA(m,qu)Y(qL‘Hf)},
Y M) (2 — bo) g ()
ylK.L] (z) = : ’ @f[K,L} (z) = :
Yy (@) (= b)) ()

Then, we have

YIEL (qz) — YL (5 al Gi | ~

—x r — b;

i=0
In the case £ = Ax, Proposition 3.3 is replaced as follows.

Proposition 3.5. Let Y (z) be a solution to equation (3.4) and assume that & = Ax. For
1=20,1,..., N, we have

v Mgr) - VM)

—z
1—q A P, . [KL]
j =0
1
_(m—b{K (2, ¢" )Y (¢7€) = Kn(2,4")Y (¢"7) }
1 —q | K\(gz,s Ky(qzx,s
+ T |: S(— bz) Y(S)|sAqu_S(_bi) (S)|5:AqL+1x .
Proof. In the case £ = Az, we have
[KL] Ky(xz,A¢"z) | , n
Y, ST AgaY (A
Z Agia b, A0 wY (Ad"),

SIK,L = Kalqz,s)
Y ge) = (1-q) Y2 =228V (9)] g
n=K ’

It follows that

b
n=K
L—-1
Ky(qz,s
= (1 - Q) Z ;\(_bl)sy(sﬂs:Aq"*lx
n=K—1 '
v K ) K 9
= T g0 + (0= ) 2D oy () e, — (1= )2 (),

Therefore, in the case £ = Az, equation (3.9) is replaced to

Y/ (gr) -~V @) 14 {mqw, ) Ky (g, 5)
—X

-z s—b; sY(s)]s=aga — sz-s ($)ls=agi+1z
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1—q Sk M1 —q) <
= ﬁyi (x) - xi Z Kx(z,8/q) — Kx(7,35))Y (8)|s=¢ne,
n=K
and we obtain Proposition 3.5 by repeating the proof of Proposition 3.3. |

We now prove Theorem 3.2. The convergence of fﬁ(m) is described as the convergence of
YKL () in equation (3.7) as K — —oo and L — 400, and we have

7

Yi(@) = lim Y (@).
L—+o00

The theorem for the case that the variable £ is independent of the variable z follows from
Corollary 3.4, because the function gl L]( ) in Corollary 3.4 converges to 0 as K — —oo
and L — +o0o by equation (3.6). To obtain the theorem for the case £ = Az, we use the fact

that the convergence of the summation a; + az + -+ implies the condition a,, — 0 as n — oo.
Since the Jackson integral Y;(z) converges, we have

K)\(QZC, 3) s

Y ()ls=age = 0

as n — +o0o and n — —oo, the supplementary terms in Proposition 3.5 converge as K — —o0
and L — +o00, and we obtain the theorem.

We give a sufficient condition that the assumption of the convergence holds, which was
essentially established in [2, Proposition 2.5].

Proposition 3.6. Let [Y (s)]i. be the k-th component of Y (s)(€ C™). Assume that the integrand
of Yi(x) in equation (3.5) is well defined (i.e., does not diverge) about s = ¢"£ for any i €
{0,1,...,N} andn € Z.

(i) If there exist £1,C1 € Rso and My € Z such that |[Y(s)]x] < ]]\3\51 for any s € {q"¢ |
n>M,n€Z}andk=1,...,m, then every component of Y; Y () converges absolutely
as L — +oo for each K € 7 andj—O,l,.. N, and

LETOO Ky (z,q")Y (¢"T¢) = 0. (3.10)

i1) If there exist e9,Cy € Ry and My € Z such that k] < Colsts 52 or any s €

(12) y
{¢"¢|n<—My,neZ}and k =1,...,m, then every component on (ac) converges
absolutely as K — —oo for each L € Z and 7=0,1,...,N, and

Kl_ifl_looK)\(JU,qK_lf)Y(qu) =0. (3.11)

Proof. We show (i). It follows from equation (3.2) that

Kx(z,q"t¢)  1-g"t¢/x
Ky(z,q"¢) — 1—gMrtlg/x

as n — +oo for each & and z. Since |q|~¢/2 > 1, there exists an integer Nj such that
!K,\ (x,q"“f)/KA(a:,qnf)‘ < |q|=51/? for any integer n no less than N/|. Hence, we have

|Kx(2,q"€)| < Bilq| "/ (3.12)
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for any integer n no less than Nj by setting B] = |q\N{51/2|K)\ (2, quf)‘. By combining with
the assumption, there exist an integer M| and a positive number C] such that

< Ci‘q’nal/Q

‘ Dy (o)

S—bj

5=q"§

for any integer n no less than My, k € {1,...,m} and j € {0,1,..., N}. Absolute convergence
of the summation

S M) e

=M S — bi
follows from the convergence of the majorant series C?|q|"*1/2, and every component of ?j[K’L} (x)
converges absolutely as L — 400 for each K € Z and j = 0,1,..., N. Equation (3.10) is also
shown by using equation (3.12) and the assumption.
We show (ii). It follows from equation (3.2) that

Kx(z,q"7'€) ¢ —qra/e
Ka(w,q ")  1-gquaje !

as n — +oo for each £ and z. Since ]q\_52/2 > 1, there exists an integer N) and a positive
number BY such that |K,\(:B,q_”_1£)/K)\(:n,q_”g)‘ < ]q|_52/2}q/\‘ and

| K (2, g "€)| < Bhlq|=2/2| " (3.13)
for any integer n no less than NJ. By the assumption, we have

Y (a7l < Cola| [ lg™

for any integer n no less than Ms. Hence, there exist an integer M} and a positive number C)
such that

sY (s)lk < Cylq|"/?

K)\(l’, S)
S — bj

s=q~— "¢

for any integer n no less than My, k € {1,...,m} and j € {0,1,...,N}. Thus, every com-
ponent of YJ-K’L] (x) converges absolutely as K — —oo for each L € Z and j = 0,1,..., N.
Equation (3.11) is also shown by using equation (3.13) and the assumption. |

Proposition 3.7. Set by = 0. Let Y(x) be a solution to

N
Y(q”f)—y(@:[z Bi ly. (3.14)

—x z—b;

1=0

(i) If the absolute value of any eigenvalue of I, — By is strictly less than 1, then there ex-
ist 1,C1 € Rso and My € Z such that |[Y (s)]k| < Cils|® for any s € {¢"€ | n > My, n €
Z}y and k=1,...,m.

(7i) If the absolute value of any eigenvalue of I, — By — By — --- — By s strictly more
than |q*|, then there exist £2,Cy € Rso and My € Z such that |[Y (s)]x] < Ca|s*||s| == for
any s €{¢"¢ | n< —My,n€Z} and k=1,...,m.
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Proof. Write equation (3.14) as Y (¢v) = B(z)Y (z). Then, we have B(x) — I,, — Bp as ¢ — 0

and B(x) = I, — By — By — -+ — By as © — 0.

We show (i). Let e1, ea,. .., en be the eigenvalues of the matrix I,,, — By. By the assumption,
we have max{|e1|, |ea],...,|em|} < 1. There exists €1 > 0 such that |ex| < |¢|** for any k €
{1,...,m}. Set e = |¢** — max{|e1|,|ez|,...,|em|}(> 0). There exist numbers p; € {0,e/2}
(j=1,...,m—1) and an invertible matrix @)y such that

ee. pr -~ 0 0
0 e . 0 0
Qo' (Im — Bo)Qo = : :
0 0 . €m—-1 Pm-1
o o0 --- 0 em
Set pn, = 0 for later use. The numbers p1,...,pm—1 are determined by the Jordan normal form
of I, — By. If I, — By is diagonalizable, then p; = --- = p,_1 = 0. Write
bia(z) -+ bim(z)
Qo' B(z)Qo = Qg (Im — Bo)Qo + : : : (3.15)
bna(x) -+ bmm(z)

Since Qy ' B(7)Qo — Qg ' (Im — Bo)Qo as © — 0, there exists § > 0 such that |b; ;(x)| < e/(2m)
for any i,j € {1,...,m} and any z (|z| < ). Let Y(z) be a solution to Y (¢qz) = B(z)Y (z).
Then, the function Z(z) = Q'Y (z) satisfies Z(gz) = Qy ' B(2)QoZ(z). Let [Z(s)]x be the k-th
component of Z(s)(€ C™). We have

[Z(q2)]k = er[Z(@)]k + prlZ(@)|ks1 + bea (@) [Z(2)]1 + - - + b (2) [Z(2) ] e
We assume that |z| < 6 and |[Z(z)]x| < A for any k € {1,...,m}. Then,

[Z(q2)]k| < lexll[Z(2)]e] + [Pell[Z(2)]k41] + |bea (@)[[[Z(@)]1] + - - + [brm (2)[[Z(2)]m]
< Alep| + Ae/2 + Ame/(2m) < A(max{|e1], e, ..., |em|} +&) = |g]** A (3.16)

for any k£ € {1,...,m}. We also have
1Z(g" )]kl < |g|"* A (3.17)

for n € Z>p and k € {1,...,m}. Let £ € C\ {0}. There exists an integer My such that
|¢"¢| < 0 for any integer n > My. We take a positive number C’ such that HZ(qMof)]k‘ <
for any k € {1,...,m}. It follows from the inequality (3.17) that

‘[Z(qu—i-ng)]k‘ < ‘q’nalc/ _ |qMo+n€‘€1|qMO§‘*€1C/

for any k € {1,...,m} and n € Z>q. Since Y (z) = QoZ(z), there exists a positive number C
such that ‘[Y(qMOJF"{)]k‘ < ‘qMOJF"ﬂelC for any k € {1,...,m} and n € Z>o. Therefore, we
obtain (i).

We show (ii). Let €], €}, ..., e}, be the eigenvalues of the matrix I,,— By—Bj—- - -— By. By the
assumption, we have min{|e}|, |e}|,. .., |e},|} > |¢*|. Hence, the matrix I,, — Bo— By — - — By
is invertible and there exists e > 0 such that |e}|™* < |¢[%|¢* ! for any k € {1,...,m}.

Set e, = 1/e}, (k=1,...,m) and € = \q|€2|qk‘_1 — max{|e1], |e2], ..., |em|}(> 0). There exist
numbers p; € {0,/2} (j =1,...,m—1) and an invertible matrix Quo such that Q5 (I,,, — By —
By — - — By)'Qs is expressed as the right-hand side of equation (3.15). Set p,, = 0 for later
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use. Since B(x) = I,, — By — B1 —--- — By as © — 00, the matrix B(z) is invertible if |z| is
sufficiently large. Write
_ 1 -1 _ _
2B(q¢7 ') Qoo =Qxd (Im — By — B1 — -+ — BN) 'Qx
bia(z) - bim(w)
+ : :
bna(x) -+ bmm(z)
Since nglB(q_lx)_lQoo — Q} (I, — Bo— By — -+ — By) 'Qu as 2 — oo, there exists

D > 0 such that |b; j(z)| < ¢/(2m) for any 4,5 € {1,...,m} and any z (Jz| > D). Let Y(x)
be a solution to Y (qz) = B(x)Y (z). Then, the function Z(z) = Q'Y (x) satisfies Z(q ') =
nglB(q_lx)_lQooZ(x). We assume that |z| > D and |[ng~)]k\ < Aforany ke {1,...,m}. It
is shown as equation (3.16) that }[Z(qilx)]k‘ < \q[”}q/\r A and

1Z(a ")kl < la"2]g*] " A (3.18)

forn € Zso and k € {1,...,m}.

Let £ € C\ {0}. There exists an integer My, such that |¢"¢| < D for any integer n < — M.
We take a positive number C’ such that ‘ [Z(q_Mwﬁ)]k‘ < (' for any k € {1,...,m}. It follows
from the inequality (3.18) that

[Z (a7 M=7")],| < lal™2]¢? "¢
= (M=) M g Mg T (g M) M g Mg

for any k € {1,...,m} and n € Z>p. Since Y(z) = QwZ(x), we obtain that there exists
a positive number C' such that

|[Y (g M=) | < [(am M=) - g M= e
for any k € {1,...,m} and n € Z>¢. Therefore, we obtain (ii). |

By combining Propositions 3.6 and 3.7 with Theorem 3.2, we have the following.
Theorem 3.8. Set by = 0. Let Y(z) be a solution to

Y (z).

—x z—b;

Y (gz) — Y (x) [i B

=0

Assume that the integrand of }N’Z'(x) in equation (3.5) is well defined (i.e., does not diverge)
about s = q"¢ for any i € {0,1,...,N} and n € Z. If the absolute value of any eigenvalue
of Im — By is strictly less than 1 and the absolute value of any eigenvalue of I,—Bo—B1—---—By
is strictly more than ’q>‘ , then the function Y (x) in equation (3.5) converges and it satisfies

Y (x).
—x P b; (z)

Y(gz) —Y(z) _ [i Gi

Remark 3.9. It is natural to ask whether these conditions are also necessary. We expect that
the absence of eigenvalues v of I,,, — By satisfying |[v| > 1 and eigenvalues v of I, — By — By —
+-- — By satisfying |1/| < |¢*| should be closely related to the convergence of Y (z). However,
the borderline cases, namely when the eigenvalues satisfy [v| =1 or [V/| = ‘qA , require delicate
analysis. For this reason, we focus on sufficient conditions and leave a precise characterization
of necessary conditions for future investigation.
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The definition of the g-middle convolution based on the g-convolution is quite the same
as the one by Sakai and Yamaguchi [13] (see Definition A.3 in the appendix), which is a ¢-
analogue of the one by Dettweiler and Reiter [3]. The following proposition, which is proved
straightforwardly, is used to define the ¢g-middle convolution.

Proposition 3.10. Define the subspaces K and L of (C™)N*1 as follows:

ker By
K= : , L =%ker(Go+G1+ -+ Gn). (3.19)
ker By

Then, the spaces IC and L are invariant under the action of Gy for k=0,1,..., N.

Definition 3.11 (¢g-middle convolution). We denote the matrix induced from the action of Gy,
on the quotient space (C™)N*!/(K+L) by Gy (k=0,1,...,N). The g-middle convolution mcf
is defined by the correspondence (By, By, ..., Bn) +— (50,@1, e ,GN).

4 g-hypergeometric equation and generalization

4.1 g-hypergeometric equation

The ¢g-hypergeometric equation and its solution have been studied from various viewpoints (e.g.,
see [6]), and the g-convolution was used in [2]. We review the approach by the reformulated
g-convolution. Let € C, a, f € C\ {0} and set y(x) = 2 (ax; q)oo/(8%; ¢)oo- Then, it satisfies
the first-order linear g-difference equation

y(qx)_; y(x) _ ﬁ:o N x—Bi/oz

]y(w), By=1-¢",  Bi=¢" <1 -~ i) : (4.1)

The function y(x) = 2"(q/(7);q)s0/(q/(ax); ¢)se With the condition ¢fa/B = ¢* also sat-
isfies equation (4.1). We apply g-convolution ¢§ to the pair (Bpy, Bi) of 1 x 1 matrices and
set ¢§(Bo, B1) = (Go, G1). The pair (Go, G1) is the 2 x 2 matrices written as

G- ¢ *Bo+1—qg* ¢ B\ _ [(1—¢** ¢ 1-8/a)
0= 0 0 - 0 0 ’

(o) (et )
" \¢ By ¢*Bi+1-¢ g =g M1 =Bla)+1—q )"

Note that det(Go + G1) = (1 — q_)‘) (1 — q“_kﬁ/a), and the g-middle convolution coincides
with the g-convolution (i.e., K + £ = {0}), if A # 0 # u, a # B and ¢ *B/a # 1. Write the
corresponding g-difference equation as

Y (gz) = Y (2)

—x

Go G1
?—i_:}:—l/a

V@), V()= @i’&) . (4.2)

Then, the function yo(x) satisfies the single second-order equation

(¢ Bz — q)Bo(x/a) + @ *(ax — QFo(qz) — { (¢ "o+ B)z — ¢ — ¢* "' }go(z) = 0, (4.3)

and equation (4.3) corresponds to the standard form of g-hypergeometric equation (1.8) by
setting the parameters appropriately.
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By the g-integral transformation associated with the g-convolution, the ¢-integral represen-
tation of solutions to equation (4.2) is obtained as

£oo Ky(z,t)
_ e Y y(t>dqt
Vie) = (gg&) SN - , (4.4)
= y(t)dqt
0 t— 1/04

if the assumption of Theorem 3.2 holds. We look into a sufficient condition that the g-integral
representation converges and satisfies equation (4.2) by applying Theorem 3.8. In this case, the
matrices By and Bj in Theorem 3.8 are scalars in equation (4.1), and we have 1 — By = ¢*,
1— By — B; = ¢"B/a. Therefore, under the condition that the functions y(t)K,(x,t)/t and
y(t)Kx(z,t)/(t — 1/a) are well defined about ¢t = ¢"¢ for any n € Z, a sufficient condition
that the function in (4.4) converges and satisfies equation (4.2) is written as p > 0 and
!q)‘*“a/ﬁ‘ < 1. Note that the condition p > 0 and ‘q)‘*“oz/m < 1 leads to the condition |¢"| < 1
and |g4B/a] > |¢*].

In the case K)(x,s) = K&l)(:v, s) (see equation (3.3)) and y(z) = z*(ax;q)eo/(6%; ¢)so, the
condition of well-definedness is £ # ¢"/ and & # x¢™ for any n € Z, and the function yo(x) in
equation (4.4) is written as

0 A+n+1 n .
s —(1— - 2 : n 'u(q f/x7q §Q7Q)OO
pole) = 1 —a)e (@) (¢"H1&/x,q"EBsq)

n=-—oo
By specializing the value &, it can further be expressed as a unilateral g-hypergeometric series o ¢;.
As shown in [2], if we set £ = 1/« in equation (4.5), then it follows from (¢"; ¢)sc = 0 for n € Z<g
that

(4.5)

Yo()le=1/a
_ n o @ (ax), 6" ) o
=(-as AZ /e) n+1/<am> ¢'Blasq),

NG ( ”2/(04 ) 4; = (¢*/(ow) )n @B/ @n—1
=2 ar (¢?/(a fﬂ),qﬁ/a Q) { +Z (%) (0x)iq),_(6@)n—1 (")
¢ (@7%/(02),4:9)y qz/(w),qﬂ/a,
at (¢?/(ax), qﬁ/a,q)oo 2¢1< 2/ (o) ’q’qu)'

By applying Heine’s transformation formula in [6, equation (1.4.1)],

(b,az;q)oo
(¢ 23 @)oo

=0-a-7

2¢1<a7b; C;QMZ) = '2¢1(C/bv'z;az;%b)a ‘Z‘ < 17 ’b| < 17

we can rewrite it as

oyt A (¢, 4" B/asq)
a8/, q"; @)oo

which was essentially obtained in version 2 of [1]. We also have

—A . g 1-A
N s (P, q;q) Bz, q
0(2)|ezgre = (1 = q)g Mat > 2¢1< X ;q,q“)
§=q*z (qf)\ﬁl» qlf)\;q)oo q ax

—A+p+l )
e (@4 1) o a/B,q _
=(1-4q)q A= (q_,\+1 q“'q) 201 ( —//\-i-u—i-laq’ /\ﬁl’) ‘ (4.7)

A
o)l = (1~ ) o (i e dlan), a0




Reformulation of g-Middle Convolution and Applications 15

The condition for the parameters is p > 0 in these two cases, and we do not need the condi-
tion [¢*#a/B| < 1 (see [2]). The functions in equations (4.6) and (4.7) satisfy the g-hypergeo-
metric equation in (4.3).

In the case Ky(z,s) = K)(\z) (z,s) and y(x) = 2"(q/(B2); ¢)oo/(q/(x); q)so, the condition of
well-definedness is £ # ¢"/a and € # xq~**™ for any n € Z, and the function gp(x) is written as

1 N neien (@a7"/& T (BE)iq) o
yO( )_ (1 Q) Z ((] 5) (xq_’\_”/§,q1_"/(a§);q)oo

n=—00
We set £ = 1/ or £ = x in equation (4.8). It was essentially established in version 2 of [1]

and [2] that
s — [ (6 » 45 )oo _/\B s B _
yO('r)‘€=1/5 = (1 - q)ﬁ)\ a (q)‘ﬁzf Zﬂq/oz q) 2¢1 <q ;.’L’q /Oé; q, q)‘ Ng)

~ A— ;Hrl7 )\
=(1-q)B" (2.4 Vo 0 201 ( A uiof/ﬁ,q q Aﬁx>,

(aB/c, ¢*+ar/ B;
g M, q2/(aw); . qxua>

(4.8)

N B n@ o (@/(Bx),4:9)
Yo(2)le=z = (1~ a)q ngu (¢%/(az), g1 q) 201 < ¢*/(Bz) 8

v (@ " a/Biq)

O
= (-0 Ewu (q_*“,qA—uoz/ﬁ;f;{)oom1
>\
< (I ) (1.9)

The condition for the parameters is |[¢*#a/B| < 1 in these two cases, and we do not need the
condition p > 0 (see [2]). The functions in equation (4.9) satisfy the ¢-hypergeometric equation
n (4.3).

4.2 Generalized g-hypergeometric equation of order 3

To obtain the generalized g-hypergeometric equation of order 3, we use an addition and a g¢-
middle convolution. We apply the addition add,s to the pair (Go,G1) in equation (4.2). Then,
we have the pair (BY), B]), where

B = <1 — q/t’-l-u—)\ q//-i-u—)\(l - ﬁ/@) |
0 1—q*
Bi=<u’—A0 (oA X —,\)-
¢ M1-q¢") ¢ (¢ A -B/a)+1-q7?)
The mapping (go,Gl) — (B, B}]) corresponds to a gauge transformation of the g-difference
equations. Let Y (x) be a solution to equation (4.2), and set
Y,(z) = 2"V (). (4.10)
The function Yy (x) satisfies
bier) - Nte) (%, B

x +a:—1/a

]yg(x)_ (4.11)

—X

It follow from equation (4.10) and the argument around equation (4.4) that the function

;[P K
oM )‘(tx’ﬂy(t)dqt
Yy(x) = 0
;[P K ’
xt (1) y(t)dgt

0 t—]./O[
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satisfies equation (4.11), if the function y(x) is a solution to equation (4.1), u > 0, }q’\_“a/ﬁ‘ <1
and the functions y(t)Ky(x,t)/t and y(¢t)Kx(z,t)/(t — 1/a) are well defined about t = ¢"¢ for
any n € Z.

Before considering the g-middle convolution, we apply the g-convolution ci, to (B), B}). We
obtain ¢},(By, B}) = (G, G}), where Gj, and G are the 4 x 4 matrices described as

,_(aVBy+ (1—¢ M), ¢¥Bj a—( 0 , O ,
0 9] 9] ) 1 qf/\ B(l) qf/\ Bi + (1 _ qf/\ )1'2 :

Note that det(Gj + GY) = (1 — q_)")Q(l — q",_/\_x) (1 — q’“““/_’\_xﬁ/a). We investigate a suf-
ficient condition for the parameters that the g-difference equation

+ Y, () (4.12)

r  x—1/a

Yy(gz) = Yy(z) _ {G’ G ]~

—T

admits solutions in terms of the g-integral representation by applying Theorem 3.8 for ci, (B, BY)
= (G}, G}). In this case, the condition for the eigenvalues is applied for the matrices I — B,
and Iy — B}y — B}. The eigenvalues of I, — B} are ¢, ¢"+t#'—*, and the eigenvalues of I — B)— B,
are g"' >, gh T =B /. The formal g-integral representation of solutions to the equation obtained
after applying ¢g-convolution ci, is given by

& I?)\/ xT,s
~ @)y, (5)dgs
Yy(z) = | 7° PN
K)x’( ) ( )d s
0 s—1/a
N €0 Ky (s,t
(1:78) )\(57 )y(t)dqtqu
0 S 0
N €0 Ky (s,t
(st) /\(57 )y(t)dqtqu
_ 0 S 0 t— 1/0{ (4 13)
€0 Kulz s) £ Ky (s,1) ’ '
—y(t)d,td
/0 5 — 1/@ 0 y( ) q qS
g Iy, 50 K)\(s, t
A (1:)8) I )\(S’ )y(t)dqtdqs

0 s—l/as o t—1/a

where K (z,s) and K)(z, s) are functions which satisfy equation (3.2), and y(z) is a function
which satisfies equation (4.1). Then, we obtain the following proposition by Theorem 3.8.

Proposition 4.1. If the parameters satisfy

p>0,  f>0,  WAp-A>0, N+A-g >0, | Ha/f <1,
‘q”“‘*ﬂ’*ﬂa/ﬁ‘ <1, (4.14)

and the integrands in equation (4.13) are well defined about (s,t) = (q"lg’, q"€) for anyn’,n € Z,
then the function Yy(x) in equation (4.13) converges and satisfies equation (4.12).

Note that the condition g > 0, ¢/ > 0, ¢/ +p—X > 0and X + X — p/ > 0 leads to the
condition |¢"| < 1, [¢*| < 1, |q",+“_)" < 1 and ’q“/_’\‘ > ‘q)‘,‘.

We look into the g-middle convolution mci, to (Bj, Bj). Recall that the g-middle convo-
lution is obtained as the pair of the operators on the quotient space C*/(K + £). The vec-

Hg"(1 — B/a) + ¢* — 1,¢* — 1) belongs to the space ker(B]), and we have dimK =
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under the condition u #0, ' # 0 and pu+ ¢/ — X # 0. We have dim£L = 0, if X # 0,
W= X=X #£0and gt -ANg /o # 1. We continue the argument under these inequalities.
We have dim(C*/(K + £)) = 3. To obtain matrix representations of mc%, (B}, B}), we consider
simultaneous transformation for the matrices Gf, and G}. Set

1 00 0
10 1 0 0 oy A
000 ¢g"—1

Then, P is invertible and we have

1 — giti AN gt =A=N (] Ba) 0 0
Pl p— 0 1—g 2 ¢ N1 =g 0
0 0 0 0 0]’
0 0 0 0
0 0 0 0
. 0 0 0 0
PGP =11y fa fs o |
) g* —1 I\ _ Y
0 — A 131“_1 == 1— q A
where
o\ / N ’ o\ W Ml — 1
flzq)\_unru)\ )\7 f2:qﬂ+ﬂ)‘ )\(1_5/&)+q/\2u_1f07 and

fa=1—qg + ¢ fo.

The upper-left 3 x 3 submatrices of PGP and P~1G) P are matrix representations of Gf and
G on the quotient space C*/(K + £). Thus, we can write mc}, (B, B}) = (G0, G'1), where

1 — gnt AN gt =A=N (1 - B/q) 0
@0 - 0 1— qu’—x qw—A—x(l —q" |,
0 0 0
/0 0 0
Gi=10 0 O
fi f2 f3

The equation obtained after applying g-middle convolution mcq)\, is written as

g2(z) | - (4.15)
g93(x)

From equation (4.15), the single third-order g-difference equation for g;(x) is derived as

1 g1(qx) — g1(7) :[G’o [ ] g1(z)

r -1/«

(az — Dg1(z) + ¢ M { (" B+ ¢ a+ o)z + ¢ + M 4+ PN Vg (¢Px)
+a" PP (Pa+ B+ P B)r — (MY + ¢+ ) i (ga)
gAY (AN g 1) g () = 0, (4.16)

Each coefficient of gi(¢/z) (j = 0,1,2,3) is a linear polynomial in z. This is the generalized
g-hypergeometric equation of order 3. The functions g2(x) and g3(z) also satisfy the generalized
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g-hypergeometric equation of order 3, whose coeflicients are of degree 1 and some terms are
different from equation (4.16).

We investigate integral representations of  solutions to equation (4.16). From now on, we
assume the assumption of Proposition 4.1. If Y, (z) is a solution to equation (4.12) and we write

g91(x) 100 0

()| _ o157,y |0 10 0 .
o) | =P =0 0 1 _pygr—1) | @
94(z) 000 1/(¢"-1)

then the function ‘(g1 (z), g2(x), g3(x)) satisfies equation (4.15). In particular, we obtain integral
representations of solutions to equation (4.15) by setting Y,(x) as equation (4.13).
If we specialize to the case

Rule.s) = K@), Kalot) =KV (s0. o) =0 570, (4.17)
Q) oo
then we obtain
gi(z) =2 /5'00 ((]Alﬂs/%;q)o"s“"f1 /goo =1 (a1t /s, at; q)ood tdgs
(z) = g /)0
0 (gs/2; )0 0 (qt/s,Bt;q)oe 1
= (1—q)°¢re
00 00 N 4n+1er Atm—n+1 !/ m .
_\ /_ n mq 5/.’15,(] g/qu ga’qoo
xa™ Y ()" @) ( )oo. (4.18)

(qmHie Ja, qn—nHIE /e qmEBs q)

n=—oo m=—oo

This function is a solution to equation (4.16). By specializing the values ¢ and & and using the
g-binomial theorem, the solution (4.18) can be transformed to the g-hypergeometric series g¢s.

Proposition 4.2. If the parameters satisfy equation (4.14), N\ € Z, N ¢ Z and |q_)‘,_>‘ﬁm‘ <1,
then
qu—)\—&-l’q,u’—&—u—/\—/\’-‘,—l; )Oo

XN =A='+ N (q’qa
gl(ﬂ:)| PO VS SRS VN (1_q)2q N =A=' +X'\ : /
§=q z,{'=q x (q1—>\ 7q1—>\7 q‘u’ q'u +“_)\; q)oo

B o =
% mu/Jruf)\'f)\S(bQ ( Ot/,B, q~,q )\l/\5$> .

g+ g tu-a-x+0 0
)

Proof. Set ¢ = ¢~z and € = ¢~z in equation (4.18). We change the variables (m,n) in

equation (4.18) to the variables (n, k) by setting m —n = k. It follows from (q”l;q)Oo =0
for ¢ € Zq that
i i ()" ()™ (e fa, TS g as q)
e (qnHie fa, qm—nHiEJE qmEBs q)
0o 00 n+1 k+1 —N—-\+n+k .
I N B T (419
== (g NAnl g Akl g=N =Mtk gy g)

Note that the summand in equation (4.19) is well defined, if A € Z and X' ¢ Z. By the ¢-binomial
theorem, we have

( g~ N Atk

o, q)oo _ . (a/ﬁaq)N N —Xn+k N
(g A=Atk q) _NZ::O (G a)n (4 fe)”
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if ‘q‘A,_Aﬁx‘ < 1. Hence, equation (4.19) is equal to

iii g N (N (", d" 5 q) (a/ﬂ§Q)N(q—A’—A5$)N

(g Hntl g2 thtlg) (g q)N

n=0 k=0 N=0 o
_ O NN (g Tr=r " (q7x+17q) penyi (47750),
(1, —>\+17q OOT;”;)NZO (G (@) (@ @)k
X W(qf/\lf’\ﬂx) . (420)

(G a)~

It follow from the conditions p/ + ¢ — A > 0 and g > 0 and the g-binomial theorem that
equation (4.20) is equal to

(¢,%:9)oo X (g AN g) (¢ AN g) (o) Brg)w (¢ Ba)™
(Nt Mha) = (@2 N g) (¢"N:q) . (Ga)n
(q,q,q“ A+1 . q" "u—A—=XN+1.

1q) Oo Z (a/B.q", a2 q) ()

(q—/\’-l-l q—)\+1 qt, gt " pu—A. qh— A+1 qu’+u A—A+1. q)N

14) o 52 (4
By combining with equation (4.18), we obtain the proposition. [

If we choose Ky (z,s), Kx(s,t) and y(t) differently from equation (4.17), then we obtain
a solution different from equation (4.18). Furthermore, by suitably specializing the values
and &', it can be transformed into the g-hypergeometric series 3¢s.

4.3 Another generalized g-hypergeometric equation

To obtain the g-difference equation which is different from the generalized g-hypergeometric
equation in the previous subsection, we apply another operation to equation (4.2). Let Y (z) be
a solution to equation (4.2), and set

Y,(x) = M?(x). (4.21)

As we discussed in Section 2, the g-difference equation which the function Y,(x) satisfies is
written as

Yolaz) ~ ¥(z) - Yolo) _ {ié + - f;/i /7] Yy(a), (4.22)
A _8/a T Y 1Y
Bl = g <q ; ¢ ¢"(1 Oﬂ/ )> _ (1 g" q" (10 B/ ))7

I i T M Ut LI
e =a)afy oMt (a=-B)/v+ P —a/v})

Note that det B = ¢* (1 — 04/7)(1 — ¢ *B/v). We apply the g-convolution ¢}, to (B}, B).
Then, we obtain ¢f,(Bj, B}) = (Gj,, G), where G{, and G} are the 4 x 4 matrices described as

a _ (¥B+ (L—a ") ¢ VB
0 0] o) ’

(0] (0]
G, - / / / . 423
' (Q‘A By ¢ Bi+(1—-¢* )12> (4.23)
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Note that det(Gj + G) = (1 — q_X)Z(l —q - )‘oz/’y)( > MEB/y).

We now look into the g-middle convolution mc, to (BO,B’). The vector t(q“(l — B/a),
" — q)‘) belongs to the space ker(By), and we have dim K = 1 under the condition 3 # a # 7
and B # ¢*y. We have dim £ = 0, if X' # 0, ¢ 2a/y # 1 and ¢~~~ #3/~ # 1. We continue
the argument under these inequalities. We have dim((C4 /(K + E)) = 3. By the simultaneous
transformation for (Gj, G}) by the matrix

0 ¢“(1-p8/a)

0 ¢"—q

1 0 ’
0 0

o O O
o O = O

we can extract the 3 x 3 matrices G’y and G'1, where mc,(Bj), B{) = (G'0,G'1). Namely, the
upper-left 3 x 3 submatrices of P71G)P and P71G P are matrix representations of G, and G|
on the quotient space C*/(K + L), and they are expressed as

o 0O 0 O o j1 0 4o
Go=|ht hy hs]|, Gi1=10 0 0],
0 0 O J3 Ja Js

where

hy = q’**x{q“ 1-8/M+ (= Va/y},  ha=1—g N,

- {(Hx(ﬁ)/(;t SVt e 9) - b
je=a N1 —g"aly,  js=—¢"MN(1 - Bla)(1 - a/v),
ja=g" N1 - B/a), =1+ N1 - a/y) - ).

hs =

The equation obtained after applying ¢-middle convolution mcg, is written as

— | 92(a2) = g2(2) 92(z) | - (4.24)

1 g1(qx) — g1(7) :[G’o G ] g1(z)

93(qx) — gs(w) ERERY

The single third-order g-difference equation for g;(x) is derived as

(qvz — 1) (¢*yz — 1)1 (¢°

)

AN _

) { (¢"B+a+a*y)r— N (g+1) — ¢ Havr — Dgr (¢Px)
“M)a?

(6 —a)(a

B q72)\ 2/\’+1(

(B —a)(a— 7) { ¢’ (q”’a,@ + By 4 q’\%z)ac2 + q(q’\+’\'a 4Pt

L grtLE 4 PN HRG PN A +““7)aﬁ P (q/\Jr/\ Lttt q“+2)}g1(qx)
q—)\—)\’+3(qu —1)a?

gy (@ e =)@ e~ o) = 0. (4.25)

Each coefficient of g1 (¢/z) (j = 0,1,2,3) is a quadratic polynomial in z. This is a generalization
of the g-hypergeometric equation, although it is different from the generalized ¢-hypergeometric
equation of order 3 discussed in Section 4.2. Equation (4.25) would be novel to the best of
our knowledge. The function go(z) satisfies a single third-order g-difference equation whose
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coefficients are quadratic polynomials in z, but the function gs(x) satisfies a single third-order
g-difference equation whose coefficients are cubic polynomials in z.

We discuss ¢-integral representations of solutions. On the g-integral transformation with
respect to the g-convolution ¢, (By, B}) = (G}, G}), it is not possible to apply Theorem 3.8,
because the matrix Iy — B, has the eigenvalue 1. We use Proposition 3.6 instead. It follows
from equations (4.4) and (4.21) that the function

(%5 @)oo £o0 x
Yy(x) = (%1(3})> = (’Y«T q) goo K (z,1) (4.26)

t)dg,t

(ax; q)oo Jo t—l/ay()q

satisfies equation (4.22) under a suitable condition. We specialize the value £ in equation (4.26)

to apply Proposition 3.6 for g-integral representation of solutions to the g¢-difference equation
related to Gf, and G} in equation (4.23). We set

Ka(e,s) = K@), y(s) = s (asi@)oo/ (Bsi0)er E= 07 (427)
in equation (4.26). It follows from equation (4.7) that

—At+u+l. )
. o (@5a 19) o (775 9) o0 a/B,q" )
o —(1— AL b )\( o) g
ao(@lemgma = (1 = @) (@M1 a5 q) (0w q)o 2¢1< i 600 )

under the condition p > 0. It follows from the g¢-difference equation that y,,(z) is expressed
by a combination of y4,(¢qz) and yy,(z). Hence, if 4 — X > 0, then the assumption of Propo-
sition 3.6 (i) to the function Y, (x) in equation (4.26) holds because of the term z#~*. We
are going to apply Theorem 3.2 in the situation that equations (3.4) and (3.5) correspond to
equation (4.22) and

|
<
&

© Kyv(z,s
~ s
Yy(z) = 0 o
Ky(z,s
B2y (9)ags
0o s—1/y

(4.28)

Since the eigenvalues of Iy — B(, — B/ are ¢“~*B/vy and ¢ *a/v, the assumption of Proposi-
tion 3.7 (ii) is written as ‘q)‘/JM_“’y/ﬁ! < 1 and ‘q/\ur)‘fy/a‘ < 1, and Proposition 3.6 (ii) holds
under this condition. By Proposition 3.6, the assumption of Theorem 3.2 holds if 4 > 0,
w—=A> QL‘qA/+A_“fy/ﬁ‘ v/a| < 1 and the condition in (4.27) is satisfied. Then, the
function Yy (z) in equation (4.28) is written as

V() — Ygo1 (@)
Yg($) ?ng(x)
ygn(x)
goo _)\_IM g Aso0 - (q)‘ﬂt/s, at; q)oo
Ky (z,s)s t dgtd
0 (@85 q)oo (qt/s, Bt; @)oo
! - A .
L 3 OOKA,(x,S)S—)\—lw /q 500 . (q +1t/s,q0zt, q)oodqtdqs
_ 0 (a8 q)o00 Jo (qt/s, Bt; @)oo (4.20)
- / A A1 . . .
. §OOKX($’8)S_>\(q,YS;q>OO/q 500 1 (q /s, at; q)oodqtdqs
0 (OéS; Q)oo 0 (qt/‘g?ﬁt; Q)oo
§'oo : g Nso0 Mt /s, qat;
ary KA/(x,S)S_Ai(q’YS’q)OO / t ("t s, q)oodqtdqs
0 (as39)s0 Jo (qt/s, Bt; @)oo
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Consequently, we obtain the following proposition.

Proposition 4.3. Let K)(x, s) be a function which satisfies equation (3.2). If p >0, u—X\ >0,
{qXJ“’\ ry/B| < 1 and ‘qA Ay /a| < 1 and the integrands in equation (4.29) are well defined
about (s,t) = (q e gt >‘§) for any n',n € Z, then the function Yy(z) in equation (4.29)
converges and satisfies

Yy(az) = Yy(z) _ {Go G ]~

Y, 4.30
—x x +gv—l/a o(@), (4.30)
where Gf, and G are given in equation (4.23).

If i/;(:c) is a solution to equation (4.30) and set

0 0 0 1
glgxg - 00 %OOE$§
92(%) | _ p-1y () — | ¢*(BJa—1 Jgo1 (@
93() =P7Y(@) o /0 : 01 0 yz(l)(l)(m) ’
94(33) —1 0 0 37911(33)
q"(B/a—1)

then the function t(g1 (), g2 (), g3()) satisfies equation (4.24). In the case Ky (z,s)= KS) (z,s),

we have
v €0 (@ sfegysia) 7 (@M s, qatiq)
g1(z) = ayx s t dgtdys
0 (QS/I', aS,Q)oo 0 (qt/376t7Q)oo

(1 _C.I) a’Yf/M A+2 7>‘(“+1) -\ io: (qqu+2>n(q)\l+n+1£//l"qn+1£/,y; q)oo
(q”“{’/x, o q)oo

n=—oo

—)\+n+m+1§/a; q)
00

( m+1’q

u+1
X Z —A+m+1 q‘“”*mé’ﬂ;q)
o

and this is a solution to equation (4.25).

4.4 g-convolution and g-Jordan Pochhammer equation

We review the g-Jordan Pochhammer equation in terms of the g-convolution, which is a slight
modification of [2 Section 3.2]. Let N be a positive integer, and set

(jx; ¢)oo
_aju J
Hﬂjxq

It satisfies the single ¢-difference equation

y(gz) —y(x) | Bo By
—x | +Zx—1/ak y(=),
k=1
ap — B Ny — B
By=1-¢", By=¢" " [ =2, k=1,...,N (4.31)
QT O — Oy
J=Llj#k
We apply the convolution ¢§. The matrices ¢§(Bo, ..., Bn) = (Go,...,Gy) are written as
O
Gi=|q¢?*By ¢*B1 -+ ¢ Bi+l—q -+ ¢*By|G+1), 0<i<N, (432)
O

By applying Proposition 3.6 and Theorem 3.2, we obtain the following theorem.
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Theorem 4.4 (cf. [2, Theorem 3.5]). Let & € C\ {0} and let Kx(v,s) be a function which
satisfies equation (3.2). If u > 0 and }q)‘_“al can /(B -BN)| < 1, then the function Y (x)
defined by

) 5 .

- | aGe — oy [ ) oy (45D

Y(:U) - ’ yO( ) 0 s /J‘j]l (B]S;q)oodq )
yn(z)

N
b0 K)\(l’,S) sH (ajs;q)ood

r(x) = 0o s—Lar L (Bsiae

is convergent and it satisfies the equation

~ = N
Y(gr) = Y(z) | Go Gr  |s
— == — Y 4.33
- S | T (1.33)
where G, G1,...,GN are determined in equation (4.32).

Note that the tuple (Go,G1,...,Gy) is irreducible for generic parameters. If the parame-
ters are special, then the tuple (Go,G1,...,Gy) is reducible and the system of the g-difference
equations (4.33) may have a subsystem of equations. If g4 = 0, then the space K in equa-
tion (3.19), which was used to define the g-middle convolution, is non-zero, i.e., dim/k > 1.
If ¢*Ha1---an/(B1---Bn) = 1, then the space £ in equation (3.19) satisfies dim £ > 1.

4.5 g@g-middle convolution and variants of g-hypergeometric equation
We investigate the case (N = 2 and u = 0) and the case (N = 3, u = 0 and ¢* = £158233/

(v1agas)). In the case N = 2 and p = 0, the single g-difference equation in (4.31) is written as

yer)—ylw) B, B B ]y

—x r x—1/ag z—1/a
(a1 — B1)(a1 — Ba) (a2 — B1)(az — Ba)
(g —ar)

By =0, B = 5 By =

on(or — oa) (4.34)

The function y(z) = (auz, aow; @)oo/ (L1, P2x; q) oo satisfies this equation. By applying the g-
convolution cg\ to (Bo, B1, B2), we obtain the 3 x 3 matrices G, G1, G2 in equation (4.32). The
g-middle convolution mc is formulated on the space C?/(K + £), and we have £ = {0} and
a basis of K is (1,0, 0) for generic oy, ag, 81, B2 € C\{0}. Write mc(By, B1, B2) = (ég,@l,ég).

The matrix representations of G, G1, G2 € End(C?/(K+ L)) are realized as the 2 x 2 lower-right
submatrices (see [2]). Namely,

Go=0. G1:< ' .

— 0 0
Gy = , 4.35
2 (q_)\Bl g By +1— q_)‘> (4.35)

and the g-difference equation corresponding to mcq/\ (Bo, By, B2) is written as

¢ B +1—q¢? q‘ABz)

Yigz) - Y(x)

Gy Gs

Py P e b Y(2). (4.36)

—T
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The single second-order g-difference equations derived from equation (4.36) are the variant of
g-hypergeometric equation of degree 2 [8]. Formal g¢-integral representations of solutions are
written as

$oo K)\(x’t>
- t—1/«a Y
Y(z)=|"° !

boo K)\(x7t)

0 t— 1/0[2y

, (4.37)

where y(t) is a solution to equation (4.34) and K (z, t) is a function which satisfies equation (3.2).
However, they are not generally actual solutions, because the assumption of Theorem 3.8 does
not hold. As we discussed in [2], the g-integral in equation (4.37) converges and satisfies an
non-homogeneous version of equation (4.36). If the functions K)(x,t) and y(t) and the value &
are chosen appropriately (e.g., & = 1/81,1/02 or ), the g-integral in equation (4.37) satisfies
equation (4.36). For details see [2, Section 4.1.1].

We discuss the case N = 3 and p = 0. In this case, the single g-difference equation in (4.31)
is written as

y(gz) —y(z) _ [Bo By By Bs .
—x |z m—l/a1+x—1/a2+x—1/a3 y(@),
(a1 — B1) (a1 — Ba2) (a1 — Bs)
ag(ag — ag)(a) — as)

(ag — B1)(a2 — B2) (a2 — B3) B,y = (a3 — B1)(az — B2) (a3 — ﬁ3).

az(ae —ag)(ae —aq) asg(as — ag)(as — aq)

By =0, B, =

By = (4.38)

By applying the g-convolution ¢ to (By, Bi, B2, B3), we obtain the 4 x 4 matrices Go, G1, Ga,
G3 in equation (4.32). We impose the condition

p =0, 7 = BB/ (a1azas). (4.39)

The g-middle convolution mcf is formulated on the space C*/(K + £), and it is shown that
dimK =1 =dim £ and dim(K + £) = 2 for generic aq, oo, as, f1, 52, B3 € C\ {0} which satisfy
equation (4.39) (see [2]). By choosing an appropriate basis of C*/(K + £) ~ C2, we obtain the
tuple of 2 x 2 matrices (@o,él,ég,ég) and the g-difference equation described as

Y(qm) —?(.7}) _ |: él 62 ég
r—1/ag z—1/as x—1/ag

B B )\ IS S
Go =0, G1=(q Blt)l e qOB2>’

— 0 0 = —q By —q‘ABz>
Gy — e b2 4.40
2 (qABI g By +1— q)‘> ’ (—q By —q B (4.40)

The single second-order g¢-difference equations derived from equation (4.40) correspond to the
variant of ¢-hypergeometric equation of degree 3 [8]. What we have mentioned above is a recal-
culation of what is written in [2] by using the reformulated g-convolution. Note that g-integral
representations of solutions to the variant of ¢-hypergeometric equation of degree 3 were dis-
cussed in [2] from the framework of the g-middle convolution, and Fujii and Nobukawa obtained
significant results on solutions to the variant of g-hypergeometric equation of degree 3 in [5].

7.

—x

In the following subsections, we apply gauge-transformations and the g-middle convolution
to the tuple (O,éhég) in equation (4.35) or the tuple (0,@1,62,63) in equation (4.40).
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4.6 Third-order extension of variants of g-hypergeometric equation
4.6.1 Extension of variant of g-hypergeometric equation of degree 2

In this subsection, we apply the addition with respect to gauge-transformation
(’71'7;; Q)oo 54
Y, (x) = ————Y(z 4.41
) = (o =T () (a.41)

to the tuple (O,G,Gs2) in equation (4.35). Then, we obtain the tuple (Bf, B}, B}) and the
g-difference equation

Y, -Y, B B,
g(qz) — Yy(x) _ 1 2 Y, (z), (4.42)
—x r—1/m x—1/as
where
bi, bl 0 0 aq
moos- (), me(l D) shererm o,
0 ! b%l b%Q 2 b%l b%2 H ( )71
bl — 7)\B %’ bl — 7)\B a2(041*71)7 bl :{1+ 7/\B -1 OQ}al’yl7
2= 279 P s — ) - LS P G,
b2:*>\3u7 b2 — 14+ aNBy—1 011—042’
21 = ¢ 171*a2 22 { q (B2 )}'yl—ag
(o = B1)(oq — Ba) (g = B1) (a2 — Ba)
B = . By= .
ar(a; — az) az(ag —aq)
We apply the g-convolution. Then, we have ¢},(0, B{, By) = (G}, G, G%), where
(1 — q”\l)Ig q’XBi q’XBé
0 O O
O O 0
Gi=|0 ¢"Bi+(1-q¢*)L ¢VBy|,
O 0 0O
O O 0,
Gy=10 O @) : (4.43)
O ¢ B, ¢"By+(1-q ™)k

The vectors '(1,0) and ?(0,1) are a basis for the space ker(B)), and the vector *(¢* + By —
1,—Bj) belongs to the space ker(Bj). We have dimK = 3, dim£ = 0 and dim(C®/(K +
L)) = 3 for generic parameters. Write mc}, (O, Bf, By) = (G'y,G'1,G'3). By the simultaneous
transformation for (G, G|, G%) by the matrix

00010 0
00001 0
10000 0
P=10 100 0 0 ’
00100 ¢*+By—1
00000 —B;

we obtain matrix representations Gy, G’; and G’3 on the space C®/(K + £) by the upper-
left 3 x 3 submatrices of P~1G{P, P~1G| P and P~'G4P. They are expressed as

o o 1+q (b — 1) b}, 0
Go=0,G') = g by 1+q N0l —1) ¢Vb3 |,
0 0 0



26 Y. Arai and K. Takemura

0 0 0
Ga=(0 0 0], GL=¢"{bl+ B+ —1)b}/Bi},
Loy I3

lo = ¢ N {bly + (B2 +¢* —1)bdy/B1 }, ls=1—q¢» +¢{(Ba+¢* —1)b3,/B1}.

The equation obtained after applying ¢-middle convolution mci, is written as

91(qz) — g1(x) red a g91(x)
= | la) o) | = |+ 2| o) ) (1.44)
g3(qx) — g3(x) g3()

We derive single third-order g¢-difference equations from equation (4.44). The functions g;(x)
and gs(x) satisfy single third-order g-difference equations whose coefficients are cubic polynomi-
als in z, and go(x) satisfies one whose coefficients are quartic polynomials in x.

The single third-order g-difference equation satisfied by ¢;(x) and g-integral representations
of solutions are described in Appendix B.

Next, we apply the addition with respect to the gauge-transformation

Y (CL‘) _ (,lea’YQx;q)oo
g (04133, Q2T CDOO

to the tuple (O,Gi,Gs2) in equation (4.35). Then, we obtain the tuple (Bf, B}, B}) and the
g-difference equation

Y (z)

Yy(qz) — Yy(z) _ [ Bi By
r—1/m =1/

¥,

—x

where

b1 b b2, b
B, =0,B, 11 12> ’ B — ( 11 12) :
’ <b21 b3a 27 \03, 03

b — - By —1 } - 7N
H { taB ) Yo -7’
al(az 71) A p (a1 —7)
bl =g~ R S Y Jpaca e St )
2 B e =) 2 M —m)’
o] — 71
byy = NBy -1 } :
- { ta(B ) Y2—MN
1 ( )72 =7 12= Y2(711 —72)
b2 :quBIOéz(Ch—Vz)’ b2 {1+q B2_1%}OJ1—72,
2! Y2 (71 — 72) z ( )72 M=
(01— B1) (a1 — B) (g = B1) (2 — Bo)
B, = , By = .
ar(a; — az) az(ay —aq)

Then, we have ¢f,(0, By, B) = (G}, G}, G5), where the tuple (Gf), G}, G5) is the 6 x 6 matrices
given as equation (4.43). The vectors !(1,0) and ¢(0, 1) are a basis for the space ker(B}). Hence,
we have dim IC > 2.

We look for a description of the condition dim £ > 1. If ¢*** = a1as/(7172) holds, then the
vector ¢(Bg, —B1, Bs, — By, Ba, —B1) belongs to the space £. We have dim K = 2 and dim £ = 1
for the generic parameters which satisfy ¢* = a1y /(71y2). Write

mc}, (0, By, B) = (G0, G'1,G"2).
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By the simultaneous transformation for (G, G, G5) by the matrix

[l elell S =)
SO = O OO
O R O O OO
OO oo o
[ elelNell =)

|

Sy
—

we obtain matrix representations G’g, G’y and G’3 on the space C/(K + £) by the upper-
left 3 x 3 submatrices of P71G{P, P"1G} P and P~'G4,P. They are expressed as

B - 1—¢g M+ q_)‘,bh q_)‘,bﬁ q_)\/b%l

G'o=0, G = g b}, 1—q N+ Vb, V83, |,
0 0 0

B / b, By /By bsoBa /By b3,Bs/ By

G'y=q" —by —by —b3

b%l + b%lBQ/Bl b%2 + b%QBQ/Bl q)\, -1 + b%l + b%lBg/Bl
The equation obtained after applying ¢-middle convolution mci, is written as

g1(qr) — g1(x) =7 =i g1(x)
L [ galgr) - gaa) & 2 | )] (4.45)

“ \gylgr) — gala))  LEUM o m =l g

We derive single third-order g-difference equations from equation (4.45). The functions g;(x),
g2(z), and g3(x) satisfy single third-order ¢-difference equations whose coefficients are polyno-
mials in = of degree 6, 5, and 4, respectively.

The single third-order g-difference equation satisfied by gs3(x) and g¢-integral representations
of solutions are described in Appendix B.

4.6.2 Extension of variant of g-hypergeometric equation of degree 3

In this subsection, we apply the addition with respect to the gauge-transformation

Yg(:p) _ (’711'7 Y2 Q)oo v ;L‘)
(17, 23 q) oo

to the tuple (O,él,ég,ég) in equation (4.40). Then, we obtain the tuple (B(, B}, B}, B}) and
the ¢-difference equation

) V) (B BB B ]
—z x x—1/v1 x—1/vn x—1/a3
where
bl b b2, b2 b, b3
B’:O,B’:<11 12>’ B’:<11 12>’ B/:<11 12)7
0 by ba 2 \b3; b3, S\bg; b3
1
bl = —(1ao + asas + aszay) + vi(ap + as + ag —
11 (71—%)(043—71){ (g + azaz + agar) +y1(a1 + a2 + az — 1)
1090 _ _
+ ;A,leg + (a1 — ag) (a2 —711)g *Bi +a1(as +az —v1) (1 — ¢ M)},
oL, = (a1 — az)(ag — 71)q_,\327 bl = (ag —az)(og — 71)(1_)\31,

(11— 2) (a3 —7) (71 —72)(a3 — 1)
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552 = 1 {—(a1a2+a2a3+a3a1) +’Y1(Oé1 + oo + a3 —'yl)
(71— 2) (a3 — 1)
1003 _ _
;Av + (ag —as)(a1 —1)q *Ba + ag(as + a1 — ) (L —¢ )},
1
1
b2 = {—(a1a2 + aoas + agaq) + Y21 + ag + as — ¥2)

(M1 —72)(2 — a3)

1090 _ _
+ ; ; 5 4 (a1 — as)(og — v2)qg By + o (g + v — ) (1—q M)},
b (al az)(az — 72)q—,\B27 bgl _ (a2 — az)(a1 — 2) _’\Bl,
(=722 —a3) (M1 —72)(2 — as)
by = L {—(alag + agas + agar) + (a1 + ag + az — y2)
(v —72) (2 — a3)
(6% Oé (6% _ _
+ ;A; 2t (an — az)(a1 —72)q *Ba + az(az + a1 —32) (1 —¢) },
B (a2 —as)(as al)q—)\B ’
e (72 — as)(az —71) '
B - — (a2 —as)(as — al)q—)\B ’
2o (72 — as)(az — 1) ?

and Bj, By, Bs are defined in equation (4.38). Then, we have
CK,(O,B{,B&,B;) = ( 67 G/)

where the tuple (Gj h,G%) is the 8 x 8 matrices given by the g-convolution ¢},. The

vectors !(1,0) and (O 1) are a basis for the space ker(B}), and the vector *(—Bsg, B1) belongs

to the space ker(Bj). Hence, we have dimK > 3. If ¢*" = ajas/(7172), then the vectors

(1,0,1,0,1,0,1,0) and *(0,1,0,1,0,1,0,1) can be taken as a basis of the vector space £ =

ker(G) + G} + G4 + GY%). Therefore, we have dim K = 3 and dim £ = 2. Write

mc}, (0, By, By, By) = (@o,@l,@g,@g).

By the simultaneous transformation for (Gj, 5, G%) by the matrix

00 01FO0 0 10
00 0 01 0 0 1
1 0 0 00 0 10

p_ 01 0 00 0 0 1
00 0O0O0 O 1 0
00 00O 0 0 1
00100 —-By 10
00 0O0O0O B 01

we obtain the expression

o o 1+q7 (bh 1) g b, g o},
G’y =0, G = Nl 1+q N (bhy—1) ¢ Vb3 |,
0 0 0
e R
Yol —q " by —q " by —q " by

b%l 32551 bb BQb%2 b:fl B2b§1 ’

q)\l q)\/Bl q)\l qA/ Bl q)\/ quBl
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0 0 0

o 0 0 0
’ bh B2b51 @ B2b52 1+ biﬁ -1 B2b§1
@ B ¢V B q ¢V B

The equation obtained after applying ¢-middle convolution mci, is written as

1 [91(gx) = gi(=) a, @, e 91 (@)
g(az) — galz) | = + + () | - (4.46)
“ \galgr) — ga(a)) LETYM o wo U wmlash g

We derive single third-order ¢-difference equations from equation (4.46). The functions g;(x)
and go(z) satisfy single third-order g-difference equations whose coefficients are polynomials in
of degree 6, and g3(x) satisfies one whose coefficients are polynomials in = of degree 5.

The single third-order g-difference equation satisfied by gs3(x) and g¢-integral representations
of solutions are described in Appendix B.

4.7 Spectral type of equation

Sakai and Yamaguchi obtained other important results in the paper [13], where the g-middle
convolution was launched. Namely, they introduced the spectral type and the index of rigidity
for some class of linear g-difference equations, and they established that the index of rigidity is
preserved by the g-middle convolution. On the system of the g-difference equations

N B
Yign) = B@Y (@),  B() =Bt} 7
i=1 v

the spectral type (Sp; Seo; Saiv) is determined by the Jordan normal forms of By = I, — Boo —
B; —---— By and By, and the Smith normal form of the matrix A(z) = B(x) Hi]\;1(1 —x/b;)
whose elements are polynomials in z. If By (resp. By) is diagonalizable, then Sy (resp. Soo) is
the partition whose element is the multiplicity of each eigenvalue of By (resp. By). If the Smith
normal form of the matrix A(x) is written as

ks ko k1
diag (1, o1 H(a: —a;), H(a: —a;), H(:U - ai)) )
i=1

i=1 =1

where k3 < ko < kq, then Sg;y is the partition 3---32---21---1 where the total number of 3
(resp. 2, 1) is k3 (resp. k2 — k3, k1 — k2). In particular, if the roots of det A(zx) = 0 are different
mutually, then Sg, = 11---1. For the precise definition of the spectral type and the index
of rigidity, see [13]. The spectral type would be a nice labelling to the system of the linear
g-difference equations. In Figure 1, the spectral types of the system of the linear g-difference
equations which appeared in this paper are described.

We explain the spectral type of equation (4.44) as an example. The matrix G’y in equa-
tion (4.44) is the zero matrix, which is a diagonal matrix with the eigenvalue 0 of multiplicity 3.
The matrix I3 — G’g — G’ — G5 is diagonalizable for generic parameters and each eigenvalue is of
multiplicity 1. Hence, the part 3; 111 appears in the spectral type. To interpret the part 21111,
we write equation (4.44) as Y (qz) = B(z)Y (z) and set C(z) = (x —1/v1)(z — 1/a2)B(z). Then,
each coefficient of C'(z) is a polynomial of degree 2, and the matrix C(z) is equivalent to

1 0 0
0 z—ay 0
0 0 (x —a1)(x —az)(z —a3)(x — as)(x — as)
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111 11;11; 11 111;111;21
(4.1) 7 (4.2) ? (4.15)
21;111; 111
(4.24)
1;1;11 2;11;1111 3;111;21111
(4.34) (4.36) (4.44)
3;21; 111111
(4.45)
21;21; 2211
(4.33), N=2
1;1;111 2;2; 111111 3;3; 21111111
(4.38) (4.40) (4.46)

31;31;333111
(4.33), N=3

Figure 1. Change of the spectral type.

as the Smith normal form of the polynomial matrix. Thus, the part 21111 appears in the spectral
type as the multiplicities of the Smith normal form. Note that the index of rigidity for the cases
in Figure 1 is equal to 2 (see [13] for the definition of the index of rigidity), and we can regard
these equations rigid.

On the other hand, the spectral type of the system of the ¢-difference equations written as

Y(qx) - Y(.%’) _ @ B1 + BQ Y(:E)
_x xr x—b x—bo

for generic 2 x 2 matrices By, B1, Bg is 11;11;1111. This equation is related to the sixth ¢-
difference Painlevé equation in [9] and the g-Heun equation in [14, 15, 16]. On this equation, the
index of rigidity is equal to 0, and it indicates that a nature of this equation would be different
from that of the equations appeared in this paper.

5 Composition of g-middle convolution

In this section, we establish the additivity of the g-middle convolution in equation (1.6) by
refocusing the arguments in Dettweiler and Reiter [3, 4]. A key formula for the additivity is
equation (5.9), which is valid because the definition of the g-middle convolution is reformulated.

We change notations around the middle convolution to have more precise description. Let V
be a finite-dimensional vector space and B = (By, Bi,...,Bxn) be a tuple of endomorphisms
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(linear transformations) of V. By fixing a basis of the vector space V', we obtain the tuple of
square matrices of size dim V' from the tuple of endomorphisms of V.

In [3, 4], Dettweiler and Reiter discussed several properties of the middle convolution, which
are related to the following definition.

Definition 5.1. Let V and W be finite-dimensional vector spaces and let B = (By, B1, ..., By)
(resp. C = (Cy,C1,...,Cn)) be a tuple of endomorphisms of V' (resp. W).

(i) (V,B) is isomorphic to (W, C), if there exists an isomorphism ¢: V' — W of the vector
spaces such that po B; = Cjo0¢ for j =0,1,...,N.

(ii) (V,B) is irreducible, if the subspace W of V such that B;iW C W for all j =0,1,..., N
isonly W=V or W= {0}.

(iii) (V, B) satisfies (x), if

N
Vi=0,1,...,N, VreC, (ﬂ ker(BZ-r)> (\ker(B; + 7) = {0}. (5.1)

il #i

(iv) (V, B) satisfies (xx), if
N
Vi=0,1,...,N, VreC, (Zim(By)) +im(B; +71)="V. (5.2)
i/ =0
il #4

Set V; =V (=0,...,N) andV’:%EBWEB---EBVN(:‘/@N“). Write u € V' as

U
wu=|:1|, wjeV, j=0,...,N.

UN

Let A € C, j € {0,1,...,N} and Gj()) be an endomorphism of V' which corresponds to the
g-convolution given in equation (3.1). Then, it admits the expression

uo wo N
GV = ] wi=0=-aNy+e) ] B,
UN WN i=0

wp =0, k#j. (5.3)

Write the g-convolution as ¢§(By,...,Bn) = (GE(A),...,GL(N)). Let K9 and L£()\) be the
subspaces of V’/ defined in equation (3.19). They are expressed as

K% =ker By @ ker B1 ® - - - ® ker By,
LX) = ker(GE(A) + GI(A) +--- + G (V).

We denote the action of GY()) on the quotient space M = VENTL/(KC4 + £9())) by Gj(N)
(j = 0,1,...,N). Then, the g-middle convolution mc} is defined by the correspondence of
the tuples of endomorphisms (B, Bi,...,Bn) = (G5(A), G1(\),...,Gy(N)). Write mc§ (V) =
VENTL/(K9 4 L9(N)).
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We express the convolution and the middle convolution of Dettweiler and Reiter in our
notation. Let A € C and j € {0,1,...,N}. Let G;(\) be an endomorphism of V' which
corresponds to the convolution given in equation (1.2). It is expressed as

Uo wo N
G =1 | wi=dy+) Bu,  wp=0, k#j. (5.4)
uy W i=0

Write the convolution as ¢x(Bo,...,Bn) = (Go(A),...,Gn(A)). Let K and L£(A) be the sub-
spaces of V' such that

K =ker By® ker B; & --- ® ker By,
,C()\) = ker(Go(A) + Gl()\) + -+ GN()\))

We denote the action of G;()\) on the quotient space M = VIN*L/(IC + £(X)) by G;(N\) (j =
0,1,...,N). Then, the middle convolution mc, is defined by the correspondence of the tuples of
endomorphisms (By, Bi, ..., By) = (Go(A), G1(N),...,Gn(N)). Write mey (V) = VENTL/(K +
L(A)). We describe some results obtained by Dettweiler and Reiter [3] in our notation.

Proposition 5.2 ([3, Proposition 3.4]). If (V,B) satisfies (x) (resp. (xx)), then (mc,(V),
me,(B)) also satisfies (x) (resp. (xx)).

Proposition 5.3 ([3, Proposition 3.2]). If (V, B) satisfies (*x), then (mco(V), mco(B)) is iso-
morphic to (V, B).

Theorem 5.4 ([3, Theorem 3.5]). If (V, B) satisfies (x) and (*x), then

(mepy (mep, (V)), mey, (mey, (B)))

is isomorphic to (mcy, 4, (V'), mey, 44, (B)) for any p1, pe € C. Moreover,
(me_p(meu(V)), me—p(meu(B)))
is isomorphic to (V, B) for any u € C.

Theorem 5.5 ([3, Corollary 3.6]). If (V, B) is irreducible, then (mc,(V), mc,(B)) is irreducible
or V= {0}.

Some properties of the g-middle convolution are obtained by comparing the description of
the g-deformed ones with the original ones. It follows from equations (5.3) and (5.4) that

GIN) = ¢ Gi(* = 1), j=0,...,N, K?=K, L1 = L(¢* - 1). (5.5)

The space mci (V) = VENTL /(K9 + L(X)) coincides with the space mep (V) = VENTL/ (K +
E(q’\ — 1)), and we have

Gi(\) =q Gj(¢" - 1), j=0,...,N. (5.6)

The following propositions are obtained by Propositions 5.2 and 5.3, and the correspondence
above.

Proposition 5.6. The conditions () and (xx) are preserved by the g-middle convolution mc}.

Proposition 5.7 (cf. [3, Proposition 3.2]). If (V, B) satisfies (xx), then (mc{(V), mc}(B)) is
isomorphic to (V, B).
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We are going to consider composition of the middle convolutions, which is related to The-
orem 5.4. We apply the g-convolution with the parameter Ay to the tuples of endomorphisms

(GE(M), G (M), ..., GH (M) (= ¢4, (Bo, -, By)) on the space V/ = VENTL Write
C?\Q (Cg\l (B(), ey BN)) = (Gg()\l, Ag), e ,G(]]V(/\l, )\2))
- NON+1 (— (O&N+1)EN+1
We denote an element u in (V') (— (V ) ) by

ug Uu;,0
u=| : |eW)®N* w=| : |eveNtl j—0.. . N

uy u; N

Let j € {0,..., N}. The action of GY(A1, A2) on the space (V')®N*1 is written as

N

Gian ) | 2 = |, wi=(1—q¢ )u;+q ZGg()\l)uu
uy Wy =0

wi =0, k 7é Js

and w; is written as

N
wir=1-¢ ) ur+q (1 —qg ) +q 2™ Z Byug.
1=0

(5.7)

We investigate composition of two convolutions. Let A, Ao € C and write the composition of

two convolutions as

Ch, (C)\l (Bo, NN ,BN)) = (Go()\l, )\2), ceey GN()\la AQ))

Then, G;(A1, A2) is an endomorphism of (V' )®NF1 and it admits the expression

Uup Wo N
Gianx) |+ =] | wi=dw 4> Gw,  wi=0, k#j
uy —_ i=0

and w; is written as
N
\ : ; Wik = AWk + AUy i + E Buy,.
1=0

By combining equation (5.8) with equation (5.7), we have

Gg(/\h)\z) = q*)\l*)ﬁGj (q,\1 e qm), j=0,....N.

(5.9)

Let us describe the vector space mc§ (mc} (V)), which is obtained by composition of two
2 1

g-middle convolutions. Set

M =mcl (V) =VENT/(K?+ L9(\y)).
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Write a representative element V(E (V@N+1)@N+1) in the space M®N*H1 a5

Vo

VN

The condition that a representative element v belongs to the space

K4y =ker Go(M) @ - - - @ ker Gy (\1)
is

G’;(/\l)vj € K9+ LI(\), j=0,...,N, (5.10)
and the condition that a representative element v belongs to the space

E?\A()‘Q) = ker((Gg()\l, Ag) + -+ G(]]V(Al, Az))’M@NH)
is

(GI(A1, Ag) + -+ -+ GL (A, o)) v € (K9 + £9(A\)) PV (5.11)

Let K%4(A1) and £2(\1, \2) be the subspaces of (V@N“)@NJrl determined by equations (5.10)
and (5.11) respectively. Then, the space

mcd_(mcf (V) = MEVTH /(K + La(A2))
is isomorphic to (V@N“)GBNH/(ICQ(M) + L9(\1, A2)) as the vector space, because
mcg, (meg (V)
= mey, (M) = MO/ (K + Lai(p2))
= ((VENE) SN (0 £90n) ) (001 00) 4 £900. A)) /(K + £7(0)) )
~ (VO EE ) + £100, A2)).

The action of mc} (mc} (Bo,...,By)) on the space mcs, (me (V) is induced by the tuple
(GE(M, A2), ..., G4 (A1, A2)) acting on (VENTL) , and we write
77”06?\2 (mcg\l (Bo, con ,BN)) = (@g()\l, /\2), e 7é(]]\]()\17 )\2)) (5.12)

The vector space mcy,(mcy, (V')), which is obtained by composition of two middle convolutions,
is described as

mey, (mex, (V) = (V)T + L0, h2)),
where the space (A1) (resp. £(A1, A2)) is characterized by the condition

Gj(Al)VjEK:-i-ﬁ()\l), 7=0,...,N,
(resp. (Go(A1, )\2) + -4 GN<)\1, /\2)>V S (IC + ﬁ(/\1)>®N+l). (5.13)

The action of mcy,(mey, (Bo,...,Bn)) on the space mcy,(mcey, (V)) is induced by the tuple
(Go(A1,A2),...,GN(A1, A2)) acting on (V@NH)@NH, and we write

mey, (mex, (Bo, - .., BN)) = (Go(M, A2), ..., GNn (A1, A2)). (5.14)
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It follows from equations (5.5), (5.9), (5.10), (5.11) and (5.13) that

Ki(A\1) = K(¢™ - 1), L9, A2) = L(g™M — 1,¢M T2 — g™M).

Therefore, the vector space mc‘i2 (mcg\1 (V)) is isomorphic to mec

follows from equation (5.9) that

ao1(V)), and it

Az A (mc

q q

Gi(A,A) = ¢ MG (¢ — 1, ¢ —gM),  j=0,...,N. (5.15)
The following theorem is obtained by Theorem 5.4 [3, Theorem 3.5].
Theorem 5.8. Assume that (V, B) satisfies (x) and (xx).

(7) (mc(){2 (n"Lcil(V)),mc‘i2 (mcil(B))) is isomorphic to (mc‘§\1+>\2(V),mc§1+)\2(B)) for any

A, Ao € C.
(ii) (mc, (mcl(V)),me’, (mcl(B))) is isomorphic to (V,B) for any X € C.

Proof. It follows from Theorem 5.4 that
(mchl+k2_qkl (mepy 1 (V) mepiin —gn (megpn g (B)))

is isomorphic to (mecpa a1 (V), mep+r, 1 (B)). By combining with equations (5.14), (5.12),
(5.15) and (5.6) for A = A; + A2, we obtain (i). We set Ay = —A; in (i). Then, we obtain
that (mc?, (mcf (V)),mel, (mc} (B))) is isomorphic to (mcf(V), mcf(B)), and it follows
from Proposition 5.7 that it is isomorphic to (V, B). [

The following theorem is obtained by Theorem 5.5 [3, Corollary 3.6].
Theorem 5.9. If (V, B) is irreducible, then (mc$(V), mcl(B)) is irreducible or V = {0}.

We describe an isomorphism between (mcf_(mc} (V)),mc}, (mc§ (B))) and (mc5 ., (V),
me§ ,,(B)) in the case A1 # 0 # Xa.

Proposition 5.10. Define the map ¢7: (V®N+1)®N+1 — VONFL by
N
¢1(v) =Y GIM)v;.
=0

This map induces an isomorphism @q between
(mcg\2 (mcg\1 (V)) , mc(/]\2 (mcg\1 (B))) and (mcilH\Q(V), mcg\ﬁ)\2 (B)),

if A £ 0% .

Proof. It was shown in [3] (see also [7, Section 7.5]) that the map ¢: (V@N“)@NJrl — VON+L
defined by

N
$(v) = Gy(m)v;
§=0
induces an isomorphism ¢ between

(mcuz (mcm V), MCpy (mcm (B))) and (mcuﬁ-uz(v)’ MCpuy+ps (B)),



36 Y. Arai and K. Takemura

if 1 #0# p2. Namely, the map ¢ is an isomorphism of the vector spaces between mc,,, (mc,, (V))
and mcy, +,(V), and it satisfies

(G, p2)v) = G + p2)o(v) (5.16)

for j =0,...,N and v € mcy,(mey, (V)). Set py = ¢ — 1 and pg = ¢M T2 — ¢M. Then, we
have ¢? = g* ¢. The map qﬁq is an isomorphism of the vector spaces between mcg\2 (mc‘f\1 (V)) (=
meu, (mey, (V) and mel 5 (V)(= mepy 1, (V). Tt follows from equations (5.6), (5.15) and
(5.16) that

(G (M, A2)v) = G (M + X))o (v),

because the scalar ¢***2 commutes with the linear map ¢9. Hence, the map aq is an isomor-
phism between (mcf_(mc§ (V)),mc}, (mc} (B))) and (mc} ,,,(V),mceS ., (B)). |

6 Concluding remarks

In this paper, we reformulated the ¢g-middle convolution. By applying the ¢g-middle convolution
and g-analogues of addition, we obtained several linear g-difference equations and their solu-
tions. We attached the spectral type, which was introduced by Sakai and Yamaguchi [13], to
these ¢-difference equations in Section 4.7. The spectral type would be useful for the study of
undiscovered linear g-difference equations.

On the limit ¢ — 1, the ¢-difference equation

N
By B;
?—FZ.’L’—I)Z

=1

Yigz) - Y(x)

—T

Y (x)

might be related with the Fuchsian system of differential equation.

The problem on finding similarities or differences between the linear system of differential
equation and the linear system of ¢-difference equation would not be studied very well. In
reference to this problem, we observe the limit ¢ — 1 of some g¢-difference equations appeared
in this paper

Let us recall equation (4.2), which is related to the g-hypergeometric equation. Set f/a = ¢”,
and assume that the parameter a does not depend on ¢. Then, equation (4.2) is written as

~ ~ A v
Y(gr)—Y(z) |1 1= alzd
qr — T |z 16q Ol—q
) 0 0 N
— 1— g+ 1—¢¢ 1—q¢ || Y(x). 6.1
+x_1/a S Nl A kM ek (z) (6.1)
1-—- 1—g¢q 1—¢q

As ¢ — 1, equation (6.1) tends to

d ~ 1=\ v 1 /0 0 \ls

—Y(z)= |- _ Y (x). 6.2

a7 L( 0 0>+x—1/a<u I/—)\):| (@) (6.2)
Note that this equation is obtained by the convolution c¢_) in equation (1.2) from the single
differential equation y' = {u/x + v/(x — 1/a)}y, which has a solution y = 2#(z — 1/a)".
Let yo(z) be the upper element of Y'(x). It follows from equation (6.2) that the function yo(x)

satisfies the hypergeometric differential equation by setting o = 1. Conversely, equation (4.2) is
a g-deformation of equation (6.2).
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We investigate the limit ¢ — 1 on the g-difference equation which is related to the generalized
g-hypergeometric equation of order 3. Set 8/« = ¢” in equation (4.15), and assume that o does
not depend on ¢. By dividing by 1 — g on equation (4.15) and taking the limit as ¢ — 1, we have

q 1 p—A+u =N v 0
d—G(x)z = 0 w=X
o 0 0 0
0 0 0
1 0 0 0
+ G(z). (6.3)
- AW
z—1/a w4 = 1/—1—u v—XN -\

The rank of the residue matrix about « = 1/« is one, and we obtain the generalized hypergeo-
metric equation of order 3 from equation (6.3) by setting o = 1 (see Oshima [12, Example 5.3]).

We discuss the limit ¢ — 1 on the equation (4.24). Set 8/a = ¢” and a/y = ¢” in equa-
tion (4.24), and assume that o does not depend on ¢. By dividing by 1 — ¢ on equation (4.24)
and taking the limit as ¢ — 1, we have

0 0 0
d 1 A\ + pv + /!
N — —_ _ _ . /
pC/COR Il PP TR S :
0 0 0
1 A=XN+v+v 0 1
+ 0 0 0 G(x). (6.4)
z—1/a 0 v =N+

The rank of the residue matrix about x = 0 is one, and we can obtain the generalized hyperge-
ometric equation of order 3 from equation (6.4) by setting o = 1 and replacing = with 1 — x.

A g-middle convolution by Sakai and Yamaguchi
Let B = (Bx;Bi,...,Bn) be the tuple of the square matrices of the same size and b =

(b1,ba,...,bN) be the tuple of the non-zero complex numbers which are different one another.
Sakai and Yamaguchi investigated the g-difference equation of the form

N .
V(@) = B@Y (@),  B)=Butd 1_Bx/b (A1)

Definition A.1 (g-convolution [13]). Let (Boo; Bi,...,Bn) be the tuple of m x m matrices
and A € C. Set By = I, — Boo — B1 — -+ — By. We define the ¢g-convolution c§Y: (Bxo; B1, - - -,
By) = (Foo; F1, ..., Fy) as follows:

F = (Fy; Fy,...,Fy) is a tuple of (N 4+ 1)m x (N + 1)m matrices,

(@)
Fi= By - Bi—(1—q"In - By|uw, 1<i<N,
(@)
By --- By
Fyo = I(N+1)m - F, F= . (A2>

By --- By
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The g-convolution in Definition A.1 induces the correspondence of the linear ¢-difference
equations

Y(qz) = B(@)Y (z) = Y(qz) = F(x)Y (),
N N
B; F;
B = BOO - /7 F = FOO Y
(.CI}) +;1—x/bi (:E) +;1—1’/bi
and it is related with a g¢-integral transformation, which was established by Sakai and Yam-
aguchi [13].

Theorem A.2 (cf. [13, Theorem 2.1]). Let Y(x) be a solution to equation (A.1). Set by = 0
and

(s/z9)
Py(z,s) = NN (A.3)

Define the function }/;(x) by

-~ Yo(z)
Vi(z) = ‘ PS)‘(_:E’;)Y(S)dqs, i=0,...,N, Y@=| : |. (A.4)
° 1 Y (z)

Then, the function 17(;1:) formally satisfies

N ' ~
V(gz) = (FOO s 1_12/6) V().
i=1 !

Note that the original theorem by Sakai and Yamaguchi was restricted to the case £ =1 in
the Jackson integral, and convergence was discussed in [2].

Definition A.3 (¢g-middle convolution, [13]). We define the subspaces K and £ of (C™)V*! as
follows;

ker By
K= : ) Ezker(F— (1—q/\)I(N+1)m).
ker B N
Then, the spaces K and £ are invariant under the action of Fj, and we denote the matrix induced

from the action of F}, on the quotient space (C™)N*1 /(KX + L) by Fy, (k=0,1,...,N,00). The
g-middle convolution mc§Y is defined by the correspondence

(Boo; Bl, - ,BN) — (Fodfl . ,FN)
(or the correspondence of associated g-difference equations).

In [13], the transformation ¢, (x € C) on the tuple of square matrices of size m’ was de-
fined by ¢, (Foo; F1,...,FN) — (Foo + (1 — ¢*) i Fi, ..., Fy), and the map ¥, was defined
by Wy = o mc§Y. The relation which was mentioned in equation (1.4) is described precisely
as the following proposition.

Proposition A.4 ([13, Proposition 4.12]). Under the conditions (x), (x*) in (5.1) and (5.2),
we have Wy, 0 Wy >~ Wy n i u_1)/10g¢-
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We compare the g-convolution and the g-middle convolution of Sakai and Yamaguchi with
the ones in this manuscript. The ¢-difference equation (A.1) is equivalent to

N
Y(gqz) - Y(x) B;
—_— = Y
—x ; z—b; (z)
by setting By = I, — Boo — B1 — -+ — BNAand bo = 0. On the matrices Go,G1,...,GN in

equation (3.1) and the ones F1,..., Fy, Fx, F' in equation (A.2), we have

~

G, = qf)\Fl, ...,.Gy = qf/\FN, Go+Gi+---+Gn = (1 — qi)\)I(N+1)m + qi)‘F.

Set Goo = IiNy1ym — Go — G1 — --- — Gn. Then, we have G = q*/\I(NH)m — q*’\ﬁ =
¢ *Fs. On the function Kgl)(x, s) in equation (3.3) and the function Py 2:1;, s) in equation (A.3),
there is a relation K)(\l)(x,s) =2 P)\(z,5). If we take K)(v,s) = K/\l (z,s), then we have
Y(x) = 7Y (z) on the functions Y (z) and Y (x) in equations (3.5) and (A.4). Hence, we
may regard the g-convolution CC)I\ as the composition of the g-convolution C§Y of Sakai and
Yamaguchi and the addition induced by the gauge transformation with respect to 2=*. Namely,
we have cg\ =add_yo ciY. If X\ is an integer, then we have

(M rs/asq)

-_— M1l =—s/z) M= (x—s)
(g5/wi 000 (L =s/) (#=9)

K/(\l)(x, s)=z

as ¢ — 1. Thus, the g-integral transformation with respect to the kernel function Kil)(x,s)
is a direct g-deformation of the Euler’s integral transformation, and the g-analogue by the
g-convolution cg\ would be more suitable from the aspect of the integral transformation.

B Supplement to Section 4.6

We derive single third-order g-difference equations from the systems of three g-difference equa-
tions obtained in Section 4.6 and also discuss their g-integral representations of solutions.

B.1 Supplement to Section 4.6.1

The single third-order g¢-difference equation for the function g;(x) from equation (4.44) is de-
rived as
(2z — 1)(gmz — 1) (*nz — 1) g1(¢*x) — ¢ > N [eapa® — capz+ ™ (1+ g+ )]
X(gmz — 1)g1 (QQiU) + q_2’\_2)‘/+1 [01,3963 — 01,2902 +cr17 — q2’\+2)‘/ (1 +q+ qz)]gl(qﬂﬁ)
- (q_’\ o — 1) (q_’\_A Brx — 1) (q_>‘_A Box — 1)91(30) =0, (B.1)
where
22 = ¢* (¢t aom + a1z + B1Ba),
21 = O+ AP+ B+ Bo) + TN (14 g)as,
c13 = (¢ B1Bam1 + ¢ araam + a1B152),

cro = {1 + @) (Br + B2) + qB1 52 + ¢ N (g + ag) + N (aras + B152)},
cia =AU+ O + M o + AT+ @)ar + q(1+ ) (81 + Ba) -

Each coefficient of g; (qjx) (j =0,1,2,3) is a cubic polynomial in z.
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We discuss g¢-integral representations of solutions. We obtain g-integral representations of
solutions Yy (x) to equation (4.42) by using the g-integral in equation (4.37) and the transforma-
tion in equation (4.41). By the g-integral transformation induced from the g-convolution ci, and
the transformation by the matrix P, we obtain formal g-integral representations of solutions to
equation (4.44). The formal g-integral representation for ¢;(z) is expressed as

f’oo [? / ; go0 K t
91(16) :/ A (.%',S) ('Ylsy.Q)oo /\(37 )y(t)d td.s
o s—1/m(us@e o t—1/m
where K/ (z,5) and K)(s,t) are functions which satisfy equation g3.2), and y(t) is a function
which satisfies equation (4.34). By specializing to Ky (x,s) = K/(\} (x,5), Kx(s,t) = K/(\l)(s,t)
and y(t) = (aat, ast; @)oo/ (B1t, P2t; @)oo, the formal solution to equation (B.1) is written as

v [ (N s/ ansia) (60 (@M s, qaat, antiq)
g1(z) = iz ] dgtdys.
0 (QS/JT, a1s; q)OO 0 (qt/8761t762t; Q)OO

We need to examine the condition that a formal solution converges and it is an actual solution
to equation (B.1), and we do not discuss it here.

The single third-order g¢-difference equation for the function gs(x) from equation (4.45) is
derived as

(m1z — 1)(gmiz — 1)(gyex — 1) (¢*yax — 1) g3 (¢*x)

1772
—-q {q2 ;72 (aras + garas + ¢ 1 BiB)a? + e + ¢V (1 + g+ ¢°) }(’Ylﬂ? - 1)

x (gy2x — 1)g3(¢z) + q_2)‘,+1{34:1:4 + s32° + s91” + s12 4 ¢* (1+q+¢*) }gs(qx)
— (N anz —1) (¢ gz — 1) (5171723} — 1> <627172x — 1> g3(x) =0, (B.2)

(65K %] (65K %]
where

q / /

T = *@{QA H(ﬁl + B2)1172 + qA aroe(y1 + qy2) + qoqa(ar + Ozz)},
NPV

54=q 06172{61 B1B2(l+ q) + cnan},

172
53 = QZQlQ (NP araz(aras +7172) (81 + Ba) + q(afad + ¢ B1Bamine) (a1 + az)

1

+¢" araz(aras + qB1B2) (71 + 472) }
q

2= —5 (¢ fa3(n + gn) (a1 + a2) + ¢¥ efednra (¢ + 1+ q)

0‘1 2
+q a1027172{Q(a1 +ag) + ¢V (11 + av2) }(B1 + B2)
+ VB oy (e 4+ Yi79) + goiaj],

)\/
q 1+q ’
o ( ){qu

a0 N72(B1 + Ba2) + ¢V aroa (1 + q72) + qonas(ay + ag)}.

Each coefficient of g3 (qj x) (j = 0,1,2,3) is a quartic polynomial in z. Remark that the co-
efficients in equation (B.2) are expected to be characterized by some underlying structural
conditions of equation (4.45).

By the g¢-integral transformation induced from the g-convolution cg\, and the transformation
by the matrix P, we obtain formal g-integral representations of solutions to equation (4.45), and
they include the expression

 —ag(og —az)ye §'o0 ( /\+1$/x V1S, 47283 Q)Oo A
93(7) = (a1 — B1)(o1 — 52)96 /0 (gs/z, 018, @25;q) oo
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(—o1 —ag + B1 + Ba + (a1ag — B152)t)dgtdys,

/50" (¢*1t/s, qout, qaot; q)
X

0 (qt/s, Bit, Bat; ) oo
where ¢ = ajas/(7172). Since the assumption of Theorem 3.2 is not satisfied in general

for this case, the formal ¢-integral representations may not satisfy the designated g-difference
equation, and we need to discuss more to obtain actual solutions.

B.2 Supplement to Section 4.6.2
The single third-order g¢-difference equation for the function gs(x) from equation (4.46) is de-
rived as
(Pasz — 1) (mz — 1)(gmz — 1)(grez — 1) (¢°1ez — 1) g3(¢°z)
+ {ts2® + t22® + iz + (1 + ¢+ ¢*) f(mz — 1) (g2 — Dgs(a’x)
+ {usz® + ugz? + uga® + upr® + wiz — (1 + g+ ¢%) }g3(qx)

_ (51’7172x B 1) (5271’7236 B 1) (ﬁ?fh’mm B 1)
109 109 109

" (51%253717296 B 1) <51525z2%’71’72x B 1) g5(z) = 0, (B.3)
Qaiao0s3 10503
where
81828373
ty=—¢’(1+q+¢°) =557,
a1y
to — o Y172
2= ¢ —5—5—{(1+q)B1B283m172 + qo3B18283 (1 + q72)
ajosas
+ qarasas B (B + B3) + qarasad(ar + as) + qarasasBafBs
t=—— q2 {(1+ q)gaia3ad + qarasaszyiye(Br + B2 + B3)
+ qB1B2Bsm1v2(cn + ) + afadas (v + q2) }
8183637173
us = ¢* (14 q+ ¢*) T2,
¢ B1B2B37i7s
uy = — 52 {B1B2B3m172 + (1 + @)z 18283 (n1 + q72)
a1a2a3
+ (1 + q)arasas(B182 + BafBs + B31) + (1 + q)arasai(ar + as) },
2.2 2
u3z = 2421%22 [ coasB1B2B3(71 + q72) (anag + qasas + qasar + qB1S82 + qB2Bs + aBsPr)
103

+ qarasas B BeBsnie(Br + B + Bs) + aBiB3 B3z + a2 + gas)
+ qaranasfi Pefz{aran(Br + B2 + F3) + (1 + g)anazas}
+ gafadaj (o + a2)(B1B2 + BoBs + B3b1) + qaiadad),

2
ug = — qﬁ?i {qasB1B283m17v2(a1 + az2)(B1 + B2 + B3)
a3

+ gonaza3 (8182 + B2Bs + B3pr)

+ (1 + @)arazaz B 82837172 + arasasBif283(71 + q12) (o1 + a2 + qas)
+ajaza3(v1 + q72) (B1 + B2 + B3) + afezal(cnas + qasas + gazar)
+ qoia303(B182 + B2Bs + B3fr) + aBiB3 B3},
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q
w = —5—5—{*efa3ad + (1 + q)qarasasyiv2 (B + B2 + Bs3)

+ (1 + g)afasas(n + ¢12) + (1 + Q)gB1Bafsmina(on + a2) }.

Each coefficient of g3 (qj x) (j = 0,1,2,3) is a polynomial in x of degree 5. Remark that the
coefficients in equation (B.3) are expected to be characterized by some conditions inherent in
equation (4.46).

By the g-integral transformation induced from the g-convolution ¢, and the transformation
by the matrix P, we obtain formal g-integral representations of solutions to equation (4.46), and
they include the expression

o) = el ol a0 o | € (¢ s/ r s, anasia)
(a1 — B1)(c — B2) (a1 — B3)a 0 (gs/x, 018, 2255 q) oo
s 8 (Mt /s, qont, qaot, qast;q)
/0 (qt/s, Bit, Pat, Bst; @)oo

X

— not)d,td
1— ags (M — n2t)dgtdys,

where

¢ = B182Bs/ (1a203), ¢ = aladasz/(B1B2B57172),
m = aroe(ar + az) — aqaa(Br + B2 + B3) + B1820s, and
N2 = afas — aras (B P2 + BafBs + B3B1) + (a1 + a2)Bi B2

Since the assumption of Theorem 3.2 is not satisfied in general for this case, the formal g-integral
representations may not satisfy the designated g-difference equation, and we need to discuss more
to obtain actual solutions.

Acknowledgements

The authors are grateful to the anonymous referees for their insightful comments, which helped to
improve the manuscript. The second author was supported by JSPS KAKENHI Grant Number
JP22K03368.

References

[1] Arai Y., Solutions to g-hypergeometric equations associated with g-middle convolution, arXiv:2403.02662v2.

[2] Arai Y., Takemura K., On g-middle convolution and ¢-hypergeometric equations, SIGMA 19 (2023), 037,
40 pages, arXiv:2209.02227.

[3] Dettweiler M., Reiter S., An algorithm of Katz and its application to the inverse Galois problem, J. Symbolic
Comput. 30 (2000), 761-798.

[4] Dettweiler M., Reiter S., Middle convolution of Fuchsian systems and the construction of rigid differential
systems, J. Algebra 318 (2007), 1-24.

[5] Fujii T., Nobukawa T., Hypergeometric solutions for variants of the g-hypergeometric equation,
arXiv:2207.12777.

[6] Gasper G., Rahman M., Basic hypergeometric series, 2nd ed., Encyclopedia Math. Appl., Vol. 96, Cambridge
University Press, Cambridge, 2004.

[7] Haraoka Y., Linear differential equations in the complex domain. From classical theory to forefront, Lecture
Notes in Math., Vol. 2271, Springer, Cham, 2020.

[8] Hatano N., Matsunawa R., Sato T., Takemura K., Variants of ¢-hypergeometric equation, Funkcial. Ekvac.
65 (2022), 159-190, arXiv:1910.12560.

[9] Jimbo M., Sakai H., A g-analog of the sixth Painlevé equation, Lett. Math. Phys. 38 (1996), 145-154,
arXiv:chao-dyn/9507010.


http://arxiv.org/abs/2403.02662v2
https://doi.org/10.3842/SIGMA.2023.037
http://arxiv.org/abs/2209.02227
https://doi.org/10.1006/jsco.2000.0382
https://doi.org/10.1006/jsco.2000.0382
https://doi.org/10.1016/j.jalgebra.2007.08.029
http://arxiv.org/abs/2207.12777
https://doi.org/10.1017/CBO9780511526251
https://doi.org/10.1017/CBO9780511526251
https://doi.org/10.1007/978-3-030-54663-2
https://doi.org/10.1619/fesi.65.159
http://arxiv.org/abs/1910.12560
https://doi.org/10.1007/BF00398316
http://arxiv.org/abs/chao-dyn/9507010

Reformulation of g-Middle Convolution and Applications 43

(10]
(11]

(12]

(13]

Kakei S., Kikuchi T., A g-analogue of 5[3 hierarchy and ¢-Painlevé VI, J. Phys. A 39 (2006), 12179-12190,
arXiv:nlin.ST/0605052.

Katz N.M., Rigid local systems, Ann. of Math. Stud., Vol. 139, Princeton University Press, Princeton, NJ,
1996.

Oshima T., Classification of Fuchsian systems and their connection problem, in Exact WKB Analysis and
Microlocal Analysis, RIMS Kékyturoku Bessatsu, Vol. B37, Research Institute for Mathematical Sciences
(RIMS), Kyoto, 2013, 163192, arXiv:0811.2916.

Sakai H., Yamaguchi M., Spectral types of linear g-difference equations and g-analog of middle convolution,
Int. Math. Res. Not. 2017 (2017), 1975-2013, arXiv:1410.3674.

Sasaki S., Takagi S., Takemura K., g-middle convolution and ¢-Painlevé equation, SIGMA 18 (2022), 056,
21 pages, arXiv:2201.03960.

Takemura K., Degenerations of Ruijsenaars—van Diejen operator and g-Painlevé equations, J. Integrable
Syst. 2 (2017), xyx008, 27 pages, arXiv:1608.07265.

Takemura K., On g-deformations of the Heun equation, SIGMA 14 (2018), 061, 16 pages, arXiv:1712.09564.

Takemura K., Kernel function, g-integral transformation and ¢-Heun equations, SIGMA 20 (2024), 083,
22 pages, arXiv:2309.09341.

Yamaguchi M., The rigidity index of the linear g-difference equation and the ¢g-middle convolution, Master
Thesis, University of Tokyo, 2011.


https://doi.org/10.1088/0305-4470/39/39/S11
http://arxiv.org/abs/nlin.SI/0605052
https://doi.org/10.1515/9781400882595
http://arxiv.org/abs/0811.2916
https://doi.org/10.1093/imrn/rnw089
http://arxiv.org/abs/1410.3674
https://doi.org/10.3842/SIGMA.2022.056
http://arxiv.org/abs/2201.03960
https://doi.org/10.1093/integr/xyx008
https://doi.org/10.1093/integr/xyx008
http://arxiv.org/abs/1608.07265
https://doi.org/10.3842/SIGMA.2018.061
http://arxiv.org/abs/1712.09564
https://doi.org/10.3842/SIGMA.2024.083
http://arxiv.org/abs/2309.09341

	1 Introduction
	2 q-analogues of addition
	3 q-middle convolution and convergence
	4 q-hypergeometric equation and generalization
	4.1 q-hypergeometric equation
	4.2 Generalized q-hypergeometric equation of order 3
	4.3 Another generalized q-hypergeometric equation
	4.4 q-convolution and q-Jordan Pochhammer equation
	4.5 q-middle convolution and variants of q-hypergeometric equation
	4.6 Third-order extension of variants of q-hypergeometric equation
	4.6.1 Extension of variant of q-hypergeometric equation of degree 2
	4.6.2 Extension of variant of q-hypergeometric equation of degree 3

	4.7 Spectral type of equation

	5 Composition of q-middle convolution
	6 Concluding remarks
	A q-middle convolution by Sakai and Yamaguchi
	B Supplement to Section 4.6
	B.1 Supplement to Section 4.6.1
	B.2 Supplement to Section 4.6.2

	References

