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Abstract. For a noncommutative algebra A and an antilinear automorphism ρ of A, there
is a notion of a positive trace. When we have a three-dimensional N = 4 gauge theory
or four-dimensional N = 2 gauge theory compactified on a circle, classification of positive
traces on its Coulomb branch A can give a better understanding of this theory. We classify
positive traces on A in two cases. The first case is when A is a quantization of a Kleinian
singularity of type D, with certain restriction on the quantization parameter. The second
case is when A = KSL(2,C[[t]])⋊C×

q (GrPGL2
) is an algebra containing K-theoretic Coulomb

branches of pure SL(2) and PGL(2) gauge theories.
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1 Introduction

Let A be an algebra with an automorphism g. All algebras will be associative, unital and over C.
A twisted trace is a map T : A → C such that T (ab) = T (bg(a)) for all a, b ∈ A.

Let ρ be an antilinear automorphism of A and g = ρ2. A g-twisted trace T is called positive
if T (aρ(a)) > 0 for all nonzero a ∈ A. In this case, (a, b) = T (aρ(b)) is a positive definite
Hermitian form on A satisfying (aρ(b), c) = (a, bc).

In the case when A is filtered, Etingof and Stryker [12] proved that twisted traces satisfying
a certain nondegeneracy condition correspond to short nondegenerate star-products on grA
introduced by Beem, Peelaers and Rastelli [2]. Positive traces correspond to unitary short star-
products. In the case when A comes from a superconformal field theory, there is a certain unitary
short star-product on grA that reflects the properties of the corresponding field theory. In some
cases, a positive trace is unique up to scaling, which allows us to compute the corresponding
unitary short star-product.

Another physical motivation comes from the work of Gaiotto [13] and Gaiotto and Tesch-
ner [15]. When A is a quantized Higgs/Coulomb branch of a superconformal field theory, there is
a certain physically motivated choice of a conjugation ρsph and a trace Tsph. We call Tsph sphere
trace. Physicists expect Tsph to be positive and it would be useful to have a mathematical proof
of that. The sphere trace was introduced by Gaiotto and Okazaki [14], where they proposed
a formula for the sphere correlation functions of Coulomb/Higgs operators in terms of the sphere
trace.

The algebra A does not have to be filtered, and Gaiotto and Teschner consider K-theoretic
Coulomb branches. An advantage of K-theoretic Coulomb branches is that ρsph-positive trace
should always be unique up to scaling. A mathematical proof of that is much more complicated
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than just proving positivity of Tsph and the uniqueness statement is very useful for the following
reason.

Suppose that A indeed has a unique ρshp-positive trace Tsph. In this case, we canonically
produce a Hilbert space H with an action of A×Aop as follows. The space H be a completion
of A with respect to (a, b) = Tsph(aρsph(b)) and A acts on H by unbounded operators of left
and right multiplication La, Ra. The pair (A,H) is useful for understanding the superconformal
field theory that A came from. See [15, Section 1.3] for the discussion of class S theories and
the uniqueness of the trace. The same motivation applies to K-theoretic Coulomb branches of
not necessarily conformal supersymmetric gauge theories; see [15, Section 2.2] for the discussion
of how do non-conformal theories fit into their picture.

In this article, we classify positive traces in the following two cases, described in more details
below. The first is when A is a deformation of a Kleinian singularity of type D satisfying
a certain condition; we study this case in Sections 2–6. The second is when A is an algebra
containing quantized K-theoretic Coulomb branches of pure SL(2) and PGL(2) gauge theories;
we study this case in Sections 7–9. In particular, our results imply that the sphere trace Tsph is
positive when A is the quantized K-theoretic Coulomb branch of pure SL(2) or PGL(2) gauge
theory.

The first case we study deals with Kleinian singularities. A Kleinian singularity is a quo-
tient C2/G, where G is a finite subgroup of the special linear group SL2(C). The Kleinian
singularity C2/G has as its coordinate ring the commutative graded algebra A = C[u, v]G of
G-invariant polynomials in two variables.

Finite subgroups of SL(2,C) are classified up to conjugation by simply-laced Dynkin dia-
grams. The An−1 diagram corresponds to the cyclic subgroup generated by(

e
2πi
n 0

0 e−
2πi
n

)
.

The Dn−1 diagram corresponds to the group generated by(
e

πi
n 0

0 e−
πi
n

)
and h =

(
0 1
−1 0

)
,

which contains Z/2nZ as a subgroup of index two. The element h defines an automorphism
of C[u, v]Z/2nZ of order two and the invariant subalgebra is precisely the Kleinian singularity of
type Dn−1. When the value of n is not relevant, we refer to such singularities as being of type D
without reference to n.

Kleinian singularities are graded algebras. We can look at their noncommutative filtered
deformations, that is, filtered associative algebras A with associated graded algebra grA equal
to A, and try to classify positive traces on these deformations. Twisted and positive traces on
deformations and q-deformations of Kleinian singularities of type A were classified by the first
author with Etingof, Rains, Stryker in [11] and in [17]. From a physical point of view, positive
traces were studied in [7, 8, 9, 10].

In the first part of the article, we consider the case of deformations of type D. Not all
deformations of Kleinian singularities of typeD can be obtained as a subalgebra inside a Kleinian
singularity of type A, but in the first part we consider the ones that do. Moreover, we assume
that the quantization parameter is generic.

We obtain classification results for traces on deformations of Kleinian singularities of type D
analogous to those obtained in [11] for type A. Our most important result in this direction is
the following theorem.
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Theorem (Theorem 6.5). Under assumptions described in Section 6, all positive traces of filtered
deformations of Kleinian singularities of type D are restrictions of positive traces of filtered
deformations of Kleinian singularities of type A.

We outline the technical preliminaries for our work on deformations of Kleinian singularities
in Section 2. Then, in Section 3, we introduce several algebra elements which are important for
our results and prove various identities and relations among them. We characterize traces of
deformations of Kleinian singularities of type D that satisfy the assumptions above in Section 4,
and use this characterization to obtain an analytic formula for traces in Section 5. Finally, in
Section 6, we prove our main result regarding positive traces of filtered deformations of Kleinian
singularities of type D.

We now turn to the second part of the article.

Let G be a complex reductive group and N be a representation of G. One can construct
a supersymmetric gauge theory from this data. There are two algebraic varieties associated to
this theory – the Higgs and Coulomb branches. A mathematical definition of Coulomb branches
was given by Braverman, Finkelberg and Nakajima in [4].

In the case when N = 0, the Coulomb branch was computed earlier in [3], it is isomorphic
to the universal centralizer scheme ZǦ

ǧ for the Langlands dual group. Other examples include
slices in the affine Grassmannian for type ADE simple Lie groups [5], in particular the nilpotent
cone Nsln is a Coulomb branch. For the proof of the last assertion, see the last remark in [16],
for example.

Each Coulomb branch MG,N = SpecAG,N comes with a quantization of its ring of func-
tions Aℏ

G,N . For example, any quantization of the nilpotent cone algebra C[Nsln ] is a central
reduction of U(sln). This example provides a link between positive traces on quantized Coulomb
branches and infinite-dimensional unitary representations of simple complex Lie groups. For an
example of how this works in the case when n = 2, see [18, Section 4.3, pages 43 and 46].

In [4, Lemma 6.9], it is proved that in the case of G = SL2(C) Coulomb branches are exactly
type Dn Kleinian singularities xy2 = z2 + xn−1 plus three exceptions: the cases n = 2, n = 1
of this equation, and the surface xy2 = z2 + y. If we take the representation N =

(
C2
)m

, we
get n = m. In the notation of [4], the representation is denoted by N and our n corresponds
to N in Lemma 6.9. This fact motivates the title of the article, but we do not use any facts
about Coulomb branches in the first part of the article.

The Coulomb branch algebra AG,N is defined as equivariant homology of an infinite-dimen-
sional scheme RG,N . Changing homology to K-theory, we also get an algebra, called the K-
theoretic Coulomb branch algebra. Physically, we take 4-dimensional gauge theory with the
same group G and matter M , and compactify it on a circle. Algebraically, a deformed K-
theoretic Coulomb branch algebra Aq

G,N is a certain q-deformation of AG,N .

In the second part of the paper, we consider the algebra A introduced by Gaiotto and
Teschner in [15, Section 3.5]. This algebra contains K-theoretic Coulomb branches of pure SL(2)
and PGL(2) gauge theories in the following sense. Gaiotto and Teschner use the description of
Coulomb branch via the abelianization map, also known as the localization map in the math-
ematical literature. In our case, the target of the localization map is a certain localization W
of a q-Weyl algebra W0 = C⟨u, v⟩/(vw − qwv). Then A is generated by the images of Aq

SL(2),0
and Aq

PGL(2),0 inW . In Section 7, we will describe A and its connection to the BFN construction
and show that there exist involutions τ1, τ2 of A such that Aq

SL(2),0 = Aτ1 and Aq
PGL(2),0 = Aτ2 ,

the fixed point subalgebras.

While A does not exactly fit into the sequence of q-deformations of Kleinian singularities
of type D, one could use a similar strategy to classify positive traces on deformed K-theoretic
Coulomb branches with the gauge group SL(2) or PGL(2). Also, Kauffman skein algebras should
be equal to the “enlarged” Coulomb branches constructed similarly to Section 7. Allegretti and
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Shan proved in [1] in the paragraph after Proposition 5.5 that the skein algebra for the once-
punctured torus is isomorphic to KSL(2,C[t]×C[t]×)⋊C×

q (RPGL(2),sl2). The latter algebra is the
universal flavor deformation of a modified BFN construction in the case when N = sl2 is the
adjoint representation.

We classify positive traces on A with respect to an involution ρ = ρm that depends on an
integer m. In the case when m = 2 this involution coincides with the one considered by Gaiotto
and Teschner, and we further prove that the positive trace is unique up to scaling.

In Section 7, we describe A and prove a proposition that describes the full image of A in
the localized q-Weyl algebra W . In Section 8, we describe traces in terms of a quasi-periodic
function ω holomorphic on C×. In Section 9, we express the positivity condition on T in terms
of the behavior of ω on S1 and

√
qS1, finishing the classification. The answer is given by the

following theorem.

Theorem (Theorem 9.4). Positive traces on A are in one-to-one correspondence with holomor-
phic functions ω on C× such that

(1) ω(qz) = q−
m
2 z−mω(z);

(2) ω(z) = ω
(
z−1
)
;

(3) ω(1) = ω(−1) = 0;

(4) ω(z) and z−
m
2 ω
(√

q−1z
)
are nonnegative on S1.

The convex cone of such functions ω has real dimension m
2 − 1. In particular, for m = 4

there is a unique positive trace up to a constant.

Part 1: Deformations of type D

2 Preliminaries

Throughout Sections 2–6, we fix a positive even integer n with m = n
2 and denote ε = exp

(
2πi
n

)
.

For a finite subgroup G of the special linear group SL2(C), the Kleinian singularity C2/G has
as its coordinate ring the commutative graded algebra A = C[u, v]G of G-invariant polynomials
in two variables, with the action of G on A defined by[

a b
c d

]
· P (u, v) = P (au+ bv, cu+ dv).

We are interested in the case when G = Dn, the dicyclic group generated by elements

g =

[
ε 0
0 ε−1

]
, h =

[
0 1
−1 0

]
with gn = h4 = ghgh−1 all equal to the group identity and gm = h2. The group Dn acts
on C[u, v] by g · u = εu, g · v = ε−1v, h · u = v, h · v = −u, and the invariant polynomials
generating A are u2v2, un + vn, and uv(un − vn).

All elements of the algebra A are sums of homogeneous polynomials, so A is graded by the
degree of homogeneous polynomials. We consider filtered deformations A of A, that is, filtered
associative algebras A with associated graded algebra grA equal to A. In particular, we make
use of the Crawley–Boevey–Holland [6] filtered deformations. Let C[x, y]#G be the skew group
algebra constructed from the vector space C[x, y]⊗ C[G] with multiplication given by

(P ⊗ g)(Q⊗ h) = Pg(Q)⊗ gh,
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where P and Q are polynomials, g and h are group elements, and g(Q) denotes the action of g
on Q. For an element c of the center Z(C[G]) of the group algebra, let

Hc = (C[x, y]#G)/(xy − yx− c).

For the idempotent e = 1
|G|
∑

g∈G g, let Oc = eHce, which is an algebra with unit e. Lo-
sev [19, Theorem 3.4] proved that for any finite subgroup G of SL2(C), any filtered deformation
of C[x, y]G is isomorphic to some algebra Oc with c ∈ Z(C[G]).

Definition 2.1. A trace on A is a linear function T : A → C satisfying T (ab) = T (ba) for
all a, b ∈ A.

We only consider traces on noncommutative algebras, so by [6, Theorem 0.4 (1)], we may
assume the coefficient of c on the group identity is nonzero. Also, by [6, Theorem 0.4 (2)] that
for c outside a finite set of hyperplanes, the algebra Oc is Morita equivalent to Hc. We consider
only such c, which we call generic. We claim that for generic c any trace on Oc is a restriction
of a trace on Hc.

This implication of Theorem 0.4 (2) is proved in Corollary 6.4, in particular the Morita
equivalence is given by bimodules eHc and Hce. Now, for any two Morita equivalent algebras A
and B with Morita equivalence given by an (A − B)-bimodule M and a (B − A)-bimodule N
there is one-to-one correspondence between traces on A and B given by

TB

(∑
i

ni ⊗A mi

)
= TA

(∑
i

mi ⊗B ni

)
.

The map TB is well-defined because TA is a trace and the map TB is a trace because TA is
well-defined. Applying this to A = Hc, B = Oc, we get

TB

(∑
ni ⊗A mi

)
= TA

(∑
mi ⊗B ni

)
= TA

(∑
mini

)
= TA

(∑
nimi

)
,

where we used that TA is a trace in the last step. Now,
∑
ni⊗Ami corresponds to just

∑
nimi,

hence TB is the restriction of TA to Oc.

For a classification of traces on Oc, it therefore suffices to characterize traces on Hc.

Letting Cn denote the cyclic group of n elements, we further assume that c is in C[Cn]. Then
in the algebra Hc, the following hold:

gx = εxg; gy = ε−1yg; hx = yh;

hy = −xh; xy − yx = c =
n−1∑
i=0

cig
i, with c0 ̸= 0, ci = c−i for all i.

Here the equality ci = c−i holds because c is in Z(C[Dn]) and the conjugacy classes of Dn are of
the form

{
gi, g−i

}
,
{
g2ih | i ∈ Z

}
, and

{
g2i+1h | i ∈ Z

}
.

We close this section with a definition of positive traces.

Definition 2.2. For an algebra B and an antilinear automorphism ρ : B → B such that ρ2 = id,
a trace T on B is said to be positive if T (aρ(a)) > 0 for all nonzero a in B.

The antilinear automorphism we study is defined on Hc by ρ(x) = y, ρ(y) = −x, ρ(g) = g,
ρ(h) = h. We return to positive traces in Section 6.
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3 Algebra identities and relations

In this section, we introduce several important algebra elements and describe relations between
them. The proofs are routine, but we provide them for the sake of completion.

Recall that c =
∑n−1

i=0 cig
i, with g a generator of Dn such that gn is the group identity,

and ε = exp
(
2πi
n

)
. Let

k =
1

c0

(
xy +

n−1∑
i=1

cig
i

εi − 1

)
− 1

2
.

The following lemma describes commutativity relations involving k which are important for our
results.

Lemma 3.1. The following equalities hold in Hc:

� gk = kg;

� hk = −kh;
� [k, x] = −x;
� kx = x(k − 1);

� [k, y] = y;

� ky = y(k + 1).

Proof. Because gxy = εxgy = xyg, it is clear that g and k commute. Also, we have

hk =
1

c0

(
hxy +

n−1∑
i=1

hcig
i

εi − 1

)
− h

2
=

1

c0

(
−yxh+

n−1∑
i=1

cig
−ih

εi − 1

)
− h

2

=
1

c0

(
c− xy +

n−1∑
i=1

cig
i

ε−i − 1

)
h− h

2
= − 1

c0

(
xy +

n−1∑
i=1

cig
i

εi − 1

)
h+

h

2
= −kh.

We now prove the commutation relations with x and y. We have xyx = x(xy − c) = x2y − xc,
so

[k, x] =
1

c0

(
xyx− x2y +

n−1∑
i=1

cig
ix− xcig

i

εi − 1

)
=

1

c0

(
−xc+

n−1∑
i=1

εixcig
i − xcig

i

εi − 1

)

=
1

c0

(
−xc+ x

n−1∑
i=1

cig
i

)
= −x.

It follows immediately that kx = x(k − 1), and the commutation relations with y follow by
conjugating the commutation relations with x by h. ■

Now let

eq =
1

n

n−1∑
i=0

εiqgi

for integers q. Note that eq = eq+n for all q. The elements eq form an important basis for C[Cn],
and it is often convenient to express elements of Hc using eq. The following lemma describes
relations involving eq.
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Lemma 3.2. The following equalities hold in Hc:

� eqg
i = gieq = ε−iqeq;

� heq = e−qh;

� eqx = xeq+1;

� eqy = yeq−1;

� eqk = keq;

� epeq = δp,qeq, where δ is the Kronecker delta.

Proof. Clearly, gi and eq commute. We have

gieq =
1

n

n−1∑
j=0

εjqgi+j =
1

n

n−1∑
j=0

ε(j−i)qgj = ε−iqeq

and

heq =
1

n

n−1∑
i=0

εiqhgi =
1

n

n−1∑
i=0

εiqg−ih = e−qh,

proving the commutation relations with group elements. Also,

eqx =
1

n

n−1∑
i=0

εiqgix =
1

n

n−1∑
i=0

εiq+ixgi = xeq+1,

and conjugating by h, we obtain eqy = yeq−1. It follows from the established commutation
relations that eq commutes with xy and each gi, so eq commutes with k. Finally, we have

epeq =
1

n

n−1∑
i=0

εipgieq =
1

n

n−1∑
i=0

εi(p−q)eq.

If p = q, then all terms in the sum are equal to eq, so epeq = eq. If p ̸= q, then
∑n−1

i=0 ε
i(p−q) = 0,

so epeq = 0. ■

Finally, we define

αq =
1

c0

n−1∑
i=1

ciε
−iq

εi − 1

for integers q, and once again observe that αq = αq+n for all q. The elements αq have an
important symmetry and allow for useful transitions from complicated expressions involving eq
to scalar multiples of eq, as shown by the following lemma.

Lemma 3.3. The following statements hold in Hc:

� αq = −α−q−1;

� the elements αp and eq satisfy

αpeq =
1

c0

(
n−1∑
i=1

ciε
i(q−p)gi

εi − 1

)
eq.
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Proof. We have

αq =
1

c0

n−1∑
i=1

ciε
−iq

εi − 1
=

1

c0

n−1∑
i=1

c−iε
−iq

εi − 1
=

1

c0

n−1∑
i=1

ciε
iq

ε−i − 1
=

1

c0

n−1∑
i=1

ciε
i(q+1)

1− εi

= − α−q−1.

We also have

αpeq =
1

c0

n−1∑
i=1

ciε
−ipeq

εi − 1
=

1

c0

n−1∑
i=1

ciε
i(q−p)ε−iqeq
εi − 1

=
1

c0

(
n−1∑
i=1

ciε
i(q−p)gi

εi − 1

)
eq,

proving the lemma. ■

The elements eq are a basis for C[G], so we may write

k =
1

c0

(
xy −

n−1∑
q=0

βqeq

)
, or xy = c0k +

n−1∑
q=0

βqeq,

for complex numbers βq and extend the βq modulo n, so that βq = βq+n for all integers q. More
generally, we have the following lemma.

Lemma 3.4. For all positive integers a, the elements xaya and yaxa are polynomials in k and
group elements given by

xaya =
a−1∏
i=0

(
c0(k + i) +

n−1∑
q=0

βq+ieq

)
,

yaxa = (−1)a
a−1∏
i=0

(
c0(−k + i) +

n−1∑
q=0

βq+ie−q

)
.

Also, the elements xayaeq and yaxaeq can be written as polynomial expressions in k multiplied
by eq as follows

xayaeq = eq

a−1∏
i=0

(c0(k + i) + βq+i),

yaxaeq = (−1)aeq

a−1∏
i=0

(c0(−k + i) + β−q+i).

Proof. We prove the polynomial expression for xaya by induction, with the base case of a = 1
true by definition. Assume that xayaeq = eq

∏a−1
i=0

(
c0(k + i) +

∑n−1
q=0 βq+ieq

)
. Then

xa+1ya+1 = xa

(
c0k +

n−1∑
q=0

βqeq

)
ya = xaya

(
c0(k + a) +

n−1∑
q=0

βqeq−a

)

= xaya

(
c0(k + a) +

n−1∑
q=0

βq+aeq

)
=

a∏
i=0

(
c0(k + i) +

n−1∑
q=0

βq+ieq

)
,

as needed. The analogous claim for yaxa follows from conjugation by h. The expressions
for xayaeq and yaxaeq follow using the statement that epeq = δp,qeq from Lemma 3.2. ■

The numbers βq are related to the αq by the following lemma.
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Lemma 3.5. For all q, we have βq =
c0
2 − c0αq.

Proof. By Lemma 3.3, we have

xyeq =

(
c0k +

c0
2

−
n−1∑
i=1

cig
i

εi − 1

)
eq =

(
c0k +

c0
2

− c0αq

)
eq.

Also, by definition, xyeq = (c0k + βq)eq. Thus

(c0k + βq) eq =
(
c0k +

c0
2

− c0αq

)
eq, βqeq =

(c0
2

− c0αq

)
eq,

whence it follows that βq =
c0
2 − c0αq. ■

4 Characterization of traces

In this section, we study traces using basis elements of the form xiR(k)eq, y
iR(k)eq, x

iR(k)eqh,
and yiR(k)eqh, with R(k) ∈ C[k]. Let T be a trace on Hc. We begin with a lemma about the
values T (eqh).

Lemma 4.1. If m ∤ q, then T (eqh) = 0.

Proof. It follows from the definition of a trace that the value of T must be equal on all conjugacy
classes of Dn. This gives

T (eqh) =
1

n
T

(
n−1∑
i=0

εiqgih

)
=

1

n

(
m−1∑
i=0

ε2iq

)
T (h) +

1

n

(
m−1∑
i=0

ε(2i+1)q

)
T (gh)

=
1

n

(
m−1∑
i=0

ε2iq

)
T (h) +

1

n
εq

(
m−1∑
i=0

ε2iq

)
T (gh).

If m ∤ q, then n ∤ 2q, so the sums of roots of unity are equal to 0. Therefore, T (eqh) is nonzero
only if m | q. ■

The following theorem classifies traces on Hc. In particular, conditions (1)–(6) express trace
values on Hc in terms of trace values on elements of the form R(k)eq, with R a polynomial, and
conditions (7) and (8) restrict possible trace values on such terms.

Theorem 4.2. A linear map T : Hc → C is a trace on Hc if and only if all of the following
conditions hold:

(1) T is invariant under conjugation by elements of Dn;

(2) T
(
xiR(k)eq

)
= T

(
yiR(k)eq

)
= 0 when i ̸= 0;

(3) T
(
xiR(k)eqh

)
= T

(
yiR(k)eqh

)
= 0 when 2 ∤ i;

(4) T
(
x2iR(k)eqh

)
= T (S(k)R(k+ i)eq−ih), where S is the polynomial satisfying that xiyieq−i

= S(k)eq−i;

(5) T
(
y2iR(k)eqh

)
= (−1)iT (S(k)R(k − i)eq+ih), where S is the polynomial satisfying that

yixieq+i = S(k)eq+i;

(6) T
(
kieqh

)
= 0 for i > 0;

(7) T
((
k+ 1

2 −αq

)
R
(
k+ 1

2

)
eq
)
= T

((
k− 1

2 −αq

)
R
(
k− 1

2

)
eq+1

)
for all q ∈ Z and R ∈ C[X];

(8) T (R(k)eq) = T (R(−k)e−q) for all q ∈ Z and R ∈ C[X].



10 D. Klyuev and J. Vulakh

Proof. Assume first that T is a trace; we will show that the listed conditions must hold.

(1) This is part of the definition of a trace.

(2) The trace condition gives 0 = T
([
k, xiR(k)eq

])
= −iT

(
xiR(k)eq

)
, and similarly 0 =

T
([
k, yiR(k)eq

])
= iT

(
yiR(k)eq

)
, from which the claim follows.

(3) Conjugation by h2 multiplies both x and y by −1 while fixing eq and h, so

T
(
xiR(k)eqh

)
= (−1)iT

(
xiR(k)eqh

)
and

T
(
yiR(k)eqh

)
= (−1)iT

(
yiR(k)eqh

)
,

proving the claim.

(4) Using the trace condition to commute xi and xiR(k)eqh, we obtain

T
(
x2iR(k)eqh

)
= T

(
xiR(k)eqhx

i
)
= T

(
xiR(k)eqy

ih
)

= T
(
xiyiR(k + i)eq−ih

)
= T

(
xiyieq−iR(k + i)h

)
= T (S(k)eq−iR(k + i)h) = T (S(k)R(k + i)eq−ih),

as desired.

(5) Similarly to the proof of condition (4), we obtain

T
(
y2iR(k)eqh

)
= T

(
yiR(k)eqhy

i
)
= (−1)iT

(
yiR(k)eqx

ih
)

= (−1)iT
(
yixiR(k − i)eq+ih

)
= (−1)iT (S(k)R(k − i)eq+ih),

as needed.

(6) The trace condition gives 0 = T
([
k, ki−1eqh

])
= T

(
2kieqh

)
, from which the claim follows.

(7) Using Lemma 3.3 and the commutativity of eq and k, we obtain

T
((
k + 1

2 − αq

)
R
(
k + 1

2

)
eq
)
= T

((
k +

1

2
− 1

c0

n−1∑
i=1

cig
i

εi − 1

)
R
(
k + 1

2

)
eq

)

=
1

c0
T
(
xyR

(
k + 1

2

)
eq
)
.

Using the trace condition to commute x and yR
(
k + 1

2

)
eq, we find

T
((
k + 1

2 − αq

)
R
(
k + 1

2

)
eq
)
=

1

c0
T
(
yR
(
k + 1

2

)
eqx
)
=

1

c0
T
(
yxR

(
k − 1

2

)
eq+1

)
= T

((
k − 1

2
− 1

c0

n−1∑
i=1

ciε
igi

εi − 1

)
R
(
k − 1

2

)
eq+1

)
,

and using Lemma 3.3 and the commutativity of eq and k once again, we obtain

T
((
k + 1

2 − αq

)
R
(
k + 1

2

)
eq
)
= T

((
k − 1

2 − αq

)
R
(
k − 1

2

)
eq+1

)
,

as desired.

(8) This follows from conjugation by h.

We now prove the converse. Suppose T is a linear map from Hc to C satisfying the listed
conditions. We wish to show that for all a in Hc, we have

T ([x, a]) = T ([y, a]) = T ([g, a]) = T ([h, a]) = 0.
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The equality T ([g, a]) = T ([h, a]) = 0 follows from condition (1), so it remains to verify the
result for commutation by x and y. Also, the statements that T ([y, a]) = 0 for all a follows from
the statement that T ([x, a]) = 0 for all a by conjugation by h and condition (1). It therefore
suffices to show that T ([x, a]) = 0 when a is equal to a basis element of the form xiR(k)eq,
yiR(k)eq, x

iR(k)eqh, or y
iR(k)eqh. We now check all possible cases.

� Let a = xiR(k)eq with i nonnegative or a = yiR(k)eq with i > 1. Then T (xa) = 0 = T (ax)
by condition (2).

� Let a = yR(k)eq. Then, using Lemma 3.3, we obtain

T (xa) = T (xyR(k)eq) = c0T

((
k +

1

2
− 1

c0

n−1∑
i=1

cig
i

εi − 1

)
R(k)eq

)
= c0T

((
k + 1

2 − αq

)
R(k)eq

)
.

Using condition (7) and Lemma 3.3, we obtain

T (xa) = c0T
((
k − 1

2 − αq

)
R(k − 1)eq+1

)
= c0T

((
k − 1

2
− 1

c0

n−1∑
i=1

ciε
igi

εi − 1

)
R(k − 1)eq+1

)
= T (yxR(k − 1)eq+1) = T (yR(k)eqx) = T (ax),

as desired.

� Let a = xiR(k)eqh or a = yiR(k)eqh, with i even. Then by condition (3), T (xa) = 0 =
T (ax).

� Let a = x2i−1R(k)eqh, and let S(X) be the polynomial such that S(k)eq−1 = xyeq−1.
Then by condition (4),

T (xa) = T
(
x2iR(k)eqh

)
= T

(
xiyiR(k + i)eq−ih

)
= T

(
xi−1(xy)yi−1R(k + i)eq−ih

)
= T

(
xi−1(xy)yi−1eq−iR(k + i)h

)
= T

(
xi−1(xy)eq−1y

i−1R(k + i)h
)
= T

(
xi−1S(k)eq−1y

i−1R(k + i)h
)

= T
(
xi−1yi−1S(k + i− 1)R(k + i)eq−ih

)
= T

(
x2i−2S(k)R(k + 1)eq−1h

)
= T

(
x2i−2(xy)R(k + 1)eq−1h

)
= T

(
x2i−1R(k)eqyh

)
= T

(
x2i−1R(k)eqhx

)
= T (ax),

as needed.

� Let a = y2i+1R(k)eqh, and let S(X) be the polynomial such that S(k)eq+2i = xyeq+2i.
Then by condition (5),

T (xa) = T
(
xy2i+1R(k)eqh

)
= T

(
xyeq+2iy

2iR(k)h
)

= T
(
S(k)eq+2iy

2iR(k)h
)
= T

(
y2iS(k + 2i)R(k)eqh

)
= (−1)iT

(
yixiS(k + i)R(k − i)eq+ih

)
.

On the other hand,

T (ax) = T
(
y2i+1R(k)eqyh

)
= T

(
y2i+2R(k + 1)eq−1h

)
= (−1)i+1T

(
yi+1xi+1R(k − i)eq+ih

)
. (4.1)
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So by condition (6), both T (xa) and T (ax) are proportional to T (eq+ih), which, by
Lemma 4.1, is nonzero only if m | q + i. We may therefore assume that m | q + i,
because otherwise, T (xa) = 0 = T (ax). It follows that n | 2q + 2i, so βq+2i = β−q.
Therefore, by Lemma 3.4,

T (xa) = (−1)iT
(
yixiS(k + i)R(k − i)eq+ih

)
= T

((
i−1∏
j=0

c0(−k + j) + β−q−i+j

)
(c0(k + i) + βq+2i)R(k − i)eq+ih

)

= T

((
i−1∏
j=0

c0(−k + j) + β−q−i+j

)
(c0(k + i) + β−q)R(k − i)eq+ih

)
.

By condition (6), this expression depends only on its value for k = 0. Therefore, simplifying
the expression for T (xa) and using (4.1), we obtain

T (xa) = T

((
i−1∏
j=0

c0(−k + j) + β−q−i+j

)
(c0(−k + i) + β−q)R(k − i)eq+ih

)

= T

((
i∏

j=0

c0(−k + j) + β−q−i+j

)
R(k − i)eq+ih

)
= (−1)i+1T

(
yi+1xi+1R(k − i)eq+ih

)
= T (ax),

as needed.

This resolves all cases, completing the proof. ■

Theorem 4.2 reduces traces on Hc to traces on a subalgebra and two additional parameters,
as shown by the following corollary.

Corollary 4.3. A trace is uniquely determined by its values on elements of the form R(k)eq,
with R a polynomial, and on the conjugacy classes g2ih and g2i+1h of Dn. Also, any choice of
linear function T on the subalgebra of Hc spanned by elements of the form R(k)eq which satisfies
conditions (7) and (8) of Theorem 4.2 and of values T

(
g2ih

)
and T

(
g2i+1h

)
defines a unique

trace on Hc through conditions (1)–(6) of Theorem 4.2.

Proof. By Theorem 4.2, a trace is uniquely determined by its values on terms R(k)eq and on the
conjugacy classes g2ih and g2i+1h. We show that any choice of linear function on terms R(k)eq
which satisfies conditions (7) and (8) of Theorem 4.2 and of values T

(
g2ih

)
and T

(
g2i+1h

)
gives

a valid trace. Indeed, values of T on basis elements are determined by conditions (2)–(6) of
Theorem 4.2, so all that is left to check is that condition (1) of Theorem 4.2 does not lead to
a contradiction. Using the fact that ghg−1 = g2h and gieq = ε−iqeq, we see that conjugation
by g preserves the relations among basis elements given in conditions (2)–(6) of Theorem 4.2
and preserves conjugacy classes of Dn. Conjugation by h also preserves relationship among basis
elements, so the trace is indeed well-defined. ■

We now compute the dimension of the space of traces on Hc.

Proposition 4.4. The dimension of the space of traces on Hc is n
2 + 2.

Proof. By Corollary 4.3, it suffices to show that the dimension of the space of linear maps
satisfying conditions (7) and (8) of Theorem 4.2 is n

2 . Let V = C[X]⊕n, and define the linear
map φ : V → V by

φ(R0(X), . . . , Rn−1(X))

=
(
R0

(
X + 1

2

)
−Rn−1

(
X − 1

2

)
, . . . , Rn−1

(
X + 1

2

)
−Rn−2

(
X − 1

2

))
,
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where the ith component is equal to Ri

(
X + 1

2

)
−Ri−1

(
X − 1

2

)
. Define the ideal I of V by

I = {((X − α0)R0(X), . . . , (X − αn−1)Rn−1(X)) | Ri(X) ∈ C[X]}

and the subspace W of V as the set of elements (R0(X), . . . , Rn−1(X)) for which Ri(X) =
−R−i(−X). The space of linear maps satisfying conditions (7) and (8) of Theorem 4.2 is
isomorphic to the vector space (V/⟨φ(I),W ⟩)∗, where ⟨φ(I),W )⟩ denotes the linear span of φ(I)
and W . We therefore wish to show that the dimension of V/⟨φ(I),W ⟩ is n

2 .

First, note that the map φ is surjective. Indeed, to solve the equation φ((R0, . . . , Rn−1)) =
(P0, . . . , Pn−1), let Rn−1 be a solution to the equation

Rn−1

(
X + n− 1

2

)
−Rn−1

(
X − 1

2

)
=

n−1∑
i=0

Pi(X + i).

Then R0, . . . , Rn−2 are uniquely defined by the first n− 1 components of the equation, and the
resulting solution is valid because the sum

∑n−1
i=0

(
Ri

(
X + i + 1

2

)
− Ri−1

(
X + i − 1

2

))
is equal

to Rn−1

(
X + n− 1

2

)
−Rn−1

(
X − 1

2

)
, which equals

∑n−1
i=0 Pi(X + i), as needed. We also note

that the kernel of φ is {(z, . . . , z) | z ∈ C}.
Letting U = {(R0(X), . . . , Rn−1(X)) | Ri(X) = R−i−1(−X)}, we claim that the preimage

of W under φ is U . Indeed, φ(U) ⊆ W because for any element (R0(X), . . . , Rn−1(X)) ∈ U ,
the ith component of φ(R0(X), . . . , Rn−1(X)) is

Ri

(
X + 1

2

)
−Ri−1

(
X − 1

2

)
= R−i−1

(
−X − 1

2

)
−R−i

(
−X + 1

2

)
,

which is equal to the negative of the (n− i)th component. Conversely, for any element (R0(X),
. . . , Rn−1(X)) mapped to W by φ, the element of V with ith component equal to

Ri(X) +R−i−1(−X)

2

belongs to U and is also mapped to W by φ. Therefore, V/⟨φ(I),W ⟩ ∼= V/⟨I, U⟩.
Let ψ : V → V/I ∼= Cn be the quotient map given by mapping (R0(X), . . . , Rn−1(X))

to (R0(α0), . . . , Rn−1(αn−1)). Because αi = −α−i−1, ψ(U) is the set S of vectors (v0, . . . , vn−1)
such that vi = v−i−1 for all i. Therefore, V/⟨I, U⟩ ∼= Cn/S, the dimension of which is n

2 , as
desired. ■

5 Analytic formula for traces

We now give an analytic description of traces using the notion of a good contour from [18]. In
particular, similar to [18, Definition 3.6], we say that a non-self-intersecting curve C with exactly
one point in the set R+ ri for all real r is a good contour if the following three conditions hold:

(1) There exist real r > 0 and a such that, letting Br be the disk of radius r centered at the
origin, C \ Br coincides with (a + iR>0) ∪ (−a + iR<0) \ Br. This property ensures that
the notions of “to the left of C” and “to the right of C” are well-defined.

(2) For all q, the set αq − Z>0 +
1
2 is to the left of C, and the set αq + Z≥0 +

1
2 is to the right

of C.

(3) The path C is symmetric about the origin, that is, for every complex number z on C, −z
is on C.
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Because the parameter c is assumed to be generic, no two αq have the same imaginary part,
so a curve satisfying condition (2) exists. Also, since αq = −α−q−1 by Lemma 3.3, the curve
may be taken to also satisfy condition (3). Finally, since there are finitely many αq, the curve
may also be taken to satisfy condition (1), so a good contour is guaranteed to exist.

Define the polynomial

P(X) =
n−1∏
q=0

(
X − exp

(
2πi
n

(
αq − q − 1

2

)))
,

so that P
(
exp
(
2πi
n z
))

= 0 when z ≡ αq − q− 1
2 (mod n). It follows from the definition that the

only root of P
(
exp
(
2πi
n

(
z − q − 1

2

)))
between −1

2 + C and 1
2 + C is at z = αq. Moreover, the

following lemma about P(X) holds.

Lemma 5.1. The polynomial P(X) satisfies P(X) = XnP(X−1).

Proof. For each root exp
(
2πi
n

(
αq − q − 1

2

))
of P(X), the complex number

exp
(
−2πi

n

(
αq − q − 1

2

))
= exp

(
2πi
n

(
α−q−1 + q + 1

2

))
= exp

(
2πi
n

(
α−q−1 − (−q − 1)− 1

2

))
is also a root of P(X), so the reciprocal of each root of P(X) is also a root of P(X). The claim
follows. ■

As the following theorem shows, traces can be described as an integral over a good contour.

Theorem 5.2. Define

w0(z) = exp
(
2πi
n z
)
·
G
(
exp
(
2πi
n z
))

P
(
exp
(
2πi
n z
)) , wq(z) = w0(z − q),

where G is a polynomial of degree at most n− 2 such that G(X) = Xn−2G
(
X−1

)
, and let C be

a good contour. All traces T : Hc → C are given by

T (R(k)eq) =

∫
C
R(z)wq(z)dz

on C[k]eq, and extended to Hc using Corollary 4.3 and the values of T on the conjugacy
classes

{
g2ih | i ∈ Z

}
and

{
g2i+1h | i ∈ Z

}
.

Proof. The weight functions wq satisfy the following properties:

(1) wq(z) = wq−1(z − 1), and so wq(z) = wq(z − n);

(2) wq(z) decays exponentially when Im(z) approaches ±∞;

(3) (z − αq)wq

(
z − 1

2

)
is holomorphic for z between −1

2 + C and 1
2 + C.

Indeed, Property (2) holds because P(X) is not divisible by X and G has degree ≤ n− 2, and
Property (3) holds because the only root of P

(
exp
(
2πi
n

(
z− 1

2 − q
)))

between −1
2 +C and 1

2 +C
is at z = αq, and the function

z − αq

exp
(
2πi
n z
)
− exp

(
2πi
n αq

)
is holomorphic at z = αq.

We now check conditions (7) and (8) of Theorem 4.2. First,

T
((
k + 1

2 − αq

)
R
(
k + 1

2

)
eq
)
− T

((
k − 1

2 − αq

)
R
(
k − 1

2

)
eq+1

)
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=

∫
C

(
z + 1

2 − αq

)
R(z + 1

2)wq(z)dz −
∫
C

(
z − 1

2 − αq

)
R
(
z − 1

2

)
wq+1(z)dz

=

∫
1
2
+C

(z − αq)R(z)wq

(
z − 1

2

)
dz −

∫
− 1

2
+C

(z − αq)R(z)wq+1

(
z + 1

2

)
dz

=

∫
1
2
+C

(z − αq)R(z)wq

(
z − 1

2

)
dz −

∫
− 1

2
+C

(z − αq)R(z)wq

(
z − 1

2

)
dz.

Letting U be the region between −1
2 + C and 1

2 + C, this is equal to∫
∂U

(z − αq)R(z)wq

(
z − 1

2

)
dz,

which is equal to 0 because (z − αq)R(z)wq

(
z − 1

2

)
is holomorphic in U by Property (3) of wq

listed at the beginning of the proof. Thus condition (7) of Theorem 4.2 holds.

To show that condition (8) holds, we first show that w0 is even. Indeed,

w0(z) = exp
(
2πi
n z
)
·
G
(
exp
(
2πi
n z
))

P
(
exp
(
2πi
n z
)) = exp

(
2πi
n z
)
·
exp
(
(n− 2) · 2πi

n z
)
G
(
exp
(
−2πi

n z
))

exp
(
n · 2πi

n z
)
P
(
exp
(
−2πi

n z
))

= exp
(
−2πi

n z
)
·
G
(
exp
(
−2πi

n z
))

P
(
exp
(
−2πi

n z
)) = w0(−z).

Recalling that C is symmetric about the origin, we obtain

T (R(k)eq) =

∫
C
R(z)wq(z)dz =

∫
C
R(z)w0(z − q)dz =

∫
C
R(−z)w0(−z − q)dz

=

∫
C
R(−z)w0(z + q)dz =

∫
C
R(−z)w−q(z)dz = T (R(−k)e−q),

so condition (8) of Theorem 4.2 holds.

Finally, the dimension of the space of possible polynomials G is n
2 and distinct polynomials

yield distinct traces, so, taking into account the value of the trace on the conjugacy classes
{
g2ih |

i ∈ Z
}
and

{
g2i+1h | i ∈ Z

}
, the dimension of the space of traces described by the theorem is

n
2 + 2, which is equal to the dimension of the space of all traces by Proposition 4.4. ■

The following theorem reduces the analytic formula of Theorem 5.2 to an integral over the
complex line.

Theorem 5.3. Define wq as in Theorem 5.2. All traces T : Hc → C are of the form

T (R(k)eq) =

∫
iR
R(z)wq(z)dz +Φq(R),

where Φq is a linear functional of the form

Φq(R) =
∑
i,j∈Z,
i̸=q

aq,i,jR
(
αi + q − i+ nj − 1

2

)

with finitely many aq,i,j not equal to zero. If the linear functional Φ0 is identically zero, then the
trace T is equivalent to a trace of the filtered deformation constructed from the polynomial P◦
obtained by removing roots of P outside the strip |Re(z)| ≤ 1

2 .
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Proof. In the case when all αq satisfy |Re(αq)| < 1
2 , the good contour C may be taken to be iR,

proving the theorem. Otherwise, we have

T (R(k)eq) =

∫
C
R(z)wq(z)dz =

∫
iR
R(z)wq(z)dz +

∑
z0

Resz0(Rwq),

where the sum is over all z0 between iR and C where wq(z) has a singularity. In particular,
these z0 are of the form αi + q− i+nj− 1

2 , with i ∈ [0, n− 1] and j ∈ Z. The value Resz0(Rwq)
is proportional to R(z0), proving that the trace T has the form claimed.

If Φ0 is identically zero, then, for all polynomials R, the sum
∑

z0
Resz0(Rw0) over the

poles z0 of wq(z) between iR and C is always zero. Taking R to have arbitrary values on the
poles (which is possible because the parameters αq are generic, and hence the values αi+q−i+nj
are distinct), we find that all residues of these poles are zero. But this implies that there are
no poles of w0 between iR and C, which is only possible if, for all complex numbers z0 of the
form αi − i+ nj − 1

2 , the monomial
(
z− exp

(
2πi
n z0

))
divides the polynomial G of Theorem 5.2.

This monomial cancels out the corresponding divisor of the denominator P of w0, reducing the
trace to one over P◦, as claimed. ■

Remark 5.4. In the case q = 0, the poles αi − i + nj − 1
2 are symmetric about the origin

because αi = −α−i−1 by Lemma 3.3. As was shown in the proof of Theorem 5.2, w0 is even,
so Resαi−i+nj− 1

2
(w0) = Resα−i−1+i−nj+ 1

2
(w0). It follows that a0,i,j = a0,−i−1,−j .

6 Positive traces

In this section, we study positive traces on Oc and prove our main result. Recall that the
antilinear automorphism ρ : Hc → Hc is defined by ρ(x) = y, ρ(y) = −x, ρ(g) = g, ρ(h) = h. It
follows that ρ(k) = −k and ρ(eq) = e−q.

We use the following lemma.

Lemma 6.1 ([11, Lemma 4.2]). Let w(z) be a measurable nonnegative function on R such
that w(z) < c exp(−b|z|) for some positive constants b, c and which is positive almost everywhere.

(1) If H(z) is a continuous complex-valued function on R with finitely many zeros and at
most polynomial growth at infinity, then the set {H(z)S(z) | S(z) ∈ C[z]} is dense in the
space Lp(R, w).

(2) The closure of the set {S(z)S̄(z) | S(z) ∈ C[z]} in Lp(R, w) is the subset of almost every-
where nonnegative functions.

We begin by showing that the linear functional Φ0 of Theorem 5.3 must be identically zero.

Proposition 6.2. Any positive trace T on Oc of the form given by Theorem 5.3 satisfies
Φ0(R) = 0 for all polynomials R.

Proof. Since T is a positive trace, we must have T (aρ(a)) > 0 for all a in Oc. In particular,
we must have T

(
R(k)R̄(k)e

)
> 0 for all even polynomials R. By condition (6) of Theorem 4.2,

this trace value is equal to 1
2T
(
R(k)R̄(k)e0

)
+ 1

2R(0)R̄(0)T (e0h).

Suppose, for the sake of contradiction, that Φ0 is not identically zero. Then there exists
a polynomial S0 such that S0(0) = 0 and Φ0(S0) is negative. By Remark 5.4, we may take S0
to be even. Also, let

H(z) = z
∏
z0

(z − z0),
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where the product is over singularities z0 of w0(z) between iR and the path C, so that H(0) = 0
and H

(
αi − i − 1

2

)
= 0 for all i. Thus for any polynomial U(z), we have Φ0

(
(S0 −HU)

(
S̄0 −

H̄Ū
))

= Φ0(S0) and S0(0)−H(0)U(0) = 0. Also, by Remark 5.4, the polynomial H(z) is even.

By part (1) of Lemma 6.1, there exists a sequence of polynomials Si such that HSi tends
to S0 in the space L2(iR, |w0|). Because w0(z) is even, the sequence H(z) · Si(z)+Si(−z)

2 also tends
to S0 in L2(iR, |w0|). Thus the integral∫

iR

(
S0(z)−H(z) · Si(z) + Si(−z)

2

)(
S̄0(z)− H̄(z) · S̄i(z) + S̄i(−z)

2

)
w0(z)dz

tends to 0. Letting R(z) = S0(z)−H(z) · Si(z)+Si(−z)
2 for large enough i, we obtain

T
(
R(k)R̄(k)e

)
= 1

2T
(
R(k)R̄(k)e0

)
+ 1

2R(0)R̄(0)T (e0h) =
1
2T
(
R(k)R̄(k)e0

)
=

∫
iR
R(z)R̄(z)w0(z)dz +Φ0(R),

which is negative, contradicting the positivity of the trace. Thus Φ0 must be identically zero,
as claimed. ■

We now prove a few preliminary results which restrict a positive trace T to be nonzero only
on the span of terms of the form R(k)eq, with R a polynomial.

Proposition 6.3. Any positive trace T on Oc satisfies T (e0h) = 0.

Proof. Let a = R(k)(xn + yn)e for some even polynomial R. The element a = ea is in Oc, so
by hypothesis, we must have T (aρ(a)) > 0. Expanding and using the evenness of R gives

T (aρ(a)) = T
(
R(k)(xn + yn)eR̄(k)(xn + yn)e

)
= T

(
R(k)(xn + yn)R̄(k)(xn + yn)e

)
= T

(
R(k)(xn + yn)

(
xnR̄(k − n) + ynR̄(k + n)

)
e
)
,

and distributing and using the commutativity relations with k listed in Lemma 3.1, we obtain

T (aρ(a)) = T
(
R(k)

(
x2nR̄(k − n) + xnynR̄(k + n) + y2nR̄(k + n) + ynxnR̄(k − n)

)
e
)

= T
(
x2nR(k − 2n)R̄(k − n)e

)
+ T

(
xnynR(k)R̄(k + n)e

)
+ T

(
y2nR(k + 2n)R̄(k + n)e

)
+ T

(
ynxnR(k)R̄(k − n)e

)
.

Because e0 is the average of the elements in Cn and e is the average of the elements in Dn,
we have e = e0+e0h

2 . Expanding the expression for T (aρ(a)) and removing terms equal to 0,
we obtain

T
(
aρ(a)

)
= 1

2T
(
x2nR(k − 2n)R̄(k − n)e0h

)
+ 1

2T
(
xnynR(k)R̄(k + n)e0h

)
+ 1

2T
(
y2nR(k + 2n)R̄(k + n)e0h

)
+ 1

2T
(
ynxnR(k)R̄(k − n)e0h

)
+ 1

2T
(
xnynR(k)R̄(k + n)e0

)
+ 1

2T
(
ynxnR(k)R̄(k − n)e0

)
.

Using conditions (4) and (5) of Theorem 4.2 and rearranging terms, we obtain

T (aρ(a)) = 1
2T
(
xnynR(k − n)R̄(k)e0h

)
+ 1

2T
(
xnynR(k)R̄(k + n)e0h

)
+ 1

2T
(
ynxnR(k + n)R̄(k)e0h

)
+ 1

2T
(
ynxnR(k)R̄(k − n)e0h

)
+ 1

2T
(
xnynR(k)R̄(k + n)e0

)
+ 1

2T
(
ynxnR(k)R̄(k − n)e0

)
.
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Equating terms containing ynxn with terms containing xnyn using conjugation by h and com-
bining like terms gives

T
(
aρ(a)

)
= T

(
xnyne0h

)(
R(n)R̄(0) +R(0)R̄(n)

)
+ T

(
xnynR(k)R̄(k + n)e0

)
= T (e0h)

(
R(n)R̄(0) +R(0)R̄(n)

) n−1∏
q=0

(c0q + βq)

+

∫
iR
R(z)R̄(z + n)

n−1∏
q=0

(c0(z + q) + βq)

w0(z)|dz|. (6.1)

The product
∏n−1

q=0 (c0q + βq) in the first term is nonzero by assumption; indeed, by Lemma 3.5,
c0q+βq = c0

(
q+ 1

2 −αq

)
, which is equal to zero only if αq − 1

2 is an integer, which is impossible.
Now assume, for the sake of contradiction, that T (e0h) is nonzero. Letting S(z) be the

polynomial such that R(z) = S
(
z − n

2

)
and using the evenness of R, we obtain

T (aρ(a)) = T (e0h)
(
R(n)R̄(0) +R(0)R̄(n)

) n−1∏
q=0

(c0q + βq)

+

∫
iR
R(−z)R̄(z + n)

n−1∏
q=0

(c0(z + q) + βq)

w0(z)|dz|

= T (e0h)
(
S
(
n
2

)
S̄
(
−n

2

)
+ S

(
−n

2

)
S̄
(
n
2

)) n−1∏
q=0

(c0q + βq)

+

∫
iR
S
(
−z − n

2

)
S̄
(
z + n

2

)n−1∏
q=0

(c0(z + q) + βq)

w0(z)|dz|

= T (e0h)
(
S
(
n
2

)
S̄
(
−n

2

)
+ S

(
−n

2

)
S̄
(
n
2

)) n−1∏
q=0

(c0q + βq)

+

∫
iR+n

2

S(−z)S̄(z)w(z)|dz|,

where w is a function with |w(z)| satisfying the conditions of Lemma 6.1 (1). Because βq =
c0
2 − c0αq by Lemma 3.5, the weight function w(z) is holomorphic between iR and iR + n.
Moving the contour of integration, we obtain

T (aρ(a)) = ψ(S) +

∫
iR
S(−z)S̄(z)w(z)|dz|,

where ψ(S) is proportional to S(n2 )S̄
(
−n

2

)
+ S

(
−n

2

)
S̄
(
n
2

)
. By suitable choice of S, we can

force ψ(S) to be negative; let S0 be a polynomial with this property and satisfying that S0(z) =
S0(n−z), and let U(z) =

(
z − n

2

)2
, so that ψ(S0−UL) = ψ(S0) for any polynomial L and U(z) =

U(n − z). By Lemma 6.1 (1), there exists a sequence of polynomials Si such that USi tends
to S0 in the space L2(iR, |w(z)| + |w(n − z)|). It follows from the symmetry of S0 and U
that U(z) · Si(z)+Si(n−z)

2 tends to S0 in the space L2(iR, |w(z)|). Therefore, the integral∫
iR

(
S0(−z)− U(−z) · Si(−z) + Si(n+ z)

2

)
×
(
S̄0(z)− Ū(z) · S̄i(z) + S̄i(n− z)

2

)
w(z)|dz|
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approaches 0. On the other hand, ψ
(
S0(z)− U(z) · Si(z)+Si(n−z)

2

)
= ψ(S0) is negative. There-

fore, choosing S(z) = S0(z)− U(z) · Si(z)+Si(n−z)
2 for large enough i and noting that the resulting

polynomial R is even, we obtain T (aρ(a)) < 0, a contradiction. ■

We now obtain a similar result for emh.

Proposition 6.4. Any positive trace T on Oc satisfies T (emh) = 0.

Proof. Let a = (xn + yn + S(k))e for some even polynomial S. As in Proposition 6.3, ea = a,
so a is in Oc, and we must have T (aρ(a)) = 0. Expanding and using the evenness of S gives

T (aρ(a)) = T
(
(xn + yn + S(k))e

(
xn + yn + S̄(k)

)
e
)

= T
(
(xn + yn + S(k))(xn + yn + S̄(k))e

)
= T

((
x2n + xnyn + ynxn + y2n

)
e
)
+ T

(
S(k)S̄(k)e

)
+ T

(
xn
(
S(k − n) + S̄(k)

)
e
)
+ T

(
yn(S(k + n) + S̄(k))e

)
.

We evaluate these terms separately. By Proposition 6.3 and (6.1) with R = 1, we have

T
(
(x2n + xnyn + ynxn + y2n)e

)
=

∫
iR

n−1∏
q=0

(c0(z + q) + βq)w0(z)|dz|.

Splitting into e0 and e0h components and using Proposition 6.3, we find that the second term
is simply

T
(
S(k)S̄(k)e

)
= 1

2T
(
S(k)S̄(k)e0

)
+ 1

2T
(
S(k)S̄(k)e0h

)
=

∫
iR
S(z)S̄(z)w0(z)|dz|.

Again using Proposition 6.3 and applying conditions (4) and (5) of Theorem 4.2, we find that
the sum of the last two terms is equal to

1
2T
(
xn(S(k − n) + S̄(k))e0h

)
+ 1

2T
(
yn(S(k + n) + S̄(k))e0h

)
= 1

2T
(
xmym(S(k −m) + S̄(k +m))emh

)
+ (−1)m 1

2T
(
ymxm(S(k +m) + S̄(k −m))emh

)
,

which, by conjugation by h, is equal to

T
(
xmym

(
S(k −m) + S̄(k +m)

)
emh

)
= T (emh)

(
S(−m) + S̄(m)

)m−1∏
q=0

(c0q + βm+q).

Thus

T (aρ(a)) = T (emh)
(
S(−m) + S̄(m)

)m−1∏
q=0

(c0q + βm+q) +

∫
iR

n−1∏
q=0

(c0(z + q) + βq)w0(z)|dz|

+

∫
iR
S(−z)S̄(z)w0(z)|dz|.

Assume, for the sake of contradiction, that T (emh) is nonzero. As in the proof of Proposition 6.3,
the product

∏m−1
q=0 (c0q + βm+q) is nonzero by Lemma 3.5 and the condition on the αq, so for

a suitable choice S0 of even S, the expression

T (emh)
(
S(−m) + S̄(m)

)m−1∏
q=0

(c0q + βm+q) +

∫
iR

n−1∏
q=0

(c0(z + q) + βq)w0(z)|dz|
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can be made negative. Taking U(z) = (z − m)(z + m), there exists a sequence Si of polyno-
mials such that USi approaches S0 in L2(iR, |w0(z)|) by Lemma 6.1 (1), so U(z) · Si(z)+Si(−z)

2
approaches S0 in L2(iR, |w0(z)|) because w0 is even. Setting

S(z) = S0(z)− U(z) · Si(z) + Si(−z)
2

for large enough i, it follows that T (aρ(a)) < 0, a contradiction. ■

We now obtain our main result.

Theorem 6.5. Let c be generic and contained in C[Cn]. Any positive trace of a filtered de-
formation ODn

c of a Kleinian singularity of type D is the restriction of a positive trace on the
corresponding filtered deformation OCn

c of a Kleinian singularity of type A.

Proof. We first describe the correspondence between ODn
c and OCn

c . Just as the algebra ODn
c is

defined as e(C[x, y]#Dn)e, a subalgebra of Hc, the algebra OCn
c is defined as e0(C[x, y]#Cn)e0,

also a subalgebra of Hc. The elements of ODn
c are of the form R(x, y)e, with R(x, y) a poly-

nomial expression in x and y invariant under the action of Dn, and the elements of OCn
c are

of the form S(x, y)e0, with S(x, y) a polynomial expression invariant under the action of Cn.
The map R(x, y)e 7→ R(x, y)e0 for invariant polynomials R(x, y) is an injective algebra homo-
morphism from ODn

c to OCn
c , so we may identify ODn

c with a subalgebra of OCn
c . In particular,

ODn
c is mapped to the set of elements of OCn

c invariant under the involution given by ke0 7→ −ke0,
xne0 7→ yne0, y

neq 7→ xne0.

By this inclusion, any trace on OCn
c can be restricted to a trace on ODn

c . Observing that the
formula in Theorem 5.2 is identical to the analytic formula for type A traces obtained in [11,
Proposition 3.1] with z = k

ne0 and u and v scalar multiples of xn

c0n
e0 and

yn

c0n
e0, respectively, such

that the polynomial P satisfying uv = P
(
z + 1

2

)
obtained from Lemma 3.4 is monic, we see

that the resulting restricted trace T can be any trace satisfying Theorem 5.2 and the additional
condition that T (eqh) = 0 for all q. This condition follows from Lemma 4.1 and Propositions 6.3
and 6.4, so any positive trace on ODn

c is the restriction of some trace on OCn
c .

Let T be a positive trace on ODn
c , and consider its unique even extension to OCn

c given by the
even weight function w0 and the analytic formula in [11, Proposition 3.1]. We wish to show that T
is positive on OCn

c . Because T is positive on ODn
c , we must have T (e0R(k)e0ρ(e0R(k)e0)) > 0

for any even polynomial R, or equivalently∫
iR
R(z)R̄(−z)w0(z)|dz| > 0. (6.2)

Also, letting P be the polynomial such that xnyne0 = P
(
k + n

2

)
e0, we have∫

iR
R(z)R̄(−z − n)P

(
z + n

2

)
w0(z)|dz| > 0 (6.3)

for all even polynomials R by (6.1). By Lemma 6.1 (2), (6.2) is equivalent to w0(z) being
nonnegative on iR because for a sequence of polynomials Si tending to some almost everywhere
nonnegative even function U in L1(R, |w0(z)|), the sequence of polynomials Si(z)+Si(−z)

2 tends
to U in L1(R, |w0(z)|) because w0 is even.

Also, letting S be the polynomial such that R(z) = S(z+ n
2 ) and noting that P (z+ n

2 )w0(z)
is holomorphic between iR and n

2 + iR, (6.3) is equivalent to the statement that∫
n
2
+iR

S(z)S̄(−z)P (z)w0

(
z − n

2

)
|dz| > 0
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for all polynomials S such that S(z) = S(n − z). Again using Lemma 6.1 (2), it follows
that P (z)w0

(
z − n

2

)
is nonnegative on iR.

The positivity conditions obtained on P and w0 are equivalent to those obtained in [11,
Proposition 4.20] for type A, so the trace T is positive on ODn

c if and only if it is positive
on OCn

c . Thus T is the restriction of a positive trace on OCn
c , as desired. ■

Part 2: Pure SL(2)/PGL(2) gauge theory

7 Description of the algebra

7.1 Definition of A, connection to the BFN construction

Let 0 < q < 1 be a number. Consider the algebra B with generators v, v−1, u± and rela-
tions u±v = q±1vu±,

u+u− =
1(

v − v−1
)(
qv − (qv)−1

) , u−u+ =
1(

v − v−1
)(
q−1v − qv−1

) .
Definition 7.1. A is the subalgebra of B generated by elements vk + v−k and Ha = q

a
2 (vau++

v−au−) for all positive integers k and all integers a.

Gaiotto and Teschner [15] use A to describe the K-theoretic Coulomb branch of pure SL(2)
and PGL(2) gauge theories. We will explain the connection from a mathematical point of view
below.

First, we note that A can be embedded into a localized q-Weyl algebra.

Definition 7.2. Let W0 = C⟨v, w⟩/(wv − qvw) be a q-Weyl algebra. Then elements v, w and{
qiv − q−iv−1

}
generate a multiplicative subset S satisfying both the left and the right Ore

condition. We define W to be the Ore localization of W at S.

Lemma 7.3. There is an embedding of B into W given by v 7→ v, u+ 7→ w
(
v − v−1

)−1
and

u− 7→ w−1
(
v − v−1

)−1
.

Proof. We see that the images satisfy the defining relations u±v = q±1uv± of B. For the other
two relations, we have

u+u− = w
(
v − v−1

)−1
w−1

(
v − v−1

)−1
=
(
qv − q−1v−1

)−1(
v − v−1

)−1
,

and

u−u+ = w−1
(
v − v−1

)−1
w
(
v − v−1

)−1
=
(
q−1v − qv−1

)−1(
v − v−1

)−1
.

The basis of B is given by expressions vl, uk+v
l and uk−v

l for positive integers k and integers vl.
Each k corresponds to its own power of w, then different l give linearly independent elements. ■

We identify A with its image in W . This is the only property of A that we will use in
Sections 8 and 9. We discuss the connection to the BFN construction for completeness.

We turn to BFN Coulomb branches. Pure gauge theory means that N = 0. In this case,
BFN construction gives equivariant K-theory of the affine Grassmannian

Aq
G,N = KG(C[[t]])⋊C×

q (GrG).

The group C×
q acts by loop rotation on G(O) and on GrG.
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Let q be a formal parameter instead of a number, the definition of A works with the following
change: A is a C

[
q, q−1

]
-algebra and we change the generator Ha to H̃a = (vau+ + v−au−).

Then A should be equal to KSL(2,C[[t]])⋊C×
q (GrPGL2), a modification of BFN construction. We

use this as a motivation to consider A, but a rigorous proof is beyond the scope of this paper.

Lemma. We have A ∼= KSL(2,C[[t]])⋊C×
q (GrPGL2). More precisely, we identify W with KC×

v ×C×
q

× (GrT )loc, the localized quantized Coulomb branch of pure C×
v gauge theory. Then the image of

the localization map

(i∗)
−1 : KSL(2,C[[t]])⋊C×

q (GrPGL2) → KC×
v ×C×

q (GrT )loc

equals to the image of A in W under the map u+ 7→
(
v − v−1

)−1
w, u− 7→

(
v − v−1

)−1
w−1.

Sketch of the proof. Note that we switched between left and right fractions compared to
Lemma 7.3, but the proof of the inclusion B ↪→W works without change.

Similarly to the proof of [4, Lemma 6.9], one can prove that KSL(2,C[[t]])⋊C×
q (GrPGL2) is

generated by the dressed miniscule monopole operators and the K-theory of a point. Then we
use the localization map, it is also called the abelianization map in physics literature. For pure
gauge theory this map is constructed in [3, Section 6.3]. We get the map

(i∗)
−1 : KSL(2,C[[t]])⋊C×

q (GrPGL2) → KC×
v ×C×

q (GrT )loc,

where C×
v ⊂ SL(2,C) is the maximal torus and the multiplicative subset on the right is de-

fined so that W = KC×
v ×C×

q (GrT )loc. Let v be the generator of the C×
v -equivariant K-theory of

a point corresponding to the standard representation, similarly for q and C×
q . Then the image

of KSL(2)(pt) under the localization map consists of Laurent polynomials in v symmetric with
respect to v 7→ v−1. Dressed miniscule monopole operators are defined as K-theory classes of the
sheaves O(l), l ∈ Z on the smooth PGL2(C[[t]])-orbit P1 ⊂ GrPGL2 . Here the SL2-equivariant
structure is the natural one, and the action of C×

q on O(l) is trivial. It can be checked that the
image of [O(l)] in W is

−
(
v − v−1

)−1(
vl+1w − v−l−1w−1

)
= −H̃l+1.

This finishes the proof. ■

We claim thatKSL(2,C[[t]])⋊C×
q (GrPGL2) contains Coulomb branches of pure SL(2) and PGL(2)

gauge theories. The inclusion

Aq
SL2,0

= KSL(2,C[[t]])⋊C×
q (GrSL2) ⊂ KSL(2,C[[t]])⋊C×

q (GrPGL2)

comes from the inclusion of the affine Grassmannians. Let τ1 : A → A be the map that fixes v
and sends w to −w. Then Aq

SL2,0
is the subalgebra Aτ1 of τ1-fixed elements. The inclusion

Aq
PGL2,0

= KPGL(2,C[[t]])⋊C×
q (GrPGL2) ⊂ KSL(2,C[[t]])⋊C×

q (GrPGL2)

follows from the fact that any PGL2-equivariant sheaf is SL2-equivariant via the projection
SL2 ↠ PGL2. In terms of the generators above, Aq

PGL2,0
is generated by vn + v−n with n even

and Ha with a odd. Any such element is fixed by the involution τ2 such that τ2(v) = −v,
τ2(w) = −w and we have Aq

PGL2,0
= Aτ2 .

Gaiotto and Teschner consider the automorphism ρ(Ha) = Ha−2 and g(Ha) = Ha−4, but
the definition of twisted and positive trace in physics is slightly different: T (ab) = T (g(b)a)
instead of T (ab) = T (bg(a)) and T (ρ(a)a) > 0 instead of T (aρ(a)) > 0. Any twisted trace
satisfies T (a) = T (g(a)). Hence, a g-twisted trace in one sense is a g−1-twisted trace in another.
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So we consider g(Ha) = Ha+4 and, more generally, g(Ha) = Ha+m and ρ(Ha) = Ha+
m
2

for
even m.

We classify twisted and positive traces on A in the case when m ≥ 0.
For future use, we note that g and ρ can be extended to an (anti-)automorphism of W as

follows:

g(v) = v, g(w) = q
m
2 vmw = q−

m
2 wvm,

ρ(v) = v−1, ρ(w) = q
m
4 v−

m
2 w−1 = q−

m
4 w−1v−

m
2 .

Remark 7.4. There is an isomorphism betweenAq andAq−1 that does not change w and sends v
to v−1. This isomorphism interchanges gm-twisted traces forAq and g−m-twisted traces forAq−1 .
It can be shown that in the integral formula from Proposition 8.2 we can take q to be a formal
parameter and take formal power series ω(z) instead of an actual quasi-periodic function. This
would give a classification of twisted traces for all q and hence for all m. For 0 < q < 1 and
negative m, most of these power series will have quadratic exponential growth and converge
nowhere, similarly to the series for Jacobi theta function

∑
qn

2
zn with q > 1 instead of 0 < q < 1.

Because of this and the fact that m < 0 case is less physically significant, we work only with the
case m ≥ 0.

Remark 7.5. Geometrically, gm should correspond to the twist by m-th power of the determi-
nant bundle on the affine Grassmannian.

7.2 Description of the image A ⊂ W

We will write elements of A and W as a =
∑
wifi =

∑N
i=−N wifi, where N is a nonnegative

integer and fi is a rational function in v. The function fi may have poles only at ±qk for some k.
We denote the residue of fi at ±qk by f

(k)
i or f

(k,−)
i , respectively. We will also use notation

the f
(k,+)
i = f

(k)
i

Proposition 7.6. The algebra A coincides with the set of elements a =
∑
wifi of W such that

all fi have simple poles only possibly at ±qj, j ∈ Z and the corresponding residues f
(j,±)
i satisfy

(1) f−i

(
v−1
)
= (−1)ifi(v);

(2) f
(i,±)
i = 0;

(3) for a positive integer k, we have f
(i,±)
i+k = (−1)k+1f

(i,±)
i−k , where ± is the same sign on both

sides.

In particular, f
(0,±)
0 = 0, so that f0(v) has no poles at the unit circle.

Proof. We should check that any element of A satisfies the conditions (1)–(3) and that any
element satisfying conditions (1)–(3) belongs to A.

Elements of A satisfy the conditions. Note that an element a =
∑
wifi ∈W satisfies the

condition f−i

(
v−1
)
= (−1)ifi(v) if and only if a is fixed by the involution τ that sends v to v−1

and w to −w−1. In terms of u±, we have τ(u+) = u− and τ(u−) = u+, so that τ(Ha) = Ha. It
follows that all generators of A are fixed by τ . This shows that the first condition is satisfied.

We check the second and third conditions by induction on the number of Ha used in the
multiplication. The base case is zero and one multiplications: p(v) and

Ha = q
a
2 (vau+ + v−au−) = q

−a
2 (u+v

a + u−v
−a).

The polynomial p(v) has no poles. For Ha, we write

u+v
a + u−v

−a = wva
(
v − v−1

)−1
+ w−1v−a

(
v − v−1

)−1
,
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so that f1 =
va

v−v−1 and f−1 =
v−a

v−v−1 . All f
(j)
i are zero except

f
(0)
1 = 1

2 , f
(0,−)
1 = (−1)a

2 , f
(0)
−1 = 1

2 , f
(0,−)
1 = (−1)−a

2 .

It follows that both the second and third condition are satisfied.
Note that the second and the third condition can be written as f

(i,±)
i+k = (−1)k+1f

(i,±)
i−k , where k

is a nonnegative integer. For k = 0 we get the second condition.
We turn to the induction step. We will prove that if x =

∑
wifi satisfies the conditions then

Hax = (wg1 + w−1g−1)x

also satisfies the second and third conditions. Here g±1 = v±a

v−v−1 are rational functions in v
with at most simple pole at v = ±1 satisfying g

(1,±)
1 = g

(1,±)
−1 . We also have g−1 = −g1

(
v−1
)
.

We have

Hax =
(
wg1 + w−1g−1

)(∑
wifi

)
=
∑

wi
(
g1
(
q1−iv

)
fi−1 + g−1

(
q−1−iv

)
fi+1

)
=
∑

wihi. (7.1)

Note that g±1

(
q−iv

)
has at most simple poles at ±qi with residue qig

(0,±)
±1 . Using the fact

that fi is regular at q
i, we see that g±1

(
q−iv

)
fi has simple poles.

Hence, hi has simple poles. It remains to prove that for all i and k ≥ 0, we have h
(i,±)
i+k =

(−1)k+1h
(i,±)
i−k . We will prove it for ± = +, and for ± = − the proof is the same.

For j ̸= i± 1, the residue h
(j)
i can be computed as

h
(j)
i = g1

(
qj+1−i

)
f
(j)
i−1 + g−1

(
qj−1−i

)
f
(j)
i+1. (7.2)

Hence, for k ̸= 1, we have

h
(i)
i+k = g1

(
qk+1

)
f
(i)
i+k−1 + g−1

(
qk−1

)
f
(i)
i+k+1

= −g−1

(
q−k−1

)
(−1)kf

(i)
i−k+1 − g1

(
q1−k

)
(−1)kf

(i)
i−k−1 = (−1)k+1h

(i)
i−k.

For j = i+ 1, we have

h
(i+1)
i = g1

(
q2
)
f
(i+1)
i−1 + qi+1g

(0)
−1fi+1

(
qi+1

)
,

and for j = i− 1 we have

h
(i−1)
i = qi−1g

(0)
1 fi−1

(
qi−1

)
+ g−1

(
q−2
)
f
(i−1)
i+1 . (7.3)

Using this, we check the condition for k = 1

h
(i)
i+1 = qig

(0)
1 fi

(
qi
)
+ g−1

(
q−2
)
f
(i)
i+2 = qig

(0)
−1fi

(
qi
)
+
(
−g1

(
q2
))

·
(
−f (i)i−2

)
= h

(i)
i−1.

This finishes the proof of inclusion.
Conditions (1)–(3) imply being inside A. First we prove that any element a =∑N
i=−N wifi such that fi have no poles and satisfy f−i

(
v−1
)
= (−1)ifi(v) belongs to A. Consider

the elements

Sb = q
b
2Hb = w

vb

v − v−1
+ w−1 v−b

v − v−1
and Tb = Sb+1 − Sb−1 = wvb − w−1v−b.

Then for any l ≥ 1, we have

T l−1
0 Tb = wlvb + (−1)lw−lv−b +

l−1∑
i=1−l

wifi.

Now we can prove that a belongs to A using the induction on N .
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Now let a =
∑N

i=−N wifi be an element of W0 such that fi has simple poles satisfying the
conditions (1)–(3) above. We use induction on N , the base case N = 0 being clear. We note
that it is enough to find an element of A that cancels the poles of fN , as then the poles of f−N

will be also canceled by symmetry. We claim that f
(j,±)
N is zero when j > N or j < 0. Indeed,

for j > N we use the third condition for i = j, k = j −N to get

f
(j)
2j−N = (−1)j−N+1f

(j)
N .

Since 2j −N > N , we have f2j−N = 0, hence the left-hand side is zero. For j < 0, we use the
third condition for i = j, k = N − j to get

f
(j)
N = (−1)N−j+1f

(j)
2j−N = 0

since 2j −N < −N .

We also note that f
(N,±)
N = 0 by the second condition.

Hence, the number f
(j,±)
N can be nonzero only if 0 ≤ j < N . We use equation (7.1) for the

element x =
∑N−1

i=1−N wifi and apply the induction hypothesis for x and N −1. This means that
for any sequence of numbers c±0 , . . . , c

±
N−2, we can find x ∈ A such that

f
(j,±)
N−1 = c±j .

We want to prove the same for h
(0,±)
N , . . . , h

(N−1,±)
N . As above, we assume that ± = +, and the

choices for ± = − are done independently.

Setting i = N , j < N − 1 in equation (7.2), we get

h
(j)
N = g1

(
qj+1−N

)
f
(j)
N−1 = g1

(
qj+1−N

)
cj .

Setting i = N in equation (7.3) we get h
(N−1)
N = qN−1g

(0)
1 fN−1

(
qN−1

)
. Using induction

hypothesis again, we get that if we fix c0, . . . , cN−2, the number fN−1

(
qN−1

)
can be anything.

Since g
(0)
1 is nonzero, we get that h

(0)
N , . . . , h

(N−1)
N can be any sequence of numbers. This finishes

the proof of the statement. ■

8 Twisted traces

The algebra A = A0⊕A1 is Z/2-graded: the even piece A0 consists of elements a =
∑

i∈2Zw
ifi,

the odd piece A1 consists of elements a =
∑

i∈2Z+1w
ifi. We will use this grading below.

For the next proposition, note the following. Let a =
∑
wifi be an element of A. Using 7.6,

we get f0(v) = f0
(
v−1
)
, f

(0,±)
0 = 0, and there are no other restrictions on the element f0. Hence,

we have a surjective linear map a 7→ f0 from A to the vector space

V = C
[
v + v−1

]
⊕
⊕
k ̸=0

C
1(

v − qk
)(
v−1 − qk

) ⊕⊕
k ̸=0

C
1(

v + qk
)(
v−1 + qk

) .
Proposition 8.1. Let g be an automorphism of A of the form Ha 7→ Ha+k, T be a g-twisted
trace. Then

� For an element a ∈ A1, the value T (a) is uniquely defined by T
(
w − w−1

)
and T

(
wv −

w−1v−1
)
. If a = wf1 + w−1f−1 then T (a) = C+f1(

√
q) + C−f1(−

√
q) for some num-

bers C+, C−.

� There exists a linear map S : V → C such for any a ∈ A0, we have T (a) = S(f0).
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Proof. Recall that g is restricted from the following automorphism of W , which we will also
denote by g: g(v) = v, g(w) = q

k
2 vkw = q−

k
2wvk.

We check the trace condition for a symmetric Laurent polynomial h(v), it is preserved by g.
Then for any a =

∑N
i=−N wifi ∈ A, we have T (h(v)a) = T (ah(v)). We have ah(v) =

∑
wifih

and h(v)a =
∑
h(v)wifi =

∑
wih

(
q−iv

)
fi. It follows that for any a ∈ A and symmetric Laurent

polynomial g, we have

T
(∑

wifi
(
h(v)− h

(
q−iv

)))
= 0.

Note that this element has no w0 term.
It follows from Proposition 7.6 that for any rational function fN with simple poles at

±1, . . . ,±qN−1 we can find fN−2, . . . , f−N such that a =
∑
wifi belongs to A. Note that

h(v)− h
(
q−Nv

)
is zero at v = ±q

N
2 and this is the only condition: for h = v + v−1, we have

h(v)− h
(
q−Nv

)
=
(
1− q−N

)
v +

(
1− qN

)
v−1 =

(
1− q−N

)(
v − qNv−1

)
.

Hence, for even N , the product fN
(
h(v) − h

(
q−Nv

))
can be any rational function with simple

poles at

±1, . . . , ±̂q
N
2 , . . . ,±qN−1,

and for odd N the product fN
(
h(v)− h

(
qNv

))
can be any rational function vanishing at ±q

N
2

with simple poles at ±1, . . . ,±qN−1.
By induction, it follows that for an element a =

∑
iw

2i+1f2i+1(v) we have

T (a) =
∑

i≥0,ε=±
c2i+1,εf2i+1

(
εq

2i+1
2
)
.

Now we use the trace condition for a = w−w−1 and b = w2M +w−2M or w2Mv+w−2Mv−1.
We have g(a) = q−

m
2

(
wvm − w−1v−m

)
. Hence,

ab = w2M+1 − w2M−1 + w1−2M − w−1−2M ,

bg(a) = q−
m
2
(
w2M+1vm − w2M−1v−m + w1−2Mvm − w−2M−1v−m

)
,

and a similar equation for b = w2Mv + w−2Mv−1. Using T (ab) = T (bg(a)), we can ex-
press c2M+1,± using c2M−1,±. Hence, for an element a =

∑
iw

2i+1f2i+1(v), the value T (a) is
uniquely defined by T

(
w − w−1

)
and T

(
wv − w−1v−1

)
.

Let N = 2M be even. We have just showed that for any x =
∑M

i=−M w2ip2i(v) ∈ A such
that pN has no poles at ±qM , there exists y =

∑N−1
i=1−N wiqi(v) such that T (x) = T (y) for all

g-twisted traces T . Moreover, p0 = h0.
Let a =

∑M
i=−M w2ip2i(v) ∈ A be any element. By induction, it follows that T (a) is uniquely

defined by the values of T on C
[
v + v−1

]
and the values of T on

w2k 1

v + qk
+

(−1)k+1

v + qk
+

(−1)k+1

v−1 + qk
+ w−2k 1

v−1 + qk

and

w2k 1

v − qk
+

(−1)k+1

v − qk
+

(−1)k+1

v−1 − qk
+ w−2k 1

v−1 − qk
.

We see that the constant terms of these element form a basis of V . Define S(f(v)) = T (f(v))
for f ∈ C

[
v + v−1

]
and

S

(
1

v ± qk
+

1

v−1 ± qk

)
= T

(
w2k 1

v ± qk
+

(−1)k+1

v ± qk
+

(−1)k+1

v−1 ± qk
+ w−2k 1

v−1 ± qk

)
.

The proposition follows. ■
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Proposition 8.2. Let T : A → C be a g-twisted trace and S : V → C be the function from
Proposition 8.1. Then

S(F (z)) =

∫
εS1

F (z)ω(z)
dz

z
,

where S1 is the unit circle, ω(z) is a holomorphic function on C× such that ω(qz) = q−
m
2 z−mω(z)

and ω(z) = ω
(
z−1
)
, and ε is any number smaller than all of the absolute values of the poles

of F . Conversely, every such S defines a trace by the rule T
(∑

iw
ifi
)
= S(f0). In particular,

the dimension of the space of traces T that vanish on A1 is 1 + m
2 .

Proof. The proof consists of three steps. First, we rewrite the trace condition for T |A0 in terms
of S and get equation (8.1). Then we check that each S as in the statement of the proposition
satisfies (8.1) and show that the space of possible functions ω(z) has dimension m

2 +1. Finally, we
show that the dimension of the space of S : V → C satisfying (8.1) has dimension at most m

2 + 1.
We use the trace condition T (ba) = T (ag(b)) for

a =
∑

w2i+1f2i+1 and b = w
vk

v − v−1
+ w−1 v−k

v − v−1
.

Since ba and ag(b) belong to A0, by Proposition 8.1, we have

T (ba) = S
([
w0
]
(ba)

)
and T (ag(b)) = S

([
w0
](
ag(b)

))
.

We note that the only condition on f1(v) is that it is regular at v = ±q. We have

f−1(v) = −f1
(
v−1
)
.

Denote f1(v) = F (v), so that f−1(v) = −F
(
v−1
)
. We have

[
w0
]
(ba) = w

vk

v − v−1
·
(
−w−1F

(
v−1
))

+ w−1 v−k

v − v−1
wF (v)

= qk
(

−vk

qv − q−1v−1
F
(
v−1
)
+

v−k

q−1v − qv−1
F (v)

)
.

Note that g(b) = q−
m
2

(
w vk+m

v−v−1 + w−1 v−k−m

v−v−1

)
. Hence,

[
w0
]
(ag(b)) = q−

m
2

(
wF (v)w−1 v

−k−m

v − v−1
− w−1F

(
v−1
)
w

vk+m

v − v−1

)
= q−

m
2

(
F (qv)

v−k−m

v − v−1
− F

(
qv−1

) vk+m

v − v−1

)
.

The trace condition for T implies

qkS

(
−vk

qv − q−1v−1
F
(
v−1
)
+

v−k

q−1v − qv−1
F (v)

)
= q−

m
2 S

(
F (qv)

v−k−m

v − v−1
− F

(
qv−1

) vk+m

v − v−1

)
. (8.1)

Conversely, we claim that every S satisfying (8.1) gives a trace T by T
(∑

wifi
)
= S(f0).

The algebra A is generated by H0, H1 and v + v−1. Hence, it is enough check the trace
condition T (ba) = T (ag(b)) for b = H0, H1 or b = v + v−1. In the case when b = v + v−1, the
trace condition is satisfied for any S. In the case when b = Hk, it is enough to take a ∈ A1. In
this case, the computation above shows that T (ba) = T (ag(b)) is equivalent to (8.1).
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Now we check that the integral from the statement of the proposition satisfies the equa-
tion (8.1)

qk
(∫

εS1

(
−zk

qz − q−1z−1
F
(
z−1
)
+

z−k

q−1z − qz−1
F (z)

)
ω(z)

dz

z

)
= q−

m
2

(∫
εS1

(
F (qz)

z−k−m

z − z−1
− F

(
qz−1

) zk+m

z − z−1

)
ω(z)

dz

z

)
.

Indeed,∫
εS1

(
F (qz)

z−k−m

z − z−1
− F

(
qz−1

) zk+m

z − z−1

)
ω(z)

dz

z

=

∫
q−1εS1

F (qz)
z−k−m

z − z−1
ω(z)

dz

z
−
∫

qεS1

F
(
qz−1

) zk+m

z − z−1
ω(z)

dz

z

=

∫
εS1

F (z)
qk+mz−k−m

q−1z − qz−1
ω(q−1z)

dz

z
−
∫
εS1

F
(
z−1
) qk+mzk+m

qz − q−1z−1
ω(qz)

dz

z

= qk+
m
2

(∫
εS1

F (z)
z−k

q−1z − qz−1
ω(z)

dz

z
−
∫
εS1

F
(
z−1
) zk

qz − q−1z−1
ω(z)

dz

z

)
.

We shifted the contours, changed the variable and used that ω(qz) = z−mq−
m
2 ω(z), so that

ω(q−1z) = zmq−
m
2 ω(z).

This shows that every function ω satisfying

ω(qz) = q−
m
2 z−mω(z), ω(z) = ω

(
z−1
)

gives a trace. The space of such functions has dimension 1 + m
2 . To show that, consider

w(z) = ω
(
e2πiz

)
. Let q = e2πiτ . Then

w(z + 1) = w(z), w(−z) = w(z) and w(z + τ) = e−πim(τ+2z)w(z).

Any such function can be obtained as C
∏m

2
j=1 ϑ(z − αj)ϑ(z + αj), where ϑ is Jacobi theta func-

tion and αj and C are any numbers.
Now we prove that all maps S satisfying (8.1) can be obtained in this way. It is enough to

prove that the dimension of the space of possible S is at most m
2 +1. Since any S satisfying (8.1)

defines a trace T , we will use the trace condition below.
Taking regular F such that F (q) = 0 and F (−q) ̸= 0, we see that the argument of S on

the left-hand side of (8.1) has a pole at v = −q±1 and is regular at v = q±1. The argument
on the right-hand side of (8.1) is regular. Hence, S

(
1

(v+q)(v−1+q)

)
is defined by the restriction

of S to C
[
v + v−1

]
. Taking regular F such that F (−q) = 0 and F (q) ̸= 0, we get that

S
(

1
(v−q)(v−q−1)

)
is defined by the restriction of S to C

[
v+v−1

]
. Now, suppose that F has a pole

at qk for some k ̸= 1. Then the argument of S on the left-hand side of (8.1) has a pole at ±q±1

and q±k (no pole if k = 0) and the right-hand side has a pole at q±(k−1). It follows by induction
with the base case k = 1 that S

(
1

(v−qk)(v−1−qk)

)
is defined by the restriction of S to C

[
v+ v−1

]
.

A similar argument shows that S
(

1
(v+qk)(v−1+qk)

)
is defined by the restriction of S to C

[
v+v−1

]
.

Take the same a ∈ A as before and b = −w + w−1. Writing T (ba) = T (ag(b)) in terms of S,
we get

S
(
F (v) + F

(
v−1
))

= q−
m
2 S
(
F (qv)v−m + F

(
qv−1

)
vm
)
.

For F (v) = vk, we get

S
(
vk + v−k

)
= qk−

m
2 S
(
vk−m + vm−k

)
.

It follows that S is uniquely defined by S(1), S
(
v + v−1

)
, . . . , S

(
v

m
2 + v−

m
2

)
. Therefore, the

dimension of the space of linear maps S satisfying (8.1) is at most 1 + m
2 , as claimed. ■
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9 Positive traces

Proposition 9.1. Let T be a positive trace. Let ω be a function from Proposition 8.2. Then
ω(1) = ω(−1) = 0.

Proof. Assume the opposite. Then we can write

S(F (z)) =

∫
S1

F (z)ω(z)
dz

z
+
∑
i>0

ci,±Res±qi F,

where ci,± are nonzero multiples of ω(±1), so that for at least one of the choices of sign all ci,±
are nonzero. Without loss of generality, assume that ci = ci,+ are nonzero.

Let a =
(
w2F (v)− w−2vF

(
v−1
))
(v − 1)−1, where F (v) is regular. This is an element of A.

Then

ρ(a) = qm
(
−w2v1−mF (v) + w−2vmF

(
v−1
))
(v − 1)−1

and [
w0
]
aρ(a) = qm

(
w2F (v)(v − 1)−1w−2vmF

(
v−1
)
(v − 1)−1

+ w−2vF
(
v−1
)
(v − 1)−1w2F (v)v1−m(v − 1)−1

)
.

We compute

w2F (v)(v − 1)−1w−2vmF
(
v−1
)
(v − 1)−1 + w−2vF

(
v−1
)
(v − 1)−1w2v1−mF (v)(v − 1)−1

= F
(
q2v
)
F
(
v−1
)(
q2v − 1

)−1
vm(v − 1)−1

+ F
(
q2v−1

)
F (v)q−2v

(
q−2v − 1

)−1
v1−m(v − 1)−1 = G(v) +G

(
v−1
)
,

where

G(v) = F
(
v−1
)
F
(
q2v
)
· vm(
q2v − 1

)
(v − 1)

and

G
(
v−1
)
= F (v)F

(
q2v−1

)
· q−2v2−m

(q−2v − 1)(v − 1)
.

We have

T (aρ(a)) = S
([
w0
]
aρ(a)

)
= S

(
G(v) +G

(
v−1
))

=

∫
εS1

(
G(z) +G

(
z−1
))
ω(z)

dz

z
. (9.1)

We now evaluate this integral. The only pole of G between q−1S1 and 0 is v = 1, and the
residue is

F (1)
F
(
q2
)

q2 − 1
.

The only pole of G
(
z−1
)
between 0 and qS1 is v = q2, and the residue is

F (q2) · F (1)q
−2q2(2−m)(

q2 − 1
)
q−2

= F (1)F (q2)
q2(2−m)

q2 − 1
.
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Therefore,∫
εS1

(
G(z) +G

(
z−1
))
ω(z)

dz

z
=c0F (1)

F
(
q2
)

q2 − 1
+ c1F (1)F

(
q2
)q2(2−m)

q2 − 1

+

∫
q−1S1

G(z)ω(z)
dz

z
+

∫
qS1

G
(
z−1
)
ω(z)

dz

z
. (9.2)

We rewrite the integrals∫
q−1S1

G(z)ω(z)
dz

z
=

∫
S1

G
(
q−1z

)
ω
(
q−1z

)dz
z

=

∫
S1

F
(
qz−1

)
F (qz)

q−mvm

(qv − 1)
(
q−1v − 1

)ω(q−1z
)dz
z
,∫

qS1

G
(
z−1
)
ω(z)

dz

z
=

∫
S1

G
(
q−1z−1

)
ω(qz)

dz

z

=

∫
S1

F (qz)F
(
qz−1

)
· q−mvz−m

(v − 1)
(
q2v − 1

) · ω(qz)dz
z
.

Now take F (z) = q−NzN − a for some constant a and natural number N . For large N , the
leading term of

c0F (1)
F
(
q2
)

q2 − 1
+ c1F (1)F (q

2)
q2(2−m)

q2 − 1

is C0aq
−N+C1aq

−N , where C0, C1 are constant numbers. For some choice of a, this is a negative
number with absolute value growing as q−N .

On the other hand, for z ∈ S1 polynomials F
(
qz−1

)
, F (qz), F (qz), F

(
qz−1

)
have absolute

value at most 1 + |a|. Hence, the integrals in the right-hand side of (9.2) are bounded when N
tends to infinity. On the other hand, the first two terms in the right-hand side of (9.2) tend to
minus infinity. Comparing (9.1) and (9.2), we see that for large enough N we have T (aρ(a)) < 0,
a contradiction with positivity. ■

In particular, for m = 4 we get that the function ω is unique up to a constant. Indeed,
consider the function w such that w(z) = ω

(
e2πiz

)
. Then, using w(0) = w(12) = 0, we get

w(z) = ϑ
(
z − τ

2

)
ϑ
(
z + τ

2

)
ϑ
(
z − 1

2 − τ
2

)
ϑ
(
z + 1

2 + τ
2

)
up to a constant. Here ϑ(z) is the Jacobi

theta function.

Proposition 9.2. Let T be a positive trace. Then T vanishes on A1.

Proof. Using Proposition 8.1, it is enough to prove that T (a) = 0 for elements a of the form
a = wF (v) − wF

(
v−1
)
. For these elements, we have T (a) = C+F (

√
q) + C−F (−

√
q). Assume

that C+ is nonzero.

Let a = wF (v)− w−1F
(
v−1
)
for some Laurent polynomial F , b = a+ 1. Then

ρ(b) = q−
m
4
(
−wv

m
2 F (v) + w−1v−

m
2 F
(
v−1
))

+ 1.

Note that T (bρ(b)) depends only on the w0 and w1 coefficients of bρ(b). They can be computed
as follows[

w0
]
bρ(b) = q−

m
4
(
F (qv)v−

m
2 F
(
v−1
)
+ F

(
qv−1

)
v

m
2 F (v)

)
+ 1,[

w1
]
bρ(b) = F (v)− v

m
2 F (v).
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Let G = F (
√
qv), I(G) =

∫
S1 |G(z)|2 dzz . We have S

([
w0
]
bρ(b)

)
≤ cI(G) for some c > 0.

On the other hand, trace for the odd powers of w is a linear combination of G(1), G(−1),
G(1) and G(−1); and G(1) has nonzero coefficient. Let GN (z) = a

(
z+1
2

)N
. Then GN (1) = a,

GN (−1) = 0. On the other hand, GN (z) is a sequence of functions such that |GN (z)| ≤ 1 tends
to zero for almost all z as N tends to infinity. Since pointwise convergence implies convergence
in measure for spaces of finite total measure and the functions GN are uniformly bounded, we
deduce that I(GN (z)) tends to zero as N tends to infinity. We get that T (bρ(b)) tends to a linear
combination of a and a. We can choose a so that this linear combination does not belong to R≥0.
We get a contradiction with positivity of T . ■

Let T be a positive trace. Combining Propositions 9.1 and 9.2, it follows that for a =
∑
wifi

we have T (a) =
∫
f0(z)ω(z)

dz
z and ω(1) = ω(−1) = 1.

Proposition 9.3. Let T be a trace on A of the form T (a) =
∫
f0(z)ω(z)

dz
z , where w is a holo-

morphic function on C∗ such that ω(qz) = q−
m
2 z−mω(z), ω(z) = ω

(
z−1
)
and ω(1) = ω(−1) = 0.

Then T is positive if and only if ω(z) and z−
m
2 ω
(√

q−1z
)
are nonnegative on S1.

Proof. First we check that any such function ω indeed gives a positive trace.
Let a =

∑
wkfk, then

ρ(a) =
∑

q−
k2m
4 w−kv−

km
2 fk

(
v−1
)

and [
w0
]
aρ(a) =

∑
q−

k2m
4 fk(q

kv)v−
km
2 fk

(
v−1
)
. (9.3)

It is enough to show that

I(fk) =

∫
εS1

fk
(
qkz
)
z−

km
2 fk

(
z−1
)
ω(z)

dz

z

is positive for any k such that fk is nonzero. Let f = fk, this is a function with the poles of
order at most one at ±qk, k ∈ Z. Then the only possible poles of f

(
qkz
)
f
(
z−1
)
are poles of

order at most two at ±qk, k ∈ Z. Since ω(1) = ω(−1) = 0 and ω(z) = ω
(
z−1
)
, the function ω

has a double root at 1 and −1. Using the quasi-periodicity condition, we get that w has a double
root at ±qk, k ∈ Z. It follows that f

(
qkz
)
f
(
z−1
)
ω(z) is a holomorphic function on C∗. Hence,

we can write

I(f) =

∫
εS1

f
(
qkz
)
z−

km
2 f
(
z−1
)
ω(z)

dz

z
=

∫
q−

k
2 S1

f
(
qkz
)
z−

km
2 f
(
z−1
)
ω(z)

dz

z

= q
k2m
4

∫
S1

f
(
q

k
2 t
)
f
(
q

k
2 t−1

)
t−

km
2 ω
(
q−

k
2 t
)dt
t
.

For z ∈ S1, we have f
(
q

k
2 t
)
f
(
q

k
2 t−1

)
=
∣∣f(q k

2 t
)∣∣2. It remains to show that z−

km
2 ω
(
q−

k
2 z
)
is

nonnegative on S1. We have

ω
(
q1−

k
2 zz
)
= q−

m
2
(
q−

k
2 z
)−m

ω
(
q−

k
2 z
)
,

so that

z
(2−k)m

2 ω
(
q

2−k
2 z
)
= q

m(k−1)
2 z−

km
2 ω
(
q−

k
2 z
)
,

so that the sign of z−
km
2 ω
(
q−

k
2 z
)
depends only on the parity of k. For k = 0, 1, we get exactly

the condition in the proposition statement.
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Now we prove the other direction of the proposition statement. Let T be a positive trace.
Take a = f(v). Then

T (aρ(a)) =

∫
S1

f(z)f
(
z−1
)
ω(z)

dz

z

should be greater than zero for all nonzero Laurent polynomials f such that f(z) = f
(
z−1
)
.

Using the density of trigonometric polynomials in L2
(
S1
)
and the condition ω(z) = ω

(
z−1
)
,

we get that ω(z) should be nonnegative on S1.
Take a = wF (v)− w−1F

(
v−1
)
∈ A, where F is a Laurent polynomial. Using (9.3), we get[

w0
]
aρ(a) = q−

m
4
(
F (qv)v−

m
2 F
(
v−1
)
+ F

(
qv−1

)
v

m
2 F (v)

)
,

so that

T (aρ(a)) = q−
m
4

∫
εS1

(
F (qz)z−

m
2 F
(
z−1
)
+ F

(
qz−1

)
z

m
2 F (z)

)
ω(z)

dz

z
.

Using ω(z) = ω
(
z−1
)
, we get∫

εS1

F
(
qz−1

)
z

m
2 F (z)ω(z)

dz

z
=

∫
ε−1S1

F (qz)z−
m
2 F
(
z−1
)
ω(z)

dz

z
.

Shifting contours, we get

T (aρ(a)) = 2q−
m
4

∫
√

q−1S1

F (qz)F
(
z−1
)
z−

m
2 ω(z)

dz

z

= 2

∫
S1

F (
√
qt)F

(√
qt−1

)
t−

m
2 ω
(√

q−1t
)dt
t
.

Using the fact that trigonometric polynomials are dense in L2
(
S1
)
, we get that t−

m
2 ω
(√

q−1t
)

is nonnegative on S1. The proposition follows. ■

Theorem 9.4. Positive traces on A are in one-to-one correspondence with holomorphic func-
tions ω on C× such that

(1) ω(qz) = q−
m
2 z−mω(z);

(2) ω(z) = ω
(
z−1
)
;

(3) ω(1) = ω(−1) = 0;

(4) ω(z) and z−
m
2 ω
(√

q−1z
)
are nonnegative on S1.

The convex cone of such functions ω has real dimension m
2 − 1. In particular, for m = 4

there is a unique positive trace up to a constant.

Proof. Let T be a positive trace. Using Proposition 9.2 we get that T vanishes on A1. Then,
by Propositions 8.1 and 8.2,

T

(
N∑

i=−N

wifi

)
=

∫
f0(z)ω(z)

dz

z

for a function ω satisfying the first two conditions. Using Proposition 9.1, we get ω(1) =
ω(−1) = 0. For such T and ω, Proposition 9.3 says that the fourth condition on ω is equivalent
to T being positive.
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We turn to the second statement. Let w be a functions satisfying conditions (1)–(4). Con-
sider w(z) such that w(z) = ω

(
e2πiz

)
. Let q = e2πiτ . Conditions (1) and (4) mean that w gives

a positive trace on q-Weyl algebra. The set of the corresponding functions w is described in [17,
Theorem 3.7]. Namely, the function w satisfies conditions (1) and (4) if and only if there exist
λ > 0 and α1, . . . , αm divided into pairs αi = αj such that

w(z) = λ
m∏
i=1

ϑ(z − αi). (9.4)

Here ϑ is the Jacobi theta function. It follows from [17, Lemma 3.6] that we can assume
|Imαi| < Im τ . Note that τ in this article is the same as τ in [17], but our q corresponds to q2

in [17].
Condition (2) is equivalent to w(z) = w(−z). Evaluating at z = 1

2 + τ
2 − αk, we get

m∏
j=1

ϑ
(
1
2 + τ

2 − αk − αj

)
= 0.

Hence, from any k from 1 to m, there exists j such that αj + αk ∈ Z+ Zτ .
We claim that we can change λ, α1, . . . , αm so that (9.4) is still satisfied and α1, . . . , αm are

divided into quadruples αj , −αj , αj , −αj and pairs αk, αk with Reαk ∈ 1
2Z.

Let j, k satisfy αj + αk ∈ Z+ Zτ . There are three cases:

(1) Assume that αj ̸= αk or αk. Shifting αj by an integer we get αj + αk ∈ Zτ . Since
|Imαj,k| < Im τ we have αj + αk ∈ {−τ, 0, τ}.
Assume that αj + αk = −τ . Note that ϑ(z − αj − τ) = eπi(−τ+2z−2αj)ϑ(z − αj) and
ϑ(z − αj + τ) = e−πi(τ+2z−2αj)ϑ(z − αj), so that

ϑ(z − αj − τ)ϑ(z − αj + τ) = e−2πi(τ+αj−αj)ϑ(z − αj)ϑ(z − αj).

Hence, we can change αj and αj to αj + τ and αj + τ = αj − τ . This will multiply λ by
a positive number. After this change, we have αj + αk = 0. Similarly, if αj + αk = τ , we
can shift αj to get αj+αk = 0. Hence, in the case when αj+αk ∈ Z+Zτ and αj ̸= αk, αk,
we get a quadruple αk, αk, −αk, −αk.

(2) If αj = αk we get αk ∈ 1
2Z+ τ

2Z. Hence, αk + αk ∈ Z.
(3) If αj = αk, we get αk+αk ∈ Z+Zτ . Since αk+αk is a real number, this means αk+αk ∈ Z.

We get that α1, . . . , αm are divided in quadruples αj , −αj , αj , −αj and pairs αk, αk

with Reαk ∈ 1
2Z. Conversely, for such sequence αj the function ω(z) = λ

∏m
i=1 ϑ(z − αi)

satisfies w(z) = w(−z).
The condition (3) just means that two of the pairs are ± τ

2 and 1
2 ± τ

2 .
After that, each quadruple has one complex degree of freedom and each tuple has one real

degree of freedom, giving real dimension m−4
2 = m

2 − 2. A choice of λ is an additional degree of
freedom. So we get a cone of real dimension m

2 − 1, as claimed. ■
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