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Abstract. For a noncommutative algebra A4 and an antilinear automorphism p of A, there
is a notion of a positive trace. When we have a three-dimensional N = 4 gauge theory
or four-dimensional N' = 2 gauge theory compactified on a circle, classification of positive
traces on its Coulomb branch A can give a better understanding of this theory. We classify
positive traces on A in two cases. The first case is when A is a quantization of a Kleinian
singularity of type D, with certain restriction on the quantization parameter. The second
case is when A = KSLECHD*CT (GrpgL,) is an algebra containing K-theoretic Coulomb
branches of pure SL(2) and PGL(2) gauge theories.
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1 Introduction

Let A be an algebra with an automorphism g. All algebras will be associative, unital and over C.
A twisted trace is a map T: A — C such that T'(ab) = T'(bg(a)) for all a,b € A.

Let p be an antilinear automorphism of A and g = p?. A g-twisted trace T is called positive
if T(ap(a)) > 0 for all nonzero a € A. In this case, (a,b) = T(ap(b)) is a positive definite
Hermitian form on A satisfying (ap(b), c) = (a, bc).

In the case when A is filtered, Etingof and Stryker [12] proved that twisted traces satisfying
a certain nondegeneracy condition correspond to short nondegenerate star-products on gr.A
introduced by Beem, Peelaers and Rastelli [2]. Positive traces correspond to unitary short star-
products. In the case when A comes from a superconformal field theory, there is a certain unitary
short star-product on gr A that reflects the properties of the corresponding field theory. In some
cases, a positive trace is unique up to scaling, which allows us to compute the corresponding
unitary short star-product.

Another physical motivation comes from the work of Gaiotto [13] and Gaiotto and Tesch-
ner [15]. When A is a quantized Higgs/Coulomb branch of a superconformal field theory, there is
a certain physically motivated choice of a conjugation pspn and a trace Typ,. We call Typy sphere
trace. Physicists expect Ty, to be positive and it would be useful to have a mathematical proof
of that. The sphere trace was introduced by Gaiotto and Okazaki [14], where they proposed
a formula for the sphere correlation functions of Coulomb/Higgs operators in terms of the sphere
trace.

The algebra A does not have to be filtered, and Gaiotto and Teschner consider K-theoretic
Coulomb branches. An advantage of K-theoretic Coulomb branches is that pg,,-positive trace
should always be unique up to scaling. A mathematical proof of that is much more complicated
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than just proving positivity of Ty, and the uniqueness statement is very useful for the following
reason.

Suppose that A indeed has a unique pgn,-positive trace Ty,,. In this case, we canonically
produce a Hilbert space H with an action of A x A°P as follows. The space H be a completion
of A with respect to (a,b) = Tsph(apspn(b)) and A acts on H by unbounded operators of left
and right multiplication Ly, R,. The pair (A, H) is useful for understanding the superconformal
field theory that A came from. See [15, Section 1.3] for the discussion of class S theories and
the uniqueness of the trace. The same motivation applies to K-theoretic Coulomb branches of
not necessarily conformal supersymmetric gauge theories; see [15, Section 2.2] for the discussion
of how do non-conformal theories fit into their picture.

In this article, we classify positive traces in the following two cases, described in more details
below. The first is when A is a deformation of a Kleinian singularity of type D satisfying
a certain condition; we study this case in Sections 2—-6. The second is when A is an algebra
containing quantized K-theoretic Coulomb branches of pure SL(2) and PGL(2) gauge theories;
we study this case in Sections 7-9. In particular, our results imply that the sphere trace Ty, is
positive when A is the quantized K-theoretic Coulomb branch of pure SL(2) or PGL(2) gauge
theory.

The first case we study deals with Kleinian singularities. A Kleinian singularity is a quo-
tient C2?/G, where G is a finite subgroup of the special linear group SLs(C). The Kleinian
singularity C?/G has as its coordinate ring the commutative graded algebra A = Clu,v]® of
G-invariant polynomials in two variables.

Finite subgroups of SL(2,C) are classified up to conjugation by simply-laced Dynkin dia-
grams. The A, 1 diagram corresponds to the cyclic subgroup generated by

2ri

en 0
_2mi |-

0 e n

The D,,_; diagram corresponds to the group generated by

en 0 0 1
(0 e?> and h-(_l 0),

which contains Z/2nZ as a subgroup of index two. The element h defines an automorphism
of Clu, v]?/?"2 of order two and the invariant subalgebra is precisely the Kleinian singularity of
type Dyp—1. When the value of n is not relevant, we refer to such singularities as being of type D
without reference to n.

Kleinian singularities are graded algebras. We can look at their noncommutative filtered
deformations, that is, filtered associative algebras A with associated graded algebra gr.A equal
to A, and try to classify positive traces on these deformations. Twisted and positive traces on
deformations and g-deformations of Kleinian singularities of type A were classified by the first
author with Etingof, Rains, Stryker in [11] and in [17]. From a physical point of view, positive
traces were studied in [7, 8, 9, 10].

In the first part of the article, we consider the case of deformations of type D. Not all
deformations of Kleinian singularities of type D can be obtained as a subalgebra inside a Kleinian
singularity of type A, but in the first part we consider the ones that do. Moreover, we assume
that the quantization parameter is generic.

We obtain classification results for traces on deformations of Kleinian singularities of type D
analogous to those obtained in [11] for type A. Our most important result in this direction is
the following theorem.
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Theorem (Theorem 6.5). Under assumptions described in Section 6, all positive traces of filtered
deformations of Kleinian singularities of type D are restrictions of positive traces of filtered
deformations of Kleinian singularities of type A.

We outline the technical preliminaries for our work on deformations of Kleinian singularities
in Section 2. Then, in Section 3, we introduce several algebra elements which are important for
our results and prove various identities and relations among them. We characterize traces of
deformations of Kleinian singularities of type D that satisfy the assumptions above in Section 4,
and use this characterization to obtain an analytic formula for traces in Section 5. Finally, in
Section 6, we prove our main result regarding positive traces of filtered deformations of Kleinian
singularities of type D.

We now turn to the second part of the article.

Let G be a complex reductive group and N be a representation of G. One can construct
a supersymmetric gauge theory from this data. There are two algebraic varieties associated to
this theory — the Higgs and Coulomb branches. A mathematical definition of Coulomb branches
was given by Braverman, Finkelberg and Nakajima in [4].

In the case when N = 0, the Coulomb branch was computed earlier in [3], it is isomorphic
to the universal centralizer scheme 3? for the Langlands dual group. Other examples include
slices in the affine Grassmannian for type ADE simple Lie groups [5], in particular the nilpotent
cone Ny, is a Coulomb branch. For the proof of the last assertion, see the last remark in [16],
for example.

Each Coulomb branch Mg ny = Spec Ag,n comes with a quantization of its ring of func-
tions .AhG n- For example, any quantization of the nilpotent cone algebra C[Nj,] is a central
reduction of U (sl,). This example provides a link between positive traces on quantized Coulomb
branches and infinite-dimensional unitary representations of simple complex Lie groups. For an
example of how this works in the case when n = 2, see [18, Section 4.3, pages 43 and 46].

In [4, Lemma 6.9], it is proved that in the case of G = SLy(C) Coulomb branches are exactly
type D,, Kleinian singularities xy? = 22 + 2! plus three exceptions: the cases n = 2, n = 1
of this equation, and the surface zy? = 22 +%. If we take the representation N = ((CQ)m, we
get n =m. In the notation of [4], the representation is denoted by N and our n corresponds
to N in Lemma 6.9. This fact motivates the title of the article, but we do not use any facts
about Coulomb branches in the first part of the article.

The Coulomb branch algebra Ag n is defined as equivariant homology of an infinite-dimen-
sional scheme R n. Changing homology to K-theory, we also get an algebra, called the K-
theoretic Coulomb branch algebra. Physically, we take 4-dimensional gauge theory with the
same group G and matter M, and compactify it on a circle. Algebraically, a deformed K-
theoretic Coulomb branch algebra Ag’ y is a certain g-deformation of Ag n.

In the second part of the paper, we consider the algebra A introduced by Gaiotto and
Teschner in [15, Section 3.5]. This algebra contains K-theoretic Coulomb branches of pure SL(2)
and PGL(2) gauge theories in the following sense. Gaiotto and Teschner use the description of
Coulomb branch via the abelianization map, also known as the localization map in the math-
ematical literature. In our case, the target of the localization map is a certain localization W
of a ¢-Weyl algebra Wy = C(u,v)/(vw — quwv). Then A is generated by the images of AgL(%O
and AqPGL(2),O in W. In Section 7, we will describe A and its connection to the BFN construction
and show that there exist involutions 71, 7o of A such that .A?g L(2)0 = A™ and A%GL(Q),O = A",
the fixed point subalgebras.

While A does not exactly fit into the sequence of g-deformations of Kleinian singularities
of type D, one could use a similar strategy to classify positive traces on deformed K-theoretic
Coulomb branches with the gauge group SL(2) or PGL(2). Also, Kauffman skein algebras should
be equal to the “enlarged” Coulomb branches constructed similarly to Section 7. Allegretti and
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Shan proved in [1] in the paragraph after Proposition 5.5 that the skein algebra for the once-
punctured torus is isomorphic to K SL(2,Cl]xC[t]*)»Cq (RPGL(2)75[2). The latter algebra is the
universal flavor deformation of a modified BFN construction in the case when N = sly is the
adjoint representation.

We classify positive traces on A with respect to an involution p = p,, that depends on an
integer m. In the case when m = 2 this involution coincides with the one considered by Gaiotto
and Teschner, and we further prove that the positive trace is unique up to scaling.

In Section 7, we describe A and prove a proposition that describes the full image of A in
the localized ¢-Weyl algebra W. In Section 8, we describe traces in terms of a quasi-periodic
function w holomorphic on C*. In Section 9, we express the positivity condition on 7" in terms
of the behavior of w on S! and \/65’1, finishing the classification. The answer is given by the
following theorem.

Theorem (Theorem 9.4). Positive traces on A are in one-to-one correspondence with holomor-
phic functions w on C* such that

The convex cone of such functions w has real dimension B — 1. In particular, for m = 4

2
there is a unique positive trace up to a constant.

Part 1: Deformations of type D

2 Preliminaries

Throughout Sections 2-6, we fix a positive even integer n with m = 5 and denote ¢ = exp(%).

For a finite subgroup G of the special linear group SL2(C), the Kleinian singularity C2/G has
as its coordinate ring the commutative graded algebra A = Clu, v]® of G-invariant polynomials
in two variables, with the action of G on A defined by

[CCL Z] - P(u,v) = P(au + bv, cu + dv).

We are interested in the case when G = D, the dicyclic group generated by elements

e 0 0 1
g_[o 5—1]’ h_[—l 0]

with ¢" = h* = ghgh™! all equal to the group identity and ¢™ = h%. The group D, acts
on Clu,v] by g-u = eu, g-v = e v, h-u = v, h-v = —u, and the invariant polynomials
generating A are u?v?, u™ 4+ v", and uv(u" — v").

All elements of the algebra A are sums of homogeneous polynomials, so A is graded by the
degree of homogeneous polynomials. We consider filtered deformations A of A, that is, filtered
associative algebras A with associated graded algebra gr A equal to A. In particular, we make
use of the Crawley—Boevey—Holland [6] filtered deformations. Let Clz, y|#G be the skew group
algebra constructed from the vector space C|z,y| ® C[G] with multiplication given by

(P®g)(Q®h)=Pg(Q)® gh,
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where P and @) are polynomials, g and h are group elements, and ¢g(Q) denotes the action of g
on Q. For an element ¢ of the center Z(C[G]) of the group algebra, let

H. = (Clz,y|#G)/(zy — yx — ¢).

For the idempotent e = ﬁdeG g, let O, = eH.e, which is an algebra with unit e. Lo-
sev [19, Theorem 3.4] proved that for any finite subgroup G of SLy(C), any filtered deformation
of C[z,y]¢ is isomorphic to some algebra O, with ¢ € Z(C[G]).

Definition 2.1. A trace on A is a linear function 7: A — C satisfying T'(ab) = T'(ba) for
all a,b € A.

We only consider traces on noncommutative algebras, so by [6, Theorem 0.4 (1)], we may
assume the coefficient of ¢ on the group identity is nonzero. Also, by [6, Theorem 0.4 (2)] that
for c outside a finite set of hyperplanes, the algebra O, is Morita equivalent to H.. We consider
only such ¢, which we call generic. We claim that for generic ¢ any trace on O, is a restriction
of a trace on H..

This implication of Theorem 0.4 (2) is proved in Corollary 6.4, in particular the Morita
equivalence is given by bimodules eH. and H.e. Now, for any two Morita equivalent algebras A
and B with Morita equivalence given by an (A — B)-bimodule M and a (B — A)-bimodule N
there is one-to-one correspondence between traces on A and B given by

TB(ZM ®Ami> ITA<Zm¢ ®an’)-

The map T is well-defined because T4 is a trace and the map T’g is a trace because T4 is
well-defined. Applying this to A = H., B = O, we get

TB(ZW ®Ami> =TA<ZW ®Bni) :TA<Zmini> =TA<mei>,

where we used that T4 is a trace in the last step. Now, Y n; ® 4 m; corresponds to just > n;m,
hence Tg is the restriction of T4 to O..
For a classification of traces on O, it therefore suffices to characterize traces on H..
Letting C, denote the cyclic group of n elements, we further assume that ¢ is in C[C},]. Then
in the algebra H., the following hold:

gr=cxg;  gy=c 'ygi  hx=yh;
n—1
hy = —xh; Ty —Yyr=c= Zcigi, with ¢g # 0, ¢; = ¢_; for all 7.
i=0
Here the equality ¢; = c_; holds because ¢ is in Z(C[D,,]) and the conjugacy classes of D,, are of
the form {gi,g_i}, {g%h | i€ Z}, and {gQth | i€ Z}.
We close this section with a definition of positive traces.

Definition 2.2. For an algebra B and an antilinear automorphism p: B — B such that p? = id,
a trace T on B is said to be positive if T'(ap(a)) > 0 for all nonzero a in B.

The antilinear automorphism we study is defined on H, by p(z) =y, p(y) = —=x, p(g9) = g,
p(h) = h. We return to positive traces in Section 6.
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3 Algebra identities and relations

In this section, we introduce several important algebra elements and describe relations between
them. The proofs are routine, but we provide them for the sake of completion.

Recall that ¢ = Z?:_ol c;g', with g a generator of I, such that ¢" is the group identity,
and € = exp(2”i). Let

n

The following lemma describes commutativity relations involving k& which are important for our
results.

Lemma 3.1. The following equalities hold in H_.:

o gk =kg;

e hk = —kh;

o [k x] = —ux;

o krx =x(k—1);
b [k7y] =Y,

o ky=y(k+1).

Proof. Because gry = exgy = xyg, it is clear that g and & commute. Also, we have

CO =1 CO =1
1 = gt h 1 = gt h
co (C my_'_;gl—l 27 T\ a1

We now prove the commutation relations with x and y. We have zyr = x(xy — ¢) = 2%y — xc,
SO

1 9 = ciglr — xeigt 1 — e'weig — xeig’
kyx] = — | zyx —x — | = — | —zc —_
oot = L (e 0ty S0 Dy s

co P co
1 n—1
=— | —=zc g | =—
0 ( +x Z cig > x
=1
It follows immediately that kx = x(k — 1), and the commutation relations with y follow by
conjugating the commutation relations with x by h. |
Now let

n—1

1 L

_ iq 1
g = — g

q nE' 9
=0

for integers q. Note that e, = €44y for all ¢. The elements e, form an important basis for C[C),],
and it is often convenient to express elements of H. using e;. The following lemma describes
relations involving e,.
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Lemma 3.2. The following equalities hold in H,.:
o egl = gieg = e e, ;

o heg =e_gh;

® T = Teyi1;

® ey = yYeq1;

o e k= key;

® eyeq = Opq€q, where 6 is the Kronecker delta.

Proof. Clearly, ¢* and e, commute. We have
1 n—1 1 n—1
o — — SJ4giti — — cli=Da,0 — c—id,
g'eg=— ; gt =~ ; g 4

and
1 n—1 1 n—1
=0 =0

proving the commutation relations with group elements. Also,

n—1 n—1
_ N g, NS gt i
eqT = — elg'r = — ey = xegq,
n 4 n -
=0 =0

and conjugating by h, we obtain e;y = yeq—1. It follows from the established commutation
relations that e, commutes with zy and each g, so eq commutes with k. Finally, we have

1 n—1 1 n—1
_ ipi, i(p—q)
6p6q = E erg eq = ﬁ g €q.
=0 i=0

If p = g, then all terms in the sum are equal to ey, so epeq = €4. If p # ¢, then Z?:_ol gilp—a) —
so epeq = 0. |
Finally, we define
1y cie v
Qg = — :
7 ¢ ; et —1

for integers ¢, and once again observe that oy = gy, for all ¢. The elements o, have an
important symmetry and allow for useful transitions from complicated expressions involving e,
to scalar multiples of ¢4, as shown by the following lemma.

Lemma 3.3. The following statements hold in H.:
® g = —Q—g-1;
e the elements oy, and e, satisfy
-1

]_ n CZEZ(q_p)gZ
e = (Z T |G

i=1
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Proof. We have

n—1 i n—1 ;
1 cie ™ 1 c_g 1 1 cla iq 1 claZ (a+1)
g = — E - = — = — E = E
T g b=t —1 52 1—gi
=1 z—l i=1 =
= —Q_g_1.

We also have
nol . —ip nol o cila—p)g—iq n-l . cia—p) gi
Qp€q = ;;Clj_fq = Clozcﬁgi_ieq - 610 (;M) €qs
proving the lemma. n
The elements e, are a basis for C[G], so we may write
1 n—1 n—1
= ™ (my - ; quq> ) or xy = cok + qzz;) Be€qs

for complex numbers 3, and extend the 3; modulo n, so that 8, = B4, for all integers q. More
generally, we have the following lemma.

Lemma 3.4. For all positive integers a, the elements x%y® and y*x® are polynomials in k and
group elements given by

a—1 n—1
Yt = H (co(k +1) + Z Bq+ieq> ,
i=0 q=0
a—1 n—1
ya;pa — (—1)(1 H <Co(—]€ + ’L) + Z Bq+i6—q> .
=0 q=0

Also, the elements x%y“e, and y*z®eq can be written as polynomial expressions in k multiplied
by eq as follows

a—1
zhyeq = eq H(CO(I‘? + 1) + Bo+i)
=0
a—1
ylateg = (—=1)%, H(CO(_k +i) + Bg+i).
1=0

Proof. We prove the polynomial expression for z%y® by induction, with the base case of a = 1
true by definition. Assume that z%y%e, = e, [[92, (co(k + i) + ZZ:_& By+i€q). Then

n—1 n—1
l‘a+1ya+1 = % (cok‘ + Z ﬁqeq> ya = ,j[;flya (Co(k + CL) + Z quqa>
n—1 a n—1
= z%° <CO(k +a) + Z 5q+a€q> = H (co(k +1i) + Z 5q+ieq> ;
q=0

=0 q=0

as needed. The analogous claim for y%z® follows from conjugation by h. The expressions
for z%y%e, and y*z®e, follow using the statement that e,e, = 9, 4e4 from Lemma 3.2. |

The numbers 3, are related to the oy by the following lemma.
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Lemma 3.5. For all g, we have 5, = 5 — coay.
Proof. By Lemma 3.3, we have
0 cig
rYeq = (cok + 5~ ; €Z—1> eq = (cok + — 2 coaq> eq-

Also, by definition, zye, = (cok + f4)eq. Thus

Co €o
(cok + Bq) eq = (cok t5 - coaq) eqs Byeq = (5 — coaq> €qs

whence it follows that 8, = % — coay. |

4 Characterization of traces

In this section, we study traces using basis elements of the form z'R(k)e,, y'R(k)ey, ' R(k)egh,
and y'R(k)egh, with R(k) € C[k]. Let T be a trace on H.. We begin with a lemma about the
values T'(eqh).

Lemma 4.1. If m{q, then T'(eqh) = 0.

Proof. It follows from the definition of a trace that the value of T" must be equal on all conjugacy
classes of I,,. This gives

n—1 m—1 m—1
1 L 1 ) 1 .
— T iq i _ 2iq T - (2i4+1)q T
h) - (;6 gh) - (;5 ) (h)+n (;6 (gh)
m—1 m—1
_1! Z %4 ) T(h) + laq Z g T
" =0 " =0

If m { ¢, then n { 2¢, so the sums of roots of unity are equal to 0. Therefore, T'(e4h) is nonzero
only if m | q. |

The following theorem classifies traces on H.. In particular, conditions (1)—(6) express trace
values on H, in terms of trace values on elements of the form R(k)e,, with R a polynomial, and
conditions (7) and (8) restrict possible trace values on such terms.

Theorem 4.2. A linear map T: H. — C is a trace on H. if and only if all of the following
conditions hold:

1
2
3
4

T is invariant under conjugation by elements of Dy,;
T(x'R(k)eq) = T(y'R(k)eq) = 0 when i # 0;
T(x'R(k)egh) = T(y'R(k)egh) = 0 when 2 14;

T (z* R(k)egh) = T(S(k)R(k+i)eq—;h), where S is the polynomial satisfying that z'y'eq—;
= S(k)eg—i;

(5) T(yZiR(k)eqh) = (=1)"T(S(k)R(k — i)eq+ih), where S is the polynomial satisfying that
y'a'eqri = S(k)egris

(6) T (k'eqh) =0 fori > 0;

(7) T((k+1—ag)R(k+3)eq) =T((k— 5 —aq)R(k—1)eqi1) for allq € Z and R € C[X];

(8) T(R(k)eq) = T(R(—k)e—q) for all ¢ € Z and R € C[X].

(1)
(2)
3)
(4)
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Proof. Assume first that T is a trace; we will show that the listed conditions must hold.

(1) This is part of the definition of a trace.

(2) The trace condition gives 0 = T'([k,2'R(k)eq|) = —iT(z'R(k)eq), and similarly 0 =
T([k,y'R(k)eq]) = iT (y"R(k)eq), from which the claim follows.

(3) Conjugation by h? multiplies both x and y by —1 while fixing e, and h, so
T(:EiR(k)eqh) = (—1)iT(af;iR(k‘)eqh) and
T(y'R(k)egh) = (—1)'T (y'R(k)egh),
proving the claim.
(4) Using the trace condition to commute z* and z'R(k)esh, we obtain
T(2* R(k)egh) = T(2'R(k)egha’) = T (z'R(k eqyih)
=T(z'y'R(k + i)eq—ih) = T(z'y'eq—i R(k + i)h)
— T(S(R)eq iRk + i)h) = T(S(b)R(k + i)eq-ih),

as desired.

(5) Similarly to the proof of condition (4), we obtain

T(ymR(k)eqh) = T(yiR(k:)eqhyi) = (—1)iT(yiR(k:)eqxih)
= (-1)'T(y'2'R(k — i)eqyih) = (—1)'T(S(k)R(k — i)eq4:h),

as needed.
(6) The trace condition gives 0 = T'([k, k" tegh]) = T(2k'egh), from which the claim follows.

(7) Using Lemma 3.3 and the commutativity of e, and k, we obtain

(k4 ) o s+ ) = T((<+—1"1;?1> )

_ 1
= COT(ij(k—{— 2)eq).

Using the trace condition to commute x and yR(k + %)eq, we find

T((k+ 3 = )Rk + 3)eq) = TRk + §)eqe) = T (yoR(k = $)eqsn)

1 13 cielyg
_ L i 1
=T <<k 3 o2 1) R(k 2)€q+1> ;

and using Lemma 3.3 and the commutativity of e, and k once again, we obtain

T((k+5 —ag)R(k+3)eq) = T((k =5 = ag) R(k = 5)eqr),

as desired.

(8) This follows from conjugation by h.

We now prove the converse. Suppose T is a linear map from H. to C satisfying the listed
conditions. We wish to show that for all a in H., we have

T([z,a]) = T(ly,a]) = T(lg, al) = T([h,al) = 0.
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The equality T'([g,a]) = T([h,a]) = 0 follows from condition (1), so it remains to verify the
result for commutation by = and y. Also, the statements that T'([y, a]) = 0 for all a follows from
the statement that T'([x,a]) = 0 for all a by conjugation by h and condition (1). It therefore
suffices to show that T'([z,a]) = 0 when a is equal to a basis element of the form z'R(k)e,,
y'R(k)eq, ' R(k)egh, or y'R(k)e,h. We now check all possible cases.

e Let a = 2'R(k)e, with i nonnegative or a = y*R(k)e, with i > 1. Then T'(za) = 0 = T(ax)
by condition (2).

e Let a = yR(k)eq. Then, using Lemma 3.3, we obtain

T(xa) =T (zyR(k)eq) = coT ((k: + % _ 010 Z ;z‘f’1> R(k)€q>

=coT((k+ 5 — ag)R(k)eq).

Using condition (7) and Lemma 3.3, we obtain

T(za) = coT((k — 5 — ag) R(k — 1)eg41)

n—1
1 Cie'g
(5328 e

=T (yzR(k - Veg1) = T (yR(k)egr) = T(ax),

as desired.
e Let a = 2'R(k)egh or a = y'R(k)egh, with i even. Then by condition (3), T'(za) = 0 =
T(ax).

e Let a = 2% 'R(k)esh, and let S(X) be the polynomial such that S(k)e;—1 = wye 1.
Then by condition (4),
T(ma) T a:QZR(k:) h) = T(z'y'R(k + i)eq—h)

asy) IRk + i)eq_ih) = T'(2" M (zy)y' 'eg—iR(k + i)h)
zy)eq 1y R(k + i)h) = T(mi_lS(k)eq,lyi_lR(k: +i)h)
"y T S (k40— 1)R(k + i)eq—ih) = T (2 2S(k)R(k + 1)eg—1h

Y q q
xZZ 2( y)R(k + 1)eq_1h) = T (2 ' R(k)eqyh)

8
@
,_A

—

e e e e e e
8
s
,_.
—

as needed.
e Let a = y* 1 R(k)egh, and let S(X) be the polynomial such that S(k)egi2i = Tyeq:i.
Then by condition (5),
T(za) = T (zy* T R(k)eqh) = T (zyeqi2:y* R(k)h)
=T (S(k)eg+2:y* R(k)h) = T (y*S(k + 2i)R(k)eqh)
= (ST (52 S(k + ) R(E — )eqsih).

On the other hand,

T(az) = T (y*"' R(k)eqyh) = T (y**R(k + 1)eq—1h)
= (=)' T (y" 2" R(k — i)eqrih). (4.1)
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So by condition (6), both T'(za) and T'(ax) are proportional to T'(eq4+;h), which, by
Lemma 4.1, is nonzero only if m | ¢ +i. We may therefore assume that m | ¢ + 1,
because otherwise, T'(xa) = 0 = T'(ax). It follows that n | 2q + 27, so B4 = f—q-
Therefore, by Lemma 3.4,

T(xa) = (—1)'T (y'2'S(k + i) R(k — i)eqih)
i—1
=T < ( H co(—k+j)+ /qu+j) (co(k + 1) + Bgra2i)R(k — i)eqﬂ-h)

=0
i—1

=T ( ( H co(—k +J) + ﬂ—q—iﬂ’) (co(k + 1) + B—g) R(k — i)eqﬂ-h) .
=0

By condition (6), this expression depends only on its value for & = 0. Therefore, simplifying
the expression for T'(za) and using (4.1), we obtain

i—1
T(zva) =T ( ( H co(—k+J)+ ﬁqiﬂ') (co(—k +1i) + B—q)R(k — i)eqﬂ'h)

j=0
i
=T ( ( H co(—k+J) + ﬂ—q—i-&-j) R(k — i)eq+ih>
j=0
= (=)' (y" 2" R(k — i)eqih) = T(ax),
as needed.
This resolves all cases, completing the proof. |

Theorem 4.2 reduces traces on H. to traces on a subalgebra and two additional parameters,
as shown by the following corollary.

Corollary 4.3. A trace is uniquely determined by its values on elements of the form R(k)e,
with R a polynomial, and on the conjugacy classes g**h and ¢*'h of D,,. Also, any choice of
linear function T' on the subalgebra of H. spanned by elements of the form R(k)eq which satisfies
conditions (7) and (8) of Theorem 4.2 and of values T(gzih) and T(gzi+1h) defines a unique
trace on H. through conditions (1)—(6) of Theorem 4.2.

Proof. By Theorem 4.2, a trace is uniquely determined by its values on terms R(k)e, and on the
conjugacy classes g%'h and g% *t1h. We show that any choice of linear function on terms R(k)eq
which satisfies conditions (7) and (8) of Theorem 4.2 and of values T'(¢*h) and T'(g**h) gives
a valid trace. Indeed, values of 7" on basis elements are determined by conditions (2)-(6) of
Theorem 4.2, so all that is left to check is that condition (1) of Theorem 4.2 does not lead to
a contradiction. Using the fact that ghg™' = ¢%h and gieq = a_iqeq, we see that conjugation
by g preserves the relations among basis elements given in conditions (2)—(6) of Theorem 4.2
and preserves conjugacy classes of I,,. Conjugation by h also preserves relationship among basis
elements, so the trace is indeed well-defined. |

We now compute the dimension of the space of traces on H..
Proposition 4.4. The dimension of the space of traces on H, is § + 2.

Proof. By Corollary 4.3, it suffices to show that the dimension of the space of linear maps
satisfying conditions (7) and (8) of Theorem 4.2 is . Let V = C[X]®", and define the linear
map p: V — V by

P(Ro(X),..., Ry_1(X))
= (Ro(X +3) = Bar (X = 3), s Bt (X + 3) = Bna (X = 3)),
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where the ith component is equal to R; (X + %) - R (X — 7) Define the ideal I of V by
I'={((X —ag)Ro(X),..., (X —an-1)Rn1(X)) | Ri(X) € C[X]}

and the subspace W of V as the set of elements (Ry(X),...,Ry,—1(X)) for which R;(X) =
—R_;(—X). The space of linear maps satisfying condltlons (7) and (8) of Theorem 4.2 is
isomorphic to the vector space (V/{p(I), W))*, where (¢(I), W)) denotes the linear span of (1)
and . We therefore wish to show that the dimension of V/{(p(I), W) is

First, note that the map ¢ is surjective. Indeed, to solve the equation gp((RO, ...y Rp1)) =
(Po,...,Py_1), let R,_1 be a solution to the equation

n—1
Ry (X +n—3) =Ry (X = %) =) P(X+i).
i=0
Then Ry, ..., R,—_2 are uniquely defined by the first n — 1 components of the equation, and the

resulting solution is valid because the sum Z?:_ol (Ri (X + 17+ %) — R4 (X +1— %)) is equal
to Ry—1(X +n—1) — R,_1(X — 1), which equals S Pi(X + 1), as needed. We also note
that the kernel of ¢ is {(z,...,2) | z € C}.

Letting U = {(Ro(X),...,Rp—1(X)) | Ri(X) = R_i_1(—X)}, we claim that the preimage
of W under ¢ is U. Indeed, p(U) C W because for any element (Ro(X),...,R,—1(X)) € U,
the ith component of p(Ro(X),..., Ry—1(X)) is

RAX ) = R (X = 4) = Roia (X - §) = Rei(-X + ),

which is equal to the negative of the (n — i)th component. Conversely, for any element (Ry(X),
., Rp—1(X)) mapped to W by ¢, the element of V' with ith component equal to

Rl(X) + R,l;l(—X)
2

belongs to U and is also mapped to W by ¢. Therefore, V/{o(I), W) = V/(1,U).

Let ¢: V. — V/I = C" be the quotient map given by mapping (Ro(X),..., R,—1(X))
to (Ro(a), ..., Ry—1(an—1)). Because o; = —a—_;—1, ¥(U) is the set S of vectors (vg,...,vp—1)
such that v; = v_;_; for all . Therefore, V/(I,U) = C"/S, the dimension of which is %, as
desired. |

5 Analytic formula for traces

We now give an analytic description of traces using the notion of a good contour from [18]. In
particular, similar to [18, Definition 3.6], we say that a non-self-intersecting curve C' with exactly
one point in the set R 4 ri for all real r is a good contour if the following three conditions hold:

(1) There exist real » > 0 and a such that, letting B, be the disk of radius r centered at the
origin, C'\ B, coincides with (a + iRs¢) U (—a + iR-g) \ B,. This property ensures that
the notions of “to the left of C” and “to the right of C” are well-defined.

(2) For all g, the set ag — Z~o + % is to the left of C, and the set a; + Z>( + % is to the right
of C.

(3) The path C' is symmetric about the origin, that is, for every complex number z on C, —z
is on C.
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Because the parameter c is assumed to be generic, no two o, have the same imaginary part,
so a curve satisfying condition (2) exists. Also, since ay = —a_4—1 by Lemma 3.3, the curve
may be taken to also satisfy condition (3). Finally, since there are finitely many ay, the curve
may also be taken to satisfy condition (1), so a good contour is guaranteed to exist.

Define the polynomial

n—1

P(X) = [[(X - exp(2 (ag —q - 3))),

q=0

so that P(exp(%z)) =0when z=a4—¢q— 3 (mod n). It follows from the definition that the
only root of P(exp(%” (2 —q— %))) between —% +Cand i +Cisatz= ay. Moreover, the

n 2

following lemma about P(X) holds.
Lemma 5.1. The polynomial P(X) satisfies P(X) = X"P(X1).
Proof. For each root exp(%(aq —q— %)) of P(X), the complex number
exp(=T (ag =g = 5)) = (T (g1 +a+3)) = (T (g1 — (~¢—1) = 3))

is also a root of P(X), so the reciprocal of each root of P(X) is also a root of P(X). The claim
follows. u

As the following theorem shows, traces can be described as an integral over a good contour.
Theorem 5.2. Define
Glesp(25:2))
P(exp(%72))’

where G is a polynomial of degree at most n — 2 such that G(X) = X"_QG(X_I), and let C be
a good contour. All traces T: H. — C are given by

wo(2) = exp(#z) - we(2) = wo(z — q),

T(R(k)e,) = /C R(2)w,()dz
on Clkleq, and extended to H. using Corollary 4.3 and the values of T on the conjugacy
classes {g*h | i € Z} and {g**'h|i e Z}.
Proof. The weight functions w, satisfy the following properties:
(1) wy(z) = wg—1(z — 1), and so wy(2) = wye(z — n);
(2) wq(z) decays exponentially when Im(z) approaches +oo;

(3) (2 — ag)wy(z — 3) is holomorphic for z between —3 + C and 3 + C.

Indeed, Property (2) holds because P(X) is not divisible by X and G has degree < n — 2, and
Property (3) holds because the only root of P(exp(% (z — % — q))) between —% + C and % +C
is at z = ay, and the function

z — Qq

exp(%2) — exp(Tag)

is holomorphic at z = ay.
We now check conditions (7) and (8) of Theorem 4.2. First,

T((k+ 35— aq)R(k+3)eq) = T((k =3 = aq) R(k = 5)eq+1)
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= / (z+ 3 — ag) R(z + 3)wg(2)dz — / (z— 3 —ag)R(2 — 3)wgt1(2)dz
C C

= /1 (z — ag)R(2)wg(z — 3)dz — / 1 (z — ag) R(2)wgt1 (2 + 3)dz
lic ~lic

= /1 (z — ag)R(z)wq (z - %)dz - / (z — ag)R(2)wq (z — %)dz
lic -

i+C
Letting U be the region between —% + C and % + C, this is equal to
/ (z — ag)R(z)wq (2 — 3) dz,
ou
which is equal to 0 because (z — aq)R(2)wg(z — %) is holomorphic in U by Property (3) of wq

listed at the beginning of the proof. Thus condition (7) of Theorem 4.2 holds.
To show that condition (8) holds, we first show that wg is even. Indeed,

(o) — a2 CEPEED) oy exp((n—2) - 22)G exp(—22))
0( ) p( n ) P(exp(%ﬂiz)) p( n ) exp(n' %Z)P(exp(—%“iz))
= exp(—2&y) - G(exp(—%z)) — wnl—z
= p( ) P(exp(—%z)) - 0( )

Recalling that C' is symmetric about the origin, we obtain

T(R(k)eq) = /CR(z)wq(z)dz = /CR(Z)’UJ()(Z —q)dz = /CR(—z)wo(—z —q)dz

= / R(—2)wo(z + q)dz = / R(—z)w_q(2)dz = T(R(—k)e_q),
C C

so condition (8) of Theorem 4.2 holds.

Finally, the dimension of the space of possible polynomials G is 5 and distinct polynomials
yield distinct traces, so, taking into account the value of the trace on the conjugacy classes { g*h |
1€ Z} and { g*thic Z}, the dimension of the space of traces described by the theorem is

5 + 2, which is equal to the dimension of the space of all traces by Proposition 4.4. |

The following theorem reduces the analytic formula of Theorem 5.2 to an integral over the
complex line.

Theorem 5.3. Define wy as in Theorem 5.2. All traces T': H. — C are of the form

T(R(K)ey) = [ R)uy(2)ds + By (R),
iR
where @, is a linear functional of the form

y(R)= > agijR(i+q—i+nj—1%)
1,JEZL,
i#q
with finitely many aq; ; not equal to zero. If the linear functional ®g is identically zero, then the
trace T is equivalent to a trace of the filtered deformation constructed from the polynomial P,
obtained by removing roots of P outside the strip |[Re(z)| < 3.
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Proof. In the case when all o, satisfy |[Re(a,)| < 3, the good contour C may be taken to be iR,
proving the theorem. Otherwise, we have

T(R(k)eq) = /CR(z)wq(z)dz = / R(2)wg(z)dz + ZRGSZO(qu),

iR 20
where the sum is over all zy between iR and C' where wy(z) has a singularity. In particular,
these z are of the form «; + ¢ —i+nj — 5, with i € [0,n — 1] and j € Z. The value Res,(Rw,)
is proportional to R(zp), proving that the trace T" has the form claimed.

If @ is identically zero, then, for all polynomials R, the sum )’  Res, (Rwo) over the
poles zp of wy(z) between iR and C' is always zero. Taking R to have arbitrary values on the
poles (which is possible because the parameters o, are generic, and hence the values o;+g—i+nj
are distinct), we find that all residues of these poles are zero. But this implies that there are
no poles of wy between iR and C, which is only possible if, for all complex numbers zy of the
form a; — i+ nj — %, the monomial (z — exp(%zo)) divides the polynomial G of Theorem 5.2.
This monomial cancels out the corresponding divisor of the denominator P of wg, reducing the
trace to one over P,, as claimed. [ |

Remark 5.4. In the case ¢ = 0, the poles a; — ¢ + nj — % are symmetric about the origin
because o; = —a_;—1 by Lemma 3.3. As was shown in the proof of Theorem 5.2, wq is even,

so Res,, (wo) = Res (wo). It follows that ag;; = ao,—i—1,—;-

—itnj—3 oi_1ti—nj+i

6 Positive traces

In this section, we study positive traces on O, and prove our main result. Recall that the
antilinear automorphism p: H. — H. is defined by p(z) =y, p(y) = —=x, p(g) = g, p(h) = h. It
follows that p(k) = —k and p(e;) = e_q.

We use the following lemma.

Lemma 6.1 ([11, Lemma 4.2]). Let w(z) be a measurable nonnegative function on R such
that w(z) < cexp(—b|z|) for some positive constants b, c and which is positive almost everywhere.

(1) If H(z) is a continuous complez-valued function on R with finitely many zeros and at
most polynomial growth at infinity, then the set {H(2)S(z) | S(z) € C[z]} is dense in the
space LP(R,w).

(2) The closure of the set {S(z)S(z) | S(z) € C[z]} in LP(R,w) is the subset of almost every-
where nonnegative functions.

We begin by showing that the linear functional ®qg of Theorem 5.3 must be identically zero.

Proposition 6.2. Any positive trace T on O. of the form given by Theorem 5.3 satisfies
®g(R) =0 for all polynomials R.

Proof. Since T is a positive trace, we must have T'(ap(a)) > 0 for all a in O.. In particular,
we must have T'(R(k)R(k)e) > 0 for all even polynomials R. By condition (6) of Theorem 4.2,
this trace value is equal to 37 (R(k)R(k)eo) + 3 R(0)R(0)T (eoh).

Suppose, for the sake of contradiction, that ®( is not identically zero. Then there exists
a polynomial Sy such that Sp(0) = 0 and ®y(Sp) is negative. By Remark 5.4, we may take Sp
to be even. Also, let

H(z) = 2] [(z — =),
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where the product is over singularities zg of wg(z) between iR and the path C, so that H(0) = 0
and H(a; —i— 3) = 0 for all i. Thus for any polynomial U(z), we have ®((So — HU)(So —
HU)) = ®¢(S0) and Sy(0) — H(0)U(0) = 0. Also, by Remark 5.4, the polynomial H(z) is even.

By part (1) of Lemma 6.1, there exists a sequence of polynomials S; such that H.S; tends
to Sp in the space L2(iR, |wy|). Because wy(z) is even, the sequence H(z) - W also tends
to Sp in L2(iR, |wpg|). Thus the integral

/iR <So(z) — H(z)- W) <§0(2) —H(z) - W) wo(2)dz

tends to 0. Letting R(z) = Sy(z) — H(z) - W for large enough i, we obtain
T(R(k)R(k)e) = 3T (R(k)R(k)eo) + 3 R(0)R(0)T (eoh) = 1T (R(k)R(k)eo)
— [ RG)RG)wolz)dz + @0(R),

which is negative, contradicting the positivity of the trace. Thus ®y must be identically zero,
as claimed. |

We now prove a few preliminary results which restrict a positive trace T' to be nonzero only
on the span of terms of the form R(k)e,, with R a polynomial.

Proposition 6.3. Any positive trace T on O, satisfies T(egh) = 0.

Proof. Let a = R(k)(a™ 4+ y™)e for some even polynomial R. The element a = ea is in O, so
by hypothesis, we must have T'(ap(a)) > 0. Expanding and using the evenness of R gives

a)) = T(R(k)(z" +y")eR(k)(z" + y")e)
_ (Rk ey >R<k><x +y")e)
T(R( ") (2" R(k —n) + y"R(k+n))e),

and distributing and using the commutativity relations with k listed in Lemma 3.1, we obtain

T(ap(a)) = T(R(k) (x2"R(l<: —n)+2"y"R(k +n) + y*"R(k +n) + y"2"R(k — n))e)
=T (2*"R(k — 2n)R(k — n)e) + T (z"y"R(k)R(k + n)e)
+ T(y*"R(k + 2n)R(k + n)e) + T (y"z" R(k)R(k — n)e).

Because ¢q is the average of the elements in C,, and e is the average of the elements in D,

we have e = w. Expanding the expression for T'(ap(a)) and removing terms equal to 0,

we obtain
T(ap(a)) = 3T (2*"R(k — 2n)R(k — n)eoh) + 3T (2"y" R(k)R(k + n)eoh)
lT(y%R(kJ +2n)R(k + n)eoh) + %T( R(k) R(k —n)eoh)
+ 1T (@ R(K)R(k +n)eo) + LT (y"a" R(k)R(k — n)eo).
Using conditions (4) and (5) of Theorem 4.2 and rearranging terms, we obtain
5T («"y" R(k — n)R(k)eoh) + %T(x”y RO9R(h + n)eoh)
+ 3T (y"z"R(k + n)R(k)eoh) + 3T (y"x (k)_ (k —n)eoh)
+ 5T (a"y" R(k)R(k +n)eo) + (" R(k)R(k — n)eq).

T(ap(a)) =
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Equating terms containing y"x™ with terms containing z™y" using conjugation by A and com-
bining like terms gives

T(ap(a)) = T ("y"eoh) (R(n)R(0) + R(O)R(n)) + T (a"y" R(K)R(k + n)eo)

n—1
= T(eoh) (R(n)R(0) + R(0)R(n)) ] (coq + 5,)
q=0
B n—1
+ / R(2)R(z +n) H(co(z +q) + By) | wo(z)|dz|. (6.1)
iR q=0

The product H (coq + f,) in the first term is nonzero by assumption; indeed, by Lemma 3.5,
coq + B¢ = co (q +1 5 aq), which is equal to zero only if oy — % is an integer, which is impossible.

Now assume, for the sake of contradiction, that T'(eph) is nonzero. Letting S(z) be the
polynomial such that R(z) = S (z — %) and using the evenness of R, we obtain

n—1
T(ap(a)) = T(eoh) (R(n)R(0) + R(O)R(n)) [ (coq + By)
q=0
n—1
+ /iR R(—2)R(z +n) ql_[o(co(z +q) + By) | wo(z)|dz]

n—1

= T(eoh)(S(5)S(=%) +5(=%5)S(3)) [T (coa + 8,)

q=0

+ /RJH; S(—2)S(z)w(z)|dz|,

where w is a function with |w(z)| satisfying the conditions of Lemma 6.1(1). Because 5, =
G — coaq by Lemma 3.5, the weight function w(z) is holomorphic between iR and iR + n.
Moving the contour of integration, we obtain

T(ap(a) / S(- w(z)|dz|,

where 1(S) is proportional to S(%)S(—%) 4+ S(—%)S(%). By suitable choice of S, we can
force 1(S) to be negative; let Sy be a polynomial with this property and satisfying that So(z) =
So(n—z), and let U(z) = (z — %)2, so that ¥(So—UL) = 1(Sy) for any polynomial L and U(z) =
U(n — z). By Lemma 6.1 (1), there exists a sequence of polynomials S; such that US; tends
to Sp in the Sg)ace L2 iR, |w(z)| + |w(n — 2)|). It follows from the symmetry of Sy and U
that U(z 5in=2) tends to Sy in the space L2(iR, |w(2)|). Therefore, the integral

/iR (So(—z) (. Si=2) +25i(n + z))
< (5162 - 0) LY s
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approaches 0. On the other hand, 1/1( 0(S> M) ¥ (Sp) is negative. There-
fore, choosing S(z) = Sp(z) — U(z2) - Si(z)+5i(n=z) )+ i(n= Z) for large enough i and noting that the resulting
polynomial R is even, we obtain T’ (ap(a)) < 0, a contradiction. [

We now obtain a similar result for e,,h.
Proposition 6.4. Any positive trace T' on O, satisfies T (eymh) = 0.

Proof. Let a = (2" + y"™ + S(k))e for some even polynomial S. As in Proposition 6.3, ea = a,
so a is in O, and we must have T'(ap(a)) = 0. Expanding and using the evenness of S gives

T(ap(a)) = T((«" +y" + S(k))e(z" +y" + S(k))e)
=T((2" 4+ y" + S(k))(a" +y" + S(k))e)
=T((2*" + 2™y" + y"a" + y*")e) + T(S(k)S(k)e)
+ T (2" (S(k—n)+ S(k))e) + T (y"(S(k +n) + S(k))e).

We evaluate these terms separately. By Proposition 6.3 and (6.1) with R = 1, we have

T((@ + 2"y + " + 4" / HCOZ+€I ) + B)uo(2)]dz|.

Splitting into ey and egh components and using Proposition 6.3, we find that the second term
is simply

T(S(k)5(k)e) = LT(S(R)S(k)eo) + LT (S(k)S(k)eoh) / S(z (2)[dz].

Again using Proposition 6.3 and applying conditions (4) and (5) of Theorem 4.2, we find that

the sum of the last two terms is equal to

1T (2™(S(k — n) + S(k))eoh) —IZ%T(y”(S(k‘ +n) + S(k))eoh)

= 1T (z™y™(S(k — m) + S(k +m))enh)
AT (S (h 4 m) + S(h — e,

which, by conjugation by h, is equal to

m—1
T (2™y™ (S(k —m) + 5k + m))emh) = T(emh) (S(=m) + S(m)) [ (coq + Bmrq)-
q=0
Thus
m—1 n—1
T(ap(a)) = T(emh) (S(—=m) + S(m)) [ ] (coq + Bmq) + /R [T (co(z + q) + By)wo(2)|dz]
q=0 1 g=0

—i—/iRS(—z)S(z)wo(z)\dz\.

Assume, for the sake of contradiction, that T'(e,,h) is nonzero. As in the proof of Proposition 6.3,
the product H;n:_ol(coq + Bm+q) is nonzero by Lemma 3.5 and the condition on the ay, so for
a suitable choice Sy of even S, the expression

m—1

n—1
T(emh) (S(=m) + 5(m)) [] (cot + Brura) + /R TT (co(= + @) + By)wo(2)ldz|
1 q:0

q=0
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can be made negative. Taking U(z) = (# — m)(z + m), there exists a sequence S; of polyno-
mials such that US; approaches Sy in L%(iR, |wo(z)|) by Lemma 6.1 (1), so U(z) - W
approaches Sp in L2(iR, |wg(2)|) because wy is even. Setting

S,‘(Z) + S,'(—Z)

S(2) = So(2) ~U(z) - 22

for large enough ¢, it follows that T'(ap(a)) < 0, a contradiction. [ |

We now obtain our main result.

Theorem 6.5. Let ¢ be generic and contained in C[C,]. Any positive trace of a filtered de-
formation OP of a Kleinian singularity of type D is the restriction of a positive trace on the
corresponding filtered deformation OCC" of a Kleinian singularity of type A.

Proof. We first describe the correspondence between OP» and OS». Just as the algebra OP is
defined as e(Clx, y]#D,)e, a subalgebra of H., the algebra O™ is defined as eo(Clx, y]#Ch)eo,
also a subalgebra of H.. The elements of OP» are of the form R(z,y)e, with R(z,y) a poly-
nomial expression in x and y invariant under the action of ID,,, and the elements of Ogn are
of the form S(x,y)ep, with S(z,y) a polynomial expression invariant under the action of C,.
The map R(z,y)e — R(z,y)ep for invariant polynomials R(x,y) is an injective algebra homo-
morphism from (’)P” to (’)g", so we may identify (9?" with a subalgebra of (’)CC". In particular,
OP» is mapped to the set of elements of O invariant under the involution given by keg — — ke,
x"eq — y"eo, yeq — x"eq.

By this inclusion, any trace on OCC" can be restricted to a trace on OPn. Observing that the
formula in Theorem 5.2 is identical to the analytic formula for type A traces obtained in [11,
Proposition 3.1] with z = 560 and u and v scalar multiples of £ —eo and y €, respectively, such
that the polynomial P Satlsfymg Uy = P(z + ) obtained from Lemma 3.4 is monic, we see
that the resulting restricted trace T' can be any trace satisfying Theorem 5.2 and the additional
condition that T'(eqh) = 0 for all g. This condition follows from Lemma 4.1 and Propositions 6.3
and 6.4, so any positive trace on OPn is the restriction of some trace on OS".

Let T be a positive trace on OP», and consider its unique even extension to O given by the
even weight function wy and the analytic formula in [11, Proposition 3.1]. We wish to show that 7’
is positive on O¢». Because T is positive on OP», we must have T'(egR(k)eop(eoR(k)eg)) > 0
for any even polynomial R, or equivalently

/R R(2)R(—2z)wo(z)|dz| > 0. (6.2)

Also, letting P be the polynomial such that z"y"eq = P(k + %)eo, we have

/R R()R(~2 —n)P(= + )up(2)[dz] > 0 (6.3)

for all even polynomials R by (6.1). By Lemma 6.1(2), (6.2) is equivalent to wg(z) being
nonnegative on iR because for a sequence of polynomials 5; tending to some almost everywhere
nonnegative even function U in L'(R,|wo(z)|), the sequence of polynomials W tends
to U in LY(R, |wy(2)|) because wy is even.

Also, letting S be the polynomial such that R(z) = S(z + %) and noting that P(z + 5 )wo(z2)
is holomorphic between iR and § + iR, (6.3) is equivalent to the statement that

/ S(2)8(=2)P(2)wo (= — B)[dz] > 0
iR



Positive Traces on Certain SL(2) Coulomb Branches 21

for all polynomials S such that S(z) = S(n — z). Again using Lemma 6.1(2), it follows
that P(z)wo(z — %) is nonnegative on iR.

The positivity conditions obtained on P and wy are equivalent to those obtained in [11,
Proposition 4.20] for type A, so the trace T is positive on OP» if and only if it is positive
on O%». Thus T is the restriction of a positive trace on O™, as desired. [

Part 2: Pure SL(2)/ PGL(2) gauge theory

7 Description of the algebra

7.1 Definition of A, connection to the BFN construction

1

Let 0 < ¢ < 1 be a number. Consider the algebra B with generators v, v, u+ and rela-

tions utv = ¢tloug,

1 u . — 1
= =@ ) T e )

U+Uu— =

a
Definition 7.1. A is the subalgebra of B generated by elements v* +v~* and H, = ¢2 (v*u, +
v~ %u_) for all positive integers k and all integers a.

Gaiotto and Teschner [15] use A to describe the K-theoretic Coulomb branch of pure SL(2)
and PGL(2) gauge theories. We will explain the connection from a mathematical point of view
below.

First, we note that A can be embedded into a localized g-Weyl algebra.

Definition 7.2. Let Wy = C({v,w)/(wv — quw) be a ¢-Weyl algebra. Then elements v, w and
{qiv — q_iv_l} generate a multiplicative subset S satisfying both the left and the right Ore
condition. We define W to be the Ore localization of W at S.

Lemma 7.3. There is an embedding of B into W given by v — v, uy — w(v — v_l)_l and
u_ — w (v — ’U_l)_l.
Proof. We see that the images satisfy the defining relations u+v = ¢* uvs of B. For the other
two relations, we have

u _ oo-n-1 o 1\l P B e S Ay

+u_fw(fuv)w(vfu) f(qqu)(vv),

and

U_uy = w_l(v — U_l)flw(v - v_l)fl = (q_lv - qv_l)f1 (v — U_l)fl.

I,k

The basis of B is given by expressions v*, u +vl and u” v! for positive integers k and integers .
Each k corresponds to its own power of w, then different [ give linearly independent elements. W

We identify A with its image in W. This is the only property of A that we will use in
Sections 8 and 9. We discuss the connection to the BFN construction for completeness.

We turn to BFN Coulomb branches. Pure gauge theory means that N = 0. In this case,
BFN construction gives equivariant K-theory of the affine Grassmannian

AL = KCECCT (Grg).

)

The group C; acts by loop rotation on G(O) and on Grg.
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Let g be a formal parameter instead of a number, the definition of A works with the following
change: A is a C[q, q_l]—algebra and we change the generator H, to H, = (v*'uy + v % ).
Then A should be equal to KSHZCIHN*Cq (GrpaL,), a modification of BFN construction. We
use this as a motivation to consider A, but a rigorous proof is beyond the scope of this paper.

Lemma. We have A~ KSLRCIHD*Cy (GrpaL,). More precisely, we identify W with KCixCq
X (Gr7)ioe, the localized quantized Coulomb branch of pure C} gauge theory. Then the image of
the localization map

(i)t KSLCD«Cy (Grpar,) — KT € (GI7)10¢

equals to the image of A in W under the map uy — (v - v_l)_lw, U_ > (v — v_l)_lw_l.
Sketch of the proof. Note that we switched between left and right fractions compared to
Lemma 7.3, but the proof of the inclusion B — W works without change.

Similarly to the proof of [4, Lemma 6.9], one can prove that KSMZCIH) GrpgL,) is
generated by the dressed miniscule monopole operators and the K-theory of a point. Then we
use the localization map, it is also called the abelianization map in physics literature. For pure
gauge theory this map is constructed in [3, Section 6.3]. We get the map

><1(C;<(

(Z-*)fl : I{—SL(2,(C[[tH)><1(C;< (GrPGLQ) N K(Cff ><(C;< (GrT)lom

where CX C SL(2,C) is the maximal torus and the multiplicative subset on the right is de-
fined so that W = KCo*Cd (Grr)ioe- Let v be the generator of the C-equivariant K-theory of
a point corresponding to the standard representation, similarly for ¢ and (qu. Then the image
of KS?)(pt) under the localization map consists of Laurent polynomials in v symmetric with
respect to v — v~!. Dressed miniscule monopole operators are defined as K-theory classes of the
sheaves O(l), | € Z on the smooth PGLy(C[[t]])-orbit P! C Grpgr,. Here the SLa-equivariant
structure is the natural one, and the action of C; on O(l) is trivial. It can be checked that the
image of [O()] in W is

—(v — 1)71)_1 (v”lw — vil*lwfl) =—H,.
This finishes the proof. |

We claim that KSHZCH)~Cq (GrpgL,) contains Coulomb branches of pure SL(2) and PGL(2)
gauge theories. The inclusion

AL o = KSHRLIDACE (Grgy ) € KSVECINAC (Grpy,)
2,

comes from the inclusion of the affine Grassmannians. Let 71: A — A be the map that fixes v
and sends w to —w. Then AgL2 o is the subalgebra A™ of 71-fixed elements. The inclusion

A%GL 0= I{PGL(Q,(C[[)&]])>4(C;< (GrPGLz) c KSL(2,C[[tH)>4(C;< (GrPGLg)
2,

follows from the fact that any PGLs-equivariant sheaf is SLo-equivariant via the projection
SLy — PGLs. In terms of the generators above, A%’GLQ,O is generated by v™ 4+ v~ with n even
and H, with a odd. Any such element is fixed by the involution 79 such that ma(v) = —ov,
To(w) = —w and we have A%GL%O = A",

Gaiotto and Teschner consider the automorphism p(H,) = H,—2 and g(H,) = H,—4, but
the definition of twisted and positive trace in physics is slightly different: T'(ab) = T'(g(b)a)
instead of T'(ab) = T'(bg(a)) and T(p(a)a) > 0 instead of T'(ap(a)) > 0. Any twisted trace
satisfies T'(a) = T'(g(a)). Hence, a g-twisted trace in one sense is a g~ !-twisted trace in another.
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So we consider g(H,) = Ha14 and, more generally, g(H,) = Hqtm and p(H,) = Ha+% for
even m.

We classify twisted and positive traces on A in the case when m > 0.

For future use, we note that g and p can be extended to an (anti-)automorphism of W as
follows:

9(v) =, g(w) = ¢z v™w = ¢~ 2wu™,
plv)=v7',  plw)=qiv Tw =g Tw v T,

Remark 7.4. There is an isomorphism between A, and A,-1 that does not change w and sends v
to v~!. This isomorphism interchanges g,,-twisted traces for Ay and g_,-twisted traces for A,

It can be shown that in the integral formula from Proposition 8.2 we can take g to be a formal
parameter and take formal power series w(z) instead of an actual quasi-periodic function. This
would give a classification of twisted traces for all ¢ and hence for all m. For 0 < g <1 and
negative m, most of these power series will have quadratic exponential growth and converge
nowhere, similarly to the series for Jacobi theta function > q”2 2™ with ¢ > 1instead of 0 < ¢ < 1.
Because of this and the fact that m < 0 case is less physically significant, we work only with the
case m > 0.

Remark 7.5. Geometrically, g,, should correspond to the twist by m-th power of the determi-
nant bundle on the affine Grassmannian.

7.2 Description of the image A C W

We will write elements of A and W as a = > w'f; ZZ]\L ~ W'fi, where N is a nonnegative
integer and f; is a rational function in v. The functlon f; may have poles only at +¢* for some k.
We denote the residue of f; at +¢* by f or f , respectively. We will also use notation

the f (ki) _ p(k)

)

Proposition 7.6. The algebra A coincides with the set of elements a = > w'f; ofW such that
all f; have simple poles only possibly at +q7, j € Z and the corresponding residues fi (%) satisfy

1) f=i(v™!) = (=1) filv);

@) £ =0;
(3) for a positive integer k, we have f(Z 4 = (- 1)k+1fi(i’;t), where & is the same sign on both
sides.

In particular, féo’i) =0, so that fo(v) has no poles at the unit circle.

Proof. We should check that any element of A satisfies the conditions (1)-(3) and that any
element satisfying conditions (1)—(3) belongs to A.

Elements of A satisfy the conditions. Note that an element a = > w'f; € W satisfies the
condition f_;(v™') = (=1)"f;(v) if and only if a is fixed by the involution 7 that sends v to v™!
and w to —w~!. In terms of uy, we have 7(uy) = u_ and 7(u_) = uy, so that 7(H,) = H,. It
follows that all generators of A are fixed by 7. This shows that the first condition is satisfied.

We check the second and third conditions by induction on the number of H, used in the
multiplication. The base case is zero and one multiplications: p(v) and

a

Hy = q2 (0%uy +v %) = q2 (upv® +u_v"%).

The polynomial p(v) has no poles. For H,, we write

up® + vt = wot (v - ”71)_1 +w (v - vil)ﬂ?
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so that f1 = v_”:_l and f_1 = vﬁ;il Z(J ) are zero except

0 0,— —1)e 0 0,— _1)~a
fl():l fl( ):(2) fg):%, fl( ):( )

2 ’ 2

It follows that both the second and third condition are satisfied. '

Note that the second and the third condition can be written as fi(ilf) = (—1)k+1 fz.(i’zc), where k
is a nonnegative integer. For k = 0 we get the second condition.

We turn to the induction step. We will prove that if z = Y w'f; satisfies the conditions then

Hyx = (wgy +w g 1)z

also satisfies the second and third conditions. Here gil ”i_l are rational functions in v
with at most simple pole at v = +1 satisfying gil’i) = g( i) We also have g_; = —gl( 1).
We have

Hax = (wgr +w ™ 'g_1) (Zw%) => w(gi(¢" ") ficr +g-1(a7 ) fira)
= w'h;. (7.1)

Note that g41 (q_iv) has at most simple poles at 4q' with residue qigfl’i). Using the fact

that f; is regular at ¢’, we see that g+ (q 'U) fi has simple poles.

Hence, h; has simple poles. It remains to prove that for all ¢ and £ > 0, we have h( ) =
(—1 )k“h(Z ) . We will prove it for & = +, and for & = — the proof is the same.

For j # i £ 1, the residue hz(j ) can be computed as

hgj) _ 91( jH1— z)f 49 (qulfi)fi(i)l_ (7_2>
Hence, for k # 1, we have
W = o (qk“)ffﬁk L+ - 1(qk’1)ff-?k+1
= —g-1la )V A — a6 DD = D,
For j =i+ 1, we have
WY = g1 (@) 50 + ¢ fia (07,
and for j =7 — 1 we have

hz(i*l) _ qi_lg?)fifl(qi_l) +g.1 (q—2)fi(j:11)' (7.3)

Using this, we check the condition for k =1
hgi)l =4 ggo)fz( ) -|—g,1(q_2)fi(i)2 = qig(—offi(qi) + (_91 (qg)) ‘ (_fi(g) = hz@l-

This finishes the proof of inclusion.

Conditions (1)—(3) imply being inside A. First we prove that any element a =
Zi]ifN w' f; such that f; have no poles and satisfy f_; (Ufl) = (—=1)*fi(v) belongs to A. Consider
the elements

v? v b1yt

b
Sp=q2Hy=w—— +w and Ty = Spr1 — Sp—1 = wv” —w™ v
v—v

Then for any [ > 1, we have
T = wh + (=) o™ + Z w’
i=1-1

Now we can prove that a belongs to A using the induction on N.
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Now let a = Zf\i_ N w'f; be an element of Wy such that f; has simple poles satisfying the
conditions (1)—(3) above. We use induction on N, the base case N = 0 being clear. We note
that it is enough to find an element of A that cancels the poles of fx, as then the poles of f_n
will be also canceled by symmetry. We claim that f](\,’i) is zero when j > N or j < 0. Indeed,
for j > N we use the third condition for i = j, k = j — N to get

£y = (m1y N

Since 2j — N > N, we have fo;_n = 0, hence the left-hand side is zero. For j < 0, we use the
third condition for i = j, k = N — j to get

](Vj) = <_1)N ]—Hf “n=0

since 25 — N < —N.
We also note that fy V5 _ by the second condition.

Hence, the number f](V %) can be nonzero only if 0 < j < N. We use equation (7.1) for the
N-1

element x =) ;" v w' f; and apply the induction hypothesis for z and N — 1. This means that
for any sequence of numbers c(jf, R 0%727 we can find x € A such that
GE) _ £
f N—-1 — C]
We want to prove the same for hg\?’i), ceey h%v_l’i). As above, we assume that + = 4, and the
choices for + = — are done independently.

Setting i = N, j < N — 1 in equation (7.2), we get
WY = (@) I = (@)

Setting ¢ = N in equation (7.3) we get hg\],vfl) = qN_lggo)fN,l(qN_l). Using induction

hypothesis again, we get that if we fix cg,...,cy_o, the number fy_; (qul) can be anything.
Since g, ’ is nonzero, we get that h(o), ey hg\],vfl) can be any sequence of numbers. This finishes
the proof of the statement. |

8 Twisted traces

The algebra A = Ao @ A; is Z/2-graded: the even piece Ag consists of elements a = ) o, w'f;,
the odd piece A; consists of elements a =, 5, 1 w' fi. We will use this grading below.

For the next proposwlon note the following. Let a = Y w’f; be an element of A. Using 7.6,
we get fo(v) = fo( _1) fo0 ) = 0, and there are no other restrictions on the element f,. Hence,
we have a surjective linear map a — fg from A to the vector space

V=Clo+v~ @@C 1_ @@

k#£0 k#£0

(v+q") —1+q)

Proposition 8.1. Let g be an automorphism of A of the form H, — Huip, T be a g-twisted
trace. Then

e [For an element a € Ay, the value T'(a) is uniquely defined by T(w — w_l) and T(wv —

w ™). Ifa = wfi + wfoy then T(a) = C4f1(v/a@) + C—fi(—/q) for some num-
bers Cy, C_.

e There ezists a linear map S: V — C such for any a € Ay, we have T'(a) = S(fo).
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Proof. Recall that g is restrictgd from th% following automorphism of W, which we will also
denote by g: g(v) = v, g(w) = ¢2vFw = g 2wk,

We check the trace condition for a symmetric Laurent polynomial h(v), it is preserved by g.
Then for any a = Zfi_N w'f; € A, we have T'(h(v)a) = T(ah(v)). We have ah(v) = > w'f;h
and h(v)a =Y h(v)w'f; = > w'h(g~"v) fi. It follows that for any a € A and symmetric Laurent
polynomial g, we have

T(Zwifi(h(v) — h(qiiv))) =0.

Note that this element has no w° term.

It follows from Proposition 7.6 that for any rational function fy with simple poles at
+1,...,+¢"¥ ! we can find fN_gk. .., f-n such that a = > w'f; belongs to A. Note that
h(v) — h(q_NU) is zero at v = £¢2 and this is the only condition: for h = v +v~!, we have

h(v) — h(q_Nv) = (1 - q_N)v + (1 — qN)v_1 = (1 — q_N) (U — qu_l).

Hence, for even N, the product fn (h(v) — h(q_Nv)) can be any rational function with simple
poles at

+1,...,4q%,...,+q" L,

N
2

and for odd N the product fy (h(v) — h(qN v)) can be any rational function vanishing at +gq
with simple poles at +1,...,+¢V 1.
By induction, it follows that for an element a = Y, w? ! fa; 11 (v) we have

2141
T(a) = g Coit1,efoiv1(eq 2 ).
i>0,e=+
Now we use the trace condition for a = w —w™! and b = w* + w=2M or w?My +w=2My~1,
m
We have g(a) = ¢~ 2 (wv™ — wlv™™). Hence,
ab = w?MHT g 2M1 g 1-2M_ —1-2M
bg(a) =q 2 (w2M+lvm _ w2Mflvfm + w172MUm . wf2Mflvfm)7
and a similar equation for b = w?Mv + w=2My~1. Using T(ab) = T(bg(a)), we can ex-

press copr41,+ using copr—1.+. Hence, for an element a = Y, w1 5,1 (v), the value T'(a) is
uniquely defined by T(w — wil) and T(wv — wilvfl).

Let N = 2M be even. We have just showed that for any = = S | w?py;(v) € A such
that py has no poles at +¢™, there exists y = Zi\;_ll—N w'q;(v) such that T(z) = T(y) for all
g-twisted traces T. Moreover, pg = hyp.

Let a = Ef‘i s w¥pa;i(v) € A be any element. By induction, it follows that T'(a) is uniquely
defined by the values of 7" on C [U + v‘l] and the values of T on

ok 1 (—1)kH! (—1)k+1+ o1

w w N —
v4+gk v+ gb vl 4 gk v+ gk
and
1 _1k+1 _1k+1 1
B N G S
v—q v—q vl —gq vl —gq

We see that the constant terms of these element form a basis of V. Define S(f(v)) = T(f(v))
for f € Clv+v™!] and

1 1 1 (_1)k+1 (_1)k+1 3 1
S =T ( w2k 2%k_ 1\
(viqk+v_1j:qk> <w v:tqk+ v+ gk +v_1iqk+w vl 4 gk
The proposition follows. |
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Proposition 8.2. Let T: A — C be a g-twisted trace and S: V. — C be the function from
Proposition 8.1. Then

SEFE) = [ Fewe) L,

z

where S' is the unit circle, w(z) is a holomorphic function on C* such that w(qz) = ¢~ 2 2 "w(2)

and w(z) = w(z‘l), and € is any number smaller than all of the absolute values of the poles
of F. Conversely, every such S defines a trace by the rule T(ZZ wifl-) = S(fo). In particular,
the dimension of the space of traces T' that vanish on Ay is 1+ 7.

Proof. The proof consists of three steps. First, we rewrite the trace condition for 7’| 4, in terms
of S and get equation (8.1). Then we check that each S as in the statement of the proposition
satisfies (8.1) and show that the space of possible functions w(z) has dimension % +1. Finally, we
show that the dimension of the space of S: V' — C satisfying (8.1) has dimension at most % + 1.
We use the trace condition T'(ba) = T'(ag(b)) for
k —k

A v _
aszzHlfgiH and b:wv—v_l +w !

v—ov L

Since ba and ag(b) belong to Ay, by Proposition 8.1, we have

T(ba) = S( [wo] (ba)) and T(ag(b)) = S([wo] (ag(b))).

We note that the only condition on fi(v) is that it is regular at v = +q. We have

faaw)=—fi(v™).
Denote f1(v) = F(v), so that f_1(v) = —F(v™!). We have

k —k

v v

[wo} (ba) = W (fw_lF(v_l)) +wt

. <_UkF(v_1) - U_Ile(v))-

qu—gq vt g 'v—qu

P wF(v)

Note that g(b) = ¢~ 2 (w Gl

m —Kk—m
=T +w Y ,1). Hence,

m ,U—k—m ,Uk—i-m
[wo} (ag(b)) =q 2 (wF(v)w_1 = w_lF(v_l)w 1)

m ,Ufkfm . karm
=q 2(F(qv) _l—F(qv ) —1)'

The trace condition for T implies

qkS<_vk_1F(v_1) + MF@))

qu—qtv g lv—qu!

o ,U—k—m B vk—l—m
=q 2S<F(qv) — — F(qu™") 1)

(8.1)

v— vV —v

Conversely, we claim that every S satisfying (8.1) gives a trace T' by T(Z w' fi) = S(fo)-
The algebra A is generated by Hy, H; and v + v~!. Hence, it is enough check the trace
condition T'(ba) = T'(ag(b)) for b = Hy, H; or b = v + v~L. In the case when b = v +v~1, the
trace condition is satisfied for any S. In the case when b = Hy, it is enough to take a € A;. In
this case, the computation above shows that T'(ba) = T'(ag(b)) is equivalent to (8.1).
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Now we check that the integral from the statement of the proposition satisfies the equa-
tion (8.1)

L (e
- </s (F(qz); :tml —Fle=™) Zz_kim1> W(z)d;> .

Indeed,

w
z—z1 z

Z_k_m . Zk:—‘rm =
- [ re 0T [ Fe Ok

zZ—z z
g~ leSt qeS?
k+m ,—k—m k+m Jk+m
"z 1 dz 4y ¢z dz
:/ F(Z)ﬁw(q IZ)_/ F(Z l)ﬁw(qz)*
eS1 q 'z —qz z eS1 qz —q 'z z
m —k d K d
=gt </ F(z)%w(z)—z - / F(z_l)zllw(z)z>.
est q "z—qz z est qz —q ~z~ z

We shifted the contours, changed the variable and used that w(qz) = 2z ™¢~ 2 w(z), so that
wlg1z) = 2" T w(z).

This shows that every function w satisfying
Mw(z), w(z) =w(z71)

gives a trace. The space of such functions has dimension 1 + 7. To show that, consider
w(z) = w(e?™#). Let ¢ = e*™7. Then

w(z+1) = w(z), w(—z) = w(z) and w(z +7) = e TMIE) ().

w(qz) =q 2z

Any such function can be obtained as C Hg%:l Y(z — j)9(z + @ ), where 9 is Jacobi theta func-
tion and «; and C' are any numbers.

Now we prove that all maps S satisfying (8.1) can be obtained in this way. It is enough to
prove that the dimension of the space of possible S is at most %5 + 1. Since any S satisfying (8.1)
defines a trace 1T', we will use the trace condition below.

Taking regular F' such that F'(q) = 0 and F(—q) # 0, we see that the argument of S on
the left-hand side of (8.1) has a pole at v = —¢*! and is regular at v = ¢*'. The argument
on the right-hand side of (8.1) is regular. Hence, S (m) is defined by the restriction
of S to C[v+ v~!]. Taking regular F such that lé’(—qs = 0 and F(q) # 0, we get that
S((_q)(ﬁ,l)) is defined by the restriction of S to C [’U —H}‘l]. Now, suppose that F' has a pole
at ¢* for some k # 1. Then the argument of S on the left-hand side of (8.1) has a pole at +¢*!
and ¢** (no pole if £ = 0) and the right-hand side has a pole at ¢=F=D . Tt follows by induction
with the base case k£ = 1 that S(m) is defined by the restriction of S to (C[U + v_l].
A similar argument shows that S Em) is defined by the restriction of S to C [v —HFI] .

Take the same a € A as before and b = —w + w~!. Writing T'(ba) = T(ag(b)) in terms of S,
we get

S(F)+F(v ™)) =g¢
For F(v) = v*, we get
S(vF +v7F) = qk_%S(vk_m + ™).

It follows that S is uniquely defined by S(l),S(v + Ufl), ... ,S(U% + v_%). Therefore, the
dimension of the space of linear maps S satisfying (8.1) is at most 1 + %, as claimed. |

_m
2

S(F(qu)v™™ + F(qv_l)vm).
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9 Positive traces

Proposition 9.1. Let T be a positive trace. Let w be a function from Proposition 8.2. Then
w(l) =w(-1) =0.

Proof. Assume the opposite. Then we can write
dz
S(F(2)) = F(z)w(z)? + Z cit Resy i F,
St i>0

where ¢; + are nonzero multiples of w(=£1), so that for at least one of the choices of sign all ¢; +
are nonzero. Without loss of generality, assume that ¢; = ¢; ;- are nonzero.

Let a = (w*F(v) —w 20F (v1)) (v —1)~!, where F(v) is regular. This is an element of A.
Then

pla) = 4" (~0?o ) £ w0 P () (0 - 1)
and

[wo} ap(a) = ¢" (W F(v)(v — 1)_1w_2vmf(v_1)(v —1)7!
+w v (v ) (v — 1) T Fv)o ™ (v — 1) 7).

We compute

wF(v)(v— 1) w2 F (v ) (v—1)"1 + ’LU727)F(U71>(U — ) T F (o) (v — 1)t
= F(qQU)F(v_l) (q2v - 1)71vm(v -1t
+ F(*v ) F(v)g *v(qg %0 — 1)_101*7”(1) 1) =G) +G(v),

and
G(v) = F(w)F (o) (q_gg__”l)_(:_ 5
We have
T(ap(a)) = S([wo] ap(a)) = S(G(v) + G(v_l)) = (G(2) + G(z_l))w(z)%. (9.1)

eS1t

We now evaluate this integral. The only pole of G between ¢~'S' and 0 is v = 1, and the
residue is

The only pole of G(z‘l) between 0 and ¢S! is v = ¢?, and the residue is

- F(l)q72q2(27m) o q2(27m)
2y . _ 2
F(q) @ —1)q? F(1)F(q7) o




30 D. Klyuev and J. Vulakh

Therefore,

2
/E RECE G(=)u(a)Z :com);(ﬁ )y ()

dz 1
+ /qlsl G(z)w(z)7 + /qs1 G(z Hw(z) - (9.2)

|
—
Q
[N}
SN—
Q

We rewrite the integrals

/ G(z)w(z)% = / G(qilz)w(qflz)%
g—151 z St z
B -, q "™ _1 ,dz
= /Sl F(qz 1)F(q2) (qv— 1)((]711)7 1)w(q 12)7,
[ 6T = [ ol el S
qSt z 1 z
7 - B g Em dz
e Fla2)P(a=7) (v—1)(¢%v 1) -LU(qz)?'

Now take F(z) = ¢ V2" — a for some constant a and natural number N. For large N, the
leading term of

is Coaqg~N +C1aq™", where Cy, C; are constant numbers. For some choice of a, this is a negative
number with absolute value growing as ¢~ .

On the other hand, for z € S! polynomials f(qzil), F(qz), F(qz), F(qzil) have absolute
value at most 1 + |a|. Hence, the integrals in the right-hand side of (9.2) are bounded when N
tends to infinity. On the other hand, the first two terms in the right-hand side of (9.2) tend to
minus infinity. Comparing (9.1) and (9.2), we see that for large enough N we have T'(ap(a)) < 0,
a contradiction with positivity. |

In particular, for m = 4 we get that the function w is unique up to a constant. Indeed,
consider the function w such that w(z) = w(e*#). Then, using w(0) = w(3) = 0, we get
w(z) =9(z—3)I(z+ 5)9(z — 5 — Z)9(2+ 4 + ) up to a constant. Here ¥(z) is the Jacobi
theta function.

Proposition 9.2. Let T be a positive trace. Then T wvanishes on Aj.

Proof. Using Proposition 8.1, it is enough to prove that T'(a) = 0 for elements a of the form
a = wF(v) — wF(v™!). For these elements, we have T'(a) = C;F(,/q) + C_F(—,/q). Assume
that C} is nonzero.

Let a = wF(v) —w™'F(v™!) for some Laurent polynomial F, b= a + 1. Then

pb) =q % (—wv%ﬁ(v) + w_lv_%F(v_l)) + 1

Note that T'(bp(b)) depends only on the w® and w' coefficients of bp(b). They can be computed
as follows
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Let G = F(\/qv), I(G) = [x|G(2)[*%. We have S([w’]bp(b)) < cI(G) for some ¢ > 0.
On the other hand, trace for the odd powers of w is a linear combination of G(1), G(—1),
G(1) and G(—1); and G(1) has nonzero coefficient. Let Gy(z) = a(ZH)N. Then Gn(1) = a,
Gn(—1) = 0. On the other hand, Gy(z) is a sequence of functions such that |Gy (z)| < 1 tends
to zero for almost all z as N tends to infinity. Since pointwise convergence implies convergence
in measure for spaces of finite total measure and the functions G are uniformly bounded, we
deduce that I(Gn(z)) tends to zero as N tends to infinity. We get that T'(bp(b)) tends to a linear
combination of @ and @. We can choose a so that this linear combination does not belong to R>g.

We get a contradiction with positivity of 7T'. |
Let T be a positive trace Combining Propositions 9.1 and 9.2, it follows that for a = Y w'f;

we have T'(a) = [ fo(z) % and w(l) = w(—1) = 1.

Proposition 9.3. Let T be a trace on A of the form T'(a) = [ fo(z) %, where w is a holo-

morphic function on C* such that w(qz) = ¢~ = 2 mw(z), w(z) =w(z™ 1) andw(1l) = w(—1) = 0.
Then T is positive if and only if w(z) and z_%w(\/q—lz) are nonnegative on S*.

Proof. First we check that any such function w indeed gives a positive trace.
Let a =) wkfk, then

Zq Two v_kTmﬁ(v_l)

and

km

_Em _km—_—
a) = Zq T fe(dFv)v 2 fi(v™). (9.3)
It is enough to show that

I(fr) =/ fr(d2) = kmfk( Nw(z )%
esS1 z
is positive for any k such that fi is nonzero. Let f = f, this is a function with the poles of
order at most one at +¢*, k € Z. Then the only possible poles of f(qkz)f(zfl) are poles of
order at most two at +¢*, k € Z. Since w(1) = w(—1) = 0 and w(z) = w(z7!), the function w
has a double root at 1 and —1. Using the quasi-periodicity condition, we get that w has a double
root at +q*, k € Z. Tt follows that f(qkz)?(z_l)w(z) is a holomorphic function on C*. Hence,
we can write

_km—, d _km—, d
I(f):/51f(qkz)z 2 f(z l)w(z);:/qQSlf(qkz)z 2 f(z l)w(z)jz
= [ T el T

For z € S, we have f(qzt)f(qgt_l) = |f(q%t) ’2. It remains to show that szme(qf
nonnegative on S'. We have

so that

(2—k)m 2k m(k—1) km

z 2 w(qu):q 2z 2w(q 2z)

so that the sign of z_kme(q_gz) depends only on the parity of k. For k = 0,1, we get exactly
the condition in the proposition statement.
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Now we prove the other direction of the proposition statement. Let T' be a positive trace.
Take a = f(v). Then

T(ap(a) = [ FTF(E)wz) S

S1 z

should be greater than zero for all nonzero Laurent polynomials f such that f(z) = f(z_l).
Using the density of trigonometric polynomials in L? (Sl) and the condition w(z) = w(zil),
we get that w(z) should be nonnegative on S?.

Take a = wF(v) —w 'F(v!') € A, where F is a Laurent polynomial. Using (9.3), we get

[wo] ap(a) = g7 (F(qv)v*%f(vfl) + F(qvil)v
so that

T(ap(a)) = q_T/E (F(qz)z_%f(z_l) + F(qz_l)zgf(z))w(z)—.

Using w(z) = w(z71), we get

m— d m—
/ F(qul)sz(z)w(z)—Z = / F(qz)szF(zfl)w(z)%.
St z e—1g1 z
Shifting contours, we get
_m =/ -1\ —m dz
T(ap(a)) = 24~ Flg2)F (=) Fu(x) &
q—151 z

= 1y, m dt
= 2/51 F(\/qt)F(\/qt ')t 2 w(\/q—lt)?
Using the fact that trigonometric polynomials are dense in L? (S 1), we get that tf%w(\/qflt)
is nonnegative on S'. The proposition follows. |

Theorem 9.4. Positive traces on A are in one-to-one correspondence with holomorphic func-
tions w on C* such that

(1) wigz) = q 2 2 "w(2);

(2) w(z) =w(z™);

3) w(l) =w(=1) =0;

(4) w(z) and zf%w(\/qilz) are nonnegative on S'.

The conver cone of such functions w has real dimension 5 — 1. In particular, for m = 4
there is a unique positive trace up to a constant.

Proof. Let T be a positive trace. Using Proposition 9.2 we get that T vanishes on A;. Then,
by Propositions 8.1 and 8.2,

N
T ( 2. w"fz-) - [ fewe
i=—N

for a function w satisfying the first two conditions. Using Proposition 9.1, we get w(l) =
w(—1) = 0. For such T and w, Proposition 9.3 says that the fourth condition on w is equivalent
to T being positive.
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We turn to the second statement. Let w be a functions satisfying conditions (1)—(4). Con-
sider w(z) such that w(z) = w(e?™#). Let ¢ = €*™7. Conditions (1) and (4) mean that w gives
a positive trace on ¢-Weyl algebra. The set of the corresponding functions w is described in [17,
Theorem 3.7]. Namely, the function w satisfies conditions (1) and (4) if and only if there exist
A>0and o, ..., q, divided into pairs ; = @; such that

m

w(z) = A H Iz — o). (9.4)

=1

Here ¢ is the Jacobi theta function. It follows from [17, Lemma 3.6] that we can assume
IIm ;] < Im 7. Note that 7 in this article is the same as 7 in [17], but our g corresponds to ¢?
in [17].

Condition (2) is equivalent to w(z) = w(—z). Evaluating at z =  + 7 — ay, we get

HQ?(%—I—%—O%—O(]‘) =0.
j=1

Hence, from any k from 1 to m, there exists j such that o +ap € Z + Zr.

We claim that we can change A\, av, ..., ay, so that (9.4) is still satisfied and aj, ..., a,, are
divided into quadruples «;, —«;, @;, —; and pairs ay, aj with Reay, € %Z.

Let j, k satisfy o + oy, € Z + Z7. There are three cases:

(1) Assume that o # «y or ai. Shifting o; by an integer we get a; + « € Z7. Since
Im ;| < Im7 we have oj + a, € {—7,0,7}.

Assume that a; + o = —7. Note that ¥(z — aj — 7) = ™ (T7+22720)9(» — ;) and
Iz —aj +7) = e MH22"25)Y(2 — &;5), so that

Oz —aj — 1)z — a5+ 7) = e U= Y (2 — )9z — @5).

Hence, we can change o; and @j to a; + 7 and a; + 7 = @; — 7. This will multiply X\ by
a positive number. After this change, we have a;; + a3 = 0. Similarly, if a; + g, = 7, we
can shift o to get a; +ay, = 0. Hence, in the case when o+, € Z+Z1 and o # oy, o,
we get a quadruple o, ag, —ag, —0%.

(2) If oj = o, we get oy, € %Z + $7Z. Hence, ay + aj, € Z.

(3) If aj = g, we get o+, € Z+Zt. Since a0y, is a real number, this means oy +ay, € Z.

We get that aq,...,q, are divided in quadruples oj, —aj, @;, —a&; and pairs oy, aj
with Reay, € 3Z. Conversely, for such sequence a; the function w(z) = A[["; 9(z — o)
satisfies w(z) = w(—z).

The condition (3) just means that two of the pairs are +3 and % + 7.

After that, each quadruple has one complex degree of freedom and each tuple has one real
degree of freedom, giving real dimension mT_‘L = 5 — 2. A choice of A is an additional degree of
m

freedom. So we get a cone of real dimension 4 — 1, as claimed. |
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