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Abstract. In this article, we are considering the Hessian of the area functional in a non-
Darboux chart. This does not seem to have been considered before and leads to an interesting
new mathematical structure which we introduce in this article and refer to as almost ex-
tendable weak Hessian field. Our main result is a Fredholm theorem for Robbin—-Salamon
operators associated to non-continuous Hessians which we prove by taking advantage of this
new structure.
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1 Introduction

In a Darboux chart, the Hessian of the area functional is the constant operator Ag = i0;. In this
note, we look at the Hessian of the area functional in a non-Darboux chart. To the best of our
knowledge, this was never done before. Here, in particular, an additional summand shows up
whose discontinuity challenges the previous methods to obtain the Fredholm property for the
associated Robbin—Salamon operators.

We discover an interesting structure from the point of view of scale geometry. We think
that the structure is of crucial importance in order to understand the structure of Floer theory
in general. Therefore, we give this structure a name and refer to it as an almost extendable
weak Hessian field. We then study the Robbin—Salamon operator D = ds; + A associated to
a connecting path in an almost extendable weak Hessian field A.

Our main result is that this Robbin—-Salamon operator is Fredholm. The difficulty in proving
this result is that the Hessian is not necessarily continuous. Therefore, the improvement, due
to Rabier [14], of the classical Robbin—Salamon theorem [15] is not necessarily applicable to the
situation at hand. However, the new notion of almost extendability discovered in this article
allows us to decompose the Hessian in the sum of two operators where one is still continuous
while the other one is of lower order, in symbols A = F' 4+ C. In contrast to the Hessian itself,
the two summands are not necessarily symmetric any more. Luckily the theorem of Rabier can
as well deal with non-symmetric situations as long as continuity is guaranteed. We check that
the conditions of Rabier apply to the operator associated to the first summand in our situation
F = 05+ F. Hence F is a Fredholm operator. Since the second summand C is of lower order, we
show that it gives rise to a compact multiplication operator. This then proves our main result,
because the Fredholm property is invariant under compact perturbation.

This paper is a contribution to the Special Issue on Geometry and Dynamics in memory of Will Merry.
The full collection is available at https://sigma-journal.com/Merry.html
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This article is part of our endeavor to understand the basic structure behind Floer theory
in order to make Floer theory applicable to a broader class of problems involving Hamiltonian
delay equation as explained in [3, 4].

2 The area functional in a Darboux chart
On C", the standard symplectic form w = Z?Zl dz; A dy; has the primitive
1 n
A= 5 Z(mjdyj — yjdznj).
j=1
We are considering the area functional
Ag: C=(Sh,C") - R, urs | out,
Sl
where S! = R/Z. We write u € C*(S*,C") as a Fourier series

u(t) = Z upe?™ ke u(t) = Z omiluge®™

keZ ez

where uj, € C" for k € Z. Expressing the area functional via the Fourier decomposition,!

1
Ao(u) = / At dt
0
!
:—/ —Re (u,it)cn dt
0 2

1
1 . .
=— —Re 27r€<uk62mkt,i2ue62m“> L dt

1
= Re Z 194 (uk,Ug>Cn/ p2mi(k=0)t g4
= 0

= whlu|gn.

kEZ

=6k

In particular, we see that the area functional in a Darboux chart is just a quadratic function in
the Fourier coefficients. Therefore, the Hessian is constant independent of u with eigenvalues 27k
where k € Z. Abbreviating Hy = W2 (Sl,(C”), we see that the Hessian of Ay at every point
u € Hj is a Fredholm operator of index zero from Hy to Hy 4 for every k € N.

3 Euclidean inner product and symplectic forms

3.1 Associated anti-symmetric matrix

Definition 3.1. Let (-,-) be the Euclidean inner product on R?". Let & C R?" be an open
subset carrying an exact symplectic form w = dA. Then the identity

() = wa(+, By-) (3.1)

for x € Y determines a map U — E(RZ”), x +— By. Each linear map B, = BY is unique by
non-degeneracy of w,.

Let 2 = z + iy and € = & + iy where z,y,%,9 € R™. Hence z = (1 +iy1,...,2n +iy,) and & = (&1 + ij1,
...y &n +ifn) and we calculate Re (z,i).. = Re Yoo (@r +iye) (—0r +idk) = —A2E



The Linearized Floer Equation in a Chart 3

Lemma 3.2. At any point x € i the linear map B, : R*™ — R?" is invertible and satisfies

(z w(§ Ben) = —w(Bg&,n) (w-anti-symmetry of By),

(€ > = — (B:&,m) (anti-symmetry of By),

(E, ) = (~Bi&,n) (symmetry of —B2),

(- BQ§ £) =|BE|? > 0, € # 0 (positive definiteness of —B2),

(v) /—B2 and its inverse are both symmetric positive definite

(i1

—~
~.
<

)
)
(7i7)
v)
)

for all £, € R?™,

As we shall see in Remark 3.5 further below, the invertible linear maps By : R?*® — R?" are
orientation preserving, in symbols B, € GLT(2n,R).

Proof. Suppose B,n = 0, then it follows from (3.1) and non-degeneracy of (-,-) that n = 0.
Hence B, : R?" — R?" is injective and therefore surjective.
(i) By (3.1) and symmetry of (-,-) and anti-symmetry of w, we obtain

wz (&, Ben) = (€,m) = (0,€) = wz(n, Be) = —wx (B, n).

(ii) By (3.1) and anti-symmetry of w and symmetry of (-,-), we obtain

(€ Ban) = wa (&, B20) 2w, (= Ba)?6,n) = —wa (i, B2) = — (1, Bo) = (—Ba&,1) .

(iii) holds by applying twice (ii).
(iv) By (ii) and injectivity, we get

(=B2€,€) = (But, Bob) = |BoE] > 0.

(v) By Heron’s construction of the square root of a symmetric positive definite matrix @,
Lemma D.2; the square root is symmetric positive definite and depends smoothly on ). Taking
the inverse preserves symmetry and positive definiteness. |

For the previous and the following lemma, see also [10, Proposition 2.5.6].

3.2 Compatible almost complex structure

-1
Lemma 3.3. The linear map Jp :=+/—B2 B:R?* — R>" is an almost complex structure
on M compatible with w, in symbols

(a) JpJp = —1 (almost complex structure),

(b) 955(&m) :=w(&, JIBN) = 915(0,€) (915 symmetric),

() 955(&,8) = <§, JTB2_1§> >0, £ #0 (g7, positive definite)
for all vector fields &, n along 4 C R?™,

Proof. (a) Since B commutes with —B2, then by Corollary D.4 it also commutes with v/— B2,
hence with the inverse of v/—B2. This is used in equality 2 below

JgJg =/ —-B2 '‘Bv_B? ‘B2 B /B2 'BB
- (V-B2v/-B?)"! (-BB)"'BB = —1.
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(b) Equality 3 below holds analogously to equality 2 in (a), equality 4 uses (3.1), equality 5
is by Lemma 3.2 part (v), equality 6 is by symmetry of the Euclidean inner product:

975 (&) = w(&, Jpn) = w(& v *B2_an) 2 w(E,B@_ln) 2 (¢, —B2_1n>
(V=B emy = (V=B €)= g5, ).

The last step uses equality of the two underlined terms, just commute £ and 7.
(c) Step 2 below holds analogously to equality 2 in (a), Step 3 by (3.1), namely

015 (6,6) = w(E V=B BE) 2w(e, BV—B2 €) 2 (e, /B €)>0

pointwise at each x € {1 whenever £(x) # 0. This proves Lemma 3.3. [

Lemma 3.4. Any complex structure® J on a real vector space V of finite dimension 2n has
determinant 1.

Proof. For a complex basis on V the matrix representation of J is the complex n X n matrix
Jo = il,. Its determinant is det(Jc) = i"”. In general, writing a complex n xn matrix Z = X +iY
as sum of real and imaginary parts, define the corresponding real 2n x 2n matrix as follows and
observe the identity

S (X Y\ _ (1 1\ /(X-i¥ 0 1 1
Fly x ) \in - 0 Xx+iv) il —i1)-

Take the determinant to obtain the formula
Z 0

det Zr = det (0 7

> =det Z -det Z = det Z - det Z = |det Z|°.

Hence det J = |det Jc|? = [i*|? = 1. [
Remark 3.5. The linear map B, determined by (3.1) has positive determinant
detB:det(@JB) :det@-detJB:det@>0. (3.2)
Here identity one is by definition of Jp and identity three by Lemma 3.4. Strictly positive holds
true by Lemma 3.2 (v).
4 Action functional
We denote by S! the circle R/Z. Consider the Hilbert space triple
Ho:= L*(S",R*),  Hy:=W"(S',R*),  Hy:=W?>*(S",R™). (4.1)

Given an open subset Y C R??, let w = d\ be an exact symplectic form on 4. Define open
subsets of H; and Hy by

Up:={ueHy|ut)euvtes'} cc(s"u), ¢=1,2. (4.2)
Convention. We write 4(t) := Su(t). All sums in Section 4 run from 1 to 2n.

Definition 4.1. The symplectic action (functional) is defined by

Ao: HL D U; — R, T u* . (4.3)
st
2A linear map J: V — V such that J? = —1.
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4.1 First derivative and gradient

Lemma 4.2 (gradient). The derivative at u € Uy in direction § € Hy is

1 1
dAp|.€ = / W, (&, 0g) dt = / <§t,BJtliLt>dt =: <§,B;1u>HO,
0 0
where By, € £(]R2") is determined by (3.1). So the (LQ)—gmdient is given by
(grad Ag|,)(t) = B;(}g)ﬂ(t)

pointwise for every t € St

Proof (global version). Given u € U; and £ € Hy, let u, be a smooth family with uy = u

and 4 Ir lp—our = & We compute

d
AAo|ut = \ AgU,)-/SH%

wix / u*Le
r=0 St

1
:/ u*(di€+i§d))\i/ du*ig)\—i-/ u*igwi()-i-/ way, (&, ) dt.
st st st 0

Here Step 3 is by definition of the Lie derivative and Step 4 is Cartan’s formula. Step 5 uses that
the exterior derivative d commutes with pull-back. Step 6 is by Stokes’ theorem and the fact
that the integral is over the empty set 9S' = @, so the integral is 0. This proves Lemma 4.2. W

Proof (local version). Let u: S' — 4 be in Uy and &: St — R?" in Hy. Take the derivative
of t = (Au&)(t) to get

d, ., . d ‘

3 (@NOW) =3 Z Ai(u(t))&:(t)
= Z A J(1)E&(t) At + Z Xi(u(t))E;(t) dt
= Za A (u(t))a: (D€ (0) dt + 3 NiCu(t)& (1) dt

where in Step 3 we renamed the summation indices (i, j) by (j, 7). Let u, be a variation associated
to u and €. Substitute the underlined term in what follows

4 Zax )& () (¢ dt+ZA )Ei(t) dt

d?”r(]

- Z(a Ad(u(t))& (D)ia() — 9\ ><u<t>>ui<t>§j<t>)dt + H@NOW). (4.4)
=wji (u(t))&; (£ (t)

We integrate and use 1-periodicity in time ¢ to obtain the formula

d

1 1
HIRCE| S enlug i) i [ nteinar

dAg|u€ =

St dr

This proves Lemma 4.2. |
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4.2 Second derivative

Consider an open subset i of R?" with coordinates x = (z1,...,22,). A primitive A of w is
of the form A = 212:1 Ai(x)dz;. We denote the second derivatives of the coefficient functions
x — Ai(x) and their differences by

Akﬂ(I) = (‘)kaj)\l(x), Lkﬂ(l‘) = Akﬂ(:c) — Aikj(:c), i,j, k’ = 1, e ,QTL,

at any point = € i C R?".

To compute the Hessian of the function Ag: H;y D U; — R we introduce the following
covariant tensor field of type (0,3) in the notation of [12, Section 2]. The set of vector fields,
respectively, functions, along 4 C R?" are denoted by

X(8) == C®(U,R™),  F(l) := C(LR).
Definition 4.3. A tensor field of type (0,3) is defined by the sum

L: X(U)x X(8) x X&) = FO), (0,60 = Y Lijim&iGi-
1,5,k

Remark 4.4 (Darboux charts). Locally, in Darboux coordinates (qi,...,qn,P1,---,Pn), the
symplectic form w has as a primitive the Liouville form A = ", p;dg;. Observe that all
coefficients, namely the p;, are linear functions in the coordinates. Therefore, the tensor field
vanishes L = 0.

We discuss some symmetries of L. By the theorem of Schwarz, Ay;; = Aj; and therefore
Lyji — Ljki — Liji, = 0. (4.5)
Furthermore, by definition of the Ljj;, the sum of cyclic permutations vanishes
Lyji + Ligj + Lji = 0.
Consequently, the sum of cyclic permutations in L vanishes as well

L(%f»f) +L(Ca777£) + L(vaaTl) =0.

By the consequence (4.5) of Schwarz, the following sum vanishes as well:

L(U»&C) - L(fﬂ% C) - L(Ca&an) =0.

Lemma 4.5. The second derivative of Ay: Uy — R at u evaluated on two vector fields £, n € Hy
is the symmetric bilinear form given by

1

1
2 . . .
L Aol (€,1m) = /0 wulE, i) dt + /O Lu(n, €, 10) dt.

Proof. Given u € Uy and &,n € Hy, let u,, be an associated two-parameter variation, that is,
ug,0 = u and

d
guhp(t)

n(t).

t p—
(T’p):(ovo)

I
—
o

=
N

(r.p)
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We use equality 1 in (4.4) in Step 2 to compute

d d . d . :
B dr oo N = 3 ‘p:o <Z D Ai(u(0,0)) &5 (h0,)); At + Z Ai(ugo.p))&i dt)
1,5,k 12

evaluated pointwise at ¢. In the following calculation, we use the definition (4.3) of the action
functional in Step 2, and (4.6) in Step 3, to obtain

d d

2 —_
A& = T =)

z/ dd
-~ Jsidpdr

*

Uy
(rp)=(0,0)

3 / <Z k0 Ni (w)neéja; At + Z A xi(w) (&m; + njéi)>dt
1,5,k ,J
é / (Z 8]49 )\ nkgjuz dt + Z 8 /\ (53771 — njfz)>dt

CIR Ao () b g ()€

/ Z 8;49 )\ uknjf,; dt

’]’

= / Wy 5 77 dt+/ Z Ak]z - zk](u))nkfjuz dt,

7.]7 — Lk]z( )

where Step 4 is by integration by parts (boundary terms vanish by periodicity). Symmetry holds
by the theorem of Schwarz. This proves Lemma 4.5. |
4.3 Para-Darboux Hessian
Using the metric isomorphism, we turn the (0, 3) tensor L into the (1,2) tensor

L: X(W) x X(4) = X(),  (1.¢) = L(n,Q) (4.7)

determined by the identity

(L(n,¢),€) = L(n,&,¢).

Now we can write the Hessian of Ag at u € Uy and for vector fields &, € H; in terms of the L?
inner product. Namely, by Lemma 4.5 we get

P Aolu(&m) = (& B i+ Lu(n, @) o = (€ A5 g, » (4.8)

where Hy = L? (Sl,R2”) and the loop ¢ — B, € GL* (2n,]R2") is determined pointwise at t
by (3.1) and the last identity determines the linear operator Ay.

Definition 4.6. The para-Darboux Hessian operator of the action Ag at u € U; is, due to (4.8),
the bounded linear map

Af: Hy— Ho, 1~ B, '+ Lu(n,a). (4.9)

For any u € Uy, see (4.2), this is a bounded linear map Af|m,: Ho — H;.
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Lemma 4.7 (Ho-symmetry). Yu € Ur: (§, Afn) g, = (A6€, ) g, V€. n € Hi.

Proof. By Lemma 4.5, the Hessian is symmetric, now use the identity (4.8). [

Remark 4.8 (Morse-Bott). The critical points of Aj are precisely the constant loops, in symbols
Crit Ag = 4.

Let u be a constant loop in L. Then the second term of the para-Darboux Hessian operator
vanishes. Hence the para-Darboux Hessian operator is just given by

Adn =Bty and ker AY = {n e Hy |n=0} 2R =T,

5 Perturbed action functional

As discussed in Remark 4.8, the functional Ay is not Morse, but only Morse—Bott. In order
to get a Morse functional, we look at perturbations of the area functional Ag. To this end,
we introduce time-dependent Hamiltonians which are 1-periodic in time. The Hilbert spaces
(Hy, Hy, Hy) are defined by (4.1) and open subsets Uy C H; and Uy C Hy by (4.2).

Definition 5.1 (perturbed action). For C? functions h: St x {4 — R, notation h:(z) := h(t, z),
the perturbed action functional is defined by

1
Ap: Uy = R, ur— [ utA —/ he(u(t)) dt.
St 0
To define the Hamiltonian vector field Xp,, we choose the convention that

dhy(-) = w(-, Xh,)

whenever ¢ € S!. The derivative of Ay, at u € U; in direction ¢ € H; is given by

1 1
AAWE = [ o) = Al ) dt = [ (1 = X ()
0 0
In particular, critical points of A, are solutions of the ODE

u(t) = X, (u(t))

for t € S, i.e., 1-periodic orbits of the Hamiltonian vector field of h.

5.1 Perturbed para-Darboux Hessian

Given t € S', the Hessian operator of the function h;: 81 — R at = € $l is the linear map whose
matrix with respect to the canonical basis is given by

atle = (00hela)7i—y s R — R (5.1)

It is determined by the identity

d| d
Philo(v,w) = o), dhilo(v,w) = |

= Od—eloht(x +ev + Tw),

for all v, w € R?". By Schwarz’s theorem, d?h;|, is symmetric, so as|, = at|xT.
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Definition 5.2. The Hessian operator of the Hamiltonian perturbation h at u € Uj is the
bounded linear map a*: Hy — H( defined pointwise at ¢t by

(a“n)(t) = at|u, - (5.2)

Still for v € Uy, this map is also bounded as a map Hy — Hp. Since the matrix is symmetric,
it holds that (£, agn) z, = (ag€,n)y, for all vector fields &, € Hy.

The second derivative of the perturbed action at u € U; is, as a consequence of Lemma 4.5,
for £, € Hj given by

1
dzAh(u)(g’ 77) = /0 (WUt (é-ta 77t) + Lut (77t, ft’ ut) - d2h|Ut (ntu ft))dt

Definition 5.3. The perturbed para-Darbouxr Hessian operator at u € Uy is the bounded linear
map given by the difference

AY'= Ay —a": Hy — Hy, n = By 4 Ly(n, 1) — a'n (5.3)

of the para-Darboux Hessian operator A§ in (4.9) and the perturbation term a" in (5.2). For
any u € Uy, see (4.2), this operator is also bounded as a linear map AY := A%|g,: Hy — Hj.

Lemma 5.4 (Hp-symmetry). At any u € Uy, it holds (§, A*n) i, = (A", n) g, for all&,n € Hi.

Proof. Lemma 4.7 and symmetry of the matrix (5.1). [

5.2 Fredholm operators

Hypothesis 5.5 (on u). Let u_ and uy be non-degenerate critical points of the perturbed
action Aj. Pick a basic path 4 from u_ to uy (see [5]), i.e., 4 € C?(R,Us) with the property
that there exists 7" > 0 such that @(s) = u— whenever s < —T and 4(s) = u4 whenever s > T.
Let (Hy, Hyi, Hy) be given by (4.1). Abbreviate

W= WYARH)), Ly, = LR, Hy). 5:4)
Let
we COR L), w—ie Wyl L,

It can be shown that the non-degeneracy condition can be rephrased with the help of the
Hamiltonian flow ¢, i.e., the flow of the Hamiltonian vector field, characterized by the require-
ment gog = id and %gpﬁ = Xj, o ¢'. Namely, Ay, is Morse if and only if for every critical point
u of Ay, we have ker(defu(0) — 1) = {0}.

Theorem 5.6. For u as in Hypothesis 5.5 and A" as in (5.3), the operators

DY =0, + A": Wy* N L3, — Liy,
DY =0, + AY: Wy'nL}, — L},

are both Fredholm operators of the same Fredholm index
index D" = index Dj.

Theorem 5.6 holds true by the abstract Theorem 6.11 which applies since the perturbed
para-Darboux Hessian field A is almost extendable by Theorem 7.6.
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Remark 5.7 (Conley—Zehnder index). In the case where one of the asymptotic loops u_ or u4
is contractible, one can choose a filling disk for this loop. This filling disk, together with the
cylinder u, induces a filling disk for the other asymptotic loop. To each of these filling disks,
one can associate a Conley—Zehnder index by conjugating the linearized flow with a symplectic
trivialization over the filling disk. In this case, one should be able to show that the Fredholm
index corresponds to the difference of the Conley—Zehnder indices.

Remark 5.8 (linearized downward L? gradient flow). Since A" is the L? Hessian of the func-
tional Aj, at u € U; with respect to the standard inner product on R?", the kernel of the
operator D* corresponds to the linearized downward L? gradient flow of Aj,.

Main difficulties and how to overcome them

Before introducing the abstract setup in Section 6 below which we use to prove Theorem 5.6,
we first explain the main difficulties and the main ideas how to overcome these difficulties.

The fact that D“ is Fredholm almost directly follows from Rabier’s theorem which itself
generalizes previous work by Robbin and Salamon. In particular, Rabier does not need any
differentiability assumption on s — A(s), but requires continuity. However, since u as a map
R — Us, s — ug, is only of class L120C7 it is not necessarily continuous. In particular, the
map R — L(Hs, H1), s — Aj*, is not necessarily of class C°. Thus the improvement of the
Robbin-Salamon Fredholm theorem [15] from C! to C° by Rabier [14] cannot be applied to DY.

Decomposition. In order to deal with this difficulty, we decompose the operators D" and D§
into two parts. To this end, we introduce the notation

AY = B 10, — a" + Ly, (-, i) = F"s + C%
T/ A_.C,—/ﬁs

and
DY = (9 + F*) € + [s = C"&] = F“E + Mgt

:IJFH :;Mcﬂf

The advantage of this decomposition is the following. The map
R — L(H,, Hy), s+ 3 = B, 10y|m, — ay?

is continuous since it avoids s, while the non-continuous map
R — L(Hy, Hy), s+ Cy = Ly, (-, )| a1,

is of lower order since it avoids 0.

Since C* is of lower order, we show, maybe after an asymptotic correction, with the help of
Theorem B.3 that the multiplication operator M« as a map W}IIQ N L%{Q — L%h is compact.
But Fredholm property and index are stable under compact perturbation. Thus to show that

DY: WiPn Ly, — Ly, € 0&+ A%
is Fredholm of the same Fredholm index as D“ is equivalent to showing this for
Y =0+ F"s WP Ly, — LYy, € 06+ B0 — a“E.
—_——
=:Fug

The fact that R — L(Hy, Hy), s — F"s, is continuous, while s — A% is not, makes it easier
to prove the Fredholm property for FYy (Rabier’s theorem applies) than for DY (it does not
apply by non-continuity of s — CuS). The disadvantage of F"s when compared to A"s is that,
while A% is Hg-symmetric for every s, necessarily not so is F“s. However, Rabier’s theorem
can as well deal with non-symmetric operators.
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6 Almost extendability

Consider a Hilbert space pair (Hy, Hy), that is Hy and H; are both infinite-dimensional Hilbert
spaces such that as sets H; C Hy and inclusion ¢: Hy < Hy is compact and dense.
Then, as we explain in [3, Section 2], there exists an unbounded monotone function

h= h(Ho,Hl)Z N — (0,00),

called pair growth function, such that the pair (Hy, Hy) is isometric to the pair (62,6,21), see [3,
Appendix A], and from now on we identify the pairs

(Ho, H1) = (¢, 43), h = h(Hy, Hy).

Here ¢2 is defined as follows. In general, for f: N — (0, 00) unbounded monotone E?c is the space
of all sequences z = (7, )yen With Y00, f(v)z2 < co. The space Efc becomes a Hilbert space if
we endow it with the inner product

(g =Y fWzwye,  llzly =/ {z,2)s.
v=1

Therefore, we can define for every real number r a Hilbert space H, := f?w. For each s < r, the
inclusion H, C H is compact and dense.

The resulting triple of Hilbert spaces Hy, Hi, and H,—o is called a Hilbert space triple,
notation (Ho, H1, Hy). Pick a Hilbert space triple (Hg, H1, H2).

6.1 Weak Hessian fields and decompositions

Fix a Hilbert space triple (Ho, Hi, H2). Let U; C Hy be open. Set Uy := Uy N Ho.

Definition 6.1 (weak Hessian [3]). An element A of the Banach space® £L(Hy, Ho) N L(Hz, Hy)
is said a weak Hessian if it satisfies these two axioms:

(symmetry) Va,y € Hi: (Ax,y), = (x, Ay), called Ho-symmetry.
(fredholm) A: Hy — Hy, As := Alg,: Hy — H; are Fredholm of index zero.

We are interested not in a single weak Hessian, but in fields of weak Hessians.

Definition 6.2 (weak Hessian field). A weak Hessian field on U is a continuous map A €
C(Uy, L(Hy, Hy)) N C%(Us, L(Ha, Hy)), notation u + A%, satisfying the two conditions:

(Symmetry) At any point u € U there is Hp-symmetry in the sense that

Vo,y € Hi: (A%, y), = (z, A"y), . (6.1)

(Fredholm) Vu € Uy: A%: Hy — Hj is Fredholm of index zero.
Vu € Uy: AY: Hy — Hj is Fredholm of index zero.
Remark 6.3. Given a weak Hessian field A, then along level two each operator A" is a weak

Hessian, in symbols for each u € Us, since Uy C Uy, the operator A" liesin £L(Hy, Hy)NL(H2, Hy)
and satisfies (symmetry) and (fredholm).

3E(H1, Ho) N L(H2, Hy) is a Banach space under the norm max{H-Hg(Hl,HU), ||'H£(H2,H1)}-
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Definition 6.4 (extendability). We say that a weak Hessian field A on U; extends if A extends
to a continuous map Uy — L(Hy, Hy) N L(Hz, Hy), still denoted by u +— A", such that the
restriction AY := A"|g,: Hy — H; is Fredholm of index zero at every point u of Uy, and not
only of Us.

Remark 6.5 (equivalent formulation). A weak Hessian field A on U extends if and only if A ex-
tends to a continuous map Uy — L(Hy, Hy) N L(Hs, Hy), still denoted by u +— A", such that A®
is a weak Hessian at every point v € Uj.

In general, the extendability condition is too strong as the example of the area functional in
a non-Darboux chart shows, see (4.9).4

Definition 6.6 (almost extendability).

(i) We say that a weak Hessian field A on Uy almost extends if there exists a decomposition

A=F+C
with

F e C°(Uy, L(Hy, Hy) N L(Ho, Hy)) (6.2)
and

Ire0,1): CeC%Ur, L(H,, Hy))NC(Us, £L(Hy, Hy)) (6.3)

such that the following two axioms hold:

(F) Vue Uy: Fy :=F"g,: Hy — H; is Fredholm of index zero.

(C) VYu € Uj there exists an Hj-open neighborhood V,, of u and a constant x such that
for all v,w € V,, N Hy it holds the scale Lipschitz estimate®

1C% = C¥lleqany < (| — wla, + min{[o], ol } - [0 — wl). (6.4
(ii) If A almost extends we call the pair (F,C) a decomposition of A.

Remark 6.7 (extendable = almost extendable). If a weak Hessian field A is extendable, then
it is almost extendable (choose F' = A and C' = 0).

Lemma 6.8. Assume a weak Hessian field A along Uy is almost extendable with decomposi-
tion (F,C). Then, for any u € Uy, the level one map F*“: Hy — Hy is Fredholm of index zero,
too.

Proof. We write F* = A% — C"|g,, where A*: H; — Hj is Fredholm of index zero by axiom
(Fredholm). Since C" € L(H,, Hyp), we can write C*|p, as a composition C%or,.: Hy — H, — H
of a bounded and a compact operator. Hence C"|g, is compact. By the stability of the Fredholm
property and the index under compact perturbation, we have that F* is a Fredholm operator
and index F'* = index A% = 0. This proves Lemma 6.8. |

4For u € Uy ¢ WhH? (u € L2) and 7 € W22, the product nu does not necessarily lie in W2, however it does
if e Wh? (u € Uz); see (7.1).
® Axiom (6.4) is motivated by calculation (7.5) for the para-Darboux Hessian.
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6.2 Main theorem
Let (Ho, H1, H2) be a Hilbert space triple and U; C H; an open subset. Write

1,2 , . . .
WHj = Wl 2(R7HJ)7 L%—I] T LZ(Rv Hj)

To avoid constants, maybe after replacing the norms by equivalent norms, we assume in the
following that

HHO < HH1 < HHQ

Definition 6.9 (connecting paths). Fix two points u_,uy € Uy := Uy N Hy. Fix a basic path 4
from u_ to uy (see [5]), i.e., & € C?(R,Us) with the property that there exists 7' > 0 such that
u(s) = u— whenever s < —T and 4(s) = uy whenever s > T.

A connecting path from w—_ to uy is a continuous map u: R — Uj such that the difference
u — 4 lies in the intersection Hilbert space VV1 M L2 o 1€,

we COR,U1), u—tae Wy NLY,. (6.5)

Remark 6.10 (independence of choice of basic path). The notion of connecting path does
not depend on the choice of the basic path 4. Indeed, suppose ¥ is another basic path, then
u—0=u—u+4—0 where u — 0 € VV1 N L2 , by assumptlon and the other difference is C?
and of compact support, namely 4 — 0 € C'2 (R, Hg) - W}{f N L%

Theorem 6.11. Let A be an almost extendable weak Hessian ﬁeld on Uy. Consider two points
u—_,u+ € Uy and a connecting path u. Assume that both asymptotic operators A"F are isomor-
phisms as maps Hi — Hy. Then the operators

1,2
=0+ A" Wy N LYy, — Ly,
and
Y =0,+Ay: WyPn Ly, — Ly,
are both Fredholm operators of the same Fredholm index, index D" = index Dj.

Remark 6.12. That A is almost extendable is only used to show that D§ is a Fredholm oper-
ator. That D" is a Fredholm operator follows for every weak Hessian field on U; satisfying the
asymptotic non-degeneracy condition at u-.

Lemma 6.13. Suppose that A is an almost extendable weak Hessian field. Let u, € Uy. Then
there exists a decomposition A = F + C satisfying C** = 0.

Proof. Since A is extendable, there exists a decomposition A = F+C. In particular, there is
r € [0,1) such that C' € CO(Uy, L(H,, Hy)) N CO(Uy, L(H})). Since u, € Uy C Uy, it holds that
C" e L(H,, Hy) N L(H)).

As Uj is open, there exists ¢ > 0 such that the ball Bt (u,) = {v € Hy | |[v — us|m, < e} is
contained in U;. Choose a smooth cut-off function 8: R — [0, 1] with the property that § =1
on (—o0,0] and =0 on [82, oo) and define the map

v = PY .= B(|U* - Uﬁ'{l)éu*’ CAS Bfl(u*)v
0, else,

which is element of C*°(Uy, L(H,, Hyp) N L(H;)). The map defined by

C:=C-P
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lies in CO(Uy, L(H,, Hy))NCO(Us, L(Hy)) since C does and so does P, because inclusion Us < Uy
is continuous. Furthermore, the map defined by

F:=F+P

lies in CO(Uy, L(Hy, Hy) N L(Ha, Hy)) since F does and so does P, because the inclusions
Hy; — H, and Hy < H; are continuous. Note that

O =C% — P =C" - B(0)C*™ =0, F+C=F+C=A.

Claim. The pair (F,C) is a decomposition of A.

To see this, we need to verify the two axioms (F) and (C).
(F) Let u € Uy, then

FY = FUpy = ¥, + Py = F3 + B(lus — uf3y,)C% |y

Since (}3’ , C’) is a decomposition by axiom (F) for F, we have that F’Q“: Hy, — H; is Fredholm
of index zero. Since C"+ € L(H;) and the inclusion Hy — H; is compact, it follows that
Cu |, Hi — Hy is compact. This proves (F) for F since Fredholm property and index are
preserved under compact perturbation.

(C) To show the local Lipschitz condition for C'; we show that P is globally Lipschitz, then
the local Lipschitz condition for C = C' — P follows from the local Lipschitz condition for C. To
this end, by the triangle inequality, first we see that the function

U — R, v ue — vlm,

is Lipschitz.® Since the squaring function R > z + 22 on the compact set [0,¢] is Lipschitz
and [ is Lipschitz, the function

U — R, v»—>5(|u*—v|fgl)
is Lipschitz (Lipschitz is preserved under composition). As C¥* does not depend on v, the map
Uy — L(H,, Hy) N L(Hy), v+— P
is Lipschitz, say with Lipschitz constant L. That is, for all v,w € Uy, it holds
|P” — Pl zea, mync ) < Llv — wlw,.
If v, w € Us, this implies the estimate
IPY = Pl iy < 1P = PPlleqan mneqm < Lo — wlay, < Ll — wl,.

Hence P: Uy — L(H;p) is Lipschitz continuous even globally on U,. This proves axiom (C)
for C', hence the claim.
The proof of Lemma 6.13 is complete. |

Remark 6.14 (nullifying C' on finitely many points). The proof of Lemma 6.13 shows that
one can improve the statement of the lemma to a stronger statement: Assume A is an almost
extendable weak Hessian field on U7 and A C U, is a finite subset. Then there is a decomposition
A = F + C such that C vanishes along the points of A. The case A = {u_,u;} matters.

SAdd 0 = —w + w to v, then |ux — v|m, — |us — w|m, < |us —w|m, +|w — 0|, — |us —w|m, by the triangle
inequality, interchange v and w to get |ux — w|g, — |usx —v|a, < |v —w|H,.
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6.3 Proof of main theorem

The proof of the main theorem, Theorem 6.11, has three parts.
Part I. The operator D¥ = 05 + A¥: W}I(? N Ll%h — L%IO is Fredholm.
Proof. Verifying (H1)—(H3) and applying Corollary A.4 proves Part I.

(H1) True since (Ho, H1) is a Hilbert space pair.

(H2) Since W12(R, Hy) embeds in CO(R, H;), see, e.g., [5, Appendix A.6], the map R > s ~
us € Uy C Hj is continuous. Since moreover A: U; — L(H1, Hy) is continuous as well, the
map R — L(Hy, Hy), s — A" is continuous. Hence (H2) is satisfied.

(H3) By (6.5), the path u converges to us, as s — F00, hence A"s converges to operators A"+,
as s — Foo, and as maps H; — Hy these are invertible by assumption. Hence (H3) is
satisfied. This proves Part I. |

Part II. The operator Dy = 05 + AS: W;If N L%IQ — L%Il s Fredholm.

Proof. By assumption, A" is almost extendable, so there exists a decomposition A* = F“4(C".
By Remark 6.14, we can assume in addition that C%~ =0 = C%+.

By invariance of the Fredholm property under compact perturbation and since Dy = 95 +
F3 + C%, to prove Part II it suffices to show the following:

IT-a. The operator F§ = 05 + F3': W}{’f N L%{Q — L%{I is Fredholm.

I1-b. The multiplication operator Mzcu: W}{f N L%IZ — L12L11 is compact.
Proof of II-a. It suffices to verify hypotheses (H1)-(H5) in Rabier’s Theorem A.1.

(H1) The pair (H,W) := (H1, H2) is a Hilbert space pair.

(H2) The map R — Uy — L(Hz, Hi), s — us — Fy* is a composition of continuous maps,
by (6.5) and (6.2), hence continuous.

(H3) Since w is a connecting path from u_ to uy, we have that limg ;7o us = uy. Since
F € C(Uy, L(Hy, Hyp)), by (6.2), it holds that lims o[ F" — F“F| zp, py) = 0. It
remains to show that the asymptotic limit operators F'“F are isomorphisms as linear maps
Hy; — Hp. To see this, observe that F%F = A“F, since C“F = 0 as mentioned above, and
that by hypothesis AYF: H; — Hj are isomorphisms. In particular, the kernel vanishes,
hence so does the kernel of the restriction ker Aqf : Hy — Hj. Since ug are elements of Us,
by axiom (Fredholm) of weak Hessian field, the operator Ay™: Hy — Hj is Fredholm of
index zero. Hence injective is equivalent to surjective and therefore by the open mapping
theorem the two maps A5 are isomorphisms. But F,’ = A5¥.

(H4) For F,* whenever s € R: By Lemma A.3, based on Definition 6.2 for A, we know that
AYs: H; — Hj satisfies (H4). Our first goal is to show that F"s = A% —C"%s|y, : H; — Hp
satisfies (H4). To see this, observe that C"s|g, : Hy — Hy is a compact operator: indeed,
C% € L(H,,Hy) by (6.3) and inclusion H, < H; is compact since r < 1. But (H4) is
stable under compact perturbation by Proposition A.7. Thus F"s: H; — H satisfies (H4)
whenever s € R proving the goal. Now by Lemma A.8, based on axiom (F), the restriction
F3's: Hy — H; satisfies (H4) as well.

(H5) Since F"¥ = A"F, as we saw during the verification of (H3), and the spectrum of A"+ is
real but does not contain zero, by invertibility, it holds that iR N spec A¥F = &.

Rabier’s Theorem A.1 concludes the proof of Step Il-a. |
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Proof of II-b. By Theorem B.3, it suffices to show that C* € L*(R, L(H})).

Basic path. Let 4 be a basic path from u_ to us with interval, say [T, 7.

Positive end. By axiom (C), for C there is an H;-open neighborhood V;,, of u4, and a constant
k4 > 0 such that all v,w € V,,, N Hy satisfy the scale Lipschitz estimate (6.4). In particular,
since w := uy € Uz and C"+ =0, for any v € V,,, N Hy there is the local Lipschitz estimate

1€ ey < (I = sy + min{Jolm, [uslm} - o = wslm ) < Ao —ulm, — (66)

<luslm, <lv—u|m,

where ky = k4 (uy) = K + |uy|m,. Since the connecting path s — us converges to uy in Hi,
there exists a time T > T such that us € V,,, whenever s > T'..
Negative end. Similarly, there exist V,,_, k_ > 0, T_ > T such that

1C 2y < F-lv —u—]|m, (6.7)

whenever v € V,,_ N Hy and us; € V,,_ whenever s < —T_.

Compact part. For every s € [-T_, T ], by axiom (C), we choose an Hj-open neighborhood Vi
of ug in Uy such that there exists a constant ks > 0 with the property that for all v,w € VN Hy
it holds the scale Lipschitz estimate

1CY = C¥ll () < s(lv = wl, +min[v]m,, [w]H,} - [v = wlw,). (6.8)

Since u: R — Uj is continuous and the interval [~7_,T,] is compact, the image ui_7_r,) is
a compact subset of U;. Therefore, there exists a positive integer N and times —T_ < s1 <
S9 < -+ < sy < T4 such that the Vs, cover the image

N
u_r_m, € |J Vs,
j=1

As Hj is dense in Hj, for any j = 1,..., N, we can choose p; € Vs, N Hy as illustrated by
Figure 1.

Figure 1. Basic path @ and open cover of connecting path u along time [—T_,T4].

FEstimates. Firstly, we assume that s € [-7_,T%]. Then us lies in one of the finitely many
open sets, i.e., there exists j = j(s) such that us € V. We estimate

1C Ny < NCP | 2y + 11C™ — CP| £y

< 1P gy + s, (s = pilas + min{lus s, Lpsls} - [ws = sl

<IpjlH, <lus—p;lu,

< max [C¥lleq) +  max (s, + [Pl (fus = sl + (s = pjlm,)

Vv
=iy =:by,

< ay, +b, max |ﬁo _pZ|H2 +bu’us _’E[‘S’HQ'
oce[—T,T]
(=1,...N
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Inequality 1 is by adding zero and the triangle inequality. Inequality 2 uses (6.8) for s = s;.
Inequality 3 is by taking maxima and adding again zero @5 — s, as illustrated by Figure 1.
Inequality 4 uses that a basic path @ is continuous as a map to Us and constant outside [T, T,
so the maximum exists.

Secondly, for s > T, by (6.6) it holds ||C"|| () < Ky |us — us|m,-

Thirdly, for s < —T_, by (6.7) it holds [|C"||z(g,) < k—|us — u_|m,-

To prove that C* € L?(R, £(H1)), we estimate

—T_ T+ e}
0 Bemn = ([ + [+ [ )ICv i ds
—00 —T_ Ty

< (K2 4 K% lu— U—H%;{Q + (T + T1)265 + bul|u — ZALH%z([_T,T],HQ)
which is finite. This proves Step II-b. |

Since Dy = F§ + MQC “ and since Fredholm property and index are invariant under compact
perturbation, we get from Steps II-a and II-b that DY is a Fredholm operator and that

index Dy = index 5.
This concludes the proof of Part II. |

Part III. Equal Fredholm indices index D" = index Dj.

Proof of Part III — using a homotopy argument. Because the space C°(R, Hy) is dense
in L2(R, Hy), see, e.g., [5, Theorem A.5.4], the connecting path u € C°(R,U;) from uy to u_
can be approximated by a connecting path which additionally is continuous as a map to Hy
and satisfies that the limit as s — Foo exists in H and is us. In particular, after a homotopy
inside the space of connecting paths from u_ to u4, we can assume that our connecting path u
is additionally continuous on level Hs.

Since the Fredholm index is homotopy invariant, it suffices to show the equality of indices
only for connecting paths which are additionally continuous on level Hs. For such a path, the
map s — A5* is continuous as a map R — L(Hg, H;). Since both operators A%: Hy — Hy
and A3 : Hy — H; are Fredholm of index zero, [3, Corollary 3.4] shows that the two operators
have the same spectrum, in particular they have the same spectral flow. By [4, Theorem A],
the Fredholm index of D* = 05 + A" is the spectral flow of s — A%s and the Fredholm index
of Dy = 05 + AY is the spectral flow of s — A5*. Since the spectral flows agree, the two indices
agree. This proves Part III. [ ]

The proof of Theorem 6.11 is complete.

7 Para-Darboux Hessian is almost extendable

Recall the setup from Section 4, where an open subset ${ C R?" carries an exact symplectic
form w = d\. The Hilbert space triple (Ho, Hy, Hy) is given by the Wk?2 (SI,RQ”)—Sobolev
spaces (4.1). Open subsets Uy C Hy and Uy C Hy are defined by (4.2). Recall further that the
identity (3.1) determines a smooth map

B: {4 — GL(2n,R), x — By.

In (4.7), we defined a (1,2) tensor L: X' () x X (4f) — X (4) where X' (4) is the set of vector fields
along L.

In order to prove the lemma and the theorem below, we need the following result from
fractional Sobolev theory.
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Theorem 7.1 ([1, Theorem 7.4]). Assume pi, p2, p are real numbers satisfying

(1) pr=p=>0andps>p>0;
(2) pr+p2>5+0p.

Then the following is true. If v € Wr1-2 (Sl) and w € Wrz? (Sl), then vw € WP? (Sl) and point-
wise multiplication of functions is a continuous bi-linear map

WPL2(S1) x Wee2(S1) — Wr2(sh).

Most important for us is the theorem in the forms

W2« 1?2 12, W22xwh? 5 wh? (7.1)
and
1
W2 x L2232 W wih? o w2, (7.2)

7.1 Unperturbed case

Lemma 7.2. The para-Darboux Hessians, one for each u € Uy, defined by
Ay Hy — Ho, n = By 4 Ly(n, 1)
determine a weak Hessian field Ag on Uq.

Proof. By (7.1), the map u — A¥ is element of the space C°(Uy, L(Hy, Hp)) and of the space
C°(Us, L(Ho, Hy)). The (Symmetry) axiom (6.1) holds true by Lemma 4.7. It remains to check
the (Fredholm) axiom. By Theorem C.1 for the loop t — w,,, the operator as a map

B;'9,: H, — Hy, Hy — Hy, Yuel (7.3)

is Fredholm of index zero. Using the Sobolev estimate |1|r~ < |n|m,, the term

C": nw— [t — Ly, (nt,ﬂt)]

is bounded as a map Hy — Hy if w € Uy and as a map H; — H; if u € Us. So, by compactness
of the embeddings Hy — Hy and Hs — Hj, both operators C" are compact. But Fredholm
property and index are stable under compact perturbation. This proves Lemma 7.2. |

Theorem 7.3. The para-Darbour weak Hessian field Ay is almost extendable. Moreover, the
pair (F,C) defined for u € Uy by

F: e B, O nes Lu(n, i),
s a decomposition.

Proof of Theorem 7.3. The proof has four Steps 1, 2, (C), and (F).

Step 1. By (7.2), the map u + C* is element of the space C°(Uy, L(H,, Hy)) and of the space
C°(Us, L(Hy, Hy)), where H, = W™ (St R*").

Step 2. We need to show that the map F:u ~ F* = B0, is element of the space
CO(Uy, L(Hy, Ho) N L(Hz, Hy)); see (6.2).
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Proof. We prove that F € CO(Uy, L(Ho, Hy)); similarly F € CO(Uy, L(Hy, Hp)).

Fix u € U; and let K = K(u) be a compact neighborhood of the (compact) image of u
in & C R?". Pick v € Uy near u taking values in K as well. The smooth map x — B;! is
Lipschitz continuous since K = K (u) is compact. Let A, be the Lipschitz constant. Now, given
any £ € Hy, we estimate

[(F" = F*)elne = (Bt = By el + (Bt = B+ (0B = Bl
< Xilu = vlZe [l + 220w = vfEllae
+4|dBy ! (i —0,€) [}, +4[(dB; ' —dB; ) (9.€)7.
< 3AZJu — vff1al€fae + 4B [ ey [ — Ve lé]
+ 42— vl lol a4
< (3N + 4By ) + D012 [u — 02 [ e
Here inequality one uses Lipschitz continuity of K > z + B, ! with Lipschitz constant \,. We

also added zero and used the triangle inequality. Inequality two uses the Sobolev embedding
W12 < C° with constant 1, we also used Lipschitz continuity again. This proves Step 2. |

Step (C). The map u — C* satisfies the scale Lipschitz estimate (6.4).

Proof. It remains to check the local scale Lipschitz axiom (C), see (6.4), for the map C. To this
end suppose u € Uy = W2 (Sl,ﬂ). Since W12 ¢ €9, the image of u is a compact subset of 1.
Therefore, there exist, firstly, an open subset U which contains the image of u and, secondly,
a constant ¢ such that

HE;L’ HL(RQnXRQH;RQn) < C,

[ Lz = Ex”ﬁ(R?an?n;R?n) < clz — ylgen,
HdizHE(RQ"XRZ"XRQ";RQW) <¢
|dLe — dixHC(RQ"XRZ"XRQH;RQ") < clz = ylgan, (7.4)

whenever z,y € U. We define an open neighborhood of u in Uy by
Vy = WH(s,0) n B (u),

where th (u) is the open radius 1 ball in H; centered at u. Pick elements v,w € V,, N Hy =
V., N W22, Note that

|U|W1,2 < |’LL‘W1,2 + 1, |w|W1,2 < ]u|W1,2 + 1.
Now for £ € Hy, we estimate

(€7 = )R < |Lo(€ ) = Lul€ )2, + [0(Lu(€, ) — Lu(€i)
< 2|Ly(&,0 — )%, + 2| (L, Ew) \Lz
+7|dLy(0 — 1, €,9)[7, + T|dLo(, €, 0 — )3,
+7|(dLy — dLy) (1, €, ) |2,
+7|Ly (€6 — i) [2, + 7| (Eo — Lu) (£,9)] 2

7 Lol6 5 — @) |32 + 7| (Lo — L) (6, 5)] .



20 U. Frauenfelder and J. Weber

where in inequality two we added four times zero and used Lemma 7.4 for k¥ = 7 summands.
Now we estimate summand by summand starting below

1
‘(I_JU - Ew)(&“’)'iz = /0 ’(I/’Ut - Ewt)(ftawt)‘th

1

< [ o wiPle i a
0

< v — wlde e 02

< Ao — wlk2l€falwEe.

Here inequality one uses (7.4) and the Sobolev embedding L> < W2 with constant 1. Simi-
larly, we estimate

Lo (6,5 — ) [5, < ElefPialo — w]Zas,

(Lo = L) (€,0) 32 < o — wlialemelwle,

Ly (6,0 — @) [0 < lePislo — 2o,

[(dLy = dLy) (6, & )72 < (1 + [ulwi2) [0 = wlfpra €l alwlfyae,
ALy (1, &, 0 — )20 < (1 + [ulyr2) [€P1alv — w]Pa,

= . . N2 2
‘dLU(’U - wa€7v>}L2 < 62(1 + ’u‘W1’2) ”U - w‘IQ/V272‘§’12/Vl,27

M M N2
‘(LU - Lw)(€7w)|L2 < 02|U - w‘%/{/172|€|12/{/1,2|w|%/[/2727

7 . .2 2112 2
| Lo (&0 — )| 12 < EPelfpralv — wlfpee.
Continuing the above estimate and returning to the notation Hy, = W2, we get

(CY = C)&fy, < 7 (7 + dulfy, ) (I — wly, + lwliy, [ — wl, )€l
N———

=:k2
This implies that the operator norm is bounded by

1C? = C¥ll gy < K(lv — wla, + |wla,|lv —wla,).
Interchanging the roles of v and w, we get

1CY = C¥ll ey < Kllv = wla, + [0l plv — wlm).
The above two estimates imply the scale Lipschitz estimate

1C* = C¥ll gy < K(lv = w]a, + min{[v]g,, [w[m, v — wlw,), (7.5)
which is precisely (6.4) in axiom (C). This proves Step (C). [
Step (F). Vu € Uy: F¥ := B;'0|ny,: Hy — Hj is Fredholm of index zero.

Proof. The proof was given in (7.3) as a consequence of Theorem C.1. |

The proof of Theorem 7.3 is complete. |
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Tool

Lemma 7.4. For k € N real numbers ay,...,ar > 0, there is the inequality

k 2 k
(Zo) <134
J=1 J=1
Proof. Observe that

k 2 k
(Z%) =D G+ > 2aj0; < (L+ (k= D)ai + -+ (14 (k= 1))ag. n
Jj=1 j=1

1<j<i<k
Sy<as Sa?'i‘a?

7.2 Perturbed case

Lemma 7.5. The perturbed para-Darbouz Hessians (5.3) defined by
A": Hy — Hy, n— B0+ Ly(n, i) — an

one for each u € Uy, determine a weak Hessian field A on U;.

Theorem 7.6. The perturbed para-Darboux weak Hessian field A is almost extendable. More-
over, the pair (F,C) defined for u € Uy by

F: n— B'n—a"n, C": nr Ly(n,u)
s a decomposition.
To prove the lemma and the theorem, we need the following proposition.
Proposition 7.7. The map u > a¥ is element of CO(Uy, L(Hy)).
To prove the proposition, we need the following lemma.
Lemma 7.8. Let f € C1(R,R). Then the map
F(f): Wh(SYR) - W2 (SLR), ur~ fou
is well defined and continuous.

Proof. The composition f ow is L?, because since u is C° the image u(Sl) is compact, hence
the continuous map f is L?-integrable along the image. The derivative f’|, - u is a product of
a C%map f'|, and an L?-map 7. Such product is L?. This shows well defined.

We prove continuity. Pick € > 0. Since u: S! — R is continuous, there exists a compact
interval [a,b] containing the image of u. Since f and f’ are continuous, there exists

€
0<d< min{ }
2] f(u)| 2
such that for all z,y € [a — 1,b+ 1] with | — y| < § it holds

€
’f 'y )’SE, m::~/10+8|u|12/vl,2.

Now assume that |u — v|y12 < §. Since |u — v|co < Ju — v|y2 < 6 we have |uy —v] < § <1
whenever ¢ € S'. Hence

) = @)l < 2, | f ) = fw)] <

[f(@) = f(y)] <

Zﬁ\m

1o
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for every t € S'. We estimate

Fou—fovla=Ifou—fovfst|f(u) i) i+ (- i—F©- i
<|fou—foufat2f(u)-i—f(w) of%+2|f(u)-o— f'(v)- [

g2 ’ 2 . .19 g2 )
?‘f‘z‘f(u)‘Loo’U_”’L2+2ﬁ’U|L2

IN

2 2
€ 2 2 € 2 2
< ? + 2’f,(u)‘Loo |U - U|W1,2 +4?(|U‘W172 + |’LL - U|W1,2)
<2< 2 <6<1
= Al (Wi
2 2
€ 2 € 2
S ?(5 =+ 4|U|W1,2) —+ 5 = £".
This proves continuity and concludes the proof of Lemma 7.8. |
Proof of Proposition 7.7. Since the function h: {{ — R is of class C?, given i,7 = 1,...,2n,

the matrix coefficients 9;0;h: 4 — R of the Hessian are C' functions. Hence, by Lemma 7.8
and the fact that multiplication W12 x W12 — W2 is continuous, the proposition follows.

Proof of Lemma 7.5. By Proposition 7.7, the map u ~ a“ lies in C°(Uy, £L(H;)), hence in
particular in C°(Uy, L(Hy, Hy)) N C°(Us, L(Ha, Hy)). Since A* = AY — a* and AY is a weak
Hessian field according to Lemma 7.2, it follows that A is also element of C°(Uy, £L(H1, Hp)) N
CY(Uy, L(Ho, Hy)).

The (Symmetry) axiom (6.1) holds true by Lemmas 4.7 and 5.4. We show the (Fredholm)
axiom. Since the inclusions Hy — Hy and Hy < H; are compact, it follows that for every
u € U; the operator a"|pg,: Hy — H; is compact and so is a*: H; — Hp. By Lemma 7.2, the
operators Aff and A{j|p, are in particular Fredholm of index zero. Since Fredholm property and
index are stable under compact perturbation, it follows that the same is true for A* and for Aj.
This proves Lemma, 7.5. |

Proof of Theorem 7.6. Since L(Hy) C L(Hs, H1)NL(H1, Hyp), it follows from Proposition 7.7
that the map u +— A% lies in € C°(Uy, L(Hs, Hy) N L(Hy, Hy)). Since the inclusions Hy < Hy
and Hy — Hj are compact, it follows that for every u € U; the operator a“|g,: Hy — H; is
compact and so is a%: Hy — Hy.

By the unperturbed case, Theorem 7.3, we know that B;10; as a map H; — Hy and as
a map He — Hy is Fredholm of index zero; this is a consequence of Theorem C.1. Since
Fredholm property and index are stable under compact perturbation, the same is true for F™“
and its restriction F3'. In particular, F satisfies axiom (F) in Definition 6.6.

That C satisfies axiom (C) was already shown in the proof of Theorem 7.3. This shows that A
is almost extendable and (F,C) is a decomposition of A. [

A Theorem of Rabier

While the result of Rabier applies in greater generality, we discuss it for Hilbert space pairs.
Let (H,W) be a Hilbert space pair, that is H and W are Hilbert spaces such that W C H, as
sets, and the inclusion map ¢: W — H is a compact linear operator. Let i € C be the imaginary
unit element. Consider a family (A(s))ser of bounded linear operators A(s): W — H. Assume
that the following five conditions hold:

(H1) (H,W) is a Hilbert space pair;
(H2) the operator family R — L(W, H), s — A(s), depends continuously on s;
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(H3) there are invertible asymptotic limits A+ € L£(W, H) in the sense that

5—F00
(H4) Vs € RU {Foo} ICy(s),70(s) > 0 Ya € R: Whenever |a| > 7o(s) the operator A(s) —
ia: W — H is an isomorphism and there is the estimate

1(AGs) — )1 g = S22

o]

(H5) iR Nspec Ax = @.
Theorem A.1 (Rabier [14]). Under the assumptions (H1)—(H5) the operator
Dai=0s+A: WiPnILb, — Ik

is Fredholm for every p € (1,00).

A.1 The unparametrized Rabier condition (H4)

In this appendix, we do not deal with operator families parametrized by s € R, but with indi-
vidual operators A € L(W, H) on a Hilbert space pair (H,W). An exemption is Corollary A.4.

Definition A.2. A bounded linear operator A: W — H satisfies the Rabier condition (H4),
more precisely [14, equation (1.4)] in the case of Hilbert spaces, if there are constants Cy, g > 0
such that Yo € R with |a| > rg it holds that

i ¢ specA:={Ae€C|A—-\: W — H is not bijective}
and
Ha(A - ia)_ll,ﬁ(H) < Cb. (A1)

Here and throughout, we write i to abbreviate icu.

Symmetric Fredholm operators of index zero

Lemma A.3. Suppose A € L(W,H) is (a) H-symmetric and (b) Fredholm of index zero. Then
for every real number oo # 0, there is the estimate

(A — io‘)lec(H) =1
In particular, A satisfies the Rabier condition (H4) for Cy =1 and every ro > 0.

Proof. By (a) and (b), the spectrum of A is real and there exists an ONB {e, }nen of H and
{an}nen C R such that Ae,, = a,e, for every n € N; see, e.g., [4, Appendix D]. Let o € R\ {0},
then

a
(A —ia) e, = PR
o

Let £ € H and write it in the form £ = ) §,e, for unique real numbers &,. Suppose that ¢ is
of unit norm [¢[% =Y, €2 = 1. Then

Q

&n
—€En
ay — i

(A —ia) 7l = Z
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and we estimate
242 2
a“é «
A —1 -1 2 = [ — = _—_ 2 < 2 - 1
(A — i) 7], Zlan—ia!% Za%+a2§n—zfn
n n n
This proves Lemma A.3. n

Corollary A.4. Let (A(s): W — H)ser be a family of bounded linear operators such that each
family member A(s) is H-symmetric and Fredholm of index zero and (H1)—(H3) are satisfied.
Then the operator

Dy:=08s+A: WyPnILh, — Lk
is Fredholm for every p € (1,00).

Proof. By Rabier’s Theorem A.1, it remains to verify (H4) and (H5). (H4) holds by Lemma A.3.
We prove (H5). Since A(s) is H-symmetric for every s € R, the same holds for the asymp-
totics Ax. Therefore, the spectrum of Az is real. Since A4 are invertible by (H3) zero does not
belong to the spectrum of A+ and therefore iR Nspec A+ = @. |

Reformulation

Lemma A.5. Let A: W — H be a bounded linear operator. Then A satisfies the Rabier
condition (H4) if and only if it satisfies the following two conditions:

(i) A is Fredholm of index zero.

(13) There exists constants Co,ro > 0 such that whenever |a| > ro it holds
(A —ia)eln > Cooléln (A2)
for every € € H.

Proof. ‘<’ Since A: W — H is Fredholm of index zero and inclusion W < H is compact, it
follows that A—ia: W — H is also Fredholm of index zero for every a € R. If 7 is as in (ii) and
a > 1, then A — i« is injective by the estimate in (ii), hence surjective (Fredholm index zero).
Therefore, by the open mapping theorem, the operator A — i« is an isomorphism. In particular,
the inverse (A —ia)~! is bounded. Now (A.1) follows from (A.2).

‘=’ Suppose (H4) holds true. Hence, if @ > r¢, then A — i« is bijective and therefore it is
Fredholm of index zero. Since inclusion W < H is compact, it follows that A is Fredholm of
index zero as well. This shows (i) and (A.2) follows from (A.1). This proves Lemma A.5. W

Remark A.6 (spectrum consists of eigenvalues). A\ € spec A is called eigenvalue of A € L(W, H)
if A— X: W — H is not injective. Observe that

A satisfies (H4) = spec A = {eigenvalues of A}.

To see this, suppose A satisfies (H4) and pick A € spec A. The latter means that A — A¢ is not
injective or not surjective. Now A is Fredholm of index zero by (i) and so is A — A¢, as shown in
the beginning of the previous proof. In particular, not injective and not surjective are equivalent
for the operator A — A¢.
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Stability under compact perturbation

The following proposition is a version of [13, Theorem 3.5].

Proposition A.7 (compact perturbation). Let A: W — H be a bounded linear operator satisfy-
ing the Rabier condition (H4) and K: W — H a compact linear operator. Then A+K: W — H
satisfies the Rabier condition (H4) as well.

In the proof, we utilize the following notions. Let A: W — H be a bounded linear operator.
A bounded linear operator T: W — H is called A-bounded if there exist constants a > 0 and
b(a) > 0 such that

T¢| < al Al + b(a) | (A.3)

for every £ € W. The A-bound of T is the infimum of all possible values a > 0, in symbols
inf{a > 0 | 3b(a) such that (A.3) holds V{ € W}.

A theorem of Hess [7, Satz 1] says that, given A € L£(W, H) with non-empty resolvent set,
compact operators K: W — H have vanishing A-bound.

Proof. Let A satisfy (H4). Then A satisfies (i) and (ii) in Lemma A.5 with constants 7o, Cp.
It suffices to check conditions (i) and (ii) for A+ K for some constants ry, Cy. Since K: W — H
is compact, it holds that A + K is Fredholm and index(A + K) = index A = 0. This proves (i).
To prove (ii) we define

(1 C 1 b(e C
€= mln{2740}a T = max{?“o,2+4é0>}, Ci ::§0

and for |a| > 1 > rp we estimate

(A+ K —i0)eln > (A~ i0)éln — Kl
(A —ia)¢|g —e|(A—ia + i)y — b(e) ||y
(1 = )[(A —ia)¢|m — (elaf + b(e)) || n

(1 —e)Colal —elal = b(e))[E]n

> (Llal =56 el

> — .
> el

(A2 AVAR VARV

In inequality 2, we used (A.3) and then added zero —ia + ia. Inequality 3 is by the triangle
inequality. Inequality 4 is by the hypothesis (A.2) on A which applies since |a| > rg. Inequality 5
is by choice of €. Inequality 6 uses |a| > r; and the choice of 1. This proves Proposition A.7. B

Level operator

Lemma A.8. Let (Hy, H1, H2) be a Hilbert space triple. Suppose F': Hy — Hy is a bounded lin-
ear operator which satisfies the Rabier estimate (H4). If F restricts to a map Fo=F|g,: Ho— H;
and Fy is Fredholm of index zero, then Fy satisfies the Rabier estimate (H4) as well.

Proof. Let Cy,rg > 0 be the constants in the Rabier condition (H4). Fix agp > rg. Then
F—iag: Hi — Hy is bijective, thus an isomorphism. Therefore, maybe after replacing the norm
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of Hi by an equivalent norm, we can assume without loss of generality that for every £ € Hj the
Hi-norm is given by |£]1 = [(F — iag)&|o- Hence for o > rg and £ € Hy, we write and estimate

[(F —ia)é|1 = [(F —iag)(F —ia)€]o
= [(F —ia)(F — iag)lo
> Coal(F — iag)€lo
= Coal¢]1-

The inequality is by (A.2) for F. This shows that Fb satisfies (A.2). But F» is Fredholm of
index zero by hypothesis. Hence F; satisfies (i) and (ii) in Lemma A.5 and therefore (H4). This
proves Lemma A.S8. [ |

B Compact non-continuous perturbations

Lemma B.1. For a Hilbert space H, an interval I = [T, T], and c € L*(I, H) multiplication
me: WH2(I,R) — L2(I, H), € — c€ is a compact operator.

Proof. The multiplication operator is a composition

mO
me=mlor: WH(I,R) - C°(I,R) — L*(I, H)

of the compact Sobolev inclusion +: W2(I,R) — C°(I,R) followed by the multiplication m2
which is bounded as we show next. Indeed, multiplication

L*(I,H) x C°(I,R) — L*(I, H), (c,&) ¥ c€
is a continuous map since

ngﬁHLZ(LH) = |lc€ll 2,y < llell 2, mlléllco(r,ry-

Hence the map m, is the composition of a compact and a continuous linear map, and therefore
it is compact. This proves Lemma B.1. |

Proposition B.2. Assume H is a Hilbert space and ¢ € L*(R,H). Then multiplication
me: WH2(R,R) — L2(R, H), € ~ c€ is a compact operator.

Proof. Given n € N, let xp := X[_n, be the characteristic function on the interval [—n,n],
that is x,, is 1 on [—n,n] and 0 else. Then the multiplication operator m; := m,,,. is compact
by Lemma B.1.
To show that m. is compact, we show that the sequence of compact operators m, converges
in the operator norm topology to m.. Indeed,
[(me — m?)f”B(R,H) = |[(e - ch)§HL2(R,H)
= [Ixw\ =1l L2y
< HXR\[—”’”}CHLQ(R,H) H£||CO(R,R)

<llell 2@\ [=nn), i) 1 ll12 @ R)-

—0,asn — o0

This proves Proposition B.2. |

Let (Hy,Hs) be a Hilbert space pair, see, e.g., [3], that is H; and Hs are both infinite-
dimensional Hilbert spaces such that Ho C H; and inclusion ¢: Hy — Hy is compact and dense.
We define Wélz and L%L- by (5.4).
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Theorem B.3. Let C € L*(R,L(Hy)). Then pointwise multiplication
Mc: Wg'n Ly, — L, &~ [s+ C(s)E(s)]
is a compact operator.

Remark B.4. In the special case where C' is continuous, Theorem B.3 was proved by Robbin
and Salamon [15, Lemma 3.18]. As in our proof, they use a sequence of compact operators which
converges to the operator M¢ in the operator topology. In contrast to our sequence, they first
multiply with C' and then project, while we first project and then multiply by C.

Definition B.5 (intersection of Hilbert spaces). The intersection HNW of two Hilbert spaces H
and W is itself a Hilbert space with inner product and norm

Covaow = Coa+Gdws Illmaw = /I + 11y

Proof of Theorem B.3. The Hilbert space pair (Hy, Hs) is isometric to the pair (82, Z%) where
h: N — (0,00) is a monotone unbounded function; see [3, Theorem A.4]. In the following, we
identify the Hilbert space pairs

(Hy, Hs) ~ (02,03).

We denote by € = {ex}ren the canonical basis of £2 and by

e Hi o R 6= Gep e (&, 6)
k=1

the orthogonal projection of H; to the n-dimensional subspace of H; identified with R” un-
der the isometry mentioned above. As the basis £ is still orthogonal in (%L, the restriction
TnlH, : Ha — R™ is again the orthogonal projection.

For n € N, we define the operator

ME: W}If NLYy, — LY, £ [s = (MEE)(s) == C(s)mpé(s)]

where ¢, = 7} : R"™ — H; is inclusion.

Step 1. For every n € N, the operator M7 is compact. 3
Step 1 follows from Proposition B.2 for m. = My and where {(s) = m,£(s) now takes values
in R” instead of R.

Step 2. As n — oo, the operators M/ converge to M¢ in the operator norm

lm s [|(ME— M)l = 0.

%
TN 2 e
WHlﬁLH2—1

To prove Step 2, we write the difference in the form

Mc — Mg = Mg o Py,
where

Py: WiPn Ly, - L, & s (1—m,)Es)]
and

Mc: LY, — Ly, n— [s— C(s)n(s)].
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The operator Mc¢ is bounded: Indeed, for n € L%, of unit norm, we estimate

o0

IMonl, = [ 1CGns), ds

—oc 2 ;
< [ 1O, (suplats)lm, ) s
—00 seR
2
= 1Cl 2, cm))-
Since
n
HMC - MOHE(W&I’EOL%QL%I) < HMCHL(L%OI,L%I) ’ ”PnHL(W;fmeiIQ’L?%y
it suffices to show that the norm of P, converges to zero, as n — oo.
Claim. Ifn € Wlf N L%,Q satisfies the conditions
() I, <1 ) o, <1, () Vs € R: mun(s) =0,

3 1
then nllog < (725)*

Hy —

Proof. Condition (iii) means that 7 is for any s € R of the form

(iii)
77(8) = (0’ cee 70777n+1(5)777n+2(5)7 cee )

which, as in (B.3), provides the estimate
|77(3)\zi > hng1|n(s)|. (B.1)

Now we prove the estimate

n(s)le2 = [1(0)]2 = /]s] (B.2)

for every s € R. We show this estimate for s > 0, in case s < 0 the argument is similar. To this
end pick s > 0. Use Cauchy—Schwarz inequality to estimate

e ¥ S , Q)
1t < \/ / 1dt-\/ [ it < V5l < Vs

This estimate and the fundamental theorem of calculus yield the claim, namely

n(s)le = ]n<o> + [ iy de] > ()] — / 1Ll dt > [0(0)]e — V5.
0 02 0

This proves the estimate (B.2). Next we estimate
(i)
2
12 i,

~ [ ) as

[e.9]

3 o 9
> ot [ ()l ds

o0

= Zhat1[n(0)[ze-



The Linearized Floer Equation in a Chart 29

(i) graph [¢| Ra (ii) graphe £

slope ¢

—b b —b b

Figure 2. Graphs of |¢] and £ in Example B.6.

In Step 3, we used (B.1). In Step 5, we used the claim (B.2). To obtain the final identity, we
calculated the integral.

We rewrite the obtained estimate in the form [1(0)],2 < (3/hn+1)i. For r € R, we define
Ny (s) :=n(s+r). Then conditions (i)—(iii) hold as well for n,. Therefore,

1
n(r)lez = |- (0)le2 < (3/hns1)3
for every r € R. Consequently, ||7]| Ly < (3/ hn+1)%. This proves the claim. |

Operator norm of P,. Pick & € Wlf N Ly, such that [|€]y1.2 <1. Now we verify
H

NnL2
conditions (i)—(iii) for n = P,¢. Condition (i) is satisfied, indeed % 2

1Pt = M =ma)ellps < llellze, < M€lwye < Ny, <1

Inequality one uses that the projection is Hi-orthogonal. In inequality three, we used Defini-
tion B.5 of the norm in an intersection space. Condition (ii) is satisfied by the same arguments

1Paglls, = (1= )l < €l <1

In inequality one, we used that the projection is also Hz-orthogonal. Condition (iii) is satisfied
due to the projection property 72 = ,, namely

TnPn&(s) = mp (1 — mp)&(s) = 0.

1
Thus, by the claim, we get || P,¢]| Ly, < (%ﬂ) 4. Therefore, the operator norm

Ll

3
HPnHL:(W}{me%Q,L??l) = <hn+1>

converges to zero, as n — 00, since the growth function h is unbounded. This concludes the
proof of Step 2.

Steps 1 and 2 together imply Theorem B.3 by the standard fact that the subspace of compact
operators is closed in the space of bounded linear operators; see, e.g., [6, Theorem A.1]. This
proves Theorem B.3. |

Example B.6. Recall that we identify (Hy, Hy) ~ (ZZ, f,zl) Pick an element 1 € ¢? which is of
the form n = (0,...,0,M41,Mn+2, - - ). Set a := |n|p2 and pick b > 0. Define a map ¢: R — £2 by

(%+1)n7 s € [—b,O],
f(S) = (_% + 1)777 s € [0’ b]7
0, else,

as illustrated by Figure 2.
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Note that |£(5)|2 = a/b whenever s € (—b,0) U (0,b). Suppose that ¢ satisfies the conditions
(a) H{HLQ =1 and (b) H§||L%I = 1. By (a) and calculation,
Hy 2

b 2
1:|’£“i§11:2/0 (E)st:zi = b=2d°

and

bra \2 b 4
HfHL%l —2/0 <b8) ds =2a 3= 3%

Observe that

oo oo
mh = S e b S 0t = bl (B.3)
k=n+1 k=n+1

and use the unit norm condition (b) to obtain

4
L= lgllzs, > husallélzs, = ghnsra’,

1

which implies that a < (4h§+1)Z — 0, as n — 0.

C Slice-wise index zero Fredholm operators

The space of symplectic bilinear forms on R?" is denoted by
Q(R2n) = {w: R?" x R?" — R bilinear, skew-symmetric, non—degenerate}.
A loop of symplectic forms
wewh? (Sl, Q(RQ")), t— w (C.1)
determines a loop of invertible matrices B, € W12 (Sl, GL(Zn,R)) by
wi(, Bu(t)) = ()
pointwise for every t € St where (-,-) is the Euclidean inner product on R?".

Theorem C.1. Fiz a loop of symplectic bilinear forms w € W2 (Sl, Q(RZ”)). Then the oper-
ator

Fpo1 = B,'0;: Hy — Hy_, Hy, == Wk2(st, R*),
is Fredholm of index zero whenever k =1,2.

The proof of Theorem C.1 will be given at the end of Appendix C.
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Semi-Fredholm estimates

Lemma C.2. Consider two loops of invertible matrices
C € C°(S', GL(k,R)), L e Wh2(S',GL(k,R)).
Then the corresponding linear operators

(a) Fo: WH(SLRY) - L2(SLRY), & [t CED)] oo
(b) Fr: W22(SL,RF) — WH2(SLRY), ¢ [t L(H)E®D)] (©2)

are semi-Fredholm operators.”

Proof. (a) Since C(t) is invertible and the circle is compact, there exists § > 0 such that
|C(t)v| > 6|v| for all t € S! and v € R¥. Hence we estimate

1
Iﬂf@w=A}C@KﬁwﬁfzﬁKEQZVK@AQVﬁ@m
Therefore,
1
(€l < s3I FoE[Zz + i€l

for every € € W12, Since the inclusion map ¢: W% — L? is compact, this is a semi-Fredholm
estimate, see, e.g., [9, Lemma A.1.1]. It implies finite dimension of the kernel and closedness of
the image of the operator Fg.

(b) Since W12 embeds in C?, the map L is continuous. Since L(t) is invertible and the circle
is compact, there exists & > 0 such that |L(t)v| > §|v| for all t € S' and v € R¥. Hence we
estimate

\FLé3 = |Lfﬁ;2 + ‘Lé + Lg‘;

> P16f} + L) r2(VELE

V2
> P|Ef7, + |LE[ . —2|LEf, — 5| L&, + | LE]]

Lé’> +|LE%,

. 1, . ..
= 8%[€]7s + 5Ll — L]
2 0% S121012
> 52‘5&2 + E‘g‘m - ‘L}L2’£‘CO
6% o 5 1o L2 102
> 5|€’W272 - ?’f‘ﬂ — |L]z2l€len
> P2 — (102 ) e
=5 W22 9 L2 Ccl:
Therefore,

2 2 .
el < IPLER + (14 SIEE: )

for every € € W2, Since the inclusion map W22 — C! is compact, this is a semi-Fredholm
estimate, see, e.g., [9, Lemma A.1.1]. It implies finite dimension of the kernel and closedness of
the image of the operator Fr. This proves Lemma C.2. |

"Semi-Fredholm means finite-dimensional kernel and closed range.
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Index is conjugation invariant

Let GL*(k,R) be the open subset of R¥** that consists of all real k& x k matrices which are of
positive determinant, thus invertible. Clearly 1 € GL*(k, R),

Lemma C.3. Consider loops of invertible matrices of positive determinant
(a) C,G € C°(S',GL* (k,R)), (b) L,H € Wh*(S', GLT (k, R)).

Then the following loops are homotopic:
C~GCG™, L~HLH™!,

and for the operators (C.2) the semi-Fredholm index is conjugation invariant
index F¢ = index Foog-1, index F, = index Flyp p-1.

Proof. We prove part (a). Part (b) then follows by the same arguments by noting that multi-
plication W2 x W2 — W12 is continuous.
Since C and G take values in GL™T, we assume without loss of generality that the loops C
and G are based at 1, in symbols C(0) = 1= G(0).®
By Lemma C.4, we get the based homotopies & in Steps 1 and 3 in the calculation
G7I0G ~ GT'H#(CG) ~ (CH#G ' =~ CcGG™! = C.

The (free) homotopy ~ in Step 2 is the map defined for r,¢ € [0,1] by A"(t) := (w#v) (% + ¢).
It deforms h° = w#v to h' = v#w and moves the time 0 point from v(0) along v to v(1). But
the semi-Fredholm index is a homotopy invariant; e.g., [11, Section 18, Corollary 3]. This proves
Lemma C.3. [

Lemma C.4. Let RF** be the space of real k x k matrices. Let G and H be two loops in RF*F
based at 1 = G(0) = H(0). Then the pointwise matriz product is based homotopic to the
concatenation, in symbols HG ~ H#G.

Proof. Let r € [0,1] and ¢ € [0, 1]. Defining
. G((1+7)t), te 0,1,
(1) = 11(( . te 0 o)
, te 1],
then G'(t) is G(2t) on [0, 3] and 1 on [3,1]. Defining
1 r
H?"(t) — Y t 6 |:O7 1 ]?
H((l+rt—r), te

then H'(t) is 1 on |0, %] and H (2(t — %)) on [l 1]. Note that the homotopy defined by
h"(t) :== H"(t)G"(t) deforms the map

t— h0(t) = HO()GO(t) = H(t)G(t)
to the map
ts hA(t) = H' ()G (t) = (H#G)(t).
Moreover, the homotopy moves through based loops
h"(0) = H"(0)G"(0) = 1G(0) = 1, h"(1)=H"(1)G"(1) = H(1)1 = 1.
This proves Lemma C.4. |

®If not, fix v € C°([0,1], GL™ (k,R)) from ~(0) = 1 to (1) = C(0). Define C by following ~, then C, then v
backwards (notation v~ ), all at 3-fold speed. Retract v and v~ to Co.




The Linearized Floer Equation in a Chart 33

Fredholm index zero

Pick a W'2-loop w as in (C.1). The loop w determines a W!'2-loop B = B, which, by (3.2),
takes values in GL*(2n,R) and which itself, by Lemma 3.3, determines a W'2-loop Jp of
almost complex structures on R?" compatible with w in the sense that g Jp ‘= w(-, Jp-) is a loop
of Riemannian metrics. Convex combination deforms the Euclidean metric to g, namely

(1=7)(,-) +rgy, = g™ = w(-,B(’")-), r € [0,1]. (C.3)
The identity determines a homotopy r — B from the loop B(®Y) = B to B") = Jgz. Abbreviate

J(t) = Jpw, teS'=R/Z
Lemma C.5. There exists a loop ¥ € W12 (Sl, GL+(2n,R)) such that

T JO)(t) "t =J(t), Vtesh (C.4)
Proof. The proof has three steps.

Step 1. There exists a unique map : S' — GL(2n,R)/GL(n,C) such that for any ¢ € S* and
any representative W(t) € GL(2n,R) of ¥(t), we have

T()J(0)W ()~ = J(t). (C.5)

Proof. Since two complex structures are conjugated, see, e.g., [9, Proposition 2.5.1], for every ¢
there exists ¥(t) € GL(2n, R) such that \If(t)J(O)\I/(t)jl = J(1).
If W(t) is another element of GL(2n,R) such that W(¢)J(0)¥(t)~! = J(¢), then
()1 (8)J(0) (T ()1 (r) " = J(0).
This shows that W(¢)~'W(t) preserves .J(0) and hence this is an element of GL(n, C). Therefore,
the map denoted and defined by

GL(2n,R)

. St e [O(t C.6

v 8o G e ) (o)

is well defined, namely independent of the choice of ¥(¢). In view of (C.5), the subgroup GL(n,C)
acts from the right on GL(2n,R). This proves Step 1. |

Step 2. The canonical map 1 defined by (C.6) is of class W12

Proof. Let t € S' and choose vectors vy, ...,v, € R?® such that vy, J(t)vy,..., v, J(t)vy, is
a basis of R?”. Since J is of class W2, it is continuous. Therefore, since linear indepen-
dence is an open property, there exists e > 0 such that for any ¢’ € (¢t — ¢,t + ¢) the vectors
v1, J(t)v1, .. ., On, J(t)vy, still form a basis of R?". Choose further vectors wy, .. ., w, € R?* such
that wy, J(0)wy, . .., wy, J(0)w, is a basis of R*". For ¢’ € (t —e,t+¢), define ¥(¥') € GL(2n,R)
by the requirement

U(tw; = vj, V(") J(0)w; = J(t')v;, j=1...,n.
These conditions are equivalent to

U(t)J(0) = J()U(t).
Moreover, since t +— J(t) is of class W12, it follows that the map

(t—e,t+¢) = GL(2n,R), t' = U(t),

which locally represents v, is of class W2, too. Therefore, the map 1 is locally W2 and
since S' is compact, it is globally W2, This proves Step 2. |
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Step 3. The loop ¢ in (C.6) lifts to a W12loop ¥ in GL*(2n,R) based at 1.

Proof. As the Lie group GL(n,C) is closed in GL(2n,R) we have a fiber bundle
GL(2n,R)
GL(n,C)

see, e.g., [2, Chapter II, end of Section 13]. By choosing a connection on the fiber bundle, we
can lift the path v, see (C.6), to a path ¥ e Wh2([0,1], GL(2n,R)) such that ¥(0) = 1 and
[‘i’(t)} = 1(t) for every t € [0,1]. The path ¥ is not necessarily a loop. But since [\if(l)} =
¥(1) = ¢(0) = [¥(0)], the initial and the end point of ¥ differ by an element in GL(n,C).
Hence there exists ®; € GL(n,C) such that ¥(1) = ¥(0)®; = ®;. Since GL(n,C) is connected,
there exists a smooth path ®: [0,1] — GL(n,C) from ®(0) = 1 to ®(1) = ®;. The path defined
for t € [0,1] by
W(t) == U (t)D(t)

has the following properties. Firstly, it is a loop in GL¥(2n,R) since ¥(0) := ¥(0)®(0)~' =1
and (1) := ¥(1)®(1)~! = &(1)®(1)~! = 1. Secondly, it is of class W12 since ¥ is of class W2
and ® is smooth. Thirdly, it is a lift of ¢ since [¥(t)] = [\il(t)fl)(t)_l} = [‘ii(t)] = (t). There-
fore, (C.4) holds by (C.5). This proves Step 3. |

GL(n,C) — GL(2n,R) —

This proves Lemma C.5. |

Proof of Theorem C.1

We show Theorem C.1 for k = 2, the case k = 1 is analogous. To this end, given a loop
w € Wh? (Sl, Q(RQ”)), we get a Wh2-loop B = B, in GL™(2n,R). Consider the operator

Fg1=B7'9;: W»*(s',R*") — Wh?(s!, R*").

By Lemma C.2, this is a semi-Fredholm operator. By (C.3), the loop ¢ — B(t) is homotopic
in GL*(2n,R) to the loop t — J B() of almost complex structures. Therefore, the loop B~ lis
homotopic to the loop (Jg)~! = —Jp.

Since the semi-Fredholm index is a homotopy invariant, see, e.g., [11, Section 18, Corol-
lary 3], we have index Fg-1 = indexF_;,. By Lemma C.5, the loop Jp is conjugated in
Wh2(st,GL*(2n,R)) to the constant loop J(0) = Jp(). And therefore by Lemma C.3,

index FLj, = index F__ ;).

Since F_ ) = —J(0)0; is symmetric for the W12 inner product, it holds index F_j0) = 0.
Summarizing

index Fp—1 = index FLj, = index F__ () = 0.

Since the index of the semi-Fredholm operator Fz-1 is zero, the operator Fp-1 is actually
Fredholm. This proves Theorem C.1.

D Heron square root iteration

Consider the cone P of positive symmetric £ X k matrices. The square root map P — P,
Q — /Q, is a diffeomorphism. There are two ways to construct the square root map, either
using spectral calculus or the Heron iteration method. The disadvantage of the spectral calculus
approach is that smoothness of the square root map is rather unexpected since eigenvalues in
general depend only continuously on the matrix and the projections to the eigenspaces can even
be discontinuous, if different branches of eigenvalues meet. Therefore, we define the square root
map in this appendix with the help of the Heron iteration.
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D.1 Real values
D.1.1 Heron iteration

Lemma D.1 (Heron method). Let ¢ > 0 be a positive real number. Pick a positive real number
r1 > 0. Define a sequence 1, recursively by the requirement

r1 >0, Tl = = (rn +7,7q), n € N. (D.1)

N

Then the following is true:

(i) The sequence (rn)n>2 s monotone decreasing and bounded below by /q.

(ii) The limit r := lim,,_,oo 7, exists and r* = q.
Proof of Lemma D.1. (i) We first show that
(a) rp, >0, (b) ™, > /4,

whenever n > 2. While (a) is obvious from (D.1), to see (b) note that

Tn—1 (a) q 1 a2 + b2 1/rn q Tn
= b= = —Jg=ab< == =
A VARSI 1 pVa=abs — s\ "2 "o, 2

We show that the sequence is monotone decreasing. Indeed, by (a) and (b), we get

1 _ 1r2 —gq
rn_rn+lzrn_§(rn+Tn1Q):§ & >0

n

whenever n > 2.

(ii) follows from (i). By the monotone convergence theorem, the sequence r, has a limit
r > /q. On the other hand, by the recursion formula (D.1) the limit 7 satisfies r = %(r + r_lq),
equivalently r% = q. |

D.1.2 Newton—Picard iteration

To determine the square root of a positive real number ¢ > 0 is equivalent, to show that the
function f(r) = r? — ¢ has a unique positive zero r, > 0. For the latter, Newton-Picard
iteration serves. Choose a point 7, > 0 and consider the tangent line to the graph of f at the
point (ry, f(ry)). If the slope f'(r,) # 0 is non-zero, the tangent line intersects the z-axis at a
point denoted and given by

f(rn)

2T

Tn

as illustrated by Figure 3. Since f(r,) =2 — q and f’(r,,) = 2ry, Newton—Picard iteration for
the function f(r) = r? — g reproduces the Heron method, indeed

2
Ty — 1
7"1>O, T'n+l1 = Tn — qu:2(rn+f), n € N.
n n
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f(r) = Ay _ —f(r1)

f Ax To—71
\ /pm

’Ay:ya—yl =0~ f(r1)
S~ {1, f(r1))

AT =20 —21 =720 —11

Figure 3. Newton-Picard iteration for f(r) =2 — q.

D.2 Matrix values

Lemma D.2 (Heron method). Let Q € RF¥** be a symmetric positive definite matriz. Define
a sequence Ry of matrices recursively by the requirement

1
Ry :=1, Ryq1 = §(Rn +R,'Q), ne€N. (D.2)

Then the following is true:

(1) Each matriz R,, commutes with Q and is symmetric positive definite.
(13) The limit R :=lim,,_,o Ry, exists and is symmetric.
(iii) R?> = Q and R is positive definite.

Remark D.3. The symmetric positive definite matrix R is called the (positive) square root
of @Q and denoted by /Q := R.

Corollary D.4. Let Q € RF** be a symmetric positive definite matriz. Then any matric B
that commutes with Q also commutes with \/Q.

Proof of Corollary D.4. Let (R, )nen be the sequence of positive definite symmetric matrices
defined by (D.2). In particular, lim, o R, = R =: 1/Q. Clearly, B commutes with Ry = 1.
We show inductively that B commutes with R,,; whenever n € N. To this end, assume that
[B, R,] = 0. Therefore, [B R, 1] = 0. Together with the corollary hypothesis [B, Q] = 0, we
obtain that [B, R, 'Q] = 0. Hence by the recursion formula (D.2), we get that

(B, Rua) = 1 (1B, B2 + [B.7;'Q]) = 0.

This finishes the induction. Hence [B, R] = lim,,_,[B, R,] = 0. This proves Corollary D.4. W

Proof of Lemma D.2. (i) The proof is by induction on n. For n = 1, this is true. Suppose
(i) holds for R,,. In particular, R,;! commutes with Q. Then

(QR, + QRJIQ) = QRn+1

N

1 _
Rp1Q = 5 (BaQ + R, QQ) =
and the transpose satisfies

Ry £ %(RnT +(QRNT) = 5 (Ru+ (B7)"QT) 2 R,

N =

In Step 1, we used R, 'Q = QR,,!, and in Step 3 that transpose of inverse is inverse of transpose.
That R,4+1 defined by (D.2) is positive definite is true since positive definiteness is preserved
under composition of commuting symmetric matrices and under sum of symmetric matrices.
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(ii) We follow [8]. Since () is symmetric positive definite it is diagonalizable, that is, there
exists an orthogonal matrix P such that

PQP ! = diag(q(l), ey q(k)) =: A,
where ¢, ... ¢®) € R\ {0} are the eigenvalues of Q. Now the iterations
PR,P~! = diag(rg), ey rglk)) =D,

are diagonal as well, as follows by induction on n. For n = 1, this is true since
Dy :=PR P '=1
Suppose it is true for n, then using (D.2) in Step 2

1
Dny1i= PRy P™0 = 5 (PR, P™ + PR,IPTIPQP™Y) = (D + D, A)

N | =

is indeed a diagonal matrix. But now each diagonal position corresponds to a real-valued Heron
iteration (D.1). This proves that the limit R exists.

Symmetry: Given &,1 € RF, then (R,&,n) = (£, R,n) by symmetry of R,. In the limit,
as n — oo, we get (RE,n) = (&, Rn).

(iii) By (ii), the limit R exists and by the recursion formula (D.2) it satisfies R = £ (R+R'Q),
equivalently R? = Q.

Positive definite: Since the R, are symmetric positive definite, their eigenvalues are real
and > 0. Since R = lim,,_, R, is symmetric, its eigenvalues are real. Since eigenvalues depend
continuously on the matrix the eigenvalues of R are > 0. Let p be the smallest eigenvalue of R.
Then p > 0 and p? is eigenvalue of R? = Q. Since Q is positive definite, all eigenvalues are
strictly positive, in particular p? > 0, hence p > 0. Thus R is positive definite.

This concludes the proof of Lemma D.2. |

If in Corollary D.4 one assumes in addition symmetric and positive definite for the matrix B,
then the proof reduces essentially to the existence of a basis composed of common eigenvectors
of B and Q.

Lemma D.5. Let Q € RF*F be a symmetric positive definite matriz. Then a symmetric positive
definite matriz B that commutes with Q commutes with \/Q.

Proof. Linear algebra tells the following: Two symmetric positive definite k x k matrices, in the
case at hand @ and B, commute if and only if there exists an orthonormal basis X = {&1,..., &}
whose elements are eigenvectors of both matrices, say Q& = p;& and B = A\ for some
pisAi > 0and i = 1,..., k. The positive square root of @, notation /Q =: R, is defined by
RE; = (/pi& for i =1,... k. It is an exercise to check that R is symmetric positive definite;
here pairwise orthogonality of the &; enters. But the ON basis X' is composed of eigenvectors
of both R and B, hence both matrices commute by the linear algebra cited in the beginning of
this proof.

This proves Lemma D.5. |
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