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Abstract. The spectral flow is an integer-valued homotopy invariant for paths of selfadjoint
Fredholm operators. Lesch as well as Pejsachowicz, Fitzpatrick and Ciriza independently
showed that it is uniquely characterised by its elementary properties. The authors recently
introduced a G-equivariant spectral flow for paths of selfadjoint Fredholm operators that
are equivariant under the action of a compact Lie group G. The purpose of this paper is to
show that the G-equivariant spectral flow is uniquely characterised by the same elementary
properties when appropriately restated. As an application, we introduce an alternative
definition of the G-equivariant spectral flow via a G-equivariant Maslov index.
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1 Introduction

Let H be a real separable Hilbert space of infinite dimension and let us denote by L(H) the
bounded, by GL(H) the invertible, by K(H) the compact and by S(H) the selfadjoint operators
on H. An operator T' € L£(H) is called Fredholm if its kernel and cokernel are of finite dimension.
For T € S(H) C L(H), these conditions are equivalent to a finite-dimensional kernel and a closed
range. Atiyah and Singer considered in [2] the set FS(H) C L(H) of all selfadjoint Fredholm
operators and showed that it consists of the three connected components

FST(H) = {T € FS(H) | 0ess(T) C (0, +00)},
FS™(H) :={T € FS(H) | 0ess(T) C (—00,0)},

and
FS'(H):= FS(H)\ FS*(H).

Here 0e5(T') denotes the essential spectrum of T', i.e., the set of all A € R such that A — T is
not a Fredholm operator. Operators in .FSi(H ) have as only possible points in the spectrum
below/above 0 eigenvalues of finite multiplicity. Instead operators in FS*(H) necessarily have
essential spectrum above and below 0.

Atiyah and Singer also showed in [2] that the two components FS*(H) of FS(H) are con-
tractible as topological spaces, whereas fSi(H ) has a rather rich topology and in particular an
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infinitely cyclic fundamental group. In a joint work with Patodi [1], they introduced an explicit
isomorphism between 7 (FS*(H)) and the integers. Actually, the idea of this map, which is
called spectral flow, is sensible for any closed or open path and in any of the three components
of FS(H). Following Phillips’ analytic approach [20] (cf. [9]), its construction can be outlined as
follows: Let I = [0,1] be the unit interval and L = {L)}xes a path in FS(H). As the spectra of
the operators L) cannot accumulate at 0 (cf. [25, 26]), there is a partition 0 = A\g < --- < Ay =1
of the unit interval and numbers a; > 0, ¢ = 1,..., N, such that the maps

[Ai—la AZ] S A X[fai,ai}(L)\) € E(H) (11>

are continuous families of finite rank projections. Here x4 (T') denotes the spectral projection
of a selfadjoint operator T with respect to the interval [a,b] C R. Consequently, the spaces
E(Lx, [0,a;]) := im(x[o,q,](LA)), Xi-1 <A < N, @ = 1,..., N, are of finite dimension and the
spectral flow of the path L can be defined by

N
sf(L) =Y (dim(E(Ly,, [0, a;])) — dim(E(Ly,_,, [0, a]))) € Z. (1.2)
=1

Note that dim(E(Ly,[0,a])) is the number of eigenvalues of Ly in the interval [0, a] including
multiplicities. Roughly speaking, the spectral flow is the net number of eigenvalues of L cross-
ing 0 from the negative to the positive half of the axis whilst the parameter is travelling along
the interval. It can be shown that (1.2) is well defined, i.e., it only depends on the path L and
neither on the choice of the partition {)\i}i:07.,,7N of I nor on the numbers aq,...,ay as long
as the maps (1.1) are continuous and finite-rank valued. The spectral flow has the following
properties:

(2) If L ={Lx}xes is a path in FS(H) N GL(H), then

sf(L) = 0.

(C) If L', L? are paths in FS(H), then
sf(L' « L*) = sf (L") + sf(L?),

where L! x L? denotes the concatenation of L' and L2.
(.A) If H= H1 D H2 and L)\(HZ) C Hi7 1= 1,2, for a path L= {L/\})\ej in .FS(H), then

sf(L) = sf(L|n,) + st (L a,)-

(H) If h: I x I — FS(H) is a homotopy such that h(s,0),h(s,1) € GL(H) for all s € I, then

sE(R(0,)) = sf(h(1,-)).

Let us note that (Z), (C), (A) easily follow from the definition (1.2), and (H) is a simple
modification of the original argument in [20] (see, e.g., [24]).

It is a natural question to ask whether some of these properties uniquely characterise the
spectral flow when a normalisation property is added that in particular excludes the trivial map
which assigns 0 € Z to any path in FS(H ). Henceforth, we denote for a pair of topological spaces
(X,Y) by Q(X,Y) the set of all paths in X having endpoints in Y. Lesch considered in [17] maps
w: QUFSYH), FS'(H) N GL(H)) — Z and proved that any such map which satisfies the same
properties (C), (H) as the spectral flow is already given by (1.2) if the following normalisation
assumption holds:
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(N) There is some Ty € FS'(H) N GL(H) and some rank-one orthogonal projection P in H
commuting with Ty such that
p({AP + (I = P)To} _1c5c1) =1

N|=

Note that the path {A\P + (Ig — P)To}-1<a<1 is in GL(H) for any A # 0, whereas 0 is a simple
eigenvalue for A = 0. It is readily seen from (1.2) that indeed sf({AP + (Ig — P)To}-1<a<1) = 1.

Another approach to the uniqueness problem of the spectral flow was proposed by Fitzpatrick,
Pejsachowicz and Ciriza in [8]. They considered maps pu: Q(FS(H), FS(H)NGL(H)) — Z and
showed that any such map which satisfies the same properties (Z), (A) and (H) as the spectral
flow is already given by (1.2) if the following normalisation assumption holds:

(M) If H is of finite dimension and L = {Ly} ¢y is a path in (FS(H), FS(H) N GL(H)), then

M(L) = ,uMorse(LO) - ,LLMOI‘SE(Ll)a

where pnorse(Ly) denotes the Morse index of Ly, A € I, i.e., the number of negative
eigenvalues including multiplicities.

Inspired by [10], the authors defined in [16] a G-equivariant spectral flow for paths L = {L)}xer
in FS(H) where each operator L) is equivariant under the orthogonal action of a compact Lie
group G on H. The G-equivariant spectral flow is an element of the real representation ring
RO(G) and it formally has the same properties (Z), (C), (A), (H) and (M) when they are
appropriately restated in terms of virtual representations of G. The aim of this paper is to show
that the G-equivariant spectral flow is uniquely characterised by these properties as well. If the
group action is trivial, then our theorem is the uniqueness of the spectral flow (1.2) from [8].
We recall the definition of the G-equivariant spectral flow in the next section, where we also
introduce the announced uniqueness of it as our main theorem. Section 3 is devoted to the rather
elaborate proof of the latter theorem. In the final Section 4, we introduce a G-equivariant Maslov
index, where we adopt an approach to the classical Maslov index from a celebrated paper by
Cappell, Lee and Miller [7]. Finally, we show as first application of our uniqueness theorem that
the G-equivariant spectral flow of a path L = {L)} e can be obtained as G-equivariant Maslov
index of the graphs of the operators Ly, which is well-known in the non-equivariant case [24].

2 The G-equivariant spectral flow and its uniqueness

Let (V,p) be a real representation of the compact Lie group G, i.e., V is a finite-dimensional
real vector space and p: G — GL(V) is a group homomorphism. Two representations (V1, p1),
(Va, p2) of G are isomorphic if there is a G-equivariant isomorphism a: V3 — Va, i.e., pa(g)oa =
a o pi(g) for all ¢ € G. The set of isomorphism classes of representations of G is a com-
mutative monoid when representations are added by the direct sum. FElements of the asso-
ciated Grothendieck group RO(G) are formal differences [U] — [V] of isomorphism classes of
G-representations modulo the equivalence relation generated by [U] — [V] ~ [U® W] — [V & W].
Consequently, the inverse element of [U] — [V] is [V] — [U] and the neutral element in RO(G) is
[V] — [V] for any G-representation V' (see [23]).

Let now G be a compact Lie group that acts orthogonally on the real separable Hilbert
space H. In what follows, we denote by FS(H)% the set of G-equivariant selfadjoint Fredholm
operators, i.e.,

T(gu) = g(Tu), we H, gegG,

and we let FST(H)C and FS'(H)C be the corresponding subsets of the connected components
of FS(H).
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Let now L = {L)}xes be a path in FS(H)%, i.e., a continuous map from the unit inter-
val I into the space FS(H)®. Since the operators Ly are G-equivariant, it follows that the
spaces E(Ly,[0,a]) in (1.2) are G-invariant. Consequently they define equivalence classes of
G-representations and so the idea of (1.2) carries over to RO(G) by setting

N

sf(L) = Y ([E(Ly,, [0,a])] = [E(Ly,_,, [0,ai])]) € RO(G). (2.1)
i=1

Following Phillips argument for (1.2) from [20], the authors showed in [16] that (2.1) only
depends on the path L and neither on the choice of the partition 0 = A\g < --- < Ay = 1 of the
unit interval nor on the numbers a; > 0, ¢ = 1,..., N. Thus, this equivariant spectral flow is
well defined. Note that if G = {e} is the trivial group, then representations are isomorphic if
and only if they are of the same dimension. Thus, RO({e}) = Z and (2.1) can be identified with
the ordinary spectral flow (1.2). Moreover, there is a canonical homomorphism

F: RO(G) = Z, [U] — [V] — dim(U) — dim(V),
and we see from (1.2) and (2.1) that
F(sfg(L)) = sf(L).

Consequently, if sf; (L) is trivial, then the classical spectral flow of L has to vanish as well. On the
other hand, it is not difficult to find a simple example of a path of G = Zs-equivariant operators
such that sf(L) = 0 € Z but sfg(L) € RO(Z2) = Z @ Z is non-trivial (cf. [16, Section 2.4]).
Examples for continuous groups can be found in [14]. Other references for G-equivariant spectral
flows are, e.g., [10, 12, 18, 19].

We now consider, for a given compact Lie group, maps

p=pp: QUFS(H)Y GLH)NFS(H)Y) - RO(G)

that are supposed to exist for any separable Hilbert space H. Such maps might have the following
properties, where as before L = {L)},er is a path of bounded operators on H:

(Zg) If Ly € GL(H) N FS(H)® for all A € I, then
n(L) =0 € RO(G).

(Ag) Let H = Hy @ Ho, where Hy, Hy are G-invariant, and let L = {L)}\c; be a path with
invertible endpoints in FS(H) such that Ly(H;) C H; for i = 1,2, and all A € I. Then

p(L) = p(Llm,) + p(Llm,) € RO(G).

(Hg) If h: I x I — FS(H)Y is a homotopy such that h(s,0) and h(s,1) are invertible for all
s € I, then

p(h(0,-)) = u(h(1,-)) € RO(G).

(M) If H is of finite dimension and L = {Ly} ey is a path in (FS(H)%, FS(H)® N GL(H)),
then

p(L) = [E”(Lo)] — [E (L1)] € RO(G),

where E~(T') denotes the direct sum of the eigenspaces with respect to negative eigenval-
ues of a selfadjoint operator T: H — H.
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The G-equivariant spectral flow (2.1) as a map
sfe: Q(FS(H)Y,GL(H) N FS(H)Y) — RO(G)

has all these properties. This was shown for (Z¢) in [16, Lemma 2.5], for (Ag) in [16, Lemma 2.6,
for (H¢) in [16, Corollary 2.10] and for (M) in [16, Proposition 3.2]. Now we can state the
main theorem of this paper.

Theorem 2.1. Let G be a compact Lie group and
p=pp: QFSH)Y GL(H)NFS(H)®) — RO(G)

a map that is defined for any separable Hilbert space H. If p satisfies (Z¢), (Ag), (Ha)
and (Mg), then

w=sfg.

If G is the trivial group, we can identify (1.2) and (2.1) to obtain the main theorem of
Fitzpatrick, Pejsachowicz and Ciriza’s work [8].

Corollary 2.2. Let
w=npg: UFS(H),GL(H)NFS(H)) = Z

be a map that is defined for any separable Hilbert space H. If i satisfies (£), (A), (H) and (M),
then

= sf.

Note that (2.1) can be verbatim defined on complex Hilbert spaces as an element of the
complex representation ring R(G). The properties (Z¢), (Ag), (Ha), (M) and Theorem 2.1
still hold in this case, but one step in the proof of Theorem 2.1 becomes redundant, as we explain
below in Section 3.3.

Finally, let us note that there also is a corresponding concatenation property:

(Ce) If LY, L? € Q(FS(H)C,GL(H) N FS(H)), then

(L« L?) = ,u(Ll) + /L(LQ) € RO(G),

which clearly holds for the G-equivariant spectral flow by its definition (2.1). Actually, by
arguing as in [22, Proposition 4.26], any map p: Q(FS(H)%, GL(H)NFS(H)“) — RO(G) that
satisfies (Z¢), (Ag) and (Hg) has the property (Cg). On the other hand, it is readily seen
that (H¢q) and (Cg) imply (Z¢) (cf. [17, Lemma 5.3]) and thus the axioms are strongly related.
Note that, however, (Cg) cannot replace (Ag) in Theorem 2.1, as the map p which is defined
by (Mg) if dimH < oo, and 0 € RO(G) otherwise, would satisfy all axioms. Thus, (Cg) as
characterising property of the G-equivariant spectral flow requires a different normalisation
property than (Mg). Recall that Lesch’s uniqueness theorem [17] for the classical spectral
flow (1.2) assumes (N) instead of (M). Of course, it is a natural question whether some
appropriate normalisation condition (Ng) in combination with (Cg) and (H¢) also characterises
the G-equivariant spectral flow. Let us note that Lesch’s argument in [17, Section 5.3] uses the
connectedness of some subspaces of selfadjoint Fredholm operators which in general does not
hold in the G-equivariant case (cf., e.g., Step 2 in the proof of Theorem 3.2 below) and thus [17]
apparently does not transfer without major modifications.
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3 Proof of Theorem 2.1

3.1 The G-equivariant cogredient parametrix

Henceforth, we denote by KS(H) the space of all selfadjoint compact operators with the norm
topology, and by KCS(H)® its G-equivariant elements. Similarly, GL(H)® are the G-equivariant
invertible operators. The aim of this section is to introduce a transformation of paths in FS(H)%

into a normal form. To be more precise, we show that for any path L = {Ly}xes in FS(H)®,

there are a path {My}rer in GL(H)Y, a path {K)}res in KS(H)® and a selfadjoint operator
Q € GL(H)%, such that

M:\kL)\M,\:Q—FK}\, Ael.

The path {M)} ey is called G-equivariant cogredient parametrix for L = {L)} e and the par-
ticular form of the operator @ will be specified below. Before we begin the construction, let
us recall that if 7" € L£L(H) is a G-equivariant selfadjoint operator and f: o(7') — R is contin-
uous, then the selfadjoint operator f(7') is G-equivariant as well (see, e.g., [16, Lemma 3.3]).
In what follows, we will use this fact without further reference. We now firstly consider paths
in FS*(H)C.

Theorem 3.1. Every path L = {Ly}xe; in FST(H)® has a cogredient parametriz. More
precisely, there is a path {M)}xer in GL(H)Y and a path {Kx}xer in KS(H)® such that

M;{L)\MA::EIH—I—K)\, Ael.

Proof. We first note that it suffices to show the claim for paths in FST(H)Y as otherwise we
can consider the path —L = {—Ly}\es-

The proof of the theorem is based on the following simple fact. If T € FST(H)“ and
X(0,00) (1) X(=00,0/(T") are the spectral projections, then X (g o) (1) + X(=00,0/(T) = In and we
obtain

T = (X(0,00)(T) + X(=00,0] (1)) T (X(0,00) (T") + X(=00,0/(T))
= X(0,00) (1) TX (0,00) (1) + X(=00,0] (T)TX (=0,0](T)
= (X(0,00) (1) TX(0,00) (T) + X (=06,0] (1)) + (X(=00,0](T)TX(=00,0] (T) = X(—o0,0](T))
=S+ K,

where S € GL(H)® is positive and K € KS(H)%. Thus, for any \g € I, we can decompose Ly,
as Ly, = Sy, + K., where Sy, € GL(H)Y is positive and Ky, € KS(H)®. As GL(H) is
open, there is some interval I’ C I containing Ao such that S} := Ly — K, € GL(H)Y for
any A € I’. By the continuity of spectra, S actually is positive for all A € I’. Consequently,
if we set K} := K),, we have Ly = S} + K} for A € I', where S € GL(H)® is positive and
K} € KS(H)“.

By compactness, there is a finite cover of I by intervals Iy,..., Iy, and positive operators
Si € GL(H)Y as well as Ki € KS(H)Y such that Ly = Si + Ki for A € I;, i = 1,...,k.
We take a partition of unity {7;}1<;<, subordinate to the covering {I;}1<;<; of I and set for
rel

k k
S)\ = Zm()\) Sg\, K)\ = Zm()\) Kﬁ\
=1 i=1

Since the set of positive G-equivariant operators as well as the set of G-equivariant selfadjoint
compact operators are convex, taking sums and multiplying by the maps {n;}1<;<; preserve
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these properties. Thus, we finally conclude that Ly = Sy + Ky for A € I, where S\ € GL(H)“
is positive and Ky € KS(H)C.

1 _
As Sy is positive, M) := (S/\Q) Le GL(H)Y is indeed defined and we see that
ML My = MYS\My + MYK)\My = Iy + M{K)Mj,
which shows the theorem since M; K My € KS(H)C. [

For paths in FS*(H)Y, the argument is far more sophisticated and a detailed discussion can
be found in the authors’ recent work [14]. Here we include a concise version of the proof for
the convenience of the reader. An operator @ € L(H) is called a symmetry if it is selfadjoint
and orthogonal, which in particular implies that Q> = Iy. Any symmetry is of the form
Q = P — (Iy — P) = 2P — Iy for an orthogonal projection P, and Q € FS*(H) if and only
if P has infinite-dimensional kernel and range. Finally, @) is G-equivariant if and only if the
subspaces im(P) and ker(P) of H are G-invariant.

Theorem 3.2. Every path L = {Ly}xer in fSi(H)G has a cogredient parametriz. More pre-
cisely, there is a G-equivariant symmetry Q € FS'(H)C as well as paths M = {My} es in
GL(H)® and K = {K)\}xes in KS(H)Y such that

M;L)\M)\:Q-i-K)\, rel.

Proof. We split the proof into three steps.
Step 1: The map g and local sections. We consider for G-equivariant symmetries ) €
FSY(H)C the maps

ro: GL(H)® x KS(H)® — FS{(H)®,  mo(M,K)=MQM* + K. (3.1)

Note that Theorem 3.2 is proved if we can show that there is some @) for which there is a contin-
uous map L: I — GL(H)® x KS(H)® such that Ly = g o L for all X € I, i.e., the path L can
be lifted to GL(H)® x KS(H)“ with respect to mg. The right setting to find such a lifting is
the theory of fibre bundles and our first aim is to construct local sections for (3.1). To be more
precise, we are going to show that for any S € FS*(H)® there is a G-equivariant symmetry Qg,
an open neighbourhood Us of S in FS(H)® and a map og: Us — GL(H)Y x KS(H)% such
that

(rggoos)(T) =T for all T € Ug.

To construct og, let K be the orthogonal projection onto the kernel of the selfadjoint Fredholm
operator S. Then ker(S) is G-invariant and of finite dimension, and thus K € KS(H)% as
well as

V =S+ K e GL(H)C. (3.2)

To simplify notation, we henceforth let Py (V) = Xx(0,00)(V) and P_(V) = X(—o0,0)(V) be the
orthogonal projections onto the positive and negative spectral subspaces of V', which are G-equiv-
ariant. The operator

Qs =2P, (V) — Iy € FS'(H)® (3.3)

has a neighbourhood U € FS*(H)C of invertible operators. As before, we denote for T € U by
P, (T) and P_(T) the orthogonal projections onto the positive and negative spectral subspaces.
As they continuously depend on T' € U, Qg has a neighbourhood U C U such that

P.(T)P(Qs) + P_(T)P_(Qs) € GL(H)®, T el,
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where it is used that this operator is Iy € GL(H)Y for T = Qg. This shows that the restriction
of PL(T) to im(Py(Qs)) is a bijection onto im(Px(T")) for any 7' € Y. To simplify notation,
we set Hy :=1im(P+(Qg)) and consider for T' € U the map B(T): Hy x Hy — R,

B(T)(u,v) = (TP, (T)u, Py (T)0),  w,v€ Hy.

Then B(T) is positive definite, as well as G-invariant as T, Py (T) are G-equivariant and G acts
orthogonally. Let T be the unique selfadjoint operator on Hy such that

B(T)(u,v) = (Tgu,v),  u,v € Hy,

which is usua}ly called the Riesz-representation of B(T'). The selfadjoint operator T, and thus
S(T) :=Tgz, is G-equivariant as it is unique and B(T') is G-invariant. Moreover,

(u,v) = (Tg'Tpu,v) = <T;%TBU,T;%U> = <TBT;%U,T;%U> =B(T)(Tg

1

— (TP,(T)Ty *u, Py (T) Ty *v) = (T * Py (T)T Py (T) T *u, )
= (S4+(T)P(T)TP(T)S4(T)u,v),  w,v € Hy,
which implies that
S(T)P(T)TP(T)S(T) = g, . (3.4)
Analogously, there is a map S_: U — GL(H_) such that for all T € U
S_(T)P_(T)TP_(T)S_(T) = —1Iy_. (3.5)
We now define Sp: U — GL(H)® by
So(T) = Pr(T)S+(T)P4(Qs) — P(T)S_(T)P-(Qs),
and note that by (3.4) and (3.5)
So(T)*TSo(T) = P4 (Qs) — P-(Qs) =Qs, T eU.
This shows that
o: U— GLH)® x KS(H)®,  o(T) = ((So(T)™H*,0),
satisfies
(s 0 0)(T) = mqs ((So(T)™1)",0) = (So(T) 1) ' QsSo(T) ' =T, TelU. (3.6)

Let us recall that U is a neighbourhood of the symmetry Qg in (3.3). We now aim to construct
a section oy in a neighbourhood Uy of the map V that was defined in (3.2). The product
GL(H)% x KS(H)Y is a closed subgroup of the topological group GL(H) x KS(H), where

(M,K)- (M,K) = (MM,K + MKM*), (M,K),(M,K) € GL(H) x KS(H). (3.7)
Moreover, there is an action 7 of GL(H)® x KS(H)% on FS'(H)® defined by

m(L)=MLM* +K, LeFS(H), h=(MK)ecGLH)"xKSH)".
For h:= (|V|2,0) € GL(H)% x KS(H)%, we obtain from (3.3)

(Qs) = |V|2Qs|V|? =V
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and thus see that Uy := 7,,(U) is an open neighbourhood of V in FS*(H). We set
ov: Uy — GL(H)Y x KS(H)Y,  oy(T)=h-o(m,-1(T)), T €Uy,

where here and henceforth the dot stands for the group multiplication (3.7). To show that oy
is a section of mg, over Uy, we first note that

mQs(hy - ha) = 7, (1qs(ha),  hi hy € GL(H)® x KS(H)®
which is a consequence of the definition of 7 and (3.7). Thus, it follows from (3.6) that

(m@s 0 ov)(T) = mqs(h - o(mp-1(T))) = Th(mqs (0 (Th-1(T))))
— (e (T) =T, T ely, (3.8)

as claimed. Finally, we set h = (I7, —K) € GL(H)% x KS(H)%, consider the open neighbour-
hood Us = 77 (Uy) of S and define

os: Us = GL(H)® x KS(H)Y, o0s(T)=h-ov(r;+(T)), T €Us.

The same computation as in (3.8) shows that mg, o og = id|y4, which finishes our first step.

Step 2: The image of mg. The aim of this step of the proof of Theorem 3.2 is to show that
for any symmetry @, the image mg is a union of connected components of FSYH)Y. In the
argument, we need the auxiliary result that for any symmetries ()1 and Q)2

im(rg,) Nim(rg,) # @ = im(rg,) = im(rg,) C FS'(H). (3.9)

We postpone the proof of (3.9) and first obtain the actual aim of this step by showing that
im(mg) is open and closed in FS*(H)®. By the first step of the proof, for any S € im(mg) there
is a symmetry Qg and an open neighbourhood Us of S in FS*(H)® such that Us C im(mgy).
Now (3.9) implies that Us C im(mg) and thus im(mg) is open in FS*(H)%. Secondly, let
{Sp}nen C im(mg) converge to some S € FS'(H)®. Again, by the first step of the proof,
there is a symmetry Qg and a neighbourhood Usg of S in FS*(H)® such that Ug C im(mgy).
As {S,, }nen converges to S, we see that S,, € Us for sufficiently large n. By (3.9), this implies
that Us C im(mg) and thus S € im(ng), which means that im(7g) is closed in FS*(H)Y.

It remains to show (3.9), for which we let @1, Q2 be two symmetries and assume that
S € im(7g,) Nim(ng,). Then there are (M, K1), (Ma, K2) € GL(H)® x KS(H)% such that

S =ng, (M, K1) = mg, (M, K»),
and thus

S = M1 M7 + K1 = MaQo M5 + Ko,
which implies

Q2 = My ' MyQ My (My ') + My (K, — Ko)(My )"
A direct computation shows that

7, (h) =g, (h-Nh),  heGLH)® x KS(H)Y,

where h = (My My, My ' (K1 — Ko)(My')") € GL(H)Y x KS(H)®. This yields im(mg,) C
),

im(7g, ), and proves (3.9) by swapping @1 and Qs.
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Step 3: Fibre bundles and end of the proof. Henceforth, we set By = im(wg) for any given
symmetry Q € FS(H)Y. Moreover, let us note that if S = @ in Step 1, then it follows from (3.2)
and (3.3) that Qg = @, and thus for every symmetry Q € FS'(H)Y there is some S € FS'(H)%
such that Qg = Q. Therefore, it is not necessary to specify .S in our notation any longer.

We now first note that the map mg: GL(H)® x KS(H)“ — By is the projection of a locally
trivial fibre-bundle with fibre given by the isotropy group of Q@ € FS*(H)%. Indeed, by the first
step of the proof, there is a local section o of mg on an open subset Uy C Bg. Now a local
trivialisation over Uy is given by

n: Ug x 7@1(@) — 7['651([/{@), n(S,h) =oa(S) - h,

and it can be shifted to any point 7' € Bg in the following usual way. As im(mg) = Bg by
definition, there is some element h € GL(H)% x KS(H)“ such that mo(h) = 77(Q) = T. Now
U = T15,(Ug) is a neighbourhood of T" and 77, : Uy — U is a homeomorphism, which yields a local

trivialisation over U by
W Ux7y'(Q) = mg'U),  0(S,h) =h-o(r;,-.(S)) - h.

Now we finally can prove Theorem 3.2 by standard fibre bundle theory. If L = {Ly} ¢ is a path
in FS(H)%, then L(I) is contained in a path component of FS*(H)%, which we henceforth
call C. Let S € C be arbitrary, () the associated symmetry as in the first step and note that
C C Bg by the second step. Now we consider the pullback (E, I, m) of the fibre bundle

mg: CGL(H)® x KS(H)® — Bg (3.10)
by L. This bundle has the set
E={(\h)eIx (GLH)Y x KS(H)) | Ly = mq(h)}

as total space and the bundle projection 7 is the restriction of the projection onto the first
component. As I is contractible, (E,I,7) is trivial and consequently has a globally defined
section. Now the projection onto the second component I x (GL(H)% x KS(H)%) — GL(H)Y x
KS(H)Y is a bundle map from E to the total space of (3.10). By composing with this map,
sections of (E, I, ) yield liftings of L. Thus, we have found the desired map L: I — GL(H)% x
KS(H)® such that Ly = mg o Ly for all A € I and so Theorem 3.2 is proved. [

3.2 G-equivariant approximation schemes

In the remainder of the proof, we need finite-dimensional approximations as constructed for the
classical spectral flow in [8] by an orthonormal basis of the Hilbert space H. The following
lemma adapts the construction to the G-equivariant setting.

Lemma 3.3. For every symmetry Q, there is an increasing sequence of finite-dimensional G-in-
variant subspaces H, C H, n € N, such that the orthogonal projections P, onto H, commute
with @ and weakly converge to the identity.

Proof. We first consider the case that QQ = I'y or QQ = —Ig and we aim to use Zorn’s lemma.
Let S be the set of all subsets S of H such that
(i) (z,y) = 0gy for all z,y € 5,

(ii) for all z € S there is a subspace V' C H of finite dimension that contains the orbit of z,
ie,Gr:={gx|geG}CV.
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We first note that S # @ as every representation of G on an infinite-dimensional Banach space
has a finite-dimensional subrepresentation by [13, Corollary 5.4 (a)], which uses Zorn’s lemma
as well. Now S can be partially ordered by inclusion, and for any totally ordered 7 C S, the
union of all elements in 7 satisfies (i) and (ii) and thus is an upper bound for 7. Consequently,
by Zorn’s lemma there exists a maximal element S* of S, which moreover is countable as S§*
is orthonormal and H is separable. We set S* = {ej,eq,...} and let H, be the intersection
of all G-invariant subspaces of H that contain {ey,...,e,}, which is of finite dimension by (ii).
Moreover, the union U := J;2 | H,, is a G-invariant subspace of H.

We now assume by contradiction that U # H. Then U~ is a G-invariant subspace and thus
contains a finite-dimensional subrepresentation, which again follows by [13, Corollary 5.4 (a)].
Let v be an element of norm 1 of this finite-dimensional subrepresentation of U+. Then
S*U{v} € S is larger than S* in contradiction to the maximality. Thus, U = H, and this
in particular implies that (P,),en weakly converges to the identity.

We now consider a symmetry @ = P — (I — P) for some orthogonal projection P that is
neither 0 nor the identity. Let H™ be the image of P and H ™ its kernel. As Q is I;+ on H and
—Iy- on H™, by the argument from above, there are finite-dimensional G-invariant subspaces
Hrf - Hf;l C H*, n € N, such that Pniu oo, u, u € H*, where Pni are the orthogonal
projections onto H:X in H*. If we set H, := H @ H, then P, := P} + P is the orthogonal
projection onto H,, if we regard P as orthogonal projection on H extended to HT by zero.
Now H, is an increasing sequence of invariant spaces and (P,),ecny weakly converges to the
identity. The projections P, also commute with @) as

P.Q - QP, = (Pf +P;)(P—(Iu—P))—(P— (g —P)(Py +P,)
=PfP- P, (Iy—P)— PP+ (Iy — P)P; =0,

where we have used that Py Py = P,P, = P if im(P;) C im(F») for any orthogonal projections
P, P». m

Note that as P, commutes with ) by the previous lemma, it follows that Q(H,) = H, as
well as Q(H;-) = H,-.
3.3 Invariance under conjugation

We show the following further property of p, which is of independent interest. In what follows,
we denote by O(H) the orthogonal operators on the real Hilbert space H.

Proposition 3.4. If p: Q(FS(H)% GL(H) N FS(H)Y) — RO(G) has the properties (Z¢),
(Ac), (Ha) and (Mg), then

W(U*LU) = u(L) € RO(G) (3.11)

for any U € O(H)% and L € Q(FS(H)%,GL(H) N FS(H)%), where U*LU stands for the path
{U"LaU}er-

Proof. Let R denote the at most countable set of all isomorphism classes of irreducible repre-
sentations of G. If H, denotes the isotypical component of H modelled on v € R, then we have
the decomposition

H= P H,

vERy
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where Ry C R is the subset of representations v such that H, # {0}. We now claim that for
any path L = {Ly}xes in FS(H)C, there is a finite subset R’ C Ry such that

H= (@ Hy> @ ( &y Hl,> =Vaow, (3.12)

vER! VERy\R'

Ly\(V)CV, Lx(W)C W, and Ly|w: W — W is an isomorphism for all A € I.
To show (3.12), let 0 = Ao < A\; < --- < Ay =1 and a; > 0 be as in the definition (2.1) of
the equivariant spectral flow, which in particular means that

i1, Ai] 2 A = X0 (D)) € L(H)C

is a continuous family of finite rank projections for i = 1,..., N. It follows from [16, Lemma 2.2]
that any im(X[—a,.q;](Lx)); A € [Ai—1, Aj], and the space im(x[_q, ,(L;)) for A = A; are isomor-
phic G-representations. If we now set E* := im(x[_q,q,](L,;)), then this is a G-representation
of finite dimension and thus

E'=@E]

VER;

for some finite subset R; C Ry, where again E' is the isotypical component of E? modelled
on v. For R' := Ry U---U Ry, the set R’ is finite and any im(x[_4,q,](Lx)); A € [Aim1, A,
i=1,...,N, is a subrepresentation of

V= @ H,.
veR'
Consequently, Ly|w: W — W, X € I, is an isomorphism for

W .= @ H,

I/ERH\R/

and (3.12) is shown.

Next, let us recall that any isotypical component H,, is G-isomorphic to F®v for some Hilbert
space E on which G acts trivially, and £(H,)¢ is isomorphic to L(E) ®K (cf. [6]), where K = R,
K = C, or K = H. Thus, it follows from Kuiper’s theorem that O(H,)“ is contractible if the
isotypical component H,, is of infinite dimension. Thus, O(H,)% is in particular path-connected
in this case.

To finally show Proposition 3.4, we let H =V @ W as in (3.12) and U € O(H)“. Then
WU LU) = w(U"LvU) + w(U" LlwU) = w(U*L|y U),
where we have used (Ag), (Z¢) and that Ly|w is invertible for all A € I. We set
Ry :={p€ R |dim(H,) = oo}, Ry := R'\ Ry,

where

V::@H,,

veR’

for some finite set R’ of representations of G as in (3.12). Now

vz<@m>@<@m),

vERy vER>
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where both sums are finite and we obtain from (Ag)

p(ULIvU) = Y p(U°Lla,U) + Y w(U*L|s,U) € RO(G).

vER vER>
We have for v € Ry
WU L|g,U) = u(Lm,)
by (Hg) as O(H,)% is path-connected. Moreover, we obtain by (Mg) for v € Ry

w(U*L|g,U) = [E~(U"Lo|g,U)] — [E~(U"L1|g,U)]
= [E™ (Lolm,)] — [E™ (Llm,)] = p(Llm,),

where we use that U* is a G-equivariant isomorphism between E~(Ly|g,) and E~(U*Ly |, U)
for A € I. In summary,

p(U*LU) = p(U*LyU) = Y U Llm,U) + Y w(U*Lim,U)

veER; vER>
= > wlllm)+ > wlla,) = pLly) = p(Llv) + p(Llw) = p(L),
VER, VvER>

where we have used (Ag) and (Z¢) in the equalities of the second line. Consequently, Proposi-
tion 3.4 is shown. [ |

Remark 3.5. We noted below Corollary 2.2 that Theorem 2.1 also holds if we consider the
G-equivariant spectral flow for complex Hilbert spaces, and the proof simplifies in this case.
The reason for the latter is that the set of G-equivariant unitary operators U(H)% is path-
connected (cf. [3, Section 2.2] and [6]), so that a complex version of (3.11) follows from (H¢) by
connecting U to the identity.

3.4 Finite-dimensional approximation and end of proof

We now consider a path L € Q(FS(H)%, GL(H) N FS(H)%). By Theorems 3.1 and 3.2, there
is a G-equivariant cogredient parametrix for L, i.e., a path M = {M)},cr in GL(H)% such that

M;L)\M)\ZQ—FK)\, Ael,

where K, is G-equivariant, selfadjoint and compact, and @ is a G-equivariant symmetry. We set
Ly = M3 LyM) and consider the path L = {Ly} ¢, which is an element of Q(}'S(H)G, GL(H)N
FS(H)%) so that u(i) is defined.

Lemma 3.6. The paths of operators L and L from above have the same p-class in RO(G), i.e.,
(L) = p(L) € RO(G).

Proof. The path L is homotopic to {Mj LxMy}rer and the corresponding homotopy does not
affect p by (Hg) as Lo and L; are invertible. Next, we consider the polar decomposition

My = UR of My into two G-equivariant operators which are given by U = MO(MgMg)fé and
R = (M[’,"MO)%. Note that U is orthogonal and R is selfadjoint and positive. Then we have

MSL)\M() = RU*L)\UR, Ael,
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and see that the homotopy
{((1 = )R+ sIg)U L\U((1 = $)R + sIm)}(s nerxr

deforms {MgLyMo}rer into the path {U*L\Ulrer. As (1 — s)R + sy € GL(H)® for all
s € I, again this homotopy does not affect p by (H¢). Finally, the claim follows from Proposi-
tion 3.4. |

For simplicity of notation, we henceforth assume that Ly = Q + Kx, A\ € I, where the
operators K, are compact, selfadjoint and G-equivariant, and @ = P — (I — P) for some
G-equivariant orthogonal projection P. By Lemma 3.3, there is an approximation scheme for
Q, i.e., an increasing sequence H,, n € N, of finite-dimensional G-invariant subspaces of H
such that the orthogonal projections P, onto H, commute with ¢ and weakly converge to
the identity. We now consider for n € N the paths P,LP, = {P,L)P,}\c; made by the G-
equivariant operators P,L)\P,: H, — H,.

Lemma 3.7. There is ng € N such that P, LP, has invertible endpoints for all n > ng and
u(L) = u(P,LP,) € RO(G).

Proof. We first consider the operator
(Ui = Po)Lalgr = Q + (In — Po) K|

and aim to show that it is invertible for sufficiently large n € N. As it is a compact perturbation
of an invertible operator, it is a Fredholm operator of index 0 and so we only need to show the
injectivity.

Since the family { K }es consists of compact operators, the subset {K(u) | A € I, |[u]| =1}
of H is relatively compact. As P, weakly converges to the identity, I — P, uniformly converges
to 0 on compact subsets of H. Consequently, there exists ng € N such that

1
U - POl < Sul.  weH, Ael n>n.
As @ is orthogonal, we have |Qu|| = ||u|, v € H, and thus
1
[(Ty = Po) Lyull = [|Qu + (Tn = Pa)oull > Sllull, — we Hy,

which indeed shows that (Ig — P,)Lx |1 is injective for n > ng.
As second step, we consider the homotopy

h(S,)\) =sLy+ (1 — S)((IH — Pn)LA(IH — Pn) + PnL)\Pn), (S, )\) el x1,

in FS(H )G and aim to show that the endpoints are invertible for sufficiently large n € N, i.e.,
h(s,0),h(s,1) € GL(H) for all s € I, n > ng, and some ng € N. We first note that

h(S,)\) = Q + sK) + (1 - s)((IH - Pn)K/\(IH - Pn) =+ PnK)\Pn)a

and thus h(s, \) are indeed all Fredholm operators of index 0. Let us now assume by contradiction
that an ng as claimed does not exist. Then there are a sequence (up)nen, ||un] = 1, in H and
a sequence (S )nen in I such that

Quy + snKouy, + (1 — Sn)((IH — Pn)Ko(IH - Pn)un + PnK()Pnun) =0, n € N.
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Now Ky is compact and P, converges on compact subsets of H to the identity, which implies
that there is a subsequence (uy,; )jen such that (Quy,)jen converges. Without loss of generality,
we can assume that (s,;) converges to some s* € I. Then the invertibility of ) shows that
(un,)jen converges to some u € H of norm 1. Thus,

lim (I — Py)Ko(Ig — Py)u, =0, lim P,KyP,u, = Kyu,
n—oo

n—00

and so
Lou = Qu + Kou = Qu + s" Kou + (1 — ™) Kou = 0,

which contradicts the invertibility of Ly. Of course, the same argument applies to the invertible
operator L.

Thus, we have shown that there is some ng € N such that for n > ng, h(s,0) and h(s, 1)
are invertible for all s € I and the operators (Ig — P)La|g1, A € I, are invertible. This in
particular shows that P,LoP, and P, L1 P, are invertible. Finally, we obtain from (H¢) and
(Ag) that for n > ng

N(L) = N(h(L )) = M(h(oﬂ )) = N((IH - Pn)L(IH - Pn) + PnLPn) = M(PnLPn)a
as claimed. |

Now the end of the proof is rather simple. We first note that by (Mg¢) and the previous
lemma

W(L) = p(PaLP,) = [~ (PaLoPu)] — [E~(PaL1Py)] € RO(G) (3.13)

for sufficiently large n € N. As the right-hand side does not depend on w but only on the path L,
any two choices of a map p ultimately must be the same by the equalities in (3.13).

4 The G-equivariant spectral flow
as G-equivariant Maslov index

4.1 The G-equivariant Maslov index

To introduce the G-equivariant Maslov index, we firstly need a slightly more general definition
of the G-equivariant spectral flow. As selfadjoint operators are closed, the set of (generally)
unbounded selfadjoint Fredholm operators A: D(A) C H — H naturally is a metric space by

d(Ar, A2) = [|P1 = P, (4.1)

where P;, i = 1,2, denote the orthogonal projections onto the graphs of A; in H x H. Thus,
it is sensible to consider paths Ay: D(Ay\) C H — H of selfadjoint Fredholm operators, where
now the domain D(A)) depends on the parameter A € I. It was shown by Boo-Bavnbek, Lesch
and Phillips in [5] that the spectral flow can be defined verbatim by the same formula (1.2)
and that all its basic properties still hold in this more general setting. Now, if in addition G is
a compact Lie group acting orthogonally on H, D(A)) is G-invariant and A is G-equivariant
for all A € I, it should come as no surprise that (2.1) defines a G-equivariant spectral flow
sfG(A) in RO(G) which in particular satisfies corresponding properties (Z¢), (Ag) and (Hg)
in this setting. Actually, the G-equivariant spectral flow has already been introduced for paths
of unbounded operators in [16], where constant domains were only assumed for the sake of
simplicity.
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Let us next recall that a symplectic Hilbert space is a real Hilbert space E with an invertible
bounded operator J: E — E such that J* = —J and J? = —Ig. This yields a symplectic form
on E by w(u,v) = (Ju,v). A closed subspace L C E is called Lagrangian if L and its annihilator
{u € FE |w(u,v) =0 for all v € L} coincide, which is equivalent to

L+t = J(L). (4.2)

In the latter formula, the orthogonal complement is meant with respect to the scalar product
of the Hilbert space E (cf. [11]). The set A(E,w) of all Lagrangian subspaces of E naturally is
a metric space by

d(L1, La) = ||Pr — P, (4.3)

where P;, i = 1,2, are the orthogonal projections onto the closed subspaces L;. Let us recall
that two closed subspaces U, W are called a Fredholm pair if dim(U N W) and codim(U + W)
are of finite dimension. We now fix some W € A(E,w) and set

FLw(E,w)={L € A(E,w) | (L,W) is a Fredholm pair}.

Boof-Bavnbek and Furutani constructed in [4] a Maslov index puns(T, W) € Z for paths
I' = {T'\}rer in FLw(E,w). Roughly speaking, the Maslov index counts the intersections
of T'y with W including dimensions whilst the parameter A is travelling along the interval I.
If F is of finite dimension, then every pair of subspaces is Fredholm and this construction is the
classical one [21]. A rigorous construction of the Maslov index in symplectic Hilbert spaces is
rather involved (see [11]) and uses a spectral flow for paths of unitary operators. In the finite-
dimensional case, Capell, Lee and Miller showed in a seminal paper [7] that it can equivalently
be defined as the spectral flow of a path of selfadjoint differential operators (see also [15]), which
can make it very accessible. This link between the Maslov index and the spectral flow was
generalised to symplectic Hilbert spaces by the last author in [27], and now paves the way for
introducing a G-equivariant Maslov index. Let us note that the more general case of relative
Maslov indices was considered in [11] as well and the below construction can be generalised
along the same lines.

Let E be a symplectic Hilbert space with symplectic form w represented by the bounded
invertible operator J: E — E. We assume that G is a compact Lie group acting orthogonally
and symplectically on E, i.e., g*g = g¢* = Ig and ¢g*Jg = J for all g € G. Let W € A(E,w) be
G-invariant and I' = {I") }xer a path of G-invariant spaces in F Ly (E,w). We define differential
operators on L%(I, E) by

AL D(AY) € L1, E) - L2(1L,E),  Alu=Ju, (4.4)
where
D(AY) = {u € H'(I,E) | u(0) € Ty, u(1) € W}.

It was shown in [27] that A" = {A}} ez 18 a continuous path of selfadjoint Fredholm operators
with respect to (4.1) if I' = {I"y } xes is continuous with respect to (4.3). Note that the dimension
of the kernel of A} exactly is the dimension of the intersection Ty NW. Theorem B of [27] states
that

pintas(I', W) = sf (A") € Z.

Note that the orthogonal action of G on F naturally transfers to an orthogonal action on
L*(I,E), D(.AE) is invariant under this action and, since the action is symplectic, AE is G-equiv-
ariant. Thus, the G-equivariant spectral flow of Al is defined as explained above, and we can
now make the following definition.
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Definition 4.1. Let E be a symplectic Hilbert space with symplectic form w represented by
J: E — FE and G a compact Lie group acting orthogonally and symplectically on E. If W €
A(E,w) is G-invariant and I' = {T") } x¢; is a path in F Ly (E,w) such that each I'y is G-invariant,
then the G-equivariant Maslov index is defined by

Hitas(Ts W) = s (A") € RO(G),

where Al is the associated path of selfadjoint Fredholm operators in (4.4).

4.2 The G-equivariant spectral flow as G-equivariant Maslov index

Our aim is now to show an example in which we compute the G-equivariant Maslov index by
Theorem 2.1. We let once again H be a real separable Hilbert space and G a compact Lie group
which acts orthogonally on H. Moreover, we assume that L = {Ly}xer is a path in FS(H)% as
in Theorem 2.1. Note that the space F := H x H is a symplectic Hilbert space with respect to
the standard symplectic form, which is represented by J: E — F,

(0 —Iy
1= o)
We now consider the subspaces W = H x {0} C E and
Iy = graph(Ly) = {(u, Lyu) | u € H}, Ael

The following lemma shows that the classical Maslov index pnas(I', W) of T with respect to W
is defined.

Lemma 4.2. For W as above, I = {T'x}xer is a path in FLyw (E,w).

Proof. We first note that it follows from (4.2) that W and I'y, A € I, are Lagrangian. Moreover,
the Fredholm property of Ly implies that 'y € FLw (F,w) C A(F,w). Finally, every path
L = {Ly}xer in FS(H) is continuous with respect to the metric (4.1) (cf. [17]) and thus the
path I is continuous in A(E,w) with respect to (4.3) by definition. |

We now consider the diagonal action g(u,v) = (gu,gv) on E = H x H and note that this
action is orthogonal and symplectic. Moreover, W and graph(L)) are G-invariant, where we use
in the latter case that Ly is G-equivariant. Thus, the G-equivariant Maslov index is defined.

Theorem 4.3. Let G be a compact Lie group that acts orthogonally on H. For every path
L = {Ly}xer in FS(H)E with invertible ends

sfG (L) = uiis(T, W) € RO(G),
where T' = {graph(Ly)}ae; and W = H x {0}.
Proof. We aim to use Theorem 2.1, thus set
pe UFS(H),GLH)NFS(H)Y) - RO(G),  ul(L) = pias(T, W),

and now show (Z¢g), (Ag), (Hg) and (Mg) for u. Let us emphasize that we can use these
properties for the spectral flow of the path A" in Definition 4.1, which we henceforth do without
further reference.

We first consider (Z¢g) for a path L = {Lyx}xes. If Ly is invertible for all A € I, then
ker(Ly) N W = {0} and thus A} is invertible for all A\ € I as it in particular is a Fredholm
operator of index 0. Consequently, p(L) = 0 by Definition 4.1 and (Z¢) for the path A"
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For (Ag), we let H = H; @ Hy for two G-invariant subspaces that reduce the operators L.
Now E = H x H = (H; & H3) x (Hy & Hs), and if we set L} := Ly|g,, i = 1,2, then

graph(Ly) = {((u,v), (Lyu, L3v)) € E | (u,v) € H = Hy & Hy}.

We let Al be the operator for I'y = graph(L,) in Definition 4.1. Moreover, for E' = H; x H;,
i =1,2, we have

graph(L}) = {(u,LZ)\u) €E |ue Hi},

and denote by Ag’i the corresponding operators in Definition 4.1. Let us now consider the
operator U: E — FE defined by U(vy,ve,vs3,v4) = (v1,v3,v2,v4). Then U is orthogonal and
U graph(Ly) = graph(L}) @ graph(L3). Moreover, U({(v1,v2,0,0) € E | v1 € Hy, vy € Ho}) =
Wy @& Wy, where W; = H; x {0} C E*, i =1,2. Now U: E — E yields an orthogonal operator
on L?(I, E), which we also denote by U, and we see that UD (AE) = D(A§’1 EBAE’Q). Moreover,
a direct computation shows that

0 —Im 0 0
e Im, 0 0 0 | (Jm O
UIU=10 o o -14]|~ < 0 JE2> ’

0 0 Iy O

where Jgi: E' — E', i = 1,2, denotes the bounded invertible operator that represents the
symplectic form in E*. Consequently, U *.AEU = AN @ A"2, which shows that

sfa(A") = sfq (AT @ AM?) =sfe (AT + sfq (AT?) € RO(G)

by Proposition 3.4 and (Ag) for A'. Therefore, it follows from Definition 4.1 that u(L) =
w(L|g,) + (L g, ), which is (Ag) for L.

To show (Hg) for L, we let h: I x I — FS(H)® be a family such that h(s,0) and h(s, 1) are
invertible for all s € I. As in the proof of Lemma 4.2, the family I' = {graph(h(s, \))}(s \erxr
is continuous with respect to (4.3) and thus yields a homotopy A = {AF/\,s)}(xs)ele of un-
bounded operators as in (4.4). Since (Hg) holds for this homotopy, we obtain u(h(0,-)) =
w(h(1,-)) € RO(G) and thus (Hq) for L.

We now focus on (M) and assume that H is of finite dimension. Let us consider Ly for
a fixed A € I, as well as the operator AE on F = H x H. Note that Ly has a finite spectrum
as H is of finite dimension, and AE has a discrete spectrum which only consists of eigenvalues
of finite multiplicity as A} now has a compact resolvent (cf. [7]). The equation Ju' = au has
the fundamental solution

cos(at)lp — sin(at)J, tel,
and thus we obtain all solutions that satisfy u(0) = (u, Lyu) € graph(L)) for some u € H by

_( cos(at)u + sin(at)Lyu
u(t) = <— sin(at)u + Cos(at)LAu) '

As we also need to require that u(1) € H x {0}, we see that u € D(AY), if and only if — sin(a)u+

cos(a)Lyu = 0. If @ € (=7, §), then the latter equation is equivalent to Lyu = tan(a)u. Thus,

the whole spectrum of Ly can be bijectively mapped to the eigenvalues of Ay in (-7, 7). Now

let0=X <A <---<Av=1landa; € (-5,5),i=1,...,N, be numbers as in the definition

of the spectral flow in (1.2) for A". As the operators AE have discrete spectrum, we can choose
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the a; sufficiently large, such that the whole spectrum of Ly is contained in [— tan(a;), tan(a;)]
for \;_1 < XA < A;. This yields for any a > max{tan(ai),...,tan(ay)}

N
:U’(L) = SfG(AF) = Z ([E('AE“ [07 al])] - [E(Agi_p [07 az])])

i=1

1

= Z [E(Ly;, [0, a])] = [E(Lx;_,, [0, a])] = [E(L1, [0, a])] = [E(Lo, [0, a])]
= [E(Lo, [-a,0))] = [E(L1, [=a,0))] = [E” (Lo)] — [E~ (L1)] € RO(G),

where we have used in the third equality that mapping an eigenfunction u of .AE to the projection
onto H x {0} of u(0) is a G-equivariant isomorphism of eigenspaces. Moreover, the second last
equality follows from

0= [E(L1, [-a,a])] = [E(Lo, [~a,a])]
= ([E(L1, [0, a)] = [E(Lo, [0, a])]) + ([E(L1, [=a,0))] = [E(Lo, [=a,0))]),

which ends the proof of the theorem. |

Let us point out, without going into details, that it is also possible to prove
sfa(L) = pfas(T, W) = sfe(A") € RO(G)

directly from the definition (2.1). This requires a similar argument as for (M) in infinite
dimensions as well as a careful choice of the partition 0 = A\g < --- < Ay = 1 and the numbers
a; >0,i=1,...,N, for both paths L and A".

4.3 An example

In this final part, we discuss a simple example of a path in the Fredholm Lagrangian Grassman-
nian of a Hilbert space for which the classical Maslov index vanishes but the G-equivariant
Maslov index is non-trivial. Let H be a real separable Hilbert space and M = {M)}xes
be a path in FS(H) with invertible endpoints. We consider the family T'y of subspaces of
E=HeH®H® H given by

Py = {(w v, Myu, =Myo) [wv € HY - and W = H& H {0} {0}

As the operators M), are selfadjoint and Fredholm, it is readily seen that actually I' = {T'y}xes
is a path in FLy (F,w), where w is represented by

J:< 0 —IH@H>
Inon 0 ‘

We now consider the G = Zg-action on E given by
g(U17U27U37U4) - (Ul,—u27u3,—u4), (45)

where ¢ denotes the non-trivial element of Zs, and note that all spaces I'y, A € I, as well
as W are invariant under this action. Thus, the Zs-equivariant Maslov index MI\G/[aS(F, W) is
defined as an element of RO(Z2). Now recall that all real irreducible representations of Zy are
one-dimensional and thus every real k-dimensional representation is up to isomorphism a k x k

diagonal matrix of the form diag(1,...,1,—1,...,—1). Consequently, there is an isomorphism
¢: RO(Zs9) — Z @ Z of abelian groups given by
$([E] — [F]) = (dim(E) — dim(F), dim(E) — dim(F%)), (4.6)

where E¢ C E and F® C F denote the spaces of fixed points under the group action.
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The G-equivariant Maslov index uﬁas(f‘, W) can now be computed by Theorem 4.3. Indeed,
T"y is the graph of the selfadjoint Fredholm operator Ly: H & H — H & H given by

My 0
Ly = .
A ( 0 —M,\>
Moreover, L) is equivariant under the Zg-action g(u,v) = (u,—v) on H @ H, where g again
denotes the non-trivial element of Zs. Note that (4.5) is the corresponding diagonal action and

thus we are in the setting of Theorem 4.3. It is not difficult to see from (4.6) (see [16, Section 2.4]
for the full argument) that

¢(sfz,(L)) = (sf(L), st(M)) = (0,sf(M)) € Z® Z,

where we have used that the classical spectral flow (1.2) of L has to vanish as the spectrum of
each L) is symmetric about 0.

Thus, pi2 (T, W) € RO(Zy) is non-trivial if and only if sf(M) € Z is non-trivial. Finally,
note that in case of the trivial group G, we see from Theorem 4.3 that

pvas(D, W) = sf(L) = 0 € Z,

i.e., the classical Maslov index [4] vanishes.

Acknowledgements

The authors were supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) — 459826435. Moreover, the authors wish to express their gratitude to the anony-
mous referees for their interest in our work and their valuable hints to improve the presentation
of the paper.

References

[1] Atiyah M.F., Patodi V.K., Singer I.M., Spectral asymmetry and Riemannian geometry. III, Math. Proc.
Cambridge Philos. Soc. 79 (1976), 71-99.

[2] Atiyah M.F., Singer I.M., Index theory for skew-adjoint Fredholm operators, Inst. Hautes Etudes Sci. Publ.
Math. (1969), 5-26.

[3] Balanov Z., Krawcewicz W., Rybicki S., Steinlein H., A short treatise on the equivariant degree theory and
its applications, J. Fized Point Theory Appl. 8 (2010), 1-74.

[4] Booss-Bavnbek B., Furutani K., The Maslov index: a functional analytical definition and the spectral flow
formula, Tokyo J. Math. 21 (1998), 1-34.

[5] Booss-Bavnbek B., Lesch M., Phillips J., Unbounded Fredholm operators and spectral flow, Canad. J. Math.
57 (2005), 225-250, arXiv:math.FA /0108014.

[6] Brocker T., tom Dieck T., Representations of compact Lie groups, Grad. Texts in Math., Vol. 98, Springer,
New York, 1985.

[7] Cappell S.E., Lee R., Miller E.Y., On the Maslov index, Comm. Pure Appl. Math. 47 (1994), 121-186.

[8] Ciriza E., Fitzpatrick P.M., Pejsachowicz J., Uniqueness of spectral flow, Math. Comput. Modelling 32
(2000), 1495-1501.

[9] Doll N., Schulz-Baldes H., Waterstraat N., Spectral flow: A functional analytic and index-theoretic approach,
De Gruyter Stud. Math., Vol. 94, De Gruyter, Berlin, 2023.

[10] Fang H., Equivariant spectral flow and a Lefschetz theorem on odd-dimensional spin manifolds, Pacific J.
Math. 220 (2005), 299-312, arXiv:math.DG/0105160.

[11] Furutani K., Fredholm-Lagrangian—Grassmannian and the Maslov index, J. Geom. Phys. 51 (2004), 269—
331, arXiv:math.DG/0311495.


https://doi.org/10.1017/S0305004100052105
https://doi.org/10.1017/S0305004100052105
https://doi.org/10.1007/BF02684885
https://doi.org/10.1007/BF02684885
https://doi.org/10.1007/s11784-010-0033-9
https://doi.org/10.3836/tjm/1270041982
https://doi.org/10.4153/CJM-2005-010-1
http://arxiv.org/abs/math.FA/0108014
https://doi.org/10.1007/978-3-662-12918-0
https://doi.org/10.1002/cpa.3160470202
https://doi.org/10.1016/S0895-7177(00)00221-1
https://doi.org/10.1515/9783111172477
https://doi.org/10.2140/pjm.2005.220.299
https://doi.org/10.2140/pjm.2005.220.299
http://arxiv.org/abs/math.DG/0105160
https://doi.org/10.1016/j.geomphys.2004.04.001
http://arxiv.org/abs/math.DG/0311495

On the Uniqueness of the G-Equivariant Spectral Flow 21

[12]
[13]
[14]
[15]
[16]

(17]

(18]

(19]

SRS
T e )

N

Hochs P., Yanes A., Equivariant spectral flow for families of Dirac-type operators, Ann. K-Theory 10 (2025),
189-235, arXiv:2403.00575.

Ize J., Vignoli A., Equivariant degree theory, De Gruyter Ser. Nonlinear Anal. Appl., Vol. 8, de Gruyter,
Berlin, 2003.

Izydorek M., Janczewska J., Starostka M., Waterstraat N., The equivariant spectral flow and bifurcation for
functionals with symmetries: part I, Math. Ann. 393 (2025), 2187-2226, arXiv:2306.01170.

Izydorek M., Janczewska J., Waterstraat N., The Maslov index and the spectral flow—revisited, Fized Point
Theory Appl. 2019 (2019), 5, 20 pages, arXiv:1808.08464.

Izydorek M., Janczewska J., Waterstraat N., The equivariant spectral flow and bifurcation of periodic
solutions of Hamiltonian systems, Nonlinear Anal. 211 (2021), 112475, 17 pages, arXiv:2104.01586.

Lesch M., The uniqueness of the spectral flow on spaces of unbounded self-adjoint Fredholm operators, in
Spectral Geometry of Manifolds with Boundary and Decomposition of Manifolds, Contemp. Math., Vol. 366,
American Mathematical Society, Providence, RI, 2005, 193-224, arXiv:math.FA /0401411.

Lim J., Wang H., Equivariant spectral flow and equivariant n-invariants on manifolds with boundary, Inter-
nat. J. Math. 35 (2024), 2450006, 44 pages, arXiv:2101.01890.

Liu B., Equivariant eta forms and equivariant differential K-theory, Sci. China Math. 64 (2021), 2159-2206,
arXiv:2101.01890.

Phillips J., Self-adjoint Fredholm operators and spectral flow, Canad. Math. Bull. 39 (1996), 460-467.
Robbin J., Salamon D., The Maslov index for paths, Topology 32 (1993), 827-844.
Robbin J., Salamon D., The spectral flow and the Maslov index, Bull. London Math. Soc. 27 (1995), 1-33.

Segal G., The representation ring of a compact Lie group, Inst. Hautes Etudes Sci. Publ. Math. (1968),
113-128.

Starostka M., Waterstraat N., On a comparison principle and the uniqueness of spectral flow, Math. Nachr.
295 (2022), 785-805, arXiv:1910.05183.

Waterstraat N., On bifurcation for semilinear elliptic Dirichlet problems on shrinking domains, in Elliptic and
Parabolic Equations, Springer Proc. Math. Stat., Vol. 119, Springer, Cham, 2015, 273-291, arXiv:1403.4151.

Waterstraat N., Fredholm operators and spectral flow, Rend. Semin. Mat. Univ. Politec. Torino 75 (2017),
7-51, arXiv:1603.02009.

Waterstraat N., On the Fredholm Lagrangian Grassmannian, spectral flow and ODEs in Hilbert spaces,
J. Differential Equations 303 (2021), 667700, arXiv:1803.01143.


https://doi.org/10.2140/akt.2025.10.189
http://arxiv.org/abs/2403.00575
https://doi.org/10.1515/9783110200027
https://doi.org/10.1007/s00208-025-03291-7
http://arxiv.org/abs/2306.01170
https://doi.org/10.1186/s13663-019-0655-6
https://doi.org/10.1186/s13663-019-0655-6
http://arxiv.org/abs/1808.08464
https://doi.org/10.1016/j.na.2021.112475
http://arxiv.org/abs/2104.01586
https://doi.org/10.1090/conm/366/06730
http://arxiv.org/abs/math.FA/0401411
https://doi.org/10.1142/S0129167X2450006X
https://doi.org/10.1142/S0129167X2450006X
http://arxiv.org/abs/2101.01890
https://doi.org/10.1007/s11425-020-1852-5
http://arxiv.org/abs/2101.01890
https://doi.org/10.4153/CMB-1996-054-4
https://doi.org/10.1016/0040-9383(93)90052-W
https://doi.org/10.1112/blms/27.1.1
https://doi.org/10.1007/BF02684592
https://doi.org/10.1002/mana.201900444
http://arxiv.org/abs/1910.05183
https://doi.org/10.1007/978-3-319-12547-3_12
http://arxiv.org/abs/1403.4151
http://arxiv.org/abs/1603.02009
https://doi.org/10.1016/j.jde.2021.09.024
http://arxiv.org/abs/1803.01143

	1 Introduction
	2 The G-equivariant spectral flow and its uniqueness
	3 Proof of Theorem 2.1
	3.1 The G-equivariant cogredient parametrix
	3.2 G-equivariant approximation schemes
	3.3 Invariance under conjugation
	3.4 Finite-dimensional approximation and end of proof

	4 The G-equivariant spectral flow as G-equivariant Maslov index
	4.1 The G-equivariant Maslov index
	4.2 The G-equivariant spectral flow as G-equivariant Maslov index
	4.3 An example

	References

