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Abstract. The spectral flow is an integer-valued homotopy invariant for paths of selfadjoint
Fredholm operators. Lesch as well as Pejsachowicz, Fitzpatrick and Ciriza independently
showed that it is uniquely characterised by its elementary properties. The authors recently
introduced a G-equivariant spectral flow for paths of selfadjoint Fredholm operators that
are equivariant under the action of a compact Lie group G. The purpose of this paper is to
show that the G-equivariant spectral flow is uniquely characterised by the same elementary
properties when appropriately restated. As an application, we introduce an alternative
definition of the G-equivariant spectral flow via a G-equivariant Maslov index.
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1 Introduction

Let H be a real separable Hilbert space of infinite dimension and let us denote by L(H) the
bounded, by GL(H) the invertible, by K(H) the compact and by S(H) the selfadjoint operators
on H. An operator T ∈ L(H) is called Fredholm if its kernel and cokernel are of finite dimension.
For T ∈ S(H) ⊂ L(H), these conditions are equivalent to a finite-dimensional kernel and a closed
range. Atiyah and Singer considered in [2] the set FS(H) ⊂ L(H) of all selfadjoint Fredholm
operators and showed that it consists of the three connected components

FS+(H) := {T ∈ FS(H) | σess(T ) ⊂ (0,+∞)},
FS−(H) := {T ∈ FS(H) | σess(T ) ⊂ (−∞, 0)},

and

FSi(H) := FS(H) \ FS±(H).

Here σess(T ) denotes the essential spectrum of T , i.e., the set of all λ ∈ R such that λ − T is
not a Fredholm operator. Operators in FS±(H) have as only possible points in the spectrum
below/above 0 eigenvalues of finite multiplicity. Instead operators in FSi(H) necessarily have
essential spectrum above and below 0.

Atiyah and Singer also showed in [2] that the two components FS±(H) of FS(H) are con-
tractible as topological spaces, whereas FSi(H) has a rather rich topology and in particular an
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infinitely cyclic fundamental group. In a joint work with Patodi [1], they introduced an explicit
isomorphism between π1(FSi(H)) and the integers. Actually, the idea of this map, which is
called spectral flow, is sensible for any closed or open path and in any of the three components
of FS(H). Following Phillips’ analytic approach [20] (cf. [9]), its construction can be outlined as
follows: Let I = [0, 1] be the unit interval and L = {Lλ}λ∈I a path in FS(H). As the spectra of
the operators Lλ cannot accumulate at 0 (cf. [25, 26]), there is a partition 0 = λ0 < · · · < λN = 1
of the unit interval and numbers ai > 0, i = 1, . . . , N , such that the maps

[λi−1, λi] ∋ λ 7→ χ[−ai,ai](Lλ) ∈ L(H) (1.1)

are continuous families of finite rank projections. Here χ[a,b](T ) denotes the spectral projection
of a selfadjoint operator T with respect to the interval [a, b] ⊂ R. Consequently, the spaces
E(Lλ, [0, ai]) := im(χ[0,ai](Lλ)), λi−1 ≤ λ ≤ λi, i = 1, . . . , N , are of finite dimension and the
spectral flow of the path L can be defined by

sf(L) =

N∑
i=1

(dim(E(Lλi
, [0, ai]))− dim(E(Lλi−1

, [0, ai]))) ∈ Z. (1.2)

Note that dim(E(Lλ, [0, a])) is the number of eigenvalues of Lλ in the interval [0, a] including
multiplicities. Roughly speaking, the spectral flow is the net number of eigenvalues of L0 cross-
ing 0 from the negative to the positive half of the axis whilst the parameter is travelling along
the interval. It can be shown that (1.2) is well defined, i.e., it only depends on the path L and
neither on the choice of the partition {λi}i=0,...,N of I nor on the numbers a1, . . . , aN as long
as the maps (1.1) are continuous and finite-rank valued. The spectral flow has the following
properties:

(Z) If L = {Lλ}λ∈I is a path in FS(H) ∩GL(H), then

sf(L) = 0.

(C) If L1, L2 are paths in FS(H), then

sf
(
L1 ∗ L2

)
= sf

(
L1
)
+ sf

(
L2
)
,

where L1 ∗ L2 denotes the concatenation of L1 and L2.

(A) If H = H1 ⊕H2 and Lλ(Hi) ⊂ Hi, i = 1, 2, for a path L = {Lλ}λ∈I in FS(H), then

sf(L) = sf(L|H1) + sf(L|H2).

(H) If h : I × I → FS(H) is a homotopy such that h(s, 0), h(s, 1) ∈ GL(H) for all s ∈ I, then

sf(h(0, ·)) = sf(h(1, ·)).

Let us note that (Z), (C), (A) easily follow from the definition (1.2), and (H) is a simple
modification of the original argument in [20] (see, e.g., [24]).

It is a natural question to ask whether some of these properties uniquely characterise the
spectral flow when a normalisation property is added that in particular excludes the trivial map
which assigns 0 ∈ Z to any path in FS(H). Henceforth, we denote for a pair of topological spaces
(X,Y ) by Ω(X,Y ) the set of all paths in X having endpoints in Y . Lesch considered in [17] maps
µ : Ω(FSi(H),FSi(H) ∩ GL(H)) → Z and proved that any such map which satisfies the same
properties (C), (H) as the spectral flow is already given by (1.2) if the following normalisation
assumption holds:
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(N ) There is some T0 ∈ FSi(H) ∩ GL(H) and some rank-one orthogonal projection P in H
commuting with T0 such that

µ
(
{λP + (IH − P )T0}− 1

2
≤λ≤ 1

2

)
= 1

Note that the path {λP + (IH − P )T0}− 1
2
≤λ≤ 1

2
is in GL(H) for any λ ̸= 0, whereas 0 is a simple

eigenvalue for λ = 0. It is readily seen from (1.2) that indeed sf({λP + (IH − P )T0}− 1
2
≤λ≤ 1

2
) = 1.

Another approach to the uniqueness problem of the spectral flow was proposed by Fitzpatrick,
Pejsachowicz and Ciriza in [8]. They considered maps µ : Ω(FS(H),FS(H)∩GL(H)) → Z and
showed that any such map which satisfies the same properties (Z), (A) and (H) as the spectral
flow is already given by (1.2) if the following normalisation assumption holds:

(M) If H is of finite dimension and L = {Lλ}λ∈I is a path in (FS(H),FS(H)∩GL(H)), then

µ(L) = µMorse(L0)− µMorse(L1),

where µMorse(Lλ) denotes the Morse index of Lλ, λ ∈ I, i.e., the number of negative
eigenvalues including multiplicities.

Inspired by [10], the authors defined in [16] a G-equivariant spectral flow for paths L = {Lλ}λ∈I
in FS(H) where each operator Lλ is equivariant under the orthogonal action of a compact Lie
group G on H. The G-equivariant spectral flow is an element of the real representation ring
RO(G) and it formally has the same properties (Z), (C), (A), (H) and (M) when they are
appropriately restated in terms of virtual representations of G. The aim of this paper is to show
that the G-equivariant spectral flow is uniquely characterised by these properties as well. If the
group action is trivial, then our theorem is the uniqueness of the spectral flow (1.2) from [8].

We recall the definition of the G-equivariant spectral flow in the next section, where we also
introduce the announced uniqueness of it as our main theorem. Section 3 is devoted to the rather
elaborate proof of the latter theorem. In the final Section 4, we introduce a G-equivariant Maslov
index, where we adopt an approach to the classical Maslov index from a celebrated paper by
Cappell, Lee and Miller [7]. Finally, we show as first application of our uniqueness theorem that
the G-equivariant spectral flow of a path L = {Lλ}λ∈I can be obtained as G-equivariant Maslov
index of the graphs of the operators Lλ, which is well-known in the non-equivariant case [24].

2 The G-equivariant spectral flow and its uniqueness

Let (V, ρ) be a real representation of the compact Lie group G, i.e., V is a finite-dimensional
real vector space and ρ : G → GL(V ) is a group homomorphism. Two representations (V1, ρ1),
(V2, ρ2) of G are isomorphic if there is a G-equivariant isomorphism α : V1 → V2, i.e., ρ2(g)◦α =
α ◦ ρ1(g) for all g ∈ G. The set of isomorphism classes of representations of G is a com-
mutative monoid when representations are added by the direct sum. Elements of the asso-
ciated Grothendieck group RO(G) are formal differences [U ] − [V ] of isomorphism classes of
G-representations modulo the equivalence relation generated by [U ]− [V ] ∼ [U ⊕W ]− [V ⊕W ].
Consequently, the inverse element of [U ]− [V ] is [V ]− [U ] and the neutral element in RO(G) is
[V ]− [V ] for any G-representation V (see [23]).

Let now G be a compact Lie group that acts orthogonally on the real separable Hilbert
space H. In what follows, we denote by FS(H)G the set of G-equivariant selfadjoint Fredholm
operators, i.e.,

T (gu) = g(Tu), u ∈ H, g ∈ G,

and we let FS±(H)G and FSi(H)G be the corresponding subsets of the connected components
of FS(H).
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Let now L = {Lλ}λ∈I be a path in FS(H)G, i.e., a continuous map from the unit inter-
val I into the space FS(H)G. Since the operators Lλ are G-equivariant, it follows that the
spaces E(Lλ, [0, a]) in (1.2) are G-invariant. Consequently they define equivalence classes of
G-representations and so the idea of (1.2) carries over to RO(G) by setting

sfG(L) =
N∑
i=1

([E(Lλi
, [0, ai])]− [E(Lλi−1

, [0, ai])]) ∈ RO(G). (2.1)

Following Phillips argument for (1.2) from [20], the authors showed in [16] that (2.1) only
depends on the path L and neither on the choice of the partition 0 = λ0 < · · · < λN = 1 of the
unit interval nor on the numbers ai > 0, i = 1, . . . , N . Thus, this equivariant spectral flow is
well defined. Note that if G = {e} is the trivial group, then representations are isomorphic if
and only if they are of the same dimension. Thus, RO({e}) ∼= Z and (2.1) can be identified with
the ordinary spectral flow (1.2). Moreover, there is a canonical homomorphism

F : RO(G) → Z, [U ]− [V ] 7→ dim(U)− dim(V ),

and we see from (1.2) and (2.1) that

F (sfG(L)) = sf(L).

Consequently, if sfG(L) is trivial, then the classical spectral flow of L has to vanish as well. On the
other hand, it is not difficult to find a simple example of a path of G = Z2-equivariant operators
such that sf(L) = 0 ∈ Z but sfG(L) ∈ RO(Z2) ∼= Z ⊕ Z is non-trivial (cf. [16, Section 2.4]).
Examples for continuous groups can be found in [14]. Other references for G-equivariant spectral
flows are, e.g., [10, 12, 18, 19].

We now consider, for a given compact Lie group, maps

µ = µH : Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
→ RO(G)

that are supposed to exist for any separable Hilbert spaceH. Such maps might have the following
properties, where as before L = {Lλ}λ∈I is a path of bounded operators on H:

(ZG) If Lλ ∈ GL(H) ∩ FS(H)G for all λ ∈ I, then

µ(L) = 0 ∈ RO(G).

(AG) Let H = H1 ⊕ H2, where H1, H2 are G-invariant, and let L = {Lλ}λ∈I be a path with
invertible endpoints in FS(H)G such that Lλ(Hi) ⊂ Hi for i = 1, 2, and all λ ∈ I. Then

µ(L) = µ(L|H1) + µ(L|H2) ∈ RO(G).

(HG) If h : I × I → FS(H)G is a homotopy such that h(s, 0) and h(s, 1) are invertible for all
s ∈ I, then

µ(h(0, ·)) = µ(h(1, ·)) ∈ RO(G).

(MG) If H is of finite dimension and L = {Lλ}λ∈I is a path in
(
FS(H)G,FS(H)G ∩ GL(H)

)
,

then

µ(L) = [E−(L0)]− [E−(L1)] ∈ RO(G),

where E−(T ) denotes the direct sum of the eigenspaces with respect to negative eigenval-
ues of a selfadjoint operator T : H → H.
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The G-equivariant spectral flow (2.1) as a map

sfG : Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
→ RO(G)

has all these properties. This was shown for (ZG) in [16, Lemma 2.5], for (AG) in [16, Lemma 2.6],
for (HG) in [16, Corollary 2.10] and for (MG) in [16, Proposition 3.2]. Now we can state the
main theorem of this paper.

Theorem 2.1. Let G be a compact Lie group and

µ = µH : Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
→ RO(G)

a map that is defined for any separable Hilbert space H. If µ satisfies (ZG), (AG), (HG)
and (MG), then

µ = sfG .

If G is the trivial group, we can identify (1.2) and (2.1) to obtain the main theorem of
Fitzpatrick, Pejsachowicz and Ciriza’s work [8].

Corollary 2.2. Let

µ̃ = µ̃H : Ω(FS(H),GL(H) ∩ FS(H)) → Z

be a map that is defined for any separable Hilbert space H. If µ̃ satisfies (Z), (A), (H) and (M),
then

µ̃ = sf .

Note that (2.1) can be verbatim defined on complex Hilbert spaces as an element of the
complex representation ring R(G). The properties (ZG), (AG), (HG), (MG) and Theorem 2.1
still hold in this case, but one step in the proof of Theorem 2.1 becomes redundant, as we explain
below in Section 3.3.

Finally, let us note that there also is a corresponding concatenation property:

(CG) If L1, L2 ∈ Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
, then

µ(L1 ∗ L2) = µ
(
L1
)
+ µ

(
L2
)
∈ RO(G),

which clearly holds for the G-equivariant spectral flow by its definition (2.1). Actually, by
arguing as in [22, Proposition 4.26], any map µ : Ω

(
FS(H)G,GL(H)∩FS(H)G

)
→ RO(G) that

satisfies (ZG), (AG) and (HG) has the property (CG). On the other hand, it is readily seen
that (HG) and (CG) imply (ZG) (cf. [17, Lemma 5.3]) and thus the axioms are strongly related.
Note that, however, (CG) cannot replace (AG) in Theorem 2.1, as the map µ which is defined
by (MG) if dimH < ∞, and 0 ∈ RO(G) otherwise, would satisfy all axioms. Thus, (CG) as
characterising property of the G-equivariant spectral flow requires a different normalisation
property than (MG). Recall that Lesch’s uniqueness theorem [17] for the classical spectral
flow (1.2) assumes (N ) instead of (M). Of course, it is a natural question whether some
appropriate normalisation condition (NG) in combination with (CG) and (HG) also characterises
the G-equivariant spectral flow. Let us note that Lesch’s argument in [17, Section 5.3] uses the
connectedness of some subspaces of selfadjoint Fredholm operators which in general does not
hold in the G-equivariant case (cf., e.g., Step 2 in the proof of Theorem 3.2 below) and thus [17]
apparently does not transfer without major modifications.
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3 Proof of Theorem 2.1

3.1 The G-equivariant cogredient parametrix

Henceforth, we denote by KS(H) the space of all selfadjoint compact operators with the norm
topology, and by KS(H)G its G-equivariant elements. Similarly, GL(H)G are the G-equivariant
invertible operators. The aim of this section is to introduce a transformation of paths in FS(H)G

into a normal form. To be more precise, we show that for any path L = {Lλ}λ∈I in FS(H)G,
there are a path {Mλ}λ∈I in GL(H)G, a path {Kλ}λ∈I in KS(H)G and a selfadjoint operator
Q ∈ GL(H)G, such that

M∗
λLλMλ = Q+Kλ, λ ∈ I.

The path {Mλ}λ∈I is called G-equivariant cogredient parametrix for L = {Lλ}λ∈I and the par-
ticular form of the operator Q will be specified below. Before we begin the construction, let
us recall that if T ∈ L(H) is a G-equivariant selfadjoint operator and f : σ(T ) → R is contin-
uous, then the selfadjoint operator f(T ) is G-equivariant as well (see, e.g., [16, Lemma 3.3]).
In what follows, we will use this fact without further reference. We now firstly consider paths
in FS±(H)G.

Theorem 3.1. Every path L = {Lλ}λ∈I in FS±(H)G has a cogredient parametrix. More
precisely, there is a path {Mλ}λ∈I in GL(H)G and a path {Kλ}λ∈I in KS(H)G such that

M∗
λLλMλ = ±IH +Kλ, λ ∈ I.

Proof. We first note that it suffices to show the claim for paths in FS+(H)G as otherwise we
can consider the path −L = {−Lλ}λ∈I .

The proof of the theorem is based on the following simple fact. If T ∈ FS+(H)G and
χ(0,∞)(T ), χ(−∞,0](T ) are the spectral projections, then χ(0,∞)(T ) + χ(−∞,0](T ) = IH and we
obtain

T =
(
χ(0,∞)(T ) + χ(−∞,0](T )

)
T
(
χ(0,∞)(T ) + χ(−∞,0](T )

)
= χ(0,∞)(T )Tχ(0,∞)(T ) + χ(−∞,0](T )Tχ(−∞,0](T )

=
(
χ(0,∞)(T )Tχ(0,∞)(T ) + χ(−∞,0](T )

)
+
(
χ(−∞,0](T )Tχ(−∞,0](T )− χ(−∞,0](T )

)
=: S +K,

where S ∈ GL(H)G is positive and K ∈ KS(H)G. Thus, for any λ0 ∈ I, we can decompose Lλ0

as Lλ0 = Sλ0 + Kλ0 , where Sλ0 ∈ GL(H)G is positive and Kλ0 ∈ KS(H)G. As GL(H) is
open, there is some interval I ′ ⊂ I containing λ0 such that S′

λ := Lλ − Kλ0 ∈ GL(H)G for
any λ ∈ I ′. By the continuity of spectra, S′

λ actually is positive for all λ ∈ I ′. Consequently,
if we set K ′

λ := Kλ0 , we have Lλ = S′
λ + K ′

λ for λ ∈ I ′, where S′
λ ∈ GL(H)G is positive and

K ′
λ ∈ KS(H)G.
By compactness, there is a finite cover of I by intervals I1, . . . , Ik, and positive operators

Si
λ ∈ GL(H)G as well as Ki

λ ∈ KS(H)G such that Lλ = Si
λ + Ki

λ for λ ∈ Ii, i = 1, . . . , k.
We take a partition of unity {ηi}1≤i≤k subordinate to the covering {Ii}1≤i≤k of I and set for
λ ∈ I

Sλ :=
k∑

i=1

ηi(λ)S
i
λ, Kλ :=

k∑
i=1

ηi(λ)K
i
λ.

Since the set of positive G-equivariant operators as well as the set of G-equivariant selfadjoint
compact operators are convex, taking sums and multiplying by the maps {ηi}1≤i≤k preserve
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these properties. Thus, we finally conclude that Lλ = Sλ +Kλ for λ ∈ I, where Sλ ∈ GL(H)G

is positive and Kλ ∈ KS(H)G.

As Sλ is positive, Mλ :=
(
S

1
2
λ

)−1 ∈ GL(H)G is indeed defined and we see that

M∗
λLλMλ = M∗

λSλMλ +M∗
λKλMλ = IH +M∗

λKλMλ,

which shows the theorem since M∗
λKλMλ ∈ KS(H)G. ■

For paths in FSi(H)G, the argument is far more sophisticated and a detailed discussion can
be found in the authors’ recent work [14]. Here we include a concise version of the proof for
the convenience of the reader. An operator Q ∈ L(H) is called a symmetry if it is selfadjoint
and orthogonal, which in particular implies that Q2 = IH . Any symmetry is of the form
Q = P − (IH − P ) = 2P − IH for an orthogonal projection P , and Q ∈ FSi(H) if and only
if P has infinite-dimensional kernel and range. Finally, Q is G-equivariant if and only if the
subspaces im(P ) and ker(P ) of H are G-invariant.

Theorem 3.2. Every path L = {Lλ}λ∈I in FSi(H)G has a cogredient parametrix. More pre-
cisely, there is a G-equivariant symmetry Q ∈ FSi(H)G as well as paths M = {Mλ}λ∈I in
GL(H)G and K = {Kλ}λ∈I in KS(H)G such that

M∗
λLλMλ = Q+Kλ, λ ∈ I.

Proof. We split the proof into three steps.
Step 1: The map πQ and local sections. We consider for G-equivariant symmetries Q ∈

FSi(H)G the maps

πQ : GL(H)G ×KS(H)G → FSi(H)G, πQ(M,K) = MQM∗ +K. (3.1)

Note that Theorem 3.2 is proved if we can show that there is some Q for which there is a contin-
uous map L̃ : I → GL(H)G ×KS(H)G such that Lλ = πQ ◦ L̃ for all λ ∈ I, i.e., the path L can
be lifted to GL(H)G × KS(H)G with respect to πQ. The right setting to find such a lifting is
the theory of fibre bundles and our first aim is to construct local sections for (3.1). To be more
precise, we are going to show that for any S ∈ FSi(H)G there is a G-equivariant symmetry QS ,
an open neighbourhood US of S in FSi(H)G and a map σS : US → GL(H)G × KS(H)G such
that

(πQS
◦ σS)(T ) = T for all T ∈ US .

To construct σS , let K be the orthogonal projection onto the kernel of the selfadjoint Fredholm
operator S. Then ker(S) is G-invariant and of finite dimension, and thus K ∈ KS(H)G as
well as

V := S +K ∈ GL(H)G. (3.2)

To simplify notation, we henceforth let P+(V ) = χ(0,∞)(V ) and P−(V ) = χ(−∞,0)(V ) be the
orthogonal projections onto the positive and negative spectral subspaces of V , which areG-equiv-
ariant. The operator

QS = 2P+(V )− IH ∈ FSi(H)G (3.3)

has a neighbourhood Ũ ⊂ FSi(H)G of invertible operators. As before, we denote for T ∈ Ũ by
P+(T ) and P−(T ) the orthogonal projections onto the positive and negative spectral subspaces.
As they continuously depend on T ∈ Ũ , QS has a neighbourhood U ⊂ Ũ such that

P+(T )P+(QS) + P−(T )P−(QS) ∈ GL(H)G, T ∈ U ,
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where it is used that this operator is IH ∈ GL(H)G for T = QS . This shows that the restriction
of P±(T ) to im(P±(QS)) is a bijection onto im(P±(T )) for any T ∈ U . To simplify notation,
we set H± := im(P±(QS)) and consider for T ∈ U the map B(T ) : H+ ×H+ → R,

B(T )(u, v) = ⟨TP+(T )u, P+(T )v⟩, u, v ∈ H+.

Then B(T ) is positive definite, as well as G-invariant as T , P+(T ) are G-equivariant and G acts
orthogonally. Let TB be the unique selfadjoint operator on H+ such that

B(T )(u, v) = ⟨TBu, v⟩, u, v ∈ H+,

which is usually called the Riesz-representation of B(T ). The selfadjoint operator TB, and thus
S+(T ) := T− 1

2
B , is G-equivariant as it is unique and B(T ) is G-invariant. Moreover,

⟨u, v⟩ =
〈
T−1
B TBu, v

〉
=
〈
T
− 1

2
B TBu, T

− 1
2

B v
〉
=
〈
TBT

− 1
2

B u, T
− 1

2
B v

〉
= B(T )

(
T
− 1

2
B u, T

− 1
2

B v
)

=
〈
TP+(T )T

− 1
2

B u, P+(T )T
− 1

2
B v

〉
=
〈
T
− 1

2
B P+(T )TP+(T )T

− 1
2

B u, v
〉

= ⟨S+(T )P+(T )TP+(T )S+(T )u, v⟩, u, v ∈ H+,

which implies that

S+(T )P+(T )TP+(T )S+(T ) = IH+ . (3.4)

Analogously, there is a map S− : U → GL(H−)
G such that for all T ∈ U

S−(T )P−(T )TP−(T )S−(T ) = −IH− . (3.5)

We now define S0 : U → GL(H)G by

S0(T ) = P+(T )S+(T )P+(QS)− P−(T )S−(T )P−(QS),

and note that by (3.4) and (3.5)

S0(T )
∗TS0(T ) = P+(QS)− P−(QS) = QS , T ∈ U .

This shows that

σ : U → GL(H)G ×KS(H)G, σ(T ) = ((S0(T )
−1)∗, 0),

satisfies

(πQS
◦ σ)(T ) = πQS

((
S0(T )

−1
)∗
, 0
)
=
(
S0(T )

−1
)∗
QSS0(T )

−1 = T, T ∈ U . (3.6)

Let us recall that U is a neighbourhood of the symmetry QS in (3.3). We now aim to construct
a section σV in a neighbourhood UV of the map V that was defined in (3.2). The product
GL(H)G ×KS(H)G is a closed subgroup of the topological group GL(H)×KS(H), where

(M,K) ·
(
M̃, K̃

)
=
(
MM̃,K +MK̃M∗), (M,K),

(
M̃, K̃

)
∈ GL(H)×KS(H). (3.7)

Moreover, there is an action τ of GL(H)G ×KS(H)G on FSi(H)G defined by

τh(L) = MLM∗ +K, L ∈ FSi(H), h = (M,K) ∈ GL(H)G ×KS(H)G.

For h :=
(
|V |

1
2 , 0
)
∈ GL(H)G ×KS(H)G, we obtain from (3.3)

τh(QS) = |V |
1
2QS |V |

1
2 = V
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and thus see that UV := τh(U) is an open neighbourhood of V in FSi(H)G. We set

σV : UV → GL(H)G ×KS(H)G, σV (T ) = h · σ(τh−1(T )), T ∈ UV ,

where here and henceforth the dot stands for the group multiplication (3.7). To show that σV
is a section of πQS

over UV , we first note that

πQS
(h1 · h2) = τh1(πQS

(h2)), h1, h2 ∈ GL(H)G ×KS(H)G

which is a consequence of the definition of τ and (3.7). Thus, it follows from (3.6) that

(πQS
◦ σV )(T ) = πQS

(h · σ(τh−1(T ))) = τh(πQS
(σ(τh−1(T ))))

= τh(τh−1(T )) = T, T ∈ UV , (3.8)

as claimed. Finally, we set h̃ = (IH ,−K) ∈ GL(H)G × KS(H)G, consider the open neighbour-
hood US = τh̃(UV ) of S and define

σS : US → GL(H)G ×KS(H)G, σS(T ) = h̃ · σV (τh̃−1(T )), T ∈ US .

The same computation as in (3.8) shows that πQS
◦ σS = id|US

, which finishes our first step.
Step 2: The image of πQ. The aim of this step of the proof of Theorem 3.2 is to show that

for any symmetry Q, the image πQ is a union of connected components of FSi(H)G. In the
argument, we need the auxiliary result that for any symmetries Q1 and Q2

im(πQ1) ∩ im(πQ2) ̸= ∅ =⇒ im(πQ1) = im(πQ2) ⊂ FSi(H)G. (3.9)

We postpone the proof of (3.9) and first obtain the actual aim of this step by showing that
im(πQ) is open and closed in FSi(H)G. By the first step of the proof, for any S ∈ im(πQ) there
is a symmetry QS and an open neighbourhood US of S in FSi(H)G such that US ⊂ im(πQS

).
Now (3.9) implies that US ⊂ im(πQ) and thus im(πQ) is open in FSi(H)G. Secondly, let
{Sn}n∈N ⊂ im(πQ) converge to some S ∈ FSi(H)G. Again, by the first step of the proof,
there is a symmetry QS and a neighbourhood US of S in FSi(H)G such that US ⊂ im(πQS

).
As {Sn}n∈N converges to S, we see that Sn ∈ US for sufficiently large n. By (3.9), this implies
that US ⊂ im(πQ) and thus S ∈ im(πQ), which means that im(πQ) is closed in FSi(H)G.

It remains to show (3.9), for which we let Q1, Q2 be two symmetries and assume that
S ∈ im(πQ1) ∩ im(πQ2). Then there are (M1,K1), (M2,K2) ∈ GL(H)G ×KS(H)G such that

S = πQ1(M1,K1) = πQ2(M2,K2),

and thus

S = M1Q1M
∗
1 +K1 = M2Q2M

∗
2 +K2,

which implies

Q2 = M−1
2 M1Q1M

∗
1

(
M−1

2

)∗
+M−1

2 (K1 −K2)
(
M−1

2

)∗
.

A direct computation shows that

πQ2(h) = πQ1

(
h · h̃

)
, h ∈ GL(H)G ×KS(H)G,

where h̃ =
(
M−1

2 M1,M
−1
2 (K1 − K2)

(
M−1

2

)∗) ∈ GL(H)G × KS(H)G. This yields im(πQ2) ⊂
im(πQ1), and proves (3.9) by swapping Q1 and Q2.
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Step 3: Fibre bundles and end of the proof. Henceforth, we set BQ = im(πQ) for any given
symmetry Q ∈ FSi(H)G. Moreover, let us note that if S = Q in Step 1, then it follows from (3.2)
and (3.3) that QQ = Q, and thus for every symmetry Q ∈ FSi(H)G there is some S ∈ FSi(H)G

such that QS = Q. Therefore, it is not necessary to specify S in our notation any longer.

We now first note that the map πQ : GL(H)G ×KS(H)G → BQ is the projection of a locally
trivial fibre-bundle with fibre given by the isotropy group of Q ∈ FSi(H)G. Indeed, by the first
step of the proof, there is a local section σ of πQ on an open subset UQ ⊂ BQ. Now a local
trivialisation over UQ is given by

η : UQ × π−1
Q (Q) → π−1

Q (UQ), η(S, h) = σ(S) · h,

and it can be shifted to any point T ∈ BQ in the following usual way. As im(πQ) = BQ by
definition, there is some element h̃ ∈ GL(H)G × KS(H)G such that πQ(h̃) = τh̃(Q) = T . Now
U := τh̃(UQ) is a neighbourhood of T and τh̃ : UQ → U is a homeomorphism, which yields a local
trivialisation over U by

η′ : U × π−1
Q (Q) → π−1

Q (U), η′(S, h) = h̃ · σ(τh̃−1(S)) · h.

Now we finally can prove Theorem 3.2 by standard fibre bundle theory. If L = {Lλ}λ∈I is a path
in FSi(H)G, then L(I) is contained in a path component of FSi(H)G, which we henceforth
call C. Let S ∈ C be arbitrary, Q the associated symmetry as in the first step and note that
C ⊂ BQ by the second step. Now we consider the pullback (E, I, π) of the fibre bundle

πQ : GL(H)G ×KS(H)G → BQ (3.10)

by L. This bundle has the set

E =
{
(λ, h) ∈ I ×

(
GL(H)G ×KS(H)G

)
| Lλ = πQ(h)

}
as total space and the bundle projection π is the restriction of the projection onto the first
component. As I is contractible, (E, I, π) is trivial and consequently has a globally defined
section. Now the projection onto the second component I×

(
GL(H)G×KS(H)G

)
→ GL(H)G×

KS(H)G is a bundle map from E to the total space of (3.10). By composing with this map,
sections of (E, I, π) yield liftings of L. Thus, we have found the desired map L̃ : I → GL(H)G×
KS(H)G such that Lλ = πQ ◦ L̃λ for all λ ∈ I and so Theorem 3.2 is proved. ■

3.2 G-equivariant approximation schemes

In the remainder of the proof, we need finite-dimensional approximations as constructed for the
classical spectral flow in [8] by an orthonormal basis of the Hilbert space H. The following
lemma adapts the construction to the G-equivariant setting.

Lemma 3.3. For every symmetry Q, there is an increasing sequence of finite-dimensional G-in-
variant subspaces Hn ⊂ H, n ∈ N, such that the orthogonal projections Pn onto Hn commute
with Q and weakly converge to the identity.

Proof. We first consider the case that Q = IH or Q = −IH and we aim to use Zorn’s lemma.
Let S be the set of all subsets S of H such that

(i) ⟨x, y⟩ = δxy for all x, y ∈ S,

(ii) for all x ∈ S there is a subspace V ⊂ H of finite dimension that contains the orbit of x,
i.e., Gx := {gx | g ∈ G} ⊂ V .
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We first note that S ̸= ∅ as every representation of G on an infinite-dimensional Banach space
has a finite-dimensional subrepresentation by [13, Corollary 5.4 (a)], which uses Zorn’s lemma
as well. Now S can be partially ordered by inclusion, and for any totally ordered T ⊂ S, the
union of all elements in T satisfies (i) and (ii) and thus is an upper bound for T . Consequently,
by Zorn’s lemma there exists a maximal element S∗ of S, which moreover is countable as S∗

is orthonormal and H is separable. We set S∗ = {e1, e2, . . . } and let Hn be the intersection
of all G-invariant subspaces of H that contain {e1, . . . , en}, which is of finite dimension by (ii).
Moreover, the union U :=

⋃∞
n=1Hn is a G-invariant subspace of H.

We now assume by contradiction that U ̸= H. Then U⊥ is a G-invariant subspace and thus
contains a finite-dimensional subrepresentation, which again follows by [13, Corollary 5.4 (a)].
Let v be an element of norm 1 of this finite-dimensional subrepresentation of U⊥. Then
S∗ ∪ {v} ∈ S is larger than S∗ in contradiction to the maximality. Thus, U = H, and this
in particular implies that (Pn)n∈N weakly converges to the identity.

We now consider a symmetry Q = P − (IH − P ) for some orthogonal projection P that is
neither 0 nor the identity. Let H+ be the image of P and H− its kernel. As Q is IH+ on H+ and
−IH− on H−, by the argument from above, there are finite-dimensional G-invariant subspaces
H±

n ⊂ H±
n+1 ⊂ H±, n ∈ N, such that P±

n u
n→∞−−−→ u, u ∈ H±, where P±

n are the orthogonal
projections onto H±

n in H±. If we set Hn := H+
n ⊕H−

n , then Pn := P+
n + P−

n is the orthogonal
projection onto Hn if we regard P±

n as orthogonal projection on H extended to H∓ by zero.
Now Hn is an increasing sequence of invariant spaces and (Pn)n∈N weakly converges to the
identity. The projections Pn also commute with Q as

PnQ−QPn = (P+
n + P−

n )(P − (IH − P ))− (P − (IH − P ))(P+
n + P−

n )

= P+
n P − P−

n (IH − P )− PP+
n + (IH − P )P−

n = 0,

where we have used that P1P2 = P2P1 = P1 if im(P1) ⊂ im(P2) for any orthogonal projections
P1, P2. ■

Note that as Pn commutes with Q by the previous lemma, it follows that Q(Hn) = Hn as
well as Q(H⊥

n ) = H⊥
n .

3.3 Invariance under conjugation

We show the following further property of µ, which is of independent interest. In what follows,
we denote by O(H) the orthogonal operators on the real Hilbert space H.

Proposition 3.4. If µ : Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
→ RO(G) has the properties (ZG),

(AG), (HG) and (MG), then

µ(U∗LU) = µ(L) ∈ RO(G) (3.11)

for any U ∈ O(H)G and L ∈ Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
, where U∗LU stands for the path

{U∗LλU}λ∈I .

Proof. Let R denote the at most countable set of all isomorphism classes of irreducible repre-
sentations of G. If Hν denotes the isotypical component of H modelled on ν ∈ R, then we have
the decomposition

H =
⊕
ν∈RH

Hν ,
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where RH ⊂ R is the subset of representations ν such that Hν ̸= {0}. We now claim that for
any path L = {Lλ}λ∈I in FS(H)G, there is a finite subset R′ ⊂ RH such that

H =

(⊕
ν∈R′

Hν

)
⊕

( ⊕
ν∈RH\R′

Hν

)
=: V ⊕W, (3.12)

Lλ(V ) ⊂ V , Lλ(W ) ⊂ W , and Lλ|W : W → W is an isomorphism for all λ ∈ I.
To show (3.12), let 0 = λ0 < λ1 < · · · < λN = 1 and ai > 0 be as in the definition (2.1) of

the equivariant spectral flow, which in particular means that

[λi−1, λi] ∋ λ 7→ χ[−ai,ai](Lλ) ∈ L(H)G

is a continuous family of finite rank projections for i = 1, . . . , N . It follows from [16, Lemma 2.2]
that any im(χ[−ai,ai](Lλ)), λ ∈ [λi−1, λi], and the space im(χ[−ai,ai](Lλi

)) for λ = λi are isomor-
phic G-representations. If we now set Ei := im(χ[−ai,ai](Lλi

)), then this is a G-representation
of finite dimension and thus

Ei =
⊕
ν∈Ri

Ei
ν

for some finite subset Ri ⊂ RH , where again Ei
ν is the isotypical component of Ei modelled

on ν. For R′ := R1 ∪ · · · ∪ RN , the set R′ is finite and any im(χ[−ai,ai](Lλ)), λ ∈ [λi−1, λi],
i = 1, . . . , N , is a subrepresentation of

V :=
⊕
ν∈R′

Hν .

Consequently, Lλ|W : W → W , λ ∈ I, is an isomorphism for

W :=
⊕

ν∈RH\R′

Hν

and (3.12) is shown.
Next, let us recall that any isotypical componentHν is G-isomorphic to E⊗ν for some Hilbert

space E on which G acts trivially, and L(Hν)
G is isomorphic to L(E)⊗K (cf. [6]), where K = R,

K = C, or K = H. Thus, it follows from Kuiper’s theorem that O(Hν)
G is contractible if the

isotypical component Hν is of infinite dimension. Thus, O(Hν)
G is in particular path-connected

in this case.
To finally show Proposition 3.4, we let H = V ⊕W as in (3.12) and U ∈ O(H)G. Then

µ(U∗LU) = µ(U∗L|V U) + µ(U∗L|WU) = µ(U∗L|V U),

where we have used (AG), (ZG) and that Lλ|W is invertible for all λ ∈ I. We set

R1 := {µ ∈ R′ | dim(Hν) = ∞}, R2 := R′ \R1,

where

V :=
⊕
ν∈R′

Hν

for some finite set R′ of representations of G as in (3.12). Now

V =

(⊕
ν∈R1

Hν

)
⊕

(⊕
ν∈R2

Hν

)
,
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where both sums are finite and we obtain from (AG)

µ(U∗L|V U) =
∑
ν∈R1

µ(U∗L|HνU) +
∑
ν∈R2

µ(U∗L|HνU) ∈ RO(G).

We have for ν ∈ R1

µ(U∗L|HνU) = µ(L|Hν )

by (HG) as O(Hν)
G is path-connected. Moreover, we obtain by (MG) for ν ∈ R2

µ(U∗L|HνU) = [E−(U∗L0|HνU)]− [E−(U∗L1|HνU)]

= [E−(L0|Hν )]− [E−(L1|Hν )] = µ(L|Hν ),

where we use that U∗ is a G-equivariant isomorphism between E−(Lλ|Hν ) and E−(U∗Lλ|HνU)
for λ ∈ I. In summary,

µ(U∗LU) = µ(U∗L|V U) =
∑
ν∈R1

µ(U∗L|HνU) +
∑
ν∈R2

µ(U∗L|HνU)

=
∑
ν∈R1

µ(L|Hν ) +
∑
ν∈R2

µ(L|Hν ) = µ(L|V ) = µ(L|V ) + µ(L|W ) = µ(L),

where we have used (AG) and (ZG) in the equalities of the second line. Consequently, Proposi-
tion 3.4 is shown. ■

Remark 3.5. We noted below Corollary 2.2 that Theorem 2.1 also holds if we consider the
G-equivariant spectral flow for complex Hilbert spaces, and the proof simplifies in this case.
The reason for the latter is that the set of G-equivariant unitary operators U(H)G is path-
connected (cf. [3, Section 2.2] and [6]), so that a complex version of (3.11) follows from (HG) by
connecting U to the identity.

3.4 Finite-dimensional approximation and end of proof

We now consider a path L ∈ Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
. By Theorems 3.1 and 3.2, there

is a G-equivariant cogredient parametrix for L, i.e., a path M = {Mλ}λ∈I in GL(H)G such that

M∗
λLλMλ = Q+Kλ, λ ∈ I,

where Kλ is G-equivariant, selfadjoint and compact, and Q is a G-equivariant symmetry. We set
L̃λ = M∗

λLλMλ and consider the path L̃ = {L̃λ}λ∈I , which is an element of Ω
(
FS(H)G,GL(H)∩

FS(H)G
)
so that µ

(
L̃
)
is defined.

Lemma 3.6. The paths of operators L and L̃ from above have the same µ-class in RO(G), i.e.,

µ(L) = µ
(
L̃
)
∈ RO(G).

Proof. The path L̃ is homotopic to {M∗
0LλM0}λ∈I and the corresponding homotopy does not

affect µ by (HG) as L0 and L1 are invertible. Next, we consider the polar decomposition

M0 = UR of M0 into two G-equivariant operators which are given by U = M0(M
∗
0M0)

− 1
2 and

R = (M∗
0M0)

1
2 . Note that U is orthogonal and R is selfadjoint and positive. Then we have

M∗
0LλM0 = RU∗LλUR, λ ∈ I,
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and see that the homotopy

{((1− s)R+ sIH)U∗LλU((1− s)R+ sIH)}(s,λ)∈I×I

deforms {M∗
0LλM0}λ∈I into the path {U∗LλU}λ∈I . As (1 − s)R + sIH ∈ GL(H)G for all

s ∈ I, again this homotopy does not affect µ by (HG). Finally, the claim follows from Proposi-
tion 3.4. ■

For simplicity of notation, we henceforth assume that Lλ = Q + Kλ, λ ∈ I, where the
operators Kλ are compact, selfadjoint and G-equivariant, and Q = P − (IH − P ) for some
G-equivariant orthogonal projection P . By Lemma 3.3, there is an approximation scheme for
Q, i.e., an increasing sequence Hn, n ∈ N, of finite-dimensional G-invariant subspaces of H
such that the orthogonal projections Pn onto Hn commute with Q and weakly converge to
the identity. We now consider for n ∈ N the paths PnLPn = {PnLλPn}λ∈I made by the G-
equivariant operators PnLλPn : Hn → Hn.

Lemma 3.7. There is n0 ∈ N such that PnLPn has invertible endpoints for all n ≥ n0 and

µ(L) = µ(PnLPn) ∈ RO(G).

Proof. We first consider the operator

(IH − Pn)Lλ|H⊥
n
= Q+ (IH − Pn)Kλ|H⊥

n

and aim to show that it is invertible for sufficiently large n ∈ N. As it is a compact perturbation
of an invertible operator, it is a Fredholm operator of index 0 and so we only need to show the
injectivity.

Since the family {Kλ}λ∈I consists of compact operators, the subset {Kλ(u) | λ ∈ I, ∥u∥ = 1}
of H is relatively compact. As Pn weakly converges to the identity, IH −Pn uniformly converges
to 0 on compact subsets of H. Consequently, there exists n0 ∈ N such that

∥(IH − Pn)Kλu∥ ≤ 1

2
∥u∥, u ∈ H, λ ∈ I, n ≥ n0.

As Q is orthogonal, we have ∥Qu∥ = ∥u∥, u ∈ H, and thus

∥(IH − Pn)Lλu∥ = ∥Qu+ (IH − Pn)Kλu∥ ≥ 1

2
∥u∥, u ∈ H⊥

n ,

which indeed shows that (IH − Pn)Lλ|H⊥
n

is injective for n ≥ n0.

As second step, we consider the homotopy

h(s, λ) = sLλ + (1− s)((IH − Pn)Lλ(IH − Pn) + PnLλPn), (s, λ) ∈ I × I,

in FS(H)G and aim to show that the endpoints are invertible for sufficiently large n ∈ N, i.e.,
h(s, 0), h(s, 1) ∈ GL(H) for all s ∈ I, n ≥ n0, and some n0 ∈ N. We first note that

h(s, λ) = Q+ sKλ + (1− s)((IH − Pn)Kλ(IH − Pn) + PnKλPn),

and thus h(s, λ) are indeed all Fredholm operators of index 0. Let us now assume by contradiction
that an n0 as claimed does not exist. Then there are a sequence (un)n∈N, ∥un∥ = 1, in H and
a sequence (sn)n∈N in I such that

Qun + snK0un + (1− sn)((IH − Pn)K0(IH − Pn)un + PnK0Pnun) = 0, n ∈ N.
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Now K0 is compact and Pn converges on compact subsets of H to the identity, which implies
that there is a subsequence (unj )j∈N such that (Qunj )j∈N converges. Without loss of generality,
we can assume that (snj ) converges to some s∗ ∈ I. Then the invertibility of Q shows that
(unj )j∈N converges to some u ∈ H of norm 1. Thus,

lim
n→∞

(IH − Pn)K0(IH − Pn)un = 0, lim
n→∞

PnK0Pnun = K0u,

and so

L0u = Qu+K0u = Qu+ s∗K0u+ (1− s∗)K0u = 0,

which contradicts the invertibility of L0. Of course, the same argument applies to the invertible
operator L1.

Thus, we have shown that there is some n0 ∈ N such that for n ≥ n0, h(s, 0) and h(s, 1)
are invertible for all s ∈ I and the operators (IH − Pn)Lλ|H⊥

n
, λ ∈ I, are invertible. This in

particular shows that PnL0Pn and PnL1Pn are invertible. Finally, we obtain from (HG) and
(AG) that for n ≥ n0

µ(L) = µ(h(1, ·)) = µ(h(0, ·)) = µ((IH − Pn)L(IH − Pn) + PnLPn) = µ(PnLPn),

as claimed. ■

Now the end of the proof is rather simple. We first note that by (MG) and the previous
lemma

µ(L) = µ(PnLPn) = [E−(PnL0Pn)]− [E−(PnL1Pn)] ∈ RO(G) (3.13)

for sufficiently large n ∈ N. As the right-hand side does not depend on µ but only on the path L,
any two choices of a map µ ultimately must be the same by the equalities in (3.13).

4 The G-equivariant spectral flow
as G-equivariant Maslov index

4.1 The G-equivariant Maslov index

To introduce the G-equivariant Maslov index, we firstly need a slightly more general definition
of the G-equivariant spectral flow. As selfadjoint operators are closed, the set of (generally)
unbounded selfadjoint Fredholm operators A : D(A) ⊂ H → H naturally is a metric space by

d(A1,A2) = ∥P1 − P2∥, (4.1)

where Pi, i = 1, 2, denote the orthogonal projections onto the graphs of Ai in H × H. Thus,
it is sensible to consider paths Aλ : D(Aλ) ⊂ H → H of selfadjoint Fredholm operators, where
now the domain D(Aλ) depends on the parameter λ ∈ I. It was shown by Booß-Bavnbek, Lesch
and Phillips in [5] that the spectral flow can be defined verbatim by the same formula (1.2)
and that all its basic properties still hold in this more general setting. Now, if in addition G is
a compact Lie group acting orthogonally on H, D(Aλ) is G-invariant and Aλ is G-equivariant
for all λ ∈ I, it should come as no surprise that (2.1) defines a G-equivariant spectral flow
sfG(A) in RO(G) which in particular satisfies corresponding properties (ZG), (AG) and (HG)
in this setting. Actually, the G-equivariant spectral flow has already been introduced for paths
of unbounded operators in [16], where constant domains were only assumed for the sake of
simplicity.
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Let us next recall that a symplectic Hilbert space is a real Hilbert space E with an invertible
bounded operator J : E → E such that J∗ = −J and J2 = −IE . This yields a symplectic form
on E by ω(u, v) = ⟨Ju, v⟩. A closed subspace L ⊂ E is called Lagrangian if L and its annihilator
{u ∈ E | ω(u, v) = 0 for all v ∈ L} coincide, which is equivalent to

L⊥ = J(L). (4.2)

In the latter formula, the orthogonal complement is meant with respect to the scalar product
of the Hilbert space E (cf. [11]). The set Λ(E,ω) of all Lagrangian subspaces of E naturally is
a metric space by

d(L1, L2) = ∥P1 − P2∥, (4.3)

where Pi, i = 1, 2, are the orthogonal projections onto the closed subspaces Li. Let us recall
that two closed subspaces U , W are called a Fredholm pair if dim(U ∩W ) and codim(U +W )
are of finite dimension. We now fix some W ∈ Λ(E,ω) and set

FLW (E,ω) = {L ∈ Λ(E,ω) | (L,W ) is a Fredholm pair}.

Booß-Bavnbek and Furutani constructed in [4] a Maslov index µMas(Γ,W ) ∈ Z for paths
Γ = {Γλ}λ∈I in FLW (E,ω). Roughly speaking, the Maslov index counts the intersections
of Γλ with W including dimensions whilst the parameter λ is travelling along the interval I.
If E is of finite dimension, then every pair of subspaces is Fredholm and this construction is the
classical one [21]. A rigorous construction of the Maslov index in symplectic Hilbert spaces is
rather involved (see [11]) and uses a spectral flow for paths of unitary operators. In the finite-
dimensional case, Capell, Lee and Miller showed in a seminal paper [7] that it can equivalently
be defined as the spectral flow of a path of selfadjoint differential operators (see also [15]), which
can make it very accessible. This link between the Maslov index and the spectral flow was
generalised to symplectic Hilbert spaces by the last author in [27], and now paves the way for
introducing a G-equivariant Maslov index. Let us note that the more general case of relative
Maslov indices was considered in [11] as well and the below construction can be generalised
along the same lines.

Let E be a symplectic Hilbert space with symplectic form ω represented by the bounded
invertible operator J : E → E. We assume that G is a compact Lie group acting orthogonally
and symplectically on E, i.e., g∗g = gg∗ = IE and g∗Jg = J for all g ∈ G. Let W ∈ Λ(E,ω) be
G-invariant and Γ = {Γλ}λ∈I a path of G-invariant spaces in FLW (E,ω). We define differential
operators on L2(I, E) by

AΓ
λ : D

(
AΓ

λ

)
⊂ L2(I, E) → L2(I, E), AΓ

λu = Ju′, (4.4)

where

D(AΓ
λ) =

{
u ∈ H1(I, E) | u(0) ∈ Γλ, u(1) ∈ W

}
.

It was shown in [27] that AΓ =
{
AΓ

λ

}
λ∈I is a continuous path of selfadjoint Fredholm operators

with respect to (4.1) if Γ = {Γλ}λ∈I is continuous with respect to (4.3). Note that the dimension
of the kernel of AΓ

λ exactly is the dimension of the intersection Γλ∩W . Theorem B of [27] states
that

µMas(Γ,W ) = sf
(
AΓ
)
∈ Z.

Note that the orthogonal action of G on E naturally transfers to an orthogonal action on
L2(I, E), D

(
AΓ

λ

)
is invariant under this action and, since the action is symplectic, AΓ

λ is G-equiv-
ariant. Thus, the G-equivariant spectral flow of AΓ is defined as explained above, and we can
now make the following definition.
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Definition 4.1. Let E be a symplectic Hilbert space with symplectic form ω represented by
J : E → E and G a compact Lie group acting orthogonally and symplectically on E. If W ∈
Λ(E,ω) is G-invariant and Γ = {Γλ}λ∈I is a path in FLW (E,ω) such that each Γλ is G-invariant,
then the G-equivariant Maslov index is defined by

µG
Mas(Γ,W ) = sfG

(
AΓ
)
∈ RO(G),

where AΓ is the associated path of selfadjoint Fredholm operators in (4.4).

4.2 The G-equivariant spectral flow as G-equivariant Maslov index

Our aim is now to show an example in which we compute the G-equivariant Maslov index by
Theorem 2.1. We let once again H be a real separable Hilbert space and G a compact Lie group
which acts orthogonally on H. Moreover, we assume that L = {Lλ}λ∈I is a path in FS(H)G as
in Theorem 2.1. Note that the space E := H ×H is a symplectic Hilbert space with respect to
the standard symplectic form, which is represented by J : E → E,

J =

(
0 −IH
IH 0

)
.

We now consider the subspaces W = H × {0} ⊂ E and

Γλ = graph(Lλ) = {(u, Lλu) | u ∈ H}, λ ∈ I.

The following lemma shows that the classical Maslov index µMas(Γ,W ) of Γ with respect to W
is defined.

Lemma 4.2. For W as above, Γ = {Γλ}λ∈I is a path in FLW (E,ω).

Proof. We first note that it follows from (4.2) thatW and Γλ, λ ∈ I, are Lagrangian. Moreover,
the Fredholm property of Lλ implies that Γλ ∈ FLW (E,ω) ⊂ Λ(E,ω). Finally, every path
L = {Lλ}λ∈I in FS(H) is continuous with respect to the metric (4.1) (cf. [17]) and thus the
path Γ is continuous in Λ(E,ω) with respect to (4.3) by definition. ■

We now consider the diagonal action g(u, v) = (gu, gv) on E = H × H and note that this
action is orthogonal and symplectic. Moreover, W and graph(Lλ) are G-invariant, where we use
in the latter case that Lλ is G-equivariant. Thus, the G-equivariant Maslov index is defined.

Theorem 4.3. Let G be a compact Lie group that acts orthogonally on H. For every path
L = {Lλ}λ∈I in FS(H)G with invertible ends

sfG(L) = µG
Mas(Γ,W ) ∈ RO(G),

where Γ = {graph(Lλ)}λ∈I and W = H × {0}.

Proof. We aim to use Theorem 2.1, thus set

µ : Ω
(
FS(H)G,GL(H) ∩ FS(H)G

)
→ RO(G), µ(L) = µG

Mas(Γ,W ),

and now show (ZG), (AG), (HG) and (MG) for µ. Let us emphasize that we can use these
properties for the spectral flow of the path AΓ in Definition 4.1, which we henceforth do without
further reference.

We first consider (ZG) for a path L = {Lλ}λ∈I . If Lλ is invertible for all λ ∈ I, then
ker(Lλ) ∩ W = {0} and thus AΓ

λ is invertible for all λ ∈ I as it in particular is a Fredholm
operator of index 0. Consequently, µ(L) = 0 by Definition 4.1 and (ZG) for the path AΓ.
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For (AG), we let H = H1 ⊕H2 for two G-invariant subspaces that reduce the operators Lλ.
Now E = H ×H = (H1 ⊕H2)× (H1 ⊕H2), and if we set Li

λ := Lλ|Hi , i = 1, 2, then

graph(Lλ) =
{(

(u, v),
(
L1
λu, L

2
λv
))

∈ E | (u, v) ∈ H = H1 ⊕H2

}
.

We let AΓ
λ be the operator for Γλ = graph(Lλ) in Definition 4.1. Moreover, for Ei = Hi ×Hi,

i = 1, 2, we have

graph(Li
λ) =

{(
u, Li

λu
)
∈ Ei | u ∈ H i

}
,

and denote by AΓ,i
λ the corresponding operators in Definition 4.1. Let us now consider the

operator U : E → E defined by U(v1, v2, v3, v4) = (v1, v3, v2, v4). Then U is orthogonal and
U graph(Lλ) = graph

(
L1
λ

)
⊕ graph

(
L2
λ

)
. Moreover, U({(v1, v2, 0, 0) ∈ E | v1 ∈ H1, v2 ∈ H2}) =

W1 ⊕W2, where Wi = Hi × {0} ⊂ Ei, i = 1, 2. Now U : E → E yields an orthogonal operator
on L2(I, E), which we also denote by U , and we see that UD

(
AΓ

λ

)
= D

(
AΓ,1

λ ⊕AΓ,2
λ

)
. Moreover,

a direct computation shows that

U∗JU =


0 −IH1 0 0

IH1 0 0 0
0 0 0 −IH2

0 0 IH2 0

 =

(
JE1 0
0 JE2

)
,

where JEi : Ei → Ei, i = 1, 2, denotes the bounded invertible operator that represents the
symplectic form in Ei. Consequently, U∗AΓ

λU = AΓ,1 ⊕AΓ,2, which shows that

sfG
(
AΓ
)
= sfG

(
AΓ,1 ⊕AΓ,2

)
= sfG

(
AΓ,1

)
+ sfG

(
AΓ,2

)
∈ RO(G)

by Proposition 3.4 and (AG) for AΓ. Therefore, it follows from Definition 4.1 that µ(L) =
µ(L|H1) + µ(L|H2), which is (AG) for L.

To show (HG) for L, we let h : I × I → FS(H)G be a family such that h(s, 0) and h(s, 1) are
invertible for all s ∈ I. As in the proof of Lemma 4.2, the family Γ = {graph(h(s, λ))}(s,λ)∈I×I

is continuous with respect to (4.3) and thus yields a homotopy AΓ =
{
AΓ

(λ,s)

}
(λ,s)∈I×I

of un-

bounded operators as in (4.4). Since (HG) holds for this homotopy, we obtain µ(h(0, ·)) =
µ(h(1, ·)) ∈ RO(G) and thus (HG) for L.

We now focus on (MG) and assume that H is of finite dimension. Let us consider Lλ for
a fixed λ ∈ I, as well as the operator AΓ

λ on E = H ×H. Note that Lλ has a finite spectrum
as H is of finite dimension, and AΓ

λ has a discrete spectrum which only consists of eigenvalues
of finite multiplicity as AΓ

λ now has a compact resolvent (cf. [7]). The equation Ju′ = αu has
the fundamental solution

cos(αt)IE − sin(αt)J, t ∈ I,

and thus we obtain all solutions that satisfy u(0) = (u, Lλu) ∈ graph(Lλ) for some u ∈ H by

u(t) =

(
cos(αt)u+ sin(αt)Lλu
− sin(αt)u+ cos(αt)Lλu

)
.

As we also need to require that u(1) ∈ H×{0}, we see that u ∈ D(AΓ
λ), if and only if − sin(α)u+

cos(α)Lλu = 0. If α ∈ (−π
2 ,

π
2 ), then the latter equation is equivalent to Lλu = tan(α)u. Thus,

the whole spectrum of Lλ can be bijectively mapped to the eigenvalues of Aλ in (−π
2 ,

π
2 ). Now

let 0 = λ0 < λ1 < · · · < λN = 1 and ai ∈ (−π
2 ,

π
2 ), i = 1, . . . , N , be numbers as in the definition

of the spectral flow in (1.2) for AΓ. As the operators AΓ
λ have discrete spectrum, we can choose
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the ai sufficiently large, such that the whole spectrum of Lλ is contained in [− tan(ai), tan(ai)]
for λi−1 ≤ λ ≤ λi. This yields for any a ≥ max{tan(a1), . . . , tan(aN )}

µ(L) = sfG(AΓ) =
N∑
i=1

([
E
(
AΓ

λi
, [0, ai]

)]
−
[
E
(
AΓ

λi−1
, [0, ai]

)])
=

N∑
i=1

[E(Lλi
, [0, a])]− [E(Lλi−1

, [0, a])] = [E(L1, [0, a])]− [E(L0, [0, a])]

= [E(L0, [−a, 0))]− [E(L1, [−a, 0))] = [E−(L0)]− [E−(L1)] ∈ RO(G),

where we have used in the third equality that mapping an eigenfunction u of AΓ
λ to the projection

onto H × {0} of u(0) is a G-equivariant isomorphism of eigenspaces. Moreover, the second last
equality follows from

0 = [E(L1, [−a, a])]− [E(L0, [−a, a])]

= ([E(L1, [0, a])]− [E(L0, [0, a])]) + ([E(L1, [−a, 0))]− [E(L0, [−a, 0))]),

which ends the proof of the theorem. ■

Let us point out, without going into details, that it is also possible to prove

sfG(L) = µG
Mas(Γ,W ) = sfG

(
AΓ
)
∈ RO(G)

directly from the definition (2.1). This requires a similar argument as for (MG) in infinite
dimensions as well as a careful choice of the partition 0 = λ0 ≤ · · · ≤ λN = 1 and the numbers
ai > 0, i = 1, . . . , N , for both paths L and AΓ.

4.3 An example

In this final part, we discuss a simple example of a path in the Fredholm Lagrangian Grassman-
nian of a Hilbert space for which the classical Maslov index vanishes but the G-equivariant
Maslov index is non-trivial. Let H be a real separable Hilbert space and M = {Mλ}λ∈I
be a path in FS(H) with invertible endpoints. We consider the family Γλ of subspaces of
E = H ⊕H ⊕H ⊕H given by

Γλ = {(u, v,Mλu,−Mλv) | u, v ∈ H} and W = H ⊕H ⊕ {0} ⊕ {0}.

As the operators Mλ are selfadjoint and Fredholm, it is readily seen that actually Γ = {Γλ}λ∈I
is a path in FLW (E,ω), where ω is represented by

J =

(
0 −IH⊕H

IH⊕H 0

)
.

We now consider the G = Z2-action on E given by

g(u1, u2, u3, u4) = (u1,−u2, u3,−u4), (4.5)

where g denotes the non-trivial element of Z2, and note that all spaces Γλ, λ ∈ I, as well
as W are invariant under this action. Thus, the Z2-equivariant Maslov index µG

Mas(Γ,W ) is
defined as an element of RO(Z2). Now recall that all real irreducible representations of Z2 are
one-dimensional and thus every real k-dimensional representation is up to isomorphism a k × k
diagonal matrix of the form diag(1, . . . , 1,−1, . . . ,−1). Consequently, there is an isomorphism
ϕ : RO(Z2) → Z⊕ Z of abelian groups given by

ϕ([E]− [F ]) =
(
dim(E)− dim(F ),dim

(
EG
)
− dim

(
FG
))
, (4.6)

where EG ⊂ E and FG ⊂ F denote the spaces of fixed points under the group action.
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The G-equivariant Maslov index µG
Mas(Γ,W ) can now be computed by Theorem 4.3. Indeed,

Γλ is the graph of the selfadjoint Fredholm operator Lλ : H ⊕H → H ⊕H given by

Lλ =

(
Mλ 0
0 −Mλ

)
.

Moreover, Lλ is equivariant under the Z2-action g(u, v) = (u,−v) on H ⊕ H, where g again
denotes the non-trivial element of Z2. Note that (4.5) is the corresponding diagonal action and
thus we are in the setting of Theorem 4.3. It is not difficult to see from (4.6) (see [16, Section 2.4]
for the full argument) that

ϕ(sfZ2(L)) = (sf(L), sf(M)) = (0, sf(M)) ∈ Z⊕ Z,

where we have used that the classical spectral flow (1.2) of L has to vanish as the spectrum of
each Lλ is symmetric about 0.

Thus, µZ2
Mas(Γ,W ) ∈ RO(Z2) is non-trivial if and only if sf(M) ∈ Z is non-trivial. Finally,

note that in case of the trivial group G, we see from Theorem 4.3 that

µMas(Γ,W ) = sf(L) = 0 ∈ Z,

i.e., the classical Maslov index [4] vanishes.
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