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Abstract. In some previous work, we defined an invariant of genus zero nonabelian Hodge
spaces taking the form of a diagram. Here, enriching the diagram by fission data to obtain
a refined invariant, the enriched tree, including a partition of the core diagram into k sub-
sets, we show that this invariant contains sufficient information to reconstruct &+ 1 different
classes of admissible deformations of wild Riemann surfaces, that are all representations of
one single nonabelian Hodge space, so that the isomonodromy systems defined by these rep-
resentations are expected to be isomorphic. This partially generalises to the case of arbitrary
singularity data the picture of the simply-laced case featuring a diagram with a complete
k-partite core. We illustrate this framework by discussing different Lax representations for
Painlevé equations.
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1 Introduction

1.1 General motivation: classification of (wild) nonabelian Hodge spaces

The main aim of this work is to formulate a convenient combinatorial way of identifying many
conjectural isomorphisms between different genus zero nonabelian Hodge spaces, which should
in turn extend to isomorphisms between the related isomonodromy systems, generalising known
(multi)dualities between different Lax representations of Painlevé-type equations to the case of
arbitrary irregular types.

The term ‘nonabelian Hodge space’, introduced in [11, Definition 7|, refers to a class of
manifolds that can be seen as moduli spaces for different types of objects. On one hand, they
are moduli spaces of meromorphic connections with possibly irregular singularities on curves
(the de Rham side). Via the Riemann—Hilbert—Birkhoff correspondence, they are also moduli
spaces of generalised monodromy data, known as wild character varieties [9, 15] (the Betti side),
and, via the wild nonabelian Hodge correspondence [5], as moduli spaces of irregular Higgs
bundles (the Dolbeault side). Furthermore, they carry rich (symplectic, hyperkéhler) geometric
structures, and give rise to (isospectral and isomonodromic) integrable systems, including many
classical integrable systems of interest in mathematical physics such as all Painlevé equations
(see, e.g., [11] for an overview).

A nonabelian Hodge space M depends on the choice of a tuple (X, a, ®,C), that we call a wild
Riemann surface with boundary data. Here the triple (X, a, ®) is a wild Riemann surface 9, 12],
meaning that ¥ is a compact Riemann surface, a = {a1,...,a,} C X is a finite set of points
on ¥ corresponding to the singularities of the connections giving rise to points of Mygr, the
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global irreqular class ® encodes the type of singularities that these connections have at each
singular point, and C is a collection of conjugacy classes, encoding the formal monodromies of
the connections.

Remarkably, it turns out that there exist some isomorphisms between moduli spaces defined
by different wild Riemann surfaces with boundary data, corresponding to connections with
different ranks, number of singularities and pole orders. It is expected that when this happens
the moduli spaces are really isomorphic as nonabelian Hodge spaces, i.e., all the structures
of the nonabelian Hodge package match in the natural way. In other words, we would like
to view those different wild Riemann surfaces with boundary data as different realizations, or
representations, of one single abstract nonabelian Hodge space M, which raises the question of
their classification. Notice that here we will only be considering representations coming from
the case of vector bundles, however wild nonabelian Hodge spaces arising from vector bundles
may also be isomorphic to nonabelian Hodge spaces arising from principal G-bundles, for G
a complex reductive group different from GL,,(C), see, for example, [14].

Varying the wild Riemann surface, one can consider moduli spaces of irregular connections
in families, giving rise to isomonodromic deformations [9]. If the connections are written down
explicitly in coordinates, this gives systems of nonlinear PDEs which include, among the simplest
nontrivial examples, all Painlevé equations [35] (see also [4, 28, 42] for works investigating more
systematically the question of obtaining explicit Hamiltonians for isomonodromic deformations).
In this picture, the wild Riemann surface (X, a, ®) giving rise to a given isomonodromy system
corresponds to what is called a Lax representation, Lax pair, or linearisation for the system in the
literature on integrable systems, albeit in a more abstract sense than is often the case (typically
the term Lax pair is used to refer to an explicit parametrisation in coordinates of the coefficients
of the connections). The existence of nontrivial isomorphisms between different nonabelian
Hodge spaces is related to the existence of different Lax representations for many Painlevé-type
equations, and the question of the classification of nonabelian Hodge spaces extends to the
problem of finding all possible Lax representations for a given isomonodromy system.

1.2 Diagrams and isomorphisms between moduli spaces of connections

Interestingly, it turns out that in many genus zero cases, i.e., when the underlying Riemann
surface is P*(C), there is a clean combinatorial way to pass between different representations.

Possibly the simplest instance where such “dualities” between different moduli spaces of
connections on P! occur is Harnad duality [1, 2, 30, 52], which relates dual connections on
trivial vector bundles over the affine line of the form d — (A + P(Y — 2)7'Q)dz and d + (Y +
Q(A — z)*lP)dz, where P: W — V and @Q: V — W are linear maps, where V', W are finite
dimensional complex vector spaces, and A € End(V), Y € End(W). The connections on
both sides have an irregular singularity at infinity, with a pole of order two, as well as regular
singularities at finite distance, whose positions are given by the eigenvalues of A and Y. Harnad
showed that the isomonodromic deformations of these two connections, governed by the JMMS
equations [34], are equivalent. The duality induces an isomorphism between the de Rham moduli
spaces corresponding to both sides.

Harnad duality can be conveniently described in a graphical way as follows. The linear
maps A, Y, P, () can be viewed as representations of the quiver drawn below, and the duality
corresponds to exchanging the roles of the two vertices:

Yeoasorr
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When A and Y are semisimple, the vector spaces V and W can further be split into the corre-
sponding eigenspaces, giving rise to a complete bipartite graph, and Harnad duality amounts to
exchanging the two subsets of vertices.

This duality was enlarged by Boalch [6, 8, 10] in the simply-laced case, which is the case of
connections on P! having one irregular singularity, located at infinity, with an (unramified) pole
of order at most 3, possibly together with regular singularities at finite distance: now there is
a “multiduality” between more than two moduli spaces of connections.

This multiduality can also be conveniently encoded in a graphical way, in terms of a supernova
quiver: it consists of a core, which is a complete k-partite graph for some integer k (i.e., the
core is a disjoint union of k subsets of vertices, and each vertex in one subset is linked by one
edge to every vertex belonging to a different subset) to which are then glued legs, each leg being
a linear (i.e., type A) quiver.

The main statement is then as follows [8]: such a supernova quiver, together with some ex-
tra data, canonically determines k 4+ 1 moduli spaces of connections of simply-laced type, with
in general different ranks and number of singularities, all isomorphic to each other. In each
representation, the vertices of the core diagram are in one-to-one correspondence with the expo-
nential factors of the connections. There is one generic representation, of maximal rank, with
only one (irregular) singularity, located at infinity, and every i € {1, ..., k} defines a nongeneric
representation, in which the vertices of the i-th subset of the core diagram correspond to regular
singularities at finite distance, while all other core vertices correspond to exponential factors at
infinity. In other words, one can read from the diagram k 4 1 representations of the same de
Rham moduli space (see the example on the figure below). More concretely, the generic repre-
sentation corresponds to connections of the form d — (Az + B)dz, with A, B constant matrices,
and A semisimple, with k distinct eigenvalues in one-to-one correspondence with the subsets of
the partition of the core diagram. Furthermore, the equations governing the isomonodromic de-
formations of each representation are equivalent, so we can say that the different representations
correspond to isomorphisms of isomonodromy systems.

< 41T

Figure 1. Example of different readings of a (core) diagram in the simply-laced case, cf. [6, p. 11].

o @ O—0——0

On the left, a complete 3-partite graph, with the different colours of the vertices corresponding to the 3
subsets of the partition. The generic reading corresponds to rank 5 connections with one pole of order 3.
The three other figures on the right correspond to the nongeneric readings, each reading being obtained
by singling out one of the subsets of the partition and interpreting as coming from regular singularities
at finite distance. The nongeneric readings correspond to connections with ranks 3, 3, 4, and pole
orders 3+ 141,341+ 1, 3+ 1 respectively from left to right.

1.3 Basic operations on connections on P' and weak representations

From a more abstract point of view, Harnad duality is underlain by the Fourier—Laplace trans-
form [6, 8, 30, 39]. It is an operation on (almost all) irreducible algebraic connections on Zariski
open subsets of the affine line induced by the automorphism of the Weyl algebra of differential
operators A; := Cl[z,0,] defined by z +— —0,, 9, — z. Applied to such a connection, it gives
another connection with in general different rank, number of singularities and pole orders.
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Similarly, underlying the enlarged symmetry of the simply-laced case is the fact that the
Fourier transform is actually part of a larger group of transformations acting on connections on
the affine line: indeed, any matrix

a b
=0 o)

in SL2(C) defines an automorphism of the Weyl algebra by z — az + b0,, 0, — cz + d0,
(this simply follows from the fact that this transformation preserves the defining commutation
relation [0, z] = 1 of A;). This induces an action of the group SLa(C) on the set of isomorphism
classes of irreducible algebraic connections on Zariski open subsets of the affine line C (excluding
rank 1 connections with only a pole at infinity of order less than 2). The property of being of
simply-laced type is preserved by this action, and the k£ + 1 readings of the supernova quiver
in the simply-laced case correspond to the different singularity patterns that appear in a given
orbit.

More generally, there is a larger class of basic operations on irreducible irregular connections
on P!, consisting of

e Mobius transformations of P!,
e Twists by rank one connections,
e SLy(C) transformations.

We will often refer to the SLo(C) transformations as symplectic transformations to avoid possible
confusions with Md&bius transformations. These operations play an essential role in the extension
due to Deligne—Arinkin [3, 19] of the Katz algorithm for rigid local systems [38] to the case of
irregular connections, which provides a way to reduce any irreducible rigid connection on P* to
the trivial rank one connection by repeated application of such operations.

Mobius transformations and twists induce in a straightforward way isomorphisms of non-
abelian Hodge spaces, in particular they do not change their Betti side description as wild
character varieties. On the other hand, the Fourier transform is expected to induce nontrivial
isomorphisms of wild character varieties.

It is known in the case of regular singularities and in the simply-laced case that the wild
character varieties on both sides of the Fourier transform are isomorphic [10]. In the case of
regular singularities it has also been shown that the Fourier transform induces a hyperkahler
isometry [50] between the nonabelian Hodge moduli spaces. Some work remains to be done
to deal with the general case, due to the fact that determining the Stokes data of the Fourier
transform of an irregular connection on P! is quite involved [18, 21, 31, 33, 41, 43, 44, 48]. For
this reason, since in the meantime we still want to view genus zero wild Riemann surfaces with
boundary data related by basic operations as representations of the same nonabelian Hodge
space, relying on the fact that basic operations on connections induce well-defined counterparts
at the level of the corresponding wild Riemann surfaces with boundary data, we make the
following definition.

Definition 1.1. Let M = M(Xg) be a genus zero nonabelian Hodge space, with ¥¢ a wild
Riemann surface with boundary data on P'. A weak representation of M is a wild Riemann
surface with boundary data 3 that can be obtained from Xg by successive application of basic
operations or admissible deformations.

In the rest of the article, we will allow ourselves to simply use the term representation to
refer to weak representations. Given a (weak) representation X of a nonabelian Hodge space M,
we say that the representations obtained from X by the action of a symplectic transformation
defined by an element of SLy(C), are its nearby representations. Finally, we will call basic
representations of a nonabelian Hodge space the nearby representations of a representation of
minimal rank.
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1.4 Main results: from enriched trees to classes of nearby representations

The main purpose of this article is to develop a combinatorial way to find many weak repre-
sentations of any nonabelian Hodge space in genus zero. Namely, we generalise the picture of
obtaining different representations of a nonabelian Hodge space via different readings of a dia-
gram from the simply-laced case to the case of genus zero nonabelian Hodge spaces with arbitrary
singularity data. More specifically, we define some combinatorial data generalising the super-
nova quivers of the simply-laced case, from which several (expected to be) isomorphic nonabelian
Hodge spaces can be explicitly obtained, corresponding to the different types of singularities ap-
pearing in an arbitrary SLo(C) orbit, i.e., to different types of nearby representations of a given
wild nonabelian Hodge space.

We build on our previous work [20], in which a construction of a diagram associated to an
irregular connection on a Zariski open subset of P! was formulated, for the general case of
arbitrary irregular types. Furthermore it was shown that the dimension of the wild character
variety is given by a formula involving the Cartan matrix of the diagram, in agreement with the
philosophy of ‘global Lie theory’ advocated in [10] suggesting to view nonabelian Hodge spaces
as some global analogues of Lie groups. The main property of the diagram is that it is invariant
under the symplectic SLy(C) action, so that connections with different types of singularities
have the same diagram.

However, it turns out that, unlike for the simply-laced case, the diagram is not quite enough
to reconstruct the corresponding nonabelian Hodge spaces, so some extra data will be needed.
In particular, the core diagram is not a complete k-partite graph any more in the general case,
and these extra data will include a canonical partition of the core diagram.

To obtain the appropriate extra data, as well as to give a precise meaning to the idea of
‘different types’ of singularity data, as was already sketched in [20, Section 5.3], we rely on
our recent study of admissible deformations of wild Riemann surfaces [13, 22, 23, 24]. Being
admissible deformations of each other defines an equivalence relation on the set of all possible
wild Riemann surfaces with boundary data of such connections, such that up to isomorphism
the wild character variety Mp(3,a,®,C) is invariant under admissible deformations. This
motivates the following definition.

Definition 1.2. Let M be a nonabelian Hodge space. A class of representations of M is an
equivalence class of admissible deformations of weak representations of M.

In [13], we showed that a class of admissible deformations of wild Riemann surfaces is com-
pletely characterised by a pair (g,F), where g is the genus of the underlying Riemann sur-
face X, F is a fission forest, i.e., a collection of fission trees (see [13, Definition 3.18]). We
can thus write M = M(g,F,C) up to isomorphism, where C is the datum of a conjugacy class
in GL,(C) for each leaf of some fission tree of F, with n > 1 an integer, the multiplicity of the
leaf. Here we only consider the case g = 0, so we will drop the genus from the notation and
write M = M(F,C).

The data that will allow us to reconstruct the classes of nearby representations consist of
an enriched tree. To explain what it is, recall from [13, Section 3.4] that a fission tree is
a tuple T = (T,V,A,L,h,n) where T is a metrised tree, V C T is a subset whose points
are the wertices of the tree, A and L are two distinguished subsets of V such that L. C A,
h: T — Rxp is a function that we call the height, such that for any vertex v € V, h(v) € Q,
and h=1(0) =: N is the set of leaves of the tree, and n: N — Z> consists of the datum of an
integer multiplicity n; > 1 for each leaf i (see Section 2.2 for more details on fission trees).

Definition 1.3. An enriched tree is a pair 7 = (T, C), where

o T = (T7,V,A /L h,n)is a short fission tree, i.e., a truncated fission tree in the sense of [13,
Section 3.5] such that all its vertices different from the root have height < 2.
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e If N denotes the set of leaves of T, C is the datum of a conjugacy class C; € GLy,(C) for
each i € N, where n; > 1 is the multiplicity of the leaf 7.

We show that enriched trees provide an invariant of irregular connections on P! under sym-
plectic transformations.

Theorem 1.4 (Proposition 3.12, Definition 3.13, Corollary 3.14). Any algebraic connection
(E,V) on a Zariski open subset of P! canonically determines an enriched tree I (E, V), which
depends only on its wild Riemann surface with boundary data. If (E,V) is irreducible, and is
not a rank one connection with a pole of order less than 2 at infinity, then for A € SLy(C),
A - (E,V) is well-defined and we have 7 (A- (E,V))= T (E,V).

Our main result is that this invariant is powerful enough to allow us to reconstruct all classes
of nearby representations.

Theorem 1.5 (Corollary 3.11). Let . = (T,C) be an enriched tree, and k be the number of
principal subtrees of T, i.e., the number of vertices of height 2. Assuming that the nonabelian
Hodge space M({T},C) is nonempty, .7 canonically determines in an explicit way k classes
of representations (F;,C;), fori € {1,...,k}, of M({T},C), such that, if (®,C) is any wild
Riemann surface with boundary data on P! with enriched tree (T,C), then ({T},C) and (F;,C;),
forie{l,...,k} are all the classes of its nearby representations of M({T},C).

While we refer the reader to the body of the article for the detailed construction of the classes
of representations (defined in Definition 3.10), let us now briefly summarise their properties and
discuss the links with the diagrams of [20]. Recall that if (E, V) is an algebraic connection on
a Zariski open subset of P!, at each of its singularities it possesses a finite set of Stokes circles,
which basically correspond to the different exponential factors e? appearing in the asymptotics
of the horizontal sections of the connection close to the singularity. In our language, they are
encoded by the (modified) global irregular class © which is the collection of all Stokes circles
of (E, V), with some integer multiplicities.

Theorem 1.6 (Propositions 3.15 and 3.16). Keeping the setup of Theorem 1.5, fori € {1,...,
k}, let 'T; be the i-th principal subtree of T, and N; denote its set of leaves, so that we have
a partition N = N1 U --- U Ng. Furthermore, let NZ* C N; be the subset of leaves in N; having
an ancestor vertex in T; of height 1 < h <2, and N; := N; \ Nf.

Let (E,V) be an irreducible irregular connection on P with enriched tree (T,C), and (E', V')
€ SLa(C) - (E, V) an element in its orbit. We have

(1) There is a bijection between N and the set of Stokes circles of (E',V'). Furthermore,

o If(E' V') is in the generic class of representations, all its Stokes circles are of generic
form, i.e., are at infinity and are of slope < 2.

e Otherwise, if (E',V') is in the i-th nongeneric class of representations for i € {1,
.k},

— the Stokes circles corresponding to elements of N, wvia the bijection are at finite
distance (i.e., different from oo € Pl),

— the Stokes circles corresponding to elements ofN;r are at infinity and of slope > 2,

— the Stokes circles corresponding to N; for every j # i are of generic form.

(2) If (E', V') is in the i-th nongeneric class of representations, the number of its singularities
at finite distance is equal to the number of principal subtrees of T; with root at height 1.
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(3) The ranks of the classes of representations are as follows. For any leaf I € Nj, let r1 denote
the lowest common multiple of the denominators (when written in their reduced form) of
all the heights of its ancestors in Ty, and let ny be the multiplicity of I. If I € Ni+, let sy
be the integer such that sy/ry is the greatest height h of any ancestor of I with 1 < h < 2,
and set Ry := sy —rp <rj.

o The generic class of representations has rank

=3 ( 3 WI).

i=1 \IEN;

o The i-th nongeneric class of representations has rank

ri= Y n1R1+i<an),

+ I=1 \IeN,
IEN; =

The link with the diagrams of [20] is as follows. Any irregular connection on P! canoni-
cally determines both a diagram I' and an enriched tree 7, both invariant under symplectic
transformations. Our main result says that the datum of the enriched tree allows us to con-
struct k£ 4 1 different readings of the diagram, corresponding to the classes of representations
in an SLg(C)-orbit. The enriched tree is thus a finer invariant that contains in general strictly
more information than the diagram, i.e., we can view it as an enriched diagram. Concretely,
the enriched tree determines explicitly the diagram, as well as a partition of the set of its core
vertices into k subsets.

Notice that, from the perspective of our general framework, the simply-laced case of [§]
corresponds to the situation where all vertices of the generic fission tree have integer heights
(belonging to the set {1,2}). In this case, the datum of the short fission tree is equivalent to the
datum of the complete k-partite core diagram, which is consistent with the main result of [8]
saying that everything can be reconstructed from the supernova quiver.

Let us also mention that the fission trees of [13] are closely related to combinatorial objects ap-
pearing in the study of the singularities of plane algebraic curves: they can be seen as a variant of
the Eggers—Wall tree [51]. In some sense, we can thus view the short fission tree as a global ana-
logue of Eggers-Wall trees, for the case of several singularities located at different points on P?.

We apply our framework to the case of nonabelian Hodge spaces related to Painlevé equations,
which have complex dimension 2 and constitute the simplest nontrivial examples of nonabelian
Hodge spaces. Concretely, for all Painlevé moduli spaces we describe their classes of basic repre-
sentations, which are classes of nearby representations of the standard rank 2 Lax representations
known since the early 20th century [27, 29, 35]. In this way we recover many known alternative
Lax representations as basic representations different from the standard ones, and we can view
the remaining basic representations as providing new Lax representations (in our abstract sense).

While we refer the reader to the last section of the article for many more pictures of fission
trees and basic representations for Painlevé moduli spaces, a concrete example is already sum-
marized on Figure 2, which corresponds to the classes of basic representations of the Painlevé I11
moduli space which are the classes of nearby representations of the standard rank 2 Painlevé III
Lax representation (see Section 4.4 for a more detailed discussion of this example). The figure
illustrates how, starting from the short fission tree, the other classes of representations can be
obtained, yielding different readings of the diagram.

To conclude this introduction, let us briefly sketch the main ideas leading to these results. An
essential observation, already made in [8] in the simply-laced case, and in [20] in the general case,
is that one can associate to any Stokes circle I an element A\(I) € P! that we will call its Fourier
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rank 2 rank 4 rank 2
3 singularities 1 singularity 2 singularities
Katz ranks 0, 0, 1/2 Katz rank 2 Katz ranks 1, 1

Figure 2. An example: classes of basic representations of the Painlevé 11T moduli space, giving 3 readings
of the same diagram. The rational numbers on the left of the fission forests are the heights of the vertices.
The generic representation corresponds to a short fission tree with k& = 2 principal subtrees. Each leaf
corresponds to a vertex in the diagram, the subset Ny = N; corresponds to blue vertices, and Ny = Ng
corresponds to the red vertex. There are thus 2 nongeneric classes of nearby representations, whose fission
forests are drawn on the figure. For each ¢ € {1,2} the forest is obtained from the short fission tree by
changing the i-th principal subtree into its Fourier transform, and keeping the other principal subtree
unchanged (up to some changes of truncations of the trees). Notice that the nongeneric representation
on the right corresponds to the standard Painlevé III Lax representation, with two second order poles
(Poincaré-Katz rank 1), while the one on the left corresponds to the alternative Lax representation for
Painlevé sometimes referred to as ‘degenerate Painlevé V’, with one twisted irregular singularity (of
Poincaré—Katz rank 1/2), and two regular singularities. See Section 4.4, and in particular Remark 3.18,
for further discussion of this example, including explicit expressions of irregular classes realizing these
representations.

sphere coefficient, such that the SLy(C) action on the set of all possible Stokes circles (induced
by the action on connections via the stationary phase formula) behaves in a very nice way with

respect to those: it acts by homographies on the Fourier sphere P!, the copy of P! where those

coefficients live. Concretely, for A = (‘;Z) € SLy(C), letting h4 denote the corresponding

az+b
cz+d?

homography ha: z — we have that A acts on the Fourier sphere coefficients by h 4.
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Then, for any connection (E, V) one can consider the set {1, ..., A\x} of the distinct Fourier
sphere coefficients of its Stokes circles, which defines the integer k.

Using the results of [13] on admissible deformations, it is then quite straightforward to see
that up to admissible deformations, the irregular class of A - (E, V) only depends on whether
we have ha(\;) = oo for some ¢ € {1,...,k}, and if so for which 4, which leads to the nearby
representations: the generic class of representations corresponds to the case where h(\;) # oo
forall i € {1,...k} (hence the terminology “generic”), and the i-th nongeneric class of represen-
tations to the case where h4()\;) = co. Each distinct Fourier sphere coefficient \; corresponds
to one principal subtree of the fission tree of the generic class of representations.

1.5 Outlook

An interesting question for future work could be to investigate to which extent one can devise
a general procedure to construct, for any such abstract Lax representation, a corresponding
fully explicit Lax representation, that is suitable explicit parametrisations of connections with
the singularity data determined by the abstract Lax representation, such that their isomon-
odromic deformations imply that some function y appearing in the parametrisation satisfies
the corresponding Painlevé equation. Indeed, the search for alternative Lax representations for
Painlevé-type equations has been an active topic of research [17, 36, 37, 46, 49].

Furthermore, a natural extension of this work is the question of actually finding explicitly
the isomorphisms expected to exist between the nonabelian Hodge spaces corresponding to
the different representations, and of understanding how the spaces of isomonodromic times
for different representations are related, so as to obtain, as in the simply-laced case, a full
correspondence between the isomonodromy systems.

1.6 Contents

The text is organised as follows. In Section 2, we review the necessary facts about singularity
data of irregular connections, admissible deformations, fission forests, and diagrams, and describe
how these data are transformed under symplectic transformations, relying on the results of [20]
and slightly extending them to deal with admissible deformations. In Section 3, we define the
generic form of a Stokes circle and a modified irregular class, Fourier sphere coefficients, and
establish our main results, in particular we provide explicit formulas for the rank of all nearby
representations. Finally, in Section 4, we apply this framework to describe in detail the basic
representations of all Painlevé moduli spaces.

2 Symplectic action on fission data of irregular connections on P*

In this section, we briefly review the necessary facts about formal data of connections with
irregular singularities on the Riemann sphere, their transformation under Fourier transform and
more general symplectic transformations, admissible deformations, and combinatorial objects
(fission forests, diagrams) encoding in a useful way parts of the information contained in the
formal data.

2.1 Formal data of irregular connections

Let us first recall the description of formal data of irregular connections on the Riemann sphere.

The well-known Turritin—Levelt theorem states that any connection on the formal punctured
disc can be decomposed as a direct sum of elementary connections having only one exponential
factor. This can be formulated in different ways; the one we will be using is the point of view
a la Deligne-Malgrange (see, e.g., [40]), where one views exponential factors at a singularity as
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sections of a local system over the circle of directions around this singularity (see, e.g., [12, 20]
for more details).

2.1.1 The exponential local system

Let ¥ = P!l and a € ¥. Let m,: ia — ¥ be the real oriented blow-up at a of ¥X. The
preimage 0, := 7 1(a) is a circle whose points correspond to the directions around a. An open
subset of d, corresponds to a germ of sector at a.

Let z, be a local complex coordinate on ¥ in a neighbourhood of a, vanishing at a. The
exponential local system Z, is a local system of sets (i.e., a covering space) over J, whose
sections are germs of holomorphic functions on sectors of the form ) . bz, ki where k; € Qso,
and b; € C. The connected component of such a local section is a finite order cover of the
circle 9. More precisely, let  be the smallest integer such that the expression ¢ = ). bz, ki ig
a polynomial in z, Ur " The corresponding holomorphic function is multivalued, and becomes
single-valued when passing to a finite cover t = z,. Therefore, the corresponding connected
component, which we denote by <q>a, is a r-sheeted cover of 0,. As a topological space, it is
homeomorphic to a circle, and Z, is thus a disjoint union of (an infinite number of) such Stokes
circles.

The integer r is the ramification order of the Stokes circle I = <q>a, which we denote by
r =: ram(q) = ram(I). If r = 1, we say that the Stokes circle (¢), is untwisted, or unramified.
The degree s of ¢ as a polynomial is the irreqularity irr(q) = irr(I) of ¢ (or I'), and the quotient s/r
is the slope of ¢ (or I), which we denote by slope(q) = slope(I).

If d € 0,, we denote by (Z,)q the fibre of Z, over the direction d. Taking d as a basepoint
of 9, the monodromy of Z, is the automorphism pg,: (Z,)q — (Za)q of the fibre (Z,)q obtained
when going once around J, in the positive direction.

Finally, we define the global exponential local system as the disjoint union

T = |_|Ia.

acy

It naturally comes with a projection 7: Z — 0, where

0= |_| Og.

a€x
If I C Z, is a Stokes circle at a for some a € P!, by a slight abuse of notation we will

write 7(I) := a.

2.1.2 Local and global formal data

Definition 2.1. A (local) irregular class at a is a function O,: mo(Z,) — N with compact
support. The rank of an irregular class 0, is

where ny = 0,4(I) is the multiplicity of the circle I. If n; # 0, we say that I is an active circle
of ©,, or a Stokes circle of ©,.
Furthermore, the Poincaré—Katz rank of ©, is

Katz(0©,) := max {slope(I) | n; > 0} .
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The Turritin—Levelt theorem implies that any rank r connection on the formal punctured
disc Spec(C((z4))) at a uniquely determines a pair (0,,C,), where ©, is a rank r irregular
class, and C, is the datum of a conjugacy class C; € GLy,(C) for any active circle I of ©, with
multiplicity ny. The pair (0,,C,) constitutes the formal data of the connection and determines
it completely up to isomorphism.

Passing to the global situation, to any algebraic connection (E,V) on a Zariski open sub-
set 3 \ a of X, by restricting the connection on a small disc around each singularity and con-
sidering its formalization there, one associates global formal data (©,C) := (O4,Cs)aca-

The Stokes circles of ©, at each singularity a € 3 correspond to the exponential factors of
the connection in the Turritin—Levelt normal form at a, and the conjugacy classes C, encode its
formal monodromy. In particular, the connection has a regular singularity at a if and only if its
only Stokes circle at a is the tame circle <0>a.

Remark 2.2. Notice that if we wanted to work with the full nonabelian Hodge package, we
would need to consider weighted conjugacy classes (cf. [7]). Here for simplicity, since we will
not be trying in this work to prove that the different classes of representations correspond as
one expects to isomorphisms between the full nonabelian Hodge spaces, we will just work with
standard (unweighted) conjugacy classes.

2.1.3 Modified formal data

It turns out that the action of the Fourier transform on formal data of connections is more
easily described in terms of modified formal data, obtained as follows: if i is a tame circle at
finite distance (that is i = <0>a with @ = 7(i) # o0), then replace n; by the integer m; :=
rank(A —1), where A € C;. Thus A = 14 vu for a surjective map u: C" — C™ and an injective
map v: C™ — C". Then replace C; by the conjugacy class C; of (1+wv) in GL,,, (C); this class
is called the child of C; in [10, Appendix]. If 7 (i) = oo or if ¢ is not tame (i # <0>a for some a),
then we do no modification: m; := n; and C; := C;. This defines modified formal data (é, é),
where © is the collection of all Stokes circles with multiplicities m; > 1.

Notice that © satisfies the condition ranlg((:)a) < rank((:)oo) since for each a # oo passing to
the modified formal data lowers the rank. If © is any global irregular class, we say it is compatible
if it satisfies this condition. If there exists an irreducible connection (E,V) on a Zariski open
subset of the affine line with modified formal data (C:),é), we say that (é,é) is effective. In
particular, (é, é) cannot be effective if © is not compatible.

Furthermore, if we know the modified formal data ((:),é) of a connection (F, V), since we
keep the non-modified formal data at infinity, we know the rank of (E, V): we have rank(©,) =
rank(é)oo). In turn, this allows us to reconstruct from ((:),é) the non-modified formal data
(©,C), so that the datum of ((:),é) is thus equivalent to the one of (®,C), cf. [3, Section 5.1].
We say that (©,C) is effective if ((:), é) is effective.

2.2 Admissible deformations, fission data, and forests

We now recall a few definitions and results about admissible deformations of irregular connec-
tions, involving the notions of levels and fission trees, and about diagrams. We refer the reader
to [13, 20] for more details and for proofs of the statements.

2.2.1 Local version

First, to define the notion of admissible deformation of an irregular class, we need to recall the
notion of (full) irregular type.
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Definition 2.3. A full irregular type at a € ¥ of rank n is a Galois-closed list T = (q1,...,qn)
of exponential factors in some direction d € 9 (i.e., ¢; is a section of Z, in a germ of sector
around d).

Any full irregular type T' = (q1, . - - , ¢») defines an associated irregular class © in the following
way: its active circles are the connected components <ql> in 7 of the exponential factors, and
the multiplicity n; of <qz> is the multiplicity of ¢; in the list (qi,...,¢q,). Passing from a full
irregular type to an irregular class amounts to forgetting the ordering of the exponential factors.

Definition 2.4. Let T' = (q1,...,qn) and T" = (¢}, . .., ¢},) be rank n full irregular types at a in
some direction d. We say that T and T” are admissible deformations of each other, and denote
this by 7'~ T", if we have slope(q; — ¢;) = slope(q; — ¢;), for all 4,5 € {1,...,n}.

If © and ©' are two rank n irregular classes at a € X, we say that they are admissible
deformations of each other, and write © ~ ©’, if there exist two full irregular types T' and T”
with respective associated irregular classes © and © such that T ~ T".

In particular, if ® ~ ©’, denoting by N and N’ the sets of active circles of © and ©’,
respectively, there exists a bijection ¢: N — N’ such that for each active circle I € N, ¢(I)
is an admissible deformation of I, and I, I’ have the same multiplicity. We say that such a
bijection is compatible.

Definition 2.5. Let (0,C) and (©’,C’) be two sets of local formal data. We say that they are ad-
missible deformations of each other if © ~ ©" and there exists a compatible bijection ¢: N — N’
between their respective sets of active circles N, N’ such that C;( n= Crforall I € N.

It turns out that there exist simple numerical criteria characterising whether two irregular
classes are admissible deformations of each other.

Definition 2.6. Let © be an irregular class at a € ¥. The levels of © are the elements of the
set

Levels(©) = {slope(qa — q3) | @, B € 14} \ {0} C Qxo,

where I C Z is the finite subcover underlying © and I, is any fibre of I.

It is clear that two irregular classes which are admissible deformations of each other have the
same levels.

Let us first consider the case of an irregular class having only one Stokes circle. Let I be
a Stokes circle at a. We can always write [ = <q>a, with ¢ = >°F a;z; %, for some integer p,
with k1 > --- >k, and a; # 0 for every i € {1,...,p}. The rational numbers k; are uniquely
defined by I, and we call them the exponents of I. We have the following.

Proposition 2.7 ([13, Proposition 3.1]).

(a) Two Stokes circles I,J C I, are admissible deformations of each other if and only if
Levels(I) = Levels(J) C Q.

(b) A subset (k1 > ko > -+ > ky,) C Qso is the set of levels of some circle I C I, if and
only if k1, ko, ..., km have strictly increasing common denominators > 1. In other words
if d; is the denominator of k; (in lowest terms) and r; is the lowest common multiple
of di,da,...,d; for each i (so that r; | riy1), then 1 <1 <1y < -+ < Ty

(c) Let I be a Stokes circle, and let (ky > --- > k) denote its set of exponents. Then Levels(I)
is the largest possible subset of {ki,...,kp} of the form ki, > --- > k;, for with 1 =1; <
s <y < p osuch that ki, ..., ki, have strictly increasing common denominators > 1.
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Passing to the general case with irregular classes having several Stokes circles, to characterise
admissible deformations, we need more data than the levels of each individual Stokes circle. To
this end, we introduce the notion of common part and fission exponent of a pair of Stokes circles.

Ifg=>3", biza_z/r is an exponential factor at a, and k£ € Q>9, we write

Z bizii/r.

ii/r>k

In turn, if I = <q> is a Stokes circle, we set I>, := <q2k> (this is well-defined since it does not
depend on the choice of representative). We define in a similar way truncations Isx, I<k, I<p.

Definition 2.8. Let I, T be two Stokes circles at the same point with respective ramification
orders r, 7. The common part of I and T is the circle I. =15, = I>k, where

k = min (l € Z>0

Iy = I>l>

The fission exponent of I and T is the rational number

= 1
fir= max (slope(I<y), slope (1)) € 7?@-

IfI= I then I, = I = T and f” = 0, otherwise fII > 0. I. = 0 if and only if the leading
terms of I and I have different Galois orbits, in this case we say that I and T have no common
part.

Lemma 2.9 ([13, Lemma 3.11]). Let I and I be two Stokes circles with ramification orders r, 7.
The set of slopes among the rational numbers slope(q; — ;), for i € {0,...,r — 1}, j € {0,...,
T — 1} is of the form Levels(I.) U {fl,f} C Q>o0, i.e., it consists of the levels of the common part
of the two Stokes circles together with their fission exponent.

This motivates the following definition.

Definition 2.10. A (local) fission datum is a pair F = (£, f) where £ is a multiset £ =
L1+ ---+ L, of level data and f, the fission exponents, consist of the choice of a rational
number f;; = fj; € Q>o, for all i,j € {1,...,n}.

A (local) irregular class determines a fission datum as follows. If © = > 7 I; is a rank n
irregular class at some point a (where the Stokes circles I; are not necessarily distinct), then
define L; = Levels(I;) to be the level datum of I; for each ¢, and define £(©) := "7 L; to be
the corresponding multiset of level data. Then by taking fi; = f1, 1; to be corresponding fission
exponents, this determines the fission datum F(©) = (L£(0©), f) of the irregular class ©. Note
that the multiplicity of any given Stokes circle I; in the class © is determined from the fission
data by the recipe ©(I;) = [{i € {1,2,...,n} | fij = 0}].

The fission datum characterises classes of admissible deformations of (local) irregular classes.

Theorem 2.11 ([13, Theorem 3.17]). Two (local) irregular classes © and ©' are admissible
deformations of each other if and only if they have the same fission datum.

Notice that not any fission datum F actually comes from an irregular class ©. To characterise
such fission data, as well as provide a more graphical way of encoding them, the notion of
(twisted) fission tree was introduced in [13]. We will not be needing to repeat all the exact
axioms for fission trees here, so we just briefly recall the main properties of the fission tree
associated to an irregular class, referring the reader once more to loc. cit. for full details, and to
Section 4 for many concrete examples of fission trees.
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If © is an irregular class at infinity, its fission tree 7 (©) is a tuple (7,V, A, L, h,n), where

e T is a metrized tree, with set of vertices V. An edge of the tree is an element of F :=
mo(T N V) of T. Any vertex that is not a leaf nor the root is adjacent to > 2 edges,
one of which is the parent edge, and the others are the descendant edges. The branch
vertices Y C V are those with > 2 descendants. The trunk of the tree is the union of all
edges and vertices above all the branch vertices.

If 7 is a leaf of T, we define the full branch B; of i as the subset of T corresponding to the
path from ¢ all the way to the end of the trunk.

e L and A are two subsets of V, whose elements are respectively called mandatory and
admissible vertices, and I. C A. The set LL is finite and can be empty.

e h: T —Rxis alength-preserving function, which we call the height, such that h=1(0) =: Vj
is the set of leaves of 7, h maps isomorphically any edge to an interval, and for any leaf
i, h maps the full branch B; isomorphically onto R>q.

e n is amap Vg — Z>1, i.e., consists of the datum of an integer multiplicity n; > 1 for each
leaf i € V.

Moreover, the fission tree T (©) has the following properties:

e The leaves are in one-to-one correspondence with the Stokes circles of ©: if © = 3. n;I;,
we have Vg = N, with the leaf ¢ corresponding to the Stokes circle I;, and having multi-
plicity n;.

o If i € Vg is a leaf and I is the corresponding Stokes circle, the heights of the mandatory
vertices of the full branch B; are exactly the levels of I, that is h(L N B;) = Levels().

o If i, j € Vg are two distinct leaves, I, J are the corresponding Stokes circles, and v;; € V is
closest common ancestor of 4, j then the height of all children of v;; is equal to the fission
exponent fr ;.

In brief, the leaves of the tree correspond to the Stokes circles of ©, and the tree contains
the information about the level data as well as the fission exponents. In particular, the datum
of the fission tree 7(©) is equivalent to the datum of F(0).

Finally, if we include conjugacy classes of formal monodromies, a set of local formal data (©,C)
determines a fission tree T := T (0), and C amounts to the datum of a conjugacy class in GL,,(C)
for each leaf of T, where n is its multiplicity. In turn, a class of admissible deformations of local
formal data is characterised by such pairs (T,C).

2.2.2 Global version

Until now, in this paragraph we have dealt only with the local situation. The global case is
described in a similar way, by collecting together the local data at each singularity.

For a C ¥ a finite subset, and ® = {©, | a € a} the datum of an irregular class for
each marked point, we define the global fission datum of ® as the multiset of its local fis-
sion data F(©) = > ., F(O,). Similarly, we define the forest of ® as the multiset F(®) =
Y acall (O©4)] of isomorphism classes of fission trees determined by all the ©,, as a ranges over
the marked points a C . In general, it is a multiset rather than a set as some of the fission
trees at distinct points may be isomorphic. The notion of admissible deformations naturally
generalises to the global case for global irregular classes ® (or modified ones), as well as for wild
Riemann surfaces with boundary data (©,C) and we have the following.

Corollary 2.12 ([13, Corollary 3.33]). Two global irregular classes on ¥ are admissible defor-
mations of each other if and only if they have the same global fission datum, or equivalently the
same fission forest.



Basic Representations of Genus Zero Nonabelian Hodge Spaces 15

As a consequence, a class of admissible deformations of wild Riemann surfaces with boundary
data is characterised by a pair (F,C), where F is a fission forest, and C the datum of a conjugacy
class in GL,,(C) for each leaf of F, where n is the leaf multiplicity.

2.3 Diagrams

Another invariant that we can attach to any connection (E,V) on a Zariski open subset of P!
is a diagram I'(E, V) [20]. As for the forest, the diagram only depends on the (modified) formal
data (C:),é) of the connection.

The diagram I'(E, V) = F(@, é) = (N, B) of the connection (E, V) has the following struc-

v

ture: it consists of a core diagram T'.(E,V) = FC(G)) with nodes N, to which is then glued,
onto each core node, a leg determined by a conjugacy class.

The set of core nodes N is the set of Stokes circles of the modified irregular class . In terms
of the non-modified irregular class ®, N is the disjoint union of three finite sets

N = {Stokes circles of (E,V) at oo}
U {wild Stokes circles of (E, V) not at oo}

U {tame Stokes circles of (E, V) not at oo with nontrivial formal monodromy}.

The matrix of edge/loop multiplicities between the core nodes is then defined as follows.
For any Stokes circle I = <q>, let af = Irr(1), B8 = ram(I) € N denote its irregularity and
ramification numbers, so that I has slope a/3;. We define an integer By as follows:

By := Ary — pify if I #J, B := A — 2 +1 otherwise,
where Ay; :=irr(Hom(Z, J)) is the irregularity of the irregular class Hom(I, J).

Definition 2.13. Suppose I,.J € N are Stokes circles, and write a; = w(I),a; = 7n(J) € P! for
the underlying points of the Riemann sphere. Define By; € Z as follows:

1) If a;f = aj = oo, then By; := BJS,

2
3
4

If a; = ay # oo, then Byy = By ::Bi‘}—a[ﬁj—a(},@[,

(1)
(2)
(3) If a; # oo and ay = oo, then Byy = By := By(ar + Br),
(4)

If a;f # >0,ay # oo and ay # ay, then By = By :=0.

This completes the definition of the core diagram. To obtain the full diagram, one glues to
each core node I € N a leg defined by the conjugacy class C;.

Remark 2.14. The core diagram FC((:)) is entirely determined by the fission data of O to-
gether with the slopes of all Stokes circles at finite distance, because these data determine the
numbers Ayy = irr(Hom(Z, J)). In general, the diagram contains strictly less information, be-
cause Ay is a sum of different contributions, coming from the levels of the common parts of I, J
and the fission exponent fr ;. As we shall review below, the interest of the (core) diagram is
that, unlike the fission data, it is invariant under symplectic transformations.

2.4 Fourier transform and symplectic transformations

We now describe how the SLo(C) transformations on irregular connections on P! act on their
formal data and fission data.
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2.4.1 Fourier transform

The Fourier transform is the automorphism of the Weyl algebra A; = (C[z]<6z> defined by
z+— —0,, 0, — z. It induces a self-equivalence on the category of modules on the Weyl algebra:
the Fourier-Laplace transform F - M of a C[z](0,)-module M is the C[z](0,)-module obtained
from M by setting: z — —03,, 3, — z. The Fourier transform induces a transformation on the
set of isomorphism classes of irreducible connections (if we exclude the case of the trivial rank
one connection on P!), see [3, Section 2.2].

The stationary phase formula [25, 47] states that the modified formal data of the Fourier
transform (E', V') = F - (E, V) are determined by the modified formal data of (E, V).

Theorem 2.15. There exists a bijection, that we also denote by F, from the set of all modified
formal data to itself, such that if (E,V) is a irreducible algebraic connection on a Zariski open
subset of Pt which is not a rank one connection with a single singularity at infinity of Poincaré—
Katz rank < 1, ((:),é) its modified formal data, (E',N') is the Fourier transform of (E,V)
and (C:')’,é/) its modified formal data, the following diagram commutes:

(E,V) —— (E', V)

! !

(6.8) s (67.8)
This map F' is the formal Fourier transform. It acts independently on the Stokes circles: if
we use the notation (@, C) = Ien (I, CI) where N is the set of active circles of ®, we have

F-Y (1,Cr)=>_ F-(I,Cp).
IeN IeN
Furthermore, the irregular class o’ only depends on ©: there is a self-bijection of the set of all
Stokes circles mp(Z), that we will denote also by F, such that, if @ = > n;I;, then

O =F-0=> n(F-L).

This bijection is actually given by a Legendre transform. It can be computed explicitly, and
takes slightly different forms depending on whether the Stokes circles are at finite distance or at
infinity, and in the latter case on whether its slope is greater or less than 1, see [20, Section 3.1].
The next proposition describes the ramification orders, slopes and levels of the formal Fourier
transform F' - I of any Stokes circle I as a function of those of I, as well as the transformation
of the conjugacy classes of formal monodromies.

Proposition 2.16. Let I be a Stokes circle, anud 51 € GLn(SC) a conjugacy class. Let CV'F.I €
GL,,(C) be the conjugacy class such that F - (I,C[) = (F . I,CF.I). We have the following:

(1) If I is of the form <az>oo, with o € C, then F - I = <0>a, and Cp.; = é;l

(2) If I is of slope < 1 at infinity, of the form <az + q>oo, with o € C, and q # 0 of slope < 1,
then F -1 is of the form F -1 = g@a, with irr(q) = s,ram(q) = r — s, Levels(q) =
= Levels(q). Also Cp.p = (—1)°C; .

(3) If I is of slope > 1 at infinity, with ram(I) = r, irr(I) = s, then F' - I satisfies ram(F -I) =
s —r, irr(F-1I) = s, and Levels(F - I) = = Levels(I). Also Cr.; = (—1)*Cr.

4) If I = <q>a is an irregular circle at finite distance for a € C = P! < {oo}, with q # 0,
ram(q) = 7, and irr(q) = s, then F -1 is a circle of slope < 1, at infinity, of the
form (—az +ﬁ_>loo’ with ram(q) = r + s,irr(q) = s, and Levels(q) = I Levels(g). Also
Cry=(-1)°C;".

(5) If I = <0>a is a tame circle at finite distance, then F' - I = <—az>oo, and Cp. = CVI_1
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Proof. All statements except those describing the sets of levels are already contained in the
works [41, 47] establishing the stationary phase formula. For the levels, some of the statements
are proven in [32] using results on singularities of curves. Let us discuss how to derive them
all more directly from results in [20]. In the case (3) where I is at infinity and of slope > 1,
the statement for the levels can be deduced quite directly from [20, Proposition 4.8 and the
proof of Theorem 4.9], as follows. Proposition 4.8 says that all exponents of F' - I belong
to a certain set K C Qs determined explicitly from I. Next, although it does not use the
terminology of levels, the proof of Theorem 4.9 shows that, inside K, the subset Levels(F - I) is
exactly - Levels(I). This is because, in the explicit formula for the number of edge-loops B; 1
of a Stokes circle I, given by Lemma 4.6 of loc. cit., the nonzero positive terms are in one-to-
one correspondence with the levels of I (by definition of the notion of levels). The proof of
Theorem 4.9 establishes that there is a one-to-one correspondence between the nonzero positive
terms in By and Bp.1 p.1, i.e., there is a bijection between Levels(I), and Levels(F - I), given
by Levels(F - I) = ;= Levels(I).

The other cases are obtained in a completely similar way, by using the expressions for the
Legendre transform for the different cases given, e.g., in [20, Section 3.1]. The point is that the
difference between the cases concerns only the transformation of the leading terms of the Stokes

circles, i.e., the change of slopes, without affecting what happens for the subleading terms. W

To fully determine the fission data of the Fourier transform, we must also describe the fis-
sion exponents between distinct Stokes circles of the Fourier transform which are at the same
singularities. This can be done explicitly:

Proposition 2.17. Let I, J be two distinct Stokes circles. There are the following possibilities:
o Ifn(I)=mn(J)=a# oo, then w(F -I)=n(F-J) =00 and

— If I and J have no common part, then denoting k = slope(I), | = slope(k), we have
f10 =max(&5, 75).

— If I and J have a common part, denoting by k its slope, we have fr.r p.; = kLHf[’J.

o If(I) # oo, m(J) # oo and w(I) # w(J), then n(F - I) = 7n(F - J) = 00 and fp.yp.g = 1.

o If m(l) = w(J) = oo, I,J are both of slope < 1 and are of the form I = <az + q>,
J = <az+q'> with a € C, and q, ¢’ of slope < 1, then w(F -I) =n(F -J) =« and

— If ¢ and ¢’ have no common part and respective slopes k, 1, then fp.r p.; = max(ﬁ,
l

— Ifq and ¢’ have a common part q., denoting by k its slope, we have fp.r p.; = ﬁf%q/.
o [fn(l)=mn(J)=o00, and I, J are both of slope > 1, then n(F -I) =n(F -J) =00 and

— If I and J have no common part, then denoting k = slope(I), | = slope(J), we have
fro=max(gty, ).

— If I and J have a common part, let k denote its slope, then fr.; p.; = %fI,J.
e Otherwise, m(I) # w(J).

Proof. All statements where there is no common part involved follow directly from the previous
proposition. For the statements in the cases where there is a common part, in the case where I, J
are at infinity and of slope > 1 this is established in the proof of [20, Theorem 5.9] (the word
‘fission exponent’ was not used there: in terms of the terminology used there it corresponds to the
highest number among the exponents of the leading term of the different parts of F'-1 and F'-J).
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The other cases are similar, using again the expressions for the Legendre transform for the
different cases given in [20, Section 3.1], and noticing that this just changes the transformation
of the slopes, without affecting the subleading terms (hence in particular the fission exponents
when the common part is nonzero). [

2.4.2 General symplectic SL2(C) transformations

The Fourier—Laplace transform is part of a larger group of transformations acting on modules
over the Weyl algebra. Indeed, to any matrix A = (‘; Z) in SLy(C), we can associate an
automorphism of the Weyl algebra A1 = (C[z]<<9z> given by z — az + b0,,0, — cz + dJ,. This
induces an action of the group SLs(C) of symplectic transformations on modules over the Weyl
algebra (see [41, p. 87]).

The group of symplectic transformations is generated by three types of elementary transfor-

mations:

e the Fourier—Laplace transform F', corresponding to the matrix ( 1 (1));
1A

e twists at infinity T}, for A € C, corresponding to the matrix (0 1);

e scalings Sy, for A € C*, corresponding to the matrix (Aal 9\)

The geometric interpretation of twists and scalings is the following. The twist T’ corresponds
to taking the tensor product with the rank one module (C[z],0, + Az), and the scaling S)
corresponds to perform the change of variable z +— z/A on P

As for the Fourier transform, any element of SLy(C) induces a transformation on modules
over the Weyl algebra, and on irreducible connections on Zariski open subsets of the affine line.
Moreover, there exists again a corresponding formal transformation (that we will also denote
by A) on modified formal data with a similar structure. The action of twists and scalings on
formal data and fission data is much simpler than for the Fourier transform.

Lemma 2.18. Let I be a Stokes circle, and Cr e GL,(C) a conjugacy class. Let CVTA.I € GL,(C)
be the conjugacy class such that T - (I,CI) = (T\-1,Cr,.1). We have the following:

o If (I) = oo, then w(Ty -I) = oo, and if I = <q>oo, we have Ty - I = <q — %,22>OO. In
particular, Ty - I has the same ramification order and set of levels as I, slope(Ty - I) =
max(slope(<q>), slope(<q - %ZZ>), for A e C.

e Otherwise, if m(I) # oo, T\ -1 = 1.

In any case (fTA.I = éI.

In brief, all exponential factors at infinity are shifted by —%zQ and all other exponential
factors are left unchanged. As a consequence, the twist T preserves the global fission data and
classes of global admissible deformations. The twist may change the slopes of the exponential
factors at infinity, but leaves the slopes of Stokes circles at finite distance unchanged.

Lemma 2.19. Let I be a Stokes circle such that 7(i) = a € P', and C; € GL,(C) a conjugacy
class. Let CVSA.I € GL,(C) be the conjugacy class such that S,>- (I,é[) = (S)\ . I,(?TA.I). For \ €
C*, m(Sx-I) = a/ X, and writing I = <q(z;1)> with q € (C[za_l T], using the local coordinate z, :=
z—a ifa# 0o, and zs := 2z~ if a = 00, we have Sy - I = <q(/\z;/1/\)>. Furthermore CVSA.I =Cr.

As a consequence, for any A € C*, the scaling Sy preserves the global fission data and classes
of global admissible deformations, as well as the slopes of all Stokes circles.

A crucial property of the diagram associated to a connection is that it is invariant under
the SLy(C) action.

Theorem 2.20 ([20]). Let (E,V) be an irreducible connection on a Zariski open subset of P!
(different from a rank one connection with only a pole at infinity of order less than 2), and A €
SL2(C). Then T'(E, V) =T(A-(E,V)).
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3 Classes of nearby representations

In this section, we use the results of the previous paragraph to describe the formal data and
classes of admissible deformations of the elements of the orbit of a connection (E,V) under
the SLy(C) action.

3.1 Generic form

Definition 3.1. Let I € my(Z) be a Stokes circle. We say that I is of generic form if w(I) = oo,
and slope(q) < 2.

IfI= <q>oo is of generic form, the Fourier sphere coefficient \(I) of I is the unique complex
number a € C such that <%22 + q> has slope < 2. Explicitly, this means that ¢ is of the form

a o
q:—§Z + g<2,

where the exponential factor <o has slope < 2. We will denote .5 := <q<2>.
If I is not of generic form, we set A(I) = oo.

For A = (‘é g) € SLy(C), let ha: P! — P! denote the corresponding homography

az+b
cz+d

ha: z+—

We call the Fourier sphere, and denote by P!, the copy of P! where the coefficients A(I) live
(this terminology was introduced in [8]).
The following result says that SLo(C) acts on the Fourier sphere by homographies.

Lemma 3.2. Let I € mo(Z) be a Stokes circle, a = () its Fourier sphere coefficient, and
A€ SLy(C). Then A(A-I)=ha(\I)).

Proof. In the case where a # oo and h4(a) # oo, this is the result of [20, Proposition 4.13],
and one checks that this is still true in the remaining cases. |

This immediately implies the following.

Corollary 3.3. Let I € mo(Z) be a Stokes circle. Then for A in an open dense subset of SLa(C),
A -1 is of generic form.

Definition 3.4. Let © be a global modified irregular class. We say that it is of generic form if
each of its Stokes circles is of generic form. Similarly if (E,V) is an irreducible connection on
a Zariski open subset of P!, we say that it is of generic form if its global modified irregular class
is of generic form.

In particular, a connection of generic form only has a singularity at infinity, i.e., O = O.
A global modified irregular class © is of generic form if and only if )\(G)) c C =P~ {00},

where )\(@) denotes the set of Fourier sphere coefficients of all its Stokes circles. This immedi-
ately implies the following.

Lemma 3.5. Let © be a global modified irregular class. Then for A in an open dense subset
of SL2(C), A - © is of generic form.

In particular, every SLy(C) orbit contains an element of generic form. We can thus without
loss of generality write any orbit as SLy(C) - (E, V), with (E, V) of generic form.

As a preliminary step towards describing such orbits, let us first consider the case where O
only has one Fourier sphere coefficient.
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Proposition 3.6. Let (0,C) be formal data at infinity with © of generic form, and such
that \(©) = {a} for some a € C. Let A € SLQ(C). Let ©<2 := T_, - © be the slope < 2
irreqular class obtained from © by subtracting —2z% to each of its Stokes circles. We have

o If ha(a) = oo, then A-(0©,C) is an admissible deformation of F - (0<2,C).

e Otherwise, if ha(a) # oo, then A - (0,C) is an admissible deformation of (©,C) , or
equivalently of (©<%,C).

Proof. This is basically a consequence of the fact that any element in SLy(C) can be factorised
as a product of elementary transformations, and among those only the Fourier transform may
act nontrivially on global fission data. More precisely, we can use [20, Lemma 4.15] to write
down explicit factorisations of A. If hy(a) = oo, then we have h s, p-1(0c0) = 00, so from this
lemma, there exists v € C*,p € C such that AT, F~! = ST, so that A = S, T,FT_,. This
implies A - (0,C) = S, T,FT_,-(0,C) = S,T,F - (©<%,C), and since twists and scalings do not
change the equivalence class of admissible deformations A - (©,C) is an admissible deformation
of F- (0<2,C).

Let us now consider the case hg(a) # co. If ha(c0) # oo then from the lemma A admits a fac-
torisation A = S, T, with v € C*, p € C, which implies that A - © is an admissible deformation
of ©. Otherwise, from the lemma, A admits a factorisation A = T, F'S,T,, withv € C*, u,p € C.
In turn ©' := S, T, - © is an admissible deformation of ©, and A\(©') = {a’}, with o’ = hg,T,(a),
and we have o’ # 0 otherwise we would have hy(a) = hg,p(a’) = co. Now, applying Proposi-
tions 2.16 and 2.17 to ©’, the fact that all exponential factors in ©’ are of slope 2 and have the
same nonzero leading coefficient implies that this is also the case for F'- ©’, and that F - (©',C)
is an admissible deformation of (©’,C). Since T}, does not change the equivalence class of ad-
missible deformations, we finally obtain that A - (©,C) is an admissible deformation of (©,C),
which concludes the proof. |

In particular, we can write down explicit formulas for the rank at infinity of the elements of
the orbit of ©. Let IV be the set of Stokes circles of ©, and let us set

Nt .= {<q> € N | slope <q+ %z2> > 1} C N,

N~ = {<q> € N | slope (q+ %z2> < 1} C N,

so that N = NT LU N~—. Let us write the elements of N~ as I; = <—%22 +bjz—i—qj_> for

jged{l,..., N~ |} where slope(q; ) <1, and set s] i=irr(q; ), r; :=ram(qg; ). Similarly, we
+ + i (gt

w+rlte IJ (—%z +q]> for j 6 {1,.. (qj) > 1, and set s := 1rr(qj ),

T = ram(q]

Lemma 3.7. Let nt denote the multiplicities of the circles in NT, and set RJr = sj 7“;-",

forje{1,.. . Let A € SLy(C). We have

o If ha(a) = oo, then rank(A-©) =3, n] anRf

o If ha(a) # oo, then ranks(A-©) =3, njr;r +nr;
Proof. This follows directly from Lemma 3.5 and Proposition 2.16, by observing that for the
case ha(a) = 0o, the Stokes circles in N~ are sent by A to finite distance (with the location of
A- I;” determined by the coefficient b;), while the circles in N become circles of slope > 1 at
1nﬁmty7 with A - I; * having ramlﬁcatlon order RJr |
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3.2 The classes of nearby representations

We now discuss general orbits. Let (C:), é) be effective global modified formal data, with @ = O,
of generic form. Let ay,...,ar € C be the distinct Fourier sphere coefficients of its Stokes circles,
i.e., we have \(O) = {a1,...,a;} C PL.

Let N be the set of Stokes circles of ©. For [ € N , we denote by ny € Ny the multiplicity
of I in ©. We partition N as follows: for i € {1,...,k}, we set

e N;:={leN|XI)=a;},

° N;r = {<q> €N; | slope(q—l— %22) > 1} C N;,

o N :={(q) € N |slope(q+ %2%) <1} C N,
so that N = NyU---UNg, N; = N;"UN; . Wealsoset N* := Nj*U---UN,F, and N~ := N, U- -
LN, . Forie {1,...,k}, let ©; := ZleNi nrl be the irregular class obtained from ©,, obtained
by discarding all circles with Fourier sphere coefficient different from a;, C; the corresponding

collection of conjugacy classes, and let @<2 be the irregular class at infinity obtained from ©;
by subtracting — ‘”z to each Stokes Clrcle (in particular all circles of ©; have slope < 2).

Theorem 3.8. Let A € SLy(C), then
o If hy(a;) = oo for somei € {1,...,k}, then A - (é,é) is an admissible deformation of

(07%,¢) + ) _(e1,0).
l#1

e Otherwise, if ha(a;) # oo for each i € {1,...,k}, then A - ((:),é) is an admissible defor-
mation of (é,é)

Proof. This follows from applying Proposition 3.6 to every (0;,C;). |

We notice that the corresponding classes of admissible deformations are in fact completely
determined by the (short) fission tree of ©.

Proposition 3.9. Keeping previous notations, let T be the fission tree of ©. Then for i €
{1,...,k}, the class of admissible deformations (F;,C;) of the nonmodified formal data associated
to the formal data

@<2 —l— Z (01,C)
l#1

is fully determined by the pair (T,é), in an explicit way.

Proof. This follows from Propositions 2.16 and 2.17. Indeed, applying them to determine the
invariants of F - (©;2,C;) in terms of those of (©;2,C;), we obtain that

e The fission datum of the global modified formal data F - (©;2,C;) + 21201, Cp) s fully
determined by T, in an explicit way.

e The slope of any Stokes circle I, at a singularity a # oo at finite distance of F'- (@<2 Ci) is
determined by T in an explicit way. In turn, this determines the fission exponent f7, (),
between I, and the tame circle at a, and thus determines the fission datum of the non-
modified formal data associated to F - (©52,C;) + > 1201, C). [

This makes it possible to take this as a definition of the classes of nearby representations of
the enriched tree (T,C).
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Deﬁnitionv3.10. Let (T,é) be an enriched tree, i.e., T is a short fission tree, IV its set of
leaves and C the datum of a conjugacy class C; € GLy,(C) for each leaf i € N, where n; is the
multiplicity of i. Assume that there exists an irregular class ©., of generic form with fission
tree T such that (@oo, é) are effective modified global formal data. For i € {1,...,k}, keeping
previous notations, we define the i-th nongeneric class of nearby representations of (T,é) as
the class (F;,C;) of admissible deformations of the nonmodified formal data associated to the
formal data

(07%,C) + > (01,01).
1#1

(This is well-defined since by the previous proposition this does not depend on the choice of ©.)
Theorem 3.8 can then be reformulated in the following way, which justifies our terminology.

Corollary 3.11. Let (©,C) be an effective wild Riemann surface with boundary data on P! of
generic form, with class of admissible deformations ({T},C), and let (F;,C;), withi € {1,...,k},
be the classes of nearby representations of (T,C) (in the sense of the previous definition). Then
the classes of representations of the nonabelian Hodge space M(®,C) which are nearby (©,C)
(in the sense of Section 1.3) are exactly ({T},C) and (F;,C;) forie€ {1,... k}.

By abuse of language, we will sometimes allow ourselves to say that {T} and F;, for i €
{1,...,k} are the nearby representations of T.

Finally, all this allows us to have a well-defined notion of enriched tree associated to any
irregular connection on P!.

Proposition 3.12. Let (E,V) be an irreducible algebraic connection on a Zariski open subset
of P, such that (E,V) is not a rank one connection with a unique singularity at infinity with
Poincaré-Katz rank < 1. Let ((:),é) be its modified global formal data, and A € SLy(C) such
that A - ((:),é) is of generic form. Let T be the (short) fission tree of A - ©, and C the collection
of conjugacy classes of A - ((:),é) Then the pair (T,C) does not depend on the choice of A.

Proof. This is an immediate consequence of Theorem 3.8. |

Definition 3.13. Keeping the setup of the proposition, we say that (T, C) is the enriched tree
of (E,V) and write J(F,V) := (T,C).

Proposition 3.12 implies that the enriched tree is invariant under symplectic transformations.

Corollary 3.14. If (E,V) is irreducible and is not a rank one connection with a unique singu-
larity at infinity of Poincaré—Katz rank < 1, so that A-(E, V) is well-defined for any A € SLa(C),
we have T (A-(E,V))=9(E,V).

3.3 Properties of classes of nearby representations

Proposition 3.9 gives an explicit method to determine the nearby classes of representations from
an enriched tree, using Propositions 2.16 and 2.17. We will compute many examples in Section 4.
Before this, in this paragraph, let us state several general properties satisfied by the classes of
nearby representations.

First, we can get explicit formulas for the rank of the nearby representations. For ¢ €
{1,. k:} let us denote by < > the elements of N;, and write <q”> < %iy2 4 q/+> with q’Jr
havmg ramification 7 i and slope st /et > L Slmﬂarly, let us denote by < > the elements

ij
of N, and write <qw> < % 52 —|—bwz+qm >, with qw having ramlﬁeatlon r.; and slope

ij
5, / r; < 1. Let n;'; be the rnult1phc1t1es of the active circles.
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Proposition 3.15. Let us set R;; = s:rj - r;;

(1) The generic class of representations has rank

_ +.+ -
Fen =) (Z”iﬂz‘j T Zm;,-%)-
j j

i

(2) The i-th nongeneric class of representations has rank

o= S 3 (b + i)
J

l#i J J
Proof. This follows directly from Lemma 3.7. |

We can also express the number of singularities at finite distance of the classes of nearby
representations.

Proposition 3.16. Let (E,V) of generic form, and (E',V') € SLa(C) - (E, V). If (E', V') is
in the i-th nongeneric class of representations, its number of singularities at finite distance is
equal to the number of vertices of height 1 in the subtree of T with set of leaves N; .

Proof. By definition of fission trees, keeping previous notations, this number of vertices is
equal to the number of distinct coefficients b;; among the Stokes circles of N; . The result is
then a direct consequence of item (2) of Proposition 2.16: the position of the singularity above
which F - <q; j> lies is determined by the coefficient b;;. |

In particular, if V;7 = @, then the i-th nongeneric class of representations only has a sin-
gularity at infinity. In general, the class of nearby representations all have different ranks and
number of singularities.

Finally, we can also read from the short fission tree when two nongeneric representations have
the same fission forest.

Proposition 3.17. Keeping previous notations, for i,j € {1,...k}, with i # j, the fission
forests F; and F; are isomorphic if and only if the i-th and j-th principal subtrees of the short
fission tree T are isomorphic.

Proof. Since isomorphism classes of fission trees characterise admissible deformations, it is
equivalent to show that the i-th and the j-th nongeneric forests are isomorphic if and only if @i<2
and @j<2 are admissible deformations of each other. Let us first assume that @fQ and @j<2 are
admissible deformations of each other. We have to be careful that, in general, if two irregular
class © and ©' at infinity are admissible deformations of each other, this does not imply that their
Fourier transforms are also admissible deformations of each other. Indeed, if <q> is a Stokes circle
for ©, and <q’ > is a Stokes circle for ©’ corresponding to <q> under some admissible deformation,
their slopes may differ, and in turn F'- <q> and F'- <q’ > may not be admissible deformations of each
other. However here, because all Stokes circles of @fQ and ©2 are of slope < 2 this situation
cannot happen, and we have that F' - @i<2 and F - 52 are admissible deformations of each other.
In turn, the irregular classes @fQ + Zl# O; and @j<2 +> £ ©; are admissible deformations of
each other, so the i-th and j-th representations coincide. Conversely, if the i-th and j-th classes
of representations coincide, then in particular ), +; ©1 and > +; ©1 are admissible deformations
of each other, which implies that ©; and ©; are admissible deformations of each other, and the
conclusion follows. |
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Remark 3.18. The classes of nearby representations arise from the action of SLy(C) on connec-
tions on the affine line. However, as already mentioned in the introduction, there is a larger class
of natural operations on connections: indeed one can consider Mobius transformations, which
have the effect of changing the point at infinity in the identification P! = CU{oc}, as well as the
operation consisting in tensoring a connection with an arbitrary rank one connection on a Zariski
open subset of P!. This larger class of operations on connections on P! plays an essential role in
the extension due to Deligne—Arinkin [3, 19] of the Katz algorithm for rigid local systems to the
case of irregular connections, which provides a way to reduce any irreducible rigid connection
on P! to the trivial rank one connection by repeated application of one of these operations. Since
the symplectic SLo(C) transformations do not commute with these other operations in general,
the latter do not preserve the diagram or the classes of nearby representations.

4 Basic representations for Painlevé moduli spaces

In this section, as a set of examples illustrating our general discussion, we describe the basic
representations of all Painlevé moduli spaces obtained from the standard rank 2 Lax representa-
tion of each Painlevé equation. Recall that, although they were not first discovered in this way
historically, all Painlevé equations can be obtained from isomonodromic deformations. Each
Painlevé equation arises from isomonodromic deformations of connections with a specific type
of singularity data, i.e., different Painlevé equations correspond to different nonabelian Hodge
spaces. In the standard way to derive the Painlevé equations from isomonodromy [35], all Lax
representations are of rank 2, and in all cases except for Painlevé VI, these Lax representations
have at least one irregular singularity.

For each case, starting from this standard Lax representation (in its abstract form, i.e.,
consisting of the datum of a wild Riemann surface), we will draw the corresponding short fission
tree of minimal rank and describe explicitly the classes of nearby representations. While the
cases of Painlevé VI, V, IV all fall in the simply-laced case and were discussed by Boalch in [§],
it is still worth discussing them briefly from the point of view of short fission trees. On the
other hand, describing all basic representations for Painlevé III, II, T as well as for the moduli
spaces corresponding to the so-called degenerate versions of Painlevé III really requires using our
general framework. Doing this, we recover among the classes of nearby representations many
known alternative Lax representations for various Painlevé equations, e.g., from [26, 36, 37] and
the other representations can be viewed as new abstract Lax representations.

Remark 4.1. Notice that there is the following subtlety: since taking the Fourier transform
does not always commute with taking admissible deformations, different connections having the
same fission forest in general do not have the same classes of nearby representations, nor the
same diagram. In the cases where this happens, among all possible wild Riemann surfaces with
boundary data having the fission forest of the standard Painlevé Lax representation, we choose
one such that its generic representation has minimal rank. Making this choice is necessary to
allow us to recover several known alternative Lax representations for Painlevé equations and to
recover the diagrams for Painlevé equations obtained in [16], all equal or related to affine Dynkin
diagrams. Other choices would lead to different diagrams (typically with more vertices), and for
each choice all nearby representations could also be explicitly determined, yielding even more
abstract Lax representations, typically of higher rank.

To draw a fission tree (7,V,A,L,h,n), we follow the conventions of [13]. The heights of
vertices of the trees are indicated to the left of the figures. The different types of (nonempty)
vertices are indicated by different colours: the mandatory vertices, i.e., the elements of L, are
drawn in black. The inconsequential vertices, i.e., the elements of A \ L, are drawn in white.
Concretely, a black vertex means that in an irregular class with fission tree 7 the corresponding
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coefficient is not allowed to vanish (hence the name mandatory), while a white vertex means
that the coefficient is allowed to vanish. Unless otherwise specified, the multiplicity of the leaves
in a fission tree is equal to 1.

In [13], fission trees were first defined with an infinite trunk, then suitable truncations of the
tree were introduced (see Section 3.5 there) so as to obtain rooted trees with a finite number of
vertices: if © is an irregular class, the root of the truncated tree is defined as the (unique) point
of the trunk with height |Katz(0) + 1].

Here, we will also draw truncated fission trees, and our convention for the height of the root
is consistent with loc. cit., as follows. If F is the fission datum of some irregular class, we define
its minimal Poincaré—Katz rank as

Katzmin (F) := min{Katz(0©) | © irregular class with F(©) = F}.
In turn, the height of the root of the fission tree T corresponding to F is taken to be
n = |Katzmin(F) + 1].

To draw the diagrams, we follow the conventions of [20]: unless otherwise specified the
multiplicity of each vertex is 1, negative edges or loops are drawn in dashed lines, and for
multiple edges/loops the multiplicity is indicated at their middle. Furthermore, here we use
colours to draw the vertices, each colour corresponding to a subset in the partition defined by
the short fission tree.

4.1 Summary of basic Painlevé representations

The short fission trees as well as the rank, number of singularities, and minimal Poincaré-Katz
ranks of each class of basic representations for each Painlevé moduli space are listed below. In
the next section, we will explain in more detail how to obtain these classes of representations
starting from the standard Lax representations.

Painlevé I

5/3
4/3
1
2/3
1/3
Rank | Number of singularities | min. Katz ranks
Generic rep. 3 1 5/3
Nongeneric rep. 2 1 5/2
Painlevé 11
2
3/2
1

1/2
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Painlevé II1

Rank | Number of singularities | min. Katz ranks
Generic rep. 3 1 2
1st nongeneric rep. 2 1 3
2nd nongeneric rep. 2 2 3/2,0
2
1
1/2
Rank | Number of singularities | min. Katz ranks
Generic rep. 4 1 2
1st nongeneric rep. 2 3 1/2,0,0
2nd nongeneric rep. 2 2 1,1
Degenerate Painlevé 111
2
1
1/2

Rank | Number of singularities | min. Katz ranks
Generic rep. 4 1 2
Nongeneric reps. 2 2 1,1/2

Doubly degenerate Painlevé II1

2
1
Rank | Number of singularities | min. Katz ranks
Generic rep. ) 1 2
1st nongeneric rep. 2 2 1/2,1/2
2nd nongeneric rep. 3 2 1,1/3
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Painlevé IV

Rank | Number of singularities | min. Katz ranks
Generic rep. 3 1 2
Nongeneric reps. 2 2 2,0
Painlevé V
2
1

Rank | Number of singularities | min. Katz ranks
Generic rep. 4 1 2
Nongeneric reps. 2 3 1,0,0
Painlevé VI
2
1
2
Rank | Number of singularities | min. Katz ranks
Generic rep. 5 1 2
1st nongeneric rep. 3 2 1,0
2nd nongeneric rep. 2 4 0,0,0,0

4.2 Painlevé I
4.2.1 Standard representation

The standard rank 2 Painlevé I Lax representation has a single irregular singularity given by
a pole of order 4, but such that the leading term is nilpotent, which leads to a Turritin—Levelt
normal form having a single twisted Stokes circle of slope 5/2.



28 J. Dougot

This corresponds to the following fission forest Fitd (having a single tree):

5/2
2
3/2
1
1/2

The global irregular classes with fission forest thd and minimal Poincaré-Katz rank (equal

to 5/2) are exactly those of the form
Ol = (52257 + 02, + 03027 + a1z + a0z ),
with a € P!, Q5/2, Qg, 379, 01,1 /9 € C, and ag/p # 0.

Given an irregular connection on P! with such an irregular class, the rank of its generic class
of nearby representations is minimal when a = oo (to which we can always reduce up to applying
a Mdobius transformation).

Let us thus consider a (modified) irregular class of the form

9

Ola = (a522"? + a22” + a3p2"? + a1z + ay pz'?)

o0’

with a9 # 0, and determine the classes of its nearby representations.

4.2.2 Generic representation

The short fission tree T! of éit q is the following:

5/3
4/3
1
2/3
1/3

An irregular class of generic form has fission tree T if and only if it is of the form
ééen = (N2 + a'5/3 + aﬁl/3z4/3 + a2z + a'z/gzl/?’ + a’1/3zl/3>oo,
with 0/5/3 # 0.

Remark 4.2. Notice that the coefficient \’ of exponent 2 may vanish, so the minimal Poincaré-
Katz rank for such an irregular class is 5/3, hence following our conventions for truncations of
fission trees, we draw the root of the tree at height L% + 1J =2

The generic class of representations thus has rank 3, a single Fourier sphere coefficient, so
N = N; = Nl+ , and the standard representation corresponds to the sole nongeneric class of
representations.

Notice that the generic class of representations corresponds to the (abstract version of the
more explicit) alternative Lax representation for Painlevé I found in [37].
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4.2.3 Diagram
The corresponding diagram I' has one vertex with one loop [20, Section 7], as drawn below

9

The two classes of representations correspond to different readings of the diagram.

4.3 Painlevé II
4.3.1 Standard representation

The standard rank 2 Painlevé II Lax representation has one irregular untwisted singularity
corresponding to a pole of order 4.
This corresponds to the following fission forest ng:

The irregular classes with fission forest FIl, and minimal Poincaré-Katz rank (equal to 3)
are all irregular classes of the form

Oy = (aszy + anzg ? + anzg ), + (B2, + Bozg 2 + P12, b)

a’

with a € P! and a3z # B3.

Given a connection on P! with such an irregular class, the rank of its generic class of nearby
representations is minimal when a = oo and (say) 83 = 0 (to which we can always reduce up to
applying a Mobius transformation and tensoring with a rank one connection).

Let us thus consider a (modified) irregular class of the form

Olty = Ol = (a32® + ag2® + a1z) 4 (Bo2® + Bi2)

with a3 # 0 and determine the classes of its nearby representations.

4.3.2 Generic representation

The short fission tree T of (:)gd is

3/2

1/2
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An irregular class of generic form has fission tree T if and only if it is of the form

égen = <)\'22 + ag/223/2 + )z + 0/1/221/2>OO + <u'22 + ﬁiz>

00’

with N # u' and ag/2 # 0.
The generic class of representations has thus rank 3, k¥ = 2 Fourier sphere coefficients, and

the corresponding partition of the set of Stokes circles of égm is given by

Mo = NF = {0V ¥ ol ), ),
Ny =N, = {<//22 + 5iz>oo}.

4.3.3 Nongeneric representations

The two principal subtrees of T are not isomorphic, so the two nongeneric classes of represen-
tations have distinct forests. The standard representation corresponds to the nongeneric class
of representations for ¢ = 1.

The second nongeneric class of representations has the following forest F:

3/2
1
s T

It is of rank 2, with one irregular singularity (with Poincaré—Katz rank 3/2) and one regular
singularity.

Explicitly, elements of the orbit SLy(C) - (:)gen belonging to this class of representations are
of the form

e = (V2% + ag’/223/2 +afz+ 0/1’/221/2>00 +(0) 1>
with o’ # 0, and a” € P! \ {oo}, hence the corresponding non-modified irregular class is
el = <)\”22 + ag/223/2 +afz + 0/1’/2,21/2>OO + 2<O>a,,.
We notice that it corresponds precisely the other known Lax representation for Painlevé 11
due to Flaschka—Newell [26], also sometimes referred to as degenerate Painlevé IV.
4.3.4 Diagram

The corresponding diagram I'l'is the affine A; Dynkin diagram [20, Section 7]
[ ——

The classes of representations correspond to different readings of the diagram, as indicated on
the figure below
(asz® 4o o (B o) (NaPtag 224 (W2 + Brz) (V2P +ay 2R ) o (0),,

ST ST 11
estd €-')gen ®
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4.4 Painlevé II1
4.4.1 Standard representation

The standard rank 2 Painlevé IIT Lax representation has two irregular singularities, both corre-

sponding to a second order pole.

The corresponding fission forest Fgg@) is the following:!

)

The irregular classes with this fission forest and minimal Poincaré—Katz ranks (both equal
to 1) are the irregular classes of the form

O = (az V), + (B 1), + (v by, + (6221,

with «, 3,v,0 € C, a,b € P! distinct, a # 3, and v # 6.

If (E, V) is a connection on P! of this type, the rank of its generic class of nearby representa-
tions is minimal when one of the singularities, say b, is at infinity, and, at the other singularity a
at finite distance, and one of the Stokes circles at finite distance, say <5z; 1>a, is the tame circle,
with trivial formal monodromy (we can always reduce to this case by applying a Mdbius trans-
formation to send b to infinity, and a twist by a rank one connection to set § to zero and make
the formal monodromy of (dz, 1>a trivial).

This corresponds to having a modified irregular class of the form

Oua” = (az) o+ (B2), + (122",
< 111(2)

with a # 3, and v # 0. Let us determine the classes of nearby representations of @,

4.4.2 Generic representation

The short fission tree TH(?) of (:)iglm is the following;:

1
1/2

An irregular class of generic form has fission tree TH(2) if and only if it is of the form
(:)gelf) = <)\/22 =+ o/z>oo + <Xz2 + B'Z>OO + <,u'22 + iz + 71/221/2>

with X' #£ 4/, o/ # ', and '71/2 # 0.
The generic class of representations has thus rank 4, £ = 2 Fourier sphere coefficients, and

the corresponding partition of the set of Stokes circles of (:)geIISQ) is given by

Ny =N = {</\’22 + a’z>oo, <)\’22 + B’z>oo},

— 1.2 / ! 1/2
Ny = Ny = {{p'=" + M1z + 7102 / Joo )
"We will denote Painlevé IT1, degenerate Painlevé ITI and doubly degenerate Painlevé IIT by I11(2), I11(1) and
IT1(0), respectively, the numbers 2, 1, 0 referring to the number of parameters of each equation.

00’
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4.4.3 Nongeneric representations

Since the two principal subtrees are not isomorphic, the forests of the two corresponding non-
generic classes of representations do not coincide. The standard Lax representation is the non-
generic class of representations for ¢ = 2.

The other nongeneric class of representations, corresponding to ¢ = 1, has the following
forest FIIH(2 , with one irregular singularity (with Poincaré-Katz rank 1/2), and two regular

singularities:

Explicitly, elements of the orbit SLo(C) - (:)Igg?) belonging to this class of representations are

of the form
(:)1111(2) _ <O>a” + <0>b” + <a/121/2>00

with a”,b” € P\ {00}, a” # ", o" # 0, hence the corresponding non-modified irregular class is

II1
@1

(2) _ " 1/2

- 2<0>a” + 2<0>b” + <Oé z / >oo

Notice that this class of representations corresponds to the alternative Lax representation for
Painlevé III sometimes referred to as degenerate Painlevé V, cf. [36].

Remark 4.3. We obtain in this way Figure 2 of the introduction: the fission forest on the left
of the figure is F11H(2)7 and the fission forest on the right of the figure is the forest associated to

the modified irregular class (:)igim, i.e., compared to Figl(z) one full branch has been removed.

4.4.4 Diagram

The corresponding diagram T'M(2) is the following [20, Section 7]:

The classes of representations correspond to different readings, as represented on the figure
below

(N2 +adz) .'/ . \; N2+ 0'2) (az) (/ ‘ \; (B2) o (0) {/ ‘ \) (0}
° \‘d/ ° ° \‘d/ ° ° \‘d/ ®
(W22 +92 47 57 ?) (vza 1), <o/’zl/2>oo
(:)Iglellgz) (:)221(2) é)llII(2)

4.5 Degenerate Painlevé III
4.5.1 Standard representation

The standard Lax representation for degenerate Painlevé 111, as for nondegenerate Painlevé 111,
has two irregular singularities, both corresponding to poles of order 2, but one of them with
a nilpotent leading term giving rise in the Turritin—Levelt normal form to a single Stokes circle
of slope 1/2 [45].
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IT1(1).
std -

1
1/2 F

The irregular classes with fission forest Fggl) and minimal Poincaré-Katz ranks (equal to 1

and 1/2) are those of the form

This corresponds to the following fission forest F

Od ) = (azg ), + (Bz), + (2 7,

with a,b € P', a #b, v # 0, and o # 3.

Given a connection of this type, the rank of its generic class of nearby representations is
minimal if 6 = oo and one of the Stokes circles at a, say <Bza_ 1>a is the tame circle, with trivial
formal monodromy (we can always reduce to this case by applying a Mdbius transformation to
have b = 0o, and a twist by a rank one connection to set § = 0 and make the formal monodromy
of (Bz, 1>a trivial). This corresponds to having a modified irregular class of the form

Ohd " = oz "), + (1%

with o £ 0, v # 0, a # oco. Let us thus determine the classes of nearby representations of éigi(l).

4.5.2 Generic representation

The short fission tree T of (:)gi(l) is the following:

1
1/2

An irregular class of generic form has fission tree TH() if and only if it is of the form
(:)geﬁgl) = (N22+ajz+ 0/1/221/2>OO + (W% + Bz + 51/221/2%0

with X' £ 4/, 0/1/2 # 0 and 61/2 # 0.
The generic class of representations has thus rank 4, £k = 2 Fourier sphere coefficients, and

the corresponding partition of the set of Stokes circles of (:){ggél) is given by

Ny =Ny ={(N2* +ajz + a'1/2z1/2>oo},
No =Ny = {(/z* + Bz + 51/2,21/2)00}.
Furthermore, the two principal subtrees are isomorphic, so the two nongeneric classes of

representations have the same forest, and there are only two distinct forests, the generic one and
the nongeneric one, which coincides with the standard Lax representation.
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4.5.3 Diagram

The corresponding diagram ') is the following [20, Section 7]:

—10 e & o -1

The classes of representations correspond to different readings of the diagram, as indicated on
the figure below

e« A e«
<)\’z2 +aiz+ a’1/221/2>oo<u’22 + Bz + ﬂ1/2z1/2>oo <azgl>a <’yzl/2>oo
9 < 11
ol ol

4.6 Doubly degenerate Painlevé 111
4.6.1 Standard representation

The standard Lax representation for the doubly degenerate Painlevé III equation has two irreg-
ular singularities, both corresponding to a second order pole, with a nilpotent leading term at
each pole so that in the Turritin—Levelt decomposition, there is a single twisted Stokes circle of
slope 1/2 [45].

This corresponds to the following fission forest FO,

std

.

The irregular classes with fission forest Fgld(o) and minimal Poincaré—Katz ranks (both equal

to 1/2) are those of the form
(o) _ -1/2 -1/2
Oga = (azg %), + (B2, ")y

with a,b € PY, a#b, a #0, B #0.

Given a connection of this type, the rank of its generic class of nearby representations is
minimal if one of the singularities, say (3, is at infinity (to which we can reduce by applying
a Mobius transformation).

Let us thus consider a (modified) irregular class of the form

O = (azg /%), + (B27)

and determine its classes of nearby representations.

oo’

4.6.2 Generic representation

The short fission tree THIO) of éi&(o) is the following:

1/2 3
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An irregular class of generic form has fission tree TH(O) if and only if it is of the form
égelrgo) = <)\’22 +ajz + 0/1/321/3>oo + <,u’22 + Bz + ﬁi/2zl/2>
with X # p/, 0/1/3 #0, 1/2 #0.

The generic representation has thus rank 5, k = 2 Fourier sphere coefficients, and the corre-
sponding partition of the set of Stokes circles of @é{iﬁo) is given by

Ny =Ny ={{N2®+ajz+ 0/1/321/3>OO}, No =Ny = {{i/2*>+ Bz + Bi/2z1/2>oo}.

o0’

4.6.3 Nongeneric representations

Since the principal subtrees are not isomorphic, the two nongeneric forests are distinct. The
standard representation corresponds to the nongeneric class of representations with ¢ = 1.

The other nongeneric representation, for ¢ = 2, has the following fission forest F;H(O):

1
5]

Explicitly, elements of the orbit SLo(C) - 5 égéo) belonging to this class of representations are

of the form
< TT1(0 _
@2 ( ) = <ﬂﬂzb//1>b// + <Ol,/21/3>oo
with ” € P!\ {oo}, & # 0 and B” # 0, hence the corresponding non-modified irregular class is

@;II(O) _ <5”Zb_”1>b// + 2<0>b” + <0¢”zl/3>oo,

and its fission forest is indeed Fgﬂ(o).

The first nongeneric class of representations has thus rank 3, and minimal Poincaré—Katz
ranks 1, 1/3.

2

4.6.4 Diagram
The corresponding diagram I'M(0) is the following [20, Section 7]:

-3 e 0 o -1

The three classes of representations correspond to different readings of the diagram, as indicated
on the figure below

- -~ 6 -~ - -~ 6 -~

-3 » o -1 -3 » o -1
(N2 4ahztal g2 (W BB ) (a”2'/%) (B"271)y
< TT1(0 < 1T1(0)
®gerg ) 62
3 6 o« -1
i, (),
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4.7 Painlevé IV
4.7.1 Standard representation

The standard rank 2 Painlevé IV Lax representation has an untwisted irregular singularity
corresponding to a pole of order 3, and a regular singularity.
This corresponds to the following fission forest FQ@:

The irregular classes with fission forest Fgld and minimal Poincaré—Katz ranks are those of the
form

O, = 2(0), + (azz 2 + a1y 1), + (Bazy 2 + Bigy L),

with a,b € P, a # b, ao, a1, B2, f1 € C, and ag # Po.

Given a connection of this type, its generic class of nearby representations is of minimal rank
if b = 0o, and its formal monodromy for <O> , admits 1 as an eigenvalue (we can always reduce
to this situation by applying a Mobius transformation and a twist). This corresponds to having
a modified irregular class of the form

O = (0), + (022® + a12)__ + (B22® + Brz)
with a € P! \ {0}, and ag # (2. Let us thus determine the classes of nearby representations

ATV
of Oy

4.7.2 Generic representation

The short fission tree TV of ééxi is the following:

An irregular class of generic form has fission tree T'V if and only if it is of the form

O, = (N=2 =) _+ (2 + Ba) + (s +/2)
with X, p/, v/ pairwise distinct.
Hence the generic representation has rank 3, £ = 3 Fourier sphere coefficients, and the

corresponding partition of the set of Stokes circles of C:)gn is given by

Ni=N; = <)\/22 + o/z>oo, Ny =N, = <,u’22 + B'Z>OO, N3 = Ng = <1/22 + 7/z>oo.
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Notice that the generic class of representations corresponds to the rank 3 Lax representation
for Painlevé IV found in [36].

We observe that the three principal subtrees of the generic fission forest are isomorphic. This
implies that the forests of the three nongeneric representations coincide so there are only two
distinct forests, the generic one and a nongeneric one, corresponding to the standard represen-
tation.

4.7.3 Diagram
The corresponding diagram I''V is the affine Ay Dynkin diagram [11, 20]

The two classes of representations correspond to different readings of the diagram, as indicated
on the figure below

(Wz2+B'z) (B22® + Pr2)
(V2 +9z) (NP2+dz) (0), (@22 +an2)
O I

4.8 Painlevé V
4.8.1 Standard representation

The standard Painlevé V Lax representation has rank 2, one irregular singularity corresponding
to a pole of order 2, and two regular singularities.
The corresponding fission forest F;id is the following:

L

The irregular classes with fission forest Fggd and minimal Poincaré—Katz rank are exactly those
of the form

Ogta = 2(0), +2(0), + azc ), + (B2,

with a, b, c € P! pairwise distinct, o, 8 € C, a # B.

If (E, V) is a connection of this type, its generic class of nearby representations is of minimal
rank if ¢ = oo, and if the conjugacy class in GLg(C) of its formal monodromy for the tame
circles <0>a and <0>b has 1 as an eigenvalue (we can always reduce to this case by applying
a Mobius transformation and a twist). This corresponds to having a modified irregular class of
the form

Osia = (0), +(0), + {az) . + (B2) s

. . . X V
with a # 3. Let us thus describe the classes of nearby representations of @g .
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4.8.2 Generic representation

The short fission tree TV of C:)gid is

An irregular class of generic form has fission tree TV if and only if it is of the form
(:)gerl = (N2* + o'z)  + (N2 + B'z)  + (W22 + vz)  + (W2 + &z)

with X' # p/, o # 58/, o' # 6.
The generic class of representations has thus rank 4, £ = 2 Fourier sphere coefficients, and

the corresponding partition of the set of Stokes circles of (:)gen is given by

Ny =Ny = {<)\'22 + a'z>oo, <)\'22 + ﬁ’z>oo},

Ny =N, = {<u'z2 + fy’z>oo, <,u/z2 + 5/z>oo}.
Furthermore, the two principal subtrees corresponding to N; and Ny are isomorphic, so the two
nongeneric classes of representations have in fact the same forest. In turn, there are only two

distinct classes of basic representations, the generic one and the nongeneric one, corresponding
to the standard Lax representation.

4.8.3 Diagram
The corresponding diagram I'V is the affine A3 Dynkin diagram [11, 20]

The two classes of representations correspond to different readings of the diagram, as indicated
on the figure below

(W'=? —i—’y’z>oo (N2 —i—o/z>oo <0>a <O¢Z>OO
@ { o——©o
| | | |
<>\,22 + ﬂlz>oo <M,22 + 5,Z>oo <ﬁz>oo <0>b
Oen M

4.9 Painlevé VI
4.9.1 Standard representation

The standard rank 2 Lax representation for Painlevé VI has 4 regular singularities.
The corresponding fission forest F;&i is the following (all fission trees are trivial):
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R .

2 2 2 2

The irregular classes with fission forest FY, are those of the form
62{5{1 = 2<0>a + 2<0>b + 2<0>c + 2<O>d

with a, b, ¢, d € P! pairwise distinct.

Given a connection of this type, its generic class of nearby representations has minimal rank
if one of the singularities, say d, is at infinity, and if for the other singularities a, b, ¢, the formal
monodromy of the connection has 1 as an eigenvalue (once again we can always reduce to this
situation by applying a Mobius transformation and a twist). This corresponds to a modified
irregular class of the form

Ot = 2(0) + (0), + (0}, + (0),,
with a,b,c € P! \ {oc} pairwise distinct. Let us thus determine the classes of nearby represen-

: S VI
tations of @g.

4.9.2 Generic representation

The short fission tree TV! of (:);gi is

An irregular class of generic form has fission tree TV! if and only if it is of the form
(:)geln =2(\N2* + o'z)  + (W22 + B'z) + (W2*+ vz)  + (W2*+ §z) .,

with X # p/, and 3, +/, ¢’ pairwise distinct.
The generic class of representations has rank 5, its number of Fourier sphere coefficients
is k = 2, and the corresponding partition of the set of Stokes circles of C-')g/eln is given by

Ny =Ny = {<Xz2 +a'z)},
Ny =N, = {<u'z2 + ,B’Z>, </J,/22 + V'z>, <u’z2 + 5/z>}.

4.9.3 Nongeneric representations

Since the two principal subtrees are not isomorphic, there are two distinct classes of nongeneric
nearby representations. The standard representation corresponds to the nongeneric class of
representations for i = 2.
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The other nongeneric class of representations, for ¢ = 1, has the following fission forest FYI:

2

|

Explicitly, elements of the orbit SLy(C) - C:);/EIn belonging to this class of representations are of
the form

éYI - 2<0>a” + <O//Z>oo + <6//Z>oo + <’7//Z>oo’

with a” € P! \ {oo}, and o, 8",4" € C pairwise distinct. The corresponding non-modified
irregular class is thus

@YI — 3<0>a// + <O//Z>oo + <5//Z>OO + <,Y//Z>007

and its fission forest is indeed F.
Notice that this class of representations corresponds to the well-known Harnad dual [30] of
the standard Lax representation.

4.9.4 Diagram

The corresponding diagram I'V! is the affine D, Dynkin diagram famously associated to Pain-

levé VI
[ }

Here, the right node is not coloured, to indicate that it does not belong to the core diagram, but
comes from the conjugacy class of the formal monodromy of the Stokes circle with multiplicity 2,
corresponding to the central vertex.

The classes of representations correspond to three different readings of the diagram, as indi-
cated on the figure below

<O>b <B”Z>Oo (Wz2++'z)
[ J ® o sy ,
(0). @ © (a"2) % ey .FJM“’
[ ] [ J [ J
(0). S (W= +d2).
o o} oL,

Remark 4.4. Let us make a few comments about all these Painlevé examples. Notice that, in
several cases, the short fission tree breaks part of the symmetry of the equation, for example, for
Painlevé VI it breaks the symmetry of the 4 regular singular points, and for Painlevé III it breaks
the symmetry between the two singularities. This is because the construction depends on the
location of the point at infinity, and because to have a generic representation with minimal rank,
we need to have one of the singularities at infinity (which coincides with the standard choice).
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On the other hand, in several cases, the short fission tree makes apparent some symmetry that
was not directly visible from the fission forest: for example, for Painlevé IV the generic tree
makes it clear that there is a symmetry between the two Stokes circles at infinity and the two
singularities at finite distance, and for degenerate Painlevé III, it makes clear that the forests
of two nongeneric classes of nearby representations coincide. The basic reason underlying these
observations is that the different combinatorial invariants behave in a nice way with respect
to different natural operations on connections: the fission forest is invariant under Mo6bius
transformations and twisting by any rank one connection, but not invariant under SLy(C),
while the diagram is invariant under SLy(C), but not under Mé&bius transformations changing
the location of infinity or twists with rank one connections having singularities at finite distance.
The takeaway from this is that, for any given nonabelian Hodge space, it can be useful to combine
all these invariants to understand as many symmetries of the situation as possible.
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