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Abstract. We study universal solutions to reflection equations with a spectral parameter,
so-called K-operators, within a general framework of universal K-matrices – an extended ver-
sion of the approach introduced by Appel–Vlaar. Here, the input data is a quasi-triangular
Hopf algebra H, its comodule algebra B and a pair of consistent twists. In our setting, the
universal K-matrix is an element of B ⊗ H satisfying certain axioms, and we consider the
case H = LUqsl2, the quantum loop algebra for sl2, and B = Aq, the alternating central
extension of the q-Onsager algebra. Considering tensor products of evaluation representa-
tions of LUqsl2 in “non-semisimple” cases, the new set of axioms allows us to introduce and
study fused K-operators of spin-j; in particular, to prove that for all j ∈ 1

2N they satisfy the
spectral-parameter dependent reflection equation. We provide their explicit expression in
terms of elements of the algebra Aq for small values of spin-j. The precise relation between
the fused K-operators of spin-j and evaluations of a universal K-matrix for Aq is conjec-
tured based on supporting evidence. We finally discuss implications of our results on the
K-operators for quantum integrable systems.

Key words: reflection equation; universal K-matrix; q-Onsager algebra; fusion for K-opera-
tors
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1 Introduction

1.1 Background

In the context of quantum integrable systems, the R- and K-matrices are the basic ingredients for
the construction of the monodromy matrix (or its double row version) leading to the generating
function for mutually commuting quantities, the so-called transfer matrix. Here, the formal
variable of the generating function is called ‘spectral parameter’, denoted by u. By definition,
the R-matrix is a solution of the Yang–Baxter equation with this spectral parameter, whereas
the K-matrix satisfies a reflection equation, also known under the name boundary Yang–Baxter
equation. For a triple of finite-dimensional vector spaces V (jk), for k = 1, 2, 3, the corresponding
Yang–Baxter equation in End

(
V (j1) ⊗ V (j2) ⊗ V (j3)

)
takes the form [18, 78]

R
(j1,j2)
12

(
u1
u2

)
R

(j1,j3)
13

(
u1
u3

)
R

(j2,j3)
23

(
u2
u3

)
= R

(j2,j3)
23

(
u2
u3

)
R

(j1,j3)
13

(
u1
u3

)
R

(j1,j2)
12

(
u1
u2

)
, (1.1)

where uk are the spectral parameters, and R
(jn,jm)
nm (u) are the R-matrices on corresponding

products of spaces: R12 = R⊗ I, R23 = I⊗R, R13 = (P ⊗ I)R23(P ⊗ I), with P(a⊗ b) = b⊗ a.
Given an R-matrix R(j1,j2)(u) satisfying (1.1), the reflection equation in End

(
V (j1) ⊗ V (j2)

)
is
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given by [31, 67]

R
(j1,j2)
12

(
u1
u2

)
K

(j1)
1 (u1)R

(j2,j1)
21 (u1u2)K

(j2)
2 (u2)

= K
(j2)
2 (u2)R

(j1,j2)
12 (u1u2)K

(j1)
1 (u1)R

(j2,j1)
21

(
u1
u2

)
, (1.2)

where we set K1 = K ⊗ I, K2 = I⊗K and

R
(j2,j1)
21 (u) = P(j2,j1)R(j2,j1)(u)P(j1,j2).

Along the years, several examples of solutions to (1.1) and (1.2) have been obtained for the
case of 2- or 3-dimensional spaces V (jk), see, e.g., [36, 47, 49, 80, 81]. Interestingly, these 4× 4
R-matrices can be interpreted as intertwining operators for underlying action of the quantum
affine algebra Uq ŝl2 on tensor product of so-called evaluation representations of spin-12 , or briefly
these are spin-12 solutions (and similarly for the 3-dimensional or spin-1 solutions). The spin-12
expressions of the K-matrix are interpreted analogously as ‘twisted’ intertwiners

(
with respect

to the spectral parameter ‘reflection’ u → u−1
)
for the action of a coideal subalgebra of the

quantum affine algebra.
For higher values of spins jk, constructing R- and K-matrices by brute force is increasingly

complicated. To circumvent this problem, the so-called fusion method have been proposed
which is summarized as follows. Starting from R- and K-matrix solutions of spin-12 , the fused
R- and K-matrices of spin-j are obtained inductively by tensoring (or “fusing”) the fundamental
representations of Uqsl2 and projecting onto the highest spin sub-representation. This procedure
for the R-matrix has been originally developed in [52, 55, 60], and for the K-matrix in [49, 64].
For a more recent approach, see [19, 65, 66].

It is well known [40] that the Yang–Baxter equation (1.1) can be derived from the more gen-
eral setting of Yang–Baxter algebras and the universal Yang–Baxter equation, see [38, 50, 51],
by specialization to the finite-dimensional representations V (jk) that depend on the spectral pa-
rameter u. Namely, R-matrix solutions of (1.1) are obtained by specializing (affine) L-operators
of the form

L̂(j)(u) ∈ H ⊗ End
(
V (j)

)
(1.3)

that satisfy an equation in H ⊗ End
(
V (j1) ⊗ V (j2)

)
R(j1,j2)(u/v)L̂

(j1)
1 (u)L̂

(j2)
2 (v) = L̂

(j2)
2 (v)L̂

(j1)
1 (u)R(j1,j2)(u/v).

Here H is assumed to be any quantum affine algebra and V (j)’s are also known as evaluation
representations. Strictly speaking, for V (j) to be finite-dimensional the spectral parameter u
should be a non-zero complex number. However, it’s more convenient to consider u as a formal
parameter and to work with a formal infinite-dimensional version of the evaluation representa-
tions. Then the first component of L̂(j)(u) belongs to H

[[
u−1

]]
, the algebra of formal power

series in u−1 with coefficients in H. In the case of H the quantum affine algebra Uq ŝl2 these
affine L-operators were proposed in [38, Section IV] for j = 1

2 .
Furthermore, the L-operators themselves can be obtained by specializing 2nd component of

the universal R-matrix R ∈ H ⊗H that is known to exist in an appropriate completion of the
tensor product [40, Section 13]. For instance, for H = Uq ŝl2 the universal R-matrix is expressed
as an infinite product of q-exponentials involving the root vectors [35, 62, 73].1 The evaluation

1Strictly speaking, the universal R-matrices introduced in these works are for quantized Kac–Moody algebras,
extensions of Uq ĝ by a derivation. However, in our work we will not make any distinction between quantized
affine and Kac–Moody algebras, as all representations we consider are of zero central charge which means that
we actually work with their quotients called quantum loop algebras.
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of R on finite-dimensional representations requires to treat u as a formal parameter to avoid
convergence problems. This was suggested in [40, Section 13] and later studied for H = Uqĝ
in [46, Section 4], see [48, Section 1] for a review. We give an explicit calculation of the affine
L-operator L̂( 1

2
)(u) from the universal R-matrix in Appendix A.3.

In the framework of the universal R-matrix, let us point out that the fusion method finds
a natural interpretation: it follows from one of the axioms (R1)–(R3) on the universal R-matrix,
see Section 2.1.

For the reflection equation, it is well known [67] that (1.2) has a representation-theoretic
interpretation within the more general framework of reflection algebras, which are generated by
the modes of the matrix entries of so-called K-operators

K(j)(u) ∈ B
((
u−1

))
⊗ End

(
V (j)

)
, (1.4)

satisfying for all j the following reflection equations2

R
(j1,j2)
12

(
u1
u2

)
K(j1)

1 (u1)R
(j2,j1)
21 (u1u2)K(j2)

2 (u2)

= K(j2)
2 (u2)R

(j1,j2)
12 (u1u2)K(j1)

1 (u1)R
(j2,j1)
21

(
u1
u2

)
. (1.5)

Here B is in general assumed to be a comodule algebra over H, a notion generalizing coideal
subalgebras in H.3 In other words, unlike K-matrices, which have scalar entries, K-operators
are matrices with entries belonging to B

((
u−1

))
, i.e., they are formal Laurent series in u−1 with

coefficients in the algebra B whose defining relations are extracted via expanding the reflection
equation (1.5) and equating coefficients of un1u

m
2 for each n, m.

In this paper, we consider H = Uq ŝl2 with zero central charge, so-called quantum loop al-
gebra, and the comodule algebra of primary interest for us is B = Aq, the alternating central
extension [16, 69] of the q-Onsager algebra Oq. Our main motivation in this comodule algebra
comes from applications to open spin-chains through the K-operators, as it will be discussed
below and in more detail in [10]. It is important to note that we do not have any explicit form of
a K-operator for Oq, while it is known for the comodule algebra B = Aq [16] in the fundamental
case j = 1

2 . Moreover, with this K-operator K( 1
2
)(u) the reflection equation (1.5) for j1 = j2 =

1
2

is the sole defining relation of Aq. We thus have a very compact presentation of Aq which is
analogous to the famous FRT presentation [38] of H = Uq ŝl2.

The K-operators can also produce their smaller cousins – the K-matrices – by evaluating
one-dimensional representations of B on the 1st tensor component of K(j)(u). Indeed, we show
in [10] that one-dimensional representations of Aq produce out of the spin-

1
2 K-operator K( 1

2
)(u)

the most general K-matrix of the open XXZ spin-12 chain [36, 47]. Furthermore, on tensor-
product representations of Aq, the K-operator K(j)(u) images agree with ‘dressed’ K-matrices
or Sklyanin’s operators, and the important problem of functional relations between transfer
matrices of different spins, the so-called TT-relations, can be investigated at the level of algebraic
relations of Aq, as we discuss in more detail in Section 1.4. The main goal of our program is
to construct such a general framework that allows the development of universal TT-relations
holding in Aq, which would then specialize to the known (conjectured) TT-relations for transfer
matrices in the literature such as [27, 45]. This paper provides the first step in this direction by
developing a formalism of K-operators with the spectral parameter, as we discuss it now.

2In the case of P-symmetric R-matrices associated to H = Uq ŝl2, the reflection equation (1.5) for the
K-operators takes the more standard form (4.58).

3There are also K-operators that might not fit our setting. For instance, the K-operators associated with
a q-oscillator algebra or the Askey–Wilson algebra were constructed in [6, 11] respectively, see also [22] for quotients
of a few higher rank generalizations of Oq. However, we are not aware of any comodule algebra structure for these
algebras.



4 G. Lemarthe, P. Baseilhac and A.M. Gainutdinov

1.2 Universal K-matrix and comodule algebras

As it was with the L-operators, it is expected that the K-operators K(j)(u) from (1.4) can arise
from a universal K-matrix satisfying a universal reflection equation. The concept of a universal
K-matrix is not new, it has been studied originally in [34, 39, 43, 61, 74]. More recently,
significant progress has been made in the works of [1, 4, 5, 57]. Each of the definitions of
universal K-matrices introduced in these recent references has different axioms that were chosen
to serve different purposes. We can highlight 3 directions corresponding to the algebra in whose
completion the universal K-matrix lies:

(1) H = Uqg, in [4];

(2) B ⊗H, where B is a coideal subalgebra of H = Uqg, in [57];

(3) H = Uqĝ, with the data of a certain automorphism of H, called ‘twist’, in [1].

Let us clarify that (1) and (3) imply a choice of B as a coideal subalgebra in H to form
a quantum symmetric pair (H,B). In all the 3 directions, the universal K-matrix satisfies
intertwining relations with respect to B, and not H as the R-matrix, and which might be
twisted in the direction (3).

Let us start with direction (2). Kolb introduced a universal K-matrix K ∈ B ⊗ H that
satisfies certain axioms [57, Definition 2.7]

K ∆B(b) = ∆B(b)K for all b ∈ B, (∆B ⊗ id)(K ) = R32K13R23,

(id⊗∆)(K ) = R32K13R23K12. (1.6)

It satisfies an algebraic (non-matrix) version of the reflection equation that belongs to B ⊗
H ⊗ H, R32K13R23K12 = K12R32K13R23. The specialization of its second tensor compo-
nent in H, to a finite-dimensional representation leads to K-operators that do not depend on
a spectral parameter, denoted as K ∈ B ⊗ End

(
V (j)

)
, satisfying a reflection equation of the

form R12K1R21K2 = K2R12K1R21, which belongs to B ⊗ End
(
V (j1)

)
⊗ End

(
V (j2)

)
. Next, let

us clarify that direction (1) is a special case of (2). Indeed, applying the counit to the first
component of K , we obtain an object k ∈ H that was introduced by Balagović and Kolb in [4].
Its specialization to a finite-dimensional representation leads to K-matrices (with scalar entries).

However, axiomatics of directions (1) and (2) is not suitable for the reflection equation with
spectral parameter (1.2). To change this, Appel and Vlaar proposed in [1] a twisted version of
the approach (1) in [4], this is direction (3). It generalizes (1) in the sense that identifying the
twist with a diagram automorphism (1) is recovered. Their definition of universal K-matrix is
associated with a coideal subalgebra of H = Uqĝ and includes a pair of consistent twists. It
was shown in [1] that such a universal K-matrix exists for a large class of coideals known as
quantum symmetric pairs. Furthermore, it was shown in [3] that these universal K-matrices are
well defined on finite-dimensional evaluation representations of H = Uqĝ and provide K-matrix
solutions of (1.2). Unfortunately, no explicit expression of these universal K-matrices is known
even in simplest cases, and the existence result requires a specific form of twists.

Furthermore, whereas the axiomatics and results of [1, 3] are well suited for coideal subal-
gebras like Oq, they cannot be used for the algebra Aq. Indeed, Aq is an extension of Oq by
an infinite number of algebraically independent central elements and, to the best of our knowl-
edge, it cannot be realized as a coideal subalgebra of H = Uq ŝl2 or any other quasi-triangular
Hopf algebra. We therefore cannot use the axiomatics and results of [1, 3], and it requires an
adjustment in order to treat general comodule algebras like Aq.

In this paper, to produce K-operator solutions of (1.5), we combine the approaches (2) and (3),
and introduce a twisted version K ∈ B ⊗ H of the universal K-matrix from [57] via a new set
of axioms (K1)–(K3) in Section 2.3 that generalize those in (1.6) and at the same time recover
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the approach (3) via the counit application. The notion of a twist ψ as a certain automorphism
of H is important here because, as it will be discussed in Section 4, a natural choice of ψ allows
the derivation of the K-operator reflection equation (1.5) from the ψ-twisted universal reflection
equation satisfied by K and given in Proposition 2.10. We also note that here B is not assumed
to be a coideal in H, in particular we do not assume (H,B) to be a quantum symmetric pair,
but B is a right comodule algebra over H.

We conjecture that such a universal K-matrix K for our choice of ψ = η defined in (2.28)
exists,4 so that its 2nd component evaluation on Uq ŝl2 representations leads to known examples
of K-operators with a spectral parameter (that can be further evaluated to get known exam-
ples of K-matrices [10]). However, the only known example is for the fundamental or spin-12
representation, the K( 1

2
)(u) for B = Aq, i.e., the K-operator providing the reflection algebra

presentation of Aq from Theorem 5.1. It is thus natural to investigate further the spectral
parameter dependent K-operators for arbitrary spin representations. The universal K-matrix
axioms (K1)–(K3) provide the main guiding directions for such investigation, more importantly
in definition of the underlying fusion construction, as it was the case for the interpretation of
the (affine) L-operators and R-matrices.

1.3 Goal and main results

The purpose of this paper is to construct K-operators with a spectral parameter for arbitrary spin
representations and show how they relate to specializations of a universal K-matrix K ∈ B⊗H.
For this, we develop universal fusion method for the K-operators (1.4) based on our new set of
axioms (K1)–(K3), and apply them in the case of the comodule algebra B = Aq. The main
results are the following. Using the axiom (K2) and the detailed analysis of tensor product rep-
resentation of Uq ŝl2, we derive fused K-operators K(j)(u) for arbitrary values of spin-j, starting
from the spin-12 K-operator, see Definition 5.6 based on the result in Proposition 4.18. One of
our main results (see Theorem 5.7) is that they satisfy the reflection equations (1.5) for all j1, j2
and with no assumption made on existence of K. For j = 1, 32 , we give explicit expressions of
the fused K-operators in terms of generating functions of Aq.

Let us comment more on constructions behind the universal fusion method. Drawing inspi-
ration from the evaluation of one of the axioms of the universal K-matrix, and without making
any assumptions about the existence of K, we define fused spin-j K-operators

K(j)(u) ∈ Aq

((
u−1

))
⊗ End

(
C2j+1

)
through the following recursion based on the fundamental spin-12 K-operator

K(j)(u) = F (j)
⟨12⟩K

( 1
2
)

1

(
uq−j+

1
2
)
R( 1

2
,j− 1

2
)
(
u2q−j+1

)
K(j− 1

2
)

2

(
uq

1
2
)
E(j)
⟨12⟩. (1.7)

Here, we used Uq ŝl2-intertwiners for evaluation representations

E(j) : C2j+1
u → C2

u1 ⊗ C2j
u2 , u1 = uq−j+

1
2 , u2 = uq

1
2 ,

and we denote their pseudo-inverse maps F (j) : C2
u1 ⊗ C2j

u2 → C2j+1
u . The condition imposed

on u1 and u2 ensures that the tensor product of the evaluation representations of Uq ŝl2 admits
a spin-j sub-representation (which is not a direct summand). This reducibility condition is
expressed in terms of ratio of the evaluation parameters [29, Section 4.9]. Using this criterion,
we explicitly construct E(j) and F (j) by determining their matrix expressions, as described in
Section 3.2.

4In the context of 1-component universal K-matrix k ∈ H, there are existence results for other choices of twists
in [3]. We discuss this in Section 7.
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Inspiration for the above universal fusion (1.7) was taken from fusion relations in Proposi-
tion 4.18 satisfied by the spin-j K-operator

K(j)(u) =
(
id⊗ πj

u−1

)
(K) ∈ B

((
u−1

))
⊗ End

(
V (j)

)
. (1.8)

obtained from the 1-component evaluation of K. Here, the universal K-matrix K is considered
for the pair of twists (ψ, J) = (η, 1 ⊗ 1) with η defined in (2.28). Moreover, a careful analysis
requires treating u as a formal variable, and the representation πju : H → End

(
V (j)

[
u±1

])
used

in (1.8) is what we call formal evaluation representation of H = Uq ŝl2 defined in Section 3.5.
It is an infinite-dimensional analogue of the finite-dimensional evaluation representations of H.
These representations of quantum affine algebras are not of highest weight type, and also known
under the name ‘quantum loop modules’ [28, 53]. In Section 3.5, we also analyze tensor products
of the formal evaluation representations πju and obtain the intertwining operators E(j) and their
pseudo-inverses F (j) in this framework with u being a formal variable.

It is important to note that, in contrast to the situation with L-operators, there is no sin-
gle example in the literature of an evaluation (1.8), even for j = 1

2 . On the other side, the
formula (1.7) gives explicit expressions for K-operators. Furthermore, we propose a precise
relation that links the K-operators K(j)(u) in (1.8) and the fused spin-j K-operators K(j)(u)
in (1.7) associated with Aq. This is stated in Conjecture 6.1: the two K-operators equal up to
a central and invertible element in Aq

((
u−1

))
, which is defined by a functional relation and has

a specific coaction. This conjecture is supported by showing independently that the fused K-
operators (1.7) satisfy a set of relations arising from the evaluation of the axioms of the universal
K-matrix.

1.4 K-operators for Aq and universal TT-relations

A construction of arbitrary spin K-operators for Aq is not only important for a better under-
standing of the universal K-matrix formalism for comodule algebras, but first of all because of
applications in quantum integrable systems. Namely, as it is explained in [10], a generating func-
tion of a commutative subalgebra of Aq can be constructed using the spin-j K-operator K(j)(u),
that can be viewed as a spin-j universal transfer matrix T(j)(u) ∈ Aq

((
u−1

))
. A family of

universal TT-relations between the universal transfer matrices can be calculated directly in the
algebra Aq

T(j)(u) = T(j− 1
2
)
(
uq−

1
2
)
T( 1

2
)
(
uqj−

1
2
)
+ f (j)(u)T(j−1)(uq−1), (1.9)

with T(0)(u) ≡ 1, T(− 1
2
)(u) ≡ 0 and f (j)(u) is a generating function of central elements in Aq

that is explicitly calculated [10]. Considering tensor product (or spin-chain) representations
of the algebra B = Aq, one can show that the K-operators K(j)(u) and the universal transfer
matrices T(j)(u) map, respectively, to the ‘dressed’ K-matrices and transfer matrices associated
with various examples of integrable spin chains of XXZ type with generic integrable boundary
conditions. Importantly, whereas f (j)(u) in (1.9) is universal, its images with respect to the
various q-Onsager quotients associated with the spin chains are not: the boundary conditions of
the open integrable spin chains dictate what value the image of f (j)(u) takes. In other words,
the algebra Aq in a certain sense governs all known integrable boundary conditions through
its quotients and degenerate cases [8]. Thus, many properties of the integrable models can
be studied even before specializations to the spin-chain representations of Aq, and so the K-
operators of Aq can be used in the representation-independent analysis of the related integrable
models. The applications of our results to integrable models are discussed more in Section 7
and in our next paper [10].

The text is organized as follows. In Section 2, the formalism of universal R-matrix is re-
viewed following [40]. Furthermore, we upgrade the universal K-matrix axioms of [1, 57] in
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Definition 2.7. In our framework, the K-operators are obtained as evaluations of the univer-
sal K-matrix K ∈ B ⊗ H (if it exists) satisfying a ψ-twisted universal reflection equation, see
Proposition 2.10. In this section, we also review basic definitions of the quantum loop alge-
bra H = LUqsl2, the q-Onsager algebra Oq and its alternating central extension B = Aq.

In Sections 3–5, we develop the universal fusion method. Namely, Section 3 is devoted
to a detailed analysis of the tensor product of evaluation representations of LUqsl2 and their
formal-parameter versions. In Section 4, we assume existence of a universal K-matrix K for
a comodule algebra B and a certain twist pair. The L-operators and K-operators of spin-j are
defined as formal evaluations of R and K, respectively; see Definitions 4.1 and 4.17. The main
results of this section are the so-called ‘fusion’ relations satisfied by the L- and K-operators of
spin-j, see Propositions 4.5 and 4.18, respectively. In Section 5, we do not assume existence of
a universal K-matrix for Aq, and instead introduce fused K-operators of spin-j in Definition 5.6
by a recursion based on the fundamental K-operator giving the reflection algebra presentation
of Aq. Theorem 5.7 shows that they satisfy the reflection equation (1.5) for all choices of j1, j2.
Explicit expressions of the fused K-operators for j = 1, 32 are derived in Section 5.4. We also
give compact expressions for the fused R-matrices and the fused K-operators in (5.33), (5.34),
solely in terms of the fundamental R-matrix and K-operator. In Section 6, the precise relation
between the spin-j K-operators from Section 4 and the fused K-operators from Section 5 leads to
Conjecture 6.1, with supporting evidence discussed. Finally, in the concluding Section 7, we give
a brief summary of our results and discuss a few perspectives of applications of the K-operator
formalism to quantum integrable systems.

In Appendix A, we adapt the universal R-matrix constructed in [73] to our conventions,
and compute the corresponding Ding–Frenkel type L-operators L̂( 1

2
)(u) = L±(u) and the spin-12

L-operator L( 1
2
)(u) by evaluation of the universal R-matrix. In Appendix B, we give ordering

relations for the generating functions of Aq. Finally, in Appendix C, we give a proof of one of
our main results, Theorem 5.7, that the fused K-operators satisfy the reflection equations for
any pair of spins.

Notations. We denote the set of natural numbers by N = {0, 1, 2, . . . } and the positive
integers by N+ = {1, 2, . . . }.

All algebras are considered over the field of complex numbers C, if not stated otherwise.
Though the results till Section 2.4 are valid also over general fields, and many results in Section 5
can be directly generalized to algebraically closed fields of zero characteristic, we fix for simplicity
the ground field to be C. Let q ∈ C∗, and we assume in this paper that q is not a root of unity.
The q-commutator is[

X,Y
]
q
= qXY − q−1Y X (1.10)

and
[
X,Y

]
=
[
X,Y

]
1
= XY − Y X. We denote the q-numbers by [n]q = (qn − q−n)/

(
q − q−1

)
.

We denote by I2j the 2j × 2j identity matrix. We also use Pauli matrices

σ+ =

(
0 1
0 0

)
, σ− =

(
0 0
1 0

)
,

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

All generating functions considered in this paper like quantum determinants γ(u) or Γ(u)
are formal Laurent series in u−1 with coefficients in the corresponding algebra like Aq. In other
words, they are of the form

∑
n∈Zfnu

−n, where fn ∈ Aq and all but finitely many fn for n < 0
vanish. In this case, we use the notation Aq

((
u−1

))
, and the convention that every rational

function of the form 1/p(u), where p(u) is a Laurent polynomial, is expanded in u−1. The space
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of formal power series with coefficients fn in Aq, i.e., when all fn are zero for n < 0, is denoted
by Aq

[[
u−1

]]
.

The subscript [j] attached to an algebra-valued matrix T indicates on which factor in the
tensor product of modules the entries of T act nontrivially, and we use the convention

((T )[2](T
′)[1](T

′′)[2])ij =
2∑

k,ℓ=1

(T ′)kℓ ⊗ (T )ik(T
′′)ℓj . (1.11)

We also give a table of the most used notations:

Uq ŝl2 Definition 2.11 quantum affine algebra for sl2

LUqsl2 Definition 2.12 quantum loop algebra for sl2

Aq Definition 2.14 alternating central extension

of the q-Onsager algebra

evu equation (2.30) (formal) evaluation map from LUqsl2 to Uqsl2

πju equation (3.3) (formal) evaluation representations from LUqsl2
to End

(
C2j+1

)
E(j+ 1

2
) Lemma 3.1 LUqsl2-intertwiner for fusion (j + 1

2) → (12 , j)

Ē(j− 1
2
) Lemma 3.2 LUqsl2-intertwiner

for reduction (j − 1
2) → (12 , j)

F (j+ 1
2
) equations (3.21)–(3.23) pseudo-inverse of E(j+ 1

2
)

F̄ (j− 1
2
) equations (3.27)–(3.28) pseudo-inverse of Ē(j− 1

2
)

L(j)(u) equation (4.24) fused L-operator in Uqsl2
[
u, u−1

]
⊗ End

(
C2j+1

)
R(j1,j2)(u) equation (4.31) fused R-matrix in End

(
C2j1+1

)
⊗ End

(
C2j2+1

)
K(j)(u) equation (5.25) fused K-operator for Aq

in u4j
2−2jAq

[[
u−1

]]
⊗ End

(
C2j+1

)
R Definition 2.1 universal R-matrix in H ⊗H

L±(u) equation (4.63) affine L-operators in LUqsl2
[[
u∓1

]]
⊗ End

(
C2
)

L(j)(u) Definition 4.1 spin-j L-operator in Uqsl2
[[
u−1

]]
⊗ End

(
C2j+1

)
R(j1,j2)(u) equation (4.5) spin-j R-matrix in End

(
C2j1+1

)
⊗ End

(
C2j2+1

)
K Definition 2.7 universal K-matrix in B ⊗H

(ψ, J) Definition 2.5 twist pair: algebra automorphism ψ,

and Drinfeld twist J

K(j)(u) Definition 4.17 spin-j K-operator for Aq

in Aq

((
u−1

))
⊗ End

(
C2j+1

)
2 Universal R- and K-matrices

Firstly, we recall the definition of a quasi-triangular Hopf algebraH with the associated universal
R-matrix that satisfies the universal Yang–Baxter equation. Then, inspired by the works [57]
and [1], we define in Section 2.3 a universal K-matrix associated with H, a pair of its consistent
twists (ψ, J), and its comodule algebra B – this is an element in B⊗H that satisfies a universal
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reflection equation (also called ψ-twisted reflection equation), see Proposition 2.10. We also show
a precise relation of our notion of the universal K-matrix to those introduced in [57] and [1].
In Section 2.4, we introduce the main example ofH and B considered in this paper: the quantum
loop algebra H = LUqsl2 and its comodule algebra B = Aq, the alternating central extension of
the q-Onsager algebra.

2.1 Universal R-matrix

Let H be a Hopf algebra with coproduct ∆: H → H⊗H, the counit ϵ : H → C and the antipode
S : H → H, which are subject to consistency conditions, for which we refer to [30, Chapter 4].
We denote the opposite coproduct ∆op = p ◦ ∆, where p is the permutation operator, i.e.,
p(x⊗ y) = y⊗ x, for x, y ∈ H. For R ∈ H ⊗H, we use the notation R12 = R⊗ 1, R23 = 1⊗R,
R13 = p23(R12).

Definition 2.1 ([40]). For a Hopf algebra H, an invertible element R ∈ H ⊗ H is called
a universal R-matrix if it satisfies

R∆(x) = ∆op(x)R ∀x ∈ H, (R1)

(∆⊗ id)(R) = R13R23, (R2)

(id⊗∆)(R) = R13R12. (R3)

If such R exists, then the pair (H,R) is called a quasi-triangular Hopf algebra.

We note that the universal R-matrix necessarily satisfies

(S ⊗ id)(R) = R−1 = (id⊗ S)(R), (2.1)

(ϵ⊗ id)(R) = 1 = (id⊗ ϵ)(R). (2.2)

Using the relations (R1)–(R3), one can show that the universal R-matrix satisfies the universal
Yang–Baxter equation

R12R13R23 = R23R13R12. (2.3)

It is well known [40] that the universal R-matrix coming from a quasi-triangular Hopf algebra
gives a way to generate R-matrices on tensor product of representations, via evaluations as we
will see in Section 4.

2.2 Twist pairs

We begin with introducing ψ-twisting for Hopf algebras, as in [1, Section 2.4].

Definition 2.2. Let (H,R) be a quasi-triangular Hopf algebra and ψ : H → H an algebra au-
tomorphism. The ψ-twisting of (H,R) is the quasi-triangular Hopf algebra

(
Hψ,Rψψ

)
obtained

from (H,R) by pullback through ψ, i.e., Hψ is the Hopf algebra with same multiplication, new
coproduct, counit and antipode

∆ψ = (ψ ⊗ ψ) ◦∆ ◦ ψ−1, ϵψ = ϵ ◦ ψ−1, Sψ = ψ ◦ S ◦ ψ−1, (2.4)

and the universal R-matrix is given by

Rψψ = (ψ ⊗ ψ)(R). (2.5)

Let Hcop be the Hopf algebra with the coproduct ∆op, the antipode S−1 and its R-matrix
is R21, while the other structure maps are the same as for H. In what follows, we also use
the ψ-twisting of Hcop, denoted by Hcop,ψ, with ∆op,ψ = p ◦∆ψ. We then immediately get the
following lemma.
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Lemma 2.3. The pair
(
Hcop,ψ,Rψψ

21

)
is a quasi-triangular Hopf algebra.

To introduce the concept of universal K-matrix, we recall Drinfeld twists.

Definition 2.4 ([40, 42]). A Drinfeld twist of a Hopf algebra H is an invertible element J ∈
H ⊗H satisfying the property

(ϵ⊗ id)(J) = 1 = (id⊗ ϵ)(J) (2.6)

and the cocycle identity

(J ⊗ 1)(∆⊗ id)(J) = (1⊗ J)(id⊗∆)(J). (2.7)

Given a Drinfeld twist J one obtains a new quasi-triangular Hopf algebra (HJ ,RJ) with the
coproduct and the antipode [41], see also in our conventions [63, Theorem 2.3.4],

∆J(x) = J∆(x)J−1, SJ(x) = UxU−1, ∀x ∈ H, (2.8)

where we set U =
∑
J1S(J2) and with J =

∑
J1 ⊗ J2. The universal R-matrix is given by

RJ = J21RJ
−1. (2.9)

We now recall [1, Definition 2.2].

Definition 2.5. Let (H,R) be a quasi-triangular Hopf algebra. A twist pair (ψ, J) is the
datum of an algebra automorphism ψ : H → H and a Drinfeld twist J ∈ H ⊗ H such that(
Hcop,ψ,Rψψ

21

)
= (HJ ,RJ), i.e., such that ϵψ = ϵ,

∆op,ψ(x) = J∆(x)J−1 ∀x ∈ H, Rψψ
21 = J21RJ

−1. (2.10)

2.3 Universal K-matrix

Appel and Vlaar introduced the notion of a cylindrical bialgebra [1, Definition 2.3] which is
a quasi-triangular bialgebra with a twist pair and a universal solution of a twisted reflection
equation in H ⊗H. This approach is convenient for scalar K-matrix solutions of the parameter-
dependent reflection equation (1.2). It is however not a convenient framework for K-operator
solutions of more general reflection equation (1.5) associated to general H-comodule algebras B.
To change this, we define a universal K-matrix via axioms (K1)–(K3) and show that it satisfies
a universal reflection equation in B⊗H⊗H that specializes on representations to the reflection
equation (1.5), as will be further demonstrated in Section 4. We begin with the following
standard definition.

Definition 2.6. An algebra B is called a right comodule algebra over a Hopf algebra H if there
exists an algebra map δ : B → B⊗H, which we call right coaction, such that the coassociativity
and counital conditions hold

(id⊗∆) ◦ δ = (δ ⊗ id) ◦ δ, (id⊗ ϵ) ◦ δ = id. (2.11)

Let (ψ, J) be a twist pair for a Hopf algebra H and B is a right comodule algebra over H. We
define a universal K-matrix K ∈ B ⊗H. Here we use the notation K12 = K⊗ 1, K13 = p23(K12).

Definition 2.7. We say that K ∈ B ⊗H is a universal K-matrix if the following relations hold
for all b ∈ B:

Kδ(b) = δψ(b)K, with δψ = (id⊗ ψ) ◦ δ, (K1)
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(δ ⊗ id)(K) =
(
Rψ
)
32
K13R23, (K2)

(id⊗∆)(K) = J−123 K13R
ψ
23K12, (K3)

where

Rψ = (ψ ⊗ id)(R). (2.12)

We note that δψ defines a comodule structure on B overHψ. Therefore, by (K1) K intertwines
two actions of B on B ⊗H, given by δ and δψ respectively. By analogy with (R1), we call (K1)
the twisted intertwining relation. We now make several remarks concerning this definition.

Remark 2.8. From the axioms (K2)–(K3), we get some relations on the level of the algebra.

(i) We provide a consistency check of the axioms (K2) and (K3). From coassociativity prop-
erty (2.11), we have (id⊗∆⊗ id) ◦ (δ⊗ id)(K) = (δ⊗ id⊗ id) ◦ (δ⊗ id)(K). This relation is
checked using (R2) and (K2). Indeed, the left-hand side equals

(
Rψ
)
43

(
Rψ
)
42
K14R24R34

where we used (∆ ⊗ id)
((
Rψ
)
21

)
=
(
Rψ
)
32

(
Rψ
)
31
, while the right-hand side gives the

same expression using twice (K2). The counital property in (2.11) is checked using (K3)
and (2.2) as follows:

(id⊗ ϵ⊗ id) ◦ (δ ⊗ id)(K) = (id⊗ ϵ⊗ id)(
(
Rψ
)
32
K13R23) = K. (2.13)

(ii) Recall that (id⊗ ϵ) ◦∆ = id. Then, using (K3), (2.2), (2.6), and that ϵ is an algebra map

K = [(id⊗ id⊗ ϵ) ◦ (id⊗∆)](K) = (id⊗ id⊗ ϵ)
(
J−123 K13R

ψ
23K12

)
= ([(id⊗ ϵ)(K)]⊗ 1)K. (2.14)

Applying again (id⊗ ϵ) on (2.14), we find that (id⊗ ϵ)(K) is an idempotent. If in addition,
K is invertible, it follows (id⊗ ϵ)(K) = 1 which is the analogue of (2.2) for R.

Remark 2.9. The previous definitions of universal K-matrices from the works [1, 57] can be
obtained as special cases of Definition 2.7.

(i) It is easy to check that
(
id,R−121

)
is a twist pair. In particular, one finds that (K1)–(K3),

for ψ = id and J = R−121 , correspond to the axioms for the universal K-matrix defined
in [57, Definition 2.7]. Moreover, assuming (K1)–(K3) hold for a twist pair

(
ψ,R−121

)
, then

the algebra automorphism KKY :=
(
id⊗ψ−1

)
◦Ad(K) of H⊗B, with Ad(K) := K(−)K−1,

satisfies the axioms of [58, Definition 6.11] with R := Ad(R).

(ii) Assume that B is a right coideal subalgebra of H, i.e., δ = ∆|B, and define K = (ϵ⊗ id)(K).
Applying the counit on the first tensor factor of the universal K-matrix in (K1)–(K3) yields

Kb = ψ(b)K ∀b ∈ B, (2.15)

K =
(
Rψ
)
21
K2R, (2.16)

∆|B(K) = J−1K2R
ψK1. (2.17)

We recall that in this setting of B a coideal subalgebra of H, Appel and Vlaar introduced
in [1] one-component universal K-matrices k ∈ H. The formulas (2.15) and (2.17), with
the identification K = k, correspond respectively to the defining relations of the so-called
cylindrically invariant subalgebra B and the cylindrical pair (H,R), see [1, Definition 2.3].
We thus get the one-component universal K-matrix of [1] from our 2-component K. The
opposite is also true: starting from a solution K of (2.15) and (2.17), and assuming that K
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defined by (2.16) lies in B ⊗ H, one can check that K satisfies the axioms (K1)–(K3).
Indeed, checking (K1) and (K2) is straightforward, while for (K3) we use the equalities

(id⊗∆)
[(
Rψ
)
21

]
= J−123

(
Rψ
)
31

(
Rψ
)
21
J23,

(
Rψ
)
21
Rψ

23R13 = R13R
ψ
23

(
Rψ
)
21
.

The first one is obtained using ∆(ψ(x)) = J−1[(ψ⊗ψ) ◦∆op(x)]J with (id⊗∆op)(R21) =
R31R21 while we applied (id ⊗ ψ ⊗ id) ◦ p12 to the universal Yang–Baxter equation (2.3)
to get the second equality. Then, we indeed get (K3)

(id⊗∆)(K) = J−123

(
Rψ
)
31
K3

(
Rψ
)
21
Rψ

23R13K2R12

= J−123

(
Rψ
)
31
K3R13R

ψ
23

(
Rψ
)
21
K2R12 = J−123 K13R

ψ
23K12.

We now derive a universal reflection equation based on the axioms (K1)–(K3).

Proposition 2.10. Let (ψ, J) be a twist pair. The universal K-matrix satisfies the ψ-twisted
reflection equation

K12

(
Rψ
)
32
K13R23 = Rψψ

32 K13R
ψ
23K12. (2.18)

Proof. Multiply (K2) on the left by K12 to get

K12[(δ ⊗ id)(K)] = K12

(
Rψ
)
32
K13R23. (2.19)

Then, using (K1), the left-hand side of this equation equals

[(id⊗ ψ ⊗ id) ◦ (δ ⊗ id)(K)]K12 = Rψψ
32 K13R

ψ
23K12, (2.20)

where we used again (K2). Equating (2.19) with (2.20), the equation (2.18) follows. ■

2.4 Example of (H,B)

We now introduce our main example of the pair (H,B) where the Hopf algebra H = LUqsl2 is
the quantum loop algebra and its right comodule algebra B = Aq is a central extension of the
q-Onsager algebra. We first recall the definition of the quantum affine algebra Uq ŝl2.

Definition 2.11. Define the extended Cartan matrix (aij)i,j∈{0,1} with aii = 2, aij = −2
for i ̸= j. The quantum affine algebra Uq ŝl2 is a Hopf algebra generated by the elements Ei, Fi,
K
± 1

2
i , i ∈ {0, 1}, satisfying

K
1
2
i Ej = q

aij
2 EjK

1
2
i , K

1
2
i Fj = q−

aij
2 FjK

1
2
i , [Ei, Fj ] = δi,j

Ki −K−1i
q − q−1

,

K
1
2
i K

− 1
2

i = K
− 1

2
i K

1
2
i = 1, K

1
2
0 K

1
2
1 = K

1
2
1 K

1
2
0 , (2.21)

with the q-Serre relations, recall the definition of the q-commutator (1.10),

[Ei, [Ei, [Ei, Ej ]q]q−1 ] = 0, [Fi, [Fi, [Fi, Fj ]q]q−1 ] = 0. (2.22)

Let ∆: Uq ŝl2 → Uq ŝl2⊗Uq ŝl2, ϵ : Uq ŝl2 → C and S : Uq ŝl2 → Uq ŝl2 be respectively the coproduct,
the counit and the antipode. They are given by

∆(Ei) = Ei ⊗K
1
2
i +K

− 1
2

i ⊗ Ei, ∆(Fi) = Fi ⊗K
1
2
i +K

− 1
2

i ⊗ Fi,

∆
(
K
± 1

2
i

)
= K

± 1
2

i ⊗K
± 1

2
i , (2.23)

ϵ(Ei) = ϵ(Fi) = 0, ϵ
(
K
± 1

2
i

)
= 1, (2.24)

S(Ei) = −qEi, S(Fi) = −q−1Fi, S
(
K
± 1

2
i

)
= K

∓ 1
2

i . (2.25)
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The element K
1
2
0 K

1
2
1 is central.

Definition 2.12. The quantum loop algebra LUqsl2 is the unital associative C-algebra gener-
ated by the elements Ei, Fi, K

± 1
2

i ; i ∈ {0, 1}, which satisfy the defining relations of the Uq ŝl2
algebra (2.21)–(2.22) with the extra relation K

1
2
0 K

1
2
1 = 1. The Hopf algebra structure defined

by (2.23)–(2.25) descends to LUqsl2.

Note that a presentation of LUqsl2 of Faddeev–Reshetikhin–Taktadjan type is also known [44].
It involves Ding–Frenkel L-operators satisfying the Yang–Baxter algebra [38], see details in
Section 4.3.

The explicit form of the universal R-matrix associated with the quantized Kac–Moody al-
gebras was proposed in [73, Theorem 2] and in [54, equation (58)],5 in terms of root vectors
for Uq ŝl2, see also [35, 62]. In our work, we consider the universal R-matrix R associated with
the Hopf algebra quotient LUqsl2 and review its explicit form in our conventions in Appendix A.
It is important to note that the coproduct convention we use is different to the one used in [73].
The two coproducts and corresponding universal R-matrices are related via the automorphism ν

ν(Ei) = EiK
1
2
i , ν(Fi) = K

− 1
2

i Fi, ν
(
K
± 1

2
i

)
= K

± 1
2

i . (2.26)

We then have

∆KT = (ν ⊗ ν) ◦∆ ◦ ν−1,
(
ν−1 ⊗ ν−1

)(
RKT

)
= R, (2.27)

where RKT denotes the image of the universal R-matrix given in [54, equation (58)] under the
quotient map to LUqsl2, i.e., after setting the central charge to zero.

Let us introduce an automorphism η of LUqsl2

η(E0) = F1, η(E1) = F0, η
(
K

1
2
0

)
= K

− 1
2

1 ,

η(F1) = E0, η(F0) = E1, η
(
K

1
2
1

)
= K

− 1
2

0 . (2.28)

Example 2.13. For H = LUqsl2, both the pairs (ψ, J) = (η, 1 ⊗ 1) and (ψ, J) = (η,R21R),
with the automorphism η from (2.28), are examples of twist pairs from Definition 2.5. The first
choice is the main example considered in this paper. To verify (2.10), using the definition of ∆
given in (2.23), we get indeed ∆op,η = ∆. It remains to show that Rηη

21 = R. From Lemma 2.3,
the pair

(
Hcop,η,Rηη

21

)
satisfies (R1)–(R3) with the only substitution R → Rηη

21 . Recall that an
invertible solution of (R1)–(R3) of the form [54, equation (42)] is unique [54, Theorem 7.1], and
is given by [54, equation (58)]. We then note that Rηη

21 is of the same form [54, equation (42)].
As Rηη

21 satisfies the same equations as R, as we have ∆op,η = ∆, it follows from the uniqueness
that they are equal and (η, 1⊗ 1) is thus a twist pair.

2.4.1 Evaluation map

In further sections, we will use the so-called evaluation map to study the tensor product repre-
sentation of the algebra LUqsl2. We first recall that the quantum algebra Uqsl2 is a Hopf sub-
algebra of Uq ŝl2 generated by E1, F1 and K1, and for brevity we denote them by E, F , and K,
respectively. Now, consider the algebra map φ : LUqsl2 → Uqsl2 defined by the equations

φ(E0) = F, φ(F0) = E, φ
(
K

1
2
0

)
= K−

1
2 ,

φ(E1) = E, φ(F1) = F, φ
(
K

1
2
1

)
= K

1
2 .

5As the universal R-matrix R of Uq ŝl2 has the form of a product over an infinite set of root vectors, and so

strictly speaking R is not an element of the tensor product Uq ŝl2⊗Uq ŝl2 but belongs to its appropriate completion,
see, e.g., [3, Section 2.5]. This fact however does not affect the use of the R- or K-matrix axioms.
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Let ϕu be the Z-gradation automorphism of LUqsl2, ϕu : LUqsl2 → LUqsl2, with u ∈ C∗, de-
fined by

ϕu(Ei) = u−1Ei, ϕu(Fi) = uFi, ϕu
(
K

1
2
i

)
= K

1
2
i , i = 0, 1. (2.29)

Then the evaluation map evu
6

evu : LUqsl2 → Uqsl2 (2.30)

is defined by the composition

evu = φ ◦ ϕu. (2.31)

2.4.2 Comodule algebra Aq

Before giving our example of the comodule algebra B = Aq over LUqsl2, which is a central
extension of the q-Onsager algebra, we recall the definition of the latter. The definition of the
q-Onsager algebra Oq [6, 68] is given in terms of two generators W0, W1 satisfying the so-called
q-Dolan–Grady relations

[W0, [W0, [W0,W1]q]q−1 ] = ρ[W0,W1], [W1, [W1, [W1,W0]q]q−1 ] = ρ[W1,W0],

where we fix

ρ = k+k−
(
q + q−1

)2
with k± ∈ C∗. (2.32)

The algebra B = Aq has first appeared in [13, 16] in the form of a reflection algebra that we
review in Section 5. It was understood later on that Aq is isomorphic to the central extension of
the q-Onsager algebra [9, 69], namely to Oq ⊗ C[Z] where C[Z] = C[z1, z2, . . . ] is a polynomial
algebra with infinitely many indeterminates zi, for i ∈ N. Here, we recall a so-called compact
presentation of this algebra.

Definition 2.14 (see [72]). Aq is an associative algebra over C generated by W0, W1, {Gk+1}k∈N
subject to the following defining relations

[W0, [W0, [W0,W1]q]q−1 ] = ρ[W0,W1], [W1, [W1, [W1,W0]q]q−1 ] = ρ[W1,W0],

[W1,G1] = [W1, [W1,W0]q], [G1,W0] = [[W1,W0]q,W0],

[W1,Gk+1] = ρ−1[W1, [W1, [W0,Gk]q]q], k ≥ 1,

[Gk+1,W0] = ρ−1[[[Gk,W1]q,W0]q,W0], k ≥ 1,

[Gk+1,Gℓ+1] = 0, k, ℓ ∈ N,

where ρ is given by (2.32).

We discuss the coaction map δ : Aq → Aq ⊗ LUqsl2 using the reflection algebra presentation
of Aq in Section 6.2. The corresponding coaction of the fundamental generators W0, W1 takes
the form

δ(W0) = 1⊗
(
k+q

1
2E1K

1
2
1 + k−q

− 1
2F1K

1
2
1

)
+W0 ⊗K1, (2.33)

δ(W1) = 1⊗
(
k+q

− 1
2F0K

1
2
0 + k−q

1
2E0K

1
2
0

)
+W1 ⊗K0. (2.34)

In what follows, it is sufficient to consider the evaluation of the coaction map δ, denoted by δw

δw = (id⊗ evw) ◦ δ : Aq → Aq ⊗ Uqsl2. (2.35)

The proof of the following proposition is postponed to the end of Section 5.5.

6For a more general evaluation map, see, for instance, [25, equation (4.32)]. In this paper, we set s0 = s1 = −1.
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Proposition 2.15. The evaluated coaction map δw : Aq → Aq ⊗ Uqsl2 is such that

δw(W0) = 1⊗
(
k+q

1
2w−1EK

1
2 + k−q

− 1
2wFK

1
2
)
+W0 ⊗K,

δw(W1) = 1⊗
(
k+q

− 1
2wEK−

1
2 + k−q

1
2w−1FK−

1
2
)
+W1 ⊗K−1,

δw(Gk+1) =
k−
k+

(
q − q−1

)2
q + q−1

(
Gk −

(
q + q−1

)
ρ

[
W0,

[
W0,Gk

]
q

])
⊗ F 2

+

(
q − q−1

)
k+
(
q + q−1

)(q− 1
2w−1

[
W0,Gk+1

]
q
⊗ FK

1
2 + q

1
2w
[
Gk+1,W1

]
q
⊗ FK−

1
2
)

+ Gk+1 ⊗ 1− Gk
q + q−1

⊗
(
w2K−1 + w−2K

)
,

with the initial condition Gk
∣∣
k=0

= k+k−
(q+q−1)2

q−q−1 .

3 Tensor product representations of LUqsl2

Our fusion procedure for K-operators requires first analysis of the tensor product of evaluation
representations of LUqsl2. The reducibility criteria in terms of ratios of the evaluation parameters
for these tensor products are known [29, Section 4.9]. In this section, we study the sub-quotient
structure of the tensor products C2

u1 ⊗C2j+1
u2 in more details. We first show that with conditions

on the ratio of evaluation parameters as in Lemmas 3.1 and 3.2, this tensor product representa-
tion of LUqsl2 admits a sub-representation either of spin-

(
j + 1

2

)
or of spin-

(
j − 1

2

)
. As a main

new result of this section, we then provide explicit matrix form of the corresponding intertwining
operators and their pseudo-inverses. This is done in Sections 3.2 and 3.3 for finite-dimensional
evaluation representations, and then in Section 3.5 for their infinite-dimensional analogues with
formal evaluation parameters.

First, recall that finite-dimensional irreducible representations of Uqsl2 are labeled by a non-
negative integer or half-integer j, of the dimension 2j + 1, and denoted simply by C2j+1. Its
basis is given by |j,m⟩ with m ∈ {−j,−j + 1, . . . , j − 1, j}, and with the action

E |j,m⟩ = Aj,m |j,m+ 1⟩ , F |j,m⟩ = Bj,m |j,m− 1⟩ ,

K±
1
2 |j,m⟩ = q±m |j,m⟩ , (3.1)

with

Aj,m =
√

[j −m]q [j +m+ 1]q, Bj,m =
√
[j +m]q [j −m+ 1]q. (3.2)

Let πj be the corresponding representation map of Uqsl2, π
j : Uqsl2 → End

(
C2j+1

)
. Now,

given u ∈ C∗, we then define the evaluation representations πju : LUqsl2 → End
(
C2j+1

)
by

πju = πj ◦ evu, (3.3)

where evu is defined in (2.31), and the corresponding LUqsl2-module by C2j+1
u . We study now

tensor products of these representations(
π

1
2
u1 ⊗ πju2

)
◦∆: LUqsl2 → End

(
C2
u1 ⊗ C2j+1

u2

)
,

and look at special points in the evaluation parameters space so that a proper sub-representation
emerges. The strategy is the following: we first construct basis vectors {wk}, {vℓ} for the
decomposition with respect to the subalgebra generated by {E1, F1,K1}. Then, we study the
action of {E0, F0,K0} on these basis vectors. We find that there are only two ratios of evaluation
parameters up to a sign when we get a proper sub-representation, and we also construct explicitly
the corresponding intertwining maps.
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3.1 Analysis of the tensor product representation of LUqsl2

Consider the subalgebra generated by {E1, F1, K1} and construct basis vectors {wk}, {vℓ},
where k = 0, 1, . . . , 2j+1, ℓ = 0, 1, . . . , 2j−1 and j ∈ 1

2N+, corresponding to the tensor product
decomposition C2 ⊗ C2j+1 = C2j+2 ⊕ C2j . We denote by w0 and v0 the highest weight vectors
of the corresponding spins-

(
j + 1

2

)
and

(
j − 1

2

)
. These are defined by the relations[(

π
1
2
u1 ⊗ πju2

)
∆(E1)

]
w0 = 0,

[(
π

1
2
u1 ⊗ πju2

)
∆(K1)

]
w0 = q2j+1w0,[(

π
1
2
u1 ⊗ πju2

)
∆(E1)

]
v0 = 0,

[(
π

1
2
u1 ⊗ πju2

)
∆(K1)

]
v0 = q2j−1v0. (3.4)

Solutions to these equations are uniquely determined, up to a scalar, by

w0 = |↑⟩ ⊗ |j, j⟩ , v0 = |↑⟩ ⊗ |j, j − 1⟩ − u1
u2
q−j−

1
2Aj,j−1 |↓⟩ ⊗ |j, j⟩ , (3.5)

with |↑⟩ = |12 ,
1
2⟩, |↓⟩ = |12 ,−

1
2⟩, and where Aj,m is given in (3.2). The other basis vectors are

constructed via the action of F1

wk =
[(
π

1
2
u1 ⊗ πju2

)
∆(F1)

]k
w0, vℓ =

[(
π

1
2
u1 ⊗ πju2

)
∆(F1)

]ℓ
v0, (3.6)

where 0 ≤ k ≤ 2j + 1 and 0 ≤ ℓ ≤ 2j − 1, and we set these vectors to zero if their index is
outside of the indicated range.

Now, we study the action of the generators E0 and F0 on these basis vectors, and we begin
with the action on wk’s[(

π
1
2
u1 ⊗ πju2

)
∆(E0)

]
wk = e1,k(u1, u2)wk+1 + e2,k(u1, u2)vk,[(

π
1
2
u1 ⊗ πju2

)
∆(F0)

]
wk = f1,k(u1, u2)wk−1 + f2,k(u1, u2)vk−2, (3.7)

where the coefficients are

e1,k(u1, u2) =
u−21 + [2j]qu

−2
2

[2j + 1]q
, e2,k(u1, u2) =

q2j+
1
2

(
u21 − u22q

−2j−1)√[2j]q

u21u2[2j + 1]q
, (3.8)

f1,k(u1, u2) =
(
u21 + u22[2j]q

) [2j − k + 2]q[k]q
[2j + 1]q

, (3.9)

f2,k(u1, u2) =

(
u21 − u22q

−2j−1)√[2j]q[k]q[k − 1]q

u−12 q−2j−
1
2 [2j + 1]q

. (3.10)

We next look at the action on vℓ’s[(
π

1
2
u1 ⊗ πju2

)
∆(E0)

]
vℓ = ē1,ℓ(u1, u2)vℓ+1 + ē2,ℓ(u1, u2)wℓ+2,[(

π
1
2
u1 ⊗ πju2

)
∆(F0)

]
vℓ = f̄1,ℓ(u1, u2)vℓ−1 + f̄2,ℓ(u1, u2)wℓ, (3.11)

where the coefficients are

ē1,ℓ(u1, u2) =
u−22 [2j + 2]q − u−21

[2j + 1]q
, ē2,ℓ(u1, u2) =

u22q
2j+1 − u21

q2j+
1
2u21u

3
2

√
[2j]q[2j + 1]q

,

f̄1,ℓ(u1, u2) =
(
u21 − u22[2j + 2]q

) [ℓ− 2j]q[ℓ]q
[2j + 1]q

,

f̄2,ℓ(u1, u2) =

(
u21 − u22q

2j+1
)
[ℓ− 2j]q[2j + 1− ℓ]q

u2q
2j+ 1

2

√
[2j]q[2j + 1]q

.
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We first note that in (3.7) and (3.11) the coefficients with indices 2, k and 2, ℓ, respectively,
correspond to contribution in the action that mixes the two spin components. In order to find
proper sub-representations, we thus need to analyze the roots of these functions e2,k, f2,k, ē2,ℓ
and f̄2,ℓ. First, for generic values of u1/u2 these functions do not vanish which corresponds to
the well known fact that this tensor product is irreducible.

From the expression of the coefficients (3.8) and (3.10), one finds that

e2,k(u1, u2) = f2,k(u1, u2) = 0 iff u1/u2 = ±q−j−
1
2

and

ē2,ℓ(u1, u2) = f̄2,ℓ(u1, u2) = 0 iff u1/u2 = ±qj+
1
2 .

Note that we do not have simultaneously these four coefficients equal to zero so we do not have
a direct sum decomposition. Instead, by fixing the ratio u1/u2 to the special values we have
a sub-representation as depicted below in Figure 1 by the dotted rectangles.

w0 w1 w2 . . . w2j−1 w2j w2j+1

v0 v1 . . . v2j−2 v2j−1

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

u1/u2 = ±q−j−
1
2

w0 w1 w2 . . . w2j−1 w2j w2j+1

v0 v1 . . . v2j−2 v2j−1

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

E1

F1

E0

F0

u1/u2 = ±qj+
1
2

Figure 1. Action of Ei, Fi on wk, vℓ for fixed values of u1/u2. The red (resp. blue) arrows correspond to

the action of F0 (resp. E0), and the branching points of the arrows correspond to the linear combinations

from (3.7) and (3.11).

We thus find that fixing u1/u2 = q∓(j+
1
2
) gives a spin-(j ± 1

2) sub-representation of LUqsl2.

3.2 Intertwining map E(j+1
2
) and its pseudo-inverse F (j+1

2
)

We now study the spin-(j + 1
2) sub-representation when u1/u2 = q−j−

1
2 , and construct the cor-

responding intertwining operator explicitly. Consider two linear operators E(j+ 1
2
) and F (j+ 1

2
)

for any j ∈ 1
2N

E(j+ 1
2
) : C2j+2

u → C2
u1 ⊗ C2j+1

u2 , (3.12)

F (j+ 1
2
) : C2

u1 ⊗ C2j+1
u2 → C2j+2

u , (3.13)

with the matrix form

E(j+ 1
2
) =

4j+2∑
a=1

2j+2∑
b=1

E(j+ 1
2
)

a,b E
(2j,j)
a,b , F (j+ 1

2
)E(j+ 1

2
) = I2j+2, (3.14)

that depends on scalars E(j+ 1
2
)

a,b , and here E
(j1,j2)
a,b denotes the matrix of dimension (2j1 + 2) ×

(2j2 + 2) with 1 at position (a, b) and 0 otherwise. Here, we choose the bases of the source
{|j + 1

2 ,m⟩} with m = j + 1
2 , j −

1
2 , . . . ,−j +

1
2 ,−j −

1
2 and the target

{|↑⟩ ⊗ |j, j⟩ , . . . , |↑⟩ ⊗ |j,−j⟩ , |↓⟩ ⊗ |j, j⟩ , . . . , |↓⟩ ⊗ |j,−j⟩}.
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We calculate the coefficients E(j+ 1
2
)

a,b provided E(j+ 1
2
) is a LUqsl2-intertwiner for the condition

u1/u2 = q−j−
1
2 and u2 = uq

1
2 , that was found in the previous subsection for j ∈ 1

2N+. First
of all for j = 0, we have for any u that π0u = ϵ, where the counit is defined in (2.24), i.e., the
trivial representation of LUqsl2. Then identifying C2 ⊗C with C2, it follows from (3.12), (3.13)
and (3.14) that E( 1

2
) = F ( 1

2
) = I2.

Lemma 3.1. Let u1/u2 = q−j−
1
2 and u2 = uq

1
2 , then the map E(j+ 1

2
) in (3.14) is a LUqsl2-

intertwiner

E(j+ 1
2
)
(
π
j+ 1

2
u

)
(x) =

(
π

1
2

uq−j ⊗ πj
uq

1
2

)
(∆(x))E(j+ 1

2
) ∀x ∈ LUqsl2, (3.15)

if and only if its entries are given for any j ∈ 1
2N+ by

E(j+ 1
2
)

1,1 = 1, E(j+ 1
2
)

1+n,1+n =
n−1∏
p=0

Bj,j−p
Bj+ 1

2
,j+ 1

2
−p
, E(j+ 1

2
)

2j+1+m,1+m = [m]q
E(j+ 1

2
)

m,m

Bj+ 1
2
,j+ 3

2
−m

, (3.16)

where n = 1, 2, . . . , 2j, m = 1, 2, . . . , 2j + 1 and Bj,m is given in (3.2), and all the other entries
are zero.

Proof. Recall that for u1 = u2q
−j− 1

2 we have a spin-(j + 1
2) sub-representation as depicted in

left-top of Figure 1, and therefore we also have a corresponding intertwining operator that we
are going to construct. In this case, the sub-representation has the basis {wk | 0 ≤ k ≤ 2j + 1}
given in (3.6). Let us introduce a basis {w′k | 0 ≤ k ≤ 2j + 1} in the source of the map E(j+ 1

2
):

we define

w′0 = |j + 1
2 , j +

1
2⟩ and w′k =

[
π
j+ 1

2
u (F1)

]k
w′0.

The intertwining property reads

E(j+ 1
2
)
[
π
j+ 1

2
u (x)

]
w′k =

[(
π

1
2
u1 ⊗ πju2

)
(∆(x))

]
E(j+ 1

2
)(w′k) ∀x ∈ LUqsl2. (3.17)

This equation for x = K0,K1 and k = 0 gives E(j+ 1
2
)(w′0) = w0. Then for k = 0 and x = (F1)

n,
with n = 1, 2, . . . , 2j + 1, one shows

E(j+ 1
2
)(w′n) = wn for all n. (3.18)

Using this, we then check directly that (3.17) indeed holds now for all k and x = F1 and x = E1.
It remains to check that (3.17) is satisfied for the action of E0 and F0. By straightforward
calculations using (2.29), (3.3) and (2.23), one gets[

π
j+ 1

2
u (E0)

]
w′k = u−2w′k+1,

[
π
j+ 1

2
u (F0)

]
w′k = u2w′k−1, (3.19)[(

π
1
2
u1 ⊗ πju2

)
∆(E0)

]
wk = qu−22 wk+1,

[(
π

1
2
u1 ⊗ πju2

)
∆(F0)

]
wk = q−1u22wk−1. (3.20)

Using (3.19) and (3.20), one finds that (3.17) holds for u2 = uq
1
2 . Finally, we get the matrix

elements of E(j+ 1
2
). The basis vectors read explicitly

wk = uk

k−1∏
p=0

Bj,j−p |↑⟩ ⊗ |j, j − k⟩+ [k]q

k−2∏
p=0

Bj,j−p |↓⟩ ⊗ |j, j − k + 1⟩

 ,

w′k = uk
k−1∏
p=0

Bj+ 1
2
,j+ 1

2
−p |j +

1
2 , j +

1
2 − k⟩ ,

and we set
∏n
p=0Bj,j−p = 1 if n is negative. Then solving (3.18) for E(j+ 1

2
) in (3.14), one

gets (3.16) (recall (3.14) that the basis is |j + 1
2 ,m⟩ with m = j + 1

2 , j −
1
2 , . . . ,−j +

1
2 ,−j −

1
2 ,

and not w′k). ■
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We now give an expression of F (j+ 1
2
) which is a pseudo-inverse of E(j+ 1

2
). It takes the form

F (j+ 1
2
) =

2j+2∑
a=1

4j+2∑
b=1

F (j+ 1
2
)

a,b E
(j,2j)
a,b , (3.21)

where F (j+ 1
2
)

a,b are scalars. The solution of F (j+ 1
2
)E(j+ 1

2
) = I2j+2 is not unique. For instance, we

fix the entries of F (j+ 1
2
) for n = 2, 3, . . . , 2j + 1 as follows:

F (j+ 1
2
)

1,1 = 1, F (j+ 1
2
)

n,n+2j =
E(j+ 1

2
)

n+2j,n(
E(j+ 1

2
)

n,n

)2
+
(
E(j+ 1

2
)

n+2j,n

)2 , (3.22)

F (j+ 1
2
)

2j+2,4j+2 =
(
E(j+ 1

2
)

4j+2,2j+2

)−1
, F (j+ 1

2
)

n,n =
1−F (j+ 1

2
)

n,n+2jE
(j+ 1

2
)

n+2j,n

E(j+ 1
2
)

n,n

, (3.23)

and all other entries are zero. This choice is important because it allows the factorization of the
R-matrix as in Lemma 3.4 below. We finally note that any pseudo-inverse of E(j+ 1

2
), in particular

the one given above, is not a LUqsl2-intertwiner because the sub-representation involved is not
a direct summand, recall the structure in Figure 1.

3.3 The maps Ē(j−1
2
) and F̄ (j−1

2
)

We now study the spin-(j − 1
2) sub-representation when u1/u2 = qj+

1
2 . Introduce the two

maps Ē(j− 1
2
) and F̄ (j− 1

2
) for any j ∈ 1

2N+

Ē(j− 1
2
) : C2j

u → C2
u1 ⊗ C2j+1

u2 , F̄ (j− 1
2
) : C2

u1 ⊗ C2j+1
u2 → C2j

u ,

given by

Ē(j− 1
2
) =

4j+2∑
a=1

2j∑
b=1

Ē(j− 1
2
)

a,b E
(2j,j−1)
a,b , F̄ (j− 1

2
)Ē(j− 1

2
) = I2j , (3.24)

where Ē(j− 1
2
)

a,b are certain scalars. The bases of the source and the target of Ē(j− 1
2
) are respectively

{|j − 1
2 ,m⟩} with m = j − 1

2 , j −
3
2 , . . . ,−j +

3
2 ,−j +

1
2 and {|↑⟩ ⊗ |j, j⟩ , . . . , |↑⟩ ⊗ |j,−j⟩ , |↓⟩ ⊗

|j, j⟩ , . . . , |↓⟩ ⊗ |j,−j⟩}.

Lemma 3.2. Let u1/u2 = qj+
1
2 and u2 = uq

1
2 . Then, the map Ē(j− 1

2
) in (3.24) is a LUqsl2-

intertwiner

Ē(j− 1
2
)
(
π
j− 1

2
u

)
(x) =

(
π

1
2

uqj+1 ⊗ πj
uq

1
2

)
(∆(x))Ē(j− 1

2
) ∀x ∈ LUqsl2, (3.25)

if and only if its entries are given for any j ∈ 1
2N+ by

Ē(j− 1
2
)

2,1 = 1, Ē(j− 1
2
)

2+n,1+n =

n−1∏
p=0

Bj,j−p−1
Bj− 1

2
,j− 1

2
−p
,

Ē(j− 1
2
)

2j+2+m,1+m =
[m− 2j]q
Bj,j−m

Ē(j− 1
2
)

2+m,1+m, (3.26)

where n = 1, 2, . . . , 2j − 1, m = 0, 1, . . . , 2j − 1 and Bj,m is given in (3.2), and all the other
entries are zero.
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Proof. Recall that for u1 = u2q
j+ 1

2 we have a spin-(j − 1
2) sub-representation as depicted in

right-bottom of Figure 1. We also have a corresponding intertwining operator Ē(j− 1
2
) that we

now construct. In this case, the sub-representation has the basis {vℓ | 0 ≤ ℓ ≤ 2j − 1} given
in (3.6). Let us introduce a basis {v′k | 0 ≤ k ≤ 2j − 1} in the source of the map Ē(j− 1

2
):

we define

v′0 = |j − 1
2 , j −

1
2⟩ and v′k =

[
π
j− 1

2
u (F1)

]k
v′0.

Analogously to the proof of Lemma 3.1, one shows Ē(j− 1
2
)(v′ℓ) = vℓ. Then, one finds the con-

straint on the ratio u/u2 and the coefficients (3.26) are obtained by solving the latter equation
for Ē(j− 1

2
) in (3.24). ■

We now give expression of F̄ (j− 1
2
) which is a pseudo-inverse of Ē(j− 1

2
). It takes the form

F̄ (j− 1
2
) =

2j∑
a=1

4j+2∑
b=1

F̄ (j− 1
2
)

a,b E
(j−1,2j)
a,b , (3.27)

where F̄ (j− 1
2
)

a,b are scalars. The solution of F̄ (j− 1
2
)Ē(j− 1

2
) = I2j is not unique. Similarly to the

fusion case above, we fix the entries of F̄ (j− 1
2
) for n = 1, 2, . . . , 2j this way

F̄ (j− 1
2
)

n,n+2j+1 =
Ē(j− 1

2
)

n+2j+1,n(
Ē(j− 1

2
)

n+1,n

)2
+
(
Ē(j− 1

2
)

n+2j+1,n

)2 , F̄ (j− 1
2
)

n,n+1 =
1− F̄ (j− 1

2
)

n,n+2j+1Ē
(j− 1

2
)

n+2j+1,n

Ē(j− 1
2
)

n+1,n

, (3.28)

and all other entries are zero. Similarly to the previous case, F̄ (j− 1
2
) is not an intertwiner.

In what follows, we will need action on tensor product using opposite coproduct. For this new
action,7 the corresponding intertwining operators appear at different evaluation parameters.

Remark 3.3. For the action of LUqsl2 on the tensor product given by the opposite coprod-
uct ∆op = p ◦∆ with ∆ in (2.23), we repeat the sub-representation analysis from Section 3.1
using the corresponding basis {w̃k | 0 ≤ k ≤ 2j + 1} and {ṽℓ | 0 ≤ ℓ ≤ 2j − 1} defined by

w̃k =
[(
π

1
2
u1 ⊗ πju2

)
∆op(F1)

]k
w̃0, ṽℓ =

[(
π

1
2
u1 ⊗ πju2

)
∆op(F1)

]ℓ
ṽ0,

with w̃0 = w0 in (3.5), and ṽ0 is the solution of (3.4) with the substitution ∆ → ∆op

ṽ0 = |↑⟩ ⊗ |j, j − 1⟩ − u1
u2
qj+

1
2Aj,j−1 |↓⟩ ⊗ |j, j⟩ .

Then, we find that the conditions on the evaluations parameter are different. Indeed, we have
for the spin-(j + 1

2) sub-representation

u1/u2 = ±qj+
1
2 , u = u2q

1
2 , (3.29)

and for the spin-(j − 1
2) sub-representation

u1/u2 = ±q−j−
1
2 , u = u2q

1
2 . (3.30)

Nevertheless, it leads to the intertwining operator E(j+ 1
2
)
(
resp. Ē(j− 1

2
)
)
with the same ma-

trix elements as in (3.16) (resp. in (3.26)). Indeed, the matrix elements are invariant under
the replacement of q by q−1. Then, the corresponding intertwining properties for the condi-
tions (3.29), (3.30) and the choice of the positive sign read respectively for all x ∈ LUqsl2

E(j+ 1
2
)
(
π
j+ 1

2
u

)
(x) =

(
π

1
2

uqj
⊗ πj

uq−
1
2

)
(∆op(x))E(j+ 1

2
), (3.31)

Ē(j− 1
2
)
(
π
j− 1

2
u

)
(x) =

(
π

1
2

uq−j−1 ⊗ πj
uq−

1
2

)
(∆op(x))Ē(j− 1

2
). (3.32)

7Recall that for a bialgebra H, we can define another bialgebra Hcop with the coproduct ∆op. Therefore,
∆op also defines an action of the algebra H on the tensor product of H-modules.
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3.4 Additional properties

We conclude this section with a few observations on relations between the intertwining opera-
tor E(j+ 1

2
), its pseudo-inverse F (j+ 1

2
) and the R-matrix. In the literature the expression of the

R-matrix R( 1
2
,j)(u) ∈ End

(
C2 ⊗ C2j+1

)
is known [37, 59]. It reads

R( 1
2
,j)(u) =

2j−2∏
k=0

c
(
uqj−

1
2
−k)((q − q−1

)(
σ+ ⊗ πj(F ) + σ− ⊗ πj(E)

)
+ uq

1
2
(I4j+2+σz⊗πj(H)) − u−1q−

1
2
(I4j+2+σz⊗πj(H))

)
, (3.33)

where πj(E), πj(F ) are given in (3.1),
(
πj(H)

)
mn

= 2(j+1−n)δm,n, withm, n = 1, 2, . . . , 2j+1,
and where we use the scalar function

c(u) = u− u−1. (3.34)

Note that this R-matrix satisfies the unitarity property

R( 1
2
,j)(u)R( 1

2
,j)
(
u−1

)
=

(
2j−1∏
k=0

c
(
uqj+

1
2
−k)c(u−1qj+ 1

2
−k)) I4j+2. (3.35)

Let H(j+ 1
2
) and H̄(j− 1

2
) be invertible diagonal matrices given by

H(j+ 1
2
) = Diag

(
H(j+ 1

2
)

1 ,H(j+ 1
2
)

2 , . . . ,H(j+ 1
2
)

2j+2

)
,

H̄(j− 1
2
) = Diag

(
H̄(j− 1

2
)

1 , H̄(j− 1
2
)

2 , . . . , H̄(j− 1
2
)

2j

)
, (3.36)

where H(j+ 1
2
)

m and H̄(j− 1
2
)

n are scalars.

Inspired by [19], the R-matrix (3.33) admits two special points for which its rank drops below
its maximum. Then at these points, the R-matrix decomposes in terms of the intertwining
operator E(j+ 1

2
) and the operator F (j+ 1

2
), defined above, as follows.

Lemma 3.4. The R-matrix (3.33) at the point u = qj+
1
2 has rank 2j + 2 and decomposes as

R( 1
2
,j)
(
qj+

1
2
)
= E(j+ 1

2
)H(j+ 1

2
)F (j+ 1

2
), (3.37)

where E(j+ 1
2
) is fixed by Lemma 3.1, F (j+ 1

2
) is given in (3.21) with (3.22), (3.23) and the entries

of H(j+ 1
2
) are

H(j+ 1
2
)

1 = H(j+ 1
2
)

2j+2 =

(
2j−2∏
k=0

c
(
q2j−k

)) (
q2j+1 − q−2j−1

)
,

H(j+ 1
2
)

n =

(
2j−2∏
k=0

c
(
q2j−k

)) (q − q−1
)
Bj,−j−1+n

E(j+ 1
2
)

n,n F (j+ 1
2
)

n,n+2j

,

for n = 2, 3, . . . , 2j + 1.

Proof. Recall that E(j+ 1
2
) is given in Lemma 3.1 and its pseudo-inverse F (j+ 1

2
) is not unique.

However, imposing (3.37), with H(j+ 1
2
) defined in (3.36), fixes both F (j+ 1

2
) and H(j+ 1

2
) uniquely

as we now show. Indeed, solving F (j+ 1
2
)E(j+ 1

2
) = I2j+2 imposes (3.23) and F (j+ 1

2
)

1,1 = 1. There
are still 2j unfixed coefficients F (j+ 1

2
)

n,n+2j , with n = 2, 3, . . . , 2j + 1. They are fixed as in (3.22), as
well as the entries of H(j+ 1

2
), by solving (3.37). ■
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Then, with the decomposition (3.37) and using the pseudo-inverse property F (j+ 1
2
)E(j+ 1

2
) =

I2j+2, we have the following.

Corollary 3.5. The following relations hold:

E(j+ 1
2
)H(j+ 1

2
) = R( 1

2
,j)
(
qj+

1
2
)
E(j+ 1

2
), (3.38)

H(j+ 1
2
)F (j+ 1

2
) = F (j+ 1

2
)R( 1

2
,j)
(
qj+

1
2
)
, (3.39)

R( 1
2
,j)
(
qj+

1
2
)
= E(j+ 1

2
)F (j+ 1

2
)R( 1

2
,j)
(
qj+

1
2
)
. (3.40)

We note that Lemma 3.4 and Corollary 3.5 will be used many times in Sections 5 and 6, in
particular to prove the reflection equation in Theorem 5.7.

Similarly to Lemma 3.4, for the second special point we have the following.

Lemma 3.6. The R-matrix (3.33) at the point u = q−j−
1
2 has rank 2j and is decomposed as

R( 1
2
,j)
(
q−j−

1
2
)
= Ē(j− 1

2
)H̄(j− 1

2
)F̄ (j− 1

2
),

where Ē(j− 1
2
) is fixed by Lemma 3.2, F̄ (j− 1

2
) is given in (3.27) with (3.28) and the entries

of H̄(j− 1
2
) are

H̄(j− 1
2
)

n =

(
2j−2∏
k=0

c(q−k−1)

) (
q − q−1

)
Bj,−j+n

Ē(j− 1
2
)

n+2j+1,nF̄
(j− 1

2
)

n,n+1

, n = 1, 2, . . . , 2j.

3.5 Formal evaluation representations

In the next sections, when we discuss L- and K-operators, and in calculations of 1-component
evaluation of the universal R-matrix, we actually work with formal parameter u, not a complex
number, because the evaluated expressions would not be well defined if u were a number as in
the evaluation representations considered above. Actually, in the evaluation of the universal
R-matrix, such considerations were already accounted for in [40, Section 13] and [46, Section 4],
see [48, Section 1] for a review. For an evaluation of the universal K-matrix, similar precautions
should be taken. One way to proceed is to introduce a formal-parameter analogue of the finite-
dimensional evaluation representations from (3.3) and to establish the intertwining properties
analogous to Lemmas 3.1 and 3.2 on this formal level. In the literature, these representations
of quantum affine algebras are also known [28] as quantum loop modules.

From now on, we assume that u±1 is formal, and keeping for brevity the same notations,
we define the formal evaluation representations πju as

πju = πj ◦ evu : LUqsl2 → End
(
C2j+1

)[
u±1

]
, (3.41)

where the formal evaluation map

evu : LUqsl2 → Uqsl2
[
u±1

]
, (3.42)

is defined by same formulas as in (2.30) but with u±1 formal variables. We thus have explicitly

πju(E0) = u−1πj(F ), πju(F0) = uπj(E), πju
(
K

1
2
0

)
= πj

(
K−

1
2
)
,

πju(E1) = u−1πj(E), πju(F1) = uπj(F ), πju
(
K

1
2
1

)
= πj

(
K

1
2
)
. (3.43)

In the case u is a complex number, this action is also known as the principal gradation [26].
In our formal u case, we will also call it the action of principal gradation.
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The map (3.41) and formulas (3.43) define the action of LUqsl2 on the space C2j+1
[
u±1

]
of Laurent polynomials in u with coefficients being vectors in C2j+1. For example, the action
of E0 is given by πju(E0)(xu

n) = πj(F )(x)un−1, x ∈ C2j+1, n ∈ Z, and extended linearly
to all elements in C2j+1

[
u±1

]
, and similarly for the other generators. Here, we use the same

notation for the corresponding representation πju : LUqsl2 → End
(
C2j+1

[
u±1

])
, and call it formal

evaluation representation. We denote the corresponding infinite-dimensional module by C2j+1
u

and sometimes call it also quantum loop module of spin-j. In what follows, we will often use
the notation C2j+1

zu , for z ∈ C∗, which means that the LUqsl2 action is on the same underlying
vector space C2j+1

[
u±1

]
but one needs to replace u in the action (3.43) by zu.

Let {xk}0≤k≤2j be a basis in the spin-j module C2j+1 over Uqsl2 such that x0 is the highest
weight vector, or |j, j⟩ in the notations of (3.1), and xk := πj(F )kx0. Then the vectors

xk,n := xku
n, 0 ≤ k ≤ 2j, n ∈ Z, (3.44)

form a basis in C2j+1
u with the action of LUqsl2 up to scalars described as follows: E0 changes

the index (k, n) by (+1,−1), while F0 changes it in the opposite way (k, n) → (k − 1, n + 1),
and similarly E1 changes the index (k, n) by (−1,−1) while F1 changes it by (+1,+1), and
finally K0 and K1 don’t change the index (k, n), they act as K−1 and K, respectively, on xk,
i.e., by the corresponding Uqsl2 weight.

For the LUqsl2 action in the basis (3.44), let us consider an example of the j = 1 case in more
details. The action of LUqsl2 is better to present diagrammatically as in Figure 2, where each
node corresponds to some xk,n while edges are the actions of Ei and Fi described up to scalars
above.

x2,2

x1,2

x0,2

x2,1

x1,1

x0,1

x2,0

x1,0

x0,0

x2,−1

x1,−1

x0,−1

x2,−2

x1,−2

x0,−2

. . .

. . .

. . .

. . .

. . .

. . .

Figure 2. Quantum loop module C3
u of spin-1 where the red and blue diagrams correspond to irreducible

components of the LUqsl2 action.

As we can see from this example, the formal-evaluation representation C3
u is fully reducible

due to the presence of two different sub-diagrams, one is blue and the other is red. Each
of these sub-diagrams describes an irreducible action. It is not hard to see that this action
arises from the other version of formal-evaluation representation in the homogeneous gradation.
Recall [26] that the homogeneous gradation action is as in (3.43) for E0 and F0, while E1 and F1

act just as E and F , respectively. Let us denote the corresponding LUqsl2-module on the
vector space C2j+1

[
u±1

]
by C̃2j+1

u and call it quantum loop module of spin-j in the homogeneous
gradation. It is clear from the action in the basis of C̃2j+1

u analogous to xku
n that this module

is irreducible, while in our example C3
u is decomposed as C3

u
∼= C̃3

u ⊕ C̃3
u.

We have a similar result for arbitrary spin j: indeed, the diagram for j = 1
2 is obtained by

simply deleting the last row of nodes labeled by x2,n and all arrows attached to them, so we
get a disjoint union of two zig-zag’s, while for j > 1 one just repeats the obvious pattern of
arrows which gives again two independent sub-diagrams of different color. Let us reformulate
this observation as the following lemma.
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Lemma 3.7. C2j+1
u is a direct sum of two copies of C̃2j+1

u .

This effect of decomposition of the action in one gradation via actions in the other gradation
is in contrast to the finite-dimensional evaluation representations where the choice of gradation
is not really important.

We now want to study tensor products of these infinite-dimensional representations(
π

1
2
u1 ⊗ πju2

)
◦∆: LUqsl2 → End

(
C2
u1 ⊗ C2j+1

u2

)
, (3.45)

where we used that the homomorphism
(
π

1
2
u1 ⊗ πju2

)
◦∆ sends LUqsl2 to End

(
C2
u1

)
⊗End

(
C2j+1
u2

)
which is a subalgebra in End

(
C2
u1 ⊗ C2j+1

u2

)
, and this algebra embedding is implicitly used

in (3.45).
We then note that as a vector space C2

u1 ⊗ C2j+1
u2 is isomorphic to C2 ⊗ C2j+1

[
u±11 , u±12

]
–

the space of Laurent polynomials in two variables u1 and u2 with coefficients in the 2(2j + 1)-
dimensional vector space – or equivalently, to the product of C2⊗C2j+1 and C

[
u±11 , u±12

]
. Below,

we will use these identifications implicitly. Then, the action (3.45) can be written as

a
(
vf(u1, u2)

)
= a(v)f(u1, u2) =

[(
π

1
2
u1 ⊗ πju2

)
◦∆(a)

]
(v)f(u1, u2) (3.46)

for any a ∈ LUqsl2, v ∈ C2⊗C2j+1 and f(u1, u2) ∈ C
[
u±11 , u±12

]
. In what follows, we will shortly

write the action as on the left-hand side instead of lengthy but more precise expression on the
right-hand side. The difference from the finite-dimensional case where ui’s were generic complex
numbers is that these infinite-dimensional tensor products are not irreducible anymore. Indeed,
for every non-zero complex number z the Laurent polynomial u1 − z−1u2 generates a proper
ideal in the algebra of Laurent polynomials because its inverse lives in a bigger ring of rational
functions in u1 and u2. Then, consider for a fixed z ∈ C∗ the linear span of vectors of the
following form:

Iz :=
〈
v
(
u1 − z−1u2

)
f(u1, u2) | v ∈ C2 ⊗ C2j+1, f(u1, u2) ∈ C

[
u±11 , u±12

]〉
, (3.47)

which can be thought of as ‘ideal’ generated by the Laurent polynomials u1− z−1u2. Analyzing
the action of Fi and Ei on these vectors, recall (3.46), it is clear that Iz is a proper LUqsl2-
submodule of C2

u1 ⊗ C2j+1
u2 .

We can now define a so-called partial specialization “identifying u2 with zu1” of the mod-
ule C2

u1 ⊗ C2j+1
u2 as the quotient by the submodule Iz from (3.47). We will use the following

short-hand notations for this quotient:

C2
u1 ⊗ C2j+1

zu1 :=
(
C2
u1 ⊗ C2j+1

u2

)
/Iz, (3.48)

when the same formal parameter appears in both tensor factors. And let us denote the canonical
surjection

pjz : C2
u1 ⊗ C2j+1

u2 ↠ C2
u1 ⊗ C2j+1

zu1 , (3.49)

which is a LUqsl2-intertwining operator. We also note that the quotient module C2
u1 ⊗ C2j+1

zu1

can be identified with C2 ⊗ C2j+1[u±11 ] as a vector space. Indeed, first note that the im-
ages pjz(x⊗ yun1u

m
2 ), for any x ∈ C2 and y ∈ C2j+1 are all proportional to (x⊗y)un+m1 , therefore

every element in the quotient space C2
u1 ⊗ C2j+1

zu1 is a (finite) linear combination of the monomi-
als (x⊗ y)un1 , for n ∈ Z, which makes it identical to C2 ⊗ C2j+1[u±11 ]. With this identification,
the LUqsl2 representation corresponding to the quotient module (3.48) will be denoted by

π
1
2
u1 ⊗ πjzu1 : LUqsl2 → End

(
C2 ⊗ C2j+1

[
u±1

])
. (3.50)
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Also, we will often use the notation π
1
2
u1 ⊗ πjzu1(∆(x)), for x ∈ LUqsl2, to stress that the ac-

tion in (3.50) uses the coproduct by construction. In other words, π
1
2
u1 ⊗ πjzu1(∆(x)) stands

for the action of ∆(x) on C2
u1 ⊗ C2j+1

u2 reduced to the quotient space by the surjective map pjz
from (3.49). We note that the intertwining property of pjz guarantees that this reduction is well
defined, because the kernel of pjz is invariant under the action of ∆(x) for all x ∈ LUqsl2.

In the quotient modules (3.48), we can now identify for appropriate values of z infinite-
dimensional submodules isomorphic to certain quantum loop modules. First, denote by W j

the subspace in C2
u1 ⊗ C2j+1

u2 spanned by vectors wk,n,m obtained via the iterated action of F1

on w0u
n
1u

m
2 where w0 is the product (3.5) of highest-weight vectors in Uqsl2-modules of spin-12

and j

wk,n,m := F k1 (w0)u
n
1u

m
2 , 0 ≤ k ≤ 2j + 1, n,m ∈ Z.

Note that as in the finite-dimensional situation if k > 2j+1 then the corresponding vectors wk,n,m
are just zero. We will also denote wk := wk,0,0.

Proposition 3.8. The image of W j = ⟨wk,n,m⟩0≤k≤2j+1,n,m∈Z ⊂ C2
u1 ⊗ C2j+1

u2 under the projec-
tion pjz from (3.49) at z = qj+

1
2 is a LUqsl2-submodule isomorphic to the quantum loop module

C2j+2
u1qj

of spin-(j + 1
2).

Proof. First, the action of E1 preservesW
j because using the commutator relation between E1

and F1 and the fact that all vectors w0,n,m are annihilated by E1 we get E1(wk,n,m) ∼ wk−1,n,m,

and so the image of W j under pjz is equally preserved by the action of E1 because pjz commutes
with all Ei and Fi. Let us now analyze the action of E0 and F0 on the vectors wk,n,m. Observing
that wk,n,m = wku

n
1u

m
2 , we get for the action the expressions similar to (3.7)

E0(wk,n,m) = E0(wk)u
n
1u

m
2 = e1,k(u1, u2)wk+1,n,m + e2,k(u1, u2)vku

n
1u

m
2 ,

F0(wk,n,m) = F0(wk)u
n
1u

m
2 = f1,k(u1, u2)wk−1,n,m + f2,k(u1, u2)vk−2u

n
1u

m
2 ,

where vk is defined as in (3.6) and the coefficients are as in (3.8)–(3.10). Note that the im-
ages pjz(wk,n,m) are all proportional to pjz(wk)u

n+m
1 , so the vectors wk,n := pjz(wk)u

n
1 , for n ∈ Z

and 0≤ k ≤ 2j + 1, form a basis in the image of W j under the projection pjz. Then, the action
on these basis elements wk,n at z = qj+

1
2 simplifies to

E0(wk,n) = q−2jwk+1,n−2, F0(wk,n) = q2j [2j + 2− k]qwk−1,n+2. (3.51)

We thus see that LUqsl2 acts on pjz
(
W j
)
. We now show that pjz

(
W j
)
is isomorphic to a quantum

loop module. First note from (3.51) that the action of E0 and F0 changes the index n by ±2 while
the action of E1 and F1 keeps it unchanged. Therefore pjz

(
W j
)
is decomposed onto a direct sum

of two LUqsl2-modules: one generated by w0,0 and the other by w0,1. We identify each of these
modules with the quantum loop module C̃2j+2

u1qj
in the homogeneous gradation, using essentially

the same analysis as in the proof of Lemma 3.1. Then using Lemma 3.7 we conclude that the
image pjz

(
W j
)
is isomorphic to the quantum loop module C2j+2

u1qj
which proves the proposition. ■

We can now construct an intertwining operator corresponding to the quantum loop submodule
described in Proposition 3.8

E(j+ 1
2
) : C2j+2

uqj
→ C2

u ⊗ C2j+1

uqj+
1
2
, (3.52)

where for simplicity we use the same notation as in the finite-dimensional setting of Sec-
tion 3.2. First, we identify the quotient space C2

u ⊗ C2j+1
uqj+

1
2 with C2 ⊗ C2j+1

[
u±1

]
as discussed

below (3.49). Using this identification, we define the action of E(j+ 1
2
) on Laurent polynomials
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from C2j+2
uqj

= C2j+2
[
u±1

]
simply on their coefficients by the same matrix as in (3.14), with the

matrix entries from Lemma 3.1 given in the basis fixed below (3.14). This action on coefficients
is well defined because the matrix entries do not depend on u. We then extend this action
linearly to Laurent polynomials in u. With the discussion below (3.50), it is straightforward to

check the intertwining property (3.15) of such linear map E(j+ 1
2
) along the same lines as in the

proof of Lemma 3.1. Similarly, its pseudo inverse map F (j+ 1
2
) is first defined on coefficients of

Laurent polynomials as in (3.21) with the same matrix entries (3.22)–(3.23), and then extended

by linearity. Note that F (j+ 1
2
) is not a LUqsl2-intertwiner.

Finally, we have a construction of intertwining map Ē(j− 1
2
) analogous to Section 3.3. This map

corresponds to the spin-(j− 1
2) quantum loop submodule in the quotient module C2

u ⊗ C2j+1
uq−j− 1

2 .
To see this, one can follow the proof of Proposition 3.8 but using the vector v0 from (3.5)
instead of w0. We thus get a LUqsl2-intertwiner

Ē(j− 1
2
) : C2j

uq−j−1 → C2
u ⊗ C2j+1

uq−j− 1
2 (3.53)

defined on coefficients of Laurent polynomials by the matrix (3.24), with the matrix entries
from Lemma 3.2. This map satisfies the same relation (3.25), now in the context of discussion
below (3.50). Similarly, its pseudo inverse map F̄ (j− 1

2
) is defined on coefficients of Laurent

polynomials via (3.27) and (3.28).

4 Spin-j L- and K-operators

In Sections 4.1 and 4.2, we define spin-j L- and K-operators, respectively, as evaluations of
universal R- and K-matrices for H = LUqsl2 and B a comodule algebra for a certain twist
pair. Using the intertwining operators constructed above, we obtain main results of this sec-
tion: explicit matrix form of the so-called fusion and reduction equations satisfied by the spin-j
L-operators, in Propositions 4.5 and 4.9, respectively, and similarly for the K-operators in Propo-
sitions 4.18 and 4.20. We also establish the so-called P-symmetry and unitarity properties of the
fused L-operators. In the final Section 4.3, the comodule algebra structure on B is characterized
within the framework of the spin-j K-operators and the Ding–Frenkel L-operators.

4.1 Spin-j L-operators

4.1.1 Evaluation of the universal R-matrix

As we noted before, the universal R-matrix R for H = LUqsl2 is an element of a certain
completion of LUqsl2 ⊗ LUqsl2 (see details, e.g., in [3, Section 2.5]), expressed as a product
over an infinite set of root vectors [73, Theorem 1], see also [35, 54, 62]. We give the universal
R-matrix expression in our conventions in Appendix A. In this section, we consider 1- and 2-
component evaluation of R on the formal evaluation representations πju studied in the previous
Section 3.5, recall (3.41) and (3.43).

Definition 4.1. For j ∈ 1
2N, we define

L(j)(u1/u2) =
(
evu1 ⊗ πju2

)
(R) ∈ Uqsl2[[u2/u1]]⊗ End

(
C2j+1

)
. (4.1)

We call L(j)(u) the spin-j L-operator. In particular, L(0)(u) = 1 by (2.2).

A few comments for the above definition are necessary:

� Strictly speaking, the right-hand side of (4.1) does not make sense literally because R does
not belong to LUqsl2 ⊗ LUqsl2 but to its completion which is much bigger and a priori
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is not of a tensor product form, so we cannot apply a map of this form. What makes
sense is to use a bi-gradation on the positive part LUqsl+2 generated by Ei: the degree
of E0 is (1, 0), while E1 has degree (0, 1). In other words, replacing each Ei by ziEi in
the q-exponent expression (A.2) of R produces R(z0, z1) such that q−

1
2
h1⊗h1R(z0, z1) ∈

LUqsl+2 ⊗ LUqsl−2 [[z0, z1]]. Now, we can apply a map of tensor product form coefficient-
wise, and set z0 = z1 = 1 in the end of the calculation. This is what we will always use
implicitly in the exposition below.

� First, we evaluate 2nd tensor component of R at j = 1
2 treating u2 as a formal vari-

able. This is done in Appendix A.3.2 using the exponential form of R reviewed in Ap-
pendix A.2. This calculation essentially amounts to evaluating infinite series of the root
vectors with (3.43), that is why one needs to consider u2 as a formal variable and not
just a complex number. The result of such evaluation is the L-operator of type L̂( 1

2
)(u2)

from (1.3) for H = LUqsl2, and it takes the form of the Ding–Frenkel L-operator [38]. It
is a 2× 2 matrix with entries from LUqsl2[[u2]].

� In the second step, it is straightforward to evaluate the remaining 1st component of R
with (3.42), see our calculation in Appendix A.4, and with the final result that depends
on the ratio u = u1/u2 only

L( 1
2
)(u) = µ(u)L( 1

2
)(u) with

L( 1
2
)(u) =

(
uq

1
2K

1
2 − u−1q−

1
2K−

1
2

(
q − q−1

)
F(

q − q−1
)
E uq

1
2K−

1
2 − u−1q−

1
2K

1
2

)
, (4.2)

where the ‘normalization’ µ(u) is the following formal power series in u−1:

µ(u) = u−1q−
1
2 eΛ(u

−2q−1), (4.3)

and Λ(u) is a formal power series in u with coefficients from the center Z(Uqsl2), see
its explicit expression in (A.25). Formally, the result of evaluation in (4.1) belongs
to Uqsl2

[[
u−11 , u2

]]
⊗End

(
C2
)
, however we see that it actually belongs to a smaller space

which is Uqsl2[[u2/u1]]⊗ End
(
C2
)
. Furthermore, we show by the fusion construction dis-

cussed below that all the L-operators L(j)(u1/u2) are indeed formal power series belonging
to Uqsl2

[[
u−1

]]
⊗ End

(
C2j+1

)
with u = u1/u2, as indicated in Definition 4.1.

Remark 4.2. The spin-12 L-operator L( 1
2
)(u) was initially calculated in [24], with different

conventions on the coproduct, see [25, equation (4.62)].8 The two L-operators are related as
follows. Recall that the automorphism (2.27) relates the universal R-matrix corresponding to
our coproduct with the universal R-matrix of [73]. Then (4.1) for j = 1

2 reads

L( 1
2
)(u1/u2) =

(
id⊗ π

1
2
)
◦ (evu1 ⊗ evu2) ◦

(
ν−1 ⊗ ν−1

)(
RKT

)
, (4.4)

where ν is given in (2.26). Now, consider the automorphism τ : Uqsl2 → Uqsl2 defined by

τ(E) = q−
1
2EK−

1
2 , τ(F ) = q−

1
2FK

1
2 , τ

(
K±

1
2
)
= K±

1
2 .

Noting that it satisfies the property evu ◦ ν−1(x) = τ ◦ ev
uq−

1
2
(x), for all x ∈ LUqsl2, and π

1
2 ◦τ =

π
1
2 , then (4.4) becomes

L( 1
2
)(u1/u2) =

(
τ ⊗ π

1
2
)
◦ (ev

u1q
− 1

2
⊗ ev

u2q
− 1

2
)
(
RKT

)
= (τ ⊗ id)

(
L(KT )(u1/u2)

)
,

where L(KT )(u) is the L-operator from [25, equation (4.62)].

8With the identification ζ → u, s → −2, in particular eΛ(q−1ζs) → µ(u)uq
1
2 , and s0 → −1, s1 → −1.
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Evaluating the first component of L(j2)(u) on the spin-j1 representation of Uqsl2, we get the
R-matrix for any spin j1, j2,

R(j1,j2)(u1/u2) =
(
πj1u1 ⊗ πj2u2

)
(R) =

(
πj1 ⊗ id

)
(L(j2)(u1/u2)), (4.5)

which is a matrix from End
(
C2j1+1 ⊗ C2j2+1

)
with entries in formal power series C

[[
u−1

]]
.

Example 4.3. For j1 = j2 =
1
2 in (4.5), the corresponding R-matrix is given by

R( 1
2
, 1
2
)(u) = π

1
2 (µ(u))R( 1

2
, 1
2
)(u) with

R( 1
2
, 1
2
)(u) =


c(uq) 0 0 0
0 c(u) c(q) 0
0 c(q) c(u) 0
0 0 0 c(uq)

 , (4.6)

where c(u) is given in (3.34) and with

πj(µ(u)) = u−1q−
1
2 exp

( ∞∑
k=1

qk(2j+1) + q−k(2j+1)

1 + q2k
u−2k

k

)
, (4.7)

where we used the evaluation of the coefficients Ck of Λ(u) given in (A.25), see [25, equa-
tion (4.59)]. Note that R( 1

2
, 1
2
)(u) coincides with the expression in (3.33) for j = 1

2 .

We recall that the L-operators satisfy the RLL relations. Indeed, applying
(
evu1 ⊗π

j2
u2 ⊗π

j3
u3

)
to (2.3), one finds9

L
(j2)
1 (u1/u2)L

(j3)
2 (u1/u3)R(j2,j3)

12 (u2/u3) = R(j2,j3)
12 (u2/u3)L

(j3)
2 (u1/u3)L

(j2)
1 (u1/u2). (4.8)

Recall also that the R-matrix satisfies the Yang–Baxter equation. It is found by applying
(πj1 ⊗ id⊗ id) to the above equation and setting u3 = 1,

R(j1,j2)
12 (u1/u2)R(j1,j3)

13 (u1)R(j2,j3)
23 (u2) = R(j2,j3)

23 (u2)R(j1,j3)
13 (u1)R(j1,j2)

12 (u1/u2). (4.9)

We recall that the so-called quantum determinant is given by [67]

γ(u) = tr12
(
P−12L

( 1
2
)

1 (u)L( 1
2
)

2 (uq)
)
= u2q2 + u−2q−2 − C, (4.10)

where tr12 stands for the trace over V1 ⊗ V2, and P−12 = (1 − P)/2 with the permutation ma-
trix P = R( 1

2
, 1
2
)(1)/

(
q − q−1

)
, and the Casimir element C is defined by

C =
(
q − q−1

)2
FE + qK + q−1K−1. (4.11)

Remark 4.4. The inverse of L( 1
2
)(u) is given by

[
L( 1

2
)(u)

]−1
= − 1

γ
(
uq−1

)L( 1
2
)
(
u−1

)
, (4.12)

with γ(u) from (4.10). Note that u−2γ(u) is invertible in Z(Uqsl2)
[[
u−1

]]
due to [70, Lemma 4.1],

and so γ(u) is invertible too.

9The RLL equation belongs to the triple product Uqsl2 ⊗ End−(C2j1+1
)
⊗ End−(C2j2+1

)
, and thus the L-

operator should be written as L
(j)
0i (u) but here we omit the label 0 corresponding to Uqsl2.
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4.1.2 L-operators and fusion (1
2
, j) → (j + 1

2
)

We study a so-called fusion relation for L-operators that expresses L(j+ 1
2
)(u) in terms of prod-

uct of L(j)(u1) and L( 1
2
)(u2). For this, we evaluate 2nd and 3rd tensor components of the

universal R-matrix equation (R3) on quantum loop modules with formal evaluation parameters
fixed as u2 = qj+

1
2u1. This fixing requires taking the quotient (3.48) to relate the two formal

variables u1 and u2 on tensor product (3.45) of two quantum loop modules C2
u1 and C2j+1

u2 ,
respectively. Using Proposition 3.8, on this quotient module we get a LUqsl2-submodule isomor-
phic to the quantum loop module C2j+2

u1qj
of spin-

(
j + 1

2

)
, with the corresponding intertwining

operator E(j+ 1
2
) described below (3.52). As it was explained there, this intertwiner is defined

by Lemma 3.1 and its pseudo-inverse F (j+ 1
2
) is fixed by (3.21) with (3.22), (3.23). Using the

associated identity F (j+ 1
2
)E(j+ 1

2
) = idC2j+2[u±1], fusion relations satisfied by L-operators and R-

matrices are exhibited in the following two propositions.

Proposition 4.5. For j ∈ 1
2N, the spin-j L-operators (4.1) satisfy the following relations:

L(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ L
(j)
2

(
uq−

1
2
)
L
( 1
2
)

1

(
uqj
)
E(j+ 1

2
)

⟨12⟩ ∈ Uqsl2
[[
u−1

]]
⊗ End

(
C2j+2

)
, (4.13)

where we use the notation ⟨12⟩ to indicate which spaces are fused, i.e., where the intertwin-
er E(j+ 1

2
) acts, and here we use its finite-dimensional matrix form given in (3.14) with (3.16).

Proof. By definition of the L-operator we have L(j+ 1
2
)(w/u) =

(
evw ⊗ π

j+ 1
2

u

)
(R). Using the

pseudo-inverse property F (j+ 1
2
)E(j+ 1

2
) = id, we get

L(j+ 1
2
)(w/u) =

(
1⊗F (j+ 1

2
)E(j+ 1

2
)
)[(

evw ⊗ π
j+ 1

2
u

)
(R)

]
=
(
1⊗F (j+ 1

2
)
)[(

evw ⊗ π
1
2

uq−j ⊗ πj
uq

1
2

)
(id⊗∆)(R)

]
(1⊗ E(j+ 1

2
))

=
(
1⊗F (j+ 1

2
)
)[(

evw ⊗ π
1
2

uq−j ⊗ πj
uq

1
2

)
(R13R12)

](
1⊗ E(j+ 1

2
)
)

=
(
1⊗F (j+ 1

2
)
)
L
(j)
2

(
q−

1
2w/u

)
L
( 1
2
)

1

(
qjw/u

)(
1⊗ E(j+ 1

2
)
)
,

where in the second line we use the convention discussed below (3.50). Here, the second equality
is obtained using the intertwining property (3.15) which is applicable in the formal u setting
too, following the discussion below (3.52). Applied to elements of 2nd tensor component of R
this intertwining property takes the following form:(

1⊗ E(j+ 1
2
)
)[
(id⊗ π

j+ 1
2

u )(R)
]
=
[(
id⊗ π

1
2

uq−j ⊗ πj
uq

1
2

)
◦ (id⊗∆)(R)

](
1⊗ E(j+ 1

2
)
)
,

where the maps of the tensor product form are applied to R(z0, z1) coefficient-wise with respect
to the bi-grading we always use to treat properly the universal R-matrix expansion, recall the
first comment below Definition 4.1. Then, the third equality in the above calculation is due
to (R3), and the last one is by definition of the L-operator. ■

Remark 4.6. Proposition 4.5 is a generalization of [66, Proposition 3.3], where a similar fusion
formula is given for ‘L-operators’ which are in our terminology R-matrices on the tensor product
of the spin-j and Verma modules. The L-operators of [66] are recovered by evaluating entries
of the matrices (4.13) on the Verma modules of Uqsl2. The other novelty with respect to [66] is
that we give and use explicit expressions for the intertwiners E(j) and their pseudo-inverses F (j).

Proposition 4.7. The R-matrices (4.5) satisfy for all j1, j2 ∈ 1
2N the following relations

in C
[[
u−1

]]
⊗ End

(
C2j1+1 ⊗ C2j2+1

)
:

R(j1,j2)(u) = F (j1)
⟨12⟩R

( 1
2
,j2)

13

(
uq−j1+

1
2
)
R(j1− 1

2
,j2)

23

(
uq

1
2
)
E(j1)
⟨12⟩, (4.14)
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where

R( 1
2
,j+ 1

2
)(u) = F (j+ 1

2
)

⟨23⟩ R( 1
2
,j)

13

(
uq−

1
2
)
R( 1

2
, 1
2
)

12

(
uqj
)
E(j+ 1

2
)

⟨23⟩ . (4.15)

Proof. First we show (4.15). By definition, we have R( 1
2
,j2)(u) =

(
π

1
2 ⊗ id

)(
L(j2)(u)

)
, therefore

the application of
(
π

1
2 ⊗ id

)
on (4.13) yields10 (4.15). Equation (4.14) is shown similarly to

Proposition 4.5 using now (R2) and (3.15). It gives

R(j1,j2)(v/w) =
(
F (j1)E(j1) ⊗ id

)
◦
(
πj1v ⊗ πj2w

)
(R)

= F (j1)
⟨12⟩
[(
π

1
2

vq−j1+
1
2
⊗ π

j1− 1
2

vq
1
2

⊗ πj2w
)
(R13R23)

]
E(j1)
⟨12⟩,

and using the evaluation of the universal R-matrix from (4.5), the result follows after substitut-
ing v/w → u. ■

Remark 4.8. Recall that F (j+ 1
2
) is not uniquely determined, see Section 3.2. From the con-

struction in the proof of Proposition 4.5, it is clear that taking different expressions for F (j+ 1
2
)

yields the same L-operators and R-matrices.

4.1.3 L-operators and reduction (1
2
, j) → (j − 1

2
)

We now consider quantum loop submodules of spin-(j − 1
2) and the corresponding LUqsl2-

intertwiner Ē(j− 1
2
) in (3.53). With the intertwining property (3.25), we can write(

1⊗ Ē(j− 1
2
)
)[(

id⊗ π
j− 1

2
u

)
(R)

]
=
[(
id⊗ π

1
2

uqj+1 ⊗ πj
uq

1
2

)
◦ (id⊗∆)(R)

](
1⊗ Ē(j− 1

2
)
)
,

with the convention discussed below (3.50). Then, the proof of the following proposition essen-
tially repeats the one of Proposition 4.5.

Proposition 4.9. The L-operators (4.1) satisfy for j ∈ 1
2N+ the following matrix relations with

coefficient in Uqsl2
[[
u−1

]]
L(j− 1

2
)(u) = F̄ (j− 1

2
)

⟨12⟩ L
(j)
2

(
uq−

1
2
)
L
( 1
2
)

1

(
uq−j−1

)
Ē(j− 1

2
)

⟨12⟩ . (4.16)

4.1.4 P-symmetry of spin-j L-operators

We now give our first application of the fusion formula in Proposition 4.5 to show the so-called
P-symmetry property of the spin-j L-operators, in (4.20) below. As a consequence, we show
that the P-symmetry

R(j2,j1)
21 (u) = R(j1,j2)(u), (4.17)

with

R(j2,j1)
21 (u) = P(j2,j1)R(j2,j1)(u)P(j1,j2), (4.18)

holds for any j1, j2, for the case of H = LUqsl2. Note that a proof of this equation for R-matrices
can be found in [66, Lemma 2.1]. Here, we give a different proof by showing first a more general
relation(

evu−1
1

⊗ πj
u−1
2

)
(R) =

(
evu1 ⊗ πju2

)
(R21), (4.19)

10The shifting of the labels {0, 1, 2} to {1, 2, 3} is due to the convention that the first tensor component of L(j)(u)
is labeled by 0.
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which can be interpreted as the P-symmetry on the level of L-operators. Indeed, identifying the
left-hand side of (4.19) with the spin-j L-operator defined by (4.1), the equation (4.19) reads

L(j)(u2/u1) =
(
evu1 ⊗ πju2

)
(R21). (4.20)

The proof of this equation is done by induction on j. It is straightforward to check that (4.20)
holds for j = 1

2 , by a calculation similar to the evaluation ofR in Appendix A. Now assume (4.20)
holds for a fixed value of j, we show it holds for (j+ 1

2). It is done by identifying the right-hand
side of (4.20) with (4.13). Indeed, by an analysis similar to the proof of Proposition 4.5, using
the pseudo-inverse property F (j+ 1

2
)E(j+ 1

2
) = id, (3.31) and (id⊗∆op)(R21) = R31R21, one gets(

evu1 ⊗ π
j+ 1

2
u2

)
(R21) =

(
1⊗F (j+ 1

2
)
)[(

evu1 ⊗ π
1
2

u2qj
⊗ πj

u2q
− 1

2

)
(R31R21)

](
1⊗ E(j+ 1

2
)
)

= F (j+ 1
2
)

⟨12⟩ L
( 1
2
)

2

(
u2q
− 1

2 /u1
)
L
(j)
1

(
u2q

j/u1
)
E(j+ 1

2
)

⟨12⟩ , (4.21)

where we used the assumption (4.20) for a fixed j to get the last line. Then, comparing (4.21)
with (4.13), one finds that indeed

(
evu1 ⊗ π

j+ 1
2

u2

)
(R21) = L(j+ 1

2
)(u2/u1).

Now, by specializing the first tensor component of (4.20) on the spin-j1 representation and
for j = j2, one obtains

R(j1,j2)(u2/u1) =
(
πj1u1 ⊗ πj2u2

)
(R21). (4.22)

Finally, the immediate corollary of the latter relation is the P-symmetry (4.17). Indeed, the
R-matrix defined in (4.18) can be interpreted as the evaluation of the flipped universal R-matrix

R(j2,j1)
21 (u2/u1) =

(
πj1u1 ⊗ πj2u2

)
(R21), (4.23)

and thus (4.17) holds.

4.1.5 Fused L-operators and fused R-matrices

For further technical needs, let us introduce a higher spin generalization of 2×2 matrices L( 1
2
)(u)

from (4.2). For any j ∈ 1
2N+, we define the fused L-operators L(j)(u) ∈ Uqsl2

[
u, u−1

]
⊗

End
(
C2j+1

)
as

L(j+ 1
2
)(u) := F (j+ 1

2
)

⟨12⟩ L(j)
2

(
uq−

1
2
)
L( 1

2
)

1

(
uqj
)
E(j+ 1

2
)

⟨12⟩ . (4.24)

Although not needed here, it can be proven directly by induction that L(j)(u)’s satisfy the
Yang–Baxter equation (4.8), where L(j)(u) are replaced by L(j)(u). We now give the relations
between the spin-j L-operators (4.1), obtained by evaluation of the universal R-matrix, and the
fused L-operators (4.24).

Lemma 4.10. The spin-j L-operators and the fused L-operators are related as follows:

L(j)(u) = µ(j)(u)L(j)(u), (4.25)

where

µ(j)(u) =

2j−1∏
k=0

µ
(
uqj−

1
2
−k) (4.26)

is central in Uqsl2
[[
u−1

]]
.
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Proof. The relation (4.25) is shown by induction on j using (4.13) and (4.24) and the fact
that µ(u) is central in Uqsl2. The first step of the induction is given by (4.2). ■

As pointed out in [25], using the explicit expression (A.25) one can show that the “normalis-
ing” generating function µ(u) in (4.2), given by (4.3), satisfies the following functional relation:

µ(u)µ(uq)γ(u) = 1, (4.27)

with γ(u) introduced in (4.10). Actually, this functional relation can be independently derived
from the fusion and reduction relations obtained in Propositions 4.5 and 4.9 without the knowl-
edge of (4.3), as we now show.

Proposition 4.11. Assume the spin-12 L-operator is of the form (4.2) for some formal Laurent
series µ(u) from Z(Uqsl2)

((
u−1

))
. Then, the functional relation (4.27) holds.

Proof. Comparing L( 1
2
)(u) = µ(u)L( 1

2
)(u) with (4.16) for j = 1, it follows

L( 1
2
)(u) = µ

(
uq−1

)
µ
(
uq−2

)
F̄ ( 1

2
)

⟨12⟩L
(1)
2

(
uq−

1
2
)
L( 1

2
)

1

(
uq−2

)
Ē( 1

2
)

⟨12⟩, (4.28)

where we used µ(1)(u) in (4.26). For the right-hand side of (4.28), after a direct calculation we
find that

F̄ ( 1
2
)

⟨12⟩L
(1)
2

(
uq−

1
2
)
L( 1

2
)

1

(
uq−2

)
Ē( 1

2
)

⟨12⟩ = γ(uq−2)L( 1
2
)(u).

Then, since L( 1
2
)(u) is invertible by (4.12), the relation (4.27) follows. ■

We obtain the following corollary of the functional relation (4.27).

Corollary 4.12.

(i) The inverse of L( 1
2
)(u) is given by[

L( 1
2
)(u)

]−1
= −µ

(
uq−1

)
L( 1

2
)
(
u−1

)
.

(ii) The quantum determinant of the L-operator L( 1
2
)(u) is such that

tr12
(
P−12L

( 1
2
)

1 (u)L
( 1
2
)

2 (uq)
)
= 1, (4.29)

where P− is given below (4.10).

Proof. Recall first from (4.3) and Remark 4.4 that µ(u) and γ(u) are invertible. Then, to prove
the first statement we use the first equality in (4.2), (4.12) and (4.27). Equation (4.29) follows
directly from the first equality in (4.2), (4.10) and the functional relation (4.27). ■

Remark 4.13. Assuming that µ(u) in (4.2) is an invertible Laurent series in u with coefficients
in a commutative subalgebra of Uqsl2, its explicit form (4.3) can be derived, up to a sign, from the
quadratic functional equation (4.27). Indeed, we can write µ(u) = µ0u

−pg(u) for some scalar µ0
and positive integer p, and g(u) is an invertible power series with coefficients in a commutative
subalgebra of Uqsl2 with constant term g0 = 1. Using (4.10), the relation (4.27) fixes p = 1
and µ0 = ±q−

1
2 . Therefore, µ(u) = ±u−1q−

1
2 g(u) where by (4.27) g(u) satisfies

g(u)g(uq)ξ(u) = 1 with ξ(u) = 1− Cu−2q−2 + u−4q−4. (4.30)
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Equating the left-hand side of the first equation in (4.30) with the one for u replaced by uq−1 is
equivalent to g(uq)ξ(u) = g

(
uq−1

)
ξ
(
uq−1

)
. Inserting g(u) =

∑∞
k=0 gku

−k in the last equation,
we get the following three-term recurrence relation

gk = − 1

(qk − q−k)

(
−
(
qk − q−k+2

)
Cq−2gk−2 +

(
qk − q−k+4

)
q−4gk−4

)
,

with initial conditions g0 = 1 and gk = 0 for all k < 0. It gives g1 = 0, which implies g2ℓ+1 = 0
for all ℓ ≥ 0. Thus, g(u) ∈ Uqsl2

[[
u−2

]]
and by assumption [g2k, g2ℓ] = 0 for all ℓ, k > 0. As

every formal power series can be written in an exponential form using the Bell polynomials,11

let us define g(u) = exp
(
Λ
(
u−2q−1

))
with Λ(u) =

∑
k=1 Λku

k. Now, taking the logarithm of
the relation (4.30) with shifted argument u→ uq−1, we get the relation

Λ
(
u−2q

)
+ Λ

(
u−2q−1

)
= − log

(
1− Cu−2 + u−4

)
.

Introduce the central elements Ck ∈ Z(Uqsl2) defined by (A.8) in order to rewrite the right-hand
side as the power series

∑∞
k=1Ck

u−2k

k . Comparing the coefficients of the power series on both
sides of the relation above determines uniquely Λk =

Ck

(qk+q−k)k
, which concludes the proof.

We now introduce fused R-matrices by analogy with (4.14) and (4.15)

R(j1,j2)(u) = F (j1)
⟨12⟩R

( 1
2
,j2)

13

(
uq−j1+

1
2
)
R

(j1− 1
2
,j2)

23

(
uq

1
2
)
E(j1)
⟨12⟩, (4.31)

for j1 ≥ 1 and where

R( 1
2
,j+ 1

2
)(u) = F (j+ 1

2
)

⟨23⟩ R
( 1
2
,j)

13

(
uq−

1
2
)
R

( 1
2
, 1
2
)

12

(
uqj
)
E(j+ 1

2
)

⟨23⟩ , (4.32)

with R( 1
2
, 1
2
)(u) given in the right part of (4.6), and show that (4.32) indeed agrees with the

explicit expression for R( 1
2
,j)(u) given in (3.33).

Lemma 4.14. The R-matrices (4.5) and the fused R-matrices (4.31) are related by

R(j1,j2)(u) = f (j1,j2)(u)R(j1,j2)(u), (4.33)

where

f (j1,j2)(u) = u−4j1j2q−2j1j2 exp

( ∞∑
k=1

q2k + q−2k

1 + q2k
[2j1]qk [2j2]qk

u−2k

k

)
, (4.34)

and (4.32) agrees with (3.33).

Proof. Firstly, we prove (4.33) for j1 =
1
2 . We show by induction on j2 that

R( 1
2
,j2)(u) = π

1
2 (µ(j2)(u))R( 1

2
,j2)(u), (4.35)

and we identify π
1
2 (µ(j2))(u) with f (

1
2
,j2)(u). For j2 =

1
2 , it is given in (4.6). Now, assuming (4.35)

holds for a fixed value of j2, we show it holds for j2 +
1
2 . Inserting (4.15) and (4.32) in (4.35)

for j2 → j2 +
1
2 and using (4.26), one finds that the equality indeed holds. Then, using (4.26)

and (4.7) we find that

π
1
2 (µ(j2))(u) = u−2j2q−j2 exp

( ∞∑
k=1

q2k + q−2k

1 + q2k
[2j2]qk

u−2k

k

)
, (4.36)

and it coincides with (4.34) for j1 =
1
2 .

11Note that g2k = Bk(q
−1Λ1,...,k!q

−kΛk)
k!

, where Bk(x1, . . . , xk) are the complete Bell polynomials.
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Secondly, we show that (4.32) agrees with (3.33). On one hand, using (4.2) it is straightfor-
ward to find that (recall the notation in (4.18))

R(j, 1
2
)

21 (u) = P(j, 1
2
)
[(
πj ⊗ id

)(
L( 1

2
)(u)

)]
P( 1

2
,j) (4.37)

is proportional to (3.33). On the other hand, from the P-symmetry in (4.17), one hasR(j, 1
2
)

21 (u) =
R( 1

2
,j)(u). Therefore, R( 1

2
,j)(u) is equally proportional to (3.33), as well as the expression

in (4.32), recall (4.35). Finally, comparing the matrix entry (1, 1) of (3.33) and (4.32), one
finds that they are equal.

Thirdly, assuming that R(j1,j2)(u) is proportional to R(j1,j2)(u) as in (4.33), we show that
f (j1,j2)(u) takes the form (4.34). Replacing the R-matrices and the fused R-matrices in (4.33)
by (4.14), (4.31), and using (4.35) one gets

f (j1,j2)(u) = π
1
2
(
µ(j2)

(
uq−j1+

1
2
))
f (j1−

1
2
,j2)(uq

1
2 ) =

2j1−1∏
k=0

[
π

1
2
(
µ(j2)

(
uqj1−

1
2
−k))], (4.38)

where we set f (0,j2)(u) = 1. Finally, using (4.36) in the latter relation, one finds that f (j1,j2)(u)
is indeed given by (4.34) and so the claim follows. ■

As a consequence of the above Lemma 4.14, we see that the P-symmetry (4.17) follows from
equation (4.17) with the fact that f (j1,j2)(u) = f (j2,j1)(u) and that µ(u) is invertible.

4.1.6 Unitarity properties of fused L-operators

Later in the text, we will need various relations satisfied by the L-operators and R-matrices.
They are obtained from the action of the quantum loop algebra (on tensor products) defined by
the opposite coproduct, recall Remark 3.3.

Lemma 4.15. The following relations hold:

L(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ L
( 1
2
)

1

(
uq−j

)
L
(j)
2

(
uq

1
2
)
E(j+ 1

2
)

⟨12⟩ , (4.39)

R(j1,j+
1
2
)(u) = F (j+ 1

2
)

⟨23⟩ R(j1,
1
2
)

12 (uq−j)R(j1,j)
13

(
uq

1
2
)
E(j+ 1

2
)

⟨23⟩ , (4.40)

R(j+ 1
2
,j2)(u) = F (j+ 1

2
)

⟨12⟩ R(j,j2)
23

(
uq−

1
2
)
R( 1

2
,j2)

13

(
uqj
)
E(j+ 1

2
)

⟨12⟩ . (4.41)

Proof. Recall the discussion in Remark 3.3 about the action on tensor product of evalu-
ation representations given by the opposite coproduct. The same comments also apply to
the tensor product of quantum loop modules studied in Section 3.5. In particular, the in-
tertwining property (3.31) holds also at the level of formal u. Now, combining (3.31) with
(id⊗∆op)(R) = R12R13, which is obtained by applying p23 to (R3), then (4.39) is proven simi-
larly to Proposition 4.5. Equation (4.40) follows from (4.39) by specialization of the 1st tensor
component to the spin-j1 representation. The last relation (4.41) is proven similarly to (4.14)
but using (3.31) and (∆op ⊗ id)(R) = R23R13, coming from the application of p12 to (R2),
instead of (3.15) and (R2). ■

Let us note that, using Remark 4.4, the L-operator (4.2) satisfies the unitarity property

L( 1
2
)(u)L( 1

2
)
(
u−1

)
= −γ

(
uq−1

)
I2. (4.42)
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Proposition 4.16. We have the following unitarity properties of the L-operators and R-matri-
ces:

L(j)
(
u−1

)
L(j)(u) = L(j)(u)L(j)

(
u−1

)
=

(
2j−1∏
k=0

−γ
(
uq−j−

1
2
+k
))

I2j+1, (4.43)

R(j1,j2)(u)R(j1,j2)
(
u−1

)
= R(j1,j2)

(
u−1

)
R(j1,j2)(u) ∝ I(2j1+1)(2j2+1), (4.44)

for any j, j1, j2 ∈ 1
2N+ and where the proportionality coefficient is a Laurent polynomial in u.

Proof. First, we need another form of the RLL equation (4.8)

R(j1,j2)
12 (u1/u2)L

(j1)
1 (u1)L

(j2)
2 (u2) = L

(j2)
2 (u2)L

(j1)
1 (u1)R(j1,j2)

12 (u1/u2), (4.45)

which is found by applying
(
evu ⊗ πj1v ⊗ πj2w

)
◦ p23 to the universal Yang–Baxter equation (2.3),

using (4.23) and substituting v → u/u1, w → u/u2, where we also used the P-symmetry prop-
erty (4.22). Recall from Lemma 4.10 that L(j)(u) is proportional to L(j)(u), and so we also
have

R(j1,j2)
12 (u1/u2)L(j1)

1 (u1)L(j2)
2 (u2) = L(j2)

2 (u2)L(j1)
1 (u1)R(j1,j2)

12 (u1/u2), (4.46)

L(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ L( 1
2
)

1

(
uq−j

)
L(j)
2

(
uq

1
2
)
E(j+ 1

2
)

⟨12⟩ , (4.47)

where we used (4.39) for 2nd equality and the fact that all µ(j)(u) are invertible. Recall that
the fused L-operators are defined in (4.24). This expression matches the fusion relation (4.47)
because, due to Lemma 4.10, both follow from the fusion relations satisfied by the spin-j L-
operators in (4.13) and (4.39). Indeed, comparing the two fusion relations written in terms of
fused L-operators L(j)(u), the coefficients µ(j)

(
uq−

1
2

)
µ
(
uqj
)
and µ(j)

(
uq

1
2

)
µ
(
uq−j

)
on both sides

cancel each other, as they are both equal to µ(j+
1
2
)(u), see (4.26). Now, using (4.24) and (4.47)

for j = 1
2 , we get

L(1)(u)L(1)
(
u−1

)
= F (1)

⟨12⟩L
( 1
2
)

1

(
uq−

1
2
)
L( 1

2
)

2

(
uq

1
2
)
E(1)
⟨12⟩F

(1)
⟨12⟩L

( 1
2
)

2

×
(
u−1q−

1
2
)
L( 1

2
)

1

(
u−1q

1
2
)
E(1)
⟨12⟩. (4.48)

Then, we need to use (4.42) to show that (4.48) is proportional to the identity matrix. However,
there is an unwanted product E(1)F (1) which is removed as follows. We recall first Corollary 3.5,
then insert H(1)

⟨12⟩
[
H(1)
⟨12⟩
]−1

= I3 in the right-hand side of (4.48) and use (3.38), which gives

L(1)(u)L(1)
(
u−1

)
= F (1)

⟨12⟩L
( 1
2
)

1

(
uq−

1
2
)
L( 1

2
)

2

(
uq

1
2
)
E(1)
⟨12⟩F

(1)
⟨12⟩L

( 1
2
)

2

×
(
1

u
q−

1
2

)
L( 1

2
)

1

(
1

u
q

1
2

)
R( 1

2
, 1
2
)(q)E(1)

⟨12⟩
[
H(1)
⟨12⟩
]−1

= F (1)
⟨12⟩L

( 1
2
)

1

(
uq−

1
2
)
L( 1

2
)

2

(
uq

1
2
)
E(1)
⟨12⟩F

(1)
⟨12⟩R

( 1
2
, 1
2
)(q)L( 1

2
)

1

(
1

u
q

1
2

)
× L( 1

2
)

2

(1
u
q−

1
2
)
E(1)
⟨12⟩
[
H(1)
⟨12⟩
]−1

= F (1)
⟨12⟩L

( 1
2
)

1

(
uq−

1
2
)
L( 1

2
)

2

(
uq

1
2
)
L( 1

2
)

2

(
u−1q−

1
2
)
L( 1

2
)

1

(
u−1q

1
2
)
E(1)
⟨12⟩, (4.49)

where we used the RLL equation given in (4.46) to get the second line, and the property (3.40),
the RLL equation and (3.38) to get the third line. Finally, using (4.42), we get

L(1)
(
u−1

)
L(1)(u) = L(1)(u)L(1)

(
u−1

)
= γ

(
uq−

1
2
)
γ
(
uq−

3
2
)
I3.

More generally, by induction we get the unitarity property for any spin-j as in (4.43). Because
the evaluation representation of the L-operators gives R-matrices, we also have (4.44). ■
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4.2 Spin-j K-operators

Here, we introduce analogs of spin-j L-operators, that we call spin-j K-operators, and show that
they satisfy the reflection equation (1.5) together with fusion and reduction relations.

As always, we consider the case H = LUqsl2 as introduced in Section 2.4, however, without
specifying its comodule algebra B. Assume that a universal K-matrix K exists for a choice of B
and the twist pair (ψ, J) = (η, 1 ⊗ 1) where η is defined in (2.28). Similarly to the situation
with the universal R-matrix R for LUqsl2, by this assumption we actually mean that there
exists a “root vector” basis in B such that K can be formally written as a possibly infinite
sum of products of the root vectors, i.e., each term in this sum is an element in B ⊗ LUqsl2.
In particular, a basis of root vectors for B = Oq was constructed in [14] and for B = Aq in [71].
With this assumption, we can consider evaluation of K on the second tensor component.

Definition 4.17. For j ∈ 1
2N, introduce

K(j)(u) =
(
id⊗ πj

u−1

)
(K) ∈ B

((
u−1

))
⊗ End

(
C2j+1

)
. (4.50)

We call K(j)(u) the spin-j K-operator.

Similarly to the case of L-operators, recall Definition 4.1 and comments below it, we consider
here u as a formal variable. In contrast to the L-operators, we do not have examples of explicit
evaluations of K, and that is why in the above definition we assumed that the entries of K-
operators are in the ring of formal Laurent series B

((
u−1

))
instead of power series B

[[
u−1

]]
.

However, in the case of B = Aq we will see by Conjecture 6.1 in Section 6 that K( 1
2
)(u) is in

B
[[
u−1

]]
⊗ End

(
C2
)
, compare also with the similar Appel–Vlaar’s result [3] on 1-leg universal

K-matrices for B = Oq.
By Proposition 2.10, the universal K-matrix K satisfies the ψ-twisted reflection (2.18). We now

show that the evaluation of this equation leads to the reflection equation (1.5). To do so, we need
evaluation of the ψ-twisted universal R-matrices (2.12). Firstly, note that ψ = η from (2.28) is
such that, recall the definition in (2.31),

evu ◦ η = evu−1 . (4.51)

Then the evaluations of the ψ-twisted universal R-matrices read(
πj1u1 ⊗ πj2u2

)
(Rη) = R(j1,j2)(1/(u1u2)), (4.52)(

πj1u1 ⊗ πj2u2
)
((Rη)21) = R(j2,j1)

21 (1/(u1u2)), (4.53)(
πj1u1 ⊗ πj2u2

)
((R21)

η) = R(j2,j1)
21 (u1u2), (4.54)(

πj1u1 ⊗ πj2u2
)
(Rηη

21) = R(j2,j1)
21 (u1/u2), (4.55)(

πj1u1 ⊗ πj2u2
)
(Rηη) = R(j1,j2)(u2/u1), (4.56)

where R(j2,j1)
21 (u) is defined in (4.18). Applying p23 to (2.18) leads to the universal reflection

equation K13(R
η)23K12R32 = Rηη

23K12(R
η)32K13. Finally, applying

(
id⊗ πj1

u−1
1

⊗ πj2
u−1
2

)
to the

latter equation using (4.52)–(4.56), it follows that the K-operator (4.50) satisfies the reflection
equation for any values of j1 and j2

12

R(j1,j2)
12 (u1/u2)K

(j1)
1 (u1)R(j2,j1)

21 (u1u2)K
(j2)
2 (u2)

= K
(j2)
2 (u2)R(j1,j2)

12 (u1u2)K
(j1)
1 (u1)R(j2,j1)

21 (u1/u2), (4.57)

12As for the L-operator L(j)(u), the K-operator should be written as K
(j)
0i (u) but here we use standard nota-

tion K
(j)
i (u) where we omit the label 0 corresponding to B.



Fused K-Operators and the q-Onsager Algebra 37

Due to the P-symmetry (4.17), the relations (4.53)–(4.55) become(
πj1u1 ⊗ πj2u2

)
((Rη)21) = R(j1,j2)(1/(u1u2)),

(
πj1u1 ⊗ πj2u2

)
((R21)

η) = R(j1,j2)(u1u2),(
πj1u1 ⊗ πj2u2

)
(Rηη

21) = R(j1,j2)(u1/u2),

and the reflection equation (4.57) becomes the standard reflection equation

R(j1,j2)(u1/u2)K
(j1)
1 (u1)R(j1,j2)(u1u2)K

(j2)
2 (u2)

= K
(j2)
2 (u2)R(j1,j2)(u1u2)K

(j1)
1 (u1)R(j1,j2)(u1/u2), (4.58)

where we can also replace R(j1,j2)(u) by R(j1,j2)(u) due to Lemma 4.14.

4.2.1 K-operators and fusion (1
2
, j) → (j + 1

2
)

We follow here the same approach used for L-operators based on sub-representations in the tensor
product of formal evaluation representations of LUqsl2, now considering (K3) instead of (R3).
Recall the intertwining operator E(j+ 1

2
) is fixed by Lemma (3.1) and its pseudo-inverse F (j+ 1

2
)

is given in (3.21) with (3.22) and (3.23). We now obtain our first main result.

Proposition 4.18. The K-operators (4.50) satisfy for j ∈ 1
2N

K(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ K
(j)
2

(
uq−

1
2
)
R( 1

2
,j)
(
u2qj−

1
2
)
K

( 1
2
)

1

(
uqj
)
E(j+ 1

2
)

⟨12⟩ . (4.59)

Proof. By definition of the K-operator, we have

K(j+ 1
2
)(u) =

(
id⊗ π

j+ 1
2

u−1

)
(K).

Using the pseudo-inverse property F (j+ 1
2
)E(j+ 1

2
) = I2j+2, we get

(
id⊗ π

j+ 1
2

u−1

)
(K) = (1⊗F (j+ 1

2
)E(j+ 1

2
))
(
id⊗ π

j+ 1
2

u−1

)
(K)

=
(
1⊗F (j+ 1

2
)
)[(

id⊗ π
1
2

u−1q−j ⊗ πj
u−1q

1
2

)
◦ (id⊗∆)(K)

](
1⊗ E(j+ 1

2
)
)

=
(
1⊗F (j+ 1

2
)
)[(

id⊗ π
1
2

u−1q−j ⊗ πj
u−1q

1
2

)
(K13R

η
23K12)

](
1⊗ E(j+ 1

2
)
)
.

The second equality is obtained using the intertwining property (3.15)

(
1⊗ E(j+ 1

2
)
)(
id⊗ π

j+ 1
2

u−1

)
(K) =

[(
id⊗ π

1
2

u−1q−j ⊗ πj
u−1q

1
2

)
◦ (id⊗∆)(K)

](
1⊗ E(j+ 1

2
)
)
.

Then, the third equality is due to (K3) and finally, from the definition of the K-operator (4.50)
and the evaluation of the twisted universal R-matrix (4.52), the claim follows. ■

We see from the above Proposition 4.18 that K(j)(u) is a formal power series in u−1, i.e., it
is in B

[[
u−1

]]
⊗ End

(
C2j+1

)
, whenever K( 1

2
)(u) is so.

Remark 4.19. Similarly to Remark 4.8, it is clear from the proof of Proposition 4.18 that the
K-operator does not depend on the choice of F (j), as long as it satisfies F (j)E(j) = I2j+1.
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4.2.2 K-operators and reduction (1
2
, j) → (j − 1

2
)

The proof of the following proposition is done similarly to the proof of the reduction rela-
tion (4.16) for the L-operators, thus we skip it. Recall the intertwining operator Ē(j− 1

2
) is fixed

by Lemma 3.2 and its pseudo-inverse F̄ (j− 1
2
) is given in (3.27) with (3.28).

Proposition 4.20. The K-operators (4.50) satisfy for j ∈ 1
2N+

K(j− 1
2
)(u) = F̄ (j− 1

2
)

⟨12⟩ K
(j)
2

(
uq−

1
2
)
R( 1

2
,j)
(
u2q−j−

3
2
)
K

( 1
2
)

1

(
uq−j−1

)
Ē(j− 1

2
)

⟨12⟩ .

Recall that we assumed that the universal K-matrix exists for a given choice of B and the
twist pair (η, 1 ⊗ 1). Therefore, the K-operator for a given spin is unique, that is, similarly
to the case of the L-operator, we obtain the same operator K(j)(u) either using the fusion
for (12 , j −

1
2) → j or using the reduction (12 , j +

1
2) → j.

Remark 4.21. Consider the opposite coproduct ∆op = p ◦ ∆ with the definition (2.23). It
follows from (K3)

(id⊗∆op)(K) = K12

(
Rψ
)
32
K13. (4.60)

Recall that we obtained for ∆op an intertwining relation in (3.31) where E(j+ 1
2
) is fixed as

in (3.16), see Remark 3.3. Thus, we also take F (j+ 1
2
) as defined in (3.22), (3.23). Then,

using (3.31) and (4.60), we obtain a new fusion relation for any j ∈ 1
2N

K(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ K
( 1
2
)

1

(
uq−j

)
R( 1

2
,j)
(
u2q−j+

1
2
)
K

(j)
2

(
uq

1
2
)
E(j+ 1

2
)

⟨12⟩ . (4.61)

Similarly, we also have the intertwining relation for ∆op given in (3.30) with Ē(j− 1
2
) fixed as

in (3.26), see Remark 3.3, and we take F̄ (j− 1
2
) as defined in (3.27) with (3.28). Then, using (4.60)

and (3.32), we obtain a new reduction relation for any j ∈ 1
2N+

K(j− 1
2
)(u) = F̄ (j− 1

2
)

⟨12⟩ K
( 1
2
)

1

(
uqj+1

)
R( 1

2
,j)
(
u2qj+

3
2
)
K

(j)
2

(
uq

1
2
)
Ē(j− 1

2
)

⟨12⟩ . (4.62)

4.3 Comodule algebra structure using K-operators

Given the Hopf algebra H = LUqsl2, it is known that the coproduct, antipode and counit can
be formulated solely in terms of so-called Ding–Frenkel L-operators [38]

L+(u) =
(
id⊗ π

1
2

u−1

)
(R), L−(u) =

[(
id⊗ π

1
2

u−1

)
(R21)

]−1
. (4.63)

They are computed in Appendix A, see (A.18) and (A.24). Then, one finds that L±(u) are
formal power series in u∓1, i.e., L±(u) are in LUqsl2

[[
u∓1

]]
⊗ End

(
C2
)
. The modes of the

entries of L±(u) generate LUqsl2 and they satisfy the Yang–Baxter algebra relations

R( 1
2
, 1
2
)(u/v)L±1 (u)L

±
2 (v) = L±2 (v)L

±
1 (u)R

( 1
2
, 1
2
)(u/v), (4.64)

R( 1
2
, 1
2
)(u/v)L±1 (u)L

∓
2 (v) = L∓2 (v)L

±
1 (u)R

( 1
2
, 1
2
)(u/v), (4.65)

with R( 1
2
, 1
2
)(u) defined in (4.6). These four relations are obtained by applying

(
id⊗ π

1
2

u−1 ⊗ π
1
2

v−1

)
to the following four equations

p23(2.3), R−131 R
−1
21 [p13(2.3)]R

−1
21 R

−1
31 ,

R−131 [p23 ◦ p12(2.3)]R
−1
31 , R−123 R

−1
21 [p12(2.3)]R

−1
21 R

−1
23 ,
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and using (4.63), (4.5) with (4.6) and (4.17), while the unitarity property (4.44) is also used for
the last one. The coproduct, antipode and counit of LUqsl2 are respectively given by, recall (1.11)

(∆⊗ id)
(
L±(u)

)
=
(
L±(u)

)
[1]

(
L±(u)

)
[2]
, (4.66)

(S ⊗ id)
(
L±(u)

)
=
(
L±(u)

)−1
, (4.67)

(ϵ⊗ id)
(
L±(u)

)
= 1. (4.68)

These relations are easily understood using (R2) and (2.1)–(2.2): the relation (4.66) is obtained
by applying

(
id⊗ id⊗ π

1
2

u−1

)
on (R2), and similarly for L−(u) using

(
π

1
2

u−1 ⊗ id⊗ id
)
◦ (id ⊗

∆)
(
R−1

)
. The relations (4.67), (4.68) follow immediately from (2.1), (2.2).

Consider the subalgebra in B generated by the matrix entries of the K-operator K( 1
2
)(u).

They satisfy the reflection equation (4.58) for j1 = j2 =
1
2 . Similarly to the coproduct of LUqsl2

discussed above, the coaction for this subalgebra can be expressed in terms of L- and K-operators.

Proposition 4.22. The coaction map δ : B → B⊗LUqsl2 restricted to the subalgebra generated
by the matrix entries of K( 1

2
)(u) is such that

(δ ⊗ id)
(
K( 1

2
)(u)

)
=
(
[L−

(
u−1

)
]−1
)
[2]

(
K( 1

2
)(u)

)
[1]

(
L+(u)

)
[2]
. (4.69)

Proof. From the fundamental axiom (K2), the left-hand side of (4.69) can be written as(
id⊗ id⊗ π

1
2

u−1

)
◦ (δ ⊗ id)(K) =

(
id⊗ id⊗ π

1
2

u−1

)
◦ ((Rη)32K13R23),

where (Rη)32 = (id ⊗ id ⊗ η)(R32). Then, using πj
u−1 ◦ η = πju together with the definition of

the K-operator and L±(u) given respectively in (4.50), (4.63), the claim follows. ■

In the case when B is generated by the matrix entries of the K-operator K( 1
2
)(u), equa-

tion (4.69) expresses the coaction map for B solely in terms of L- and K-operators. This is the
case when B = Aq and it will be discussed in Section 6.

Let us now introduce a formal generalization of the evaluated coaction (2.35)

δw = (id⊗ evw) ◦ δ : B → B ⊗ Uqsl2
[
w±1

]
(4.70)

with a formal variable w. We will nevertheless call δw the evaluated coaction for brevity. We
now consider the evaluated coaction applied to the matrix elements of the spin-j K-operator,
which is obtained by taking the image of (K2) under the formal evaluation map

(
id⊗evw⊗πju−1

)
using (4.1), (4.20), (4.51), and is given by

(δw ⊗ id)
(
K(j)(u)

)
=
(
L(j)(u/w)

)
[2]

(
K(j)(u)

)
[1]

(
L(j)(uw)

)
[2]
. (4.71)

On the other hand, the action of
(
id⊗ πj

v−1

)
on (K1) gives

K(j)(v)
(
id⊗ πj

)[
δv−1(b)

]
=
(
id⊗ πj

)
[δv(b)]K

(j)(v). (4.72)

We call this equation the twisted intertwining relation for K(j)(u).

5 Fused K-operators for Aq

In this section, we consider the comodule algebra B = Aq and related ‘fused’ K-operators.
Contrary to the previous section, here we do not assume the existence of a universal K-matrix.
Instead, we introduce the fundamental K-operator for B = Aq and recall the corresponding
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Faddeev–Reshetikhin–Taktadjan type presentation following [9, 16]. Then, in Section 5.2, fused
K-operators K(j)(u) built from the fundamental K-operator by analogy with (4.61) are shown to
satisfy the reflection equation (4.58) for all j ∈ 1

2N+ where K(j)(u) is replaced by K(j)(u). This
is the main result in this section. We also establish the unitarity and invertibility properties
of K(j)(u) in Section 5.3, and examples of the fused K-operators are derived explicitly for small
values of j in Section 5.4. In preparation to the discussion in the next section, in Section 5.5 we
calculate the evaluated coaction for Aq and also establish in Section 5.6 the twisted intertwining
relations for the fused K-operators which are similar to (4.72).

5.1 The fundamental K-operator for Aq

An alternative presentation for Aq besides Definition 2.14 is known, which takes the form of
a reflection algebra [16] that is recalled below. Note that part of the material in this subsection is
taken from [9, 16, 69]. LetR( 1

2
, 1
2
)(u) be the symmetricR-matrix (4.6) which satisfies the quantum

Yang–Baxter equation (4.9) with the substitution R(jk,jℓ)(u) → R( 1
2
, 1
2
)(u). We now introduce

the K-operator that provides the reflection algebra presentation of Aq, with the parametrization
from (2.32).

Theorem 5.1 ([16]). Aq admits a presentation in the form of a reflection algebra. Introduce
the generating functions

W+(u) =
∑
k∈N

W−kU
−k−1, W−(u) =

∑
k∈N

Wk+1U
−k−1, (5.1)

G+(u) =
∑
k∈N

Gk+1U
−k−1, G−(u) =

∑
k∈N

G̃k+1U
−k−1, (5.2)

where the shorthand notation U =
(
qu2 + q−1u−2

)
/
(
q+ q−1

)
is used. The defining relations are

given by

R( 1
2
, 1
2
)(u/v)K( 1

2
)

1 (u)R( 1
2
, 1
2
)(uv)K( 1

2
)

2 (v) = K( 1
2
)

2 (v)R( 1
2
, 1
2
)(uv)K( 1

2
)

1 (u)R( 1
2
, 1
2
)(u/v) (5.3)

with the R-matrix from (4.6) and

K( 1
2
)(u) =

 uqW+(u)− u−1q−1W−(u)
1

k−(q + q−1)
G+(u) +

k+(q + q−1)

q − q−1

1

k+(q + q−1)
G−(u) +

k−(q + q−1)

q − q−1
uqW−(u)− u−1q−1W+(u)

, (5.4)
and with the identification (2.32).

We call K( 1
2
)(u) the fundamental K-operator for Aq. We note that U−1 can be written as

a power series in u−2 with the following expansion:

U−1 =
(
1 + q−2

)
u−2

∞∑
ℓ=0

(
−u−4q−2

)ℓ
.

Thus, the generating functions W±(u), G±(u) start with u−2. Consequently, the leading term of
the diagonal entries of the K-operator in (5.4) is at u−1, while the leading term of the off-diagonal
entries is at u0. Therefore, K( 1

2
)(u) is in Aq

[[
u−1

]]
⊗ End

(
C2
)
.

When we write W±
(
u−1

)
and G±

(
u−1

)
it means replacing u by u−1 in U and developing in

power series in u−2, this way we get

W±
(
u−1

)
= W±

(
uq−1

)
and G±

(
u−1

)
= G±

(
uq−1

)
. (5.5)

In particular, this shows that K( 1
2
)
(
u−1

)
is equally in Aq

[[
u−1

]]
⊗ End

(
C2
)
.
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Explicitly, in terms of the generating functions (5.1), (5.2) the defining relations (5.3) read

[W±(u),W±(v)] = 0, [W+(u),W−(v)] + [W−(u),W+(v)] = 0, (5.6)

[Gϵ(u),W±(v)] + [W±(u),Gϵ(v)] = 0, ϵ = ±, (5.7)

[G±(u),G±(v)] = 0, [G+(u),G−(v)] + [G−(u),G+(v)] = 0, (5.8)

(U − V )[W±(u),W∓(v)] =
(
q − q−1

)
ρ
(
q + q−1

)(G±(u)G∓(v)− G±(v)G∓(u))

+
1(

q + q−1
)(G±(u)− G∓(u) + G∓(v)− G±(v)), (5.9)

W±(u)W±(v)−W∓(u)W∓(v) +
1

ρ
(
q2 − q−2

) [G±(u),G∓(v)]
+
1− UV

U − V
(W±(u)W∓(v)−W±(v)W∓(u)) = 0, (5.10)

U [G∓(v),W±(u)]q − V [G∓(u),W±(v)]q −
(
q − q−1

)
(W∓(u)G∓(v)−W∓(v)G∓(u))

+ρ(UW±(u)− VW±(v)−W∓(u) +W∓(v)) = 0, (5.11)

U [W∓(u),G∓(v)]q − V [W∓(v),G∓(u)]q −
(
q − q−1

)
(W±(u)G∓(v)−W±(v)G∓(u))

+ρ(UW∓(u)− VW∓(v)−W±(u) +W±(v)) = 0. (5.12)

We note that the corresponding relations for the modes W0, W1, {Gk+1}k∈N give the compact
presentation from Definition 2.14. The modes {W−k, Wk+1, Gk+1, G̃k+1}k∈N give actually PBW
type generators, called alternating. The expressions of the alternating generators W−k and Wk+1

in terms of the generators of the compact presentation (called essential generators in [72]) are
obtained recursively from two of the defining relations of Aq [16, Definition 3.1, equations (3.2)
and (3.3)]

W−k−1 = Wk+1 +
1

ρ

[
W0,Gk+1

]
q
, (5.13)

Wk+2 = W−k +
1

ρ

[
Gk+1,W1

]
q
. (5.14)

We introduce the following automorphism of Aq

σ : W±(u) → W∓(u), G±(u) → G∓(u), k± → k∓. (5.15)

It is obtained from the reflection equation (5.3). Indeed, note that the R-matrix is such that
R( 1

2
, 1
2
)(u) =MR( 1

2
, 1
2
)(u)M , with M = σx ⊗ σx. Consider the conjugation of the K-operator

by σx. Its entries read:

(σxK( 1
2
)(u)σx)i,j =

(
K( 1

2
)(u)

)
3−i,3−j for 1 ≤ i, j ≤ 2.

Then, multiplying (5.3) on both sides by M ⊗M , the automorphism σ follows.
In the following, we need the so-called quantum determinant associated with the K-operator.

It is a generating function for central elements of Aq, given by [67]

Γ(u) = tr12
(
P−12K

( 1
2
)

1 (u)R( 1
2
, 1
2
)
(
qu2
)
K( 1

2
)

2 (uq)
)
, (5.16)

where P− is defined below (4.10).

Proposition 5.2 ([9, 69]). The quantum determinant of the fundamental K-operator

Γ(u) =

(
u2q2 − u−2q−2

)
2
(
q − q−1

) (
∆( 1

2
)(u)− 2ρ

q − q−1

)
, (5.17)
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with

∆( 1
2
)(u) = −

(
q − q−1

)(
q2 + q−2

)(
W+(u)W+(uq) +W−(u)W−(uq)

)
+
(
q − q−1

)
(u2q2 + u−2q−2)

(
W+(u)W−(uq) +W−(u)W+(uq)

)
−
(
q − q−1

)
ρ

(
G+(u)G−(uq) + G−(u)G+(uq)

)
− G+(u)− G+(uq)− G−(u)− G−(uq), (5.18)

is such that
[
Γ(u),K( 1

2
)

mn(v)
]
= 0. It generates the center of Aq, denoted by Z(Aq).

We can expand ∆( 1
2
)(u) as a formal power series in u−2

∆( 1
2
)(u) =

∞∑
k=0

u−2k−2ck+1∆k+1, (5.19)

where

ck = −q−2k
(
q + q−1

)k(
qk + q−k

)
. (5.20)

An explicit formula expressing the central elements ∆k+1 in terms of the alternating generators
we introduced above is given in [9, Lemma 2.1]. We give a few of them, as they are used below.

Example 5.3. First few modes from (5.19), as elements of Z(Aq), are

∆1 = G1 + G̃1 −
(
q − q−1

)(
W0W1 +W1W0

)
, (5.21)

∆2 = G2 + G̃2 −
(
q2 − q−2

)(
q2 + q−2

)(q−1W0W2 + qW2W0 + q−1W1W−1 + qW−1W1

)
+

(
q − q−1

)(
q2 + q−2

) ((q2 + q−2
)(
W2

0 +W2
1

)
+

G̃1G1 + G1G̃1

ρ

)
, (5.22)

where W−1 and W2 are determined by (5.13) and (5.14) at k = 0, respectively.

Lemma 5.4.

K( 1
2
)
(
u−1

)
K( 1

2
)(u) = K( 1

2
)(u)K( 1

2
)
(
u−1

)
=

Γ
(
uq−1

)
c
(
u−2

) I2, (5.23)

where c(u) and Γ(u) are respectively given in (3.34) and (5.17), and where the right-hand side
we consider as an element in Z(Aq)

[[
u−1

]]
.

Proof. Using our developing in series convention in (5.5) and the ordering relations of Aq given
in Appendix B, it is straightforward to calculate (5.23). ■

We will call the above property (5.23) the unitarity property of the fundamental K-operator
by analogy with the L-operator.

Let us now show invertibility property of the fundamental K-operator K( 1
2
)(u) from (5.4).

We first show that Γ(u) is invertible in the ring Aq

((
u−1

))
. We notice that the constant term

of ∆( 1
2
)(u) from (5.18) is zero, which implies using (5.17) that the constant term of u−2Γ(u)

is non-zero. Therefore, the latter formal power series is invertible in Z(Aq)
[[
u−1

]]
by [70,

Lemma 4.1]. We thus obtain that Γ(u) is invertible in the ring Aq

((
u−1

))
. Explicit expressions

of the modes of Γ(u)−1 can be deduced from [70, Lemma 4.1] shifting the mode index by −2.
Since Γ(u) is invertible, it follows by Lemma 5.4 that K( 1

2
)(u) is invertible too and its inverse is

given by[
K( 1

2
)(u)

]−1
=

c
(
u−2

)
Γ
(
uq−1

)K( 1
2
)
(
u−1

)
. (5.24)
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Remark 5.5. A central element of Aq denoted Z(t) has been proposed in [69, Definition 8.4].
It is easily checked that adapting its expression to our conventions, one has

Γ(uq−
1
2 )

c(u2q)
→ Z(t),

with the identification

ρ→ −
(
q2 − q−2

)2
, q−1u−2 → t, W∓

(
uq

1
2
)
→ SW±(S),

W∓
(
uq−

1
2
)
→ TW±(T ), G+

(
uq

1
2
)
+ ρ/

(
q − q−1

)
→ G(S),

G−
(
uq−

1
2
)
+ ρ/

(
q − q−1

)
→ G̃(T ).

5.2 Fused K-operators for Aq

Recall R( 1
2
, 1
2
)(u) and the fundamental K-operator K( 1

2
)(u), given respectively in (4.6) and (5.4),

satisfy the reflection equation (5.3). By analogy with (4.61), we now introduce fused K-
operators K(j)(u) ∈ Aq

((
u−1

))
⊗ End

(
C2j+1

)
.

Definition 5.6. For j ∈ 1
2N+, the fused K-operators for Aq are

K(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ K( 1
2
)

1

(
uq−j

)
R( 1

2
,j)
(
u2q−j+

1
2
)
K(j)

2

(
uq

1
2
)
E(j+ 1

2
)

⟨12⟩ , (5.25)

with K( 1
2
)(u) defined in (5.4). We note that K(j)(u) ∈ u4j

2−2jAq

[[
u−1

]]
⊗ End

(
C2j+1

)
.

The following theorem is our second main result.

Theorem 5.7. The fused K-operators K(j)(u) satisfy the reflection equation for any j1, j2 ∈ 1
2N+

R(j1,j2)(u1/u2)K(j1)
1 (u1)R

(j1,j2)(u1u2)K(j2)
2 (u2)

= K(j2)
2 (u2)R

(j1,j2)(u1u2)K(j1)
1 (u1)R

(j1,j2)(u1/u2). (5.26)

The proof of this theorem is very technical and was delegated to Appendix C. We proceed
by induction on j1, j2, using several expressions for the fused R-matrices R(j1,j2)(u) defined
in (4.31). Moreover, the decomposition of R( 1

2
,j)
(
qj+

1
2

)
, expressed in terms of E(j+ 1

2
), F (j+ 1

2
),

and H(j+ 1
2
) as given in Lemma 3.4, is crucial for the proof of this theorem, along with the

relations from Corollary 3.5.

Remark 5.8. Definition 5.6 and Theorem 5.7 provide a generalization of [66, Proposition 4.3],
where a similar fusion formula for diagonal K-matrices on the spin-j representations was given.
Our fused K-operators provide K-matrices on any representation of Aq, and in particular gen-
eral (both diagonal and non-diagonal) K-matrices on the spin-j representations are recovered
from K(j)(u) evaluated on one-dimensional representations of Aq, see [10, Section 2.3] for more
details.

5.3 Unitarity and invertibility properties

We now discuss the unitarity and invertibility properties of the fused K-operators K(j)(u) defined
by (5.25). Recall that K( 1

2
)(u) satisfies the unitarity property and is invertible, see Lemma 5.4

and expression in (5.24), respectively. We generalize these properties for any spin-j.
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Proposition 5.9. Let

K̂(j+ 1
2
)(u) = F (j+ 1

2
)

⟨12⟩ K̂(j)
2

(
uq−

1
2
)
R( 1

2
,j)
(
u2qj−

1
2
)
K̂( 1

2
)

1

(
uqj
)
E(j+ 1

2
)

⟨12⟩ , (5.27)

for j ∈ 1
2N+ and with K̂( 1

2
)(u) ≡ K( 1

2
)(u). Then

K(j)(u)K̂(j)
(
u−1

)
=

(
2j−1∏
k=0

Γ
(
uq−j−

1
2
+k
)

c
(
u−2q2j−1−2k

))

×

(
2j−2∏
k=0

2j−k−2∏
ℓ=0

c
(
u2q2j−1−2k−ℓ

)
c
(
u−2q1−k+ℓ

))
I2j+1

= K̂(j)
(
u−1

)
K(j)(u), (5.28)

where K(j)(u), Γ(u) and c(u) are respectively given in (5.25), (5.17), (3.34).

Proof. Recall that (5.28) for j = 1
2 was proven in Lemma 5.4. First, we show that (5.28) holds

for j = 1. Using (5.25) and (5.27), we find that the product K(1)(u)K̂(1)
(
u−1

)
equals

F (1)
⟨12⟩K

( 1
2
)

1

(
uq−

1
2
)
R( 1

2
, 1
2
)(u2)K( 1

2
)

2

(
uq

1
2
)
E(1)
⟨12⟩F

(1)
⟨12⟩K̂

( 1
2
)

2

(
u−1q−

1
2
)
R( 1

2
, 1
2
)
(
u−2

)
K̂( 1

2
)

1

×
(
u−1q

1
2
)
E(1)
⟨12⟩

= F (1)
⟨12⟩K

( 1
2
)

1

(
uq−

1
2
)
R( 1

2
, 1
2
)(u2)K( 1

2
)

2

(
uq

1
2
)
K̂( 1

2
)

2

(
u−1q−

1
2
)
R( 1

2
, 1
2
)
(
u−2

)
× K̂( 1

2
)

1

(
u−1q

1
2
)
E(1)
⟨12⟩,

where we removed the product E(1)F (1) on the second line, similarly to the derivation of (4.49).
Then, using (3.35) and (5.23) we have K(1)(u)K̂(1)

(
u−1

)
= −Γ

(
uq−

3
2

)
Γ
(
uq−

1
2

)
I3. Similarly,

we get K̂(1)
(
u−1

)
K(1)(u) = −Γ

(
uq−

3
2

)
Γ
(
uq−

1
2

)
I3. More generally, by induction we get both

equalities in (5.28) for all spin j. ■

Remark 5.10. The spin-j fused K-operator K(j)(u) is invertible and its inverse lies in
Aq

[[
u−1

]]
⊗ End

(
C2j+1

)
and is given by

[
K(j)(u)

]−1
=

[
2j−1∏
k=0

Γ
(
uq−j−

1
2
+k
)

c
(
u−2q2j−1−2k

)]−1 [2j−2∏
k=0

2j−k−2∏
ℓ=0

c
(
u2q2j−1−2k−ℓ

)
c
(
u−2q1−k+ℓ

)]−1
× K̂(j)

(
u−1

)
.

Remark 5.11. By direct calculations we have checked for j = 1, 32 , 2 that K̂(j)(u) is equal

to K(j)(u) defined in (5.25) and we expect this equality holds for any j. Note that K(j)(u)
and K̂(j)(u), are direct analogs of the spin-j K-operators K(j)(u) defined in (4.61) and (4.59),
respectively.

5.4 Examples of fused K-operators

In this subsection, we give examples of spin-1 and spin-32 fused K-operators K(j)(u) for Aq,
defined by (5.25). Recall the function c(u) given in (3.34).



Fused K-Operators and the q-Onsager Algebra 45

5.4.1 Spin-1 fused K-operator

The expressions of E(j+ 1
2
), F (j+ 1

2
) in (3.12), (3.13), for j = 1

2 read

E(1) =


1 0 0
0 1√

[2]q
0

0 1√
[2]q

0

0 0 1

 , F (1) =

1 0 0 0

0

√
[2]q
2

√
[2]q
2 0

0 0 0 1

 .

From (4.32), the fused R-matrix reads

R( 1
2
,1)(u) = F (1)

⟨23⟩R
( 1
2
, 1
2
)

13

(
uq−

1
2
)
R

( 1
2
, 1
2
)

12

(
uq

1
2
)
E(1)
⟨23⟩

and is given explicitly by

R(
1
2
,1)(u) = c

(
uq

1
2
)


c
(
uq

3
2

)
0 0 0 0 0

0 c
(
uq

1
2

)
0 c(q)

√
[2]q 0 0

0 0 c
(
uq−

1
2

)
0 c(q)

√
[2]q 0

0 c(q)
√
[2]q 0 c

(
uq−

1
2

)
0 0

0 0 c(q)
√
[2]q 0 c

(
uq

1
2

)
0

0 0 0 0 0 c
(
uq

3
2

)


. (5.29)

From (5.25), the fused K-operator is given by

K(1)(u) = F (1)
⟨12⟩K

( 1
2
)

1

(
uq−

1
2
)
R( 1

2
, 1
2
)(u2)K( 1

2
)

2

(
uq

1
2
)
E(1)
⟨12⟩.

Using the above expressions, one finds that the entries K(1)
mn(u) are explicitly given by

K(1)
11 (u) =

(
c(q)−1 + ρ−1G+

(
uq−

1
2
))(

ρ+ c(q)G−
(
uq

1
2
))

+ c
(
u2q
)(
uq

1
2W+

(
uq−

1
2
)
− u−1q−

1
2W−

(
uq−

1
2
))

×
(
uq

3
2W+

(
uq

1
2
)
− u−1q−

3
2W−

(
uq

1
2
))
,

K(1)
12 (u) =

(
q + q−1

)− 3
2

k−

(
c(u2)

(
ρc(q)−1 + G+

(
uq−

1
2
))(

uq
3
2W+

(
uq

1
2
)
− u−1q−

3
2W−

(
uq

1
2
))

(
ρ+ c(q)G+

(
uq−

1
2
))(

uq
3
2W−

(
uq

1
2
)
− u−1q−

3
2W−

(
uq

1
2
))

+ c(u2q)
(
uq

1
2W+

(
uq−

1
2
)
− u−1q−

1
2W−

(
uq−

1
2
))(

ρc(q)−1 + G+

(
uq

1
2
)))

,

K(1)
13 (u) =

c(u2)

k2−c(q
2)2
(
ρ+ c(q)G+

(
uq−

1
2
))(

ρ+ c(q)G+

(
uq

1
2
))
,

K(1)
21 (u) =

c(q)−1

2k+
√
q + q−1

(
c
(
u2q
)(
ρ+ c(q)G−

(
uq−

1
2
))(

uq
3
2W+(uq

1
2 )− u−1q−

3
2W−

(
uq

1
2
))

+
(
q−

1
2 (u−3 + u(−2 + q2))W−

(
uq−

1
2
)
+ q

1
2 (u3 + u−1(−2 + q−2))W+

(
uq−

1
2
)))

×
(
ρ+ c(q)G−

(
uq

1
2
))
,

K(1)
22 (u) =

c
(
u2q
)

2c(q)2ρ

((
ρ+ c(q)G+

(
uq−

1
2
))(

ρ+ c(q)G−
(
uq

1
2
))

+
(
ρ+ c(q)G−

(
uq−

1
2
))(

ρ+ c(q)G+

(
uq

1
2
)))
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+
1

2

(
q−

1
2 (u−3 + u(−2 + q2))W+

(
uq−

1
2
)
+ q

1
2 (u−1(−2 + q2) + u3)W−

(
uq−

1
2
))

×
(
uq

3
2W+

(
uq

1
2
)
− u−1q−

3
2W−

(
uq

1
2
))

+
1

2

(
q−

1
2 (u−3 + u(−2 + q2))W−

(
uq−

1
2
)
+ q

1
2 (u−1(−2 + q2) + u3)W+

(
uq−

1
2
))

×
(
uq

3
2W−

(
uq

1
2
)
− u−1q−

3
2W+

(
uq

1
2
))
,

K(1)
23 (u) = σ(K(1)

21 (u)), K(1)
31 (u) = σ(K(1)

13 (u)),

K(1)
32 (u) = σ(K(1)

12 (u)), K(1)
33 (u) = σ(K(1)

11 (u)), (5.30)

where σ is defined in (5.15). The last two lines describe the exchange of the entries of the fused
K-operator due to the automorphism σ and can be seen graphically

K(1)(u) = .

K(1)
11 (u) K(1)

12 (u) K(1)
13 (u)

K(1)
21 (u) K(1)

22 (u) K(1)
23 (u)

K(1)
31 (u) K(1)

32 (u) K(1)
33 (u)

( )
(5.31)

As shown in Lemma C.3, the fused K-operator (6.1) for j = 1 satisfies the reflection equation

R( 1
2
,1)(u/v)K( 1

2
)

1 (u)R( 1
2
,1)(uv)K(1)

2 (v) = K(1)
2 (v)R( 1

2
,1)(uv)K( 1

2
)

1 (u)R( 1
2
,1)(u/v).

Note that the latter equation can be independently checked using the ordering relations given
in Lemma B.1.

5.4.2 Spin-3
2
fused K-operator

The elements E(j+ 1
2
),F (j+ 1

2
) in (3.12), (3.13) for j = 1 read

E( 3
2
) =



1 0 0 0

0
√

[2]q
[3]q

0 0

0 0 1√
[3]q

0

0 1√
[3]q

0 0

0 0
√

[2]q
[3]q

0

0 0 0 1


, F ( 3

2
) =


1 0 0 0 0 0

0

√
[2]q [3]q
1+[2]q

0

√
[3]q

1+[2]q
0 0

0 0

√
[3]q

1+[2]q
0

√
[2]q [3]q
1+[2]q

0

0 0 0 0 0 1

 .

The fused R-matrix from (4.32) reads

R( 1
2
, 3
2
)(u) = F ( 3

2
)

⟨23⟩R
( 1
2
,1)

13

(
uq−

1
2
)
R

( 1
2
, 1
2
)

12 (uq)E( 3
2
)

⟨23⟩,

given explicitly by

R( 1
2
, 3
2
)(u) = c(u)c(uq)c(q)



c(uq2)
c(q) 0 0 0 0 0 0 0

0 c(uq)
c(q) 0 0

√
[3]q 0 0 0

0 0 c(u)
c(q) 0 0 [2]q 0 0

0 0 0 c(uq−1)
c(q) 0 0

√
[3]q 0

0
√
[3]q 0 0 c(uq−1)

c(q) 0 0 0

0 0 [2]q 0 0 c(u)
c(q) 0 0

0 0 0
√
[3]q 0 0 c(uq)

c(q) 0

0 0 0 0 0 0 0 c(uq2)
c(q)


.
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From (5.25), the fused K-operator reads

K( 3
2
)(u) = F ( 3

2
)

⟨12⟩K
( 1
2
)

1

(
uq−1

)
R(

1
2
,1)(u2q−

1
2 )K(1)

2

(
uq

1
2
)
E( 3

2
)

⟨12⟩.

For instance, the first entry reads

K( 3
2
)

11 (u) =
c(u2)

(
q + q−1

)
2ρc(q)

(
ρ+ c(q)G+

(
uq−1

))(
c(u2q2)

(
ρ+ c(q)G−(u)

)
×
(
uq2W+(uq)− u−1q−2W−(uq)

)
+ u−1

((
u2
(
q2 − 2

)
+ u−2q−2

)
W−(u)

+
(
u4q2 + q−2 − 2

)
W+(u)

)(
ρ+ c(q)G−(uq)

))
+ c
(
u2
)
c
(
u2q
)(
uW+

(
uq−1

)
− u−1W−

(
uq−1

))
×
((
ρ−1G+(u) + c(q)−1

)(
ρ+ c(q)G−(uq)

)
+ c
(
u2q2

)(
uqW+(u)− u−1q−1W−(u)

)(
uq2W+(uq)− u−1q−2W−(uq)

))
.

The other explicit expressions of the entries in terms of the generating functions for Aq are not
reported here for simplicity. Under the action of σ from (5.15), the entries exchange according to

K( 3
2
)(u) = ,

K( 3
2
)

11 (u) K( 3
2
)

12 (u) K( 3
2
)

13 (u) K( 3
2
)

14 (u)

K( 3
2
)

21 (u) K( 3
2
)

22 (u) K( 3
2
)

23 (u) K( 3
2
)

24 (u)

K( 3
2
)

31 (u) K( 3
2
)

32 (u) K( 3
2
)

33 (u) K( 3
2
)

34 (u)

K( 3
2
)

41 (u) K( 3
2
)

42 (u) K( 3
2
)

43 (u) K( 3
2
)

44 (u)

( )
. (5.32)

By Theorem 5.7, the fused K-operator satisfies the reflection equation

R( 1
2
, 3
2
)(u/v)K( 1

2
)

1 (u)R( 1
2
, 3
2
)(uv)K( 3

2
)

2 (v) = K( 3
2
)

2 (v)R( 1
2
, 3
2
)(uv)K( 1

2
)

1 (u)R( 1
2
, 3
2
)(u/v).

5.4.3 Spin-j fused K-operator

Specializing the formula (5.25), one gets the fused K-operator K(j)(u) for any value of j starting
from (5.4). By analogy with the previous cases, note that one has the invariance of the R-
matrix (3.33)

R( 1
2
,j)(u) =M (j)R( 1

2
,j)(u)M (j) with M (j) = σx ⊗

2j+1∑
n=1

E
(j,j)
n,2j+2−n.

So, due to the automorphism σ in (5.15), the entries of the K-operator of spin-j exchange as

K(j)
m,n(u) = σ

(
K(j)

2j+2−m,2j+2−n(u)
)

with 1 ≤ m,n ≤ 2j + 1.

This is analogous to the property in (5.31), (5.32).
From the fusion formulas (4.32) and (5.25), it is clear that the fused R-matrices and K-

operators can be expressed only in terms of the fundamental K-operator and R-matrix, and the
maps E(j) and F (j). They are given by

R( 1
2
,j)(u) =

(
2j−2∏
m=0

I22m+1 ⊗F (j−m
2
)

)(
2j−1∏
k=0

R
( 1
2
, 1
2
)

12j+1−k(uq
−j+ 1

2
+k)

)

×

(
2j−2∏
m=0

I22j−1−m ⊗ E(1+m
2
)

)
, (5.33)
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and

K(j)(u) =

(
2j−2∏
m=0

I2m ⊗F (j−m
2
)

)
2j∏
k=1

{
K( 1

2
)

k (uqk−j−
1
2 )

[
2j−k−1∏
ℓ=0

R
( 1
2
, 1
2
)

k2j−ℓ(u
2q−2j+2k+ℓ)

]}

×

(
2j−2∏
m=0

I22j−2−m ⊗ E(1+m
2
)

)
, (5.34)

where the product stands for the usual matrix product and the products are ordered from left
to right in an increasing way in the indices. The proof of (5.33) is straightforward by induction
on j using (4.32), whereas the proof of (5.34) is more tedious. We proceed by induction check-
ing (5.25) using (5.33) and (5.34). Then, one obtains a formula similar to (5.34) for j → j + 1

2

but with unwanted products of E(j)F (j). They can be removed using the same trick as in equa-
tion (4.49). Firstly, multiply (5.25) from the right by H(j+ 1

2
)
[
H(j+ 1

2
)
]−1

= I2j+2 and use (3.38)
to moveH(j+ 1

2
) to the left. Then, using successively the Yang–Baxter equation and the reflection

equation, the products E(j)F (j) are removed using the property (3.40).

Note that in the literature, another fusion procedure was developed for the R-matrix, see
[52, 60], and for the K-matrix in [64]. In this case, the analogue of the formulas (5.34), (5.33)
can be found for instance in [45, equations (2.1) and (2.7)].

5.5 Evaluated coaction of fused K-operators

The fused K-operators K(j)(u) are expected to have a simple relation with the spin-j K-
operators K(j)(u) as will be discussed in Section 6, similarly to the relations between L(j)(u)
and L(j)(u). Therefore, the evaluated coaction δw defined in (4.70) and applied to the entries
of K( 1

2
)(u) is expected to be of the form (4.71) up to appropriate normalization.

Lemma 5.12. The evaluated coaction δw : Aq → Aq ⊗ Uqsl2
[
w±1

]
is such that, recall (1.11),

(δw ⊗ id)
(
K( 1

2
)(u)

)
=

U−1

q + q−1
(
L( 1

2
)(u/w)

)
[2]

(
K( 1

2
)(u)

)
[1]

(
L( 1

2
)(uw)

)
[2]
. (5.35)

Proof. Assume the evaluated coaction takes the form

(δw ⊗ id)
(
K( 1

2
)(u)

)
= f(u)

(
L( 1

2
)(u/w)

)
[2]

(
K( 1

2
)(u)

)
[1]

(
L( 1

2
)(uw)

)
[2]
, (5.36)

where f(u) is assumed to be invertible central in Aq

[[
u−1

]]
⊗Uqsl2. We show that δw is indeed

an algebra homomorphism for a certain choice of f(u). It is easily checked using the Yang–
Baxter algebra (4.45) satisfied by L( 1

2
)(u) that (5.36) solves the reflection equation (5.3) with

the substitution K( 1
2
)(u) → (δw ⊗ id)

(
K( 1

2
)(u)

)
. Then, we fix the function f(u) as follows. We

compare the left-hand side of (5.36) using (5.4) to the right-hand side of (5.36) that is computed
using L( 1

2
)(u) given by (4.2). Consider the matrix entry (2, 1) of (5.36). It reads

1

k+
(
q + q−1

)δw(G−(u)) + k−
(
q + q−1

)
q − q−1

δw(1)

=
f(u)

k+
(
q + q−1

) [k+
k−

(
q − q−1

)2G+(u)⊗ E2 − G−(u)⊗
(
w−2K−1 + w2K

)
+ U

(
q + q−1

)
G−(u)⊗ 1 +

(
q + q−1

)(
q2 − q−2

)
×

(
k+wq

1
2
(
UW+(u)−W−(u)

)
⊗ EK

1
2 +

k+

wq
1
2

(
UW−(u)−W+(u)

)
⊗ EK−

1
2

)
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+
k+k−

(
q + q−1

)2(
q − q−1

) 1⊗
(
k+
k−

(
q − q−1

)2
E2 −

(
w−2K−1 + w2K

))]

+
k−
(
q + q−1

)2
q − q−1

Uf(u)(1⊗ 1).

By definition δw(1) = 1 ⊗ 1, so the above equation fixes f(u) = U−1/
(
q + q−1

)
, and then

δw(G−(u)) is also fixed. The same result for f(u) follows from the matrix entry (1, 2). From the
matrix entries (1, 1) and (2, 2) of (5.36) one finds

δw(W+(u)) = f(u)
[
W−(u)⊗

((
q − q−1

)2
EF − q

(
K −K−1

))
−
(
w2 + w−2

)
W+(u)⊗ 1

+

(
q − q−1

)
k+k−

(
q + q−1

)(k+q 1
2G+(u)⊗

(
w−1EK

1
2
)
+ k−q

− 1
2G−(u)⊗

(
wFK

1
2
))

+
(
q + q−1

)(
1⊗

(
k+q

1
2w−1EK

1
2
)
+ 1⊗

(
k−q

− 1
2wFK

1
2
))

+ U
(
q + q−1

)
W+(u)⊗K

]
.

Then, inserting the power series (5.1) and (5.2), one gets

δw(W0) = f(u)U
(
q + q−1

)︸ ︷︷ ︸
=1

[
1⊗

(
k+q

1
2w−1EK

1
2 + k−q

− 1
2wFK

1
2
)
+W0 ⊗K

]
.

This corresponds to the evaluation of the coaction δ(W0) given in (2.33). Similarly, from the
analysis of δw(W−(u)), we obtain the evaluation of δ(W1) given in (2.34). ■

The evaluated coaction of the generating functions (5.1) and (5.2) is readily extracted from
(5.35)

δw(W±(u)) =
U−1

q + q−1

[
W∓(u)⊗

((
q − q−1

)2
S±S∓ − q

(
K±1 −K∓1

))
−
(
w2 + w−2

)
W±(u)⊗ 1 +

(
q − q−1

)
k+k−

(
q + q−1

)(k+q± 1
2G+(u)⊗

(
w∓1S+K

± 1
2
)

+ k−q
∓ 1

2G−(u)⊗
(
w±1S−K

± 1
2
))]

+ U−1
(
1⊗

(
k+q

± 1
2w∓1S+K

± 1
2
)

+ 1⊗
(
k−q

∓ 1
2w±1S−K

± 1
2
))

+W±(u)⊗K±1, (5.37)

δw(G±(u)) =
k∓
k±

(
q − q−1

)2(
q + q−1

) U−1G∓(u)⊗ S2
∓ − U−1

q + q−1
G±(u)⊗

(
w−2K±1 + w2K∓1

)
+ G±(u)⊗ 1 +

(
q2 − q−2

)(
k∓q

∓ 1
2
(
W+(u)− U−1W−(u)

)
⊗
(
w∓1S∓K

1
2
)

+ k∓q
± 1

2
(
W−(u)− U−1W+(u)

)
⊗
(
w±1S∓K

− 1
2
))

(5.38)

+
k+k−

(
q + q−1

)
U−1(

q − q−1
) 1⊗

(
k∓
k±

(
q − q−1

)2
S2
∓ −

(
w−2K±1 + w2K∓1

))
,

where we used the shorthand notation S+ ≡ E, S− ≡ F . We note that these expressions were
first obtained in [16, Proposition 2.2].13 Expanding (5.37), (5.38) as power series in U−1, it is
straightforward to prove Proposition 2.15.

Now, using (5.37), (5.38) we can compute the evaluated coaction of the quantum determi-
nant Γ(u) from (5.17)

δw(Γ(u)) =
1(

u2q + u−2q−1
)(
u2q3 + u−2q−3

)Γ(u)⊗ γ(u/w)γ(uw), (5.39)

13We corrected typos in [16], a prefactor was missing.
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where γ(u) is given in (4.10). Here we used the ordering relations of Aq in Lemma B.1 and the
PBW basis of Uqsl2 given by the monomials

{
ErK±

s
2F t | r, s, t ∈ N

}
, see, for instance, [56,

Chapter 3].
The following result is a natural generalization of Lemma 5.12.

Proposition 5.13. The evaluated coaction of K(j)(u) for j ∈ 1
2N+ is given by

(δw ⊗ id)
(
K(j)(u)

)
=

 2j∏
p=1

U−1

q + q−1
∣∣
u=uqj+

1
2−p


×
(
L(j)(u/w)

)
[2]

(
K(j)(u)

)
[1]

(
L(j)(uw)

)
[2]
. (5.40)

Proof. An induction argument is used. For j = 1
2 , the relation (5.40) coincides with (5.35).

Now, suppose j ≥ 1. For convenience, we omit the notation [1], [2]. Expand the left-hand side
of (5.40) using the expression of the fused K-operator (5.25) and the evaluated coaction (5.40).
It follows

δw
(
K(j)(u)

)
= F (j)

⟨12⟩
[
δw
(
K( 1

2
)

1

(
uq−j+

1
2
))
]R

( 1
2
,j− 1

2
)

12

(
u2q−j+1

)[
δw
(
K(j− 1

2
)

2

(
uq

1
2
))
]E(j)
⟨12⟩

=

 2j∏
p=1

U−1

q + q−1
∣∣
u=uqj+

1
2−p

F (j)
⟨12⟩L

( 1
2
)

1

(
uw−1q−j+

1
2
)
K( 1

2
)

1

(
uq−j+

1
2
)

× L( 1
2
)

1

(
uwq−j+

1
2
)
R

( 1
2
,j− 1

2
)

12

(
u2q−j+1

)
L(j− 1

2
)

2

(
uw−1q

1
2
)
K(j− 1

2
)

2

(
uq

1
2
)

× L(j− 1
2
)

2

(
uwq

1
2
)
E(j)
⟨12⟩, (5.41)

where we used δw instead of δw⊗id for convenience. Multiplying on the left and on the right (4.46)
by
(
L(j)
2 (v)

)−1
and using (4.43), we get

L( 1
2
)

1 (u)R( 1
2
,j− 1

2
)(u/v)L(j− 1

2
)

2

(
v−1
)
= L(j− 1

2
)

2

(
v−1
)
R( 1

2
,j− 1

2
)(u/v)L( 1

2
)

1 (u). (5.42)

Using (5.42) for u→ uwq−j+
1
2 , v → u−1wq−

1
2 and the commutation

[
K(j1)

1 (u),L(j2)
2 (v)

]
= 0,

(5.41) becomes

=

 2j∏
p=1

U−1

q + q−1
∣∣
u=uqj+

1
2−p

F (j)
⟨12⟩L

( 1
2
)

1

(
uw−1q−j+

1
2
)
L(j− 1

2
)

2

(
uw−1q

1
2
)
K( 1

2
)

1

(
uq−j+

1
2
)

×R
( 1
2
,j− 1

2
)

12

(
u2q−j+1

)
K(j− 1

2
)

2

(
uq

1
2
)
L( 1

2
)

1

(
uwq−j+

1
2
)
L(j− 1

2
)

2

(
uwq

1
2
)
E(j)
⟨12⟩. (5.43)

On the other hand, inserting (4.47), (5.25), in the right-hand side of (5.40) one gets

δw(K(j)(u)) =

 2j∏
p=1

U−1

q + q−1
∣∣
u=uqj+

1
2−p

F (j)
⟨12⟩L

( 1
2
)

1

(
uw−1q−j+

1
2
)
L(j− 1

2
)

2

(
uw−1q

1
2
)
E(j)
⟨12⟩

×F (j)
⟨12⟩K

( 1
2
)

1

(
uq−j+

1
2
)
R

( 1
2
,j− 1

2
)

12

(
u2q−j+1

)
K(j− 1

2
)

2

(
uq

1
2
)
E(j)
⟨12⟩F

(j)
⟨12⟩

× L( 1
2
)

1

(
uwq−j+

1
2
)
L(j− 1

2
)

2

(
uwq

1
2
)
E(j)
⟨12⟩.

Now, in order to remove the products E(j)
⟨12⟩F

(j)
⟨12⟩, multiply first the expression above from the

right by H(j)
⟨12⟩
[
H(j)
⟨12⟩
]−1

. Then, using the relations (3.38)–(3.40), (C.5) and

R( 1
2
,j− 1

2
)(v/u)L(j− 1

2
)

2 (v)L( 1
2
)

1 (u) = L( 1
2
)

1 (u)L(j− 1
2
)

2 (v)R( 1
2
,j− 1

2
)(v/u),

which is obtained from the RLL equation, after simplifications the expression agrees with equa-
tion (5.43). ■
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5.6 Twisted intertwining relations for fused K-operators

In the next section, we will also need the twisted intertwining relations satisfied by the fused
K-operators. For the fundamental K-operator (5.4), the twisted intertwining relations have been
given in [16, Proposition 4.2]. This result is now extended to higher values of j.

Proposition 5.14. The following relation holds for any j ∈ 1
2N+ and all b ∈ Aq

K(j)(v)
(
id⊗ πj

)[
δv−1(b)

]
=
(
id⊗ πj

)
[δv(b)]K(j)(v). (5.44)

Proof. Lemma 5.12 implies that(
id⊗ πj ⊗ id

)[
(δv ⊗ id)

(
K( 1

2
)(u)

)]
=

U−1

q + q−1
R(j, 1

2
)(u/v)K( 1

2
)

2 (u)R(j, 1
2
)(uv). (5.45)

We then notice that K(j)(v) satisfies the equation

K(j)
1 (v)R(j, 1

2
)(uv)K( 1

2
)

2 (u)R(j, 1
2
)(u/v) = R(j, 1

2
)(u/v)K( 1

2
)

2 (u)R(j, 1
2
)(uv)K(j)

1 (v). (5.46)

This version of reflection equation follows from the standard reflection equation (5.26) for j1 = j,
j2 =

1
2 and u1 = v, u2 = u. Indeed, we multiply (5.26) on the left and the right by R(j1,j2)(u2/u1)

and using (4.44) we obtain (5.46).
Now using (5.45), the equation (5.46) can be rewritten as

K(j)
1 (v)

(
id⊗ πj ⊗ id

)[(
δv−1 ⊗ id

)(
K( 1

2
)(u)

)]
=
(
id⊗ πj ⊗ id

)[(
δv ⊗ id

)(
K( 1

2
)(u)

)]
K(j)

1 (v). (5.47)

This equation can be thought as an equation in Aq

[[
u−1

]]
(
(
v−1
)
) ⊗ End

(
C2j+1

)
⊗ End

(
C2
)
.

Denote the entries of the fundamental K-operator by K( 1
2
)

mn(u) ∈ Aq

[[
u−1

]]
, m,n = 1, 2. Now,

considering (5.47) as four equations in Aq

[[
u−1

]]((
v−1
))

⊗ End
(
C2j+1

)
, i.e., taking the matrix

elements of End
(
C2
)
, it yields

K(j)(v)
((
id⊗ πj

)[
δv−1

(
K( 1

2
)

mn(u)
)])

=
((
id⊗ πj

)[
δv
(
K( 1

2
)

mn(u)
)])

K(j)(v).

Inserting the entries according to (5.4), extracting the independent relations and using (5.1),
(5.2), this implies (5.44). ■

6 Fused K-operators and the universal K-matrix for Aq

In this section, we assume there exists a universal K-matrix K for Aq. We are interested in
the precise relationship between the fused K-operators K(j)(u) constructed in the previous sec-
tion using (5.25) and the spin-j K-operators defined in (4.50) through the evaluation of the
universal K-matrix. Motivated by Lemma 4.10 relating spin-j L-operators (4.1) and fused L-
operators (4.24), and by supporting evidence discussed below, we propose the following conjec-
ture.

Conjecture 6.1. For j ∈ 1
2N, we have

K(j)(u) = ν(j)(u)K(j)(u) ∈ Aq

[[
u−1

]]
⊗ End

(
C2j+1

)
, (6.1)

where K(j)(u) is defined in (5.25) with

ν(j)(u) =

(
2j−1∏
m=0

ν
(
uqj−

1
2
−m))(2j−2∏

k=0

2j−k−2∏
ℓ=0

π
1
2
(
µ
(
u2q2j−2−2k−ℓ

)))
. (6.2)
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Here π
1
2 (µ(u)) is given by (4.7) and ν(u) ≡ ν(

1
2
)(u) is an invertible central element in Aq

[[
u−1

]]
,

defined by the functional relation

π
1
2
(
µ
(
u2q
))
ν(u)ν(uq)Γ(u) = 1, (6.3)

where Γ(u) is given in (5.17), and has the evaluated coaction

δw(ν(u)) =
(
u2q + u−2q−1

)
ν(u)⊗ µ(u/w)µ(uw). (6.4)

We note that a solution ν(u) to (6.3) can be uniquely (up to a sign of its constant term)
determined by recursion provided in the next lemma. Here, we assume that ν(u) is invertible
and generates a commutative subalgebra in Aq

((
u−1

))
. In what follows, we use the following

notation

F (u) := π
1
2
(
µ
(
u2q
))
Γ(u). (6.5)

We observe that only even modes of F (u) are non-zero, i.e.,

F (u) =

∞∑
k=0

Fku
−2k. (6.6)

Recall the central elements from Example 5.3, in terms of which the first modes of F (u) read

F0 = − ρq
1
2(

q − q−1
)2 , F1 =

q
1
2 c1

2
(
q − q−1

)∆1, F2 =
q

1
2 c2

2
(
q − q−1

)∆2 −
ρq

1
2(

q4 − 1
) , (6.7)

with ck defined in (5.20).

Lemma 6.2. The generating function ν(u) = ν(
1
2
)(u) from (6.1) is central in Aq

[[
u−1

]]
and

takes the following form:

ν(u) =
∞∑
k=0

νku
−2k, (6.8)

where ν0 is fixed up to a sign by

ν20 = −ρ−1q−
1
2
(
q − q−1

)2
, (6.9)

and all νk with k ≥ 1 are determined recursively by

νk = − 1

F0

k−1∑
ℓ=0

1− q−2(k+ℓ)

1− q−4k
Fk−ℓνℓ. (6.10)

Proof. With the notation (6.5), the functional relation (6.3) takes the form

F (u)ν(u)ν(uq) = 1. (6.11)

Replacing u→ uq, we get from it another equation

F (uq)ν(uq)ν
(
uq2
)
= 1. (6.12)

Comparing both the equations (6.11) and (6.12), and using that by assumption [ν(u), ν(uq)] = 0
and ν(u) is invertible, we get

F (uq)ν
(
uq2
)
= F (u)ν(u). (6.13)
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Assuming ν(u) ∈ Aq

((
u−1

))
with an expansion ν(u) =

∑∞
k=−M ν ′ku

−k for some positive M
and using (6.13) with (6.6) we conclude by induction that M has to be zero. We can then
assume that ν(u) =

∑∞
k=0 ν

′
ku
−k. Inserting (6.6) in the above equation (6.13), it is equivalent to

∞∑
p=0

u−p
⌊ p
2
⌋∑

k=0

(
q−2p+2k − 1

)
Fkν

′
p−2k = 0

⇔
⌊ p
2
⌋∑

k=0

(
q−2p+2k − 1

)
Fkν

′
p−2k = 0, p = 0, 1, 2, . . . .

Let n ∈ N. For p = 2n+ 1, one gets

ν ′2n+1 = − 1

F0

n∑
k=1

(
1− q−2(2n+1)+2k

1− q−2(2n+1)

)
Fkν

′
2n+1−2k.

For n = 0, it gives ν ′1 = 0 which implies by induction that all modes ν ′2n+1 = 0. Thus, the power
series ν(u) is of the form (6.8). From (6.11) we readily see that ν0 is fixed as in (6.9). Then, the
recurrence relation that follows from (6.13) with (6.8) and (6.6) is now given by

p∑
l=0

(
q−2(p+l) − 1

)
Fp−lνl = 0,

which determines νl as in (6.10). ■

Example 6.3. Together with (6.7) and (5.21) and (5.22), we get explicit expression of the first
few modes of ν(u) developed in (6.8) in terms of the alternating generators of Aq

ν1 =

(
q − q−1

)2
q

1
2 ν0

ρ
(
q + q−1

) F1,

ν2 =

(
q − q−1

)2
q3/2ν0

ρ
(
q2 + q−2

) (
F2 + q−

1
2

(
q − q−1

)(
q3 − q−3

)
ρ
(
q + q−1

)2 F 2
1

)
, (6.14)

where ν0 is fixed as a square root of (6.9).

Let us now show that K(j)(u) ∈ Aq

[[
u−1

]]
⊗ End

(
C2j+1

)
. First, we note that the leading

term of ν(j)(u) given in (6.2) is at u−4j
2+2j , using (6.8) and (4.7). Next, from the definition

of K(j)(u) in (5.25), we find that its leading term is at u4j
2−2j , using the fact that the leading

terms of K( 1
2
)(u) and R( 1

2
,j)(u) from (3.33) are respectively at u0 and u2j . Finally, we conclude

that ν(j)(u)K(j)(u) is in Aq

[[
u−1

]]
⊗ End

(
C2j+1

)
with its leading term at u0.

Below, we present supporting evidence for Conjecture 6.1, and then we derive from this
conjecture certain properties of the fused K-operators for j ≥ 0.

6.1 Supporting evidence

For the clarity of the presentation, let us define

K̃(j)(u) = ν(j)(u)K(j)(u) for j ∈ 1

2
N, (6.15)

where we assume ν(
1
2
)(u) is an invertible central element in Aq

[[
u−1

]]
. Importantly, it is not

assumed that K̃(j)(u) is obtained from the evaluation of a universal K-matrix.
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We provide supporting evidence for Conjecture 6.1. We show that K̃(j)(u) for all j satisfy
the following systems of equations

K̃(j)(v)
(
id⊗ πj

)[
δv−1(b)

]
=
(
id⊗ πj

)
[δv(b)]K̃

(j)(v), (K1′)

(δw ⊗ id)
(
K̃(j)(u)

)
=
(
L(j)(u/w)

)
[2]

(
K̃(j)(u)

)
[1]

(
L(j)(uw)

)
[2]
, (K2′)

K̃(j)(u) = F (j)
⟨12⟩K̃

( 1
2
)

1

(
uq−j+

1
2
)
R( 1

2
,j− 1

2
)
(
u2q−j+1

)
K̃

(j− 1
2
)

2

(
uq

1
2
)
E(j)
⟨12⟩, (K3′)

where R( 1
2
,j)(u) is given in (4.15), if and only if (6.2) and (6.4) hold. Here, (K1′)–(K3′) are

direct analogs of (4.72), (4.71), (4.61), respectively. We will also show that K̃(j)(u) satisfies the
reflection equation (4.58) where K(j)(u) is replaced by K̃(j)(u).

6.1.1 Fusion relation (K3′), intertwining relations (K1′)
and evaluated coaction (K2′)

We assume that ν(u) is an invertible central element in Aq

[[
u−1

]]
.

Lemma 6.4. The K-operators K̃(j)(u) for all j ∈ 1
2N satisfy the fusion relation (K3′) if and

only if ν(j)(u) takes the form (6.2).

Proof. Note first that (5.25) contains R( 1
2
,j)(u) while (K3′) contains R( 1

2
,j)(u), and they are

related by

R( 1
2
,j)(u) =

(
2j−1∏
k=0

π
1
2
(
µ
(
uq−j+

1
2
+k
)))

R( 1
2
,j)(u) (6.16)

due to (4.35) and (4.26). Then, inserting (6.15) in (K3′) and using (5.25) and (6.16), the
assumption that ν(u) is an invertible central element in Aq

[[
u−1

]]
, and that K(j)(u) is invertible,

see Remark 5.10, the resulting recursion relation on ν(j)(u) takes the following form:

ν(j+
1
2
)(u) = ν

(
uq−j

)
ν(j)
(
uq

1
2
)
π

1
2
(
µ(j)

(
u2q−j+

1
2
))
,

with µ(j)(u) defined in (4.26). This recursion gives the solution (6.2). ■

In what follows, we will assume that (K3′) holds, so in particular all ν(j)(u) are central. Then,
using Proposition 5.14, the twisted intertwining relation for K̃(j)(u) is immediate.

Lemma 6.5. The K-operators K̃(j)(u) for all j ∈ 1
2N satisfy (K1′).

We now show that the evaluated coaction (K2′) holds for K̃(j)(u).

Lemma 6.6. The K̃(j)(u) for all j ∈ 1
2N satisfy (K2′) if and only if δw(ν(u)) is given by (6.4).

Proof. We first consider the case j = 1
2 . Inserting (6.15) in (K2′) for j = 1

2 , using (5.35), and
the invertibility of L( 1

2
)(u), K( 1

2
)(u), the resulting equation is equivalent to (6.4). It remains to

check that given the evaluated coaction (6.4), (K2′) holds for higher j. Now, consider j ≥ 1.
On one hand, inserting (6.15) in (K2′), the left-hand side reads

δw
(
ν(j)(u)

)
δw(K(j)(u))

=

(
2j−1∏
m=0

δw
(
ν
(
uqj−

1
2
−m)))(2j−2∏

k=0

2j−k−2∏
ℓ=0

π
1
2
(
µ
(
u2q2j−2−2k−ℓ

)))
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×

 2j∏
p=1

U−1

q + q−1
∣∣
u=uqj+

1
2−p

(L(j)(u/w)
)
[2]

(
K(j)(u)

)
[1]

(
L(j)(uw)

)
[2]
, (6.17)

where we used (5.40), (6.2) and the fact that δw in an algebra homomorphism. On the other
hand, the right-hand side of (K2′) is

ν(j)(u)⊗ µ(j)(u/w)µ(j)(uw)
(
L(j)(u/w)

)
[2]

(
K(j)(u)

)
[1]

(
L(j)(uw)

)
[2]
. (6.18)

Then, replacing µ(j)(u) and ν(j)(u) in (6.18) by (4.26), (6.2) respectively, and using (6.4)
in (6.17), we find that (6.17) and (6.18) are equal. ■

Finally, assuming (K3′) holds, so that ν(j)(u) are central by Lemma 6.4, we show that the
fused K-operators K̃(j)(u) satisfy the reflection equation.

Lemma 6.7. The K-operators K̃(j)(u) satisfy the reflection equation (4.58) where K(j)(u) is
replaced by K̃(j)(u) for any j1, j2 ∈ 1

2N+.

Proof. By Theorem 5.7, the fused K-operators K(j)(u) satisfy the equation (5.26). Then, multi-
plying this equation by ν(j1)(u)ν(j2)(v) and using the fact that they are central, we obtain (4.58)
where K(j)(u) is replaced by K̃(j)(u). ■

6.1.2 Functional relation on ν(u)

We have seen in Lemma 6.4 that the relation (K3′) fixes the normalization factor ν(j)(u) as (6.2).
Here we show that the analog of the reduction relation (4.62) for K̃(j)(u) leads to the functional
relation (6.3). Recall the functional relation on µ(u) in (4.27) was obtained by comparing the fu-
sion relation with the reduction relation satisfied by the spin-j L-operators, see Proposition 4.11.
We proceed similarly for K̃(j)(u).

Proposition 6.8. The K-operators K̃(j)(u) satisfy (K3′) and

K̃(j− 1
2
)(u) = F̄ (j− 1

2
)

⟨12⟩ K̃
( 1
2
)

1

(
uqj+1

)
R( 1

2
,j)
(
u2qj+

3
2
)
K̃

(j)
2

(
uq

1
2
)
Ē(j− 1

2
)

⟨12⟩ , (K3′′)

for j = 1 if and only if ν(u) satisfies the functional relation (6.3).

Proof. The equation (K3′′) for j = 1 in terms of fused K-operators reads as

K( 1
2
)(u) = ν(uq)ν

(
uq2
)
π

1
2
(
µ
(
u2q
)
µ
(
u2q2

)
µ
(
u2q3

))
× F̄ ( 1

2
)

⟨12⟩K
( 1
2
)

1

(
uq2
)
R( 1

2
,1)
(
u2q

5
2
)
K(1)

2

(
uq

1
2
)
Ē( 1

2
)

⟨12⟩, (6.19)

where we used K̃( 1
2
)(u) = ν(u)K( 1

2
)(u), the factorized form (6.2) for ν(1)(u) due to Lemma 6.4

and we used R( 1
2
,1)(u) = π

1
2 (µ
(
uq

1
2

)
µ
(
uq−

1
2

)
)R( 1

2
,1)(u), recall (6.16). From the relation satisfied

by µ(u) given in (4.27) and using πj(C) = q2j+1 + q−2j−1, one gets

π
1
2 (µ(u)µ(uq)) =

1

c(u)c
(
uq2
) , (6.20)

where c(u) is given in (3.34) and by our standard convention the right-hand side is developed
as power series in u−1. Then, the equation (6.19) becomes

K( 1
2
)(u) =

ν(uq)ν
(
uq2
)
π

1
2

(
µ
(
u2q3

))
c
(
u2q
)
c
(
u2q3

) F̄ ( 1
2
)

⟨12⟩K
( 1
2
)

1

(
uq2
)
R( 1

2
,1)
(
u2q

5
2
)
K(1)

2

(
uq

1
2
)
Ē( 1

2
)

⟨12⟩. (6.21)
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The right-hand side of (6.21) is now computed using the expressions for K( 1
2
)(u), K(1)(u) given

respectively in (5.4), (5.30), the fused R-matrix (5.29) and Ē( 1
2
)

⟨12⟩, F̄
( 1
2
)

⟨12⟩ given by

Ē( 1
2
)

⟨12⟩ =



0 0
1 0

0
√
[2]q

−
√

[2]q 0
0 −1
0 0

 , F̄ ( 1
2
)

⟨12⟩ =

0 1
1+[2]q

0 −
√

[2]q
1+[2]q

0 0

0 0

√
[2]q

1+[2]q
0 − 1

1+[2]q
0

 .

In terms of the quantum determinant (5.17), one finds

F̄ ( 1
2
)

⟨12⟩K
( 1
2
)

1

(
uq2
)
R(

1
2
,1)(u2q 5

2
)
K(1)

2

(
uq

1
2
)
Ē( 1

2
)

⟨12⟩ = c
(
u2q
)
c
(
u2q3

)
Γ(uq)K( 1

2
)(u). (6.22)

This relation is obtained by applying the ordering relations for Aq given in Appendix B. Insert-
ing this expression in (6.21) and multiplying by

[
K( 1

2
)(u)

]−1
given in (5.24) the relation (6.3)

follows. ■

Remark 6.9. As a consistency check, we observe the following:

(1) The evaluated coaction in (6.4) respects the functional relation (6.3) on ν(u). Indeed,
using (5.39) and the functional relations (4.27) and (6.3), we obtain

δw(ν(u))δw(ν(uq))δw(Γ(u))π
1
2
(
µ
(
u2q
))

= 1⊗ 1.

(2) The expression for δw(ν(u)) in (6.4) agrees with the direct calculation of δw(ν1). To see
it, we first recall the expression of ν1 in (6.14) together with (6.7) and (5.21). With the
expressions from Proposition 2.15, we need to calculate only the evaluated coaction on G̃1.
This is the 1st mode of the current G−(u), recall (5.2), and thus δw

(
G̃1

)
is extracted from

the 1st mode of (5.38)

δw(G̃1) =
k+k−

(
q + q−1

)
q − q−1

1⊗
(
k+
k−

(
q − q−1

)2
E2 −

(
w−2K−1 + w2K

))
+ G̃1 ⊗ 1 +

(
q2 − q−2

)
k+
(
q

1
2W0 ⊗

(
wEK

1
2
)
+ q−

1
2W1 ⊗

(
w−1EK−

1
2
))
.

Combining all these expressions of δw together as in (5.21), using that δw is an algebra
map for any w, and simplifying, we obtain

δw(∆1) = ∆1 ⊗ 1−
2k+k−

(
w2 + w−2

)
q − q−1

1⊗ C,

where C is the Casimir element (4.11). Using (6.14) together with the expression of F1

in (6.7), we get the final result

δw(ν1) = ν1 ⊗ 1 +
q−1ν0
q + q−1

(
w2 + w−2

)
⊗ C,

which indeed agrees with the term at u−2 in the expansion of (6.4).

In summary, the evidence supporting Conjecture 6.1 can be summarized in Figure 3.
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K

(K1)

(K2)

(K3)

evaluation

evaluation

evaluation

K(j)(u)

(4.72)

(4.71)

(4.61)

Conjecture 6.1
K̃(j)(u)

Conjecture 6.1

Conjecture 6.1

(K1′)

(K2′)

(K3′)

(URE)
evaluation

(RE)
Conjecture 6.1

(RE)

P
r
o
v
e
n

Figure 3. Supporting evidence for Conjecture 6.1, where the double-sided arrows connecting two equa-

tions signify their equality under the assumption that Conjecture 6.1 is true.

6.2 Coaction

Motivated by the discussion in Section 4.3 and Proposition 4.22, we propose a right coaction for
the components of K̃( 1

2
)(u)

(δ ⊗ id)
(
K̃( 1

2
)(u)

)
=
([
L−
(
u−1

)]−1)
[2]

(
K̃( 1

2
)(u)

)
[1]

(
L+(u)

)
[2]
, (6.23)

where L±(u) are defined in (4.63) and are calculated in (A.18) and (A.24), respectively. First
of all, we show that the proposed coaction (6.23) indeed respects the relations satisfied by the
components of K̃( 1

2
)(u). Recall that, due to Lemmas 6.7 and 4.14, these relations are

R( 1
2
, 1
2
)(u/v)K̃

( 1
2
)

1 (u)R( 1
2
, 1
2
)(uv)K̃

( 1
2
)

2 (v) = K̃
( 1
2
)

2 (v)R( 1
2
, 1
2
)(uv)K̃

( 1
2
)

1 (u)R( 1
2
, 1
2
)(u/v). (6.24)

Lemma 6.10. The following element from (Aq ⊗ LUqsl2)
[[
u−1

]]
⊗ End

(
C2
)
and defined by

K̃(−,+)(u) =
(
[L−

(
u−1

)
]−1
)
[2]

(
K̃( 1

2
)(u)

)
[1]

(
L+(u)

)
[2]

(6.25)

satisfies the reflection equation (6.24) where K̃( 1
2
)(u) is replaced by K̃(−,+)(u).

Proof. We first substitute the K-operators in (6.25) into the reflection equation (6.24). Then,
we multiply both sides from the left by L−1

(
u−1

)
L−2
(
v−1
)
and from the right by

[
L+
2 (v)

]−1
×
[
L+
1 (u)

]−1
. One has for the left-hand side of the resulting equation

L−1
(
u−1

)
L−2
(
v−1
)
R( 1

2
, 1
2
)(u/v)[L−1

(
u−1

)
]−1K̃

( 1
2
)

1 (u)L+
1 (u)R

( 1
2
, 1
2
)(uv)[L−2

(
v−1
)
]−1

× K̃
( 1
2
)

2 (v)[L+
1 (u)]

−1

= R( 1
2
, 1
2
)(u/v)L−2

(
v−1
)
K̃

( 1
2
)

1 (u)L+
1 (u)R

( 1
2
, 1
2
)(uv)[L−2

(
v−1
)
]−1[L+

1 (u)]
−1K̃

( 1
2
)

2 (v)

= R( 1
2
, 1
2
)(u/v)K̃

( 1
2
)

1 (u)R( 1
2
, 1
2
)(uv)K̃

( 1
2
)

2 (v), (6.26)

where we underlined the steps of calculation that correspond either to the commutation relations
between L- and K-operators associated with different auxiliary spaces or to the use of variations
of (4.64), (4.65). For instance, in the first line we use

L−2
(
v−1
)
R( 1

2
, 1
2
)(u/v)[L−1

(
u−1

)
]−1 = [L−1

(
u−1

)
]−1R( 1

2
, 1
2
)(u/v)L−2

(
v−1
)
,

which is obtained by multiplying the equation (4.64), with the all-minus choice, from the left
by [L−1 (u)]

−1R( 1
2
, 1
2
)(v/u) and from the right by R( 1

2
, 1
2
)(v/u)[L−1 (u)]

−1, then using the unitarity
property of the R-matrix given in (4.44), and finally, substituting u→ u−1, v → v−1.

On the other hand, the right-hand side of the equation obtained in the first paragraph of this
proof takes the following form:

L−1
(
u−1

)
K̃

( 1
2
)

2 (v)L+
2 (v)R

( 1
2
, 1
2
)(uv)

[
L−1
(
u−1

)]−1
K̃

( 1
2
)

1 (u)
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× L+
1 (u)R

( 1
2
, 1
2
)(u/v)[L+

2 (v)]
−1[L+

1 (u)
]−1

= K̃
( 1
2
)

2 (v)L−1
(
u−1

)
L+
2 (v)R

( 1
2
, 1
2
)(uv)

[
L−1
(
u−1

)]−1
K̃

( 1
2
)

1 (u)
[
L+
2 (v)

]−1
R( 1

2
, 1
2
)(u/v)

= K̃
( 1
2
)

2 (v)R( 1
2
, 1
2
)(uv)K̃

( 1
2
)

1 (u)R( 1
2
, 1
2
)(u/v). (6.27)

Finally, comparing (6.26) with (6.27), one gets the reflection equation (6.24) that was proven in
Lemma 6.7. ■

We finally show that δ defined in (6.23) is coassociative and counital, see (2.11). Firstly, we
check the coassociativity

(δ ⊗ id⊗ id) ◦ (δ ⊗ id)
(
K̃( 1

2
)(u)

)
= (δ ⊗ id⊗ id)

((
[L−

(
u−1

)
]−1
)
[2]

(
K̃( 1

2
)(u)

)
[1]

(
L+(u)

)
[2]

)
=
(
[L−

(
u−1

)
]−1
)
[3]

(
[L−

(
u−1

)
]−1
)
[2]

(
K̃( 1

2
)(u)

)
[1]

(
L+(u)

)
[2]

(
L+(u)

)
[3]

= (id⊗∆⊗ id) ◦ (δ ⊗ id)
(
K̃( 1

2
)(u)

)
,

where the coproduct is given in (4.66) and we used (∆⊗ id)
(
[L∓(u)]−1

)
= (L∓(u))

−1
[2] (L

∓(u))
−1
[1] .

Secondly, the condition with the counit is checked using (4.68)

(id⊗ ϵ⊗ id) ◦ (δ ⊗ id)
(
K̃( 1

2
)(u)

)
= (id⊗ ϵ⊗ id) ◦

(
[L∓

(
u−1

)
]−1
)
[2]

(
K̃( 1

2
)(u)

)
[1]

(
L±(u)

)
[2]

= K̃( 1
2
)(u).

Let us finally check that the coaction proposed in (6.23) reproduces the ‘standard’ q-Onsager
coaction (2.33)–(2.34) for the first two generators W0 and W1. Recall from (6.15) that K̃( 1

2
)(u) =

ν(u)K( 1
2
)(u), with ν(u) calculated in Lemma 6.2 and K( 1

2
)(u) defined in (5.4). With the Ding–

Frenkel L-operators computed in (A.18) and (A.24), we compare leading terms at u−1 of the
matrix entries (1, 1) and (2, 2) of both sides of (6.23) which gives

δ(W0) = 1⊗
(
k+q

1
2E1K

1
2
1 + k−q

− 1
2F1K

1
2
1

)
+W0 ⊗K1,

δ(W1) = 1⊗
(
k+q

− 1
2F0K

1
2
0 + k−q

1
2E0K

1
2
0

)
+W1 ⊗K0.

These formulas indeed agree with (2.33) and (2.34), respectively.

6.3 Comments

Based on the supporting evidence given in the previous subsection, we believe Conjecture 6.1 is
correct. Some straightforward consequences are now pointed out. Firstly, some relations among
the fused K-operators (5.25) are derived. They generalize the relation (6.22).

Proposition 6.11. Assume Conjecture 6.1. Then, the following relations hold for any j ∈ 1
2N+:

F̄ (j− 1
2
)

⟨12⟩ K( 1
2
)

1

(
uqj+1

)
R( 1

2
,j)
(
u2qj+

3
2
)
K(j)

2

(
uq

1
2
)
Ē(j− 1

2
)

⟨12⟩

=

(
2j−2∏
k=0

c
(
u2q2j−1−k

)
c
(
u2q2j+1−k))Γ

(
uqj
)
K(j− 1

2
)(u), (6.28)

F̄ (j− 1
2
)

⟨12⟩ K(j)
2

(
uq−

1
2
)
R( 1

2
,j)
(
u2q−j−

3
2
)
K( 1

2
)

1

(
uq−j−1

)
Ē(j− 1

2
)

⟨12⟩

=

(
2j−2∏
k=0

c
(
u2q−2j+2+k

)
c
(
u2q−2j+k

))
Γ
(
uq−j−1

)
K(j− 1

2
)(u), (6.29)

where Ē(j− 1
2
) is fixed by Lemma 3.2 and F̄ (j− 1

2
) is given in (3.27) with (3.28).
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Proof. From Remark 3.3, the intertwining property with ∆op reads

Ē(j− 1
2
)
(
π
j− 1

2
u

)
(x) =

(
π

1
2

uq−j−1 ⊗ πj
uq−

1
2

)
(∆op(x))Ē(j− 1

2
) ∀x ∈ LUqsl2. (6.30)

Now, express the left-hand side of (6.28) in terms of K-operators and R-matrices. It reads

F̄ (j− 1
2
)

⟨12⟩ K
( 1
2
)

1

(
uqj+1

)
R( 1

2
,j)
(
u2qj+

3
2

)
K

(j)
2

(
uq

1
2

)
Ē(j− 1

2
)

⟨12⟩

ν
(
uqj+1

)
ν(j)
(
uq

1
2

)
π

1
2

(
µ(j)

(
u2qj+

3
2

))
=

(
id⊗ F̄ (j− 1

2
)
)[(

id⊗ π
1
2

u−1q−j−1 ⊗ πj
u−1q−

1
2

)
(id⊗∆op)(K)

](
id⊗ Ē(j− 1

2
)
)

ν
(
uqj+1

)
ν(j)
(
uq

1
2

)
π

1
2

(
µ(j)

(
u2qj+

3
2

))
(6.30)
=

ν(j−
1
2
)(u)

ν
(
uqj+1

)
ν(j)
(
uq

1
2

)
π

1
2

(
µ(j)

(
u2qj+

3
2

))K(j− 1
2
)(u). (6.31)

Then, simplifying the normalization factors and using (6.3), we get[
ν
(
uqj
)
ν(uqj−1)π

1
2 (µ(j−

1
2
)
(
u2qj

)
µ(j)

(
u2qj+

3
2
)
)
]−1K(j− 1

2
)(u)

=

[
2j−2∏
k=0

π
1
2 (µ
(
u2q2j−k−1

)
µ(u2q2j−k))

]−1
Γ
(
uqj
)
K(j− 1

2
)(u).

Finally, using (6.20), the equation (6.28) follows. The relation (6.29) is obtained similarly. ■

Secondly, we analyze the spin-0 K-operator K(0)(u) and the analog of the quantum determi-
nant (5.16) for the spin-12 K-operator K( 1

2
)(u).

Proposition 6.12. Assume Conjecture 6.1, then K(0)(u) = 1. Furthermore, the normalized

quantum determinant of the K-operator K( 1
2
)(u) is equally 1,

tr12
(
P−12K

( 1
2
)

1 (u)R( 1
2
, 1
2
)
(
qu2
)
K

( 1
2
)

2 (uq)
)
= 1. (6.32)

Proof. Specializing (K3′′) to j = 1
2 , we get

K(0)(u) = F̄ (0)
⟨12⟩K

( 1
2
)

1

(
uq

3
2
)
R( 1

2
, 1
2
)
(
u2q2

)
K

( 1
2
)

2

(
uq

1
2
)
Ē(0)
⟨12⟩

= ν
(
uq

3
2
)
ν
(
uq

1
2
)
π

1
2
(
µ
(
u2q2

))
F̄ (0)
⟨12⟩K

( 1
2
)

1

(
uq

3
2
)
R( 1

2
, 1
2
)
(
u2q2

)
K( 1

2
)

2

(
uq

1
2
)
Ē(0)
⟨12⟩, (6.33)

where Ē(0), F̄ (0) are given by Ē(0) =
(
0 1 −1 0

)t
, F̄ (0) =

(
0 1

2 −1
2 0

)
. Then, noticing

that for any two-by-two matrix A, one has the property

F̄ (0)
⟨12⟩AĒ

(0)
⟨12⟩ = tr12(P−12A), (6.34)

it follows from (5.16) that Γ(u) = F̄ (0)
⟨12⟩K

( 1
2
)

1 (uq)R( 1
2
, 1
2
)
(
u2q
)
K( 1

2
)

2 (u)Ē(0)
⟨12⟩. Therefore, the right-

hand side of (6.33) becomes K(0)(u) = ν
(
uq

3
2

)
ν
(
uq

1
2

)
π

1
2

(
µ
(
u2q2

))
Γ
(
uq

1
2

)
= 1, where we used

the functional relation (6.3). We finally note that the quantum determinant in the left-hand
side of (6.32) is K(0)(u), due to (6.33) and (6.34), and so it equals 1. ■

Proposition 6.13. Assume Conjecture 6.1, then K̂(j)(u) from (5.27) is equal to the fused K-
operator K(j)(u) defined in (5.25).

Proof. Recall the K-operatorsK(j+ 1
2
)(u) can be written either as (4.59) or as (4.61). Using (6.1)

with (6.2) and the invertibility of ν(j)(u), we show by induction (recall that K̂( 1
2
)(u) = K( 1

2
)(u))

that K(j)(u) equals K̂(j)(u). ■
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7 Summary and outlook

To briefly summarize our main results, we provided a new set of K-operator solutions to the
spectral parameter dependent reflection equation (1.5) in terms of generating functions of the
centrally extended q-Onsager algebra Aq. The central formula of this work is the recursion (5.25)
for the fused K-operators of arbitrary spin j ∈ 1

2N as well as Theorem 5.7 on the reflection equa-
tion they satisfy. We also gave formulas for the fused R-matrices and the fused K-operators
in (5.33), (5.34), whose expressions contain only the fundamental R-matrix and K-operator.
These results were established within a general framework of universal K-matrices that we
developed in Section 2.3, extending the previously known approaches (discussed in the introduc-
tion). In particular, the central formula (5.25) is based on the results in Proposition 4.18 and in
Remark 4.21. We also provided in Section 5.4 a few explicit examples of the fused K-operators
(for spins j = 1 and j = 3

2) in terms of generating functions of Aq.

As the existence of a universal K-matrix (for our choice of algebras H = LUqsl2 and
B = Aq and the compatible twists) is still an open fundamental question, we have investi-
gated whether the fused K-operators (5.25) satisfy the (evaluated version of) universal K-matrix
axioms (K1)–(K3) which is resulted in Conjecture 6.1. One of the key problems here is to under-
stand better the central element ν(u) ∈ Aq

[[
u−1

]]
, in particular to derive its coaction δ(ν(u))

so that it reproduces the evaluated coaction in (6.4).

In the case of coideal subalgebras of LUqsl2 like the q-Onsager algebra B = Oq, an ex-
plicit formula for our universal K-matrix in a completion of Oq ⊗ LUqsl2 could be deduced
from the expression (2.16) provided the one-component universal K-matrix K is known, see
also [2]. Indeed, there are existence results for K for certain family of twist pairs [1]. Un-
fortunately, no explicit expression for K associated to Oq is known, and thus no explicit form
of K-operators. Also, we make a choice of twist pair (ψ, J) that can not fit into the family
of twist pairs used in [1, Section 9.5]. This is due to the fact that both choices differ by an
outer automorphism of LUqsl2 corresponding to the automorphism of the affine Dynkin dia-
gram. We make our choice of the twist pair in order to obtain the standard reflection equation
from the universal one (2.18), in the principal gradation, and eventually to relate the corre-
sponding K-operators to the standard in literature spin-chain transfer matrices, as it is stud-
ied in [10].

As the algebra Aq is a central extension of Oq, fixing values of its center provides a surjective
algebra map Ψ: Aq → Oq. Applying Ψ to the entries of our fused K-operators K(j)(u), we thus
expect to get spin-j K-operators for Oq, in the sense that they satisfy the relations (4.69)
and (4.72), which will be discussed in more details elsewhere.

In the literature on quantum integrable systems, K-operators and their images in the tensor
product (or spin-chain) representations of the algebra Aq – known as Sklyanin’s operators – are
the basic building elements for the construction of mutually commuting quantities, for instance
the Hamiltonian of open spin chains with integrable boundary conditions [67]. For the quotient
of Aq known as the q-Onsager algebra, the fundamental K-operator (5.4) is the essential in-
gredient in the open XXZ spin-12 chain with generic boundary conditions [12]. For the generic
diagonal boundary conditions in this spin chain, the fundamental K-operator (5.4) generates
another quotient14 of Aq known as the augmented q-Onsager algebra [7, Section 2]. For all
these spin-12 models, the transfer matrix is the image in the spin-chain representation of a gen-
erating function T( 1

2
)(u) built from the K-operator (5.4) and a dual solution of the reflection

equation for a spin-12 auxiliary space. Importantly, T( 1
2
)(u) reads as a linear combination of

some fundamental generators {I2k+1|k ∈ N} of a commutative subalgebra of Aq. Therefore, in
this approach the diagonalization of the transfer matrix reduces to the diagonalization of the
image of this commutative subalgebra.

14More precisely, it is a degenerate specialization at ρ → 0 of the q-Onsager quotient.
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The fused K-operators of spin-j constructed in this paper open a route to the representation-
independent analysis of related integrable models beyond the case of the fundamental spin-12
auxiliary space, for instance, of the open XXZ spin-j chain with generic integrable boundary
conditions. And the following problems can be addressed here:

(1) Firstly, it is natural to ask about relations between any local15 or non-local mutually
commuting quantities of quantum spin chains and the generators {I2k+1 | k ∈ N} of
the commutative subalgebra in Aq. For instance, in the spin-12 case the differentiation
of the transfer matrix leads to the expression of the Hamiltonian in terms of the opera-
tors I2k+1’s [12, equation (39)]. We thus also expect that the transfer matrix for the models
based on the auxiliary space of arbitrary spin-j admits a unified formulation as the image
of a generating function T(j)(u) in the commutative subalgebra of Aq

[[
u−1

]]
. In [10],

the structure of the universal transfer matrices T(j)(u) for higher spin-j auxiliary space
representation is studied in details. In particular, the so called TT-relations – a recursion
on T(j)(u) given in (1.9) – are derived at the algebraic level, independently of a representa-
tion chosen. Generalizing the spin-12 case, it is shown that T(j)(u) is a power series in u−1

with coefficients being polynomials of degree 2j in the generators {I2k+1 | k ∈ N}, and
that the universal T(j)(u)’s indeed agree with the ‘physical’ transfer matrices on the spin
chains.

(2) Secondly, given those transfer matrices generated from various images of Aq, the prob-
lem of characterizing their spectral properties – leading to the eigenstates and eigenval-
ues of the Hamiltonian – is consequently reduced to the diagonalization of the images
of {I2k+1|k ∈ N}. For the simplest example of the quotient of Aq known as the Askey–
Wilson algebra, for irreducible finite-dimensional representations the problem is solved
in [15], combining the theory of Leonard pairs and the so-called modified algebraic Bethe
ansatz [20, 21, 23]. A similar analysis for Aq remains to be done.

(3) The K-operators are also used to construct the Baxter’s Q-operator for diagonal boundary
conditions [17, 77] and triangular boundary conditions [75, 76]. The construction of a uni-
versal Q-operator for Aq and corresponding TQ-relations may be also addressed. In that
case, it would be desirable to construct the analogue of the fused K-operator for j → ∞
as suggested in [79], see also [76, 77].

(4) Finally, it is very desirable to construct K-operators of arbitrary complex spins, i.e., as-
sociated to Uqsl2 Verma modules of complex weights, as it would give essentially the
corresponding universal K-matrix. Such integrable quantum spin-chains with integrable
boundary conditions based on the Verma modules were recently introduced [33], and it
was shown [32] a deep connection to the q-Onsager algebra via the common XXZ spin
chain spectrum with the integrable non-diagonal boundary conditions.

A The universal R-matrix

In this appendix, we compute evaluations of the universal R-matrix. Firstly, we recall the con-
struction of the universal R-matrix of Khoroshkin–Tolstoy [73] for the Hopf algebra H = LUqsl2
in terms of root vectors. Secondly, evaluations of the universal R-matrix are considered. In par-
ticular, we give expressions of the Ding–Frenkel L-operators L+(u) and

[
L−
(
u−1

)]−1
, as defined

in (4.63). Finally, the spin-12 L-operator L( 1
2
)(u) is computed by evaluating L+(u).

15In the case of integrable spin chains, an operator is said to be local whenever it is a product of a finite number
of spin matrices, or a linear combination of such products.
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A.1 Root vectors

Let us first recall the definition of the root vectors of LUqsl2. We adapt the construction in [25]
to our choice of coproduct, recall the relation (2.27). Let us set

eα = E1K
− 1

2
1 , eδ−α = E0K

− 1
2

0 , fα = K
1
2
1 F1, fδ−α = K

1
2
0 F0.

The other root vectors are defined by the recursion relations

e′kδ = q−1[eα+(k−1)δ, eδ−α]q, f ′kδ = q[fδ−α, fα+(k−1)δ]q−1 ,

eα+kδ = [2]−1q [eα+(k−1)δ, e
′
δ], fα+kδ = [2]−1q [f ′δ, fα+(k−1)δ], k ∈ N+,

eδ−α+kδ = [2]−1q [e′δ, eδ−α+(k−1)δ], fδ−α+kδ = [2]−1q [fδ−α+(k−1)δ, f
′
δ]. (A.1)

The root vectors ekδ, fkδ are defined via the generating functions

(
q − q−1

) ∞∑
k=1

ekδz
−k = log

(
1 +

(
q − q−1

) ∞∑
k=1

e′kδz
−k

)
,

−
(
q − q−1

) ∞∑
k=1

fkδz
−k = log

(
1−

(
q − q−1

) ∞∑
k=1

f ′kδz
−k

)
.

A.2 Khoroshkin–Tolstoy construction

Let {α+ kδ}∞k=0 ∪ {kδ}∞k=0 ∪ {δ − α+ kδ}∞k=0 be the positive root system of ŝl2. We choose the
root ordering as

α, α+ δ, . . . , α+ kδ, . . . , δ, 2δ, . . . , ℓδ, . . . , . . . , (δ − α) +mδ, . . . , (δ − α) + δ, δ − α,

for any k, ℓ,m ∈ N. Then, the universal R-matrix obtained by Khoroshkin and Tolstoy takes
the following factorized form

R = R+R0R−q
1
2
h1⊗h1 , (A.2)

where16

R+ =

−→∞∏
k=0

expq−2

((
q − q−1

)
eα+kδ ⊗ fα+kδ

)
, (A.3)

R0 = exp

((
q − q−1

) ∞∑
k=1

k

[2k]q
ekδ ⊗ fkδ

)
, (A.4)

R− =

←−∞∏
k=0

expq−2

((
q − q−1

)
eδ−α+kδ ⊗ fδ−α+kδ

)
, (A.5)

with qh1 ≡ K1 and the q-exponential is

expq(x) = 1 +

∞∑
k=1

xk

(k)q!
, (k)q! = (1)q(2)q · · · (k)q, (k)q =

qk − 1

q − 1
.

We also notice that [ekδ, eℓδ] = 0 = [fkδ, fℓδ] for any k, ℓ, and so the exponent in (A.4) can
be also written in the form of semi-infinite product of exponents involving only one term ∼
ekδ ⊗ fkδ.

16Here we use the notation
∏←−n

k=0a(k) = a(n)a(n− 1) · · · a(0) and
∏−→n

k=0a(k) = a(0)a(1) · · · a(n), for any func-
tion a(n).
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A.3 Evaluation of the universal R-matrix

In the previous subsection, the explicit form of the universal R-matrix was recalled. It is ex-
pressed as a product of q-exponentials with root vectors in the arguments. Now, we evaluate
the second tensor product component of the universal R-matrix by taking its image under the
formal fundamental evaluation representation as introduced in Section 3.5.

A.3.1 Evaluation of the root vectors

The action of the evaluation map defined in (2.31) on the first root vectors gives

evu(eδ−α) = u−1FK
1
2 , evu(eα) = u−1EK−

1
2 , evu

(
K

1
2
0

)
= K−

1
2 ,

evu(fδ−α) = uq−1EK−
1
2 , evu(fα) = uq−1FK

1
2 , evu

(
K

1
2
1

)
= K

1
2 . (A.6)

The image of the other root vectors of LUqsl2 in (A.1) under the evaluation map are obtained
by induction similarly to [25, Section 4.4]. They are given for k ∈ N by

evu(eα+kδ) = (−1)ku−2k−1q−kEK−k−
1
2 , evu(eδ−α+kδ) = (−1)ku−2k−1qkFK−k+

1
2 ,

evu(fα+kδ) = (−1)ku2k+1q−k−1FKk+ 1
2 , evu(fδ−α+kδ) = (−1)ku2k+1qk−1EKk− 1

2 ,

and for k ∈ N+

evu(e
′
kδ) = (−1)k−1u−2k[E,F ]qkK

−k+1,

evu(ekδ) =
(−1)k−1u−2k(
q − q−1

)
k

(
Ck −

(
qk + q−k

)
K−k

)
,

evu(f
′
kδ) = (−1)k−1u2k[E,F ]q−kKk−1,

evu(fkδ) =
(−1)ku2k(
q − q−1

)
k

(
Ck −

(
qk + q−k

)
Kk
)
, (A.7)

where the elements Ck are defined by the generating function

∞∑
k=1

(−1)k−1Ck
z−k

k
= log

(
1 + Cz−1 + z−2

)
, z ∈ C, (A.8)

and where C is the central element of Uqsl2 given in (4.11). For instance by expanding (A.8) we
get the first elements of Ck C1 = C, C2 = C2−2, C3 = C3−3C, C4 = C4−4C2+2. Recall Eab
is the matrix with zero everywhere except 1 in the entry (a, b). The matrix multiplication
obeys EabEcd = δb,cEad. In this notation, the spin-12 finite-dimensional representation of Uqsl2
reads π

1
2 (Km) = qmE11 + q−mE22, π

1
2 (E) = E12, π

1
2 (F ) = E21, and the central elements Ck

become, for all k ≥ 1, π
1
2 (Ck) = (q2k + q−2k)I2.

In order to obtain Ding–Frenkel L-operators and R-matrices from the universal R-matrix, one
also needs the image of the root vectors under the representation map π

1
2
u : LUqsl2 → End

(
C2
)
,

which is

π
1
2
u (eα+kδ) = (−1)ku−2k−1q

1
2E12, π

1
2
u (eδ−α+kδ) = (−1)ku−2k−1q

1
2E21,

π
1
2
u (fα+kδ) = (−1)ku2k+1q−

1
2E21, π

1
2
u (fδ−α+kδ) = (−1)ku2k+1q−

1
2E12,

π
1
2
u (e
′
kδ) = (−1)k−1u−2k

(
qE11 − q−1E22

)
,

π
1
2
u (ekδ) = (−1)k−1u−2k

[k]q
k

(
qkE11 − q−kE22

)
,
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π
1
2
u (f

′
kδ) = (−1)k−1u2k

(
q−1E11 − qE22

)
,

π
1
2
u (fkδ) = (−1)k−1u2k

[k]q
k

(
q−kE11 − qkE22

)
. (A.9)

Recall that L±(u) are defined in (4.63). We now compute explicitly L+(u) and
[
L−
(
u−1

)]−1
.

A.3.2 L+(u)

Recall the factorized form of the universal R-matrix (A.2). We now compute the image of R±,
R0, q

1
2
h1⊗h1 under the action of

(
id⊗ π

1
2

u−1

)
. From (A.3) and with (A.9), we get

(
id⊗ π

1
2

u−1

)(
R+
)
=

−→∞∏
k=0

expq−2

((
−u−2

)k
u−1

(
q − q−1

)
q−

1
2 eα+kδ ⊗ E21

)
= 1⊗ I2 + e+(u)⊗ E21, (A.10)

where

e+(u) =
(
q − q−1

)
q−

1
2u−1

( ∞∑
k=0

(
−u−2

)k
eα+kδ

)
. (A.11)

Similarly, from (A.5) and with (A.9) we have

(
id⊗ π

1
2

u−1

)
(R−) =

←−∞∏
k=0

expq−2

((
−u−2

)k
u−1

(
q − q−1

)
q−

1
2 eδ−α+kδ ⊗ E12

)
= 1⊗ I2 + f+(u)⊗ E12, (A.12)

where

f+(u) =
(
q − q−1

)
q−

1
2u−1

( ∞∑
k=0

(
−u−2

)k
eδ−α+kδ

)
. (A.13)

A straightforward calculation from (A.4) and using (A.9) yields(
id⊗ π

1
2

u−1

)(
R0
)
= k+(u)⊗ E11 + k̃+(u)⊗ E22, (A.14)

k+(u) = exp

(
−
(
q − q−1

) ∞∑
k=1

(
−u−2q−1

)k
qk + q−k

ekδ

)
, (A.15)

k̃+(u) = exp

((
q − q−1

) ∞∑
k=1

(
−u−2q

)k
qk + q−k

ekδ

)
. (A.16)

Then, using π
1
2
u (h1) = E11 − E22, we get(

id⊗ π
1
2

u−1

)(
q

1
2
h1⊗h1) = K

1
2
1 ⊗ E11 +K

− 1
2

1 ⊗ E22. (A.17)

Finally, combining (A.10)–(A.17), we get

L+(u) =

(
k+(u)K

1
2
1 k+(u)f+(u)K

− 1
2

1

e+(u)k+(u)K
1
2
1 k̃+(u)K

− 1
2

1 + e+(u)k+(u)f+(u)K
− 1

2
1

)
. (A.18)

Note that from the definition of e+(u), f+(u), k+(u), k̃+(u) in (A.11), (A.13), (A.16) it is easy
to see that L+(u) is a formal power series in u−1, i.e., L+(u) is in LUqsl2

[[
u−1

]]
⊗ End

(
C2
)
.
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A.3.3
[
L−(u−1

)]−1

Consider p ◦ R± = R±21, p ◦ R0 = R0
21. We now compute their image under the action

of
(
id⊗ π

1
2

u−1

)
to obtain the expression of

[
L−
(
u−1

)]−1
defined in (4.63). First, it follows

from (A.3) and (A.9) that

(
id⊗ π

1
2
u

)(
R+

21

)
=

−→∞∏
k=0

expq−2

((
−u−2

)k
u−1

(
q − q−1

)
q

1
2 fα+kδ ⊗ E12

)
= 1⊗ I2 + f−(u)⊗ E12, (A.19)

where

f−(u) =
(
q − q−1

)
q

1
2u−1

( ∞∑
k=0

(
−u−2

)k
fα+kδ

)
. (A.20)

Similarly, from (A.5) and using (A.9)

(
id⊗ π

1
2
u

)
(R−21) =

←−∞∏
k=0

expq−2

((
−u−2

)k
u−1

(
q − q−1

)
q

1
2 fδ−α+kδ ⊗ E21

)
= 1⊗ I2 + e−(u)⊗ E21, (A.21)

where

e−(u) =
(
q − q−1

)
q

1
2u−1

( ∞∑
k=0

(
−u−2

)k
fδ−α+kδ

)
. (A.22)

Then from (A.5) and using (A.9), we get

(
id⊗ π

1
2
u

)(
R0

21

)
= k−(u)⊗ E11 + k̃−(u)⊗ E22, (A.23)

k−(u) = exp

(
−
(
q − q−1

) ∞∑
k=1

(
−u−2q

)k
qk + q−k

fkδ

)
,

k̃−(u) = exp

((
q − q−1

) ∞∑
k=1

(
−u−2q−1

)k
qk + q−k

fkδ

)
.

Finally, combining (A.19)–(A.23) and (A.17), we get

[L−
(
u−1

)
]−1 =

(
k−(u)K

1
2
1 + f−(u)k̃−(u)e−(u)K

1
2
1 f−(u)k̃−(u)K

− 1
2

1

k̃−(u)e−(u)K
1
2
1 k̃−(u)K

− 1
2

1

)
. (A.24)

Note that from the definition of e−(u), f−(u), k−(u), k̃−(u) in (A.22), (A.20), (A.23) it is easy

to see that
[
L−
(
u−1

)]−1
is a formal power series in u−1, i.e.,

[
L−
(
u−1

)]−1
is in LUqsl2

[[
u−1

]]
⊗

End
(
C2
)
.

A.4 The spin-1
2
L-operator L(1

2
)(u)

We now compute the spin-12 L-operator L( 1
2
)(u) defined in (4.1). It is obtained by taking the

image of L+(u) under the evaluation with (evv ⊗ id).
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Recall the expression of L+(u) in (A.18). The spin-12 L-operator is then obtained by evalu-
ating e+(u), f+(u), k+(u), k̃+(u) defined in (A.11), (A.13), (A.16). Let us first introduce the
function [25]

Λ(u) =

∞∑
k=1

Ck(
qk + q−k

) uk
k
, (A.25)

where the central elements Ck are defined by (A.8). Note that it satisfies

Λ(uq) + Λ
(
uq−1

)
= − log

(
1− Cu+ u2

)
. (A.26)

From the evaluated root vectors (A.6) and (A.7), we get

evv
(
e+(u)

)
=
(
q − q−1

)
q−

1
2u−1v−1EK−

1
2
(
1− u−2v−2q−1K−1

)−1
,

evv
(
f+(u)

)
=
(
q − q−1

)
q−

1
2u−1v−1FK

1
2
(
1− u−2v−2qK−1

)−1
,

evv
(
k+(u)

)
= eΛ(u

−2v−2q−1)
(
1− u−2v−2q−1K−1

)
,

evv
(
k̃+(u)

)
= e−Λ(u

−2v−2q)
(
1− u−2v−2qK−1

)−1
.

For instance, let us now compute the evaluation of the matrix entry (2, 2) of L+(u) in (A.18)

evv
((
L+(u)

)
22

)
= evv

(
k̃+(u)K

− 1
2

1 + e+(u)k+(u)f+(u)K
− 1

2
1

)
=
(
e−Λ(u

−2v−2q) + eΛ(u
−2v−2q−1)u−2v−2

(
q − q−1

)2
EF
)

×
(
1− u−2v−2qK−1

)−1
K−

1
2

= eΛ(u
−2v−2q−1)

(
1 + u−4v−4 − u−2v−2(C −

(
q − q−1

)2
EF )

)
×
(
1− u−2v−2qK−1

)−1
K−

1
2 ,

where we used (A.26) on the third line, and where C is defined in (4.11). Then, we obtain

evv
((
L+(u)

)
22

)
= eΛ(u

−2v−2q−1)
(
K−

1
2 − u−2v−2q−1K

1
2
)
.

Computing the other entries, we have

L( 1
2
)(uv) = (evv ⊗ id)

(
L+(u)

)
= µ(uv)L( 1

2
)(uv), (A.27)

where µ(u) and L( 1
2
)(u) are given respectively in (4.3) and (4.2).

Similarly, evaluating the Ding–Frenkel L-operator in (A.24), we have

(evv ⊗ id)
(
[L−

(
u−1

)
]−1
)
= µ(u/v)L( 1

2
)(u/v) = L( 1

2
)(u/v). (A.28)

B Ordering relations for Aq

Lemma B.1. The following relations hold in Aq

[[
u−1

]]
:

G−(v)G+(u) = G+(u)G−(v) + ρ
(
q2 − q−2

)
(W+(u)W+(v)−W−(u)W−(v)

+
1− UV

U − V

(
W+(u)W−(v)−W+(v)W−(u)

))
, (B.1)

W−(v)W+(u) = W+(u)W−(v) +
1

V − U

( (
q − q−1

)
ρ
(
q + q−1

)(G+(u)G−(v)− G+(v)G−(u)
)
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+
1

q + q−1
(
G+(u)− G−(u) + G−(v)− G+(v)

))
, (B.2)

W−(v)G+(u) =
q

U − V

((
Uq−1 − V q

)
G+(u)W−(v)

−
(
q − q−1

)(
W+(u)G+(v)−W+(v)G+(u)− UG+(v)W−(u)

)
+ ρ
(
UW−(u)− VW−(v)−W+(u) +W+(v)

))
, (B.3)

W−(v)G−(u) =
1

q(V − U)

((
V q−1 − Uq

)
G−(u)W−(v)

−
(
q − q−1

)(
W+(u)G−(v)−W+(v)G−(u)− UG−(v)W−(u)

)
+ ρ
(
UW−(u)− VW−(v)−W+(u) +W+(v)

))
, (B.4)

G+(v)W+(u) =
q

U − V

((
Uq − V q−1

)
W+(u)G+(v)

−
(
q − q−1

)(
G+(v)W−(u)− G+(u)W−(v) + VW+(v)G+(u)

)
+ ρ
(
UW+(u)− VW+(v)−W−(u) +W−(v)

))
, (B.5)

G−(v)W+(u) =
1

q(V − U)

((
V q − Uq−1

)
W+(u)G−(v)

−
(
q − q−1

)(
G−(v)W−(u)− G−(u)W−(v) + VW+(v)G−(u)

)
+ ρ
(
UW+(u)− VW+(v)−W−(u) +W−(v)

))
. (B.6)

Proof. The first two ordering relations (B.1), (B.2), are obtained directly from (5.6) and (5.8).
The third relation (B.3) follows from (5.7) and (5.11) by replacing the element which is not in
the chosen order. The relations (B.4)–(B.6) are derived similarly. ■

C Proof of Theorem 5.7

For (j1, j2) =
(
1
2 ,

1
2

)
, the reflection equation (5.26) holds for K( 1

2
)(u) due to [16]. The proof

is divided into three parts: We first show the case (j1, j2) =
(
1
2 , j +

1
2

)
, assuming the equa-

tion (5.26) holds for (j1, j2) =
(
1
2 , j
)
. Then, we prove the case

(
j + 1

2 ,
1
2

)
, assuming (5.26)

holds for (j1, j2) =
(
j, 12
)
. Finally, the generic case (j1, j2) is proven considering two distinct

cases j1 ≥ j2 and j1 ≤ j2, using that the reflection equation (5.26) holds for (j1, j2) =
(
j + 1

2 ,
1
2

)
and

(
1
2 , j +

1
2

)
.

First of all, the following Yang–Baxter equation holds for any j1, j2 ∈ 1
2N:

R
(j1,j2)
12 (u1/u2)R

(j1,j3)
13 (u1/u3)R

(j2,j3)
23 (u2/u3)

= R
(j2,j3)
23 (u2/u3)R

(j1,j3)
13 (u1/u3)R

(j1,j2)
12 (u1/u2). (C.1)

This is due to the fact that R(j1,j2)(u) is proportional to R(j1,j2)(u), see (4.33), and it satisfies
the Yang–Baxter equation in (4.9). In what follows, we use the shorthand notation

Rkℓ = R
(jk,jℓ)
kℓ (uk/uℓ), R̄kℓ = R

(jk,jℓ)
kℓ (uℓ/uk),

R̂kℓ = R
(jk,jℓ)
kℓ (ukuℓ), Kℓ = K(jℓ)

ℓ (uℓ), (C.2)

and denote by R
(j+ 1

2
,jk)

⟨ℓℓ+1⟩k (u), R
(jk,j+

1
2
)

k⟨ℓℓ+1⟩ (u), K
(j+ 1

2
)

⟨ℓℓ+1⟩(u) the resulting R-matrices and K-operators
obtained by fusing the space at position ℓ with the one at position ℓ+ 1, for k, ℓ ∈ N+.

According to the notation (C.2), the Yang–Baxter equation (C.1) reads

R12R13R23 = R23R13R12, or R12R̂13R̂23 = R̂23R̂13R12,

or R̂12R̂13R̄23 = R̄23R̂13R̂12, (C.3)
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where the first two relations in (C.3) are related by u3 → u−13 , and the last two relations in (C.3)
are related by u2 → u−12 . In the following, we will need relations derived from the Yang–Baxter
equation

R̂13R̂12R23 = R23R̂12R̂13, R13R̂12R̂23 = R̂23R̂12R13. (C.4)

The first equality is obtained from the first relation in (C.3) by multiplying both sides on
the left and on the right by R̄23, using the unitarity property of the R-matrix in (4.44), that
is R23R̄23 ∝ I, and substituting u2 → u−12 , u3 → u−13 . The two equations in (C.4) are related
by u3 → u−13 .

First, we give a relation derived from the reflection equation that will be used later.

Lemma C.1. Assuming the reflection equation holds for any j1, j2, j3, then

K1R̂12K2R̄12 = R̄12K2R̂12K1. (C.5)

Proof. According to the notation (C.2), the reflection equation (5.26) reads

R12K1R̂12K2 = K2R̂12K1R12. (C.6)

The equation (C.5) is obtained by multiplying on both sides of (C.6) on the left and on the right
by R̄12 and using the unitarity property (4.44). ■

In the following, we will need various expressions of the fused R-matrices.

Lemma C.2. The fused R-matrices defined in (4.31) satisfy the following relations:

R(j1,j2)(u) = F (j1)
⟨12⟩R

(j1− 1
2
,j2)

23

(
uq−

1
2
)
R

( 1
2
,j2)

13

(
uqj1−

1
2
)
E(j1)
⟨12⟩ (C.7)

= F (j2)
⟨23⟩R

(j1,
1
2
)

12

(
uq−j2+

1
2
)
R

(j1,j2− 1
2
)

13

(
uq

1
2
)
E(j2)
⟨23⟩ (C.8)

= F (j2)
⟨23⟩R

(j1,j2− 1
2
)

13

(
uq−

1
2
)
R

(j1,
1
2
)

12

(
uqj2−

1
2
)
E(j2)
⟨23⟩. (C.9)

Proof. First, note that the right-hand side of (C.7)–(C.8) are directly derived from the expres-
sions for the R-matrices in (4.41) and (4.40), while the right-hand side of (C.9) is a generaliza-
tion17 of (4.15). Recall that R(j1,j2)(u) is proportional to R(j1,j2)(u), see (4.33) with (4.38), and
using (4.26) one finds that the coefficient of proportionality reads

f (j1,j2)(u) =

2j1−1∏
k=0

2j2−1∏
ℓ=0

π
1
2
(
µ
(
uqj1+j2−1−k−ℓ

))
. (C.10)

Thus, we have ’smashR(j1,j2)(u) = R(j1,j2)(u)/f (j1,j2)(u). Then, inserting in the right-hand
side of the latter relation the corresponding R-matrices, the equations (C.7)–(C.9) are obtained
provided the following equalities hold:

f (j1−
1
2
,j2)
(
uq−

1
2

)
f (

1
2
,j2)
(
uqj1−

1
2

)
f (j1,j2)(u)

=
f (j1,

1
2
)
(
uq−j2+

1
2

)
f (j1,j2−

1
2
)
(
uq

1
2

)
f (j1,j2)(u)

=
f (j1,j2−

1
2
)
(
uq−

1
2

)
f (j1,

1
2
)
(
uqj2−

1
2

)
f (j1,j2)(u)

= 1.

Finally, it is easily checked that they indeed hold using (C.10). ■

17The relation (4.15) is given for j1 = 1
2

but it can be generalized to any j1 by computing R(j1,j2)(u) =(
πj1 ⊗ id

)(
L(j2)(u)

)
with L(j2)(u) in (4.13).



Fused K-Operators and the q-Onsager Algebra 69

We now show by induction that the reflection equation (5.26) holds for (j1, j2) =
(
1
2 , j +

1
2

)
using the R-matrix decomposition in (3.37) and Corollary 3.5 together with the second result in
Lemma 4.14.

Lemma C.3. The following relation holds for j ∈ 1
2N:

R
( 1
2
,j+ 1

2
)

1⟨23⟩ (u/v)K( 1
2
)

1 (u)R
( 1
2
,j+ 1

2
)

1⟨23⟩ (uv)K(j+ 1
2
)

⟨23⟩ (v)

= K(j+ 1
2
)

⟨23⟩ (v)R
( 1
2
,j+ 1

2
)

1⟨23⟩ (uv)K( 1
2
)

1 (u)R
( 1
2
,j+ 1

2
)

1⟨23⟩ (u/v). (C.11)

Proof. We proceed by induction. Recall the reflection equation (5.26) holds for (j1, j2) =
(
1
2 ,

1
2

)
due to [16]. Assume that (5.26) holds for

(
1
2 , j
)
with a fixed value of j ∈ 1

2N+. Consider the
left-hand side of (C.11) and multiply on the right by

I2(2j+2) = H(j+ 1
2
)

⟨23⟩
[
H(j+ 1

2
)

⟨23⟩
]−1

.

Then, using the relations (C.9), (C.8) and the fused K-operator given in (5.25), we get (with
the necessary steps of the calculation underlined)

R
( 1
2
,j+ 1

2
)

1⟨23⟩ (u/v)K( 1
2
)

1 (u)R
( 1
2
,j+ 1

2
)

1⟨23⟩ (uv)K(j+ 1
2
)

⟨23⟩ (v)H(j+ 1
2
)

⟨23⟩
[
H(j+ 1

2
)

⟨23⟩
]−1

= F⟨23⟩R13R12E⟨23⟩K1F⟨23⟩R̂12R̂13E⟨23⟩F⟨23⟩K2R̂23K3E⟨23⟩H⟨23⟩[H⟨23⟩]−1, (C.12)

where we fix in the notations from (C.2)

j1 = j2 =
1
2 , j3 = j, u1 = u, u2 = vq−j , u3 = vq

1
2 . (C.13)

First, we remove the products E⟨23⟩F⟨23⟩. Recall that R( 1
2
,j)(u) from (4.32) agrees with (3.33),

see Lemma 4.14, then using (3.38) we find that (C.12) equals

F⟨23⟩R13R12K1E⟨23⟩F⟨23⟩R̂12R̂13E⟨23⟩F⟨23⟩K2R̂23K3R̄23E⟨23⟩[H⟨23⟩]−1

(C.5)
= F⟨23⟩R13R12K1E⟨23⟩F⟨23⟩R̂12R̂13E⟨23⟩F⟨23⟩R̄23K3R̂23K2E⟨23⟩[H⟨23⟩]−1

(3.40)
= F⟨23⟩R13R12K1E⟨23⟩F⟨23⟩R̂12R̂13R̄23K3R̂23K2E⟨23⟩[H⟨23⟩]−1

(C.3)
= F⟨23⟩R13R12K1E⟨23⟩F⟨23⟩R̄23R̂13R̂12K3R̂23K2E⟨23⟩[H⟨23⟩]−1

(3.40)
= F⟨23⟩R13R12K1R̄23R̂13R̂12K3R̂23K2E⟨23⟩[H⟨23⟩]−1

= F⟨23⟩R13R12K1R̂12R̂13K2R̂23K3E⟨23⟩,

where we used (C.3), (C.5) and (3.38) to get the last line. Secondly, rearranging the dif-
ferent R-matrices and K-operators using [R23,K1] = [R13,K2] =

[
R̂13,K2

]
=
[
R̂12,K3

]
= 0

and (C.4), (C.3), (C.6), we get

= F⟨23⟩R13R12K1R̂12K2R̂13R̂23K3E⟨23⟩
(C.6)
= F⟨23⟩R13K2R̂12K1R12R̂13R̂23K3E⟨23⟩

(C.3)
= F⟨23⟩K2R13R̂12K1R̂23R̂13R12K3E⟨23⟩

(C.4)
= F⟨23⟩K2R̂23R̂12R13K1R̂13K3R12E⟨23⟩

(C.6)
= F⟨23⟩K2R̂23R̂12K3R̂13K1R13R12E⟨23⟩ = F⟨23⟩K2R̂23K3R̂12R̂13K1R13R12E⟨23⟩
= F⟨23⟩K2R̂23K3E⟨23⟩F⟨23⟩R̂12R̂13E⟨23⟩K1F⟨23⟩R13R12E⟨23⟩,

where we put back the products E⟨23⟩F⟨23⟩ by inserting I2(2j+2) = H(j+ 1
2
)

⟨23⟩
[
H(j+ 1

2
)

⟨23⟩
]−1

and us-
ing (C.4), (C.5), (3.38)–(3.40). Finally, identifying the fused R-matrices and the fused K-
operator, the equation (C.11) follows. ■
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Then, we show by induction that the reflection equation (5.26) holds for (j1, j2) =
(
j+ 1

2 ,
1
2

)
.

Lemma C.4. The following relation holds for j ∈ 1
2N:

R
(j+ 1

2
, 1
2
)

⟨12⟩3 (u/v)K(j+ 1
2
)

⟨12⟩ (u)R
(j+ 1

2
, 1
2
)

⟨12⟩3 (uv)K( 1
2
)

3 (v)

= K( 1
2
)

3 (v)R
(j+ 1

2
, 1
2
)

⟨12⟩3 (uv)K(j+ 1
2
)

⟨12⟩ (u)R
(j+ 1

2
, 1
2
)

⟨12⟩3 (u/v). (C.14)

Proof. We proceed by induction similarly to the proof of Lemma C.3. Recall the reflection
equation (5.26) holds for (j1, j2) =

(
1
2 ,

1
2

)
due to [16]. Assume that (5.26) holds for

(
j, 12
)
with

a fixed value of j ∈ 1
2N+. Consider the left-hand side of (C.14) and multiply on the right by

I2(2j+2) = H(j+ 1
2
)

⟨12⟩
[
H(j+ 1

2
)

⟨12⟩
]−1

.

Then, using the fused R-matrix (4.31) and the fused K-operator given in (5.25), we get (with
the necessary steps of the calculation underlined)

R
(j+ 1

2
, 1
2
)

⟨12⟩3 (u/v)K(j+ 1
2
)

⟨12⟩ (u)R
(j+ 1

2
, 1
2
)

⟨12⟩3 (uv)K( 1
2
)

3 (v)H(j+ 1
2
)

⟨12⟩
[
H(j+ 1

2
)

⟨12⟩
]−1

= F⟨12⟩R13R23E⟨12⟩F⟨12⟩K1R̂12K2E⟨12⟩F⟨12⟩R̂13R̂23E⟨12⟩H⟨12⟩K3[H⟨12⟩]−1, (C.15)

where we fix in the notations from (C.2)

j1 = j3 =
1
2 , j2 = j, u1 = uq−j , u2 = uq

1
2 , u3 = v. (C.16)

Firstly, similarly to Lemma C.3, we remove the products E⟨12⟩F⟨12⟩ using (3.38)–(3.40), (C.3)
and (C.6). Then, we find that (C.15) equals

F⟨12⟩R13R23K1R̂12K2R̂13R̂23K3E⟨12⟩. (C.17)

Secondly, we rearrange the R-matrices and K-operators in (C.17) as follows:

F⟨12⟩R13K1R23R̂12R̂13K2R̂23K3E⟨12⟩
(C.4)
= F⟨12⟩R13K1R̂13R̂12R23K2R̂23K3E⟨12⟩

(C.6)
= F⟨12⟩R13K1R̂13R̂12K3R̂23K2R23E⟨12⟩

(C.6)
= F⟨12⟩K3R̂13K1R13R̂12R̂23K2R23E⟨12⟩

(C.4)
= K3F⟨12⟩R̂13K1R̂23R̂12R13K2R23E⟨12⟩ = K3F⟨12⟩R̂13R̂23K1R̂12K2R13R23E⟨12⟩
= K3F⟨12⟩R̂13R̂23E⟨12⟩F⟨12⟩K1R̂12K2E⟨12⟩F⟨12⟩R13R23E⟨12⟩,

where we put back the products E⟨12⟩F⟨12⟩ inserting I2(2j+2) = H(j+ 1
2
)

⟨12⟩
[
H(j+ 1

2
)

⟨12⟩
]−1

and using
(3.38)–(3.40), (C.4) and (C.5). Finally, identifying the fused R-matrices and the fused K-
operator, the equation (C.14) follows. ■

Proof of Theorem 5.7. We are now ready to show that the reflection equation (5.26) is sat-
isfied by the fused K-operator (5.25) for all j1, j2 ∈ 1

2N+. We consider separately (5.26) for two
distinct cases j1 ≥ j2 and j1 ≤ j2

(i) (j1, j2) =
(
j + 1

2 , k +
1
2

)
with 0 ≤ k ≤ j,

(ii) (j1, j2) =
(
ℓ+ 1

2 , j +
1
2

)
with 0 ≤ ℓ ≤ j.

The first case is shown by induction on k. For k = 0, the equation (5.26) holds for (j1, j2) =(
j + 1

2 ,
1
2

)
due to Lemma C.4. Now, assume (5.26) holds for (j1, j2) =

(
j + 1

2 , k
)
with a fixed

value of k ≤ j. The case (i) is shown similarly to the proof of Lemma C.3. Indeed, fix in (C.12)
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j1 = j + 1
2 , j2 =

1
2 , j3 = k and u1 = u, u2 = vq−k, u3 = vq

1
2 (instead of (C.13)). Then, the rest

of the proof is the same as for Lemma C.3, using now (C.11), (C.14), (4.33) and our assumption.

The second case is also shown by induction on ℓ. For ℓ = 0, the equation (5.26) holds
for (j1, j2) =

(
1
2 , j +

1
2

)
due to Lemma C.3. Assuming that (5.26) holds for (j1, j2) =

(
ℓ, j + 1

2

)
with a fixed value of ℓ ≤ j, then the proof of the case (ii) is similar to Lemma C.4. Fix in (C.15)
j1 = 1

2 , j2 = ℓ, j3 = j + 1
2 and u1 = uq−ℓ, u2 = uq

1
2 , u3 = v (instead of (C.16)). Then, the rest

of the proof is the same as for Lemma C.4, using now (C.11), (C.14), (4.33) and our assumption.

This concludes the proof of Theorem 5.7. ■
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[56] Klimyk A., Schmüdgen K., Quantum groups and their representations, Texts Monogr. Phys., Springer,
Berlin, 1997.

[57] Kolb S., Braided module categories via quantum symmetric pairs, Proc. Lond. Math. Soc. 121 (2020), 1–31,
arXiv:1705.04238.

[58] Kolb S., Yakimov M., Symmetric pairs for Nichols algebras of diagonal type via star products, Adv. Math.
365 (2020), 107042, 69 pages, arXiv:1901.00490.

[59] Kulish P.P., Reshetikhin N.Yu., Quantum linear problem for the sine-Gordon equation and higher represen-
tations, J. Sov. Math. 23 (1983), 2435–2441.

[60] Kulish P.P., Reshetikhin N.Yu., Sklyanin E.K., Yang–Baxter equations and representation theory. I, Lett.
Math. Phys. 5 (1981), 393–403.

[61] Kulish P.P., Sasaki R., Schwiebert C., Constant solutions of reflection equations and quantum groups,
J. Math. Phys. 34 (1993), 286–304, arXiv:hep-th/9205039.

[62] Levendorskii S., Soibelman Y., Stukopin V., The quantum Weyl group and the universal quantum R-matrix

for affine Lie algebra A
(1)
1 , Lett. Math. Phys. 27 (1993), 253–264.

[63] Majid S., Foundations of quantum group theory, Cambridge University Press, Cambridge, 1995.

[64] Mezincescu L., Nepomechie R.I., Fusion procedure for open chains, J. Phys. A 25 (1992), 2533–2543.

[65] Nepomechie R.I., Pimenta R.A., Fusion for AdS/CFT boundary S-matrices, J. High Energy Phys. 2015
(2015), no. 11, 161, 16 pages, arXiv:1509.02426.

[66] Reshetikhin N., Stokman J., Vlaar B., Boundary quantum Knizhnik–Zamolodchikov equations and fusion,
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