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Abstract. We study universal solutions to reflection equations with a spectral parameter,
so-called K-operators, within a general framework of universal K-matrices — an extended ver-
sion of the approach introduced by Appel-Vlaar. Here, the input data is a quasi-triangular
Hopf algebra H, its comodule algebra B and a pair of consistent twists. In our setting, the
universal K-matrix is an element of B ® H satisfying certain axioms, and we consider the
case H = LUsly, the quantum loop algebra for sly, and B = Ay, the alternating central
extension of the g-Onsager algebra. Considering tensor products of evaluation representa-
tions of LU,sl; in “non-semisimple” cases, the new set of axioms allows us to introduce and
study fused K-operators of spin-j; in particular, to prove that for all j € %N they satisfy the
spectral-parameter dependent reflection equation. We provide their explicit expression in
terms of elements of the algebra A, for small values of spin-j. The precise relation between
the fused K-operators of spin-j and evaluations of a universal K-matrix for A, is conjec-
tured based on supporting evidence. We finally discuss implications of our results on the
K-operators for quantum integrable systems.

Key words: reflection equation; universal K-matrix; g-Onsager algebra; fusion for K-opera-
tors
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1 Introduction

1.1 Background

In the context of quantum integrable systems, the R- and K-matrices are the basic ingredients for
the construction of the monodromy matrix (or its double row version) leading to the generating
function for mutually commuting quantities, the so-called transfer matrix. Here, the formal
variable of the generating function is called ‘spectral parameter’, denoted by u. By definition,
the R-matrix is a solution of the Yang—Baxter equation with this spectral parameter, whereas
the K-matrix satisfies a reflection equation, also known under the name boundary Yang—Baxter
equation. For a triple of finite-dimensional vector spaces VU for k = 1,2, 3, the corresponding
Yang-Baxter equation in End(VU1) @ VU2 & V(5)) takes the form [18, 78]

» U » U . s
R%l J2) <u2> R%l J3) <u3> Rg; J3) <u3>
_ pli2.gs) [ U2 (1.g3) [ W1 (J1,g2) [ U1 1.1
R23 <U3>R13 (Ug)RlQ <u2)7 ( . )

where uy are the spectral parameters, and R%T;{jm)(u) are the R-matrices on corresponding
products of spaces: R1s = R®1T, Ry3 =1® R, Ri3 = (P ®I)Ro3(P ®1), with P(a®b) =b® a.
Civen an R-matrix RU172)(u) satisfying (1.1), the reflection equation in End(V(jl) ® V(j2)) is
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given by [31, 67]

jozl’m <1) Kfﬁ)(Ul)jof’m(U1U2)K§J2)(u2)

U2

= éh)(UQ)R%th)(U1UQ)K£j1)(U1)Ré]i27jl) <U1) ) (1'2)

Uz

where we set K1 = K ®1, Ko =1® K and
Ré]f’jl)(u) _ p(jz,jl)R(jmjd)(u)p(ju'z)_

Along the years, several examples of solutions to (1.1) and (1.2) have been obtained for the
case of 2- or 3-dimensional spaces VUt see, e.g., [36, 47, 49, 80, 81]. Interestingly, these 4 x 4
R-matrices can be interpreted as intertwining operators for underlying action of the quantum
affine algebra Uq;[g on tensor product of so-called evaluation representations of spin-%, or briefly
these are spin—% solutions (and similarly for the 3-dimensional or spin-1 solutions). The spin—%
expressions of the K-matrix are interpreted analogously as ‘twisted’ intertwiners (With respect
to the spectral parameter ‘reflection’ u — u‘l) for the action of a coideal subalgebra of the
quantum affine algebra.

For higher values of spins ji, constructing R- and K-matrices by brute force is increasingly
complicated. To circumvent this problem, the so-called fusion method have been proposed
which is summarized as follows. Starting from R- and K-matrix solutions of spin—%, the fused
R- and K-matrices of spin-j are obtained inductively by tensoring (or “fusing”) the fundamental
representations of Uy,sly and projecting onto the highest spin sub-representation. This procedure
for the R-matrix has been originally developed in [52, 55, 60], and for the K-matrix in [49, 64].
For a more recent approach, see [19, 65, 66].

It is well known [40] that the Yang—Baxter equation (1.1) can be derived from the more gen-
eral setting of Yang-Baxter algebras and the universal Yang-Baxter equation, see [38, 50, 51],
by specialization to the finite-dimensional representations VUr) that depend on the spectral pa-
rameter u. Namely, R-matrix solutions of (1.1) are obtained by specializing (affine) L-operators
of the form

LO(u) € H®End(VY) (13)
that satisfy an equation in H ® End(V(jl) ® V(h))
R(jl,jg)(u/v)igjl)(u)féjé)(,u) _ Eéﬂé)(U)f,gjl)(u)R(ﬁ,jQ)(u/v).

Here H is assumed to be any quantum affine algebra and V@)’s are also known as evaluation
representations. Strictly speaking, for V) to be finite-dimensional the spectral parameter u
should be a non-zero complex number. However, it’s more convenient to consider u as a formal
parameter and to work with a formal infinite-dimensional version of the evaluation representa-
tions. Then the first component of f(j)(u) belongs to H [[uil]], the algebra of formal power
series in u~! with coefficients in H. In the case of H the quantum affine algebra Ugsla these
affine L-operators were proposed in [38, Section IV] for j = %

Furthermore, the L-operators themselves can be obtained by specializing 2nd component of
the universal R-matrix R € H ® H that is known to exist in an appropriate completion of the
tensor product [40, Section 13]. For instance, for H = UqﬁAlg the universal R-matrix is expressed
as an infinite product of g-exponentials involving the root vectors [35, 62, 73].} The evaluation

1Strictly speaking, the universal R-matrices introduced in these works are for quantized Kac-Moody algebras,
extensions of U,g by a derivation. However, in our work we will not make any distinction between quantized
affine and Kac-Moody algebras, as all representations we consider are of zero central charge which means that
we actually work with their quotients called quantum loop algebras.
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of R on finite-dimensional representations requires to treat u as a formal parameter to avoid
convergence problems. This was suggested in [40, Section 13] and later studied for H = U,g
in [46, Section 4], see [48, Section 1] for a review. We give an explicit calculation of the affine
L-operator i(%)(u) from the universal R-matrix in Appendix A.3.

In the framework of the universal R-matrix, let us point out that the fusion method finds
a natural interpretation: it follows from one of the axioms (R1)—(R3) on the universal R-matrix,
see Section 2.1.

For the reflection equation, it is well known [67] that (1.2) has a representation-theoretic
interpretation within the more general framework of reflection algebras, which are generated by
the modes of the matrix entries of so-called K-operators

KW (u) e B((u ™)) ® End(V(j)), (1.4)

satisfying for all j the following reflection equations?

R () K ) R )5 (0

— K ) B D () 1 (2. (1.5
Here B is in general assumed to be a comodule algebra over H, a notion generalizing coideal
subalgebras in H.? In other words, unlike K-matrices, which have scalar entries, K-operators
are matrices with entries belonging to B((u_l)), i.e., they are formal Laurent series in u~! with
coefficients in the algebra B whose defining relations are extracted via expanding the reflection
equation (1.5) and equating coefficients of ujuy* for each n, m.

In this paper, we consider H = Uq;[g with zero central charge, so-called quantum loop al-
gebra, and the comodule algebra of primary interest for us is B = A, the alternating central
extension [16, 69] of the g-Onsager algebra O,. Our main motivation in this comodule algebra
comes from applications to open spin-chains through the K-operators, as it will be discussed
below and in more detail in [10]. It is important to note that we do not have any explicit form of
a K-operator for O, while it is known for the comodule algebra B = A, [16] in the fundamental
case j = % Moreover, with this K-operator K(%)(u) the reflection equation (1.5) for j; = jo = %
is the sole defining relation of A,. We thus have a very compact presentation of A, which is
analogous to the famous FRT presentation [38] of H = UqﬁAlg.

The K-operators can also produce their smaller cousins — the K-matrices — by evaluating
one-dimensional representations of B on the 1st tensor component of KU )(u) Indeed, we show
in [10] that one-dimensional representations of A, produce out of the spin—% K-operator K(%)(u)
the most general K-matrix of the open XXZ spin—% chain [36, 47]. Furthermore, on tensor-
product representations of A, the K-operator KU)(u) images agree with ‘dressed’ K-matrices
or Sklyanin’s operators, and the important problem of functional relations between transfer
matrices of different spins, the so-called TT-relations, can be investigated at the level of algebraic
relations of Ay, as we discuss in more detail in Section 1.4. The main goal of our program is
to construct such a general framework that allows the development of universal TT-relations
holding in A4, which would then specialize to the known (conjectured) TT-relations for transfer
matrices in the literature such as [27, 45]. This paper provides the first step in this direction by
developing a formalism of K-operators with the spectral parameter, as we discuss it now.

’In the case of P-symmetric R-matrices associated to H = quAlg, the reflection equation (1.5) for the
K-operators takes the more standard form (4.58).

3There are also K-operators that might not fit our setting. For instance, the K-operators associated with
a g-oscillator algebra or the Askey—Wilson algebra were constructed in [6, 11] respectively, see also [22] for quotients
of a few higher rank generalizations of O,. However, we are not aware of any comodule algebra structure for these
algebras.
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1.2 Universal K-matrix and comodule algebras

As it was with the L-operators, it is expected that the K-operators KU)(u) from (1.4) can arise
from a universal K-matrix satisfying a universal reflection equation. The concept of a universal
K-matrix is not new, it has been studied originally in [34, 39, 43, 61, 74]. More recently,
significant progress has been made in the works of [1, 4, 5, 57]. Each of the definitions of
universal K-matrices introduced in these recent references has different axioms that were chosen
to serve different purposes. We can highlight 3 directions corresponding to the algebra in whose
completion the universal K-matrix lies:

(1) H = Uyg, in [4];
(2) B® H, where B is a coideal subalgebra of H = Uyg, in [57];
(3) H =U,g, with the data of a certain automorphism of H, called ‘twist’, in [1].

Let us clarify that (1) and (3) imply a choice of B as a coideal subalgebra in H to form
a quantum symmetric pair (H,B). In all the 3 directions, the universal K-matrix satisfies
intertwining relations with respect to B, and not H as the R-matrix, and which might be
twisted in the direction (3).

Let us start with direction (2). Kolb introduced a universal K-matrix #° € B ® H that
satisfies certain axioms [57, Definition 2.7]

%AB(b) = AB(b),/"?f/ for all b € B, (AB & ld)(%) = %32%3%23,
(id ® A)(H') = Ra2H#13R23. %12 (1.6)

It satisfies an algebraic (non-matrix) version of the reflection equation that belongs to B ®
H ® H, R30.#13R93. 10 = H19R30.#13R923. The specialization of its second tensor compo-
nent in H, to a finite-dimensional representation leads to K-operators that do not depend on
a spectral parameter, denoted as € B ® End(V(j)), satisfying a reflection equation of the
form Ri5K1Ro1K2 = KoR12K1 Ra1, which belongs to B ® End (V) @ End (VU2)). Next, let
us clarify that direction (1) is a special case of (2). Indeed, applying the counit to the first
component of &, we obtain an object k € H that was introduced by Balagovi¢ and Kolb in [4].
Its specialization to a finite-dimensional representation leads to K-matrices (with scalar entries).

However, axiomatics of directions (1) and (2) is not suitable for the reflection equation with
spectral parameter (1.2). To change this, Appel and Vlaar proposed in [1] a twisted version of
the approach (1) in [4], this is direction (3). It generalizes (1) in the sense that identifying the
twist with a diagram automorphism (1) is recovered. Their definition of universal K-matrix is
associated with a coideal subalgebra of H = U,g and includes a pair of consistent twists. It
was shown in [1] that such a universal K-matrix exists for a large class of coideals known as
quantum symmetric pairs. Furthermore, it was shown in [3] that these universal K-matrices are
well defined on finite-dimensional evaluation representations of H = U,g and provide K-matrix
solutions of (1.2). Unfortunately, no explicit expression of these universal K-matrices is known
even in simplest cases, and the existence result requires a specific form of twists.

Furthermore, whereas the axiomatics and results of [1, 3] are well suited for coideal subal-
gebras like Oy, they cannot be used for the algebra A,. Indeed, A, is an extension of O, by
an infinite number of algebraically independent central elements and, to the best of our knowl-
edge, it cannot be realized as a coideal subalgebra of H = quAIQ or any other quasi-triangular
Hopf algebra. We therefore cannot use the axiomatics and results of [1, 3|, and it requires an
adjustment in order to treat general comodule algebras like A,.

In this paper, to produce K-operator solutions of (1.5), we combine the approaches (2) and (3),
and introduce a twisted version R € B ® H of the universal K-matrix from [57] via a new set
of axioms (K1)-(K3) in Section 2.3 that generalize those in (1.6) and at the same time recover
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the approach (3) via the counit application. The notion of a twist 1) as a certain automorphism
of H is important here because, as it will be discussed in Section 4, a natural choice of 1 allows
the derivation of the K-operator reflection equation (1.5) from the t-twisted universal reflection
equation satisfied by & and given in Proposition 2.10. We also note that here B is not assumed
to be a coideal in H, in particular we do not assume (H, B) to be a quantum symmetric pair,
but B is a right comodule algebra over H.

We conjecture that such a universal K-matrix & for our choice of ¢ = 1 defined in (2.28)
exists,* so that its 2nd component evaluation on quAlg representations leads to known examples
of K-operators with a spectral parameter (that can be further evaluated to get known exam-
ples of K-matrices [10]). However, the only known example is for the fundamental or spin—%
representation, the K(E)(u) for B = Ay, i.e., the K-operator providing the reflection algebra
presentation of A, from Theorem 5.1. It is thus natural to investigate further the spectral
parameter dependent K-operators for arbitrary spin representations. The universal K-matrix
axioms (K1)-(K3) provide the main guiding directions for such investigation, more importantly
in definition of the underlying fusion construction, as it was the case for the interpretation of

the (affine) L-operators and R-matrices.

1.3 Goal and main results

The purpose of this paper is to construct K-operators with a spectral parameter for arbitrary spin
representations and show how they relate to specializations of a universal K-matrix 8 € B® H.
For this, we develop universal fusion method for the K-operators (1.4) based on our new set of
axioms (K1)-(K3), and apply them in the case of the comodule algebra B = A;. The main
results are the following. Using the axiom (K2) and the detailed analysis of tensor product rep-
resentation of Uqg[z, we derive fused K-operators KU)(u) for arbitrary values of spin-j, starting
from the spin—% K-operator, see Definition 5.6 based on the result in Proposition 4.18. One of
our main results (see Theorem 5.7) is that they satisfy the reflection equations (1.5) for all j1, jo
and with no assumption made on existence of K. For j = 1, %, we give explicit expressions of
the fused K-operators in terms of generating functions of A4,.

Let us comment more on constructions behind the universal fusion method. Drawing inspi-
ration from the evaluation of one of the axioms of the universal K-matrix, and without making
any assumptions about the existence of K, we define fused spin-j K-operators

KW (u) e Ag((u™)) ® End(C¥H1)

through the following recursion based on the fundamental spin—% K-operator

. - 1 s 1 1 -_l 4 A—l 1 1
/C(j)(u) :]—‘g;)/C%)(uq_J"'z)R(zﬂ 2 (u2q J+1)Icé] 2)(uq2)5<(f;>. (1.7)

Here, we used Uyslp-intertwiners for evaluation representations

gV, ¢l Cil ® ng, up = uq_j'%, ug = uq%,
and we denote their pseudo-inverse maps FU): (C%L1 & (C%JQ — Czj 1 The condition imposed
on uq and ug ensures that the tensor product of the evaluation representations of quAlg admits
a spin-j sub-representation (which is not a direct summand). This reducibility condition is
expressed in terms of ratio of the evaluation parameters [29, Section 4.9]. Using this criterion,
we explicitly construct £9) and F@) by determining their matrix expressions, as described in
Section 3.2.

“In the context of 1-component universal K-matrix k € H, there are existence results for other choices of twists
in [3]. We discuss this in Section 7.
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Inspiration for the above universal fusion (1.7) was taken from fusion relations in Proposi-
tion 4.18 satisfied by the spin-j K-operator

KW (u) = (ider/_,)(8) € B((uv ")) ®End(VY). (1.8)

obtained from the 1-component evaluation of K. Here, the universal K-matrix £ is considered
for the pair of twists (¢, J) = (1,1 ® 1) with 1 defined in (2.28). Moreover, a careful analysis
requires treating u as a formal variable, and the representation 7, : H — End(V(j ) [uil}) used
in (1.8) is what we call formal evaluation representation of H = Usly defined in Section 3.5.
It is an infinite-dimensional analogue of the finite-dimensional evaluation representations of H.
These representations of quantum affine algebras are not of highest weight type, and also known
under the name ‘quantum loop modules’ [28, 53]. In Section 3.5, we also analyze tensor products
of the formal evaluation representations 77, and obtain the intertwining operators £ and their
pseudo-inverses F) in this framework with u being a formal variable.

It is important to note that, in contrast to the situation with L-operators, there is no sin-
gle example in the literature of an evaluation (1.8), even for j = % On the other side, the
formula (1.7) gives explicit expressions for K-operators. Furthermore, we propose a precise
relation that links the K-operators K@) (u) in (1.8) and the fused spin-j K-operators K\ (u)
in (1.7) associated with Ag. This is stated in Conjecture 6.1: the two K-operators equal up to
a central and invertible element in .Aq((u_l)), which is defined by a functional relation and has
a specific coaction. This conjecture is supported by showing independently that the fused K-
operators (1.7) satisfy a set of relations arising from the evaluation of the axioms of the universal
K-matrix.

1.4 K-operators for A, and universal TT-relations

A construction of arbitrary spin K-operators for A, is not only important for a better under-
standing of the universal K-matrix formalism for comodule algebras, but first of all because of
applications in quantum integrable systems. Namely, as it is explained in [10], a generating func-
tion of a commutative subalgebra of A, can be constructed using the spin-j K-operator KO (u),
that can be viewed as a spin-j universal transfer matrix T() (u) € Aq((u_l)). A family of
universal TT-relations between the universal transfer matrices can be calculated directly in the
algebra A,

TO () = TO-2) (ug~2) TG (ug?~2) + £O) () TOD (ug™), (1.9)

with TO () = 1, T(fé)(u) =0 and fU)(u) is a generating function of central elements in A,
that is explicitly calculated [10]. Considering tensor product (or spin-chain) representations
of the algebra B = A,, one can show that the K-operators K@) (u) and the universal transfer
matrices T() (u) map, respectively, to the ‘dressed” K-matrices and transfer matrices associated
with various examples of integrable spin chains of XXZ type with generic integrable boundary
conditions. Importantly, whereas fU)(u) in (1.9) is universal, its images with respect to the
various ¢g-Onsager quotients associated with the spin chains are not: the boundary conditions of
the open integrable spin chains dictate what value the image of f(j)(u) takes. In other words,
the algebra A, in a certain sense governs all known integrable boundary conditions through
its quotients and degenerate cases [8]. Thus, many properties of the integrable models can
be studied even before specializations to the spin-chain representations of 4,, and so the K-
operators of A, can be used in the representation-independent analysis of the related integrable
models. The applications of our results to integrable models are discussed more in Section 7
and in our next paper [10].

The text is organized as follows. In Section 2, the formalism of universal R-matrix is re-
viewed following [40]. Furthermore, we upgrade the universal K-matrix axioms of [1, 57] in
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Definition 2.7. In our framework, the K-operators are obtained as evaluations of the univer-
sal K-matrix 8 € B® H (if it exists) satisfying a 1-twisted universal reflection equation, see
Proposition 2.10. In this section, we also review basic definitions of the quantum loop alge-
bra H = LU,sly, the g-Onsager algebra O, and its alternating central extension B = A,.

In Sections 3-5, we develop the universal fusion method. Namely, Section 3 is devoted
to a detailed analysis of the tensor product of evaluation representations of LUsly and their
formal-parameter versions. In Section 4, we assume existence of a universal K-matrix & for
a comodule algebra B and a certain twist pair. The L-operators and K-operators of spin-j are
defined as formal evaluations of 8 and R, respectively; see Definitions 4.1 and 4.17. The main
results of this section are the so-called ‘fusion’ relations satisfied by the L- and K-operators of
spin-j, see Propositions 4.5 and 4.18, respectively. In Section 5, we do not assume existence of
a universal K-matrix for A, and instead introduce fused K-operators of spin-j in Definition 5.6
by a recursion based on the fundamental K-operator giving the reflection algebra presentation
of A;. Theorem 5.7 shows that they satisfy the reflection equation (1.5) for all choices of ji, ja.
Explicit expressions of the fused K-operators for j = 1,% are derived in Section 5.4. We also
give compact expressions for the fused R-matrices and the fused K-operators in (5.33), (5.34),
solely in terms of the fundamental R-matrix and K-operator. In Section 6, the precise relation
between the spin-j K-operators from Section 4 and the fused K-operators from Section 5 leads to
Conjecture 6.1, with supporting evidence discussed. Finally, in the concluding Section 7, we give
a brief summary of our results and discuss a few perspectives of applications of the K-operator
formalism to quantum integrable systems.

In Appendix A, we adapt the universal R-matrix constructed in [73] to our conventions,
and compute the corresponding Ding—Frenkel type L-operators i(%)(u) = L*(u) and the spin—%
L-operator L(%)(u) by evaluation of the universal R-matrix. In Appendix B, we give ordering
relations for the generating functions of A,. Finally, in Appendix C, we give a proof of one of
our main results, Theorem 5.7, that the fused K-operators satisfy the reflection equations for
any pair of spins.

Notations. We denote the set of natural numbers by N = {0,1,2,...} and the positive
integers by Ny = {1,2,... }.

All algebras are considered over the field of complex numbers C, if not stated otherwise.
Though the results till Section 2.4 are valid also over general fields, and many results in Section 5
can be directly generalized to algebraically closed fields of zero characteristic, we fix for simplicity
the ground field to be C. Let g € C*, and we assume in this paper that ¢ is not a root of unity.
The g-commutator is

X, Y]q =¢XY —¢ 'YX (1.10)

and [X, Y} = [X, Y]l = XY — Y X. We denote the g-numbers by [n], = (¢" — q_”)/(q — q_l).
We denote by Iy, the 25 x 2j identity matrix. We also use Pauli matrices

(01 (00
“=\0 o)0 777\ o)
(01 (0 —i /10
9%2=\1 90)> %= \i o) 7 \o -1)"

All generating functions considered in this paper like quantum determinants y(u) or I'(u)
are formal Laurent series in u~! with coefficients in the corresponding algebra like A,. In other
words, they are of the form ), f,u™", where f,, € A, and all but finitely many f, for n <0
vanish. In this case, we use the notation Aq((ufl)), and the convention that every rational
function of the form 1/p(u), where p(u) is a Laurent polynomial, is expanded in u~!. The space
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of formal power series with coefficients f,, in A, i.e., when all f,, are zero for n < 0, is denoted

by A [[u™]].
The subscript [j] attached to an algebra-valued matrix 7' indicates on which factor in the
tensor product of modules the entries of T act nontrivially, and we use the convention

2
(D) (T (T @) = D (T et @ (T)ik(T" )45 (1.11)
=1

We also give a table of the most used notations:

Uq,;[z Definition 2.11 quantum affine algebra for sly
LUgysly Definition 2.12 quantum loop algebra for sly
Ag Definition 2.14 alternating central extension
of the ¢-Onsager algebra
evy, equation (2.30) (formal) evaluation map from LUysly to Uysly
) equation (3.3) (formal) evaluation representations from LU,sly
to End(C%*1)
gUt3) Lemma 3.1 LU,slp-intertwiner for fusion (j + 3) — (3, 7)
£l—3) Lemma 3.2 LU, slp-intertwiner
for reduction (j — 1) — (3, 4)
Flta) equations (3.21)-(3.23) pseudo-inverse of glta)
Fl-2) equations (3.27)-(3.28) pseudo-inverse of g2
LY (u) equation (4.24) fused L-operator in Ugsly [u, u '] @ End(C**!)
RUL72)(y)  equation (4.31) fused R-matrix in End (C*'*1) @ End (C%2*1)
KO (w) equation (5.25) fused K-operator for A,
in u¥7°~2 A, [[u~)]] ® End (C¥+1)
R Definition 2.1 universal R-matrix in H ® H
L*(u) equation (4.63) affine L-operators in LUgsly [[uT!]] ® End(C?)
LY (u) Definition 4.1 spin-j L-operator in Ugsly [[u_l]] ® End((CQj‘H)
RULI2) (4)  equation (4.5) spin-j R-matrix in End (C%*'*1) @ End (C%211)
R Definition 2.7 universal K-matrix in B ®@ H
(i, J) Definition 2.5 twist pair: algebra automorphism 1,
and Drinfeld twist J
KO (u) Definition 4.17 spin-j K-operator for A,

in Aq((’u_l)) ® End(C2j+1)

2 Universal R- and K-matrices

Firstly, we recall the definition of a quasi-triangular Hopf algebra H with the associated universal
R-matrix that satisfies the universal Yang-Baxter equation. Then, inspired by the works [57]
and [1], we define in Section 2.3 a universal K-matrix associated with H, a pair of its consistent
twists (1, J), and its comodule algebra B — this is an element in B® H that satisfies a universal
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reflection equation (also called ¥-twisted reflection equation), see Proposition 2.10. We also show
a precise relation of our notion of the universal K-matrix to those introduced in [57] and [1].
In Section 2.4, we introduce the main example of H and B considered in this paper: the quantum
loop algebra H = LUysly and its comodule algebra B = Ay, the alternating central extension of
the g-Onsager algebra.

2.1 Universal R-matrix

Let H be a Hopf algebra with coproduct A: H — H® H, the counit e: H — C and the antipode
S: H — H, which are subject to consistency conditions, for which we refer to [30, Chapter 4].
We denote the opposite coproduct A°? = p o A, where p is the permutation operator, i.e.,
pr®y) =y®uz, for x,y € H. For R € H® H, we use the notation fRia = R® 1, Rog = 1 @ R,
Rz = pa3(Riz).

Definition 2.1 ([40]). For a Hopf algebra H, an invertible element R € H ® H is called
a universal R-matrix if it satisfies

RA(x) = AP(2)R Ve H, (R1)
(A ®id)(R) = R13Nas, (R2)
(id &® A)(f)%) = MR13NR190. (R3)

If such R exists, then the pair (H,fR) is called a quasi-triangular Hopf algebra.
We note that the universal R-matrix necessarily satisfies
(S@id)(R) =R = (id® S)(R), (2.1)
(e®id)(R) =1 = (id ® €)(R). (2.2)

Using the relations (R1)—(R3), one can show that the universal R-matrix satisfies the universal
Yang-Baxter equation

Ri12R13NR03 = RazNR13NR12. (2.3)

It is well known [40] that the universal R-matrix coming from a quasi-triangular Hopf algebra
gives a way to generate R-matrices on tensor product of representations, via evaluations as we
will see in Section 4.

2.2 Twist pairs
We begin with introducing ¥-twisting for Hopf algebras, as in [1, Section 2.4].

Definition 2.2. Let (H,%R) be a quasi-triangular Hopf algebra and ¢: H — H an algebra au-
tomorphism. The -twisting of (H,fR) is the quasi-triangular Hopf algebra (H ¥, 9%1/“”) obtained
from (H,9R) by pullback through v, i.e., H¥ is the Hopf algebra with same multiplication, new
coproduct, counit and antipode

AY =@ @Y)oAoy™, ¥ =coypl,  S¥=toSoy ! (2.4)
and the universal R-matrix is given by

R = (Y @ Y)(R). (2.5)

Let HP be the Hopf algebra with the coproduct A°P, the antipode S~! and its R-matrix
is o1, while the other structure maps are the same as for H. In what follows, we also use
the 1-twisting of HP, denoted by HP¥ with A% =po A¥. We then immediately get the
following lemma.
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Lemma 2.3. The pair (HCOP’¢,9‘{12pfp) s a quasi-triangular Hopf algebra.
To introduce the concept of universal K-matrix, we recall Drinfeld twists.

Definition 2.4 ([40, 42]). A Drinfeld twist of a Hopf algebra H is an invertible element J €
H ® H satisfying the property

(e@id)(J)=1=(id®e€)(J) (2.6)
and the cocycle identity
(JD(A®id)(J) =1 J)(ido A)(J). (2.7)

Given a Drinfeld twist J one obtains a new quasi-triangular Hopf algebra (H;, R ;) with the
coproduct and the antipode [41], see also in our conventions [63, Theorem 2.3.4],

Aj(z) =JAx)J',  Sy(x)=U2U"',  VaeecH, (2.8)
where we set U = ) J1.5(J2) and with J = ) J; ® Jo. The universal R-matrix is given by

Ry = JoRJ L (2.9)
We now recall [1, Definition 2.2].

Definition 2.5. Let (H,R) be a quasi-triangular Hopf algebra. A twist pair (¢, J) is the
datum of an algebra automorphism : H — H and a Drinfeld twist J € H ® H such that
(HCOPW,ER%Z’) = (Hjy,%Ry), i.e., such that €¥ =,

APY(z) = JA(z)J ' VzeH, RY =JnRJ (2.10)

2.3 Universal K-matrix

Appel and Vlaar introduced the notion of a cylindrical bialgebra [1, Definition 2.3] which is
a quasi-triangular bialgebra with a twist pair and a universal solution of a twisted reflection
equation in H ® H. This approach is convenient for scalar K-matrix solutions of the parameter-
dependent reflection equation (1.2). It is however not a convenient framework for K-operator
solutions of more general reflection equation (1.5) associated to general H-comodule algebras B.
To change this, we define a universal K-matrix via axioms (K1)-(K3) and show that it satisfies
a universal reflection equation in B® H ® H that specializes on representations to the reflection
equation (1.5), as will be further demonstrated in Section 4. We begin with the following
standard definition.

Definition 2.6. An algebra B is called a right comodule algebra over a Hopf algebra H if there
exists an algebra map 6: B — B ® H, which we call right coaction, such that the coassociativity
and counital conditions hold

([d®A)od=(d®id) o4, (id®e)od =id. (2.11)

Let (v, J) be a twist pair for a Hopf algebra H and B is a right comodule algebra over H. We
define a universal K-matrix & € B ® H. Here we use the notation K192 = R ® 1, K13 = pa3(R12).

Definition 2.7. We say that 8 € B ® H is a universal K-matrix if the following relations hold
for all b € B:

RO(b) = 0¥ (b)R,  with 6¥ = (id® ) 0 4, (K1)
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(8@ id)(R) = (RY) ,R15Pas, (K2)

(id ® A)(R) = Jz' RisRY% R1a, (K3)
where

RY = (¢ @ id)(R). (2.12)

We note that §% defines a comodule structure on B over HY. Therefore, by (K1) £ intertwines
two actions of B on B ® H, given by ¢ and §¥ respectively. By analogy with (R1), we call (K1)
the twisted intertwining relation. We now make several remarks concerning this definition.

Remark 2.8. From the axioms (K2)-(K3), we get some relations on the level of the algebra.

(i) We provide a consistency check of the axioms (K2) and (K3). From coassociativity prop-
erty (2.11), we have (iId® A®id) o (§ ®id)(R) = (I ®id ®1id) o (6 ®id)(RK). This relation is
checked using (R2) and (K2). Indeed, the left-hand side equals (9%1/’) 3 (9%1/’) 1o 14R21 R34
where we used (A ® id)((%d’)zl) = (E)“W)S2 (E)‘W):ﬂ, while the right-hand side gives the
same expression using twice (K2). The counital property in (2.11) is checked using (K3)
and (2.2) as follows:

(id®e®id) o (§ ®id)(R) = (id ® € @ id)((RY) ;,R13R03) = &. (2.13)
(ii) Recall that (id ® €) o A = id. Then, using (K3), (2.2), (2.6), and that € is an algebra map

A=[d®id®e¢) o (id® A)(R) = (id @ id ® €) (Jo R13R, K12
= ([([d®e)(R)] ® 1)K. (2.14)

Applying again (id®e€) on (2.14), we find that (id ® €)(R) is an idempotent. If in addition,
R is invertible, it follows (id ® €)(R) = 1 which is the analogue of (2.2) for .

Remark 2.9. The previous definitions of universal K-matrices from the works [1, 57] can be
obtained as special cases of Definition 2.7.

(i) It is easy to check that (id, 9%511) is a twist pair. In particular, one finds that (K1)-(K3),
for v = id and J = 9{2_11, correspond to the axioms for the universal K-matrix defined
in [57, Definition 2.7]. Moreover, assuming (K1)—(K3) hold for a twist pair (1, R51'), then
the algebra automorphism Kxy := (id®@v¢ ') 0 Ad(R) of H @ B, with Ad(R) := &(—)& !,
satisfies the axioms of [58, Definition 6.11] with R := Ad(R).

(ii) Assume that B is a right coideal subalgebra of H, i.e., § = A|p, and define K = (e®id)(R).
Applying the counit on the first tensor factor of the universal K-matrix in (K1)—(K3) yields

Kb=(b)K  Vbe B, (2.15)
= (RY), K2R, (2.16)
Alp(K) = JUCRYKL. (2.17)

We recall that in this setting of B a coideal subalgebra of H, Appel and Vlaar introduced
in [1] one-component universal K-matrices k¥ € H. The formulas (2.15) and (2.17), with
the identification K = k, correspond respectively to the defining relations of the so-called
cylindrically invariant subalgebra B and the cylindrical pair (H,fR), see [1, Definition 2.3].
We thus get the one-component universal K-matrix of [1] from our 2-component K. The
opposite is also true: starting from a solution K of (2.15) and (2.17), and assuming that 8
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defined by (2.16) lies in B ® H, one can check that R satisfies the axioms (K1)-(K3).
Indeed, checking (K1) and (K2) is straightforward, while for (K3) we use the equalities

(id®A) [(%w)ﬂ] = Jy3 (ﬁ%w)?)l(ﬁ)‘{w)Qngg, (%d))zlm;@mm - %139{12% (mw)m‘

The first one is obtained using A(¥(z)) = J (v ® ) 0 A°P(z)]J with (id ® A°P)(Ra;) =
M31M21 while we applied (id ® 1 ® id) o p12 to the universal Yang-Baxter equation (2.3)
to get the second equality. Then, we indeed get (K3)

(id ® A)(R) = Joz! (RY) 4 K3 (RY) R R13K09 2
= Tyt (V) KCsR13Ryy (RY), KoRiz = Jp3 R13Ry; Ria.

We now derive a universal reflection equation based on the axioms (K1)-(K3).

Proposition 2.10. Let (1, J) be a twist pair. The universal K-matriz satisfies the 1-twisted
reflection equation

R12(RY) ,, 813003 = Ry RisRL; Ko (2.18)
Proof. Multiply (K2) on the left by K12 to get

R12[(8 @ id)(R)] = R12(R?) 5, R13Ra3. (2.19)
Then, using (K1), the left-hand side of this equation equals

[(id ® ¢ ®id) o (§ ®id)(R)]R1a = R R13RY R, (2.20)
where we used again (K2). Equating (2.19) with (2.20), the equation (2.18) follows. [

2.4 Example of (H, B)

We now introduce our main example of the pair (H, B) where the Hopf algebra H = LU,sls is
the quantum loop algebra and its right comodule algebra B = A, is a central extension of the
g-Onsager algebra. We first recall the definition of the quantum affine algebra Ugsl.

Definition 2.11. Define the extended Cartan matrix (aij)ijefoy With a; = 2, a5 = =2
f01:_L i # j. The quantum affine algebra Uysly is a Hopf algebra generated by the elements E;, Fj,
K, ?,i€{0,1}, satisfying

1 ajj 1 1 1 . K
K?Ej=q? E;K?, K}Fj=q ¥ FK?, [Ei, Fj] = 61—,

11 _1
KiQKi 2 _ K2

1 11 11
;KPP =1, KiK? = KK, (2.21)
with the g-Serre relations, recall the definition of the g-commutator (1.10),
(i [Eiy [Biy Ejlglg] =0, (B3 [F5 [F5 Ejlglg] = 0. (2.22)

Let A: Uqg[g — Uqg[z@quA[g, €: quAlg — Cand S: Uqglg — Uq;[2 be respectively the coproduct,
the counit and the antipode. They are given by

1 _1 1 _1
AE)=E®K +K *®F, A)=FEoK +K,*eF,
+1 +1 +1
A(K;?) =K, > ®K,; ?, (2.23)
1
(E)=eF)=0, €K ?)=1, (2.24)

1 1
S(E;) =—qB;,  S(F)=-q'F,  S(K *)=K *. (2.25)
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The element K K is central.

Definition 2.12. The quantum Joop algebra LUgsls is the unital associative C-algebra gener-
ated by the elements FE;, F;, K, 2; i € {0,1}, which satisfy the defining relations of the Uysly
algebra (2.21)—(2.22) with the extra relation K7 K? = 1. The Hopf algebra structure defined
by (2.23)—(2.25) descends to LU,sls.

Note that a presentation of LU;sl; of Faddeev-Reshetikhin-Taktadjan type is also known [44].
It involves Ding—Frenkel L-operators satisfying the Yang—Baxter algebra [38], see details in
Section 4.3.

The explicit form of the universal R-matrix associated with the quantized Kac—Moody al-
gebras was proposed in [73, Theorem 2] and in [54, equation (58)],% in terms of root vectors
for Uqg[g, see also [35, 62]. In our work, we consider the universal R-matrix SR associated with
the Hopf algebra quotient LU;sly and review its explicit form in our conventions in Appendix A.
It is important to note that the coproduct convention we use is different to the one used in [73].
The two coproducts and corresponding universal R-matrices are related via the automorphism v

1 _1 +1 +1
v(E;) =EK?, v(F)=K,*F, v(K; ?)=K;"2 (2.26)
We then have
AT = (w@v)oAor™, (v lev ) (RET) =%, (2.27)

where RKT denotes the image of the universal R-matrix given in [54, equation (58)] under the
quotient map to LUysly, i.e., after setting the central charge to zero.
Let us introduce an automorphism 7 of LU,sl>

):Kl )

D=

n(Ey) =F, n(E)=F, kK
n(F)=Eo, n(k)=E, n(Kg)=K,?.

= Ol

[N

(2.28)

Example 2.13. For H = LUgysly, both the pairs (¢, J) = (1,1 ® 1) and (¢, J) = (1, RauR),
with the automorphism 7 from (2.28), are examples of twist pairs from Definition 2.5. The first
choice is the main example considered in this paper. To verify (2.10), using the definition of A
given in (2.23), we get indeed A°P" = A. It remains to show that RJ} = R. From Lemma 2.3,
the pair (HP7 K1) satisfies (R1)—~(R3) with the only substitution 8 — RJ/. Recall that an
invertible solution of (R1)-(R3) of the form [54, equation (42)] is unique [54, Theorem 7.1], and
is given by [54, equation (58)]. We then note that 97 is of the same form [54, equation (42)].
As R]] satisfies the same equations as 2R, as we have A°P" = A it follows from the uniqueness
that they are equal and (7,1 ® 1) is thus a twist pair.

2.4.1 Evaluation map

In further sections, we will use the so-called evaluation map to study the tensor product repre-
sentation of the algebra LUysly. We first recall that the quantum algebra Uysly is a Hopf sub-
algebra of Uysly generated by Ey, Fy and K7, and for brevity we denote them by F, F, and K,
respectively. Now, consider the algebra map ¢: LUysly — Uysly defined by the equations

=

1

o(Ey) = I, o(Fy) = E, o(K¢) =Kz,
1 1

o(E1)=E, @F)=F oK) =K-=.

5As the universal R-matrix SR of quAlg has the form of a product over an infinite set of root vectors, and so
strictly speaking R is not an element of the tensor product Uyslo @ Ugysl but belongs to its appropriate completion,
see, e.g., [3, Section 2.5]. This fact however does not affect the use of the R- or K-matrix axioms.
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Let ¢, be the Z-gradation automorphism of LUyslz, ¢, : LUyslo — LUysly, with u € C*, de-
fined by

N

bu(E;) = u L E; bu(F;) = uF, ou(KP) = Kﬁ, i=0,1. (2.29)

Then the evaluation map ev,,°

€Vy : [,Uqﬁ[g — Uq5[2 (230)
is defined by the composition

eVy = Q0 (. (2.31)

2.4.2 Comodule algebra A,

Before giving our example of the comodule algebra B = A, over LU,sly, which is a central
extension of the ¢g-Onsager algebra, we recall the definition of the latter. The definition of the
g-Onsager algebra O, [6, 68] is given in terms of two generators Wy, W satisfying the so-called
g-Dolan—Grady relations

[Wo, [Wo, [Wo, Wilglg—1] = p[Wo, W], W, W1, Wi, Wolglg—1] = p[W1, Wo),
where we fix
p=kik (¢+¢\)°  with ky € C*. (2.32)

The algebra B = A, has first appeared in [13, 16] in the form of a reflection algebra that we
review in Section 5. It was understood later on that A, is isomorphic to the central extension of
the g-Onsager algebra [9, 69], namely to Oy ® C[Z] where C[Z] = C|z1, 22, ...] is a polynomial
algebra with infinitely many indeterminates z;, for ¢ € N. Here, we recall a so-called compact
presentation of this algebra.

Definition 2.14 (see [72]). A4 is an associative algebra over C generated by Wy, W1, {Gg41 }ren
subject to the following defining relations

[Wo, [Wo, [Wo, Wilglg-1] = p[Wo, W1],  [W1, [Wy, W1, Wolg]g-1] = p[Wi1, Wo],
(Wi, G = [Wy, [Wi,Wolg],  [G1, Wo] = [[W1, Wolg, Wo],

(W1, Grpa] = p Wi, [Wr, Wo, Gilglgl,  k>1,

[Gk+1aWO] = Pil[[[Gle]quO]anO]v k>1,

[

Gk+17 GZ+1] = 07 k?£ € N7
where p is given by (2.32).

We discuss the coaction map 6: A; — A; ® LU,sly using the reflection algebra presentation
of A4 in Section 6.2. The corresponding coaction of the fundamental generators Wy, W1 takes
the form

6(Wo) =1® (k+q%E1K1% +k_q‘%F1K1%) + Wy ® K1, (2.33)
(W1) =1® (hq‘éFoKO% + krfq%EoKO%) + Wi @ K. (2.34)
In what follows, it is sufficient to consider the evaluation of the coaction map 9, denoted by d,,
dp = ([d®evy)od: Ay = Ay ® Ugysly. (2.35)

The proof of the following proposition is postponed to the end of Section 5.5.

5For a more general evaluation map, see, for instance, [25, equation (4.32)]. In this paper, we set so = s1 = —1.
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Proposition 2.15. The evaluated coaction map 6, : Aqg — Ay ® Uysly is such that

5w(Wo) =1® (kiq?w 'EK? + k_q 3wFK?) + Wy ® K,
Sw(W1) =1® (kiq 2wEK ™2 +k_q2w 'FK™7) + W, ® K1,
ko (a—a7)’ (9+4a7")
(5w<Gk+1) = HW Gk - T [W07 |:W07Gk:|q:| &® F2
7(61 _ q_l) (q_%w_l [WO Gk+1] & FK% + q%w[Gk—i-l Wl] & FK_%)
ki(g+q7t) ’ a g
Gk _ _
+ G ®1— I ® (WK +w?K),
with the initial condition Gk‘k:o = kﬂa%.

3 Tensor product representations of LU sl

Our fusion procedure for K-operators requires first analysis of the tensor product of evaluation
representations of LUysly. The reducibility criteria in terms of ratios of the evaluation parameters
for these tensor products are known [29, Section 4.9]. In this section, we study the sub-quotient
structure of the tensor products (CZ1 ® (C?ﬂz+l in more details. We first show that with conditions
on the ratio of evaluation parameters as in Lemmas 3.1 and 3.2, this tensor product representa-
tion of LU,sly admits a sub-representation either of spin- (j + %) or of spin- (j — %) As a main
new result of this section, we then provide explicit matrix form of the corresponding intertwining
operators and their pseudo-inverses. This is done in Sections 3.2 and 3.3 for finite-dimensional
evaluation representations, and then in Section 3.5 for their infinite-dimensional analogues with
formal evaluation parameters.

First, recall that finite-dimensional irreducible representations of Uysly are labeled by a non-
negative integer or half-integer j, of the dimension 2j + 1, and denoted simply by C%*!. Its
basis is given by |j,m) with m € {—j,—j +1,...,j — 1,7}, and with the action

E’j7m>:Aj,m’j7m+1>7 F]j,m>:Bj7m|j,m—1>,
1. .
K*2 |j,m) = ¢™™ |j,m), (3.1)
with

Let m/ be the corresponding representation map of U,sly, jrj : Uyslo — End (CQj H). Now,
given u € C*, we then define the evaluation representations 77,: LUzsly — End(C%T!) by

7 =1l oev,, (3.3)
where ev, is defined in (2.31), and the corresponding LU,sly-module by cu+l
tensor products of these representations

. We study now

(m%l & wiz) oA: LUysly — End((c’?tl ® (C?tj;l)’

and look at special points in the evaluation parameters space so that a proper sub-representation
emerges. The strategy is the following: we first construct basis vectors {wy}, {ve} for the
decomposition with respect to the subalgebra generated by {Fi, F1, K;}. Then, we study the
action of { Ey, Fy, Ko} on these basis vectors. We find that there are only two ratios of evaluation
parameters up to a sign when we get a proper sub-representation, and we also construct explicitly
the corresponding intertwining maps.
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3.1 Analysis of the tensor product representation of LU,sl,

Consider the subalgebra generated by {FEi, Fi, Ki} and construct basis vectors {wy}, {vs},
where £k =0,1,...,2j4+1,£=0,1,...,2j—1and 5 € %N+, corresponding to the tensor product
decomposition C? @ C¥*! = C%*2 ¢ C%. We denote by wg and vy the highest weight vectors
of the corresponding spins- (j + %) and (j — %) These are defined by the relations
1 , 1 . .
[(mfl ® 7r$2)A(E1)]w0 =0, [(7‘(’51 ® WfLQ)A(Kl)]wo = ¢y,

1

[(7131 ® Wi2)A(E1)]UO =0, [(m%l ® WiQ)A(Kl)]’UQ = ¢® Luy. (3.4)

Solutions to these equations are uniquely determined, up to a scalar, by

.. .. Uy _;_1 ..
wo =7, w=Meli-1- a2 4l @50, (3.5)
with [1) = |3,1), [l) = |3, —3), and where A;,, is given in (3.2). The other basis vectors are

constructed via the action of I}

1

we = (72 © 70 )AF) Fwo, v = [(wd ® 71, )AFD)] o, (3.6)

where 0 < kK < 2j+1and 0 </ < 25 — 1, and we set these vectors to zero if their index is
outside of the indicated range.
Now, we study the action of the generators Ey and Fj on these basis vectors, and we begin
with the action on wy’s
1 .
[(md, @ m), ) A(Eo)|wi = €1 (1, ug)wiy1 + ez (u1, u) vy,

1

(w2, @ wl, ) A(FD) Jwy = f1(ur, uz)wi—1 + for(ur, uz)ve—o, (3.7)

where the coefficients are

-2 42 2j+2 (2 2 —2j—1 -
uy -~ 4 (27]qu g2 (uf —uzq 2]
el,k(ulaUQ) = 1[2].5_1]]12, eQ,k(ulaU2) = ( L%W [;j n 1}(]) q7 (3-8)
9 21 127 =k +2]g[klg
5 = + 2 . s 3.9
Fur(ui, ug) = (uf + u3(24]) 21, (3.9)
u? —udqg P /1271, k]o [k — 1
f2,k(ulau2) — ( 1 2_1 _2‘)_1[ ]Q[ ](I[ ]q' (310)
uy ¢ 22+ 1,
We next look at the action on v,’s
1 .
(78, @ 7, ) A(Eo)]ve = €1,0(ur, ua)vegr + €2,0(u1, ua)weo,
1 . _ _
(78, @ 7, ) A(Fo)|ve = fre(ur, ug)ve—1 + foo(u1, uz)we, (3.11)

where the coefficients are

uy ?12j + 2)g — ui? o) W2 — 2
] ’ 9 b - N 1 ,
[2] + 1](1 q2]+§u%u§ [27](1[2] + l]q
f ; [€ — 2j]q[4]
Fre(un,ua) = (uf = u3(2 +21,) ==
(uf — ug™H) [0 — 2j]4[25 +1 - 4],

U2 /2514125 + 14

e1e(ur,ug) =

)

f?,ﬁ(ul»u2) =
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We first note that in (3.7) and (3.11) the coefficients with indices 2,k and 2, ¢, respectively,
correspond to contribution in the action that mixes the two spin components. In order to find
proper sub-representations, we thus need to analyze the roots of these functions es, for, €/
and fZ,E- First, for generic values of uy/us these functions do not vanish which corresponds to
the well known fact that this tensor product is irreducible.

From the expression of the coefficients (3.8) and (3.10), one finds that

. VI
eap(ut,u2) = for(ur,u2) =0  iff wi/ug =+¢ 772
and

— . . l
eap(ur,uz) = foplur,ug) =0  iff wyfug =+¢’"2.

Note that we do not have simultaneously these four coefficients equal to zero so we do not have
a direct sum decomposition. Instead, by fixing the ratio u;/ug to the special values we have
a sub-representation as depicted below in Figure 1 by the dotted rectangles.

Figure 1. Action of F;, F; on wy, v, for fixed values of u; /ug. The red (resp. blue) arrows correspond to
the action of Fy (resp. Ey), and the branching points of the arrows correspond to the linear combinations
from (3.7) and (3.11).

We thus find that fixing u1 /ug = ¢ TV +3) gives a spin-(j + 1) sub-representation of LUysly.

3.2 Intertwining map £U*2) and its pseudo-inverse F UJF%)

We now study the spin-(j + ) sub-representation when u; /us = ¢ =772, and construct the cor-
responding intertwining operator explicitly. Consider two linear operators gU+3) and FU+3)
for any j € ;N

gUt) . U2 5 €2 @ CHTL (3.12)
FUts): €2 @ CHt - Cc¥F?, (3.13)

with the matrix form

47422542 . .
guts) =3 % gaﬂ+ 2) EGD, FURDEUHD) — Iy, (3.14)
a=1 b=1

1 .
that depends on scalars 5(5]: 2), and here Ec(fg’m) denotes the matrix of dimension (2j; + 2) x
(2j2 + 2) with 1 at position (a,b) and 0 otherwise. Here, we choose the bases of the source

{|j+%,m>}withm:j—l—%,j—%,...,—j+%,—j—%andthetarget

{INelidi,....Mmeli=5, el eli=i}k
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We calculate the coefficients &, G +%) provided & U+3) is a LUyslp-intertwiner for the condition
uy/ug = q ~i=3 and Uy = uqé that was found in the previous subsection for j € N+ First
of all for j = 0, we have for any u that 7 = ¢, where the counit is defined in (2. 24) i.e., the
trivial representation of LU,sly. Then 1dent1fy1ng C? ® C with C?, it follows from (3.12), (3.13)
and (3.14) that £2) = F&) =T,

Lemma 3.1. Let uj/uy = q 7~ 3 and Ug = uq% then the map £U+3) in (3.14) is a LUyslz-
intertwiner
1

U2 (m, 2 ) (@) = (x2 @7 | )(A@)EVTE) V€ LUpsl, (3.15)

uq

Nl

if and only if its entries are given for any j € %NJF by

1 (+3)
(G+3) Gty _ 1T Bij- =) Emat
g =1 &hin =11 #a Eojtttm1tm = [m]q# (3.16)
p=0 j+%’j+%7p J+2,j+*fm

wheren =1,2,...,2j, m=1,2,...,2j+ 1 and Bj,, is given in (3.2), and all the other entries
are zero.

Proof. Recall that for u; = usq ™’ =3 we have a spin-(j + %) sub-representation as depicted in
left-top of Figure 1, and therefore we also have a corresponding intertwining operator that we
are going to construct. In this case, the sub-representation has the basis {wy | 0 < k < 2j + 1}
given in (3.6). Let us introduce a basis {w}, | 0 < k < 2j + 1} in the source of the map gU+a);
we define
L1
wp=1i+15+3 and  wh = [m 2(F)] wp

The intertwining property reads

, il 1 4 .
U [, "2 ()| w)y = (w2, ® 71, )(A(2)|EUFD (wf,)  Va € LUsl. (3.17)
This equation for x = Ko, K1 and k = 0 gives 5(j+%)(w6) = wg. Then for £k =0 and = = (F})",
with n=1,2,...,25 + 1, one shows
S(ﬁ%)(w;) = wy for all n. (3.18)

Using this, we then check directly that (3.17) indeed holds now for all £ and x = F; and x = Ej.
It remains to check that (3.17) is satisfied for the action of Ey and Fy. By straightforward
calculations using (2.29), (3.3) and (2.23), one gets

(w2 (o) wp = wh, w2 (F0)]wh = wPuf (3.19)

1 ES
[(Wul ® 71'“2)A(E0>]wk = quEka_H, [(7751 & W{L ) ] wy, = q_lugwk_l. (3.20)
Using (3.19) and (3.20), one finds that (3.17) holds for uy = uq% Finally, we get the matrix

elements of £U+3). The basis vectors read explicitly

k—1 k—2
Wk =" HBj,j—p ’T>®‘J7]_k>+[k]qHBJ,J—p‘\L>®‘Ja.7_k+1> )
p=0 p=0
k—1
wy = u” H Bj+%,j+%—p lJ+ %vj + % — k),
p=0
and we set [[}_(Bjj—p =1 if n is negative. Then solving (3.18) for £0+2) in (3 14), one
gets (3.16) (recall (3.14) that the basis is |j —|— ,m) with m = j + %,j - %, ce—J+ 5, —j — %
and not wy,). [
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We now give an expression of F (+2) which is a pseudo-inverse of £ (+3). Tt takes the form

2j+2 4542

=3 S AR, (3.21)

a=1 b=1

1 A .
where .7:65 b+ 2) are Scalars. The solution of FU+3)gl+3) — ;42 is not unique. For instance, we
fix the entries of FU+3) for n = 2,3,...,25 4+ 1 as follows:

i) Gl g(j+%)
J Jtsz) n+2j,n
./_"1 1 = 1, fn,n+2j - 5(]+%) g(jJr ) (322)
( n,n ) ( n+2j, n)
(+3) o(+3)
(G+2) G+1)  \-1 Gty L= T ot
Fojiaajo = (g4j+22,2j+2) ) Frn 2 = g(ﬁj) an, (3.23)

and all other entries are zero. This choice is important because it allows the factorlzatlon of the
R-matrix as in Lemma 3.4 below. We finally note that any pseudo-inverse of £U+2 2) , in particular
the one given above, is not a LU,sl>-intertwiner because the sub-representation 1nvolved is not
a direct summand, recall the structure in Figure 1.

3.3 The maps £0~2) and F@—2)
We now study the spm—(] — l) sub-representation when w;/uy = q9+2. Introduce the two

maps EU- 2) and FU=3) for any j € 1N+

EUmD: C¥ -3 0Ty, FUD: €, 0CUY - Y,

given by
.1 4j+22j7~1 . i 1
£U=3) = SN gV FUDgUe) 1y, (3.24)
a=1 b=1
where S éjb 2) are certain scalars. The bases of the source and the target of £U ~3) are respectively

{|]_ m>}W1thm_] 27]_%7a_]+%7_]+%and{|1\>®‘]>]>7’|T>®|ja_]>a‘¢>®

Lemma 3.2. Let uj/uy = qj+2 and ug = uq% Then, the map =3 4n (3.24) is a LUysly-
intertwiner

O
[
|
N
~
—~
3
S
|
(NI

) (@) = (n ;qﬁl o ) (A@)EYD)  Vae LU,sl, (3.25)

1
uq 2

if and only if its entries are given for any j € %NJ,_ by
-3 -5 _ 77 _Bijr
52,1 ¥ = 17 €2+n,21+n - H :

(-1 [m — 2jlq 2G-1)
52]+22+m 1+m — 7qg2+nf 1+m? (3.26)

)

BJJ -m

where n = 1,2,...,2j —1, m = 0,1,...,2j — 1 and Bjp, is given in (3.2), and all the other
entries are zero.
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Proof. Recall that for u; = uquz we have a spin-(j — l) sub-representation as deplcted in
right-bottom of Figure 1. We also have a corresponding intertwining operator £V c(=3) that we
now construct. In this case, the sub-representation has the basis {v; | 0 < ¢ <2j — 1} given
n (3.6). Let us introduce a basis {v}, | 0 < k < 2j — 1} in the source of the map gl=2);
we define

;1
vh=lj—Li—8 and o = [m 2(F)]"

Analogously to the proof of Lemma 3.1, one shows £V ‘_l)(vé) = vg. Then, one finds the con-
straint on the ratio u/us and the coefﬁmen‘cs (3.26) are obtained by solving the latter equation
for £0-2) in (3.24). [

1

We now give expression of F (G=2) which is a pseudo-inverse of £ (=3). Tt takes the form

25 4742

FO-H 23 Y FUSD g6, (3.27)
a=1 b=1
where }" G=3) are scalars. The solution of .7:" U-2E0-3) = ng is not unique. Similarly to the
fusion case above, we fix the entries of FU~ 2) for n = 1,2,...,27 this way
&(i—3) ~(i—3)  ali—3%)
=(j—% 5n+2§+1,n ~(i—3) 1-F, n+2g+15 +2§+1 n 3.98
k2l T G=3) (-3) 2’ ol =(—3) ’ (3.28)
(€n+1 n) + (5n+2j+17n) gn+1,n

and all other entries are zero. Similarly to the previous case, F (1=3) is not an intertwiner.
In what follows, we will need action on tensor product using opposite coproduct. For this new
action,’ the corresponding intertwining operators appear at different evaluation parameters.

Remark 3.3. For the action of LU,sly on the tensor product given by the opposite coprod-
uct A°® =po A with A in (2.23), we repeat the sub-representation analysis from Section 3.1
using the corresponding basis {wy, | 0 < k < 2j+ 1} and {0y | 0 < ¢ < 2j — 1} defined by

1 1
- 1 i\ Ao - - 1 i\ Ao ‘.
Ty, = (12, @ w))AP(F)] "G, T = [(wd, © mh,) AP (F1)) To,
with o = wp in (3.5), and 7 is the solution of (3.4) with the substitution A — A°P
- .. Uy ;41 ..
G=IM @55~ 1) = T2 A ) @ 1,)

Then, we find that the conditions on the evaluations parameter are different. Indeed, we have
for the spin-(j + %) sub-representation

uyfug = :tqur%, u = uzq% (3.29)

and for the spin-(j — %) sub-representation

NI

uy/ug = :l:q_j_%, U = usq2. (3.30)

Nevertheless, it leads to the intertwining operator gl+3) (resp. S_(j_%)) with the same ma-
trix elements as in (3.16) (resp. in (3.26)). Indeed, the matrix elements are invariant under
the replacement of ¢ by ¢~!. Then, the corresponding intertwining properties for the condi-
tions (3.29), (3.30) and the choice of the positive sign read respectively for all x € LUsly

S(j+%)(7ri+%)(ﬂf) = ( Qm )(AOp(fE))g(H%)v (3.31)
’LLq] q7§

E-D(rl (@) = (2, @m0 | )(AP()EUD), (3:32)
uq—J uq 2

"Recall that for a bialgebra H, we can define another bialgebra HP with the coproduct A°P. Therefore,
A°P also defines an action of the algebra H on the tensor product of H-modules.
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3.4 Additional properties

We conclude this section with a few observations on relations between the intertwining opera-
tor £Utz ), its pseudo-inverse FUT 3) and the R-matrix. In the literature the expression of the
R-matrix R(z’])( ) € End(C? ® C**!) is known [37, 59]. It reads

2j—2
RED(w) = [] elug 27%)((¢ - ) (04 @ 7 (F) + 0— @ 7/ (E))
k=0
+ uq%(ﬂ4j+2+az®nj(H)) u q — 3 (Lajp2to-@nI (H )))’ (3.33)

where 7/ (E), 7/ (F) are given in (3.1), (ﬂ'j(H))mn =2(j4+1-n)0mp, withm, n=1,2,...,2j+1,
and where we use the scalar function

c(u) =u—ut. (3.34)

Note that this R-matrix satisfies the unitarity property

2j—1

R(%J)(u)R(%’j)(u—l) _ (H C(qu+é—k)c(u—1qj+§—k)> Iyjto. (3.35)

k=0

Let U2 and HU~2) be invertible diagonal matrices given by

. i1
”H(JJr%) = Diag(?—[g ) 7'[(]+ ), - ng]j-g))’

A=) = Diag(AY 2, 1Y 2, 0, (3.36)
1
where 7—[7(7]1+2) nd H(J 2 are scalars.

Inspired by [19], the R-matrix (3.33) admits two special points for which its rank drops below
its maximum. Then at these points, the R-matrix decomposes in terms of the intertwining
operator &Y (7+3) and the operator FUtz ) defined above, as follows.

Lemma 3.4. The R-matriz (3.33) at the point u = qj+§ has rank 25 + 2 and decomposes as

R4 (¢7F3) = g0t yUta) pU+), (3.37)

1

where E9%32) is fired by Lemma 3.1, FUt3) s given in (3.21) with (3.22), (3.23) and the entries
of HIT2) qre

il il 22 . . .
W g = (T ) @ -,

k=0
1 2j—2 . _ a1 B . n
i = <H C(qzj_k)> a (;1+1)) (]J7'+]l)1+ ’
k=0 Enn ? Fn,n—fQj

form=23,...,27+ 1.

Proof. Recall that £072) is given 1n Lemma 3.1 and its pseudo-i inverse FU+2) s not unique.
However, imposing (3.37), with H+3) deﬁned in (3.36), fixes both FU+3) and 7-[(3+ ) uniquely

as we now show. Indeed, solvin .7-"(JJr )glts) = = Ipj4+2 imposes (3.23) and .7-"1 = 1. There
are still 2 unfixed coefficients Fnjn QQ)J, with n =2,3,...,2j 4+ 1. They are fixed as in (3.22), as

well as the entries of H+2), by solving (3.37). [
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Then, with the decomposition (3.37) and using the pseudo-inverse property F (+3)gl+3) =
I; 42, we have the following.

Corollary 3.5. The following relations hold:

g0T2)9+2) = R (¢7+3)glita), (3.38)
N3 Flt) = FUHD) RG) (g+3), (3.39)
RGD (gi+3) = £0+D) FUHD RGD (gi+3), (3.40)

We note that Lemma 3.4 and Corollary 3.5 will be used many times in Sections 5 and 6, in
particular to prove the reflection equation in Theorem 5.7.
Similarly to Lemma 3.4, for the second special point we have the following.

Lemma 3.6. The R-matriz (3.33) at the point u = q_j_% has rank 2j and is decomposed as

[N

R( ,j)(q—j—%) — £U-2)q0-3) Fli-3)

where g‘l(j_%) is fized by Lemma 3.2, FU-2) s given in (3.27) with (3.28) and the entries
of HU™2) are

2j—2

' I
?253%)=<Hc(q’“1)> B et

-3  #l-3)’
k=0 gn+2j+1,n]:n,n+1

3.5 Formal evaluation representations

In the next sections, when we discuss L- and K-operators, and in calculations of 1-component
evaluation of the universal R-matrix, we actually work with formal parameter u, not a complex
number, because the evaluated expressions would not be well defined if u were a number as in
the evaluation representations considered above. Actually, in the evaluation of the universal
R-matrix, such considerations were already accounted for in [40, Section 13] and [46, Section 4],
see [48, Section 1] for a review. For an evaluation of the universal K-matrix, similar precautions
should be taken. One way to proceed is to introduce a formal-parameter analogue of the finite-
dimensional evaluation representations from (3.3) and to establish the intertwining properties
analogous to Lemmas 3.1 and 3.2 on this formal level. In the literature, these representations
of quantum affine algebras are also known [28] as quantum loop modules.

From now on, we assume that u*! is formal, and keeping for brevity the same notations,

we define the formal evaluation representations 7, as

T =7l oevy: LUzl — End(C¥H1) [uil], (3.41)
where the formal evaluation map

evy: LUgsly — Ugsl [u™], (3.42)
is defined by same formulas as in (2.30) but with u®! formal variables. We thus have explicitly

7 (Eo) = u'n?(F), 7 (Fy) = un’ (E), )

T(B) =u\W(E),  wl(F)=wd(F),  m(KP) = (K3). (3.43)

In the case u is a complex number, this action is also known as the principal gradation [26].
In our formal u case, we will also call it the action of principal gradation.
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The map (3.41) and formulas (3.43) define the action of LUgsly on the space C%T1[u*!]
of Laurent polynomials in u with coefficients being vectors in C%*!. For example, the action
of Ey is given by 7, (Ep)(zu™) = 7/(F)(x)u" !, z € C¥*! n € Z, and extended linearly
to all elements in C%+! [uil], and similarly for the other generators. Here, we use the same
notation for the corresponding representation 77, : LU,sl; — End ((C2j +1 [uﬂ] ), and call it formal
evaluation representation. We denote the corresponding infinite-dimensional module by cu+t
and sometimes call it also quantum loop module of spin-j. In what follows, we will often use
the notation C%,"! , for z € C*, which means that the LU,sly action is on the same underlying
vector space C* 11 [uil] but one needs to replace u in the action (3.43) by zu.

Let {x}o<k<2j be a basis in the spin-j module C%+1 gver Ugsly such that ¢ is the highest
weight vector, or |4, ) in the notations of (3.1), and x}, := 7/ (F)*xg. Then the vectors

Thp 1= Tpu", 0<k<2j, nez, (3.44)

form a basis in (Czj *1 with the action of LUgsly up to scalars described as follows: FEy changes
the index (k,n) by (+1,—1), while Fyy changes it in the opposite way (k,n) — (kK — 1,n + 1),
and similarly E; changes the index (k,n) by (—1,—1) while F; changes it by (+1,+1), and
finally Koy and K7 don’t change the index (k,n), they act as K~ and K, respectively, on zy,
i.e., by the corresponding U,sly weight.

For the LU,sly action in the basis (3.44), let us consider an example of the j = 1 case in more
details. The action of LUsly is better to present diagrammatically as in Figure 2, where each
node corresponds to some xj , while edges are the actions of F; and F; described up to scalars

SKHAKA

HAAK

OO DENS

Figure 2. Quantum loop module C3 of spin-1 where the red and blue diagrams correspond to irreducible
components of the LUysly action.

As we can see from this example, the formal-evaluation representation C3 is fully reducible
due to the presence of two different sub-diagrams, one is blue and the other is red. Each
of these sub-diagrams describes an irreducible action. It is not hard to see that this action
arises from the other version of formal-evaluation representation in the homogeneous gradation.
Recall [26] that the homogeneous gradation action is as in (3.43) for Ey and Fp, while £} and F}
act just as F and F, respectively. Let us denote the corresponding LU,slp-module on the
vector space (CQJH[ il} by C¥* and call it quantum_ loop module of spin-j in the homogeneous
gradation. It is clear from the action in the basis of CHt1 analogous to rxu™ that this module
is irreducible, while in our example C? is decomposed as C3 = C3 @ C3.

We have a similar result for arbitrary spin j: indeed, the diagram for j = 5 is obtained by
simply deleting the last row of nodes labeled by z2, and all arrows attached to them, so we
get a disjoint union of two zig-zag’s, while for j > 1 one just repeats the obvious pattern of
arrows which gives again two independent sub-diagrams of different color. Let us reformulate
this observation as the following lemma.
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Lemma 3.7. CZ™ is a direct sum of two copies of CHHL,

This effect of decomposition of the action in one gradation via actions in the other gradation
is in contrast to the finite-dimensional evaluation representations where the choice of gradation
is not really important.

We now want to study tensor products of these infinite-dimensional representations

(mi ®ml,) o Ar LUgsly — End(C2 @ CHT), (3.45)

1 . .
where we used that the homomorphism (73, ® 7,) o A sends LU,sl; to End(C2 ) ®End ((Cij;l)
which is a subalgebra in End((CZ1 ® (C%]QH), and this algebra embedding is implicitly used
in (3.45). A

We then note that as a vector space (Cgl ® C?f;l is isomorphic to C? @ C%+! [ulﬂ,uf] -
the space of Laurent polynomials in two variables u; and ug with coefficients in the 2(2j + 1)-
dimensional vector space — or equivalently, to the product of C2@C%*! and C [ufl, uéﬁl] . Below,
we will use these identifications implicitly. Then, the action (3.45) can be written as

a(vf(ul,uQ)) =a(v)f(u1,uz) = [(Wél ® 77%2) o A(a)]('v)f(ul,uQ) (3.46)

for any a € LUysly, v € C2@C% ! and f(u1,us) € (C[ufl, uéﬂ] In what follows, we will shortly
write the action as on the left-hand side instead of lengthy but more precise expression on the
right-hand side. The difference from the finite-dimensional case where u;’s were generic complex
numbers is that these infinite-dimensional tensor products are not irreducible anymore. Indeed,
for every non-zero complex number z the Laurent polynomial u; — 2z 'uy generates a proper
ideal in the algebra of Laurent polynomials because its inverse lives in a bigger ring of rational
functions in w1 and uy. Then, consider for a fixed z € C* the linear span of vectors of the
following form:

I, = <'U(u1 — z_1u2)f(u1,u2) |v e C? g C¥Hl, f(ur,uz) € (C[ulﬂ,u;d]% (3.47)

which can be thought of as ‘ideal’ generated by the Laurent polynomials u; — 2~ 'us. Analyzing
the action of F; and E; on these vectors, recall (3.46), it is clear that I. is a proper LUyslz-
submodule of C2 ® catt,

We can now define a so-called partial specialization “identifying us with zu;” of the mod-
ule C2, ® C#71 as the quotient by the submodule I, from (3.47). We will use the following
short-hand notations for this quotient:

Cl, ® CUt = (C}, ® CI™) /I, (3.48)
when the same formal parameter appears in both tensor factors. And let us denote the canonical
surjection

Pl C2 @CHM - 2 ®CHM (3.49)

Zuyl
which is a LU,sl-intertwining operator. We also note that the quotient module (CZ1 ® (Cg?jl
can be identified with C?® C¥+'[uFl] as a vector space. Indeed, first note that the im-
ages p’ (r ® yuful?), for any v € C? and y € CQj *+1 are all proportional to (z ®@y)ul™", therefore
every element in the quotient space C2 ® CHMisa (finite) linear combination of the monomi-
als (z ® y)u}, for n € Z, which makes it identical to C> @ C¥*1[uF!]. With this identification,
the LUysly representation corresponding to the quotient module (3.48) will be denoted by

1

T @7, LUgsly — End(C? @ C¥H [u™]). (3.50)
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1 .
Also, we will often use the notation 3, ® mly, (A(z)), for € LUgsla, to stress that the ac-
tion in (3.50) uses the coproduct by construction. In other words, 7, ® 71y, (A(x)) stands
for the action of A(x) on (C?L1 ® (C%]QJrl reduced to the quotient space by the surjective map pl
from (3.49). We note that the intertwining property of pl guarantees that this reduction is well
defined, because the kernel of p? is invariant under the action of A(x) for all z € LU,sls.

In the quotient modules (3.48), we can now identify for appropriate values of z infinite-
dimensional submodules isomorphic to certain quantum loop modules. First, denote by W7
the subspace in C2 . ® (CQJJrl spanned by vectors wy, , , obtained via the iterated action of Fy
on woul'uy' where wo is the product (3.5) of highest-weight vectors in Ugslo-modules of spin—%
and j

Wi m = Flk(wo)urfu;”, 0<k<2j+1, n,meLZ.

Note that as in the finite-dimensional situation if £ > 2j4-1 then the corresponding vectors wy, , m
are just zero. We will also denote wy, := wg00-

Prop051t10n 3.8. The image of W = (wy, m)0<k<2j+1,n,meZ C c? L ® (C2]+1 under the projec-

tion p% from (3. 49) at z = q3+2 is a LUysla-submodule isomorphic to the quantum loop module
CH*2 of spin-(j + 3)-

u1q1

Proof. First, the action of E; preserves W7/ because using the commutator relation between E;
and Fy and the fact that all vectors wg ,n are annihilated by Ey we get E1(wWknm) ~ Wk—1,n,m,
and so the image of W/ under pg is equally preserved by the action of F; because pi commutes
with all E; and F;. Let us now analyze the action of Ey and Fy on the vectors wy, ;4. Observing
that wg pm = wruiuy, we get for the action the expressions similar to (3.7)

Eo(Win,m) = Eo(wr)uiuy' = eq g(u1, u2)Wii1,n,m + €2k (w1, ug)vpuiuy’,

Fo(wgnm) = Fo(wg)utuy' = fig(ur, u2)wr—1nm + for(ul, u2)vg_guiuy’,

where vy, is defined as in (3.6) and the coefficients are as in (3.8)-(3.10). Note that the im-
ages pz(wk n,m) are all proportional to p]z(wk) "M 5o the vectors Wy = pﬁ(wk)u?, forn € Z
and 0< k < 2j + 1, form a basis in the i image of WJ under the projection pl. Then, the action
on these basis elements Wy at 2z = ¢ +3 simplifies to

Eo(wkn) = ¢ Y wt1n-2, Fy(win) = ¢¥[25 + 2 — klqwg—1n+42. (3.51)

We thus see that LU,sls acts on p]; (Wj ) We now show that p]; (Wj ) is isomorphic to a quantum
loop module. First note from (3.51) that the action of Ey and Fjy changes the index n by +2 while
the action of E7 and F} keeps it unchanged. Therefore p; (Wj ) is decomposed onto a direct sum
of two LU,slo-modules: one generated by wp o and the other by wp 1. We identify each of these
modules with the quantum loop module (Cij +J2 in the homogeneous gradation, using essentially
the same analysis as in the proof of Lemma 3.1. Then using Lemma 3.7 we conclude that the
image py (WJ ) is isomorphic to the quantum loop module (CQJ +]-2 which proves the proposition. W

We can now construct an intertwining operator corresponding to the quantum loop submodule
described in Proposition 3.8

gU+D: CHP 5 2oV (3.52)

uq itsy’
where for simplicity we use the same notation as in the finite-dimensional setting of Sec-
tion 3.2. First, we identify the quotient space C2 ® (C2] ﬁlg with C? @ C¥+! [uil] as discussed
below (3.49). Using this identification, we define the act10n of EU 2) on Laurent polynomials
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33;2 = CH+2 [uil] simply on their coefficients by the same matrix as in (3.14), with the

matrix entries from Lemma 3.1 given in the basis fixed below (3.14). This action on coefficients
is well defined because the matrix entries do not depend on u. We then extend this action
linearly to Laurent polynomials in . With the discussion below (3.50), it is straightforward to

from C

check the intertwining property (3.15) of such linear map & (+3) along the same lines as in the
proof of Lemma 3.1. Similarly, its pseudo inverse map F (i+3) is first defined on coefficients of
Laurent polynomials as in (3.21) with the same matrix entries (3.22)—(3.23), and then extended
by linearity. Note that F (+3) is not a LUgslo-intertwiner.

Finally, we have a construction of intertwining map & (G-3) analogous to Section 3.3. This map
corresponds to the spin-(j — %) quantum loop submodule in the quotient module C? ® Ci{} f}f%.
To see this, one can follow the proof of Proposition 3.8 but using the vector vy from (3.5)
instead of wp. We thus get a LU,slz-intertwiner

gU-3). %

ug—J—1

— CZRCYt, (3.53)

defined on coefficients of Laurent polynomials by the matrix (3.24), with the matrix entries
from Lemma 3.2. This map satisfies the same relation (3.25), now in the context of discussion
below (3.50). Similarly, its pseudo inverse map F (1=2) is defined on coefficients of Laurent
polynomials via (3.27) and (3.28).

4 Spin-j L- and K-operators

In Sections 4.1 and 4.2, we define spin-j L- and K-operators, respectively, as evaluations of
universal R- and K-matrices for H = LUysly and B a comodule algebra for a certain twist
pair. Using the intertwining operators constructed above, we obtain main results of this sec-
tion: explicit matrix form of the so-called fusion and reduction equations satisfied by the spin-j
L-operators, in Propositions 4.5 and 4.9, respectively, and similarly for the K-operators in Propo-
sitions 4.18 and 4.20. We also establish the so-called P-symmetry and unitarity properties of the
fused L-operators. In the final Section 4.3, the comodule algebra structure on B is characterized
within the framework of the spin-j K-operators and the Ding—Frenkel L-operators.

4.1 Spin-j L-operators

4.1.1 Evaluation of the universal R-matrix

As we noted before, the universal R-matrix R for H = LUysly is an element of a certain
completion of LUysly @ LUysly (see details, e.g., in [3, Section 2.5]), expressed as a product
over an infinite set of root vectors [73, Theorem 1], see also [35, 54, 62]. We give the universal
R-matrix expression in our conventions in Appendix A. In this section, we consider 1- and 2-
component evaluation of R on the formal evaluation representations 7 studied in the previous
Section 3.5, recall (3.41) and (3.43).

Definition 4.1. For j € %N, we define
L9 (uy fup) = (ev, ® ), ) (R) € Uysla[[uz/u1]] @ End (C¥ ). (4.1)
We call LU)(u) the spin-j L-operator. In particular, L(®)(u) = 1 by (2.2).
A few comments for the above definition are necessary:

e Strictly speaking, the right-hand side of (4.1) does not make sense literally because R does
not belong to LUysly ® LUyslz but to its completion which is much bigger and a priori
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is not of a tensor product form, so we cannot apply a map of this form. What makes
sense is to use a bi-gradation on the positive part Equq generated by E;: the degree
of Fy is (1,0), while £; has degree (0,1). In other words, replacing ealuch E; by z;E; in
the g-exponent expression (A.2) of R produces PR(zg, z1) such that ¢~ 2M®MR(z, 1) €
LU, ® LUGsL [[20,21]]. Now, we can apply a map of tensor product form coefficient-
wise, and set zg = z1 = 1 in the end of the calculation. This is what we will always use
implicitly in the exposition below.

e First, we evaluate 2nd tensor component of R at j = % treating ug as a formal vari-
able. This is done in Appendix A.3.2 using the exponential form of R reviewed in Ap-
pendix A.2. This calculation essentially amounts to evaluating infinite series of the root
vectors with (3.43), that is why one needs to consider ug as a formal variable and not
just a complex number. The result of such evaluation is the L-operator of type f;(%)(m)
from (1.3) for H = LUysl, and it takes the form of the Ding-Frenkel L-operator [38]. It
is a 2 x 2 matrix with entries from LUgsl5[[us]].

e In the second step, it is straightforward to evaluate the remaining 1st component of R
with (3.42), see our calculation in Appendix A.4, and with the final result that depends
on the ratio u = uj /ugz only

L&) () = p(u) L) (u)  with
lor g 1,1 1
E(%)(u)z ug2 K2 —u 1q 2 K2 A (761l q )1F,1 L, (4.2)
@-a B wgbd g b

where the ‘normalization’ u(u) is the following formal power series in u~!:

p(u) = ulg 2N, (4.3)

and A(u) is a formal power series in u with coeflicients from the center Z(U,sly), see
its explicit expression in (A.25). Formally, the result of evaluation in (4.1) belongs
to qulg[[ul_l, uz]] ® End (CQ), however we see that it actually belongs to a smaller space
which is Ugsla[[uz/u1]] ® End(C?). Furthermore, we show by the fusion construction dis-

cussed below that all the L-operators L) (u; /uy) are indeed formal power series belonging
to Uysly Hu‘l]] ® End(C2j+1) with u = uj /ug, as indicated in Definition 4.1.

Remark 4.2. The spin—% L-operator L(%)(u) was initially calculated in [24], with different
conventions on the coproduct, see [25, equation (4.62)].® The two L-operators are related as
follows. Recall that the automorphism (2.27) relates the universal R-matrix corresponding to
our coproduct with the universal R-matrix of [73]. Then (4.1) for j = $ reads

L&) (ur fup) = (id © 72) o (eva, ® evy,) 0 (v @ w1 (RET), (4.4)
where v is given in (2.26). Now, consider the automorphism 7: Uysly — Uysly defined by
7(E)=q¢ :EK™2, r(F)=q 2FK2, 7(K%2)=K%2.
Noting that it satisfies the property ev, o v=(z) = T oev -3 (x), for all z € LUysl, and rior =

1 uq
72, then (4.4) becomes

L(%)(ul/ug) =(r® ﬂ%) ofev _1®ev _1)(R*) =(r®id) (L(KT)(Ul/Uz))a

1
uiq 2 u2q 2

where LET) (u) is the L-operator from [25, equation (4.62)].

A(

8With the identification ¢ — u, s — —2, in particular e ¢ ,u(u)uq%, and sp — —1, s1 — —1.
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Evaluating the first component of L2) () on the spin-j; representation of Ugsla, we get the
R-matrix for any spin ji, jo,

RULI) (uy fug) = (8t @ 732) (M) = (77 @ id) (LY (us fus)), (4.5)
which is a matrix from End(C*'*! © C%*2%1) with entries in formal power series C[[u™!]].

Example 4.3. For j; = jo = % in (4.5), the corresponding R-matrix is given by

RG2 (u) = 77 (u(u)RZ (u)  with

o

where c(u) is given in (3.34) and with

) ( 0 R+ 4 g—k(2+1) u2k>

7w (u(w)) = u" g7 exp T - (4.7)

k=1

where we used the evaluation of the coefficients Cj of A(u) given in (A.25), see [25, equa-
tion (4.59)]. Note that R(z'2)(u) coincides with the expression in (3.33) for j = 3.

We recall that the L-operators satisfy the RLL relations. Indeed, applying (evu1 ® mﬁ ® 7[‘{[;)
to (2.3), one finds’

LY (w1 fus) LY (w1 fuz) R (uz fuz) = R (up fus) LY (ur fus) LY (ur fus).  (4.8)

Recall also that the R-matrix satisfies the Yang—Baxter equation. It is found by applying
(7' ® id ® id) to the above equation and setting uz = 1,

R (ug fua) R (g )REZ) (uz) = RYZP (un) RY ) (un) R (ur ). (4.9)

We recall that the so-called quantum determinant is given by [67]
1

1 1
() = tria(PRL? (W) L5 (ug)) = u2q? +u~2g2 - C, (4.10)

where trio sltalnds for the trace over Vi ® Vs, and P, = (1 — P)/2 with the permutation ma-
trix P = R(i’i)(l)/(q —¢'), and the Casimir element C is defined by

C=(qg—q )’ FE+¢K+q¢ 'K (4.11)

Remark 4.4. The inverse of ﬁ(%)(u) is given by

1

A R
B W] =

L&) (u ), (4.12)

with 7(u) from (4.10). Note that u™27(u) is invertible in Z(Ugsly) [ [u~!]] due to [70, Lemma 4.1],
and so 7(u) is invertible too.

9The RLL equation belongs to the triple product Uyslz ® End f((Cle'H) ® End 7((C2j2+1), and thus the L-
operator should be written as Lf)]i)(u) but here we omit the label 0 corresponding to Uysla.
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4.1.2 L-operators and fusion (%,j) — (j+ %)

We study a so-called fus10n relation for L-operators that expresses LU+ )(u) in terms of prod-
uct of LU)(u;) and LG )(uz). For this, we evaluate 2nd and 3rd tensor components of the
universal R-matrix equation (R3) on quantum loop modules with formal evaluation parameters
fixed as uy = ¢/T2u;. This fixing requires taking the quotient (3.48) to relate the two formal
variables u; and wug on tensor product (3.45) of two quantum loop modules (C2 and CQj +1,
respectively. Using Proposition 3.8, on this quotient module we get a LU;sla- submodule isomor-
phic to the quantum loop module C; 2 +j of spin- (j + ), with the corresponding intertwining
operator &Y (1+3) described below (3. 52 AS it was explained there, this intertwiner is defined
by Lemma 3.1 and its pseudo-inverse FUT2) s fixed by (3.21) with (3.22), (3.23). Using the
associated identity F\ U+3)glt3) = = idg2j+2p,+1), fusion relations satisfied by L-operators and R-
matrices are exhibited in the following two propositions.

Proposition 4.5. For j € %N, the spin-j L-operators (4.1) satisfy the following relations:
1 (‘+l) : 1 (1) . (~+1) _ .
LU2) (u) = F,1 VLY (ug™ 2 LY (ug?) €y 7 € Ugsla [[u™']] © Bnd (CH¥2),  (4.13)
where we use the notation (12) to indicate which spaces are fused, i.e., where the intertwin-

er E0F3) acts, and here we use its finite-dimensional matrixz form given in (3 14) with (3.16).

Proof. By definition of the L-operator we have LU+ (w/u) (evy ® Ty 2)(9%) Using the
pseudo-inverse property F“ (+3)glt3) = = id, we get

LU+ (w/u) = (1@ FOHHET+D) [(ev,, @ ) (99)]

)(id ® A)(R)] (1@ E6H2))

1
uq?2

(
= (Lo FOHD) [(evy @ ms, ;7!
1 . .
= (Lo FU ) [(evw @ml ;@7 1) (RsPia)] (10 EUF)
ugq

= (1@ FODILY (¢ b w/u)LS? (¢ /u) (1 @ £64D),

where in the second line we use the convention discussed below (3.50). Here, the second equality
is obtained using the intertwining property (3.15) which is applicable in the formal u setting
too, following the discussion below (3.52). Applied to elements of 2nd tensor component of R
this intertwining property takes the following form:

C NI

(1@5@*%))[(1(1@#*2)(9%)]:[(ldm Ler )o(de A)(R)](1eEit),

uq

Nl

where the maps of the tensor product form are applied to PR(zg, z1) coefficient-wise with respect
to the bi-grading we always use to treat properly the universal R-matrix expansion, recall the
first comment below Definition 4.1. Then, the third equality in the above calculation is due
o (R3), and the last one is by definition of the L-operator. [

Remark 4.6. Proposition 4.5 is a generalization of [66, Proposition 3.3], where a similar fusion
formula is given for ‘L-operators’ which are in our terminology R-matrices on the tensor product
of the spin-j and Verma modules. The L-operators of [66] are recovered by evaluating entries
of the matrices (4.13) on the Verma modules of Uysly. The other novelty with respect to [66] is
that we give and use explicit expressions for the intertwiners £) and their pseudo-inverses F).

Proposition 4.7. The R-matrices (4.5) satisfy for all ji,j2 € %N the following relations
in C[[u™"]] ® End(C¥1+! @ C22+1);

R(Jl,m)(u) _ ]_—&;R%,Jz)(uqﬂﬁ%)RéJ; 2’12)(uq%)5(31) (4.14)
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where
1

. i1 1. 11 . i L

Proof. First we show (4.15). By definition, we have R(%’h)(u) = (77% ®1id) (LU2)(u)), therefore
the application of (72 ®id) on (4.13) yields'® (4.15). Equation (4.14) is shown similarly to
Proposition 4.5 using now (R2) and (3.15). It gives

RULI) (v w) = (FUVEW @ id) o (7! @ ni2)(R)

_ ]_‘(Jl)[(ﬂ_% ®7Tj1_% ®ﬂ.j2)(m R )]g(]l)
- 12 1 v 1 w 13~123 (12)»

(12) vq_jﬁ_? q2

and using the evaluation of the universal R-matrix from (4.5), the result follows after substitut-
ing v/w — u. [

Remark 4.8. Recall that FU+3) is not uniquely determined, see Section 3.2. From the con-
struction in the proof of Proposition 4.5, it is clear that taking different expressions for F (G+3)
yields the same L-operators and R-matrices.

4.1.3 L-operators and reduction (%,j) - (J— %)

We now considelr quantum loop submodules of spin-(j — %) and the corresponding LU,sls-
intertwiner £V~2) in (3.53). With the intertwining property (3.25), we can write

(1@5"0'—%))[(1(1@7{%)(9%)] = [(id@quj+1 ®7ri ) o (id® A)R)] (1@ EV-2)),

NI

q

with the convention discussed below (3.50). Then, the proof of the following proposition essen-
tially repeats the one of Proposition 4.5.

Proposition 4.9. The L-operators (4.1) satisfy for j € %NJF the following matrix relations with
coefficient in Uysla Hufl]]

] a1 ) 1 . _(i—1
LU~2) (u) = Filp DL (ug )L (ug 7Y€l 2. (4.16)

4.1.4 P-symmetry of spin-j L-operators

We now give our first application of the fusion formula in Proposition 4.5 to show the so-called
P-symmetry property of the spin-j L-operators, in (4.20) below. As a consequence, we show
that the P-symmetry

R;Jf’jl)(u) _ R(jl’jQ)(u), (4.17)
with
Rgf’jl)(u) _ 7)(j2,j1)73(j2,j1)(u)p(jhh)7 (4.18)

holds for any j1, jo, for the case of H = LU,sl>. Note that a proof of this equation for R-matrices
can be found in [66, Lemma 2.1]. Here, we give a different proof by showing first a more general
relation

(v, @7 L) (R) = (evy, @ ,) (Rar), (4.19)

2

19The shifting of the labels {0, 1,2} to {1, 2,3} is due to the convention that the first tensor component of LY (u)
is labeled by 0.
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which can be interpreted as the P-symmetry on the level of L-operators. Indeed, identifying the
left-hand side of (4.19) with the spin-j L-operator defined by (4.1), the equation (4.19) reads

LY (ug/u1) = (evy, ® 1) (Ra1). (4.20)

The proof of this equation is done by induction on j. It is straightforward to check that (4.20)
holds for j = %, by a calculation similar to the evaluation of R in Appendix A. Now assume (4.20)
holds for a fixed value of j, we show it holds for (j + %) It is done by identifying the right-hand
side of (4.20) with (4.13). Indeed, by an analysis similar to the proof of Proposition 4.5, using
the pseudo-inverse property Flut)gli+s) = id, (3.31) and (id ® A°P)(Rg1) = R31MR21, one gets

=

®m _1 )(9%319%21)] (1 ® 5(”%))

u2q 2

= }—<(f2>2)L§2)(“ ¢7% /u1)L J)(u2qj/ul)g<(ig>2)a (4.21)

(evay ® Tt ) (BRor) = (1® FOH) [(ev, ® 72

u2q’

where we used the assumption (4.20) for a ﬁx<§d j to get the last line. Then, comparing (4.21)
with (4.13), one finds that indeed (ev,, ® mjm )(Ro1) = LUTs ) (ug/ur).

Now, by specializing the first tensor component of (4.20) on the spin-j; representation and
for j = ja, one obtains

RUYI) (ugfur) = (mfh @ wl2) (Ran). (4.22)

Finally, the immediate corollary of the latter relation is the P-symmetry (4.17). Indeed, the
R-matrix defined in (4.18) can be interpreted as the evaluation of the flipped universal R-matrix

RGP (uz/ur) = (wl}y @ wl2) (Rar), (4.23)

and thus (4.17) holds.

4.1.5 Fused L-operators and fused R-matrices

For further technical needs, let us introduce a higher spin generalization of 2 X 2 matrices £G) (u)
from (4.2). For any j € 3N, we define the fused L-operators £U)(u) € Ugslo[u,u™] ®
End((CQj‘H) as

. 201 . 1
E(J-l-%)(u) — f£f$2)£g])(uq_%)£( )(uq )5<(J+> 2), (4.24)

Although not needed here, it can be proven directly by induction that £)(u)’s satisfy the
Yang-Baxter equation (4.8), where LU)(u) are replaced by £U)(u). We now give the relations
between the spin-j L-operators (4.1), obtained by evaluation of the universal R-matrix, and the
fused L-operators (4.24).

Lemma 4.10. The spin-j L-operators and the fused L-operators are related as follows:
L) (w) = 1) ()£ (1), (4:25)

where

2j—1

= H M(qu*%*k) (4-26)
k=0

is central in Uysly [[U_IH
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Proof. The relation (4.25) is shown by induction on j using (4.13) and (4.24) and the fact
that p(u) is central in Uysly. The first step of the induction is given by (4.2). [

As pointed out in [25], using the explicit expression (A.25) one can show that the “normalis-
ing” generating function p(u) in (4.2), given by (4.3), satisfies the following functional relation:

p(u)p(ug)y(u) =1, (4.27)

with y(u) introduced in (4.10). Actually, this functional relation can be independently derived
from the fusion and reduction relations obtained in Propositions 4.5 and 4.9 without the knowl-
edge of (4.3), as we now show.

Proposition 4.11. Assume the spm—% L-operator is of the form (4.2) for some formal Laurent
series p(u) from Z(Ugsle)((u™1)). Then, the functional relation (4.27) holds.

Proof. Comparing L(%)(u) = u(u)ﬁ(%)(u) with (4.16) for j = 1, it follows
1 B v (L iy (), oo
£ (u) = p(ug l)u(uq 2)]:<(122)>£gl)(uq 2)£§2)(uq 2)551221, (4.28)

where we used () (u) in (4.26). For the right-hand side of (4.28), after a direct calculation we
find that

Fii 8" (wa ™) 217 (wa 2)E(5) = 2(ug™)£ B w)

Then, since E(%)(u) is invertible by (4.12), the relation (4.27) follows. [
We obtain the following corollary of the functional relation (4.27).

Corollary 4.12.

(i) The inverse of L(%)(u) is given by

N

L& ()] = —p(ug L@ (uh).

(ii) The quantum determinant of the L-operator L(%)(u) is such that

1 1
tr2 (PR (LS (ug)) = 1, (4.29)
where P~ is given below (4.10).

Proof. Recall first from (4.3) and Remark 4.4 that p(u) and «(u) are invertible. Then, to prove
the first statement we use the first equality in (4.2), (4.12) and (4.27). Equation (4.29) follows
directly from the first equality in (4.2), (4.10) and the functional relation (4.27). [

Remark 4.13. Assuming that p(u) in (4.2) is an invertible Laurent series in v with coefficients
in a commutative subalgebra of Uysly, its explicit form (4.3) can be derived, up to a sign, from the
quadratic functional equation (4.27). Indeed, we can write pu(u) = pou=Pg(u) for some scalar
and positive integer p, and g(u) is an invertible power series with coefficients in a commutative
subalgebra of Uysly with constant term g = 1. Using (4.10), the relation (4.27) fixes p = 1
and po = ¢ 2. Therefore, p(u) = +u~tq~ 2 g(u) where by (4.27) g(u) satisfies

gwg(ug)é(u) =1  with &(u)=1—-Cu ¢ 2 +u g™ (4.30)
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Equating the left-hand side of the first equation in (4.30) with the one for u replaced by ug~! is

equivalent to g(uq)&(u) = g(uq_l)g(uq_l). Inserting g(u) = >_72, gru™" in the last equation,
we get the following three-term recurrence relation

gk = —ﬁ(—(qk — ¢ ") Cq gh—a + (¢" — ) g gra),

(¢ —q7")

with initial conditions gy = 1 and g = 0 for all £ < 0. It gives g; = 0, which implies gop11 = 0
for all £ > 0. Thus, g(u) € qulg[[u_z]] and by assumption [gox, go¢] = 0 for all £,k > 0. As
every formal power series can be written in an exponential form using the Bell polynomials,!
let us define g(u) = exp(A(u=2¢™1)) with A(u) = Y, Apu”. Now, taking the logarithm of
the relation (4.30) with shifted argument v — ug~!, we get the relation

A(u_2q) + A(u_2q_1) =— log(l —Cu™ 2+ u_4).

Introduce the central elements Cj € 2Z (Ugyslz) defined by (A.8) in order to rewrite the right-hand
side as the power series Y oo, Cp%— “+%—- Comparing the coefficients of the power series on both

sides of the relation above determines unlquely A = (tz’“#-CT’“)k’ which concludes the proof.

We now introduce fused R-matrices by analogy with (4.14) and (4.15)

o N (L . Ll ,
R(Jma)(u) _ .Fg;;Rg;’”)(uq_]l—’—%)Ré]; 2’32)(uq%)5<(£§, (4.31)
for j1 > 1 and where
: 11 L (igd
R ) = FP B (w4 R (e 7 (4.52)

with R(é’é)( ) given in the right part of (4.6), and show that (4.32) indeed agrees with the
explicit expression for R(z )(u) given in (3.33).

Lemma 4.14. The R-matrices (4.5) and the fused R-matrices (4.31) are related by
RO (u) = fU019) () RO92) (), (4.33)

where

(4.34)

1+q2k [2]1]qk[2j2]qk L

o 2k —2k —2k
f(]mz)(u) —u 4]1]2q 2j172 exp ( ) 7

k=1
and (4.32) agrees with (3.33).

Proof. Firstly, we prove (4.33) for j; = % We show by induction on js that

RG92) () = 73 (192) (u)) RG92) (w),

N
w

5

(4.35)
and we identify ﬂ%(u(ﬁ))(u) with f(%’jQ)(u). For j, = 1, it is given in (4.6). Now, assuming (4.35)
holds for a fixed value of js, we show it holds for j, + 3. Inserting (4.15) and (4.32) in (4.35)
for jo — jo + % and using (4.26), one finds that the equality indeed holds. Then, using (4.26)
and (4.7) we find that

(4.36)

. . . © 2k —2k —2k
w%w(m)(u)=u—2ﬂ2q—ﬂ2exp( T (2] )

272] k
2k []2(]
1 1+¢q

and it coincides with (4.34) for j; = 5

“TAq,...klqg FA

5 k), where By(z1,...,z) are the complete Bell polynomials.

UNote that gor = Brla
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Secondly, we show that (4.32) agrees with (3.33). On one hand, using (4.2) it is straightfor-
ward to find that (recall the notation in (4.18))

R () = PUD (2 @ id) (LE) (u)) | PE) (4.37)
is proportional to (3.33). On the other hand, from the P-symmetry in (4.17), one has Ré]l%) (u) =
R(%’j)(u). Therefore, R(%’j)(u) is equally proportional to (3.33), as well as the expression
in (4.32), recall (4.35). Finally, comparing the matrix entry (1,1) of (3.33) and (4.32), one
finds that they are equal.

Thirdly, assuming that R1:92) (u) is proportional to RU172)(u) as in (4.33), we show that
fUL32)(y) takes the form (4.34). Replacing the R-matrices and the fused R-matrices in (4.33)
by (4.14), (4.31), and using (4.35) one gets

251—1

f(jhjz)(u) — 77% (M(j2) (uq_jﬁ'%))f(jl_%’h)(uq%) _ H [7'(% (M(jQ) (qul_%_k))}, (4.38)
k=0

where we set f(%72)(y) = 1. Finally, using (4.36) in the latter relation, one finds that fU172)(v)
is indeed given by (4.34) and so the claim follows. |

As a consequence of the above Lemma 4.14, we see that the P-symmetry (4.17) follows from
equation (4.17) with the fact that fU172)(u) = fU2J1)(y) and that p(u) is invertible.

4.1.6 Unitarity properties of fused L-operators

Later in the text, we will need various relations satisfied by the L-operators and R-matrices.
They are obtained from the action of the quantum loop algebra (on tensor products) defined by
the opposite coproduct, recall Remark 3.3.

Lemma 4.15. The following relations hold:

= G+ (3 iy (), Ly o(+3)

LU*2) (4) :f<f2>2 L% (ug J)Lé])(uq2)€<12>2 , (4.39)
o i+l i1 , . i+

RULITE) () = fggz)R%’2)(uq_])7?f§]317j)(Uq%)gng,SQ)v (4.40)
) . 1 . 1. . i+l

R(H%,Jz)(u) - ]:g;:z)R%J?)(uq_%)Rgg’p)(qu)é'((f;;Q). (4.41)

Proof. Recall the discussion in Remark 3.3 about the action on tensor product of evalu-
ation representations given by the opposite coproduct. The same comments also apply to
the tensor product of quantum loop modules studied in Section 3.5. In particular, the in-
tertwining property (3.31) holds also at the level of formal u. Now, combining (3.31) with
(id ® A°P)(R) = R12MR13, which is obtained by applying pa3 to (R3), then (4.39) is proven simi-
larly to Proposition 4.5. Equation (4.40) follows from (4.39) by specialization of the 1st tensor
component to the spin-j; representation. The last relation (4.41) is proven similarly to (4.14)
but using (3.31) and (A°? ® id)(R) = ResMRi13, coming from the application of pi2 to (R2),
instead of (3.15) and (R2). [

Let us note that, using Remark 4.4, the L-operator (4.2) satisfies the unitarity property

() (u)ﬁ(%) (u™!) = —y(ug ™). (4.42)
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Proposition 4.16. We have the following unitarity properties of the L-operators and R-matri-
ces:

2j—1

) (u—l)ﬁ(j)(u) = £ ()W) (u™t) = (H _y(uq—j—ﬁ’f)) Iyjt1, (4.43)
k=0

R(jl,jQ)(u)R(jl,jQ) (u—l) — RUI2) (u—l)R(jl,jz)(u) o< T2, +1)(2ja+1)s (4.44)

for any j, 41,72 € %N+ and where the proportionality coefficient is a Laurent polynomial in u.

Proof. First, we need another form of the RLL equation (4.8)
R%l’h)(ul/uQ)ngl)(ul)ngZ)(uQ) _ Lg]é)(UQ)ngl)(ul)R%l’jZ)(ul/uQ), (4.45)

which is found by applying (ev, ® ™ ® 7T¥U2) o po3 to the universal Yang—Baxter equation (2.3),
using (4.23) and substituting v — u/uj, w — u/ug, where we also used the P-symmetry prop-
erty (4.22). Recall from Lemma 4.10 that LU)(u) is proportional to £U)(u), and so we also
have

R (uy Jug) L9 (un) £52) (us) = £52) (ug) £V (ur) RGP (s fuz), (4.46)
= G+3) 23 g\ pG) (LY @(F3)
LU () = Fiip £7% (ug 7)) (ug?) €157, (4.47)

where we used (4.39) for 2nd equality and the fact that all ) (u) are invertible. Recall that
the fused L-operators are defined in (4.24). This expression matches the fusion relation (4.47)
because, due to Lemma 4.10, both follow from the fusion relations satisfied by the spin-j L-
operators in (4.13) and (4.39). Indeed, comparing the two fusion relations written in terms of
fused L-operators £)(u), the coefficients (7 (uqfé)u(qu) and p) (uq%),u(uq_j) on both sides
cancel each other, as they are both equal to u(j+%)(u), see (4.26). Now, using (4.24) and (4.47)
for j = %, we get

(3, 1\ o1 1) A(3)
)L£5% (ug? )551;)]:51%522

[NIES

1
£V (u) M (u™!) = .7-"<(11;>£§2) (ug™

1~ A3 21 Ly o1
X (u Y4 2)[152) (u 1q2)€<(1%>. (4.48)
Then, we need to use (4.42) to show that (4.48) is proportional to the identity matrix. However,
there is an unwanted product €M F) which is removed as follows. We recall first Corollary 3.5,
then insert #H{y), [H{1] ™" =13 in the right-hand side of (4.48) and use (3.38), which gives

LO )LD (u1) = ]—"f%ﬁgé)(uq—%)ﬁg%)(uq%)é’f

(1) rqy(1) 71
u E12) [H<12>]

= FO L (wg )£ (uat) £ (w7t 1) £ (b))

(12)*~1 (127 (4.49)

where we used the RLL equation given in (4.46) to get the second line, and the property (3.40),
the RLL equation and (3.38) to get the third line. Finally, using (4.42), we get

ﬁ(l)(u_l)ﬁ(l)(u) =W (u)E(l) (u_l) = ’y(uq_%)v(uq_%)]lg.

More generally, by induction we get the unitarity property for any spin-j as in (4.43). Because
the evaluation representation of the L-operators gives R-matrices, we also have (4.44). |
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4.2 Spin-j3 K-operators

Here, we introduce analogs of spin-j L-operators, that we call spin-j K-operators, and show that
they satisfy the reflection equation (1.5) together with fusion and reduction relations.

As always, we consider the case H = LUysly as introduced in Section 2.4, however, without
specifying its comodule algebra B. Assume that a universal K-matrix K exists for a choice of B
and the twist pair (¢, JJ) = (9,1 ® 1) where 7 is defined in (2.28). Similarly to the situation
with the universal R-matrix R for LUyslp, by this assumption we actually mean that there
exists a “root vector” basis in B such that & can be formally written as a possibly infinite
sum of products of the root vectors, i.e., each term in this sum is an element in B ® LUysls.
In particular, a basis of root vectors for B = O, was constructed in [14] and for B = A, in [71].
With this assumption, we can consider evaluation of & on the second tensor component.

Definition 4.17. For j € %N, introduce
KW (u) = (id@ ) ,)(8) € B((u™")) ® End(C¥*). (4.50)
We call K (u) the spin-j K-operator.

Similarly to the case of L-operators, recall Definition 4.1 and comments below it, we consider
here u as a formal variable. In contrast to the L-operators, we do not have examples of explicit
evaluations of K, and that is why in the above definition we assumed that the entries of K-
operators are in the ring of formal Laurent series B((u_l)) instead of power series 1B’ [[u_l]]
However, in the case of B = A; we will see by Conjecture 6.1 in Section 6 that K()(u) is in
B[[u‘l]] ® End ((CQ), compare also with the similar Appel-Vlaar’s result [3] on 1-leg universal
K-matrices for B = Oj.

By Proposition 2.10, the universal K-matrix K satisfies the 1)-twisted reflection (2.18). We now
show that the evaluation of this equation leads to the reflection equation (1.5). To do so, we need
evaluation of the ¢-twisted universal R-matrices (2.12). Firstly, note that ¢» = n from (2.28) is
such that, recall the definition in (2.31),

eV, 01 = ev,-1. (4.51)

Then the evaluations of the -twisted universal R-matrices read

(it @ w2 ) (R = RUI2)(1/(uyug)), (4.52)
(nh @ 72) (R7)21) = R (1) (wrua)), (4.53)
(mt @ w2 ) (Rar)") = REY (uaup), (4.54)
(il © w2 ) (RID) = R (ur fuz), (4.55)
(rdt @ w2 ) (M) = RULI2) (ug fuy ), (4.56)

where Rgfd 1)(u) is defined in (4.18). Applying p23 to (2.18) leads to the universal reflection
equation ﬁlg(%n)%ﬁlg%gg = mggﬁu(mn)ggﬁlg. Finally, applying (id@ﬂ'il,l ®7Ti2,1) to the
latter equation using (4.52)(4.56), it follows that the K-operator (4.50) satisfies thé reflection
equation for any values of j; and jo'?

R (un fua) KE (RS (yu2) K™ ()
= K5 (u) R (wrua) K () RGP (wr /o), (4.57)

'2As for the L-operator LY (u), the K-operator should be written as K(()JZ) (u) but here we use standard nota-
tion K,EJ)(U) where we omit the label 0 corresponding to B.
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Due to the P-symmetry (4.17), the relations (4.53)—(4.55) become

(73t @ 72 ) (R)21) = RUM2)(1/ (ugus)), (78 @ 722) (R21)") = RUM2) (ugus),
(m @ w2 ) (RAY) = R (uy fus),

and the reflection equation (4.57) becomes the standard reflection equation
R(jl’j2)(U/l/’U,Q)ngl)(’U,l)R(ijQ)(u1u2)Kéj2)<u2)
= K5 (ug) RUM) (wg ug) KV (g )RV (), (4.58)

where we can also replace RU172)(u) by RU172) (1) due to Lemma 4.14.

4.2.1 K-operators and fusion (%,j) -+ %)

We follow here the same approach used for L-operators based on sub-representations in the tensor
product of formal evaluation representations of LU;sly, now considering (K3) instead of (R3).
Recall the intertwining operator U +3) is fixed by Lemma (3.1) and its pseudo-inverse F G+3)
is given in (3.21) with (3.22) and (3.23). We now obtain our first main result.

Proposition 4.18. The K-operators (4.50) satisfy for j € %N

‘ 1y . , 1 N oG+t
KO+ () = FODKY (ug™H)RED (w25 KD (ug?) €052, (4.59)

Proof. By definition of the K-operator, we have

KU+ (u) = (id o' 2)(R).

w1
Using the pseudo-inverse property F (+3)gl+3) = I2j42, we get

1 . . i1
(o 2)(8) = (1o FUt)elt))(idor [2)(R)

(LeFU)[(dor?, ,© ) elid® A ®)] (10 EltY)

1
1(]7

(1 () ./T(J-‘r%)) [(1d (= Wj—lq—j & 71'1];71 )(ﬁlgfﬁggﬁlg)] (1 X S(J-i-%))

1
q2
The second equality is obtained using the intertwining property (3.15)

1NN . j+4 . 1 ; . i+l
(oer ) e )@ = [(@orl., o )oldsA@®](1eesD).
Then, the third equality is due to (K3) and finally, from the definition of the K-operator (4.50)
and the evaluation of the twisted universal R-matrix (4.52), the claim follows. |

We see from the above Proposition 4.18 that KU)(u) is a formal power series in v~

, l.e., it
is in B[[u™!]] ® End(C#*!), whenever K(%)(u) is so.

Remark 4.19. Similarly to Remark 4.8, it is clear from the proof of Proposition 4.18 that the
K-operator does not depend on the choice of FU), as long as it satisfies FUWEW) = Iojt1.
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4.2.2 K-operators and reduction (%,j) —(j— %)

The proof of the following proposition is done similarly to the proof of the re;ducicion rela-
tion (4.16) for the L-operators, thus we ski]I) it. Recall the intertwining operator &£ =3) is fixed
by Lemma 3.2 and its pseudo-inverse FU~2) is given in (3.27) with (3.28).

Proposition 4.20. The K-operators (4.50) satisfy for j € %NJF

i1 (=) g () (. A\ (L, i3 (@) i1y gli—3)

KU 2)(u) :]-"<12>2 Kéj)(uq 2)R(273)(u2q J 2)K12 (uq J 1)5<12>2 .
Recall that we assumed that the universal K-matrix exists for a given choice of B and the
twist pair (9,1 ® 1). Therefore, the K-operator for a given spin is unique, that is, similarly
to the case of the L-operator, we obtain the same operator K(j)(u) either using the fusion

for (%,j - %) — j or using the reduction (%,j + %) — 7.

Remark 4.21. Consider the opposite coproduct A°? = p o A with the definition (2.23). It
follows from (K3)

(id ® AP)(R) = R12(RY) 4, R (4.60)

Recall that we obtained for A°P an intertwining relatlion in (3.31) where £0+3) is fixed as
in (3.16), see Remark 3.3. Thus, we also take FUt2) as defined in (3.22), (3.23). Then,
using (3.31) and (4.60), we obtain a new fusion relation for any j € iN

, 1y (L : : : ' +3
KU () = £ K (g7 RED (a2 74K (ug?) €1 (461

Similarly, we also have the intertwining rellation for A°P given in (3.30) with & (-3 fixed as

in (3.26), see Remark 3.3, and we take FU~2) as defined in (3.27) with (3.28). Then, using (4.60)
and (3.32), we obtain a new reduction relation for any j € $N;
1

A a1 1 . . . i =(j—2
K(]—%)(u) _ .F<(52>2)K§2)(qu+1)7—\{(%7]) (u2q3+%)ng) (uq%)ggmﬂ (462)

4.3 Comodule algebra structure using K-operators

Given the Hopf algebra H = LUysls, it is known that the coproduct, antipode and counit can
be formulated solely in terms of so-called Ding—Frenkel L-operators [38§]

Lo (w) = (deoa,)®), L (u)=[(dor,)®)] " (4.63)

They are computed in Appendix A, see (A.18) and (A.24). Then, one finds that L*(u) are
formal power series in uF!, i.e., L (u) are in Equlg[[uﬂH ® End((CQ). The modes of the
entries of L*(u) generate LU,sly and they satisfy the Yang-Baxter algebra relations

/(u/v)Li (u)Ly (v) = Ly (v)Ly (u) R
J(u/v)Li (w)LF (v) =
1
with R(3'3) (u) defined in (4.6). These four relations are obtained by applying (id ® 72_, @ 72_,)
to the following four equations
P2s(2.3), Mg 0y [pra(23)]9% Ry
Ryp' P2 0 p12(23)Ry, Ry 0y [pro(23)]9%) Ry,
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and using (4.63), (4.5) with (4.6) and (4.17), while the unitarity property (4.44) is also used for
the last one. The coproduct, antipode and counit of LU,sl; are respectively given by, recall (1.11)

(A ®id)(L*(u) = (Li(u))m (Li(u))m, (4.66)
(S @id) (L (u)) = (L*(w)) ", (4.67)
(e ®id)(L*(u)) = 1. (4.68)

These relations are easily understood using (R2) and (2.1)—(2.2): the relatjon (4.66) is obtained
by applying (id® id® 773,1) on (R2), and similarly for L™ (u) using (WE,I ®id ® id) o (id ®
A)(R™1). The relations (4.67), (4.68) follow immediately from (2.1), (2.2).

Consider the subalgebra in B generated by the matrix entries of the K-operator K(%)(u).
They satisfy the reflection equation (4.58) for j; = jo = % Similarly to the coproduct of LU,sl>
discussed above, the coaction for this subalgebra can be expressed in terms of L- and K-operators.

Proposition 4.22. The coazction map 6: B — B® LUysly restricted to the subalgebra generated
by the matriz entries of K2 (u) is such that

(6 @id) (K& (u)) = (L™ ()] )y (K<%>(u))m (L (w)) - (4.69)

Proof. From the fundamental axiom (K2), the left-hand side of (4.69) can be written as

SN

1
(id ®id® TFE_I) o (6 ®id)(R) = (id ®id®m _1) o ((R7)32R13NR93),

where (R")32 = (id ® id ® 7)(Rs2). Then, using Wi_l on = m, together with the definition of
the K-operator and L*(u) given respectively in (4.50), (4.63), the claim follows. |

In the case when B is generated by the matrix entries of the K-operator K(%)(u), equa-
tion (4.69) expresses the coaction map for B solely in terms of L- and K-operators. This is the
case when B = A, and it will be discussed in Section 6.

Let us now introduce a formal generalization of the evaluated coaction (2.35)

w = (id®evy) 0d: B — B® Ugsly[w™!] (4.70)

with a formal variable w. We will nevertheless call d,, the evaluated coaction for brevity. We
now consider the evaluated coaction applied to the matrix elements of the spin-j K-operator,
which is obtained by taking the image of (K2) under the formal evaluation map (id®evw ®7Ti ,1)
using (4.1), (4.20), (4.51), and is given by

(0 @ id) (KW (u)) = (LY (u/w)) o (K9 (u)) a (LY) (uw)) o (4.71)
On the other hand, the action of (id ® Wi_l) on (K1) gives
K9 (v)(id @ 7) [6,-1(0)] = (id @ 77)[5,(b)] KW (v). (4.72)

We call this equation the twisted intertwining relation for KU (u).

5 Fused K-operators for A,

In this section, we consider the comodule algebra B = 4, and related ‘fused’ K-operators.
Contrary to the previous section, here we do not assume the existence of a universal K-matrix.
Instead, we introduce the fundamental K-operator for B = A, and recall the corresponding
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Faddeev—Reshetikhin-Taktadjan type presentation following [9, 16]. Then, in Section 5.2, fused
K-operators KU)(u) built from the fundamental K-operator by analogy with (4.61) are shown to
satisfy the reflection equation (4.58) for all j € N, where K (u) is replaced by ) (u). This
is the main result in this section. We also establish the unitarity and invertibility properties
of KU )(u) in Section 5.3, and examples of the fused K-operators are derived explicitly for small
values of j in Section 5.4. In preparation to the discussion in the next section, in Section 5.5 we
calculate the evaluated coaction for 4, and also establish in Section 5.6 the twisted intertwining
relations for the fused K-operators which are similar to (4.72).

5.1 The fundamental K-operator for A,

An alternative presentation for .4, besides Definition 2.14 is known, which takes the form of
a reflection algebra [16] that is recalled below. Note that part of the material in this subsection is
taken from [9, 16, 69]. Let R(z:3) (u) be the symmetric R-matrix (4.6) which satisfies the quantum
Yang-Baxter equation (4.9) with the substitution RUJ0) (u) — R(%’%)(u). We now introduce
the K-operator that provides the reflection algebra presentation of A,, with the parametrization
from (2.32).

Theorem 5.1 ([16]). A, admits a presentation in the form of a reflection algebra. Introduce
the generating functions

Wiw) => W, U Wo(u) =) WU (5.1)
keN keN
Gi(u) = GeU ™ G (u) =) GeU* 1, (5.2)
keN keN

where the shorthand notation U = (qu2 =+ q71u72)/(q =+ qil) 1s used. The defining relations are
given by

1 1 1 1
RED (/o) (RS (w)k? (v) = K2 0 RED )i RED () (5.3)
with the R-matriz from (4.6) and
1 k -t
ugWy (u) —u= g W_(u) Gy (u) + L‘El)
K3 (u) = ) A k-(g+q7") q—q . (5.4)
-\gT4q —1,-1
— G (u)+ —— ugW_(u) —u=q  Wi(u
ki(g+qt) (u) qg—q! () +()

and with the identification (2.32).

We call K(%)(u) the fundamental K-operator for A,. We note that U~! can be written as
a power series in u~2 with the following expansion:

Ul = (1 + q_2)u_2 Z(—u_4q_2)£.
(=0

Thus, the generating functions Wa (u), G+ (u) start with u=2. Consequently, the leading term of
the diagonal entries of the K-operator in (5.4) is at u~!, while the leading term of the off-diagonal
entries is at u’. Therefore, K(%)(u) is in Ay [[u™!]] ® End(C?).

When we write W4 (u_l) and G4 (u‘l) it means replacing u by u~
power series in © ™2, this way we get

Wi (u_l) =Wy (uq_l) and Gt (u_l) =G4 (uq_l). (5.5)
In particular, this shows that K& (u_l) is equally in Aq[[u_lﬂ & End((CQ).

Lin U and developing in
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Explicitly, in terms of the generating functions (5.1), (5.2) the defining relations (5.3) read

W (), Wi ()] = W (), W (0)] + V- (), Wy (0)] = 0, (5.6)
(Ge(), W (v)] +[ (). G0 =0, == (5.7)
G+ (w),G1(0)] =0, (G4 (), G- (v)] + [G-(u), G4 (v)] = O, (5.8)
1
(U = V) Wi (u), W (v)] = M(Qi(ng(v) — G (v)Gr(u))
1
) 90— G0 + G=(0) - Ga(w), (5.9)
We(WWlo) = Wr@Wa(e) + - (0uw), G=(0)
F D Ve () We(0) — W (0) W) = 0, (5.10)
UG (0), Wi (w)lg = VIGs(u), W (0)]g — (¢ — ") Wi ()G () — Wi ()G ()
+p(UW4+(u) — VWi (v) = W(u) + W(v)) =0, (5.11)
UWe (), G (0)]g — VIW=(0), Gx()]g — (¢ — ¢~ ) (Wi ()G () — Wi (0)G ()
+p(UW(u) — VW= (v) = Wi (u) + W4 (v)) = 0. (5.12)

We note that the corresponding relations for the modes Wy, Wy, {Ggi1}ren give the compact
presentation from Definition 2.14. The modes {W_x, Wyy1, Gp11, Ck+1}k€N give actually PBW
type generators, called alternating. The expressions of the alternating generators W_j and W41
in terms of the generators of the compact presentation (called essential generators in [72]) are
obtained recursively from two of the defining relations of A, [16, Definition 3.1, equations (3.2)
and (3.3)]

W o1 =W+ — [WO;Gk+1] (5.13)
Wio = W_y + p[Gk-HaVVl] (5.14)

We introduce the following automorphism of A,
o: Wi(u) = We(u), G+(u) = Gx(u), ke — k+. (5.15)

It is obtained from the reflection equation (5.3). Indeed, note that the R-matrix is such that
7?,(2’2)( ) = MR 2)( )M, with M = 0, ® 0,. Consider the conjugation of the K-operator
by o,. Its entries read:

(K@) (w)0)i s = (K(%)(u))g_i g forl<ij<2

Then, multiplying (5.3) on both sides by M ® M, the automorphism o follows.
In the following, we need the so-called quantum determinant associated with the K-operator.
It is a generating function for central elements of A,, given by [67]

T(u) = —(3) (1,1 oy ~(3)
u) = triz (P12’C1 (u)R'=22 (QU )’C2 (UQ))a (5.16)
where P~ is defined below (4.10).

Proposition 5.2 ([9, 69]). The quantum determinant of the fundamental K-operator

B (u2q2 _ u*2q*2) . 2p
I(u) = ToEr=Y <A( ) () — - > (5.17)
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A () = — (g - g7 (@® + g 2) (Wi (W, (ug) + W-(u)W-_(ug))
+ (= ¢ ") (WP + u ¢ ) Wi (w)W-(uq) + W-(u)W4(uq))

1
_ (qpq) (G4 (u)G—(uq) + G- (u)G+(uq))

=G (u) = G (uq) — G- (u) — G- (uq), (5.18)

is such that [I'(u), an(v)] = 0. It generates the center of Ay, denoted by Z(Ay).

H

(1) .. _
We can expand A(2)(u) as a formal power series in u =2

1
AG) Zu “2ehi1 A, (5.19)

where

=0 *(q+q ) (" +q7"). (5.20)

An explicit formula expressing the central elements Ay in terms of the alternating generators
we introduced above is given in [9, Lemma 2.1]. We give a few of them, as they are used below.

Example 5.3. First few modes from (5.19), as elements of Z(A,), are

A1 =G+ Gy — (¢—q ) (WoWp + Wi W), (5.21)
. 2 _ 2
Ag = G + Go — W (¢ "WoWa + gWaWo + ¢ "W W_g + gW_1 W)
(¢—a7") 2 | 2\ (2 2y, G1G1+ GGy
b M T 2 ) (WE e w2) T RE 5.22
) (" +q77) (Wg +Wi) ; (5.22)
where W_; and W are determined by (5.13) and (5.14) at k = 0, respectively.
Lemma 5.4.
3 (=1 D) B e® (-1 = D)
K2 (u KR (u) = K2/ (w)K2) (u) = =21, (5.23)

where c¢(u) and I'(u) are respectively given in (3.34) and (5.17), and where the right-hand side
we consider as an element in Z(Aqg)[[u™1]].

Proof. Using our developing in series convention in (5.5) and the ordering relations of A, given
in Appendix B, it is straightforward to calculate (5.23). [

We will call the above property (5.23) the unitarity property of the fundamental K-operator
by analogy with the L-operator.

Let us now show invertibility property of the fundamental K-operator Kz )(u) from (5.4).
We first show that I'(u) is invertible in the ring Ay ((u™")). We notice that the constant term
of A(%)(u) from (5.18) is zero, which implies using (5.17) that the constant term of u~2T'(u)
is non-zero. Therefore, the latter formal power series is invertible in Z(Aq)[[u"!]] by [70,
Lemma 4.1]. We thus obtain that I'(u) is invertible in the ring Aq((u™')). Explicit expressions
of the modes of I'(u)~! can be deduced from [70, Lemma 4. 1] shifting the mode index by —2.
Since I'(u) is invertible, it follows by Lemma 5.4 that Kz )(u) is invertible too and its inverse is
given by

K& ()" = @K%)(u—l). (5.24)
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Remark 5.5. A central element of A, denoted Z(t) has been proposed in [69, Definition 8.4].
It is easily checked that adapting its expression to our conventions, one has

with the identification

p——(—a2% ot Wa(ug?) - SWES),
We(ug™2) = TWHT),  Gy(ug?) +p/(g—q ") = G(S),

G_(ug™2) +p/(q—gq ") = G(T).

5.2 Fused K-operators for A,

Recall R(%’%)(u) and the fundamental K-operator K(%)(u), given respectively in (4.6) and (5.4),
satisfy the reflection equation (5.3). By analogy with (4.61), we now introduce fused K-
operators KW (u) € Ag((u™!)) ® End(C¥+1).

Definition 5.6. For j € %N+, the fused K-operators for A, are

] 1 1 ) ) ) ; i+1
k0D ) = 205 Vi (g 9) R 20 ) ) wah el (529

with K(%)(u) defined in (5.4). We note that K£U)(u) € u4j2_2j./4q[[u_1” ® End (C¥H1).
The following theorem is our second main result.

Theorem 5.7. The fused K-operators IC(j)(u) satisfy the reflection equation for any ji, jo € %NJF

R(jl’jQ)(ul/UQ)’ngl) (ul)R(jl,jz) (u1u2)/ng2) (ug)
_ ngé) (UQ)R(jldé) (u1u2)IC§jl) (ul)R(jl 7j2)(U1/U2)- (5.26)

The proof of this theorem is very technical and was delegated to Appendix C. We proceed
by induction on j;, js, using several expressions for the fused R-matrices R(jl’jQ)(lu) defined
in (4.31). Moreover, the decomposition of R(%’j)(qﬁé), expressed in terms of £U12), F(j+%),
and HUT2) as given in Lemma 3.4, is crucial for the proof of this theorem, along with the
relations from Corollary 3.5.

Remark 5.8. Definition 5.6 and Theorem 5.7 provide a generalization of [66, Proposition 4.3],
where a similar fusion formula for diagonal K-matrices on the spin-j representations was given.
Our fused K-operators provide K-matrices on any representation of 4,, and in particular gen-
eral (both diagonal and non-diagonal) K-matrices on the spin-j representations are recovered
from K9 (u) evaluated on one-dimensional representations of Ay, see [10, Section 2.3] for more
details.

5.3 Unitarity and invertibility properties

We now discuss the unitar}ty and invertibility properties of the fused K-operators K@) () defined
by (5.25). Recall that K(2)(u) satisfies the unitarity property and is invertible, sce Lemma 5.4
and expression in (5.24), respectively. We generalize these properties for any spin-j.
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Proposition 5.9. Let

. +1) (i ) (20— 8B, 5y TS
IC(JJ'_%)(U) _ }_g;;Q)ICg) (uq—%)R(%J) (uzq]_%)/dQ) (qu)g(J""z)’ (5.27)

for j € $N4 and with /E(%)(u) = /C(%)(u). Then

| » 21 plya—i—s+k
KO @K (™) = <H c(qf—gq%—l‘”)f))

k=0

2j—22j—k—2
<i_[ JH 2 2] 1—2k— Z) ( —2q1—k+£)> ]I2j+1
k=0 =

~

=KW (u™ )K(])(u), (5.28)
where KU (u), T(u) and c(u) are respectively given in (5.25), (5.17), (3.34).
Proof. Recall that (5.28) for j = 1 was proven in Lemma 5.4. First, we show that (5.28) holds
for j = 1. Using (5.25) and (5.27), we find that the product K(l)(u)lC(l)(ufl) equals

Fi? (w3 D @iy (ugh) ) 7L RS (b D ()Y
1
2

ugh )RS (w1 3) RGP (u72)

where we removed the product €M FM) on the second line, similarly to the derlvatlon of (4.49).
Then, using (3.35) and (5.23) we have IC(l)( )IC(l)( ): —I'(ug™ %)I‘(uq 2)]13 Similarly,
we get K(l)(u_l)lC(l)(u) = —F(uq %)F( uq~ 2)H3 More generally, by induction we get both
equalities in (5.28) for all spin j. |

Remark 5.10. The spin-j fused K-operator KU)(u) is invertible and its inverse lies in
Ag[[u™']] ® End(C¥*!) and is given by

-1
2j—1 2j—22j
J u —j— 2+k) [J J—

[}C(J [H o= q2g = H H u2q¥ 12k e) (u —2q1—k+é)

k=0
]C(J

Remark 5.11. By direct calculations we have checked for j = ,2,2 that KU )( ) is equal
to KU)(u) defined in (5.25) and we expect this equality holds for any j. Note that K (u)
and KU (u), are direct analogs of the spin-j K-operators K@ (u) defined in (4.61) and (4.59),
respectively.

5.4 Examples of fused K-operators

In this subsection, we give examples of spin-1 and spin—% fused K-operators KU (u) for Ay,
defined by (5.25). Recall the function c(u) given in (3.34).
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5.4.1 Spin-1 fused K-operator
The expressions of glta) Flita) in (3.12), (3.13), for j = § read
1 0 0
0 1 0 1 0 0 0
£0 =, 2l | FO=o B VB
2la 0 0 0 1
0 0 1
From (4.32), the fused R-matrix reads
1 11 1y (L1 1
R () = Fi) R (ug 8 B3 (ug) €)
and is given explicitly by
c(ug?) 0 0 0 0 0
0 c(uq%) 0 c(g)\/12]q 0 0
1
Rr(: 1)(u) —c(uq%) 0 0 c(uq 2) 0 1 c(a)v/ 12l 0 . (5.29)
0 c(q)v/12]q 0 c(ug™2) 0 0
1
0 c(q)v/[2]q 0 c(ug?) 0 \
0 0 0 0 0 c(ug?)

From (5.25), the fused K-operator is given by

1 1
KO () = FO K (ug7) RGD (1)K (ugr) el

(12)

Using the above expressions, one finds that the entries ICEZL(u) are explicitly given by

1 1

K0 = (ela) ™ + 576 (g 1) (o4 e(@)G- ()
+o(u’g) (ugh Wi (ug4) — g AW (ug )

1

X (uq%l/\br (uq%) — u_lq_%W_ (uqﬁ)),

(¢+q) " '

Ky (w) = T (cw?) (pela) " + o (g )) (g Wi (ug?) — ' q EW- (ug

3

(p+ c(@)G (ug™2)) (ugzW-(ug?) —u~'g~2W_(ug?))
+ c(u?q) (uq%)/\q (uq_%) - u_lq_%Wf (ug™

C U2 1
K0 = i) o+ )G (a4)) o+ el (1),

c(q)! 1

Kar' () = 2kﬂ/ﬁ@(%ﬂq) (p+ c(q)G- (ug™2)) (ug? Wy (ug?) — u~'g 2 W_(ug?))

a2 (=24 @YW (ug2) + a3 (6 +u (2 + g 2)Wy (ug2))

x (p+ca)9-(ug?)).

e
N~
N
—~
S
~—
I
—~
—
hs
+
o)
—~
)
~—
Q
+
—~
g
Q\
N|=
~—
~
—~
s
+
Q
—~
~—
'~|Q
—~
g
)
N|=
~—
~—
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1

+ (@ @ (=2 @)W (ug2) + a2 (T (=2 + ¢) + uF)W-(ug"?))

_l’_

N = X N =
—~
I
L
N
+
—~
I
Q
N|=
~—
|
IS
—
1=
|
|
—~
I
Q
(NI

K5 (w) = o (K (w), K5 (w) = o (K (w)),
K3 (w) = o (K (w), K55 (w) = o (KK (w)), (5.30)

where o is defined in (5.15). The last two lines describe the exchange of the entries of the fused
K-operator due to the automorphism ¢ and can be seen graphically

(5.31)

As shown in Lemma C.3, the fused K-operator (6.1) for j = 1 satisfies the reflection equation

1 1
RED (u/w)K ) () RED (uo)k (v) = KD (0) RED (u0) K2 (u) RGD (ufv).

Note that the latter equation can be independently checked using the ordering relations given
in Lemma B.1.

5.4.2 Spin-% fused K-operator

The elements £0+2), FU+3) in (3.12), (3.13) for j =1 read

1 0 0 0
0 /B 0 0 1 0 0 0 0 0
0 0 L_ o (2]4[3]q [8lq
c3) = . ) \/([)?ﬂq . }_(%) _ 0 1+2], ?} 1+2], [?[ ] 0
’ v/ 13 2]4[3
Blq 0 0 1+[2](fZ 0 1+[é]qq 0
0 0 Bl g 0 0 0 0 0 1
3l
0 0 0 1
The fused R-matrix from (4.32) reads
13 (E) lyl (l’l) (§)
RG22 (u) = -7:(223>R§§ )(Uq 2)Ry3” (uq)€ 53,
given explicitly by
w0 0 0 0o 0 0 0
0 4 g 0 B, 0 0 0
0 0 a4 0 0 [2, O 0
0 0 o dwh g 0 VB, 0
RG3) () = c(u)c(ug)e <(9) _ 4
(u) = c(u)c(ug)c(q) 0 o 0 C(qu)l) . . .
0 0 [2 0 o < 0
a c(q)
0 0 0 Bl, O 0o L4 0
0 o 0 0 0 0o o cwd)
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From (5.25), the fused K-operator reads
3 _ 1 _1 1\ (3
For instance, the first entry reads

W (0 + c(@)Gs (ug ")) (e(u®a®) (p + c(@)G- (u))

X (uq2W+(uq) —ulgPw_ (uq)) + ufl((u2 (¢* —2) +u2g 2 )W_(u)
+ (u'e? + 472 = 2)Wi(w) (p + c(@)G-(uq)))
+ c(u2)c(u2q) (uW+ (uq_l) —u W ( 1))

< ((p71G4(u) +c(a) ™) (p + c(9)G- (uq))
+c(u?q?) (ugWy (u) — u™ g7 W (w)) (ug* W (ug) — u™ g *W-(ug))).

The other explicit expressions of the entries in terms of the generating functions for A, are not
reported here for simplicity. Under the action of o from (5.15), the entries exchange according to

(3)
Kii'(u) =

3

Njw

&

I

o like

(5.32)

=N(W W = NW oW

o Re
BN W N =

5.4.3 Spin-j fused K-operator

Specializing the formula (5.25), one gets the fused K-operator KU)(u) for any value of j starting
from (5.4). By analogy with the previous cases, note that one has the invariance of the R-
matrix (3.33)

2j+1
RGD(u) = MORGD ()MB)  with MY =0, ® 3 ET(lJ,QJHQ y
n=1

So, due to the automorphism o in (5.15), the entries of the K-operator of spin-j exchange as
’C%?n(u) = G(K§?)+2fm,2j+27n(u)) with 1<m,n<2j+1

This is analogous to the property in (5.31), (5.32).

From the fusion formulas (4.32) and (5.25), it is clear that the fused R-matrices and K-
operators can be expressed only in terms of the fundamental K-operator and R-matrix, and the
maps £U) and FU). They are given by

272 25—1
R (u) (H Tyams1 ® FU~ ) (H Ré}il (U J*W))

m=0

2j—2
x (H Ly2i—1-m ® 5(1+’£‘)> , (5.33)

m=0
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and

2j—2 2j
IC(J (H Iom ®]3' ) H {IC( [ H Rk%f{ u? 2]+2k+£>] }

k=1
252
X (H Ty2j-2-m ® 5““5)) : (5.34)
m=0

where the product stands for the usual matrix product and the products are ordered from left
to right in an increasing way in the indices. The proof of (5.33) is straightforward by induction
on j using (4.32), whereas the proof of (5.34) is more tedious. We proceed by induction check-
ing (5.25) using (5.33) and (5.34). Then, one obtains a formula similar to (5.34) for j — j + 3
but with unwanted products of £ FU). They can be removed usmg the same trick as in equa-
tion (4.49). Firstly, multiply (5.25) from the right by H+3 )[H(]+ )] = Ipj42 and use (3.38)
to move HUT2) to the left. Then, using successively the Yang—Baxter equation and the reflection
equation, the products £9) FU) are removed using the property (3.40).

Note that in the literature, another fusion procedure was developed for the R-matrix, see
[52, 60], and for the K-matrix in [64]. In this case, the analogue of the formulas (5.34), (5.33)
can be found for instance in [45, equations (2.1) and (2.7)].

5.5 Evaluated coaction of fused K-operators

The fused K-operators KU)(u) are expected to have a simple relation with the spin-j K-
operators KU (u) as will be discussed in Section 6, similarly to the relations between L) (u)
and £U)(u). Therefore, the evaluated coaction &, defined in (4.70) and applied to the entries
of IC(%)(U) is expected to be of the form (4.71) up to appropriate normalization.

Lemma 5.12. The evaluated coaction 8, : Aq = Aq ® Ugsly [wt?t] is such that, recall (1.11),

1 U_1
(6w @ id) (K1) (u)) = m(ﬁ(

[y
—
(NI

(u/w)) iy (K3 () oy (£3) (ww)) (5.35)

Proof. Assume the evaluated coaction takes the form
(6w ®id) (K2 () = f(u) (£ (w/w)) 1 (K (w)) 4y (£52) (ww)) (5.36)

where f(u) is assumed to be invertible central in Ay [[u™!]] @ Uyslo. We show that &, is indeed
an algebra homomorphism for a certaln choice of f (u). It is easily checked using the Yang—
Baxter algebra (4. 45) satisfied by £G )(u ) that (5.36) solves the reflection equation (5.3) with
the substitution k(2 ) (1) = (0 ®id) (/C( ) (u )). Then, we fix the function f(u) as follows. We
compare the left-hand side of (5.36) using (5.4) to the right-hand side of (5.36) that is computed
using £z )(u) given by (4.2). Consider the matrix entry (2,1) of (5.36). It reads

o k(a+q7!)

k+(q+q—1)5w(g—(u))+ pR— 8u(1)
_ flu) k o o
ket L:f(q—q DG @ B =G (w)® (w K +w’K)

+U(g+¢")G-(w)@1+ (¢g+q ") (¢ —q7?)

ky
X <k+wq% (UW4(u) = W-(u)) ® EK? + T
wq?2

(UW_(u) = Wy (u)) ®EK%>
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—1\2
pheklara ) <k+(q —q ) B~ (w K+ wZK)>]

(g—q1) k_
k (q+q1)?
+Ef_qq_1)Uf(u)(1®1).

By definition §,,(1) = 1 ® 1, so the above equation fixes f(u) = U™'/(q¢ + ¢~'), and then
dw(G—(u)) is also fixed. The same result for f(u) follows from the matrix entry (1,2). From the
matrix entries (1,1) and (2,2) of (5.36) one finds

S Wy (w) = f(u) [W-(u) @ ((q — ¢ ") EF - q(K - K—l)) — (W +w ) Wi(u) @1
(a—q7")
kik_(q+q1)
+(q+a (1@ (k2w EK?) +1® (k¢ 2wFK?))
+U(g+q YWi(u) ® K.

(k+q2G (u) @ (w'EK?) +k_q 2G_(u) ® (wFK2))

Then, inserting the power series (5.1) and (5.2), one gets

5u(Wo) = F()U (g4 ¢ ") [1® (kyq?w 'EK? +k_q 2wFK?) + W ® K].

=1

This corresponds to the evaluation of the coaction §(Wy) given in (2.33). Similarly, from the
analysis of d,,(W_(u)), we obtain the evaluation of §(W;) given in (2.34). [

The evaluated coaction of the generating functions (5.1) and (5.2) is readily extracted from
(5.35)
U—l

Ow(We(u)) = m

[W:F(u) @ ((a—q7")* S — q(K*' — K7))
_la-d)
kik(q+q7t)

+k-qTEG- (u) @ (w S KHE)) | + U7 (1@ (kegt w0 S K2

— (W +w ) Wi (u) @1+ (k+qi%g+(u) ® (ijISJrKi%)

+1® (k_qFrw* S K*2)) + Wa(u) @ K+, (5.37)
2

ks (2—q7) v! —2petl | 2Tl
=+t ——G+(u) @ (WK +w KT

kt (q+q7t) 7t a1+ ( )

+Gi(u) @1+ (q2 - q_2) (k#ﬁ% (Wi (u) — U_1W_(u)) ® (uﬁlS;K%)

+ kg (W_(u) — U™ W, (1) ® (w*' S K72)) (5.38)

kik_(q+q H)U! <k; N2 2 941 | 2
+ 1@ F(qg—qg 182 — (w?K* + w?KTY) ),
(a4—q 1) ki(q q ) T ( )

where we used the shorthand notation S, = F, S_ = F. We note that these expressions were
first obtained in [16, Proposition 2.2].!3 Expanding (5.37), (5.38) as power series in U !, it is
straightforward to prove Proposition 2.15.

Now, using (5.37), (5.38) we can compute the evaluated coaction of the quantum determi-
nant I'(u) from (5.17)

8 (G (w)) UG (u) @ S5 —

1

0 (I'(u)) = (u2q +u2g1) (g% + u2q9)

IN(u) @ vy(u/w)y(uw), (5.39)

13We corrected typos in [16], a prefactor was missing.
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where y(u) is given in (4.10). Here we used the ordering relations of A, in Lemma B.1 and the
PBW basis of Ugysly given by the monomials {ETKi%Ft | r,s,t € N}, see, for instance, [56,
Chapter 3].

The following result is a natural generalization of Lemma 5.12.

Proposition 5.13. The evaluated coaction of IC(j)(u) forje %NJ’_ is given by
2j

) ; Ut
(6w ®1d) (K(])(u)) = H q+ q —1 |u uq]+%*l7

X (5 2 (u/w)) 2] (’C(j) (u)) [1] (‘C(j) (uw)) (2 (5.40)

Proof. An induction argument is used. For j = 1, the relation (5.40) coincides with (5.35).
Now, suppose j > 1. For convenience, we omit the notation [1], [2]. Expand the left-hand side
of (5.40) using the expression of the fused K-operator (5.25) and the evaluated coaction (5.40).
It follows

50 (K9 () = FY) [510(,65%)(uquJr%))]R%J*%)(u2q7j+1) [5w(IC§j*%)(uq%))]5<(£>

(12)
27 1

U~ . l) T 1 1

- H Q+q 1‘u uq”%_p fg;)EgQ (uw 1(] ]+2)K§2)(uq J+2)

1 , 1,1 , i1 i1
X ,CgQ) (qu73+§)R§§’j 2) (u2qu+1)£éj 2) (uwilq%)lCéj 2) (uq%)
(G—3) el
x Ly (qu2)€<12>,
where we used J,, instead of 0,,®id for convenience. Multiplying on the left and on the right (4.46)
by ([,( )(v))_ and using (4.43), we get

(5.41)

1 , (-1 i1 . 1
£ @R Do)y ™ (07 = 2572 (0 ) R D/ ) (542
Using (5.42) for u — wwg 3tz v — u~lwg 2 and the commutation [ngl)(u),ﬁgh)(v)] =0,

(5.41) becomes

27

U1 ‘ 1 o ) o -
- Hq+q et | F L (g ) 22 (w2 (ug )
xR§2a 2>( 21 Y™ 2>(uq2)£< ) (wwg =) 29 )<qu%>5§{;>. 5.15)

On the other hand, inserting (4.47), (5.25), in the right-hand side of (5.40) one gets

25

. U1 ; (1) 1 _sady LG 41 :

0w (K (u)) = H q+q—1}u o fff%>£12 (uw™'q ]+2)£2j * (uw 1q2)8<(f;>
. l"_l _ 1 . .
xfff%ﬂC‘ N(ug 7RG (g T )KY T (ugh) el FU),

1 . i1 .
X L'(Q)(qu*”%)ﬁg 2)(qu%)8<(g>.
Now, in order to remove the products 8<( N F (g , multiply first the expression above from the
right by 7-l<1)2> [H§1)2>] . Then, using the relations (3.38)—(3.40), (C.5) and

RG3-D (w/u)ed ™2 (0)£2 () = £ ()Y ™ (0) REID (),

which is obtained from the RLL equation, after simplifications the expression agrees with equa-
tion (5.43). |
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5.6 Twisted intertwining relations for fused K-operators

In the next section, we will also need the twisted intertwining relations satisfied by the fused
K-operators. For the fundamental K-operator (5.4), the twisted intertwining relations have been
given in [16, Proposition 4.2]. This result is now extended to higher values of j.

Proposition 5.14. The following relation holds for any j € %NJF and allb € A,

K9 () (id @ 77) [6,-1(0)] = (id @ 77)[8,(b)] LY (v). (5.44)
Proof. Lemma 5.12 implies that
. 1 U_l .1 (l) .1
(ide 7 @id)[(5, @ id) (K2 (u))] = m}z(%a)(u/v)/c; (w)RY2) (uv). (5.45)
We then notice that KU)(v) satisfies the equation
. . 1 . . 1 . .
K9 (0) R (uv) K () RID) (u)v) = RO (w/) K () RID (uv) KD (v). (5.46)

This version of reflection equation follows from the standard reflection equation (5.26) for j; = 7,
jo = % and u; = v, ug = u. Indeed, we multiply (5.26) on the left and the right by R(‘jl’jz)(UQ/Ul)
and using (4.44) we obtain (5.46).

Now using (5.45), the equation (5.46) can be rewritten as

K9 () (d @ 77 @ 1d) [(5,-1 ®id) (K& (u))]
= (id® ®id) [(6, ®id) (K (1) ] P (v). (5.47)

This equation can be thought as an equation in Aq[[u_}l] ((U_l)) ® End((CQjH) ® End(CQ).
Denote the entries of the fundamental K-operator by le(nﬁn(u) € Aq[[u_l]], m,n = 1,2. Now,
considering (5.47) as four equations in A, [[u™']]((v™!)) ® End(C%™!), i.e., taking the matrix

elements of End ((CQ), it yields

KO @) ((id ® 79) [5,-1 (K @)]) = ((id @ 79) [8, (K2 ()] ) D (w).

Inserting the entries according to (5.4), extracting the independent relations and using (5.1),
(5.2), this implies (5.44). [

6 Fused K-operators and the universal K-matrix for A,

In this section, we assume there exists a universal K-matrix & for 4,. We are interested in
the precise relationship between the fused K-operators U )(u) constructed in the previous sec-
tion using (5.25) and the spin-j K-operators defined in (4.50) through the evaluation of the
universal K-matrix. Motivated by Lemma 4.10 relating spin-j L-operators (4.1) and fused L-
operators (4.24), and by supporting evidence discussed below, we propose the following conjec-
ture.

Conjecture 6.1. For j € %N, we have
KUY (u) = v (w)KY) (u) € Ay[[u™"]] ® End(C¥ 1), (6.1)
where KU (u) is defined in (5.25) with

v (u) = (Qﬁl,,( ) (21‘[22]1‘[ w2 (u(u2g¥ 22 f))). (6.2)

m=0
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Here ﬂ'%(u(u)) is given by (4.7) and v(u) = V(%)(u) is an invertible central element in Ag[[u™']],
defined by the functional relation

3 (1(uq))v(u)v(ug)I'(u) = 1, (6.3)
where T'(u) is given in (5.17), and has the evaluated coaction
() = (u2q + u~2g™") () ® (o) u(uaw). (6.4

We note that a solution v(u) to (6.3) can be uniquely (up to a sign of its constant term)
determined by recursion provided in the next lemma. Here, we assume that v(u) is invertible
and generates a commutative subalgebra in Aq((u_l)). In what follows, we use the following
notation

F(u) := 73 (1(u?q))T(w). (6.5)

We observe that only even modes of F'(u) are non-zero, i.e.,
o
Fu) =Y Fu (6.6)
k=0

Recall the central elements from Example 5.3, in terms of which the first modes of F'(u) read

Dl
=

1
Pq qzcy
i =21
(¢—q 1) T o(g—q )

with ¢ defined in (5.20).

1
A, F= L2 A, P4 (6.7)

o= a—a) 2 (-1

Lemma 6.2. The generating function v(u) = IJ(%)(U) from (6.1) is central in Ay[[u']] and
takes the following form:

v(u) = Z vpu~ 2k, (6.8)
k=0

where vy s fized up to a sign by
q 1 12
vi=—p a7 (g—q")", (6.9)
and all vy with k > 1 are determined recursively by

1 k—1 1— q—2(k+€)

V. — —FO ik Fk,gl/@. (610)

=0 1=q~

Proof. With the notation (6.5), the functional relation (6.3) takes the form

F(u)v(u)v(ug) = 1. (6.11)
Replacing u — ugq, we get from it another equation

F(uq)v(uq)v(ug®) = 1. (6.12)

Comparing both the equations (6.11) and (6.12), and using that by assumption [v(u),v(ug)] =0
and v(u) is invertible, we get

F(uq)v(ug®) = F(u)v(u). (6.13)
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Assuming v(u) € Ag((u™!)) with an expansion v(u) = Y50, vpu~* for some positive M
and using (6.13) with (6 6) we conclude by induction that M has to be zero. We can then
assume that v(u) = Y 3o, v,u~". Inserting (6.6) in the above equation (6.13), it is equivalent to

o 2]
S u (P — 1) Fp g, =0
p=0 k=0
2]
& (¢ % — 1) Py, _op, = 0, p=0,1,2,....
k=0

Let n € N. For p = 2n + 1, one gets

—2(2n+1)+2k

1 [1—9¢q
Z/én—i—l = _FO Z < 1 _ q_2(2n+1) ) Fkyén+l*2k‘
k=1

For n = 0, it gives { = 0 which implies by induction that all modes v, ; = 0. Thus, the power
series v(u) is of the form (6.8). From (6.11) we readily see that vy is fixed as in (6.9). Then, the
recurrence relation that follows from (6.13) with (6.8) and (6.6) is now given by

p
Z —2(p+) 1)F,_v =0,
=0
which determines v; as in (6.10). [

Example 6.3. Together with (6.7) and (5.21) and (5.22), we get explicit expression of the first
few modes of v(u) developed in (6.8) in terms of the alternating generators of A,

(¢—q¢) %200

vV = F17
plg+a)
_ —1)\2_3/2 1\ (.3 -3

V2:(q ') ¢ Fy + %(q )la 2q )F12 ; (6.14)
p(®+q72) plg+q1)

where 1y is fixed as a square root of (6.9).

Let us now show that KU (u) € A, [[u™!]] ® End(C%*!). First, we note that the leading
term of vU)(u) given in (6.2) is at u =43 2 using (6.8) and (4.7). Next, from the definition
of KU)(u) in (5 25), we ﬁnd that its leading term is at u%°~% using the fact that the leading
terms of K(z )(u) and R( 2 )(u) from (3.33) are respectively at u® and u2/. Finally, we conclude
that v (u)KU) (u) is in Ag[[u~!]] ® End(C¥+!) with its leading term at u’.

Below, we present supporting evidence for Conjecture 6.1, and then we derive from this
conjecture certain properties of the fused K-operators for j > 0.

6.1 Supporting evidence

For the clarity of the presentation, let us define
, . 4 1
KW (u) = v (w)KW(u)  forje 5N (6.15)

where we assume V(%)(u) is an invertible central element in Aq[[ufl]]. Importantly, it is not
assumed that KU)(u) is obtained from the evaluation of a universal K-matrix.
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We provide supporting evidence for Conjecture 6.1. We show that KU)(u) for all j satisfy
the following systems of equations

K (v (1d®7rﬂ)[ b)}:(idmﬂ‘)[a (5K (v), (K1)
(80 @ id) (K9 (w)) = (L9 (u/w)) o (KD (1)) iy (LY (ww)) (K2)

KO(u) = FI R (ug 7RG (u2q ) RY ™ (ug?)£Y)

(i2) (12)" (K3)

where R(%J)(u) is given in (4.15), if and only if (6.2) and (6.4) hold. Here, (K1')—(K3') are
direct analogs of (4.72), (4.71), (4.61), respectively. We will also show that KU)(u) satisfies the
reflection equation (4.58) where KU)(u) is replaced by K (u).

6.1.1 Fusion relation (K3'), intertwining relations (K1')
and evaluated coaction (K2')

We assume that v(u) is an invertible central element in A [[u™!]].

Lemma 6.4. The K-operators KU ( ) for all j € 1N satisfy the fusion relation (K3') if and
only if v (u) takes the form (6.2).

Proof. Note first that (5.25) contains R(%’j)(u) while (K3') contains R(%’j)(u), and they are
related by

27—1
RE (u) = (H ﬂé(u(qu+§+k))> RG (u) (6.16)

due to (4.35) and (4.26). Then, inserting (6.15) in (K3') and using (5.25) and (6.16), the
assumption that v(u) is an invertible central element in A, [[u™']], and that K9 (u) is invertible,
see Remark 5.10, the resulting recursion relation on 1) (u) takes the following form:

VUF2) (y) = v(ug)w (J)(qu) é(ﬂ(j) (qu—j+%)),
with 1) (u) defined in (4.26). This recursion gives the solution (6.2). [

In what follows, we will assume that (K3') holds, so in particular all ) (u) are central. Then,
using Proposition 5.14, the twisted intertwining relation for KU)(u) is immediate.

Lemma 6.5. The K-operators K9 (u) for all j € N satisfy (K1').
We now show that the evaluated coaction (K2') holds for KU (u).
Lemma 6.6. The KU (u) for all j € N satisfy (K2') if and only if 6, (v(u)) is given by (6.4).

Proof. We first con81der the case j = 1. Inserting (6.15) in (K2') for j = 1, using (5.35), and
the invertibility of £(2 ) (u), IC(%)( ), the resulting equation is equivalent to (6.4). It remains to
check that given the evaluated coaction (6.4), (K2') holds for higher j. Now, consider j > 1.
On one hand, inserting (6.15) in (K2'), the left-hand side reads

0w (P9 ()60 (KW (w))
7—1

(2H6 -4 )(HH o)
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25

Ut . ) .
X H g + q—l ‘u uqH—%—p (E(])(u/w))[z] (’C(])(U))m (ﬁ(j)(uw))[z], (6.17)

where we used (5.40), (6.2) and the fact that d,, in an algebra homomorphism. On the other
hand, the right-hand side of (K2') is

V(j)(u) ® ,u(j)(u/w),u(j)(uw) (,C(j)(u/w))[z] (IC(j)(u)) ] (ﬁ(j)(uw)) o (6.18)

Then, replacing 1) (u) and vU)(u) in (6.18) by (4.26), (6.2) respectively, and using (6.4)
n (6.17), we find that (6.17) and (6.18) are equal. [

Finally, assuming (K3') holds, so that v (u) are central by Lemma 6.4, we show that the
fused K-operators K ) (u) satisfy the reflection equation.

Lemma 6.7. The K-operators I~{(A)( ) satisfy the reflection equation (4.58) where KU (u) is
replaced by KU )(u ) for any ji,j2 € N+

Proof. By Theorem 5.7, the fused K-operators KU (u) satisfy the equation (5.26). Then, multi-
plying this equation by V(jl)(uzu(ﬁ)(v) and using the fact that they are central, we obtain (4.58)
where KU)(u) is replaced by K (u). [ ]

6.1.2 Functional relation on v(u)

We have seen in Lemma 6.4 that the relation (K3') fixes the normalization factor vU) (u) as (6.2).
Here we show that the analog of the reduction relation (4.62) for K) (u) leads to the functional
relation (6.3). Recall the functional relation on p(u) in (4.27) was obtained by comparing the fu-
sion relation with the reduction relation satisfied by the spin-j L-operators, see Proposition 4.11.
We proceed similarly for KU (u).

Proposition 6.8. The K-operators KU (u) satisfy (K3') and

py _(i_1y~ (1 , : . - _(i—1
KO- (u) = F 2)K§2)(qu—i-l)R(%,])(u2qj+%)K§J)(uq%)é’gmz), (K3")
for 3 =1if and only if v(u) satisfies the functional relation (6.3).

Proof. The equation (K3”) for j =1 in terms of fused K-operators reads as

K () = v(uq)o (ug? ) (u(w?a)n(u*a®) ("))
_(L 1 _(L
]:((122)>IC§2)(U )R(Tl) (U qQ)ICgl) (uq%)g((fg))a (619)

where we used ?((%)(u) = 1/( )KL ( ) the factorized form (6.2) for v (u) due to Lemma 6.4
and we used R(2°V) () = 772 (uq2) (ug™ ) R(2’1)( ), recall (6.16). From the relation satisfied
by p(u) given in (4.27) and using 7/ (C) = ¢* 1 + ¢~%~1, one gets

[NIES

(1(u)p(ug)) = (6.20)

m c(u)c(uq2) ’

where c(u) is given in (3.34) and by our standard convention the right-hand side is developed
as power series in u~!. Then, the equation (6.19) becomes

V(UQ)Z((qu))c(ZgZ?S) o <(1%2)>’C1%)(“q2)R(

D (2P (ug?)E2).  (6.21)

NI
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The right-hand side of (6.21) is now computed using the expressions for K(%)(u), KM (1) given
respectively in (5.4), (5.30), the fused R-matrix (5.29) and g<1§2>, .7:'<1§2> given by

0 0
1 0
1 V2]
§3) _ 0 2] F3) _ O o, 0 —17p, 0 0
(12) —I2, 0 ’ (12) 0 0 [2]4 0 _ 1 0
0 -1 1+[2]4 1+[2]q
0 0

In terms of the quantum determinant (5.17), one finds

751%2)>IC§%) (uq2)R(%’1) (u2q 551%21 = C(UQQ)C(UQq?’)I‘(uq)]C(%)(u)' (6.22)

Nt
~—
Kol

=
-
—~

I
(=)

N|=
SN—

This relation is obtained by applying the ordering relatlons for Ag given in Appendix B. Insert-
ing this expression in (6.21) and multiplying by [/C( 2 (u )]_ given in (5.24) the relation (6.3)
follows. u

Remark 6.9. As a consistency check, we observe the following:

(1) The evaluated coaction in (6.4) respects the functional relation (6.3) on v(u). Indeed,
using (5.39) and the functional relations (4.27) and (6.3), we obtain

8u (1(1)) 80y (1) )81 (D (w)) 2 (1 (wPq)) = 1 1.

(2) The expression for d,(v(u)) in (6.4) agrees with the direct calculation of d,,(v1). To see
it, we first recall the expression of vq in (6.14) together with (6.7) and (5.21). With the
expressions from Proposition 2.15, we need to calculate only the evaluated coaction on G.
This is the 1st mode of the current G_(u), recall (5.2), and thus d,, (Gl) is extracted from
the 1st mode of (5.38)

M&th@(Z( 2R — (w?K ! +wK))

+G1 @1+ (¢ — g ki (PWo @ (WEK?) + ¢ 2W; @ (w ' EK 7).

Combining all these expressions of §,, together as in (5.21), using that d,, is an algebra
map for any w, and simplifying, we obtain

sk (w? + w?)

ow(A)=A1®1—
(B1) =4 q—q!

1®C,

where C' is the Casimir element (4.11). Using (6.14) together with the expression of F}
n (6.7), we get the final result
1

q "o 2 _9
() =11 ®1+ w+w ) ®C,

which indeed agrees with the term at 42 in the expansion of (6.4).

In summary, the evidence supporting Conjecture 6.1 can be summarized in Figure 3.
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I K@ (u) . ; f{(j)(u)

, ; onjecture 6.1 - - - - - Q
(K1) evaluation (4.72) ] T P
i Conjecture 6.1 "y
(K2) evaluation (4.71) ] 3 (K2) ! ;)
i Conjecture 6.1 .
(K3) evaluation (4.61) ] ! (K3) 3 Z
| >
i Conjecture 6.1 ‘ ' n

(URE) evaluation (RE) ] | (RE) :

Figure 3. Supporting evidence for Conjecture 6.1, where the double-sided arrows connecting two equa-
tions signify their equality under the assumption that Conjecture 6.1 is true.

6.2 Coaction

Motivated by the dlscussmn in Section 4.3 and Proposition 4.22, we propose a right coaction for
the components of K( ) (u)

(6 ®id)(K (%)(“)) = (L7 ()]~ )[2] (K(2)( ))[1} (L+(“))[2]v (6.23)

where L*(u) are defined in (4.63) and are calculated in (A.18) and (A.24), respectively. First
of all, we show that the proposed coaction (6.23) indeed respects the relations satisfied by the
components of K(2) (u). Recall that, due to Lemmas 6.7 and 4.14, these relations are

l

1 1

(1 (1 (1

R (u/0) K2 () RG-S (o) Ky (0) = Ky (0) R (uo) K§2 () RED (ufv).  (6.24)
Lemma 6.10. The following element from (Ag ® LUgsls)[[u™!]] ® End(C?) and defined by

=~ (_ 1y (1

KO (u) = (L (u)] D (K(z)(u))m (L (w)) (6.25)
satisfies the reflection equation (6.24) where K(%)( ) is replaced by K1) (u).

Proof. We first substitute the K-operators in (6.25) into the reflection equation (6.24). Then
we multlply both sides from the left by Ly (u™')L; (v™!) and from the right by [L3 (v )]
x [L{ (u )] . One has for the left-hand s1de of the resulting equation

L7 (u )Ly () R (w/0) L7 (w7 R (w)Lf () REH) (wo) (L7 (7)) !

2 (w)LE ()RS (wo)[Lg (™)) L] ()] RS (v)
29 ()KL (v), (6.26)

where we underlined the steps of calculation that correspond either to the commutation relations
between L- and K-operators associated with different auxiliary spaces or to the use of variations
of (4.64), (4.65). For instance, in the first line we use

Ly (o ) RS (/o)L (w )7 = [Ty ()] T RED (/o)L (07,

which is obtained by multiplying the equation (4.6 ) with the all-minus choice, from the left
by [Ly (u)] 'R 2’2)(v/u) and from the right by R (3:2) )(v/u)[Ly (u)]~", then using the unitarity
property of the R-matrix given in (4.44), and finally, substltutlng u—u v —ov

On the other hand, the right-hand side of the equation obtained in the first paragraph of this
proof takes the following form:

L ()R P (o)L (o) R (o) L5 ()] R ()
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2 (ufv)
= K2 (0)RGD (w)K 2 (w) RE2) (u/o). (6.27)

N

= K )Ly (u )L (0) RED () [Ly (u1)] K () [Lf ()] R

Finally, comparing (6.26) with (6.27), one gets the reflection equation (6.24) that was proven in
Lemma 6.7. L

We finally show that ¢ defined in (6.23) is coassociative and counital, see (2.11). Firstly, we
check the coassociativity

((®id®id) o (6 ®id) (K3 (u))
= (e @ideid)(([L™(u)]™) 2] (KG)( () g (L7 () )
= (L™ (u™)]" 1)[3] (L™ () ){2] (K(%)(“))m (L+(“))[z] (L+(“))[3]
— (id® A®id) o (5 ®id) (K (u)),
where the coproduct is given in (4.66) and we used (A®id) ([LF(u)]™!) = (L¥(u ))[2] (LT (u ))m .
Secondly, the condition with the counit is checked using (4.68)
(id @ e ®id) o (§ @ id) (K2 (u))
= (id®c@id)o (L7 (u)] )y (K @), (L), = K (w).

Let us finally check that the coaction proposed in (6.23) reproduces the ‘standard’ ¢- Onsager
coaction (2.33)—(2.34) for the first two generators Wy and W1 Recall from (6.15) that Kz )(u) =
v(u)K2) (u), with v(u) calculated in Lemma 6.2 and K )(u) defined in (5.4). With the Ding-
Frenkel L-operators computed in (A.18) and (A.24), we compare leading terms at u~! of the
matrix entries (1,1) and (2,2) of both sides of (6.23) which gives

1 1

5(Wo) = 1® (krq? E\K? + k_q 3 FLK2) + Wy ® K1,
1 1

S(W1) = 1@ (kyq 2 FoKE + k_q? EoKE) + W, ® K.

These formulas indeed agree with (2.33) and (2.34), respectively.

6.3 Comments

Based on the supporting evidence given in the previous subsection, we believe Conjecture 6.1 is
correct. Some straightforward consequences are now pointed out. Firstly, some relations among
the fused K-operators (5.25) are derived. They generalize the relation (6.22).

Proposition 6.11. Assume Conjecture 6.1. Then, the following relations hold for any j € %NJF :

_ -_%)

[\.’J\H

_(i—1y (1
}—gmz),cgz)(uqﬁl)}g(z J)(u 73 )

2j—-2

_ (H ( 2q23 1— k w2 2]+1 k: ) (u), (6.28)
k=0

—%)Ké‘j)(uq_%)R(%’])( 2 —]—7) ( —j— 1

252
= <H c(u2q2j+2+k)c(u2q2j+k)> F(uq*jfl)lC(j*%)(u), (6.29)

k=0
where £072) s fized by Lemma 3.2 and F=2) 4s given in (3.27) with (3.28).
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Proof. From Remark 3.3, the intertwining property with A°P reads

M=

. i—L 1 iy
EUD(m, ) (2) = (2 @ ) (AP@)E0D)  Va € LUsD. (6.30)

uq 2
Now, express the left-hand side of (6.28) in terms of K-operators and R-matrices. It reads
-1y (L . 1o
.7'—<(i2>2)K§2)(Uq]+1)R( ) (u qJ+ )K( )(UQQ)E(] 3)
(a0 g () 0277))

(id o FU-2)) [(id @ 72 e e ) (d @ AP)(R)] (id@ gU=2))
R v (ug/ 1)) (u %)w% () (u2g? 7))
€2 il 0 K63 (). (631)

v (ugitV) ) (ug? )2 (u0) (u2gi*3))
Then, simplifying the normalization factors and using (6.3), we get
[,,(qu),/@qul)ﬁ(u(] 2)(u 7)) (uPgi 2 ))]*116(3‘7%)(“)

2j—2 -1

H 3 (u(ulg® 1 p(ug¥ k) I‘(qu)lC(j_%)(u).

Finally, using (6.20), the equation (6.28) follows. The relation (6.29) is obtained similarly. W

Secondly, we analyze the spin-0 K- operator K© )( ) and the analog of the quantum determi-
nant (5.16) for the spin-3 K-operator K ) (u).

Proposition 6.12. Assume Conjecture 6.1, then KO (u) = 1. Furthermore, the normalized
quantum determinant of the K-operator K(%)(u) s equally 1,

treo (PoK2) A5 (002 5c2) _
12(PRK 2 (w)R'22) (qu*) Ky? (ug)) = 1. (6.32)
Proof. Specializing (K3") to j = 3, we get
=(0) 1(3)/ B\ (i1 2y, 1
KO () = FO K (ugh )RS (02 Ky (ug?)
3 1 3 11 1
— v(ug? ) (ug?)m? (u(u?q?)) FOL K (ug? ) RGP (w22 KL (ug?)EL), . (6.33)
where £0), FO) are given by £©) = (O 1 -1 O)t, FO = (O % —% 0). Then, noticing
that for any two-by-two matrix A, one has the property

FlinAE(Dy) = trz(PppA), (6.34)

1 1
it follows from (5.16) that I'(u) = ]:—<(3>IC(§)(UQ)R(%’%)(UQQ)Kéi)( )5<( ) Therefore, the right-
hand side of (6.33) becomes K©) (u) = V(uq%)u(uq%)ﬂ% (1 (u?q? ))I‘(uq2) = 1, where we used
the functional relation (6.3). We finally note that the quantum determinant in the left-hand
side of (6.32) is KO (u), due to (6.33) and (6.34), and so it equals 1. [

PropOSItlon 6.13. Assume Conjecture 6.1, then Ko )(u) from (5.27) is equal to the fused K-
operator KU (u) defined in (5.25).

Proof. Recall the K-operators KU+ )(u) can be written either as (4.59) or as/£41.61) Usmg (6 1)
with (6.2) and the invertibility of 1@ (1), we show by induction (recall that K(2)(u) = (u))
that KU (u) equals KU ) ().
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7 Summary and outlook

To briefly summarize our main results, we provided a new set of K-operator solutions to the
spectral parameter dependent reflection equation (1.5) in terms of generating functions of the
centrally extended ¢g-Onsager algebra A,. The central formula of this work is the recursion (5.25)
for the fused K-operators of arbitrary spin j € %N as well as Theorem 5.7 on the reflection equa-
tion they satisfy. We also gave formulas for the fused R-matrices and the fused K-operators
in (5.33), (5.34), whose expressions contain only the fundamental R-matrix and K-operator.
These results were established within a general framework of universal K-matrices that we
developed in Section 2.3, extending the previously known approaches (discussed in the introduc-
tion). In particular, the central formula (5.25) is based on the results in Proposition 4.18 and in
Remark 4.21. We also provided in Section 5.4 a few explicit examples of the fused K-operators
(for spins j =1 and j = %) in terms of generating functions of A,.

As the existence of a universal K-matrix (for our choice of algebras H = LU,sly and
B = A, and the compatible twists) is still an open fundamental question, we have investi-
gated whether the fused K-operators (5.25) satisfy the (evaluated version of) universal K-matrix
axioms (K1)—(K3) which is resulted in Conjecture 6.1. One of the key problems here is to under-
stand better the central element v(u) € Aq[[u"']], in particular to derive its coaction §(v(u))
so that it reproduces the evaluated coaction in (6.4).

In the case of coideal subalgebras of LU,sly like the ¢-Onsager algebra B = O, an ex-
plicit formula for our universal K-matrix in a completion of O, ® LUyslz could be deduced
from the expression (2.16) provided the one-component universal K-matrix K is known, see
also [2]. Indeed, there are existence results for K for certain family of twist pairs [1]. Un-
fortunately, no explicit expression for K associated to O, is known, and thus no explicit form
of K-operators. Also, we make a choice of twist pair (¢,.J) that can not fit into the family
of twist pairs used in [1, Section 9.5]. This is due to the fact that both choices differ by an
outer automorphism of LU,sly corresponding to the automorphism of the affine Dynkin dia-
gram. We make our choice of the twist pair in order to obtain the standard reflection equation
from the universal one (2.18), in the principal gradation, and eventually to relate the corre-
sponding K-operators to the standard in literature spin-chain transfer matrices, as it is stud-
ied in [10].

As the algebra A, is a central extension of Oy, fixing values of its center provides a surjective
algebra map ¥: A; — O,. Applying ¥ to the entries of our fused K-operators KU (u), we thus
expect to get spin-j K-operators for Og, in the sense that they satisfy the relations (4.69)
and (4.72), which will be discussed in more details elsewhere.

In the literature on quantum integrable systems, K-operators and their images in the tensor
product (or spin-chain) representations of the algebra A4, — known as Sklyanin’s operators — are
the basic building elements for the construction of mutually commuting quantities, for instance
the Hamiltonian of open spin chains with integrable boundary conditions [67]. For the quotient
of A, known as the ¢g-Onsager algebra, the fundamental K-operator (5.4) is the essential in-
gredient in the open XXZ spin—% chain with generic boundary conditions [12]. For the generic
diagonal boundary conditions in this spin chain, the fundamental K-operator (5.4) generates
another quotient'® of Ay known as the augmented g-Onsager algebra [7, Section 2]. For all
these spin—% models, the transfer matrix is the image in the spin-chain representation of a gen-
erating function T(z)(u) built from the K-operator (5.4) and a dual solution of the reflection
equation for a spin—% auxiliary space. Importantly, T(%)(u) reads as a linear combination of
some fundamental generators {Zsx4+1|k € N} of a commutative subalgebra of A,. Therefore, in
this approach the diagonalization of the transfer matrix reduces to the diagonalization of the
image of this commutative subalgebra.

More precisely, it is a degenerate specialization at p — 0 of the ¢g-Onsager quotient.
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The fused K-operators of spin-j constructed in this paper open a route to the representation-
independent analysis of related integrable models beyond the case of the fundamental spin—%
auxiliary space, for instance, of the open XXZ spin-j chain with generic integrable boundary
conditions. And the following problems can be addressed here:

(1) Firstly, it is natural to ask about relations between any local'® or non-local mutually
commuting quantities of quantum spin chains and the generators {Zor11 | k& € N} of
the commutative subalgebra in A,. For instance, in the spin—% case the differentiation
of the transfer matrix leads to the expression of the Hamiltonian in terms of the opera-
tors Zog+1's [12, equation (39)]. We thus also expect that the transfer matrix for the models
based on the auxiliary space of arbitrary spin-j admits a unified formulation as the image
of a generating function T (u) in the commutative subalgebra of Ag[[w™]]. In [10],
the structure of the universal transfer matrices T(j)(u) for higher spin-j auxiliary space
representation is studied in details. In particular, the so called TT-relations — a recursion
on T (u) given in (1.9) — are derived at the algebraic level, independently of a representa-
tion chosen. Generalizing the spin—% case, it is shown that TU )(u) is a power series in u ™!
with coefficients being polynomials of degree 2j in the generators {Zoxy1 | £ € N}, and
that the universal T(j)(u)’s indeed agree with the ‘physical’ transfer matrices on the spin
chains.

(2) Secondly, given those transfer matrices generated from various images of A, the prob-
lem of characterizing their spectral properties — leading to the eigenstates and eigenval-
ues of the Hamiltonian — is consequently reduced to the diagonalization of the images
of {Zog41]k € N}. For the simplest example of the quotient of A, known as the Askey—
Wilson algebra, for irreducible finite-dimensional representations the problem is solved
in [15], combining the theory of Leonard pairs and the so-called modified algebraic Bethe
ansatz [20, 21, 23]. A similar analysis for A, remains to be done.

(3) The K-operators are also used to construct the Baxter’s Q-operator for diagonal boundary
conditions [17, 77] and triangular boundary conditions [75, 76]. The construction of a uni-
versal Q-operator for A, and corresponding TQ-relations may be also addressed. In that
case, it would be desirable to construct the analogue of the fused K-operator for j — oo
as suggested in [79], see also [76, 77].

(4) Finally, it is very desirable to construct K-operators of arbitrary complex spins, i.e., as-
sociated to Ugsly Verma modules of complex weights, as it would give essentially the
corresponding universal K-matrix. Such integrable quantum spin-chains with integrable
boundary conditions based on the Verma modules were recently introduced [33], and it
was shown [32] a deep connection to the g-Onsager algebra via the common XXZ spin
chain spectrum with the integrable non-diagonal boundary conditions.

A The universal R-matrix

In this appendix, we compute evaluations of the universal R-matrix. Firstly, we recall the con-
struction of the universal R-matrix of Khoroshkin-Tolstoy [73] for the Hopf algebra H = LU,sls
in terms of root vectors. Secondly, evaluations of the universal R-matrix are considered. In par-
ticular, we give expressions of the Ding—Frenkel L-operators L™ (u) and [L* (uil)] 71, as defined
in (4.63). Finally, the spin-1 L-operator L(%)(u) is computed by evaluating L (u).

15Tn the case of integrable spin chains, an operator is said to be local whenever it is a product of a finite number
of spin matrices, or a linear combination of such products.
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A.1 Root vectors

Let us first recall the definition of the root vectors of LU,sly. We adapt the construction in [25]
to our choice of coproduct, recall the relation (2.27). Let us set

[un

_1 1 1
ea—ElK 2, eé—a:E0K027 fa:KfFla fé—oa:K(fFO-

The other root vectors are defined by the recursion relations

€hs = 4 [eat(k—1)5> €o—alqs frs = alfs—as fat—1)slg-15
€at+ks = [2];1[604—1—(19—1)5) 63]7 fa+k5 = [2]11_1[f(§7 fa+(k—1)6]> ke Ny,
€s—atks = [21; (€5, €s—ark-1)s),  So—atks = (205 [Fs—ate—1)s, f3]- (A.1)

The root vectors ers, frs are defined via the generating functions

(¢e—a" E:%w bg( (a—a" E:%M >,
—(¢—qa E:hw ==bg< (e—q E:ﬁﬁ )-

A.2 Khoroshkin—Tolstoy construction

Let {a+ko}32 U {kd}2,U{d —a+kd}2, be the positive root system of sly. We choose the
root ordering as

a,a+0,. .., a+kd,...;8,20,....00,...;....(0 —a)+md,...,(0 —a)+ 4,0 —«

for any k,¢,m € N. Then, the universal R-matrix obtained by Khoroshkin and Tolstoy takes
the following factorized form

R = RTROR-qzm®h (A.2)
where!6
= H €XpPy—2 ((q— q71)6a+k6 ® fatks) (A.3)
0 — k
RY=exp|(¢-q" Z ok @ fus | (A.4)
k:l klq
R™ =[] expy—2 ((0— a7 ")es—ashs ® fs—ats) (A.5)

with ¢" = K and the g-exponential is

¢ -1
g—1"

(k)q! = (1)q(2)q T (k)fp (k')q =

exp,( q

We also notice that [ek(g,e&g] = 0 = [fks, fes] for any k, ¢, and so the exponent in (A.4) can
be also written in the form of semi-infinite product of exponents involving only one term ~

eks @ frs-

'Here we use the notation H,?:Oa(k) =a(n)a(n —1)---a(0) and Hkﬁ’zoa(k) =a(0)a(1) - --a(n), for any func-
tion a(n).
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A.3 Evaluation of the universal R-matrix

In the previous subsection, the explicit form of the universal R-matrix was recalled. It is ex-
pressed as a product of g-exponentials with root vectors in the arguments. Now, we evaluate
the second tensor product component of the universal R-matrix by taking its image under the
formal fundamental evaluation representation as introduced in Section 3.5.

A.3.1 Evaluation of the root vectors

The action of the evaluation map defined in (2.31) on the first root vectors gives

Sl

evy(es_q) = u_lFK%, evy(eq) = u_lEK_%, ev, (K¢) = K_%,

= ol

evy(fs—a) = uq_lEK_%, evy(fa) = uq_lFK%, evu(K ) - K3. (A.6)

The image of the other root vectors of LUysly in (A.1) under the evaluation map are obtained
by induction similarly to [25, Section 4.4]. They are given for k € N by

_9k_1 _ 1 9 _ 1
eViul(earrs) = (D) L B3  evy(es_airs) = (—1)Fu 2L PR R+ 2

e 1 _ _1
Vo (fasks) = (DR g M IERM 3 vy (fs_aiks) = (1) Fu g1 ERR 2
and for k € N4

evy(¢y) = (1) T [B, Flpe KM,

(_1)k—1u—2k‘ L . .
evy(egs) = m(ck - (q +q )K )’
evu(f]/c(i) — (_1)k71u2k[E’ };1](1_161{16717
(_l)ku2k ) Lk N
eVu(fké) = m(ck— (q +q )K )7 (A.?)

where the elements C}, are defined by the generating function

o0 —k
Z 1)k 1C’k— log (1 + Czt 4 z_2), z € C, (A.8)
k=1

and where C' is the central element of Uysly given in (4.11). For instance by expanding (A.8) we
get the first elements of Cj, C; = C, Cy = C% =2, C3 = €% —3C, Cy = C* —4C? 4+ 2. Recall Ey
is the matrix with zero everywhere except 1 in the entry (a,b). The matrix multiplication
obeys Eg,Eeq = 0y cFqq. In this notatlon the Spln—* finite-dimensional representation of Ugsly
reads w2 (K™) = qu111+ q~ ™ Eos, 772(E) Ero, TF%(F) = F9, and the central elements Cj
become, for all k > 1, 72 (Cy) = (¢*F + ¢~ 2¥)I,.

In order to obtain Dlng Frenkel L-operators and R-matrices from the universal R-matrix, one
also needs the image of the root vectors under the representation map m2: LU,sly — End ((Cz),
which is

ﬂ-é(ea'f'kd) = (—1)%_%_1(1%1512, Wé(65—a+k6) = (—1)ku_2k_1q%E21,
ﬂé(fa—kkzé) = (~1)*u g2 By, Wé(f(?—a—i—ké) = (—1)ru g2 By,
Wé(%a) = (- (qEy — ¢ ' Eg),

Wé(eké) = (—)F un (" En — ¢ " Ep),

k
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(—1)k_lu2k[k]}1(q_kE11 — ¢"Ex). (A.9)

(frs)

3
Sl S

Ve
=
(=%}
S~—
Il

3

Recall that L*(u) are defined in (4.63). We now compute explicitly L*(u) and [L™(u™1)] -

A.3.2 Lt(u)

Recall the factorized form of the universal R-matrix (A.2). We now compute the image of RE,
RO, qzhl@hl under the action of (id ® 72_,). From (A.3) and with (A.9), we get

(idemz ) (o) = H expy-2 ((—u™2) u™ (¢ — ¢ g Fearns © Ex)

=1®Iy+ e (u) ® Ea, (A.10)
where
1 > _
€+(u) = (q — q_l)q_Qu 1 (Z(—u Q)kea_,_k(;) . (All)
k=0

Similarly, from (A.5) and with (A.9) we have

1
([deor?,)(R)= H €Xpy—2 ((—U_Q)ku_l (q— q_l)q_%eé—a-&-ké ® E1)

=1® ]IQ =+ f+(u) [ E12, (A12>
where
— 1 _ > —_nk
f+(u) = (q—q 1)q 2U 1 (Z(—u 2) 66—a+k6> . (A13)
k=0
A straightforward calculation from (A.4) and using (A.9) yields
1 ~
(i[dor2,)(R) =kt (u) ® E11 + kT (u) ® Ea, (A.14)
; Lyt
Frw=ep|—(a-¢")d e | (A.15)
el 7" +q
n e
kru)=exp | (¢—q7")D ek |- (A.16)
i 4 +4q

1
Then, using ¢ (h1) = E11 — E92, we get

1 1 _1
([d®72,)(q7"®M) = K @ By + K, * ® Ea. (A.17)
Finally, combining (A.10)—(A.17), we get
1 1
K2 () £F —3
Lt (u) = ( FRE R W) ) | (A.18)
e (kT (WK k() 4+ et (w)k™(u) [T (u)K, 2

Note that from the definition of et (u), fT(u), kT (u), k*(u) in (A.11), (A.13), (A.16) it is easy
to see that LT (u) is a formal power series in ™!, i.e., L (u) is in LUgsl[[u!]] ® End(C?).
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A33 [L~(uV)]7"

Consider § o RE = ME, po R = MY, We now compute their image under the action
of (1d®7r3 ) to obtain the expression of [L~ (u_l)]_l defined in (4.63). First, it follows
from (A.3) and (A.9) that

(id.@md) (935,) = TT expy((~u2) u™ (g — 4)ab foras © Fic)

—1@L+ f(u)® s, (A.19)

where
Fw=(a—-q"Y)qu (Z fa+k5> (A.20)
k=0
Similarly, from (A.5) and using (A.9)
; > & 2\k, —1 1 4
(id@mi ) (Ry;) = H expy—2((—u™) " u" (¢ = ¢7")q2 fs—atrs © Ea1)
k=0
=100 +e (u) ® Eo, (A.21)
where
e (u) = (¢—q Hgzu! (Z(_U_Q)kfé—a+k6> : (A.22)
k=0
Then from (A.5) and using (A.9), we get
1 -
(id@73) (M) =k~ (u) ® En1 + k~ (u) ® Eso, (A.23)
- 1y (cu?g)"
k™ (u) = exp (—(q —q 1) Zl mfk&

~ oo u*2 —1\k
F (1) = ex ( Z‘I(qk +z_k) fk6)~
Finally, combining (A.19)-(A.23) and (A.17), we get
L () = <k (WK + [~k (e K{ [~k (k] ) A
k™ (u)e (u) K¢ ko (u)K, *

Note that from the definition of e~ (u), f~(u), k= (u), k~(u) in (A.22), (A 20), (A.23) it is easy
-1 e, [ ( )] isin Equlg[[u_l]] ®

to see that [L_ (u‘l)] ~!is a formal power series in u
End (C?).

A.4 The spin-; L-operator L) (u)

We now compute the spin-3 L-operator L(%)( ) defined in (4.1). It is obtained by taking the
image of L™ (u) under the evaluation with (ev, ® id).
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Recall the expression of L*(u) in (A.18). The spin-3 L-operator is then obtained by evalu-
ating et (u), f*(u), k¥ (u), k™ (u) defined in (A.11), (A.13), (A.16). Let us first introduce the
function [25]

Mmzfi—ii—if (A.25)
P (qk + qfk) Lk’

where the central elements Cj, are defined by (A.8). Note that it satisfies
A(ug) + Aug™') = —log(1 — Cu+ u?). (A.26)

From the evaluated root vectors (A.6) and (A.7), we get

)
)= (g )q 2 v PR (1 - u oK)
) eA(U*QU*qul) (1 B u_2v_2q_1K_1)’
evy (K (u ) = 67A(u72v72q)(1 - u*2072qK71)71.

For instance, let us now compute the evaluation of the matrix entry (2,2) of L™ (u) in (A.18)

evv((L+(u))22) = ev, (l;:'*'(u)Kl_% + 6+(U)k+(u)f+(u)K1_%)
_ (e—A(u*%*Zq) 4 eA(u*%*zq*l)u—Qv_Q (q _ q—l)QEF)
x (1 - u_QU_ZqK_l)flK_%
= AT (I+u o™ —u02C - (g—q ")
x (1- u72072qK71)_1K7%7

‘EF))

where we used (A.26) on the third line, and where C is defined in (4.11). Then, we obtain
evv((L+(u))22) _ eA(u*2v72q71)(K_% _ u_zv_zq_lK%)-

Computing the other entries, we have
L(%)(uv) = (ev, ®id)(L*(u)) = u(uv)ﬁ(%)(uv), (A.27)

where p(u) and E(%)(u) are given respectively in (4.3) and (4.2).
Similarly, evaluating the Ding—Frenkel L-operator in (A.24), we have

(ev, ®id)([L™ (v 1)) = u(u/v)ﬁ(%)(u/v) = L(%)(u/v). (A.28)

B Ordering relations for A,
Lemma B.1. The following relations hold in Aq[[u_l]] :
G ()G () = G (W)G—(v) + p(a® — 4~2) W4 ()W (v) — W (W)W_(v)

o OV W (0) = W (- ) (B.1)

TTov

_ 1
W (o)W () = Wi ()W (o) + o (,)((qq +qq_1)) (G+ (G- (v) — G4 (v)G- (u))
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1

O (1) +G-(0) - G:0) ) (B.2)
W)+ () = =L (U™ = Vo)Ga ()W (v)

(4 07 Wi (WG (v) ~ W (0)G (1) — UG ()W_(w))

+ p(UW_(u) = VW_(v) = Wi (u) + W4 (v))), (B.3)
W) () = s (Ve = Ug) G- ()W (0

(g a) Wi (WG (v) ~ We (0)G— () ~ UG_(u)W_(w))

+ p(UW_ (1) = VW_(v) — Wi () + Wy (v)). (B.4)
G (Wi (w) = 5= (Vg = Va )W ()G (v)

(4 0 (G W= (1) ~ G4 (WW- () + VW, ()G (w)

(U () — VW4 (0) ~ W () + W-(v)). (B.5)

- (Ve U e 6-0)

— (¢ = a7 )G (W= (u) = G_(WWV_(v) + VW, (0)G—(u))
+ p(UW4(u) = VWi (v) = W_(u) + W-(v))). (B.6)

Proof. The first two ordering relations (B.1), (B.2), are obtained directly from (5.6) and (5.8).
The third relation (B.3) follows from (5.7) and (5.11) by replacing the element which is not in
the chosen order. The relations (B.4)—(B.6) are derived similarly. [

C Proof of Theorem 5.7

For (j1,j2) = (3,3), the reflection equation (5.26) holds for Kz )(u) due to [16]. The proof
is divided into three parts: We first show the case (j1,j2) = (2,] + %), assuming the equa-
tion (5.26) holds for (ji,72) = (%,j). Then, we prove the case (j + %,%), assuming (5.26)
holds for (j1,j2) = (j, 2) Finally, the generic case (j1, j2) is proven considering two distinct
cases j; > 32 and ji < jo, using that the reflection equation (5.26) holds for (j1,j2) = (j +1 3 2)
and (2,] + )

First of all, the following Yang—Baxter equation holds for any ji,jo € %N:

R&Q’j”(ul/uz)R%m)(m/ug)Ré{;f’js)( 2/
= RS (us fug) R (un fug) RS (un ). (C.1)

This is due to the fact that RU172)(u) is proportional to RU172)(v), see (4.33), and it satisfies
the Yang-Baxter equation in (4.9). In what follows, we use the shorthand notation

Rip = RGP (ugfue),  Rue = RY (ue/ug),

Ry = R(]k’”)(ukw), Ke= ’Cl(gjl)(uz% (C.2)
and denote by Rgz;fl’)] ]f )( )s Rlii'z;]:li)( ) ICEZEI)) (u) the resulting R-matrices and K-operators

obtained by fusing the space at position £ with the one at position ¢ + 1, for k, £ € N,..
According to the notation (C.2), the Yang—Baxter equation (C.1) reads

RiaR13R23 = RozR13R12, or RiaR13R93 = Ry3Ri3R1a,
or RiaR13R23 = RozRi3R1a, (C.3)
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where the first two relations in (C.3) are related by ug — uz ', and the last two relations in (C.3)
are related by us — uy L In the following, we will need relations derived from the Yang—Baxter
equation

Ri3R13Ro3 = Ro3RipRys, Ri3R12Ro3 = Ro3RiaRys. (C4)

The first equality is obtained from the first relation in (C.3) by multiplying both sides on
the left and on the right by Ra3, using the unitarity property of the R-matrix in (4.44), that
is Ro3Rog o I, and substituting us — u2_1, ug — ugl. The two equations in (C.4) are related
by uz — ug L

First, we give a relation derived from the reflection equation that will be used later.

Lemma C.1. Assuming the reflection equation holds for any ji, jo, j3, then

K1R12K2R12 = R12KaR12K1. (C.5)
Proof. According to the notation (C.2), the reflection equation (5.26) reads

R12K1 R12Ko = KaR12K1 Ry (C.6)

The equation (C.5) is obtained by multiplying on both sides of (C.6) on the left and on the right
by Ri2 and using the unitarity property (4.44). |

In the following, we will need various expressions of the fused R-matrices.

Lemma C.2. The fused R-matrices defined in (4.31) satisfy the following relations:

- N (L 1 N
ROWD (u) = FIY RG> (ug 3) R ™ (ugh ~3) €Y (C.7)
NI ) L ,
= FRIRG? (ug 2 3) R (ugh) el (C.8)
. TR i L . :
= FURG T (ug2) By (g3 €. (C.9)

Proof. First, note that the right-hand side of (C.7)—(C.8) are directly derived from the expres-
sions for the R-matrices in (4.41) and (4.40), while the right-hand side of (C.9) is a generaliza-
tion'” of (4.15). Recall that RU'72) (u) is proportional to RU1:72) (v), see (4.33) with (4.38), and
using (4.26) one finds that the coefficient of proportionality reads

2j1—12j2—1 )
$o ) = JT I (g +7174)). (©.10)
k=0 (¢=0

Thus, we have ’smashRU172)(y) = RUL2)(y)/fU192)(u). Then, inserting in the right-hand
side of the latter relation the corresponding R-matrices, the equations (C.7)—(C.9) are obtained
provided the following equalities hold:

FO=22) (ugm2) @) (ugh—2)  fUL2) (ug 2tz fUni2=2) (ugz)

f(jlij)(u) f(jl,jz)(u)
G1:d2=3) (ya—3) £U13) (ygi2—3
:f 2 (uq'z')f 2 (uq 2) .
FGnw)
Finally, it is easily checked that they indeed hold using (C.10). [

""The relation (4.15) is given for j1 = 1 but it can be generalized to any ji by computing RY72)(u) =
(7t ®id) (LY2)(u)) with LY2)(u) in (4.13).
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We now show by induction that the reflection equation (5.26) holds for (j1,72) = (%,j + %)
using the R-matrix decomposition in (3.37) and Corollary 3.5 together with the second result in
Lemma 4.14.

Lemma C.3. The following relation holds for j € %N:

l’ i+ L 1 1
R (w/0) K52 ()R

1 1 . 1 1,1
— k0P RSP o)k (B2 (/o). (C.11)

Proof. We proceed by induction. Recall the reflection equation (5.26) holds for (j1, j2) = (%, %)
due to [16]. Assume that (5.26) holds for (3,j) with a fixed value of j € 1N,. Consider the
left-hand side of (C.11) and multiply on the right by
(G+3) 14, +3)7 -1

Iy2j12) = %<;3)2 [7'[(23)2 } :
Then, using the relations (C.9), (C.8) and the fused K-operator given in (5.25), we get (with
the necessary steps of the calculation underlined)
30+3) (3)(, \p(3:0+3) (G+3)  ya 0F3) 19,371
?Ejn “(u/v)Ky? (“)R1?23> ’ (UU)K<;3>2 (U)Hésf [Hég)Q ]
= F o3y Ri3R12E 23y K1 F a3y R12 R13E 193y F a3y K2 RasKsE oz Hazy [H oy (C.12)

(
R,

where we fix in the notations from (C.2)

N[

—J

) j3 = j7 Uy = u, Uz = vq -, uz =vq-=. (013)

N[

J1=J2=
First, we remove the products &a3)F(23). Recall that R(%’j)(u) from (4.32) agrees with (3.33),
see Lemma 4.14, then using (3.38) we find that (C.12) equals

Frozy RisR12K1E 93 Froz) B2 R13E a3y F a3y Ko Ros K Ros € o3y M)

C5 A _ R _
D) F gy Rus Ruokor € sy oy Ruo Rus€ sy Frasy Rosks Raska gy [H oy~

3.40 P R -
429 F a3y R13R12KC1 23 F 23y R12 B13 RosKs Ros Ko o3y [H (23] "

c.3 _ A A N _
(¥ Fa3y R13 R12K1E 23) F 23y 23 R13 R12 K3 Ra3 Ko 93 [H (23)] !

3.40 _ . 4 . _
20 F o3y RisR12K1 Ras R13 R19Ks RosKCoE o) [H (23)] ™

= Flogy R13R12K1 Ri2 R13Ko RosK3E 23y,

where we used (C.3), (C.5) and (3.38) to get the last line. Secondly, rearranging the dif-
ferent R-matrices and K-operators using [Ra3, K1] = [Ri3, K] = [ng,ng] = [ng,ng] =0
and (C.4), (C.3), (C.6), we get

R A oA C6 A A A
= Fo3) Ri3R12K1 R19K9 R13 Ro3K3E 193, @ Frazy Raslo R12 Ky Rig Ra3 RosK3E 23y

C.3 A P C.4 PN A
(@ Fa3)KoRi3 R12K1 Rog Ri3 B19K3E (23, (@ F23)KoRoz R12 R13K1 R13K3 R19E (23,

c6 L . . I
= Fa3yKoRos R12 K3 R13KC1 Rig R12E 23y = Fa3y Ko Rz K3 Ria Ri3K1 Ri3Ri2E 23)

= Flo3yKCaRo3KC5E (93) Fozy R12 R13E 23y K1 Frog) Ris R12€ 123y

where we put back the products &3y F(23) by inserting Iyo;40) = HE;;:)Q) [HE;;Q)] " and us-
ing (C.4), (C.5), (3.38)—(3.40). Finally, identifying the fused R-matrices and the fused K-

operator, the equation (C.11) follows. |
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)-

I\D\H

Then, we show by induction that the reflection equation (5.26) holds for (j1,j2) = (j + 3,

Lemma C.4. The following relation holds for j € %N:

L1y 411 1
RIT2D) (4 0) U2 (1) RUT 2% () k2 (0)

(12)3 (12) (12)3
(3), | plts3) G+3), \ plited)
= K3 (0)R15)2 " (u0)K 15 (w)R 155 (u/v). (C.14)

Proof. We proceed by induction similarly to the proof of Lemma C.3. Recall the reflection

equation (5.26) holds for (j1,j2) = (3,3) due to [16]. Assume that (5.26) holds for (j, 1) with

a fixed value of j € %NJF. Consider the left-hand side of (C.14) and multiply on the right by

(G+3) [4,0+3)
Lojr2) = M (Mg 217

Then, using the fused R-matrix (4.31) and the fused K-operator given in (5.25), we get (with
the necessary steps of the calculation underlined)

+, (G+3) (+33) (3) (G+3) (o, (G +5)-1
RS2 (w/o) K5 () RIST (uo)ks? ()57 (M5 ]
= }‘<12>R13R235<12>}‘<12>IC1R12IC25<12>}‘<12>}?13R235<12>H(12>K3 GREI (C.15)
where we fix in the notations from (C.2)

joa =14, u = ugq 7, Uy = uq%, uz = v. (C.16)

w\»—‘

J1=1J3=

Firstly, similarly to Lemma C.3, we remove the products &j9yF (12 using (3.38)—(3.40), (C.3)
and (C.6). Then, we find that (C.15) equals

FaoyRi3RosK1 R12Ky Ri3 RosKsE 1) (C.17)

Secondly, we rearrange the R-matrices and K-operators in (C.17) as follows:

A oa . ca A A
Fz2)R13K1 Raz Rio R13 Ko Ro3 K& (1) @ Fr2)Ri3K1 BizRi2Ro3 Ko Ros K3 1)

C6 S ~ C.6 S PN
ey Fri2y Bislq Riz B1aKs Roz Ko Ro3€ 1) 2 FraKsRi3K1 Ris R12 Ro3Ko Ro3 19y

ca4 A L . .
@ KsF2)Ri3K1Rag Ria R13Ko RosE 19y = K3 F 1y Ri3Ro3K1 R12K2 R13 Ra3E(12)

= K3F 2 Ri3 Ras€ 19y F 19y K1 R12K2E 19) F 10y Ris RasE 1y,

where we put back the products &9, F 12y inserting lygj0) = Hgg)z)[?-lggf)] ' and using
(3.38)—(3.40), (C.4) and (C.5). Finally, identifying the fused R-matrices and the fused K-
operator, the equation (C.14) follows. |

Proof of Theorem 5.7. We are now ready to show that the reflection equation (5.26) is sat-
isfied by the fused K-operator (5.25) for all ji, j2 € %N+. We consider separately (5.26) for two
distinct cases j1 > j2 and j1 < ja

(i) (j1,do) = (5 + 3,k + 3) with 0 < k < 4,
(i) (j1,j2) = (+1,7+1) witho<e <.

The first case is shown by induction on k. For k£ = 0, the equation (5.26) holds for (j1,72) =
(j+ 1,1) due to Lemma C.4. Now, assume (5.26) holds for (j1,j2) = (j + 3, k) with a fixed
value of k < j. The case (i) is shown similarly to the proof of Lemma C.3. Indeed, fix in (C.12)
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j1=7+ %, Jj2 = %, g3 =k and u; = u, up = vqg F, uz = vq% (instead of (C.13)). Then, the rest
of the proof is the same as for Lemma C.3, using now (C.11), (C.14), (4.33) and our assumption.

The second case is also shown by induction on ¢. For ¢ = 0, the equation (5.26) holds
for (ji1,j2) = (%,j + %) due to Lemma C.3. Assuming that (5.26) holds for (j1,j2) = (¢,7 + %)
with a fixed value of £ < j, then the proof of the case (i) is similar to Lemma C.4. Fix in (C.15)
j1 = %, jo=4, js =7+ % and u; = ugt, us = uq%, uz = v (instead of (C.16)). Then, the rest
of the proof is the same as for Lemma C.4, using now (C.11), (C.14), (4.33) and our assumption.

This concludes the proof of Theorem 5.7. |
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