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Abstract. We study complex Lagrangians in Hitchin systems that factor through a proper
subvariety of the Hitchin base non-trivially intersecting the regular locus. This gives a gen-
eral framework for several examples in the literature. We compute the fiber-wise Fourier—
Mukai transform of flat line bundles on visible Lagrangians. This proposes a construction
of mirror dual branes to visible Lagrangians. Finally, we study a new example of visible
Lagrangians in detail. Such visible Lagrangian exists whenever the underlying Riemann
surface is a pillowcase cover. The proposed mirror dual brane turns out to be closely related
to Hausel’s toy model.
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1 Introduction

Mirror symmetry questions about Higgs bundle moduli spaces have been intensively studied
in recent years. The work of Hausel and Thaddeus [15] initiated the direction of research by
observing the SYZ mirror symmetry of the SL(n, C)- and PGL(n, C)-Hitchin system and proving
topological mirror symmetry for n = 2,3. Later Donagi and Pantev [4] established the duality
between Hitchin systems associated to a complex reductive Lie group G and its Langlands
dual group G*. To a complex reductive group G and a closed Riemann surface X, we associate
a moduli space of G-Higgs bundles M with a Hitchin map Hit: Mg — Bg to a half-dimensional
vector space. Then Donagi and Pantev showed that there is an isomorphism Bg = Bar, such
that the generic fibers over corresponding points under this isomorphism are torsors over dual
abelian varieties. Furthermore, the Fourier—-Mukai transform yields an equivalence of derived
categories of the regular loci of the G and G“-Hitchin system.

About the same time the work of Kapustin and Witten [20] raised the question about mirror
symmetry of special subvarieties referred to as branes in the physical literature. A brane is
a pair (N, F) of a subvariety N and a sheaf F' supported on A/ with special geometric properties.
This initiated plenty of mathematical research to find examples of branes or their supports for
G-Hitchin system [2, 3, 8,9, 14, 16, 17, 18]. However, [20] also propose a correspondence between
branes under mirror symmetry. This seems to be less considered in the mathematical literature
(see [8, 9, 14, 17] for exceptions).

In this paper, we consider so-called (B, A, A)-branes, that is pairs (N, F'), where A/ is a com-
plex Lagrangian subvariety and F' is a flat bundle on A/. We also describe the subvarieties
and sheaves related to these (B, A, A)-branes by the Fourier-Mukai transform. The work of


mailto:horn@math.uni-frankfurt.de
mailto:schwab@math.uni-frankfurt.de
https://www.uni-frankfurt.de/115632224/Dr__Johannes_Horn
https://www.uni-frankfurt.de/115634639/Johannes_Schwab
https://doi.org/10.3842/SIGMA.2026.022

2 J. Horn and J. Schwab

Kapustin and Witten [20] suggests that these are (B, B, B)-branes, i.e., hyperholomorphic sub-
varieties with a hyperholomorphic sheaf. We give indication for this conjecture for our main
example.

More specifically, we are interested in complex Lagrangians £ such that the restriction of the
Hitchin map factors through a proper subvariety B’ = Hit(£) C B. Such Lagrangians are called
visible in the symplectic geometry literature [5]. This is complementary to the recent work of
Hausel and Hitchin [14], who studied the upward flow to certain points in the nilpotent cone.

We first abstractly consider visible Lagrangians in the G = GL(n,C) and G = SL(n,C)-
Hitchin system and describe their proposed mirror dual by computing the Fourier—-Mukai trans-
form of flat sheaves on them. The first main result is the following.

Theorem 1.1 (Theorem 3.4). Let L C Mg be a visible Lagrangian, such that B = Hit(L) C Bg
and B'NBLE # @. Let s: B — L be a section of Hit|z. The fiber-wise Fourier—Mukai transform
of the structure sheaf O is supported on a holomorphic symplectic subvariety Ly s C Mg such
that Hit|z: Zp s — B’ is an algebraically completely integrable system.

Note that every hyperholomorphic subvariety is holomorphic symplectic. Hence, this obser-
vation fits well with the mirror symmetry proposal in [20].

On the question of existence, we mention three situations under which we expect visible La-
grangians, examples of which appeared in the literature. The first is Lie-theoretic. An inclusion
of a semisimple Lie group G into a reductive Lie group G2 defines a morphism of Higgs bun-
dle moduli spaces Mg, — Mg,. Its image is a hyperholomorphic subvariety. We expect the
mirror dual to this hyperholomorphic subvarieties to be visible Lagrangians. We consider the
example of SL(n,C) C GL(n,C) in Section 3.3. Another example where G; = Sp(2n,C) and
G2 = GL(2n,C) was considered by Hitchin in [17]. Other than that, we hope to return to this
type of visible Lagrangians in a subsequent work and will mainly focus on G = SL(2,C) in the
remainder of the paper. The second type of visible Lagrangians appeared in the work of [6, 7, 9].
They are completely contained in the singular locus of the Hitchin map and substantially use
the geometry of the singular Hitchin fibers. In particular, they do not fall within the scope of
this work.

The focus of this work is a third type of visible Lagrangians related to the symmetries of the
underlying Riemann surface. The general fiber of the Hitchin system is a torsor over an abelian
variety. A necessary condition for the existence of a visible Lagrangian £ — B’ is that the
Hitchin fibers over B’ correspond to reducible (i.e., non-simple) abelian varieties. Comparing
the dimension of the SL(2, C)-Hitchin base and the reducible locus in the corresponding moduli
space of abelian varieties suggests that there are finitely many directions in the Hitchin base,
where the Hitchin fiber is isomorphic to a reducible abelian variety. Hence, it is natural to look
for visible Lagrangians £ — B’ over lines Ca C Bg in the Hitchin base. We have the following
second main theorem, of which a SL(n, C)-version is proven in Theorem 6.1.

Theorem 1.2 (Corollary 6.2). Let ¢ € HY (X, KE() be a quadratic differential with simple zeros
only. Then there exists a visible Lagrangian

L—B = {tq | t e (C} C BSL(Q,(C)(X)
if and only if (X,q) is a pillowcase cover.

The notion of pillowcase cover stems from the theory of flat surfaces. It means that there is
a covering X — P!, such that the quadratic differential ¢ is the pullback of a quadratic differential
on P! with four simple poles. The later should be figured as a pillowcase, see Figure 2. We give
a short introduction to the idea of flat surfaces in Section 4.

Motivated by the above considerations on the moduli space of abelian varieties, in Section 5,
we study examples of Riemann surfaces, where there exist several lines in the SL(2, C)-Hitchin
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base associated to visible Lagrangians. We prove the following result, which might be of inde-
pendent interest from the point of view of flat surfaces.

Theorem 1.3 (Proposition 5.6). There exist infinitely many genera g, such that there exists
a Riemann surface X of genus g with two quadratic differentials q1, qo with simple zeros only,
such that (X, q;) are pillowcase covers and qi, q2 are not related by pullback along an automor-
phism of X.

Finally, we consider the subintegrable system Z C Mpgp2,c) of Theorem 1.1 associated
to the visible Lagrangian £ of Theorem 1.2. We observe that 7 is birational to Hausel’s toy
model [13]. Under the natural extra condition on the pillowcase cover to be uniform, we prove
the following theorem that confirms the Kapustin—-Witten picture for visible Lagrangians of this
kind. All the pillowcase covers of Theorem 1.3 are uniform.

Theorem 1.4 (Corollary 6.6). Let (X, q) be a uniform pillowcase cover with simple zeros only
and L — Cq the visible Lagrangian of Theorem 1.2. Then the associated subintegrable system
T C Mpgre,c) of Theorem 1.1 is a hyperholomorphic subvariety.

2 Symplectic geometry

2.1 Completely integrable systems

Definition 2.1. A completely integrable system is a holomorphic symplectic manifold (M, )
together with a proper flat morphism H: M — B to a complex manifold B, such that on the
complement B\ S of some proper closed subvariety S the fibers of H are complex Lagrangian
tori. It is called algebraically completely integrable, if the Lagrangian tori are endowed with
continuously varying polarizations p, € HD (M) N H?(My,Z), i.e., they are abelian varieties.

We will refer to B*¢ = B\ S as the regular locus and to S as the singular locus of a completely
integrable system.

Definition 2.2. An integral affine structure on a smooth manifold B is a torsion-free flat
connection V on the tangent bundle T'B together with a V-covariant sublattice A C TB of
maximal rank. A submanifold B’ C B is called rational with respect to the integral affine
structure, if for all b € B’ the tangent space T, B’ is generated by a rational linear combination
of elements of Ay.

For completely integrable systems, there is a natural identification of the cotangent bundle
to the base with the torus-invariant vector fields along to the fibers of H given as follows. Let
« € T, B be a (holomorphic) one-form then there exists an invariant vector field X on Mj, such
that Q(X,-) = H*a. Denoting by VM the bundle of invariant vector fields along to the fibers
over B™8 we obtain an identification TV B™8 = VM. Locally over U C B™8 we can choose
a section of H: M — B and identify H=1(U) = ViyM/A for a family of lattices A C Viy M.
The above isomorphism defines a family of lattices A C TV B*8. The dual family of lattices
AV C TB'™8 defines a torsion-free flat connection on T'B**8, where a section is flat if and only
if it is constant with respect to lattice coordinates (see [11, Section 3| for more details). This
defines an integral affine structure on the base of an completely integrable system.

2.2 Visible Lagrangians

This idea goes back to lecture notes of Jonathan David Evans [5, Chapter 5] in the context of
real completely integrable systems.
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Definition 2.3 (visible Lagrangians). Let H: M — B be a completely integrable system.
A Lagrangian subvariety £ C M is called visible, if it is closed and H |z: L — B factors
as H|g = fog, where f: B — B is an embedding of a proper subvariety B’ such that
q] BN\S' L|png — B’\ S’ is a smooth fiber bundle on the complement of some proper subvariety
S'C B.

The simplest example of a visible Lagrangian is a complex torus fiber M, with B’ = {b}.
On the other hand, a Lagrangian section s: B — M is an example of a Lagrangian that is not
visible. We denote B"®¢ = B’ \ S’. For the visible Lagrangians considered in the present work
we will mostly have B"**¢ = B’ N B™s.

Theorem 2.4. Let H: M — B be a completely integrable system and L — B’ C B a wvisible
Lagrangian with B'**® C B™. Then at each smooth point b € B'™®® the subvariety B’ is rational
with respect to the integral affine structure on B™8 and for b € B'™8 the fiber Ly is a union of
complex tori generated by the invariant vector fields TyB'+ C VM.

Proof. Locally at a smooth point b € B™8 the subvariety B’ C B is cut out by & = codimB’
many functions fi,..., fr € Op. We can associate invariant vector fields X; € VM |p along
the torus fibers so that Q(X;,-) = H*df; fori=1,...,k. Let m € £, and Y € T,,M, such that
DH(Y) € TyB', then

Q(X;,Y) = H*df;Y = dfy(DH(Y)) = 0. (2.1)

Therefore, the connected components of the fiber of £ over b € B8 are integral submanifolds
of the distribution V£ = span(Xy,..., X)). Hence the connected components of the fibers of
Ly, — B'™8 are complex subtori. In particular, the subspace V,£ C V, M is rational with respect
to the lattice Ay. By definition, this is equivalent to H,T'L = T B’ being rational with respect to
the integral affine structure on B. Finally, by (2.1) we have VL C (TB*®®)+ C TVB™& = V M.
The first inclusion is an equality both being of rank k. |

3 Hitchin systems

In this section, we will briefly review Hitchin systems - the algebraically completely integrable
systems of interest in this work. Then we will give an example of a visible Lagrangian of
Mg mn,c) that stems from the embedding of SL(n,C) C GL(n,C). In the remainder of the
paper we will focus on visible Lagrangians that do not come from Lie theory.

3.1 Preliminaries about the GL(n,C) and SL(n,C)-Hitchin systems

Let G be a complex reductive Lie group and X a Riemann surface, then there is a moduli space
of stable G-Higgs bundles. More precisely, we denote by M (X) the neutral component of the
moduli space of stable G-Higgs bundles. It is a hyperkahler manifold, in particular, holomorphic
symplectic. There is the Hitchin map Hit: Mg(X) — Bg(X) to a half-dimensional vector space
B (X), which is an algebraically completely integrable system in the sense of Definition 2.1. So
it is sensible to ask for the existence of visible Lagrangians.

Let us be more concrete about the cases G = GL(n,C) and G = SL(n,C). A GL(n,C)-
Higgs bundles is a pair (€, ®) of a holomorphic vector bundle £ together with a section ® €
HY(X,End(€) ® Kx), where Kx is the canonical bundle of X. Considering the neutral com-
ponent of the GL(n,C)-moduli space means to fix the degree of £ to be 0. For (£, ®) to be
a SL(n,C)-Higgs bundle, we add the condition of the determinant bundle of £ and trace of ®
to be trivial. In the GL(n,C)-case, the Hitchin map is given by

Hit: MGL(TL,C) - BGL(TL,(C) = @ HO (X7 KZ)7 (87 q)) = Q(q)) = (al <®)7 ceey an(é))a
=1
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where a; € C[gl(n,C)]S™C) is the i-th coefficient of the characteristic polynomial. In the
SL(n, C)-case, it is given by

Hit: Msp(ncy = Bsimc) = EBHO (X, K,  (£,2) — a(®) = (a2(D), ..., an(P)).
1=2

Fixing a point @ € B¢ in the Hitchin base, the eigenvalues of ® define a branched n-sheeted cover
m: Xg — X — the so-called spectral curve. The discriminant of the characteristic polynomial
defines a map discg: Bg — H° (X K T(T*I)) The discriminant locus Ag C B¢ is the preimage
of the sections of H(X, K""~1)) with higher order zeros under discg. Its complement Bg® =
Be \ Ag is referred to as the regular locus. In partlcular for a € BS® the spectral curve Zg is
smooth. For G = SL(2,C), the regular locus Bg" is the locus of quadratic differentials with
simple zeros only.

The fibers of the GL(n,C)-Hitchin map over Béef(n,@ — the so-called regular fibers — are
torsors over Jac(X,) via the spectral correspondence. The branched cover 7: £, — X defines
a norm map Nmy, y : Jac(X3,) — Jac(X). The kernel of this morphism defines the Prym variety
Prym(%,). A regular fiber of the SL(n, C)-Hitchin system is a torsor over Prym(3,). The neutral
component of the Higgs bundles moduli space allows for the existence of sections sg: Bg — Mg
of the Hitchin map — the so-called Hitchin sections. For GL(n,C), they are given by

SL(2,C)

al a9 (0799

SH(Q): KnT_l@-..@K_nT_l, 1 ai
a2
1 al

depending on a choice of a square-root K 3,
The tangent space to Jac(X,) at the identity is H'(Z,, Os, .) by the exponential sequence.
The inclusion of the Hitchin fiber into Mqr(,,c) yields an exact sequence of tangent spaces

0= H'(S4,05,) = Tig.oyMarme) = H (e, Kx,) = 0

(see [21, Proposition 8.2]). The holomorphic symplectic form identifies the vertical tangent
vectors with the dual of the tangent space to the Hitchin base. Combining this with Serre
duality yields the following identification of the tangent space to base with differentials on X,.

Proposition 3.1 ([1, Proposition 3.4]). Leta € Breg( - The identification of the tangent space
TuBarn,c) with the dual of the tangent space to the fiber TY Jac(X,) & HY (X4, Ky) is given by

n
P E(x,K%) = H(S4, K3,)
=1

ZQZX '—>—Zal )\” L ag A2 Z+~-—i—7r*an_i),

where sp = dr € H°(Z,, W*K}fl) vanishes at the branch divisor.

Proof. The original statement gives the isomorphism with values in H%(X,, m*K%). We have
the isomorphism of sheaves Ky, — 7*K% given by ¢ — ¢sp|y for ¢ € Ky, |y. This is
well defined by the following: Let (U,w) a coordinate disc centered at y € X, such that
m: U — n(U), w — z = w® with b > 1. Then sg|y = bw® ! (r*dz)""!. Hence, ¢ - sp(U) =
fdw - bw?~(m*dz)" ! = f(r*dz)", where we used that 7*dz = bw®~'dw. Composing Baraglia’s
isomorphism [1, Proposition 3.4] with the inverse of the above defines the asserted isomor-
phism t¢. |
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In the following proposition, we take a algebro-geometric point of view and will consider the
family of smooth curves ¥ — B®. The GL(n,C)-Hitchin system is a torsor over the abelian
scheme defined by the relative Jacobian Jac(X/Bg*).

Proposition 3.2. A closed subvariety L C Mgqrn,c) over a proper subvariety B C Barn,c)
with B8 C B8 and connected fibers is a visible Lagrangian if and only if

(i) There ezists an abelian subscheme A C Jac(X/B®) |pres over B8, such that L is an
A-torsor.

(ii) The relative tangent bundle Ty pres C Tyac(s)/pres is the kernel of the map

; /re,
TJaC(Z)/B/reg = Rlﬂ*(’)E — CdlmB ¢

defined by evaluating on the image of
TB" — R, Ky, X = t(X)
using the Serre pairing on X. Here t was defined in Proposition 3.1.

Proof. By Theorem 2.4, fibers of £ — B*® are complex subtori in the Hitchin fiber. Hence,
using a local section s: U — £ on an open U C B8, we can identify the fibers with an abelian
subscheme of A — Jac(X/B"°8). Condition (ii) is the family version of Theorem 2.4 reformulated
by using the observations about the holomorphic symplectic form on Mgy, c) in the previous
paragraph. Conversely, condition (ii) is equivalent to the restriction of the symplectic form
of Marn,c) to be zero on the tangent bundle to £. Hence, £ is a Lagrangian. |

In general, a visible Lagrangian might not have connected fibers. We will give an example in
Theorem 3.7.
To obtain an analogous statement in the SL(n,C)-case, we have to identify the image of

TBgeLg(n’C) - TBE;E(”,C) through the isomorphism ¢ of Proposition 3.1. The pullback

™ HY(X,Kx) — H"(S4, Kx,)

defines an inclusion of the differentials on X into the differentials on ¥,. We define the linear
map

Prx: HO(Z@KEQ)_)HO(XaKX)7 )\'_>777

where 7 is define as follows: Let U C X be a trivially covered open set, i.e., 71 (U) = ||, U;.
Define n(U) = %Z?:l A(U;). Then n extends to an abelian differential on X by the Riemann
extension theorem. Clearly, pry o #* = id. Denote by HO(EQ, Ky, )~ the kernel of pry. Then
this induces a splitting H*(X,, Kx,) = HO(X, Kx) ® H*(X,, Ks,) ™.

The Prym variety is the kernel of the Norm map Nmy /X Jac(Eg) — Jac(X) induced by the
Norm map on structure sheaves Nmy,/x : .0y, — Ox, m«f — det(m. f). Tangentially, we have
a splitting of W*Ogi =0Ox @m(’)ia, where m(’)ga is the kernel of nmy/x : W*Ozg = Ox,mof —
tr(m, f). This yields a splitting of the tangent space to the GL(n, C)-Hitchin fiber over a

TJac(S,) = H' (24, Ox,) = H'(X,Ox) ® H' (X, 7,05 ) = Tr*Jac(X) & TPrym(Z,).

a

Let o € HY(X,Kx) and 8 € HY(Z,,0x,) = HOV(3,), then

/Zaw*a/\ﬁ:/xa/\nmz/x(ﬁ).
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Prym(Z/B5¢) Prym (3/B5#) /m*Jac(X)[n]
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Figure 1. Langlands duality between SL(n,C)-Hitchin system and PGL(n, C)-Hitchin system.

Therefore, the Serre pairing on ¥, restricts to a non-degenerate pairing between H O(EQ, Kyx,)~
and H(%,, Os,)~. Consequently, the isomorphism ¢ of Proposition 3.1 restricts to

n
t: @H(X,KY) = H (S, Kx,)~
=2

by the same formula. Now Proposition 3.2 readily translates to a characterization of visible
Lagrangians in Mgy, c)-

3.2 Langlands duality for Hitchin systems

In this section, we will review the Langlands duality of Hitchin system as considered in [4].
We will fix G = SL(n,C) and G* = PGL(n,C) (cf. Remark 3.5). Recall that we consider
the neutral components of the moduli spaces. The situation is visualized in Figure 1. First
there is an isomorphism of the Hitchin bases for G and G, which maps the G-discriminant
locus to the GT-discriminant locus. In the cases under consideration, this isomorphism is
the identity. The SL(n,C)-Hitchin system restricted to Bgig(n,C) is a torsor over the abelian
scheme Prym(3/ Bgig(nm). On the other hand, the (neutral component of the) moduli space of
PSL(n,C)-Higgs bundles is the quotient

MpsLn,c) = Msin,c)/Jac(X)[n]

under the action of Jac(X)[n| on the moduli spaces of SL(n, C)-Higgs bundles by tensor product.
The PGL(n, C)-Hitchin system restricted to B;ngL(n c) s & torsor for the dual abelian scheme

\ *
Prym(E/Bgig(n’C)) = Prym(E/Bgig(nyc))/ﬂ' Jac(X)[n].
In the case of SL(n,C) and PGL(n,C), the quotient map 6: Mg — Mg = Mg /Jac(X)[n]
extends the polarization to a finite morphism between the moduli spaces. This morphism is
holomorphic symplectic, i.e., it induces an symplectic isomorphism of tangent spaces at the
points with non-trivial stabilizer.

Theorem 3.3. Let L — B’ C Bg be a visible Lagrangian in Mg with B¢ C B™8, connected
fibers and a section s: B™® — L|pgres. Then there exists a holomorphic symplectic subvariety
T C M, such that T — B' C Bgau is an algebraically completely integrable system and s’ = §os
defines a section s': B8 — 1| gres.

Proof. Using the section s, we can identify the Hitchin system over B with the abelian
scheme Prym(X/B"**¢) — B'**8. By Theorem 2.4, the fiber £ for b € B¢ is a complex subtorus
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that by assumption contains s(b). Hence, £ defines an abelian subscheme A C Prym(X/B8).
We obtain an exact sequence of abelian schemes over B/"¢

0— A— Prym(X/B"™) - Q — 0, (3.1)

where the quotient @ is again an abelian scheme over B¢, Dually, we obtain an exact sequence
of abelian schemes

0 — QY — Prym(X/B"™8)Y — AY — 0. (3.2)

We can define a section s’ = § o s: B*®8 — Hit(_;i (B"™8) C M¢r. Acting by QY on s': B8 —
M defines a submanifold I C Hit™!(B™8) C M. We define Z = I. We want to show that
this is subintegrable system with regular locus I, i.e., the holomorphic symplectic form restricts

to a non-degenerate form on I and Hit|z : Z — B¢ is an integrable system. First note that for
all b € B8

dim7Z, = dim(Prym(%;)) — dim £, = %dim./\/l(X, G) — dim £}, = dim B"%.

Hence, the restricted Hitchin map will lead the correct number of commuting Hamiltonian
functions and the fibers are complex tori by definition. To show that it forms a subintegrable
system, it suffices to show that the tangent space of Z at the section s’ is a symplectic vector
space with the restriction of the symplectic form. The argument at a general point follows by
a translation along the fibers of Z. We identify the tangent spaces Ty Mg = Ty () ML using 6.
Then the vertical tangent spaces to VL and VZ are complementary by definition. Denote
by H; = Ds'(1;8"°8) the tangent space to the image of the section s’ at b. Tangent vectors
in Hj pair to zero with the vertical tangent vectors in V3£ as £ is Lagrangian. On the other
hand, the symplectic form on Ty ;) Mg is non-degenerate. Hence, it induces an isomorphism
(H;)Y = V,Z or equivalently the symplectic form restricts to a non-degenerate symplectic form
on Ty T = Hy @& WI. |

Theorem 3.4. Let L — B’ C Bg be a visible Lagrangian in Mg with B'™8 C B8, connected
fibers and a section s: B8 — L. We identify the G- (resp. G“-) Hitchin system over B8
with the abelian schemes using the section s (resp. s = § o s). Then the fiber-wise Fourier—
Mukai transform of the structure sheaf Oy over B8 is the structure sheaf of the holomorphic
symplectic subvariety T C Mgr defined in Theorem 3.3.

Proof. Let a € B8 and denote by P = Prym(%,). As in the previous proof we use the section
s to obtain the exact sequences of abelian varieties

0+A—-P—-Q—0 (31) and 0—-QY—=P' =AY =0 (3.2).

We use the symmetric Fourier-Mukai transform introduced in [25]. More precisely, we are going
to use Proposition 1.6 therein. We denote by P — P x PV the Poincaré bundle. Then the
symmetric Fourier—Mukai transform is defined by

SFMp: D’(P)— D°(PY),  FMpoAp,

where Ap = Hom(-,wp[dim P]) is the Serre duality functor. First we have to show that O4 is
a GV-sheaf. By [23, Definition 3.1], this means that the support loci

{¢ € PY|H'(P,.lOAa® P ') #0}
have codimension > i for all i. Let £ € PY. We have

H'(P,1.04® P ') = H' (A, P 4).
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It is zero for ¢ > dim A. For ¢ < dim A, it is non-zero if and only if 735_ 1| A is trivial. Hence, if and

only if £ € QY. Therefore, the support loci satisfy the dimension condition and 1,04 is a GV

sheaf on P. In particular, it is WIT — that is SEFMp(Q4) is a sheaf — by [23, Proposition 3.2].
The symmetric Fourier—Mukai transform on A has the property

SFM4(04) =Ty,  SFMuv(Co) = O, (3.3)

where Cy is the skyscraper sheaf of length 1 at 0 € PV. Now [25, Proposition 1.6] states that if
a sheaf F is GV on A and ¢, F is GV on P, then

SFMp (1. F) = ()" SFM4(F).
By (3.3), this yields SEMp(O4) = Ogv. [ |

Remark 3.5. The above arguments similarly work for the case of G = G* = GL(n,C). Here
the Hitchin system restricted to Bgﬁﬁ”’c) is a torsor over the abelian scheme Jac(X) — Bz}eﬁ(n,Cf’
which is self-dual due to the principal polarization of the Jacobians. Hence, again given a visible
Lagrangian with connected fibers together with a section we obtain a holomorphic symplectic
submanifold Z by the arguments of the proof of Theorem 3.3. Furthermore, the arguments in
the proof of Theorem 3.4 work for the structure sheaf of any abelian subvariety of an abelian
variety.

3.3 Visible Lagrangians in Hitchin systems

In this subsection, we will explain two examples of visible Lagrangians in Hitchin systems. These
examples are independent of the choice of the Riemann surface. The first one is associated to
the embedding of the complex Lie groups SL(n,C) C GL(n,C). The second example appeared
in the work of [6] and is a subvariety of the singular fibers of the Hitchin map. The remainder
of the paper will deal with visible Lagrangians defined on special Riemann surfaces.

Visible Lagrangian associated to the subgroup SL(n,C) C GL(n,C): Consider the embedding
Bsn,c) C Bar(n,c)- In this subsection, we will define a visible Lagrangian over B = Bst,(n,c)-
Theorem 3.6. Let B' = Bgy,(n,0)(X) C Barn,c) with B = Bgig(n,(C)' Then we can act by the
trivial torsor Jac(X) x B’ on the Hitchin section by tensoring the underlying bundle. The orbit
defines a visible Lagrangian £ — B'. The fiber-wise Fourier—Mukai transform of Oy over B'™8
is supported on the moduli space of SL(n,C)-Higgs bundles Mgy, n,c) C Marn,c)-

Proof. Tensoring with a line bundle preserves stability. Hence L is well defined. The Hitchin
fiber over a € B8 reflects the splitting of the differentials on ¥ by the isomorphism

Jac(X,) = " Jac(X) x Prym(%,) /7" Jac(X)[n],

where m*Jac(X)[n] acts diagonally (see Mumford [22]). In particular, we have an exact sequence
of abelian schemes over B8

0 — Jac(X) x B™ 5 Jac(X/B™8) — Prym(X/B"™®8) /r*Jac(X)[n] — 0. (3.4)

As explained in Section 3.1, the holomorphic symplectic form on Hit ! (Béef nc)) C Marm,c)
restricts to the Serre pairing between the tangent space of the base identified with H°(3,, Ky,)
by Proposition 3.1 and the tangent space to the fibers H! (34, Os,). With respect to this pairing,
we have

HY(X,0x)" = H'(S4, K,
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The subtorsor £ C Hit™!(B®) that is defined by the action of Jac(X) x B™& on the Hitchin
section has vertical tangent bundle H'(X,Ox) and the tangent space to the SL(n,C) Hitchin
base are identified with H%(Z,, Kx,,)~. Therefore, £ is a visible Lagrangian.

By Theorem 3.4, the fiber-wise Fourier—-Mukai transform of the structure sheaf of £ over B¢
is supported on torsor over the abelian scheme that is dual to quotient in the exact sequence (3.4).
That is the abelian scheme Prym(X/Bg®, ). The closure of this locus is the moduli space of

SL(n,C)
SL(n, C)-Higgs bundles. [

We expect that every embedding of complex reductive Lie groups G; C G2, such that center
of G is mapped to the center of G2 defines a visible Lagrangian

Fourier-Mukai dual to the image of the induced morphism of moduli spaces Mg, — Mg,.

By definition, the visible Lagrangian of Theorem 3.6 has connected fibers. We provide an
example with disconnected fibers by acting on a multi-section of the SL(2,C)-Hitchin map
instead of a section. Consider the moduli space of SL(2,RR)-Higgs bundles Mgy,or). The
Hitchin map restricts to a 2696-covering

Hit| : MSL(QR) N Hit_llggig(zc) — Bgig(Z,(C)

(see, for example, [19, Corollary 9.3]).

Theorem 3.7. Let B' = Bso,c) C Bare,c) with B™ = Bgig(z(c)' We can act by the trivial
torsor Jac(X) x B’ on Msror) — B’ by tensoring. The orbit defines a visible Lagrangian £ —
B'. For a € B™®, the fiber-wise Fourier—Mukai transform of O, is supported on Msr,0) C
Mare,c) and given by a flat vector bundle of rank 6g — 6 on Prym(3,).

Proof. Let U C BgeLg@ c) open, such that there exist sections

81 =5H,82,...,569-6: U — Msgr2,)

such that Hit™ (U) N Mgpor) = Ufﬁ;ﬁ si(U). Then the orbit of each s;(U) under tensoring
with line bundles in Jac(X) is Lagrangian by the previous proof. Hence, £ defines a visible
Lagrangians.

We identify the Hitchin fibers with the abelian scheme Jac(X) using the Hitchin section s;. Fix
a € U and define [; = (s1 —s;)(a) € Jac(X,). Recall the exact sequence of abelian schemes (3.4).
We have

69—6

OEQ = @ tZL*OJac(X)v

i=1

where ¢;, denotes the translation by /; on Jac(¥,). Let J = Jac(X,) and P — J x J the
Poincaré bundle. Using the relation between tensor product and translations under Fourier—
Mukai transform (see [25]), we obtain

SFM](tZL*OJaC(X)) =P, ® SFMJ(L*OJaC(X)) =P, ® (Lv)*(CO =P, ® Oprym(zg).

The right hand side defines a flat line bundle on Prym(%,). The Fourier-Mukai of the structure
sheaf O, is the direct sum of all these flat line bundles. |
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Visible Lagrangians over the singular locus of the Hitchin base: Other examples of visible
Lagrangians were considered in [6]. Here B¢ C Barn,c) is the locus of spectral curves with the
maximal number of n(n—1)(g—1) nodes as their only singularities and B’ = B'*&. In particular,
these Lagrangians are completely contained in the singular locus of the Hitchin map and hence
Theorems 2.4 and 3.4 do not apply. The compactified Jacobians over B*®® contain subvarieties
isomorphic to (Pl)n(n_l)(g _1), which can be interpreted as parameters for Hecke modifications
of the Higgs bundles at the node by [19]. Applying these Hecke modifications to the Hitchin
section yields a visible Lagrangian over B’. Interestingly, in this work the authors considered
Arinkin’s Fourier-Mukai transform for compactified Jacobians and found that the support of
the fiber-wise Fourier—Mukai transform is supported on a hyperholomorphic subvariety — the
so-called Narasimhan-Ramanan BBB-brane. In the subsequent work [7], together with the first
author this construction will be generalized to visible Lagrangians £ — B’ over the closure of
the locus of spectral curves with any number of nodes as their only singularities.

Lagrangians that are not visible: The upward flow of a very stable Higgs bundle considered
in [14, 24] defines a complex Lagrangian that is supported over the whole Hitchin base and hence
is not visible.

4 Parallelogram-tiled surfaces and pillowcase covers

In this section, we will briefly review the interpretation of abelian and quadratic differentials in
terms of flat geometry. Then we will discuss certain types of these flat geometries on a Riemann
surface that will play a special role in the following section.

An abelian differential A € H°(X, Kx) on a Riemann surface ¥ determines a singular flat
metric, such that all transition functions are translations. Denote by Z(\) C ¥ the zeros of A.
A coordinate of the flat metric at y € ¥\ Z(\) is a holomorphic coordinate z at y, such that
A = dz. In this way, one obtains a flat metric on ¥\ Z(\), such that coordinate transitions are
translation. It extends to a singular flat metric on 3 by cone points of cone angle (k + 1)7 at
a zero of A of order k. This is a so-called translation surface.

Similarly, we can associate a singular flat metric to a quadratic differential (X, q), where X
is a Riemann surfaces and ¢ € H°(X, K%). A flat coordinate at = € X \ Z(g) is a holomorphic
coordinate z at z, such that ¢ = dz®2. In this case, the coordinate functions are compositions
of translations and reflections. It extends to a singular flat metric on X by cone points of cone
angle (k+ 2)m at a zero of ¢ of order k. This is a so-called half-translation surface. When ¢ has
simple zeros only, the spectral curve defined in Section 3 is referred to as the canonical cover
of (X, q) from this point of view. It is the unique branched double cover of X, such that the
pullback of ¢ has a square-root. (Here we consider \ as a section of Ky instead of 7*Kx as in
Section 3. We have 7*Kx = Kx(—R). Hence, if ¢ has simple zeros, then the abelian differential
A has double zeros at all branch points.)

We say that a quadratic differential (X, q) is of type u(q) = (ma, ..., my,) if the orders of the
zeros of the differential are myq, ..., m,. We will use exponential notation if multiple m; agree,
i.e., we write (149(X)_4) for (1,...,1).

In the following, particularly symmetric (half-)translation surfaces play a special role: Para-
llelogram-tiled surfaces and pillowcase covers. We obtain coordinates on the stratum of abelian
differentials with fixed distribution of zeros by recording periods. The periods of (X,\) in
HY(%, Z()\),C) are given by

Hi(2,Z(\),C) - C, ¢ /)\

and local coordinates, the so called period coordinates, are given by the image of a basis of
relative homology under this map. The coordinate changes of period coordinates are induced
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Figure 2. Pillowcase with canonical cover: Opposite sides identified, when not indicated otherwise. The
involution on the cover acts as central symmetry in the two-torsion points.

by diffeomorphisms of (X, Z(\)) and hence preserve the lattice
HY®,Z(\),Z®iZ) c H'(Z, Z()\),C).

These integral points correspond to square-tiled surfaces: One obtains a cover of an elliptic
curve by

Yy
p: ¥ —C/Z®iZ, y*—>/ A
Y

0

for a choice of base point yg € 3. This cover is branched over one point 0 € E with ramification
points z; € Z(\) and ramification profile (ord,, (A),...,ord,, (\)). In particular, this is a cover of
flat surfaces, i.e., A = p*w for some abelian differential w on E. By rescaling the flat torus (F,w),
we obtain a dense subset of square-tiled surfaces in each stratum. We use a slight generalization.

Definition 4.1. A translation surface (X, \) is parallelogram-tiled if and only if there exists
a branched cover p: ¥ — FE branched over one point, such that A\ = p*w for some abelian
differential w on FE.

Given a parallelogram-tiled surface, we can act by GL* (2, R) on the representing polygon and
obtain a family of parallelogram-tiled surfaces over the j-line, the moduli space of elliptic curves.
For j = 1728, we recover a square-tiled surface. The analogue of parallelogram-tiled surfaces for
quadratic differentials are pillowcase covers. A pillowcase is a half-translation surface (]P’l, 17),
where 7 has four simple poles 0, 1, oo, x, see Figure 2.

Definition 4.2. A half-translation surface (X, ¢) is called pillowcase cover if there exists a cover
p: X — P! branched over D = (0, 1,00, z), such that ¢ = p*n for a quadratic differential 7 on
P! with simple poles at D.

The canonical cover of (P!, 7) is the elliptic differential (E,w), where E = C/(Z + TZ) with
A(7) = = and the involution is given by multiplication with —1. Here A is the modular lambda
function. For a given x, the number 7 can be computed explicitly. Let K denote the complete
elliptic integral of the first kind

2 dg
K(k) :/2 S (4.1)
0 1 — k2sin? 0
Then t(z) = zKI((i V(\lf;)x) is a section of A\. There is the following well-known relation between

parallelogram-tiled surfaces and pillowcase covers.

Lemma 4.3. Let (X, q) be a half-translation surface. The canonical cover (X, \) is a parallelo-
gram-tiled surface if and only if the quadratic differential is a pillowcase cover.
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Proof. Starting from a pillowcase cover as above, we have the following diagram:

(X, )

%nod J \\\\Zi
pN
X, q) (E,w
P
(P*,n)

and want to show that there exist the dashed arrow p: ¥ — E, such that the diagram commutes.
Away from the singularities of the flat structure associated with (X, ¢) a point on ¥ corresponds
to a choice of a (local) square of q. This corresponds to a choice of a local square root of n
under the covering map to P'. Hence, there is a induced map p: ¥\ Z(\) — E \ Z(w) such
that p*w = A. The map p uniquely extends to a map of Riemann surfaces ¥ — E. A zero
x € X of q of order £k > 0 corresponds to a (k + 2) : 1-branch point of p. Hence, the map
can be extended to p: ¥ — E by gluing in a k : 1 ramification point, if £ is odd and a % 01
ramification point, if k is even, at y € 7~!(z). By construction the relation of the differentials
persists under this extension. Taking the quotient of £/ by two-torsion points we obtain a map
(3,\) — E/E[2|, branched over one point such that A is the pullback of a differential on E.
Hence, it is a parallelogram-tiled surface.

For the converse, we start with the configuration

(3,2)
%nod J x
X,q) (E,w

The differential A\ is anti-symmetric with respect to an involution J. In particular, J sends
singularities of the flat structure to singularities of the same type, saddle connections to saddle
connections and hence squares to squares. Hence, it descends to the elliptic curve (E,w) to the
reflection in the two torsion points of E. The quotient is the pillowcase surface as illustrated in
Figure 2. In particular, there is an induced map p: ¥/J = X — P!, such that ¢ = p*n. |

( )

( )-

Remark 4.4. The proof of the previous lemma shows that one can always assume the pillowcase
cover to be non-simply branched over only one point on P'. This can be achieved by taking the
quotient by the order four automorphism of P! that permutes the four marked points preserving
the cross-ratio.

In the following, a special kind of pillowcase cover will be important.
Definition 4.5. We call a pillowcase cover (X, q) uniform if every fiber of p: X — P! over
y € D consists of ramification points of the same ramification index 4.
5 Multifold pillowcase covers

Motivated by the connection to visible Lagrangians in Theorem 6.1, we are interested in Riemann
surfaces X which admit multiple quadratic differentials q1, ..., ¢, € H° (X , K 2) such that

e the vanishing loci Z(q1), ..., Z(qy) are pairwise different,

e the half-translation surfaces (X, ¢;) are pillowcase covers.
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In Corollary 6.2, we will prove that those X will allow for multiple visible Lagrangian subvarieties
L; C Mgy 2,c) projecting to the lines Cq; C HO (X, KQ).

Definition 5.1. We call a Riemann surface X with quadratic differentials ¢1,...,q, as above
a n-fold pillowcase cover. We call a n-fold pillowcase cover a multifold pillowcase cover if n > 2.

Apart from being uniform, we want the pillowcase covers to have simple zeros only.

Two quadratic differentials q1, g2 on X are called isomorphic if there exists an automor-
phism ¢ of X such that ¢*q; = ¢2. We remark that from the point of view of flat geometry iso-
morphic differentials are usually not distinguished. However two isomorphic differentials might
still have different vanishing loci and therefore correspond to different points in the SL(2,C)-
Hitchin base. Hence, we will treat these differentials as different from each other in the following.
In this section we will prove the following.

Theorem 5.2. For infinitely many genera g, there exist multifold uniform pillowcase covers
with simple zeros only.

Proof. Assume that we know a single multifold uniform pillowcase cover X with simple zeros
only of some genus g > 2. Let q1,...,q, be the corresponding quadratic differentials. Then
we can obtain examples in infinitely many genera by taking unramified coverings f: X - X in
different degrees and the differentials ¢; = f*q;.

We will provide explicit examples in the following. |

The following examples have been found by a computer search using [12]. There are many
more examples to be found, but we will restrict our discussion to three examples in low genus.
While the claimed properties of the examples can be checked by hand, it is much more convenient
to use a computer algebra system.

Example 5.3 (genus 2). Consider the group GL(2, F3) of order 48 and let f: X — P! be the
GL(2, F3)-cover branched above three points with monodromy datum

) R G B

The orders of the matrices are 8, 2 and 6, and the genus of X is 2. The group GL(2, F3)
has 12 subgroups of order 6 which we denote by Hi,...,H1s. For each such subgroup the
quotient X/H; is of genus 0, and the quotient map ¢;: X — X/H; is branched above four
points with ramification orders 2 and 3. Let 7; denote the quadratic differential on X/H; of
type (—14) whose simple poles are supported at the branch points of g;. The pullback ¢; := g/n;
is a uniform pillowcase cover with simple zeros only on X. We claim that the vanishing loci of
the differentials ¢; are pairwise different. This is a very explicit but lengthy computation which
is left to the reader. In particular, X is a 12-fold uniform pillowcase cover with simple zeros
only.

Example 5.4 (genus 3). Consider the group SL(3, F») of order 168 and let f: X — P! be the
SL(3, F»)-cover branched above three points with monodromy datum

1 00 010 1 01
01 0], 00 1], 1 00
1 01 1 00 010

The orders of the matrices are 2, 3 and 7. The Riemann surface X is the Klein quartic and has
genus 3. The group SL(3, F3) has 14 subgroups of order 24, and as in the previous example each
of those subgroups gives rise to a uniform pillowcase covers with simple zeros only. In particular,
X is a 14-fold uniform pillowcase cover with simple zeros only.
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Example 5.5 (non-isomorphic differentials). Let G := A4 x Z/37Z. We choose generators (a :=
(123),b:= (12)(34)) = A4 and {(c) = Z/3Z. Consider the subgroups H; := (a,c) = (Z/37)?
and Hy = {(a,b) = Ay. Let f: X — P! be the G-cover branched above three points with
monodromy datum (bc, a’c?, ab). The genus of X is 4.

Consider the two intermediate covers A; := X/H; and Ay := X/ Ho, both of genus 0. We de-
fine the two differentials ¢; and g2 on X as in the previous examples.

In this example, it is relatively easy to see that the differentials ¢; and ¢ are non-isomorphic.
For this, it is convenient to consider the respective canonical covers (X;, \;) of (X, ¢;).

Proposition 5.6. The canonical covers ¥ and 3o are non-isomorphic. In particular, (X, q1) %
(X, q2), i.e., there does not exist an automorphism p: X — X, such that p*q1 = q2.

Proof. The curves ¥; and X9 are covers of P! via 3; — X i) P!, branched over three points.
Both covers ¥; — P! have a monodromy representation with elements in the symmetric group
Soiq|- The covers ¥y and Yo are isomorphic if and only if the elements of the monodromy
representation are conjugated in Sy, which is easily checked not to be the case. |

In the rest of this section, we will produce explicit flat pictures of the two quadratic differen-
tials (X, q1) and (X, ¢2) of Example 5.5. Recall that 3; is a square tiled surface by Lemma 4.3.
We thus have the diagram

El E2

First we determine the tori E;, which also determine the pillowcases A;. We start with the
torus Fy. The map A — P! is cyclic of degree 3 and totally ramified over two points, and
unramified otherwise. One of the branch points of Fy — A5 agrees with a ramification point of
Ay — P!, while the three other branch points of Es — A lie in one fiber of Ay — P'. Hence,
we may assume that the branch points of Fs — Ay are 0, 1, (3 and (3. Those four points have
the cross-ratio D(O, 1;(3,(%) = Cg’, and \((3) = Cg’, where A is the modular lambda function.
Hence up to isomorphism

By 2C/(Z& GL) = C/(Z® (6Z).

The cross-ratio of the four branch points 0,1,z,00 € P! of E; — A; is again uniquely
determined by the ramification profile of the maps £y — A; — P! and is given by

D(0,00;1,2) = 15v/3 — 26.

One numerically computes 7 := t(15v/3 — 26) ~ 1 + 2.143182698915¢, where ¢ is the function
from (4.1), and for this 7 we have

B, = C/(Z®TL).

To obtain pictures of the pillowcase covers X — A;, we need to determine how to glue the
copies of the pillowcase A;. We describe how to obtain this information for a general pillowcase
cover which is a G-cover. The idea is to compare two G-actions on the |G|-many copies of A;.
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Given a G-cover X — P! of degree d = |G| with monodromy datum (g1, ..., g4), the bijective
map

mg: G — G, h+— gh

induces a map p: G — Sg when we identify o: G — {1,...,d}. If p € P! is a point (which is not
a branch point), and we identify the fiber of X — P! above p with {1,...,d} via o, then the lift
of a simple loop with basepoint p around the i-th ramification point starting in ¢ C {1,...,d}
will end in a point p(g;)(q).

b d b
Mo
ha) : hQT

a c a

Figure 3. A pillowcase.

On the other hand, X consists of d copies of the pillowcase P! as depicted in Figure 3.
We can again label those copies with {1,...,d}. After choosing an orientation on the vertical
and horizontal cylinder, X is uniquely determined by the permutations hi, he,v € Sy, which
indicate which copy of the pillowcase we reach when we leave a given copy in the direction
indicated in the figure.

We label the four branch points by a, b, ¢, d as in Figure 3. Lifting a small clockwise cycle
around point a will act on the copies as hoov, around b as hyov™!, around c as hy ! and around d
as hl_l.

Hence, hy, ha, v are given (up to the choice of o and hence p) by

hi=plg0)""s  ha=plg1)™",  v=hy"op(gs) =plga) " o hu.
Now we come back to the cases we are interested in. For X — A; we can choose o such that
hi=ha=1(123)(456)(789), v=(159)(267)(348),
for X — Ay we can choose o such that
hi=(14)(23)(57)(68)(9 10)(11 12), ho=v=(1712)(2811)(3510)(469).

Combined with the information about the tori F;, this gives rise to the pictures in Figure 4,
where the horizontal edges are glued by half-translation as indicated by the labeling.

6 Visible Lagrangians over lines in the Hitchin base

In this section, we study visible Lagrangians over a line B’ = Ca C Bst,(n,c)- In the first part,
we give an existence criterion using Proposition 3.2. In second part, for G = SL(2,C) and
a = ¢ a quadratic differential, we study the holomorphic symplectic subvariety Z,, which is the
proposed mirror dual by Theorem 3.4. If (X, q) is a uniform pillowcase cover, we will show
that Z, is a hyperholomorphic subvariety birational to Hausel’s toy model.

Theorem 6.1. Leta = (0,...,0,a,) € Bgig(n o). Then there exists a visible Lagrangian over Ca,

if and only if the spectral curve with its abelian differential (X, \) is parallelogram-tiled.
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3 1 4 5 8 9
A c E D T H
12 5 6 9 7
B A F E G I
2 3 6 4 7T 8
c B D F H <«

(a) The pillowcase cover X — A;

2 1 6 5 11 12
A C B A C B
4 3 7 8 12 11
D F E D F E
/ 3 4 6 ) 9 10/
G I H G I H
1 2 8 7 10 9//
J L K J L K

(b) The pillowcase cover X — Ay

Figure 4. Two non-isomorphic pillowcase covers on the same curve X.

Proof. First, assume there exists a visible Lagrangian over Ca. Let (3, \) be the spectral curve

to a. Then, by Proposition 3.2, there is an exact sequence of abelian varieties

0— A— Prym(X,) Y B 0.

Here A is of codimension 1 and E is an elliptic curve. Under the assumption on a, the spectral
curve is Z,-Galois and sg = A"~! (up to a constant). Hence, the map ¢ of Proposition 3.1
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becomes

n n n *

) * X;
t: @H(X,KY) — H S, Ky), > Xy aﬁ
=2 =2 =2

In particular, the tangent vector X,, = a,, is mapped to i{;‘f’{ = A. Hence, the differential of the
map ¢ can explicitly be written as

dy: HY(Z,05)” — THE, a»—>c/a/\)\. (6.1)
%

Therefore, v is given by D = > a;y; — > a; fyzg A up to the choice of a point yy € X. Denote
by o a generator of the Z,, action on 3. We want show that the composition 1) o AP with the
Abel-Prym map

AP: ¥ — Prym(Y), y— Oy —oy)

is a branched covering p: ¥ — FE. Clearly, AP identifies all ramification points of 7: ¥ — X.
If ¥ is not hyperelliptic, it is easy to see that these are the only points on ¥ that are identified.
The spectral curve ¥ is never hyperelliptic by [1, Lemma 4.1]. By definition, o*\ = £, A for some
primitive n-th root of unity &,. This implies that the differential of the composition ¢ o AP is
(1—=&)A. Hence, the differential of the composition is injective away from the ramification points
of ¥ — X. In particular, p = ¢ o AP: ¥ — FE is a proper holomorphic map ramified at Z(\)
over 0 € E. Furthermore, A considered as abelian differential has an order n zero at each branch
point and hence the points in Z(\) are n+ 1 : 1 ramifications. In particular, the pullback of an
abelian differential w on E has the same divisor as A and we can find a specific w with p*w = .
Therefore, (X, A) is parallelogram-tiled.

For the converse, let a = (0,...,0,a,) € Bgig(n,c)’ such that (3, \) is parallelogram-tiled, i.e.,
there is a covering p: ¥ — E, such that A = p*w for some abelian differential w on E. The
covering p induces a Norm map

Yi
Nmpg: Jac(¥) — E, D:Zaiyi'—)Zai/ A
Yo

The restriction to Prym(3) defines the desired map
Y = Nmg|prym: Prym(¥) — E.

Let D= (n—1)y—oy—---—o"ly. Then D € Prym(¥) and Nmg(D) = nNmpg(y). Hence,
1) surjects onto E being a divisible group. Its differential is the map (6.1). As ¥ does not change,
when multiplying ¢ with a scalar, we can define an abelian subscheme ker(¢)) C Prym(X/C*q)
that satisfies the criterion of Proposition 3.2. To obtain a visible Lagrangian over Cq, we can
act with the abelian scheme ker(s) on any section of Hit |c,. To obtain a concrete example,
we may choose the Hitchin section. |

Corollary 6.2. Let q € Bg‘ig(z C) be a quadratic differential with simple zeros only. Then there
exists a visible Lagrangian over Cq if and only if (X,q) is a pillowcase cover.

Proof. This is immediate from Theorem 6.1 and Lemma 4.3. [ |
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6.1 The Fourier—Mukai dual

Now, we consider the Fourier—Mukai dual of the visible Lagrangian defined above in the case of
G = SL(2,C). Let (X, q) be a pillowcase cover and £, — B’ = Cq the visible Lagrangian defined
as the closure of the orbit of the abelian subscheme A C Prym(¥/C*¢) on the Hitchin section.
In particular, B = C*q. The fibers of £ — B8 are of codimension 1 in the SL(2, C)-Hitchin
fibers over B8, Hence, by Theorem 3.4 the fiber-wise Fourier—Mukai transformation of the
structure sheaf of £ is supported on an elliptic surface I, — C*¢ obtained by acting with the
abelian scheme E C Prym(3/C*q)" on the Hitchin section of Mpare,c)- Its closure Z, = 1, is
the proposed mirror dual. We have the following proposition.

Proposition 6.3 ([13]). The subvariety Z, C MpsL(n,c) @8 birational to Hausel’s toy model Moy .

Proof. Hausel’s toy model is constructed as an elliptic surface as follows. Take (IP’l , D1, P2, P3, p4)
and consider the elliptic curve E — P!, which is the canonical cover of the pillowcase with
involution 7. Let further 7/ be the involution —1: C — C. Consider M = E x C/(7 x 7). This
orbifold has 4 Zs-points p; x 0. The projection to the second factor induces the map M — C,
(z,y) — y? with generic fiber E. Blowing up the 4 orbifold points, we obtain a smooth surface —
the toy model My .

The subintegrable system Z, associated to B’ = Cq for a pillowcase cover (X, q) is an elliptic
fibration over C*q C B’. The modulus of the elliptic curve is constant and determined by the four

points p1,...,ps on the pillowcase. As for Hausel’s toy model, the monodromy around 0 € Cq
is given by —1. %n fact, if we scale our quadratic differential with €', the abelian differential is
multiplied by ¢’2?. This defines an isomorphism between M \ {y = 0} and Z, lcx g [

For uniform pillowcase covers (X, ¢), we can indeed prove that Z, C Mgy,o,c)(X) is a hyper-
holomorphic subvariety. This will be achieved by defining a morphism © from a moduli space
of semi-stable parabolic SL(2, C)-Higgs bundles to Mgy, c)(X), such that the image of © is Z,.
Denote by M, = M, (P!, D) the moduli space of semi-stable strongly parabolic SL(2, C)-Higgs
bundle (€,®) on P! with D = 0+ 1 + oo + y with parabolic weights a = ((ay,1,y2)yeD)-
Here & is a rank 2 bundle of determinant det(£) = O(—4) together with complete flag {0} C
Ey1 C Eyo =&y at each y € D. By our convention, flags are ascending and weights descending,
ie., ay1 > ay2. The Higgs field @ € H(P!,Endy(£) ® K (D)) must preserve these flags, in
the sense that Res(®)(&,) C &,1. The Higgs bundle (£, ®) is called semi-stable if and only if
for each sub-Higgs bundle (L,v) C (£, ®) we have pardeg(L, ) < pardeg(&, ®). On (IP’l,D),
this condition is automatically satisfied for all Higgs bundles that are not nilpotent. M, (]P’l, D)
carries a hyperkahler metric defined by interpreting it as the moduli space of flat logarithmic
connections with certain fix monodromy at D via non-abelian Hodge theory. See [10] for more
details. For generic weights, the moduli space M, is isomorphic to the smooth surface Myqy
constructed above.

Recall from Definition 4.5 that for a uniform pillowcase cover (X, q) every fiber of p: X — P!
over one of the four marked points on P! has a well-defined ramification index.

Theorem 6.4. Let (X, q) be a uniform pillowcase cover with simple zeros o'nly. We define so-

called compatible parabolic weights at y € D of ramification index i by (ao = %, o) = P%Q) Let
MQ(IP’I,D) be the moduli space of strongly parabolic Higgs bundles on (IP’l,D) with compatible

parabolic weights. Then there exists a holomorphic map
©: Mqy(P', D) = Mgpec)(X)
such that

(i) it maps the Hitchin section of My to the Hitchin section of Mgy, o,c)(X) restricted to Cq.
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(7i) for all c € C*, it makes the following diagram commute

E—" Prym(s,)

F |=

Hit =1 (cn) —9, Hit~(cq),
where we used the Hitchin section to identify the corresponding Hitchin fibers with abelian
varieties.
(ii7) © can be promoted to a morphism of hermitian Higgs bundles, such that solutions to the

Hitchin equation on (]P’l, D) are mapped to solutions to the Hitchin equation on X.

Proof. Recall the square of coverings of Figure 5. The morphism O is given by a Hecke modified
pullback along p. Let (€, ®) € M,. First define

[N

(&)= (P (ER03) @ K2, p*®).

This is a meromorphic Higgs bundle on X with tr(®’) = 0. By assumption of ¢ having simple
zeros only all points in p~'(D) are ramification points of p, which are 2 : 1 or 3 : 1. Let
R; € DivT(X) be the divisor that has weight 1 at the branch points that are (i + 1) : 1 and
R = Ry + Ry. The pullback of the quasi-parabolic structure defines a quasi-parabolic structure
on &£ at R given by 59'671 = p*Epe1 C E. Now we define a Hecke modification

0 (£,0) » (£, 2)» P &/&,—0

zesuppR

Then the map © is defined as ©: (£,®) — (€, D).

5, A)

(
N
(X,q) (E,w)
(P, m)
Figure 5. Square of coverings associated to a pillowcase.
Well-definedness: First, we have to show that © is well defined. We have
P Op1(=2) = p"Kp = Kx(—R1 — 2Ry)
and div(q) = R2. Hence, the determinant of E’ computes to
det(&') = p*O(2) ® Ky' = K*(R1 + 2Rs) = O(Ry + Ry).

Therefore, the determinant of & is det (c‘f) =det(&')(—R1 — R2) = Ox.
To show that the Higgs field d is holomorphic we do a local computation. Locally at each
y € D, we can find a frame sy, so of £ adapted to the parabolic structure such that

sz a()Z 62)

p2(2)dz  —¢p(2)dz

b —
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and &1 = (s1]y). Hence, at all ramification points = € p~1D the pullback has the form

b0 (wk)wk_ldw o1 (wk)%u

¢2 (wk)wk—ldw _¢0 (wk)wk—ld,w

pre = (6.3)

where w is a coordinate centered at x, such that p: w — z = w*. By assumption, k = 2,3. The
pullback quasi-parabolic structure is given by 6’;71 = (p*s1|y). Now, it is an easy computation
to see that the Hecke modification modifies the Higgs field to

ci>:<¢0(w’“>wk1dw 61 (w") duw )

¢ (wh)wk=2dw  — g (w*)wh—Ldw

Hence, indeed (£,®) defines a SL(2,C)-Higgs bundle. Its polystability will follow from the
existence of a solution to Hitchin’s equation at the end of the proof.

Hitchin sections: Now, we want to apply this morphism to a point in the Hitchin section.
We identify the Hitchin base of My as {en | ¢ € C} for a fixed quadratic differential n with
simple poles at D. Denote by ¢ = p*n its pullback. Then a point (£, ®) in the Hitchin section
of M, is given by

(£, ®) = <0(—1) ©0(=3), (2 g)) € M.

After pullback and tensoring, we obtain

En 1 1 0 cp*l

Here p*1 € p*O(2) ® p* Kp1 has a zero of order 1 at each 2 : 1 ramification point and a zero of
order 2 at each 3 : 1 ramification point. The pullback quasi-parabolic structure at p~1D is given
by the second coordinate with respect to the splitting. Hence, the Hecke modification yields

O(€,d) = (Ké o K3, ((1) Cg)) — sy(cq)

as asserted.

Compatibility with pullback by p: We show that this map extends the spectral correspon-
dence on the regular locus. First we showed above that the Hitchin section of M, is mapped
on the Hitchin section of Mgy,2,c)(X). It is easy to see that the eigen-line bundle on E of the
Hitchin section of M is #*O(—3). Similarly, the eigen-line bundle on ¥ of the Hitchin section
of Mgp,2,0)(X) is K ,?. We use these two Hitchin sections to identify the fibers with the
corresponding abelian varieties. Then (£, ®) € M, corresponds to an element L € Jac(FE).
Similarly, (é , CTJ) corresponds to an element Ly € Prym(%,). We need to show that Lo = p*L;.
From the spectral correspondence, we have an exact sequence

AP —widseg
—_—

0— L1 ®7*0(-3) - 7€ 7€ ® O(2)).

Tensoring with O(3) and pulling back, we obtain

T —Nidzeg

0= "Ly — (€ © K2) (&' © K3) ® (7o p) 0(2).

1
Here we used the commutativity of diagram in Figure 5. Finally, twisting by K y* we see that the
line bundle associated to 7*(&’, ®’) through the spectral correspondence is p*L;. The (pullback
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of the) Hecke modification £ — & can potentially change this line bundle by twisting it with
a divisor supported at 7~ ' R. However, on the regular locus of M, the quasi-parabolic structure
is uniquely determined through the Higgs field at each p € D (see [10, Proposition 8.1]). Hence,
we can compute the eigen-line bundle and the quasi-parabolic structure of 7*(&’, ®’) with respect
to the pullback of the local frame of (6.2). Then it is easy to see that the eigen-line bundle
p*L1 ® K, ? descends to a subbundle of 7*(&, ®). Hence p*L; = Lo.

Solutions to Hitchin equation: Finally, we will show that a hermitian metric h on (€, ®) € M,
that solves the Hitchin equation is transformed to a solution to the Hitchin equation for (f:’ , <i>) €
M 2,0)(X). First there is a section of O(4) with divisors D. Promoting this section to have
norm 1 defines a singular hermitian metric on O(4) locally given by |z|~2 at y € D. Tlglis induces
a singular hermitian metric on O(1) and hence on O(3). The latter is given by |z|72 at y € D
and will be depoted by hos). Similarly, ¢ € H 0 (X K X) 1nduces a singular hermitian metric
h_ 1gy O K ? that is smooth away from Z(g) and given by \w| 2 locally at € Z(q). It is easy
to see that singular hermitian metrics defined in this way are automatically flat.

We need to extend the morphism O to hermitian Higgs bundles (£, ®, h). In the first step,
we use the singular hermitian metrics defined above to obtain a hermitian metric on & by

(1) = 7 (B, h) © (0(3), ho)) © (K™ h_y ).

This hermitian metric is holomorphic on X\ R. The hermitian metric A’ pulls back to a hermitian
metric h on € through the Hecke modification & — & a priori holomorphic only on X \ R.

Now, we start with a polystable Higgs bundle (£, ®) € M, and let h be a solution to Hitchin’s
equation. By the flatness of the hermitian metrics hp(3) and h_1 iy the resulting hermitian
metric A’ on £ will still be a solution to Hitchin’s equation wherever it is smooth. By definition,
the Hecke modification & — & is an isomorphism on X \ R and hence the induced metric h is
a solution to Hitchin’s equation on this locus. To show that it defines a solution to Hitchin’s
equation on X, we are left with showing that it extends smoothly over R.

To do so, we compute the local description of h at € R. The metric h is adapted to the
parabolic structure. Hence, at y € D we can find a local frame s1, so of £ such that firstly

e
h = < ’2’2012 9

secondly the Higgs field is given by (6.2) and thirdly the quasi-parabolic structure is the ascend-
ing flag (s1) C (s1,s2). We have to consider two cases depending on the ramification index of
the fiber over y € D. We will only give the details for y € D of ramification index 2, i.e., p~ly
is made up from 3 : 1 ramification points.

In this case, the compatible parabolic weight are a,, = (3,1), so that h = dlag(\zls |z|3 )
Tensoring with (O(3), hp(s)), pulling back and then tensorlng with (K ’h—%K) we obtain
a local description for h' at x € Z(q) with respect to the induced frame

= ﬁ*diag(!z!g_%, \z|%_%)\wl% = diag(l, |w\_2).

Here w is local coordinate at @ € p~ 'y, such that p: w — w? = 2. Finally, with respect to the

frame s1, so the Hecke modification £ Eis given by diag(1l,w) and hence the induced metric
on & is indeed smooth at 2 € R of ramification index 2. The case of ramification index 1 follows
along the same lines. Hence, h defines a smooth solution to the Hitchin equation for the Higgs
bundle (€, ®).

In particular, for a polystable Higgs bundle (£, ®) € M, the image O(&, ®) is polystable and
hence indeed © defines a map of moduli spaces

O: Mg — MSL(2,(C) (X)
This finishes the proof. |
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Remark 6.5. If (X ¢) is an uniform pillowcase cover such that there is an odd number of y € D
of ramification index 1, then the compatible weights are generic in the sense that semi-stability
implies stability. In particular, M, is the elliptic surface referred to as Hausel’s toy model with
the nilpotent cone being of Kodaira type Ij.

Corollary 6.6. Let (X, q) be a uniform pillowcase cover. Then I, C Mpgr2,c)(X) is a hyper-
holomorphic subvariety.

Proof. By Theorem 6.4, ©® maps solutions to the Hitchin equation on (]P’l, D) to solutions to
the Hitchin equation on X. Hence, it is holomorphic not only with respect to the holomor-
phic structure I, but also with respect to the holomorphic structure J and K on the moduli
spaces M, (Pl, D) and Mg, 2,c)(X). In particular, its image is a hyperholomorphic subvariety.
However, Theorem 6.4 (i) and (ii) shows that © restricts to an isomorphism from the regular
locus of My to the torsor Z' C Mgp,2,c)(X) obtained by acting with the abelian scheme £ C

Prym(3/C*q) over C*q on the Hitchin section. Hence, 7 the image of © is a hyperholomorphic
subvariety. In particular, its image Z, under the quotient map d: Mgy, c)(X) = Mpgr2,c)(X)
is hyperholomorphic. |
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