
Symmetry, Integrability and Geometry: Methods and Applications SIGMA 22 (2026), 018, 31 pages

Regularized ζ∆(1) for Polyhedra

Alexey Yu. KOKOTOV and Dmitrii V. KORIKOV

Department of Mathematics and Statistics, Concordia University,
1400 De Maisonneuve Blvd. W., Montreal, QC H3G 1M8, Canada

E-mail: alexey.kokotov@concordia.ca, dmitrii.v.korikov@gmail.com

Received May 13, 2025, in final form February 03, 2026; Published online February 25, 2026

https://doi.org/10.3842/SIGMA.2026.018

Abstract. Let X be a compact polyhedral surface (a compact Riemann surface with flat
conformal metric T having conical singularities). The ζ-function ζ∆(s) of the Friedrichs
Laplacian on X is meromorphic in C with a single simple pole at s = 1. We define reg ζ∆(1)
as lim

s→1

(
ζ∆(s)− Area(X,T)

4π(s−1)

)
. We derive an explicit expression for this spectral invariant

through the holomorphic invariants of the Riemann surface X and the (generalized) di-
visor of the conical points of the metric T. We study the asymptotics of reg ζ∆(1) for the
polyhedron obtained by sewing two other polyhedra along segments of small length. In
addition, we calculate reg ζ(1) for a family of (non-Friedrichs) self-adjoint extensions of the
Laplacian on the tetrahedron with all the conical angles equal to π.
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1 Introduction

Let X be a compact Riemann surface of genus g and let
∑M

k=1 bkPk (Pk ∈ X, bk ∈ R,
bk > −1, M is a positive integer) be a (generalized) divisor of degree

∑M
k=1 bk = 2g − 2. Then

(see [36])

� there exists a unique (up to rescaling) conformal metric T (the Troyanov metric in the
sequel) on X such that T is flat in X \ {P1, . . . , PM} and T has conical points at Pk of
conical angles βk = 2π(bk +1). There exist holomorphic coordinates xk near Pk (so called
distinguished local parameters on X) such that T =

∣∣d(xβk/2π
k

)∣∣2 = (bk + 1)2|xk|2bk |dxk|2.

� there exists a triangulation of X consisting of Euclidean triangles such that all the Pk are
among the vertices of the triangles from this triangulation.

Clearly, any polyhedral surface (i.e., a closed orientable compact surface glued from Euclidean
triangles) can be provided with natural complex structure and flat conformal conical metric. This
results in a pair (X,T) described above.

Let Ẋ := X\{P1, . . . , PM} and let ∆ be the Friedrichs self-adjoint extension of the symmetric
Laplacian −4T−1∂∂ =: ∆0 on X corresponding to a Troyanov metric T with domain C∞

0 (Ẋ).
Then (see, e.g., [16])

� ∆ has a discrete spectrum consisting of eigenvalues, λk, of finite multiplicity,

� the operator ζ-function

ζ∆(s) =
∑
λk>0

1

λsk
(1.1)
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defined initially for Re s > 1 can be analytically continued to a meromorphic function in C
with unique (simple) pole at s = 1. One has the representation

ζ∆(s) =
1

Γ(s)

{
A

4π(s− 1)
+

[
1

12

M∑
k=1

{
2π

βk
− βk

2π

}
− 1

]
1

s
+ e(s)

}
,

where A := Area(X,T) is the area of the surface X in the metric T and e(s) is an entire
function.

In particular, ζ∆(s) is regular at s = 0, this gives an opportunity to introduce the spectral
determinant of the Laplacian on a polyhedral surface, det∆, as exp (−ζ ′∆(0)). This quantity
was explicitly computed and extensively studied in [17, 18, 21]. The main goal of the present
paper is to study another interesting spectral invariant of the polyhedral surface X, namely the
regularized value of the operator ζ-function at s = 1

reg ζ∆(1) = lim
s→1

(
ζ∆(s)−

A

4π(s− 1)

)
. (1.2)

Remark 1.1. We choose regularization (1.2), following the tradition (in the case of smooth
metrics this regularization was previously used in [30, 31, 35]); however, it is worth noting that
a slightly different regularization r̃eg ζ∆(1) = reg ζ∆(1)−A logA/4π (obtained by replacement A
with As in (1.2)) satisfies the same scaling law r̃eg ζ∆′(s) = t r̃eg ζ∆(s) of r̃eg ζ∆(1) under the
homothety T′ := tT as the ζ-function itself ζ∆′(s) = tsζ∆(s).

It should be noted that for the classical Riemann ζ-function, ζR(s), one has

reg ζR(1) = γ = 0.577 . . . .

So in a sense we are dealing with an analogue of the Euler–Mascheroni constant for a polyhedral
surface.

We derive an explicit expression for reg ζ∆(1) through the holomorphic invariants of X and
the (generalized) divisor of the conical points of the Troyanov metric T. The derivation consists
of the following three ingredients.

1. Let G denote the Green function for the Laplacian ∆ (see, e.g., [9, p. 25]) and let Gs

(s = 2, 3, . . . ) denote the Green functions for ∆s. Recall that the values of ζ∆(s) at s = 2, 3, . . .
are connected with diagonal values Gs(x, x) via

ζ∆(s) = Tr∆−s =

∫
X
Gs(x, x) dS(x), s = 2, 3, . . . .

(Here and in what follows dS(x) (sometimes dS) denotes the area element.)
A version of the above formula for s = 1 is derived by Steiner [35] for the case of smooth

metrics on X. In this case, both ζ∆(1) and G(x, x) are replaced by their regularized values.
Namely, introduce the Robin mass

m(P ) = lim
P ′→P

[
G(P, P ′) +

log d(P, P ′)

2π

]
, P ∈ X, (1.3)

where d(P, P ′) is the geodesic distance between P and P ′. Then (see [35, Proposition 2])

reg ζ∆(1) =

∫
X

(
m− log 2− γ

2π

)
dS. (1.4)

Steiner’s proof of (1.4) is based on the classical short-time asymptotics of the heat kernel Ht

corresponding to a smooth metric.
In Section 3, we prove the first main result of the present paper.
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Theorem 1.2. Steiner’s relation (1.4) holds for the case of the (singular) Troyanov metric T.

To implement (in a more sophisticated way) Steiner’s argument, we derive the corrections to
the parametrix of Ht arising due to the presence of conical singularities of the metric. To this
end, we make use of the explicit solutions to the heat equation in cones [4, 6].

Due to (1.4), the calculation of reg ζ∆(1) is reduced to the calculation of the Robin mass m.
2. The Robin mass m is calculated by the use of the following Verlinde–Verlinde (simply

Verlinde in the sequel) formula (1.6) (see [37, equations (5.7)–(5.10)]; it should be noted that
usually this name is associated to the famous formula of the same authors from conformal field
theory that has nothing to do with (1.6)).

Let ρ−2(z)|dz|2 be a conformal metric on X (the case of the Troyanov metric T is also allowed,
see Lemma 2.1 below); introduce the prime form E(x, y), the Abel transform A and the matrix
of b-periods B for the (marked) Riemann surface X. Introduce a symmetric section

F (x, y) = exp
[
−2π ImA (x− y)T(ImB)−1 ImA (x− y)

]
|E(x, y)|2 (1.5)

of |Kx|−1⊗̂|Ky|−1 (here K denotes the canonical bundle; the notation means that F is a section
of the bundle |K|−1 with respect to both arguments x and y, cf. [9, p. 23]). Then (see the last
paragraph of [37, Section 5])

G(x, y) =
1

2

(
m(x) +m(y)

)
+Φ(x, y), (1.6)

where

Φ(x, y) = − 1

4π
log

F (x, y)

ρ(x)ρ(y)
. (1.7)

Integrating (1.6) over x and y and taking into account that G(·, y) is L2-orthogonal to constants,
we obtain∫

X
mdS =− 1

A

∫
X

∫
X
Φ(x, y) dS(x)dS(y), (1.8)

where A is the area of X in the metric ρ−2(z)|dz|2. Using (1.8), one derives the expressions for
the Robin mass m and reg ζ∆(1) via the metric on X. Namely, integrating (1.6) with respect
to y, one gets

m(x) =
1

A2

∫
X

∫
X
Φ(x, y) dS(x)dS(y)− 2

A

∫
X
Φ(x, y) dS(y),

whereas combining (1.4) with (1.8) and (1.7), (1.5) yields the following result.

Theorem 1.3. Let ρ−2(z)|dz|2 be either a smooth conformal metric or a Troyanov metric on X.
One has the following explicit expression for the regularized value of the ζ∆(s) at s = 1:

reg ζ∆(1) =
A

2π

[
γ − log 2 +

∫
X

∫
X

(
log

|E(x, y)|
ρ1/2(x)ρ1/2(y)

−2π ImA (x− y)T(ImB)−1 ImA (x− y)
) dS(x)dS(y)

A2

]
. (1.9)

3. An explicit formula for the Troyanov metric (in higher genus) was first proposed in [16];
in [18], it was given a more effective one but only for a metric with no Weierstrass points among
the vertices P1, . . . , PM . In Section 2, we improve the construction from [18]: in contrast to [18]
the new expression for T given by formulas (2.1), (2.2), (2.5) below is valid in general. We also
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recall formulas (2.7) and (2.6) for the case g = 0 and g = 1, respectively. The explicit expression
for reg ζ∆(1) for polyhedra is obtained by substituting these formulas into (1.9).

Next, in Section 4, we consider a family ε 7→ X(ε) of polyhedral surfaces X(ε) with two
conical points P (ε) and P ′(ε) (with conical angles 4π) approaching to each other in such a way
that ε = dist(P (ε), P ′(ε)) and the “limit surface” X(0) splits into two disjoint surfaces X± with
punctures at P±, respectively. We prove the following result.

Theorem 1.4. One has the asymptotic formula

lim
ε→0

[
reg ζ∆(1) +

A+A−
A

(
log(ε/4)

π
−
∑
±
m±(P±)

)]
=
∑
±

reg ζ∆±(1) (1.10)

for the regularized value at s = 1 of the ζ-function of the Laplacian ∆ := ∆(ε) on X := X(ε).
Here A and A± are areas of X and X±, respectively, m±(P±) are the Robin masses at P± ∈ X±.

We also derive (via the matched asymptotics method, see [26, Chapters 2 and 6]) the asymp-
totics of the first non-zero eigenvalue of ∆(ε),

1

λ1(ε)
= −A+A−

A

[
1

π
log(ε/4)−

∑
±
m±(P±)

]
+ o(1). (1.11)

Using this asymptotics, one observes that (1.10) takes the form

lim
ε→0

[
reg ζ∆(1)− λ1(ε)−1

]
=
∑
±

reg ζ∆±(1), (1.12)

where ∆± are the Friedrichs Laplacians onX±, respectively. Formula (1.12) exhibits additive law
for reg ζ∆(1) after the exclusion of not only the zero mode but also the mode with eigenvalue λ1(ε)
tending to zero as ε→ 0. The reason for this additional exclusion is that in the right-hand side
of (1.12) the zero modes are excluded from both summands reg ζ∆±(1). Although (1.12) follows
from the formal substitution of the asymptotics

λk+1(ε) = λk + o(1) (1.13)

(obtained again by the matched asymptotics method; here k > 1 and λ1 ≤ λ2 ≤ · · · is the non-
decreasing sequence of non-zero eigenvalues of the operator diag(∆+,∆−) in L2(X+)×L2(X−))
into (1.1), it cannot be justified in such a way since asymptotics (1.13) are not uniform in k.
Moreover, such a substitution is incorrect in general: indeed, it would lead to the incorrect
(inverse logarithmic due to (1.11) instead of power-type) dependence on the parameter ε in [17,
formula (3.15)] for the determinant det∆(ε).

Finally, in Section 5, we consider the family α 7→ ∆4,α (α ∈ [0, π)) of self-adjoint extensions of
the Laplacian on the tetrahedron T = ABCD with domain consisting of functions on T ≃ CP 1

vanishing near one of the vertices (say, A). We restrict ourselves to the case in which all the
conical angles of T are equal to π; in this case, T is isometric to the Riemann sphere equipped
with metric C(T )|Q|, where Q is the quadratic differential

Q =
(dz)2

z(z − 1)(z − ξ(T ))

with ξ(T ) ∈ C\{0, 1}; C(T ) > 0. The domain of ∆4,α contains all the smooth (in T \ {A};
the C∞-structure on T comes from the Riemann sphere) functions with asymptotics

u(x) = const

(
log d(x,A)

2π
sin(α) + cos(α)

)
+ o(1)

as x→ A. The Friedrichs Laplacian, ∆4, coincides with ∆4,0.
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For the above tetrahedra ABCD (with all four conical angles equal to π) having the unit
area and the aspect ratio

AB : BC : CA = |τ | : |τ − 1| : 1 (1.14)

(where Im τ > 0), we prove the following statement.

Theorem 1.5. The explicit formulas for the regularized ζ-functions of ∆4,α hold

reg ζ∆4(1) =
1

π

[
γ

2
− log(2 Im τ)

4
− log |2πη(τ)|

]
, (1.15)

reg ζ∆4,α(1) =
1

π

[
γ

2
− log(2 Im τ)

4
+ log |2πη(τ)|

]
− 2 cotα, α ̸= 0, (1.16)

where η is the Dedekind eta function.

Note that reg ζ∆4,α(1) of ∆4,α tends to infinity as α → +0 since the first two eigenvalues
of ∆4,α obey λ1(∆4,α) → −0 (mind the minus sign: the first eigenvalue of ∆4,α is negative
for α > 0), λ2(∆4,α) → +0 as α → +0 (see [5, Section 2]) while the zero mode is excluded
from reg ζ∆4(1).

We also mention in passing that there are conclusive numerical arguments in favour of the
statement that among all the above tetrahedra, the (global) minimum of reg ζ∆4(1) is attained
at the regular one.

We hope that the results of the present paper can find their applications to extremal ge-
ometries of polyhedral surfaces (see [34]). Special values of the ζ-function are among the most
interesting functionals on various moduli spaces and their extremal properties are intimately re-
lated to geometric properties of these spaces. Special values of the ζ-function may be applied in
the studies of inverse spectral problems in the spirit of Osgood–Phillips–Sarnak [11, 33]. As an
additional motivation, we notice that in [19], using the Ricci flow, it was shown that a genus
zero version of Theorem 1.3 implies the old result of Morpurgo [28] concerning the extremality
of reg ζ∆(1) at the round metric on the Riemann sphere.

2 Explicit expressions for Troyanov metric

In this section, we derive the explicit expressions for the Troyanov metric T via its divisor.

The case g > 1

Choose a marking on X (i.e., a base point p0 and 2g loops from π1(X, p0) forming a canon-
ical homotopy basis; these loops can be chosen in such a way that dissecting X along them
yields a fundamental polygon D; see [9]). In order to construct T, it suffices to construct, for
each k = 1, . . . ,M , a multiplicative holomorphic differential of weight 1, P(·, Pk), on X with
a single zero of multiplicity 2g − 2 at Pk and unitary multipliers along the basic cycles. Then
the Troyanov metric is given by

T = C

M∏
k=1

|P(·, Pk)|
2bk
2g−2 (2.1)

with arbitrary positive constant C responsible for the rescaling of the metric.
To construct the P(z, P ) (P ∈ X) introduce (following [9, formula (1.13)], see also [37])

σ(z, z′) =
θ
(
A
(∑g

j=1 zj − gz
)
+Kz

)
θ
(
A
(∑g

j=1 zj − z′ − (g − 1)z
)
+Kz

) g∏
j=1

E(zj , z
′)

E(zj , z)
, (2.2)
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where z1, . . . , zg, z, z
′ ∈ D, A and Kz are the Abel transform (with integration going along the

paths lying inside D) and the vector of Riemann constants corresponding to a base point z ∈ D;
E(·, ·) is the prime form; θ denotes the theta function of X (with respect to the above marking).

It can be checked that σ(z, z′) is independent of z1, . . . , zg and presents a nowhere vanishing
multiplicative holomorphic g

2 -differential with respect to the first argument, z, with multipliers 1,
exp((g− 1)πiBjj +2πiKz

j ) along the cycles aj , bj , respectively (see [9, Proposition 1.2]). Here B
is the matrix of b-periods of X.

Let

P(z, z′(P )) = σ2(z, z0)E
2g−2(z, z′(P )) exp

(
−4πi

g∑
s=1

ρs

∫ z

z0

vs

)
, (2.3)

where z0 is an arbitrary point of X (the value of σ is computed with respect to an arbitrary
holomorphic local parameter at z0), and ρ⃗ = (ρ1, . . . , ρg)

T ∈ Rg; {vs} is the canonical basis of
Abelian differentials (corresponding to the chosen marking of X).

(Notice that the expression σ(z, z0)E
g−1(z, z′(P )) appeared previously in [37] and, later,

in [9]. We introduce the exponential factor in the right hand side of (2.3) to make the mon-
odromies unitary.)

Recall that the prime form E(z, z′(P )) is a multiplicative holomorphic (−1/2)-differential
on X with the unique zero P of order 1 and with multipliers

1, exp

(
−πiBjj − 2πi

∫ z

z′
vj

)
along the cycles aj , bj , respectively (see [9, equation (1.4)]). Then P(·, z′(P )) is a multiplicative
holomorphic 1-differential on X with the unique zero P of order 2g − 2 and with multipliers

exp(−4πiρj), exp

(
4πi

(
KP

j −
g∑

s=1

ρsBsj

))
(2.4)

along the cycles aj , bj , respectively. To check this one uses the formula

Kz − (g − 1)

∫ z

z′
v⃗ = Kz′

(see [9, Proposition 1.1]). The multipliers (2.4) are unitary if and only if ImBρ⃗ = ImKP .
Therefore, the expression

P(z, P ) = σ2(z, z0)E
2g−2(z, z′(P )) exp

(
−4πiA (z − z0)T(ImB)−1 ImKP

)
(2.5)

(where the holomorphic local coordinate z′ at P is arbitrary) gives a multivalued holomorphic
(Prym) differential on X with the unique zero P of order 2g− 2 and with unitary multiplicative
twists along the basic cycles.

The case g = 1

In this case, the construction is similar (and was done in [10, Section 4.2.3]). The idea is
essentially the same: in genus 1 one makes use of the theta function θ

[1/2
1/2

]
(· − P ) with odd

characteristics (i.e., the main ingredient of the prime form on the elliptic curve X that vanishes
at P ) and introduces some exponential factor to make the twists unitary.

Namely, the product

M∏
k=1

(
θ
[
1/2
1/2

]
(z − Pk)

)bk
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has a unitary multiplicative twist along the a-cycle and the multiplicative twist

exp

(
−πi

M∑
k=1

bk
(
B+ 2(z − Pk) + 1

))
= exp

(
2πi

M∑
k=1

bkPk

)

= exp (iψ) exp

(
−2π

M∑
k=1

bk ImPk

)

along the b-cycle (here B is the b-period of the elliptic curveX, we used the equality
∑M

k=1 bk = 0)
with some real ψ.

For α ∈ R, the function exp (iαz) has a unitary multiplicative twist along the a-cycle (z 7→
z + 1) and the multiplicative twist exp (iαB) along the b-cycle (z 7→ z + B). Choose

α = − 2π

ImB

M∑
k=1

bk ImPk.

Then the Troyanov metric is given by

T = C

∣∣∣∣∣eiαz
M∏
k=1

{
θ
[
1/2
1/2

]
(z − Pk)

}bk
dz

∣∣∣∣∣
2

. (2.6)

The case g = 0

In genus zero such a formula is obvious (and was given in [36])

T = C
M∏
k=1

|z − z(Pk)|2bk |dz|2, (2.7)

where z is the global coordinate on C ⊂ CP 1 = X.

Verlinde formula (1.6) for polyhedra

In this subsection, we prove the following statement.

Lemma 2.1. Formula (1.6) is valid if the metric on X is Troyanov.

Proof. Let y ∈ Ẋ. In view of (1.7) and (1.5), we have

∆x

(
G(x, y)− Φ(x, y)

)
= T−1(x)B(x, x)−A−1, x ∈ Ẋ, (2.8)

where v⃗ = (v1, . . . , vg)
T and B(x, y) = v⃗(y)

T
(ImB)−1v⃗(x) is the Bergman reproducing kernel for

holomorphic differentials.
Since the Green function G corresponds to the Friedrichs Laplacian, G(·, y) is bounded near

vertices. Therefore, (1.7) implies the asymptotics

G(xk, Pk)− Φ(xk, Pk) =
1

8π
logT(xk) +O(1)

=
bk
4π

log |xk|+O(1) =
bk log d(xk, Pk)

4π(bk + 1)
+O(1) (2.9)

near Pk (k = 1, . . . ,M). Denote

D(x) =
∑
k

bk
4π(bk + 1)

χk(x) log d(x, Pk),
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where χk is a smooth cut-off function equal to 1 near Pk and such that the diameter suppχk

(in the metric T) is sufficiently small. Then F := ∆D ∈ C∞
c (Ẋ). It is easy to check that∫

X
F(x) dS(x) =

∑
k

bk
4π(bk + 1)

βk =
1

2

∑
k

bk = g − 1. (2.10)

Now, introduce a solution m̃ to

∆m̃(z) = T−1B(z, z)−A−1 − F(z), (2.11)

where ∆ is the Friedrichs Laplacian. From (2.10) and the well-known equality (see, e.g., [9, p.15])∫
X B(z, z) = g, it follows that the right-hand side of (2.11) is L2(X,T)-orthogonal to constants.
Thus, a solution to (2.11) exists and is unique up to an additive constant. Denote m = 2(D+m̃)
and put m(x, y) := G(x, y) − Φ(x, y) − 1

2(m(x) + m(y)). Then ∆xm(x, y) = ∆ym(x, y) = 0,

x, y ∈ Ẋ and m(·, y), m(x, ·) are bounded near vertices. Therefore, m(·, y), m(x, ·) belong to the
domain of the Friedrichs Laplacian and, hence, m(x, y) = c(y) = c̃(x) = const. One can assume
(by specifying the solution to (2.11)) that const = 0. Then formula (1.6) is valid. To prove that
the above defined m is indeed Robin mass (1.3), it is sufficient to note that the near-diagonal
asymptotics

Φ(x, y) = − log d(x, y)

2π
+ o(1), x→ y ∈ Ẋ,

is valid for function (1.7). ■

Remark 2.2. Clearly, m ∈ C∞(Ẋ). From (1.6) and (2.9), it follows that m has logarithmic
singularities near vertices

m(x) =
bk
βk

log d(x, Pk) +O(1), x→ Pk.

Remark 2.3. Formula (1.6) holds if the conical metric T on X is flat in (punctured) vicinities
of the conical points and is arbitrary (smooth) outside these vicinities. The proof of this fact is
the same as in Lemma 2.1 except for the following replacements: 1) formula (2.8) is replaced by

∆x

(
G(x, y)− Φ(x, y)

)
= T−1(x)B(x, x)−A−1 +K(x)/4π,

where K = 2T∂∂ logT is the Gaussian curvature of T; 2) the function m̃ is defined as a solution
to the equation

∆m̃(z) = T−1B(z, z)−A−1 − F(z) +K(x)/4π

instead of (2.11). The latter equation is solvable due to (2.10) and the Gauss–Bonnet formula

∫
X
K dS −

M∑
k=1

bk = 2− 2g.

3 Generalization of Steiner formula (1.4) for polyhedra

In this section, we prove the following statement.

Proposition 3.1. Formula (1.4) is valid for a Troyanov metric T.



Regularized ζ∆(1) for Polyhedra 9

As in [35], the proof of Proposition 3.1 is based on the short-time asymptotics of the heat
kernel H for the (Friedrichs) Laplacian ∆. For this reason, we first derive (in Sections 3.1–3.3)
such an asymptotics; it includes the new terms arising due the presence of conical singularities
of the metric.

For general manifolds with conical singularities and Laplacians acting on forms, a similar
asymptotics (including short-time asymptotics for the heat trace) is constructed in [27]. Al-
though we adopt the scheme from [27], in order to prove (4) we use a more explicit construction
that provides the exponential decay of the remainder (including the weighted estimates near
vertices). In particular, we fill a certain gap between the explicit constructions in dimension two
based on Sommerfeld-type integrals (going back to [4] and often used by physicists, see, e.g., [6])
and the framework of the operator theory.

3.1 Local solutions to the heat equation (∂t + ∆)u = 0

Local solutions outside conical points

Let U ⊂ X be a domain containing no conical points and let z be a holomorphic coordinate
on U in which T = |dz|2. Then ∆ = −4∂z∂z and the local fundamental solution to (∂t+∆)u = 0
in U is given by

H(P, P ′, t|U, z) = 1

4πt
exp

(
−|z − z

′|2

4t

)
, (3.1)

where z = z(P ), z′ = z(P ′) and P, P ′ ∈ U .

Local solutions near conical point

Now let U ⊂ X be a neighbourhood containing one conical point Q (of conical angle β =
2π(b+ 1), b > −1) and let z be a holomorphic coordinate on U obeying z(Q) = 0 and T =∣∣d(zβ/2π)∣∣2. Introduce the polar coordinates

r = |z|β/2π, φ =
β

2π
arg z (mod β). (3.2)

Then ∆ = −r−2
(
(r∂r)

2 + ∂2φ
)
and the local fundamental solution to (∂t + ∆)u = 0 near Q is

given by

H(P, P ′, t|U, z) = 1

8πiβt

∫
C
exp

(
− r2

4t

)
cotΘdϑ (3.3)

(see [4], see also [6, 21]), where

r :=
√
r2 − 2rr′ cosϑ+ r′2, Θ := πβ−1(ϑ+ φ− φ′) (3.4)

and r = r(P ), φ = φ(P ), r′ = r(P ′), φ′ = φ(P ′). The contour C is given by C = C+ ∪ C−,
where C± is a curve in the semi-strip {Re θ ∈ (−π, π),± Im θ > 0} going from ±(i∞ + π)
to ±(i∞− π). The contour C in (3.3) can be replaced by the union, C, of the lines ±l := {ϑ =
±(π − iϑ′)}ϑ′∈R and small anti-clockwise circles ⊙[ϑ∗] centred at the roots ϑ∗ of cotΘ. Denote
C̃ := C\ ⊙ [φ′ − φ], then (3.3) can be rewritten as H = H0 + H̃, where

H0(P, P
′, t|U, z) = 1

4πt
exp

(
−d2

4t

)
,

H̃(P, P ′, t|U, z) = 1

8πiβt

∫
C̃
exp

(
− r2

4t

)
cotΘdϑ, (3.5)
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and d :=
(
r2 − 2rr′ cos(φ′ − φ) + r′2

)1/2
coincides with the distance

d(P, P ′) if d(P, P ′) ≤ min{d(P,Q), d(P ′, Q)}.

Since r2 = (r − r′)2 + 4rr′ cosh2(ϑ′/2) on ±l, the integrand in (3.5) decays super-exponentially
as |ϑ| → ∞. Therefore, H̃(P, P ′, t|U, z) decays exponentially as t→ 0 uniformly in P , P ′ sepa-
rated from Q.

3.2 Parametrix construction

Let {(Uk, zk)}Kk=1 be a complex atlas on X and let {χk}Kk=1 be a partition of unity subordinate
to this atlas. We assume that, for k = 1, . . . ,M , the relations Uk ∋ Pk and χk(P ) = χ(rk(P ))
(P ∈ Uk) are valid, where χ is a smooth cut-off function equal to 1 near the origin and such that
the diameter of suppχ is sufficiently small, (rk, φk) are given by (3.2) with z = zk. Introduce
the smooth cut-off functions {κk}Kk=1 in such a way that suppκk ⊂ Uk and κk = 1 in some
neighborhood of suppχk.

Let us take

H (0)(P, P ′, t) =
K∑
k=1

κk(P )H(P, P ′, t|Uk, zk)χk(P
′) (3.6)

as a parametrix for the heat kernel H as t → +0. To show that H (0)(·, P ′, t) belongs to the
domain of the Friedrichs Laplacian ∆ for any P ′ ∈ Ẋ, t > 0, it is sufficient to show that the
asymptotics of local solution (3.3) as r → 0 does not contain growing terms. Indeed, using the
expansion

cotΘ = ∓2i

(
1

2
+

∞∑
k=1

exp
(
±2kiΘ

))
, ϑ ∈ C±,

one can rewrite (3.3) as

βtH(P, P ′, t|U, z) exp
(
r2 + r′2

4t

)
=

1

4πi

∫
−iC+

exp

(
rr′ coshϑ

2t

)
dϑ

+

∞∑
k=1

cos

(
2πk(φ− φ′)

β

)
1

2πi

∫
−iC+

exp

(
rr′ coshϑ

2t
− 2πkϑ

β

)
dϑ

=
1

2
I0

(
rr′

2t

)
+

∞∑
k=1

cos

(
2πk(φ− φ′)

β

)
I2πk/β

(
rr′

2t

)
, (3.7)

where

Iν(z) =
1

2πi

∫
−iC+

exp(z coshϑ− νϑ) dϑ = zν
∞∑
q=0

ιk(ν)z
2k

is the modified Bessel function of the first kind. Taking into account the super-exponential decay
of the coefficients ιk(ν) = 1/q!22q+νΓ(q+ν+1) of Iν as k, ν → +∞, one can majorize the absolute
value of the right-hand side of (3.7) by the converging series

∑
k,q ck(rr

′/2t)2πk/β+2q = O(1)
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as r → 0 with fixed r′, t > 0. So, the H (0)(·, P ′, t) is bounded near the vertices and belongs to
the domain, Dom∆, of the Friedrichs Laplacian ∆,

Dom∆ =

u =

M∑
k=1

χk(P )

[bk+1]∑
l=−[bk+1]

ck,lr
|l|

bk+1

k e
iφkl

bk+1 + ũ|ck,l ∈ C, ũ ∈ Dom∆0


(see, e.g., [27]). Here Dom∆0 is the domain of the closure of ∆0 in L2(X,T), i.e., the closure
of C∞

0 (Ẋ) in the graph-norm ∥ũ∥2∆0
:= ∥ũ∥2L2(X,T) + ∥∆0ũ∥2L2(X,T).

Now substitution of (3.6) into the heat equation yields

(∂t +∆)H (0)(·, P ′, t) =

K∑
k=1

χk(P
′)[∆, κk]Hk(·, P ′, t|Uk, zk) =: F(·, P ′, t) (3.8)

in L2(X,T), where t > 0 and P ′ ∈ Ẋ. Since [∆, κk] = 0 in a neighbourhood of suppχk,
we have d(P, P ′) ≥ const > 0 for any (P, P ′, t) ∈ suppF. Due to (3.1) and (3.3), this means
that F(·, ·|t) and all its partial derivatives (with respect to the above local coordinates) decay
exponentially as t→ +0.

Since H(P, P ′, t|U, z) → δ(z − z′) as t → +0 holds (in the sense of distributions) for solu-
tions (3.1), (3.3), we have

H (0)(·, P ′, t)→
K∑
k=1

(κkχk)(P
′)δP ′ =

K∑
k=1

χk(P
′)δP ′ = δP ′ , t→ +0, (3.9)

where δP ′ is the Dirac measure at P ′.

Consider the Cauchy problem

(∂t +∆)H̃ (·, P ′, t) = −F(·, P ′, t), t > 0, H̃ (·, P ′, 0) = 0. (3.10)

For any P ′ ∈ X, the solution H̃ (·, P ′, ·) ∈ C1(R+;L2(X,T)) ∩ C(R+; Dom∆) to (3.10) is
given by

H̃ (·, P ′, t) =

∫ t

0
exp
(
(t′ − t)∆

)
[−F(·, P ′, t′)] dt′. (3.11)

Here τ 7→ exp(−τ∆) (τ ≥ 0) is the C0-semigroup with generator ∆.

Denote

H = H (0) + H̃ ; (3.12)

then H(·, P ′, ·) ∈ C1((0,+∞);L2(X,T)) ∩ C((0,+∞); Dom∆) and equations (3.8) and (3.10)
imply (∂t +∆)H (·, P ′, t) = 0 for P ′ ∈ X and t > 0.

Now we are to show that H is the heat kernel of ∆ (let us emphasize that the methods we
use here are fairly standard for the smooth setting, see, e.g., [2]).

Let {λk}∞k=0 be the sequence of all the eigenvalues of ∆ counted with their multiplicities and
let {uk}∞k=0 be the orthonormal basis of the corresponding eigenfunctions. Denote

ck(t, P
′) = (H (·, P ′, t), uk)L2(X,T);

then

−∂tck = −(∂tH , uk)L2(X,T) = (∆H , uk)L2(X,T) = (H ,∆uk)L2(X,T) = λkck.
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Next, since ∆ is non-negative, the operator exp((t′ − t)∆) is a subcontraction for t′ < t. Then
formula (3.11) and estimates for F given after (3.8) imply that the L2(X,T)-norm of H̃ (·, P ′, t)
decays exponentially and uniformly in P ′ ∈ X as t→ +0. Now, (3.9) implies

ck(t, P
′) =(H(·, P ′, t), uk)L2(X,T)

=
(
H (0)(·, P ′, t), uk

)
L2(X,T)

+ o(1)→ uk(P ′), t→ +0.

Therefore, ck(t, P
′) = e−λktuk(P ′) and H(P, P ′, t) =

∑∞
k=0 e

−λktuk(P )uk(P ′) is indeed the heat
kernel of ∆.

3.3 Estimate of the remainder

Let us estimate the remainder H̃ in (3.12). As shown above, the L2(X,T)-norm of H̃ (·, P ′, t)
decays exponentially and uniformly in P ′ ∈ X as t→ +0. Denote

˙̃H (·, P ′, t) =

∫ t

0
exp
(
(t′ − t)∆

)
[−∂t′F(·, P ′, t′)] dt′.

Then the function

(x, P ′, t) 7→
∫ t

0

˙̃H (x, P ′, t′) dt′

belongs to C2(R+;L2(X,T))∩C1(R+; Dom∆) and obeys (3.10). Therefore, it coincides with H̃
due to the uniqueness of the solution to Cauchy problem (3.10). In particular, we have

˙̃H = ∂t
˙̃H

and −∆H̃ =
˙̃H (·, P ′, t) + F. Since F(·, ·|t), ∂tF(·, ·|t) decay exponentially as t → +0 and

uniformly in P ′ ∈ X and exp((t′ − t)∆) is a subcontraction for t′ < t, the L2(X,T)-norm
of ∆H̃ (·, P ′, t) decays exponentially and uniformly in P ′ ∈ X.

Next, we make use of the following statement.

Lemma 3.2. Denote by dver(x) the geodesic distance between x and {P1, . . . , PM} in the met-
ric T. For ϵ > 0, the estimate

∥dϵveru∥C(X) ≤ c(X,T, ϵ)(∥∆u∥L2(X,T) + ∥u∥L2(X,T)), u ∈ Dom∆, (3.13)

holds. If all the coefficients bk of the divisor of conical points are non-integer then (3.13) is also
valid for ϵ = 0.

Proof. Using the notation of Section 3.2, put Ũ =
⋃

k>M Uk and χ̃=
∑

k>M χk; then supp χ̃⊂ Ũ
and the closure of Ũ does not contain vertices. Since the metric T is smooth on Ũ , the estimate

∥u∥C(Ũ) ≤ c(X,T, Ũ)(∥∆u∥L2(Ũ ,T|Ũ ) + ∥u∥L2(Ũ ,T|Ũ )), u ∈ Dom∆, (3.14)

follows from the elliptic regularity theorem and Sobolev embedding theorem.
Therefore, it is sufficient to prove (3.13) with X replaced by a small neighbourhood U = Uk

of a single vertex Q = Pk (k = 1, . . . ,M). For simplicity, we assume for a while that suppu ⊂ U
and ∆u is smooth. To prove the claim, we use the methods of the theory of elliptic equa-
tions in domains with piece-wise smooth boundaries [23, 29]. Rewriting the Laplacian in polar
coordinates (3.2), we obtain

∆ = −r−2
(
(r∂r)

2 + ∂2φ
)
= −e−2σ

(
∂2σ + ∂2φ

)
,

where σ = log r. Denote f = −r2∆u, then(
∂2σ + ∂2φ

)
u = f. (3.15)
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Introduce the Kondrat’ev norms (see [23])

∥v∥Hl
ν
=

sup
ϕ0

∑
p+q≤l

∫ +∞

0
rdr

∫ ϕ0+β

ϕ0

dφ|∂qφ(r∂r)pv(r, φ)|2r2(ν−1)

1/2

=

sup
ϕ0

∑
p+q≤l

∫ +∞

−∞
ds

∫ ϕ0+β

ϕ0

dφ|∂qφ∂psv(s, φ)|2e2νs
1/2

,

where β is the conical angle at Q, and l = 0, 1, . . . , ν ∈ R. The inclusions ∆u, u ∈ L2(U,T)
imply f ∈ H0

−1, u ∈ H0
1 . Moreover, since ∆u is smooth, we have f ∈ H0

ν′ for any ν
′ > −2.

Let χ, ψ ∈ C∞
c (R) be smooth cut-off functions obeying ψ(s) = 1 for s ∈ suppχ, χ(s) = 1 for

[−1, 1], and ψ(s) = 0 for s ̸∈ [−2, 2]. The estimate

∥χu∥H2
ν
≤ c(∥ψu∥H0

ν
+ ∥ψf∥H0

ν
)

follows from the elliptic regularity theorem. Denote χL(s) := χ(s − L) and ψL(s) := ψ(s − L).
Substituting uL(s) = u(s+ L), fL(s) = f(s+ L) in the above estimate and passing to the new
variable σ = s+ L, one obtains

∥χLu∥H2
ν
≤ c(∥ψLv∥H0

ν
+ ∥ψLf∥H0

ν
).

Summation of the above estimates with integer L yields ∥u∥H2
ν
≤ c(∥u∥H0

ν
+ ∥f∥H0

ν
). As a corol-

lary, the inclusions f ∈ H0
−1 ⊂ H0

1 , u ∈ H0
1 imply u ∈ H2

ν for any ν ≥ 1.
Applying the complex Fourier transform

v̂(µ, φ) :=
1√
2π

∫ +∞

−∞
e−iµsv(s, φ) ds,

one rewrites (3.15) as(
∂2φ − µ2

)
û(φ, µ) = f̂(φ, µ), φ ∈ R/βZ, (3.16)

where Imµ = ν. Note that f̂ is well-defined and holomorphic in µ for Imµ > −2 due to the
inclusion f ∈ H0

ν′ (ν
′ > −2). In view of the Parseval identity, we have the following equivalence

of the norms

∥v∥Hl
ν
≍

sup
ϕ0

∑
p+q≤l

∫ νi+∞

νi−∞
|µ|2p∥∂qφv̂(µ, φ)∥2L2([ϕ0,ϕ0+β]) dµ

1/2

.

The resolvent kernel for the equation (3.16) is given by

Rµ(φ,φ
′) = −

cosh
(
µ(|φ− φ′| − β/2)

)
2µ sinh(βµ/2)

, φ, φ′ ∈ [0, β].

The poles of the resolvent are µ = 2πik
β with integer k. The estimate

|µ|2∥Rµ(·, ·)∥L2([ϕ0,ϕ0+β]2) + |µ|∥∂φRµ(·, ·)∥L2([ϕ0,ϕ0+β]2) = O(1) (3.17)

is valid for large |Reµ|.
The solution to (3.16) is given by

û(φ, µ) =

∫ β

0
Rµ(φ,φ

′)f̂(φ′, µ) dφ′,
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Consider two solutions u ∈ H2
ν and v ∈ H2

ν′ to (3.15), where −2 < ν ′ < ν, ν ≥ 1, and ν, ν ′ do
not coincide with any 2πk

β with integer k. Then the residue theorem implies

u(r, φ) =
1

2π

∫ νi+∞

νi−∞
eiµs

∫ β

0
Rµ(φ,φ

′)

∫ +∞

−∞
e−iµs′f(s′, φ′) ds′dφ′dµ

=− i
∑
k

∫ +∞

−∞
ds′
∫ β

0
dφ′f(s′, φ′) Res

µ=−2πik/β

(
Rµ(φ,φ

′)eiµ(s−s′)
)
+ v(r, φ)

=−
∑
k

∑
±
Yk,±(r, φ)(∆u,Yk,±)L2(U,T|U ) + v(r, φ), (3.18)

where the summation is over all k ∈ (−νβ/2π,−ν ′β/2π) and

Yk,±(r, φ) =
1√
4π|k|

r
2π
β
k
e
±i 2π

β
kφ
, k ̸= 0,

Y0,+(r, φ) =
1√
β
, Y0,−(r, φ) =

1√
β
log r.

Put some ν ′ ∈ (−1,−2) in (3.18). Then the inclusion v ∈ H2
ν′ implies v|U ∈ H2(U) ⊂ C(U).

At the same time, u is bounded near the vertex due to the inclusion u ∈ Dom∆ and the
assumption that ∆u is smooth. Therefore, asymptotics (3.18) cannot contain the (growing
near the vertex) terms Yk,±, k < 0 or Y0,−, i.e., the coefficients (∆u,Yk,±)L2(U,T|U ), k < 0
and (∆u,Y0,−)L2(U,T|U ) are equal to zero.

Now, put ν ′ = −1 + ϵ into (3.18), where ϵ > 0 can be arbitrarily small (or equal to zero
if β/2π is non-integer). Then the inclusion v ∈ H2

ν′ implies rϵv ∈ H2(U) and

∥rϵv∥C(U) ≤ c∥rϵv∥H2(U) ≤ c∥v∥H2
ν′

due to the Sobolev embedding theorem. In addition, estimate (3.17) implies

∥v∥H2
ν′
≤ c∥f∥H0

ν′
≤ c∥∆u∥L2(U,T|U ).

Since ∆u 7→ (∆u,Yk,±)L2(U,T|U ) (with k > −β/2π) are bounded linear functionals of ∆u ∈
L2(U,T|U ), the two last estimates lead to

∥rϵu∥C(U) ≤ c∥∆u∥L2(U,T|U ), u ∈ Dom∆, suppu ⊂ U. (3.19)

Now, consider the general case v ∈ Dom∆ and ∆v ∈ C∞(X). Then estimate (3.14) is valid
for u = χ̃v and estimates (3.19) are valid for u = χkv, U = Uk. Summing these estimates and
applying the elliptic regularity theorem yields

∥dϵverv∥C(X) ≤ c

(
M∑
k=1

∥rϵkχkv∥C(Uk) + ∥χ̃u∥C(Ũ)

)

≤ c

(
∥∆v∥L2(X,T) +

M∑
k=1

∥[∆, χk]v∥L2(X,T) + ∥[∆, χ̃]v∥L2(X,T) + ∥v∥L2(X,T)

)
≤ c(∥∆v∥L2(X,T) + ∥v∥L2(X,T)).

Thus, inequality (3.13) is proved under the additional condition ∆u ∈ C∞(X). In the general
case ∆v ∈ L2(X,T), there is a sequence {uj} converging to u in the graph norm of ∆ and such
that ∆uk ∈ C∞(X). Applying (3.13) to uj −uj′ we prove that uj → u in the norm ∥dϵver · ∥C(X).
It remains to take the limit as j →∞ in (3.13) with u = uj . ■
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As a corollary of (3.13) and estimates made at the beginning of the subsection, for arbitrarily
small ϵ > 0, the function t 7→ dϵver(P )H̃ (P, P ′, t) decays exponentially and uniformly in (P, P ′) ∈
X ×X as t→ +0.

Introduce the shorter notation d = d(P, P ′). In what follows, we assume that P and P ′ are
closer to each other than to the vertices, i.e., d ≤ dver(P ). Now combining formulas (3.1), (3.5),
(3.6) and (3.12) leads to

H (P, P ′, t) =
1

4πt
exp

(
−d

2

4t

)
+

M∑
k=1

H̃(P, P ′, t|Uk, zk)χk(P
′) + H̃ (P, P ′, t). (3.20)

Note that the sum in (3.20) decays as t → +0 exponentially and uniformly in P , P ′ separated
from the vertices.

3.4 Formula for Robin mass

For Re s > 0, the Green function G (·, ·|s) for the operator ∆s is related to the heat kernel via

G (P, P ′|s) = 1

Γ(s)

∫ +∞

0

(
H (P, P ′, t)−A−1

)
ts−1 dt. (3.21)

Substitution of (3.20) and (3.5) into (3.21) leads to

G (P, P ′, s) =
1

4πΓ(s)

∫ 1

0
exp

(
−d

2

4t

)
ts−2 dt+

M∑
k=1

χk(P
′)E(P, P ′, s|Uk, zk) + G̃ (P, P ′, s)

=
1

4πΓ(s)

(
d2

4

)s−1

Γ

(
1− s

∣∣∣d2
4

)
+

M∑
k=1

χk(P
′)E(P, P ′, s|Uk, zk)

+ G̃ (P, P ′, s), (3.22)

where

Γ(z|τ) =
∫ +∞

τ
exp(−u)uz−1 du

is the incomplete Gamma function and

E(P, P ′, s|U, z) = 1

8πiβΓ(s)

∫ 1

0
dt ts−2

∫
C̃
dϑ exp

(
− r2

4t

)
cotΘ, (3.23)

G̃ (P, P ′|s) = 1

Γ(s)

[∫ +∞

1

(
H (P, P ′, t)−A−1

)
ts−1 dt

+

∫ 1

0
H̃ (P, P ′, t)ts−1 dt− (sA)−1

]
. (3.24)

Since H (P, P ′, t) − A−1 and H̃ (P, P ′, t) decay exponentially and uniformly in P, P ′ ∈ X
as t→ +∞ and t→ +0, respectively, the function G̃ (·, ·|s) is smooth inX×X and is holomorphic
in s in the half-plane Re s > 0.

Similarly, E(·, ·, s|U, z) is smooth for r, r′ > 0 and is holomorphic in s for Re s > 0. Therefore,
if P , P ′ are separated from the vertices, then G (P, P ′|s) is holomorphic in s in a neighbourhood
of s = 1.

Due to the asymptotics

− lim
s→1,Re s<1

Γ(1− s|τ) = lim
s→1,Re s<1

[∫ τ

0

e−u − 1

us
du+

τ1−s

1− s
− Γ(1− s)

]
= γ + log τ +O(τ)
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as τ → +0, expansion (3.22) yields the following formula for the Robin mass

m(P ) := lim
P ′→P

[
G (P, P ′, |1) + log d

2π

]
=

2 log 2− γ
4π

+
M∑
k=1

χk(P )E(P, P, 1|Uk, zk) + G̃ (P, P, 1), (3.25)

where P ∈ Ẋ.
Recall that the Robin massm is smooth on Ẋ and has logarithmic (and, therefore, integrable)

singularities at P1, . . . , PM (see Remark 2.2). Integration of both parts of (3.25) over X leads to∫
X
mdS =

2 log 2− γ
4π

A+
M∑
k=1

P(Uk, zk, χk) +

∫
X

G̃ (P, P, 1) dS(P ). (3.26)

where

P(U, z, χ) =

∫ ∞

0
dr rχ(r)

∫ β

0
dφ E(P, P, 1|U, z).

Introduce the function

I(r, t|β) = 1

16πi

∫
C̃
exp

(
−r

2 sin2(ϑ/2)

t

)
cot(πϑ/β)

sin2(ϑ/2)
dϑ (3.27)

and denote I′ = ∂rI and İ = ∂tI. The integrand in (3.27) decays super-exponentially as |ϑ| → ∞
(for any t ≥ 0) and exponentially as t → +0 and r > 0. Then I(r, t|β) is differentiable in r, t
for r > 0 and is continuous for r, t ≥ 0, r + t > 0. Note that

I(0, t|β) = 1

12

(
2π

β
− β

2π

)
, I(r, 0|β) = 0.

Formulas (3.23), (3.4) and (3.27) lead to∫ R+

R−

dr r

∫ β

0
dφ E(P, P, 1|U, z) =

∫ R+

R−

drr

8πi

∫ 1

0

dt

t

∫
C̃
dϑ exp

(
−r

2 sin2(ϑ/2)

t

)
cot

(
πϑ

β

)
= −

∫ R+

R−

dr

∫ 1

0
dt I′(r, t|β).

Therefore,

P(U, z, χ) = −
∫ 1

0
dt

∫ ∞

0
dr χ(r)I′(r, t|β). (3.28)

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Recall that the ζ-function is related to the trace of the heat kernel

H (t) :=

∞∑
k=0

e−λkt =

∫
X

H (P, P, t) dS(P )

via

ζ∆(s) =
1

Γ(s)

∫ ∞

0

(
H (t)− 1

)
ts−1 dt.
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In view of (3.20), (3.5), (3.4), and (3.27), we have

H (t)− A

4πt
−
∫
X

H̃ (P, P, t) dS(P )

=
M∑
k=1

∫
X
H̃(P, P, t|Uk, zk)χk(P ) dS(P )

=
1

8πit

M∑
k=1

∫ +∞

r=0
drk rkχk(rk)

∫
C̃
dϑ exp

(
−
r2k sin

2(ϑ/2)

t

)
cot

(
πϑ

βk

)

= −
M∑
k=1

∫ ∞

0
χk(rk)I

′(t, rk, βk) drk. (3.29)

Note that the right-hand side of (3.29) is continuous in t ≥ 0. Formulas (1.2), (3.29), and (3.27)
and the lead to

reg ζ∆(1) = lim
s→1,Re s>1

(
1

Γ(s)

∫ ∞

0
(H (t)− 1)ts−1 dt− A

4π(s− 1)

)
=

∫ ∞

1
(H (t)− 1) dt− 1 + lim

s→1,Re s>1

(
1

Γ(s)

∫ 1

0
H (t)ts−1 dt−

∫ 1

0

A

4πt
ts−1 dt

)
=

∫ ∞

1
(H (t)− 1) dt− 1− A

4π
lim

s→1,Re s>1

((
1

Γ(s)
− 1

)∫ 1

0
ts−2 dt

)
− lim

s→1

(
1

Γ(s)

∫ 1

0

M∑
k=1

∫ ∞

0
χk(rk)I

′(t, rk, βk) drkt
s−1dt

)

=

∫
X
dS(P )

∫ ∞

1
dt
(
H (P, P, t)−A−1

)
− 1 +

∫
X

dS(P )

∫ 1

0
dt H̃ (P, P, t)

−
M∑
k=1

∫ 1

0
dt

∫ ∞

0
drk χk(rk)I

′(t, rk, βk) +
Aγ

4π
.

In view of (3.24), (3.28) and (3.26), the last equality implies (1.4):

reg ζ∆(1) =

∫
X

G̃ (P, P |1) dS(P ) + Aγ

4π
+

M∑
k=1

P(Uk, zk, χk)

=

∫
X
mdS − log 2− γ

2π
A.

Proposition 3.1 is proved. ■

Remark 3.3. Combining the above arguments with Steiner’s proof of (1.4) for the case of
smooth metric (see [35]), one concludes that (1.4) is valid for metrics smooth outside conical
singularities and flat near them. In this case, parametrix (3.6) for H should be slightly modified
in the domain Ũ =

⋃
k>M Uk (see [35, formula (51)]).

4 Asymptotics of reg ζ∆(1) for polyhedron with small pinch

In this section, we introduce the family ε 7→ X(ε) of degenerating polyhedral surfaces X(ε) and
prove asymptotic formulas (1.10)–(1.12) for them.
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Family of degenerating surfaces

Let X± be polyhedral surfaces of genera g± endowed with Troyanov metrics T±, respectively.
Suppose that P± ∈ X± do not coincide with the conical points of X± and chose holomorphic
local coordinates z± near P± obeying z±(P±) = 0 and T±(z±) = 1.

Let ε > 0 be a small parameter. Cut the surfaces X± along the segments

C±(ε) := {Q± ∈ X± | z±(Q±) ∈ [0, ε]}

and then make the cross-gluing of X ′
± := X±\C±(ε) along the boundaries in a usual way. As

a result, we obtain the new polyhedral surface X = X(ε) of genus g = g+ + g− with the met-
ric T = T(ε) whose singularities are the conical points of X± and the two conical points Q and Q′

(of conical angles equal to 4π) obtained by identifying the points of X ′
± with coordinates z± = 0

and z± = ε, respectively. The area A of (X,T) is equal to A+ + A−, where A± is the area
of (X±,T±).

In what follows, we omit the dependence on ε in the notation for objects related to the
surface X = X(ε). At the same time the objects related to X± (such as Laplacians, Green
functions, Robin masses, etc) are marked by the lower indices ±. Also, we consider X ′

± as
domains in X.

Near Q, we introduce the new holomorphic coordinates ξ and ζ,

ξ = ±
√
z± − ε
z±

←→ z± =
ε

1− ξ2
, ζ =

ξ − 1

ξ + 1
. (4.1)

The map P 7→ ζ(P ) defines the biholomorphism of some neighbourhood of Q (the “pinch-
ing zone”) onto the annulus |ζ| ∈

(
c0ε, c1ε

−1
)
in the Riemann sphere C obeying ζ(Q) = 1

and ζ(Q′) = −1. At the same time, the map P 7→ ξ(P ) is the biholomorphism of the pinching
zone on the domain |ξ±1| ≥ cε in C while ξ(Q) =∞ and ξ(Q′) = 0. Along with coordinates z±,
ζ, ξ, we will use arbitrary local holomorphic coordinates on X± outside small neighbourhoods
of P±; all the coordinates listed above will be called admissible.

Formal asymptotics of reg ζ∆(1) as ε → 0

We start this subsection with a formal derivation of asymptotic formula (1.10) and then give its
justification.

Choose a canonical basis of cycles {ak,±, b±,k}k=1,...,g± on X± in such a way that none of
the cycles intersects a small neighbourhood of P±. Let v⃗± = {vk,±}k=1,...,g± be the basis of the
normalized Abelian differentials on X± and let B± be the matrix of b-periods of vk,±. Then{

a1,+, . . . , ag+,+, a1,−, . . . , ag−,−, b1,+, . . . , bg+,+, b1,−, . . . , bg−,−
}

is a canonical basis of cycles on X. Let ω⃗ := {w+
1 , . . . , w

+
g+ , w

−
1 , . . . , w

−
g−} be the corresponding

basis of the normalized Abelian differentials on X and let B be its matrix of b-periods. As shown
in [17, Lemmas 1 and 2], the asymptotics

w±
k (x) ∼

{
vk,±(x), x ∈ X±,

0, x ∈ X∓,
(4.2)

hold as ε→ 0 outside small neighbourhood of Q. As a corollary, we have

B ∼
(
B+ 0
0 B−

)
. (4.3)
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Formal integration of (4.2) yields

A (x− y) =
∫ x

y
ω⃗ ∼


(A+(x− y), 0)T, x, y ∈ X+,

(0,A−(x− y))T, x, y ∈ X−,

(A+(x− P+),A−(P− − y))T, x ∈ X+, y ∈ X−,

(A+(P+ − y),A−(x− P−))
T, x ∈ X−, y ∈ X+,

(4.4)

where A and A± are Abel maps for surfaces X and X±, respectively.
The asymptotics (see [17, formulas (2.33) and (2.34)])

E(x, y)2 ∼

{
E±(x, y)

2, x, y ∈ X±,

−16ε−2E2
±(x, z± = 0)E2

∓(z∓ = 0, y), x ∈ X±, y ∈ X∓,
(4.5)

holds (outside a small neighbourhood of Q) for the prime form E of X; here E± are the prime
forms of X±.

The substitution of (4.4) and (4.5) into (1.5) and (1.7) leads to

Φ(x, y) ∼

{
Φ±(x, y), x, y ∈ X±,

Φ±(x, P±) + Φ∓(y, P∓) +
1
2π log(ε/4), x ∈ X±, y ∈ X∓.

(4.6)

Formal integration of (4.6) over X ×X and taking into account (4.30) yield

A

∫
X
mdS = −

∑
±

[∫
X±×X±

+

∫
X±×X∓

]
Φ(x, y) dS(x)dS(y)

∼
∑
±

(
A±

∫
X±

m± dS − 2A∓

∫
X±

Φ±(·, P±) dS

)
− A+A−

π
log(ε/4). (4.7)

Integration of (1.6) with respect to y leads to

−2
∫
X±

Φ(·, P±) dS = A±m±(P±) +

∫
X±

m± dS.

Substitution of the last formula with X replaced by X± into (4.7) yields

lim
ε→0

[∫
X
mdS +

A+A−
A

log(ε/4)

π

]
=
∑
±

(∫
X±

m± dS +
A+A−
A

m±(P±)

)
. (4.8)

In view of (1.4), formula (4.8) implies (1.10).

Justification of asymptotics: Genus 0 example

In the above calculations, we used asymptotic formulas (4.2), (4.5) proved in [17] only for the
case in which x, y are not close to Q, Q′. Thus, to justify the above calculations, we need to
explain why (4.6) can be integrated over the entire X including the pinching zone (similarly,
why (4.2) can be integrated over the whole contour from x ∈ X± to y ∈ X∓ including the part
lying near Q). The justification of possibility of these integrations is rather technical and uses
some facts from the theory of functions of several complex variables, we preface it with the
following simple example illustrating the behaviour of the prime form E for small ε.

Suppose that X+ = X− = C and z± are standard coordinates on C (the choice of metrics T±
is not important but we still assume that T±(z±) = 1 near z± = 0). Then X ≡ C and ξ is the
standard coordinate on C. The prime forms on X and X± are given by

E(ξ, ξ′)√
dξ
√
dξ′

=
ξ − ξ′√
dξ
√
dξ′

,
E±(z±, z

′
±)√

dz±
√

dz′±
=

z± − z′±√
dz±

√
dz′±

.
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If ξ1, ξ2 belong to the same sheet X ′
± ⊂ X and z1 = z±(ξ1), z2 = z±(ξ2), then formulas (4.1)

imply

E(z1, z2)
2

dz1dz2
=
E(ξ1, ξ2)

2

dz1dz2

dz1
dξ1

dz2
dξ2

=
(ξ1 − ξ2)2ξ1ξ2

(1− ξ21)2(1− ξ22)2
4ε2

dz1dz2
.

In view of the Taylor expansion ±ξ = 1 − ε/2z± + O
(
ε2/|z±|2

)
, the latter equality can be

rewritten as

E(z1, z2)
2

dz1dz2
=
(z1 − z2)2 + · · ·

dzdz′
=
E±(z1, z2)

2 + · · ·
dz1dz2

,

where dots denote the terms growing at most as O
(
ε
(
|z1|−1 + |z2|−1

))
. Similarly, if ξ± ∈ X ′

±
and z± = z±(ξ±), then

E(z+, z−)
2

dz+dz−
= −

16z2+z
2
−(1 + · · · )

ε2dz+dz−
= −16E(z+, 0)

2E(z−, 0)
2(1 + · · · )

ε2dz+dz−
.

Thus, in the genus zero case, asymptotics (4.5) is valid on X×X except the zones |z±(x)| ≤ ε1−α

and |z±(y)| ≤ ε1−α where α > 0 may be arbitrarily small. In this zone, we have

E(z±, z
′
±′)2

dz±dz′±′
=

4z±z
′
±′

ε2dz±dz′±′

(√
z′±′(z± − ε)∓ (±′)

√
z±(z′±′ − ε)

)2
,

whence

E(z, z′)2 = O
(
ε−2α

)
, E(z, z′)−2 = O

(
ε2z−2z′−2(z − z′)−2

)
,

and log |E(z, z′)|2 = −4πΦ(z, z′) has only logarithmic growth with respect to z, z′ and ε while
the volumes of the zones |z±(x)| ≤ ε1−α and |z±(y)| ≤ ε1−α are O

(
ε2(1−α)

)
. Therefore, one can

neglect the contribution of these zones in the integration in (4.7). We show below that Φ(z, z′)
behaves similarly near Q in the general case.

Justification of asymptotics

1. First, we make use of Yamada’s theorem ([39, Lemma 1 and Theorem 1 on p. 116], see
also [17, Lemma 1]) in the following form.

Lemma 4.1.

(i) Let v± be holomorphic differentials on X±, respectively. Then there is a family v = v(ε)
of holomorphic differentials on X = X(ε) obeying the inequality∑

±
∥v − v±∥L2(X±\U) + ∥v∥L2(U) ≤ cε, (4.9)

where U = U(ε) is given by U := {P ∈ X||ξ(P )±1| ≥ c} and the L2-norm of a one-form v
on subdomain U ⊂ X is given by

∥v∥L2(U) :=

(∫
U
v ∧ ⋆v

)1/2

.

(ii) Let W and W± be the canonical bimeromorphic differentials on X and X±, respectively.
Then the inequality

∥W (·, y)−W±(·, y)∥L2(X±\U) + ∥W (·, y)∥L2(X∓∪U) ≤
cε

d(y, P±)2
(4.10)

holds for any y ∈ X±\U .
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(iii) Denote W0 = (ξ− ξ′)−2dξdξ′. Then there is a meromorphic differential Y = Y (·, ξ′) on X
obeying

∥Y (·, ξ′)∥L2(X\V ) + ∥W0(·, ξ′)− Y (·, ξ′)∥L2(V ) ≤
c∣∣1− ξ′2∣∣ , (4.11)

where ξ′ ∈ V and V us given by V := {P ∈ X||z+(P )| ≤ c or |z−(P )| ≤ c}.

Proof. (i) We have

y±(P ) :=

∫ P

P±

v± =
∑
k>0

ckz
k
± =

∑
k>0

ckε
k(

1− ξ2
)k , (4.12)

where z± = z±(P ), ξ = ξ(P ), and P ∈ ∂U . Let h = h(ε) be the harmonic extension of y±|∂U
into U ; then the above expansion implies ∥dh∥L2(U) ≤ cε. Introduce the form Φ = Φ(ε) given
by Φ = v± on X±\U and by Φ = dh on U . By construction, the jump of the form Φ on ∂U is
zero on any vector field k tangent to ∂U . Due to this, dΦ has no singularities on ∂U ; moreover,
we have dΦ = 0 on the whole X. Note that the form Φ̃ := Φ − i ⋆ Φ vanishes outside U due
to i ⋆ dz = dz; as a corollary, we have

∥Φ̃∥L2(X) ≤ 2∥dh∥L2(X) ≤ cε. (4.13)

Consider the Hodge orthogonal decomposition Φ̃ = dα+ δβ + γ, where dγ = 0, δγ = 0 and

∥dα∥L2(X) ≤ ∥Φ̃∥L2(X) ≤ cε. (4.14)

Then we have Φ−dα = δβ+γ+i⋆Φ, where the left-hand side is closed and the right-hand side
is coclosed. So, the form Φ− dα is harmonic and, thus, the form v = 1

2

(
Φ− dα+ i ⋆ (Φ− dα)

)
is holomorphic. Note that

v − v± =
1

2
(dα+ i ⋆ dα) on X±\U, v =

1

2
(d(h− α) + i ⋆ d(h− α)) on U.

Then (4.13), (4.14) imply (4.9).

(ii) Repeating the above construction for v± =W±(·, y) and v∓ = 0, one gets a differential v
obeying (4.9), where the additional multiplier d(y, P±)

−2 should appear in the right-hand side
due to the standard estimate |ck| ≤ c|z±(y)|−(k+2) for the coefficients in (4.12). By construction,
v andW (·, y) share the same singularity on X, i.e., v−W (·, y) is holomorphic on X. In addition,
the periods of v coincide with those of (1/2)i⋆dα. Since Φ̃ = dα+δβ+γ vanishes outside U , dα
is harmonic. Then the increasing smoothness theorems for solutions to elliptic equations imply∣∣∣ ∫

l
⋆dα

∣∣∣ ≤ |l|∥dα∥L2(X) ≤ c|l|εd(y, P±)
−2,

where l is any path which does not intersect V and |l| is its length. Due to the last estimate
(with l = ak,±, bk,±) and the Riemann bilinear relations, we have v − W (·, y) = ṽ, where
∥ṽ∥L2(X) ≤ c|l|εd(y, P±)

−2. As a corollary, we obtain (4.10).

(iii) To prove (iii), it is sufficient to repeat the above construction with the following re-
placements: (a) instead of (4.12), we consider the anti-derivative y(P ) = −(ξ − ξ′)−1 of
W0(·, ξ′) in the domain V , (b) h is defined as the harmonic extension of y|∂V into domains
X\V = (X+\V ) ∪ (X−\V ), (c) Φ is defined by Φ =W0 on V and by Φ = dh on X\V . ■
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Since the differentials considered in Lemma 4.1 are holomorphic, formulas (4.9), (4.10), (4.11)
give rise to point-wise estimates of v, W , Y . One way to derive them is to combine (4.9), (4.10),
(4.11) with the mean value property for holomorphic functions,

v(z)dz =
dz

2iπR2

∫
DR

dz′ ∧ v(z′)dz′ ⇒ |v(z)| ≤ ∥v∥DR

R
√
2π
, (4.15)

where z, z′ are values of the same (arbitrary) holomorphic coordinate and DR is the disk
|z′ − z| ≤ R in X.

Put v± = vk,±, v∓ = 0. Due to Lemma 4.1 (i), there is a differential v on X obeying (4.9). In
view of (4.15), the corresponding (i.e., on X ′

±) periods of v and v± coincide up to the term of
order O(ε) while the remaining periods of v are O(ε). Therefore, the Riemann bilinear relations
imply ∥v − w±

k ∥L2(X) = O(ε).
Now estimate (4.9) yields

∥w±
k − vk,±∥L2(X±\U) + ∥w±

k ∥L2(X∓∪U) ≤ cε. (4.16)

From (4.16) and (4.15), it follows that asymptotics (4.2) is valid as ε/d(x, P±)→ 0.
Due to the above fact, the proof of (4.4) for all x, y ∈ X is reduced to deriving the estimate

max
x∈Uα

|A (x−Q)| = o(1), (4.17)

where

Uα = Uα(ε) := {P ∈ X | |z±(P )| ≤ εα}, α ∈ (2/3, 1).

Since the functions z± 7→ vk,±(z±) are smooth, we have ∥vk,±∥L2(Uα∩X±) = O
(
εα/2

)
. Then

equation (4.16) implies

∥ω⃗∥L2(U) ≤ cε, ∥ω⃗∥L2(Uα) ≤ cε
α/2. (4.18)

Let us represent A (x − Q) as the sum of the integrals J1 :=
∫ x′

Q ω⃗ and J2 :=
∫ x
x′ ω⃗, where the

integration path joining Q and x′ (resp., x′ and x) belongs to U (resp., Uα\U). Due to (4.18)
and (4.15), we have |ω⃗(z±)| ≤ cε

α
2
−1 on Uα\U and, thus, |J2| ≤ εα−1 = o(1).

Similarly, from (4.18) and (4.15), it follows that |ω⃗(ξ)| ≤ cε for |ξ ± 1| > c.
Since ω⃗ is holomorphic at Q and Q′ (where ξ(Q) =∞ and ξ(Q′) = 0), it obeys ω⃗(ξ) = O(1)

near ξ = 0 and ω⃗(ξ) = O
(
|ξ|−2

)
near infinity. Thus, the standard estimates of the coefficients

in Laurent series for ω⃗(ξ) yield

|ω⃗(ξ)| ≤ cε∣∣1− ξ2∣∣ , |ξ ± 1| > c.

Then |J1| ≤ cε
∫∞
0

(
1 + r2

)−1
dr = O(ε). Thereby, we have proved (4.17) and (4.4).

Denote

d(x) :=
√
d(x,Q)d(x,Q′).

By repeating of the above reasoning, we derive the asymptotics

W (x, y) =

{
W±(x, y) +O(ϵ), x, y ∈ X±,

O(ϵ), x ∈ X±, y ∈ X∓, ϵ :=
ε

d(x)d(y) → 0.

from Lemma 4.1 (ii).
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In the case of arbitrary x, y ∈ X (including those close to Q or Q′), the above facts,
Lemma 4.1 (iii), and formula (4.15) lead to the estimates

|ω⃗(x)| ≤ cε−Kd(x)−L, |W (x, y)| ≤ cε−M |x− y|−2(d(x)d(y))−L, (4.19)

with some finite K. Here x, y are values of arbitrary admissible coordinates while the constant c
and the exponents K, M in (4.19) depend on the choice of the coordinate patches of x and y;
the exact values of K, M are of no importance for us.

We make use of the following explicit formula (see [8, Corollary 2.12])

E−2(x, y) =
θ2(e)

(
W (x, y) +

∑g
i,j=1 ∂i∂j log θ(e)vi(x)vj(y)

)
θ
(∫ y

x v⃗ − e
)
θ
(∫ y

x v⃗ + e
) (4.20)

for the prime form; here e ∈ Cg is arbitrary and θ = θ(·|B) is the theta function of X. Recall
that the theta-function (z⃗,B′) 7→ θ(z⃗|B′) is smooth in z⃗ ∈ Cg and B′ from the genus g Siegel
upper half space. Due to this fact, the equality

θ
(
(z⃗1, z⃗2)

T|diag(B1,B2)
)
= θ(z⃗1|B1)θ(z⃗2|B2),

and the asymptotics (4.3), for each value x0, y0 of admissible coordinates x, y, there are a neigh-
bourhood U ∋ (x0, y0) and a vector e such that the denominator in (4.20) is separated from zero
for all sufficiently small ε. Majorizing of the right-hand side of (4.20) with the help of (4.19)
yields the lower bound

c(log ε+ log |x− y|+ log d(x) + log d(y)) ≤ log |E(x, y)|, (4.21)

where c is independent of the values x, y but depends on the admissible coordinates they repre-
sent.

2. Now we obtain the upper bound for log |E(x, y)|. First, let us note that the family ε 7→ Xε

of Riemann surfaces is complex analytic (in the sense of Kodaira [15, Definition 2.8]). Here we
consider ε as a small non-zero complex parameter, i.e., we allow the rotation of the cuts C±(ε)
around P± when constructing X(ε). Due to this fact, the same reasoning as in [20, Section 2.3]
or [21, Section 2] (see also [9, Chapter 3]) shows that all the canonical objects on X = X(ε)
(such as basic Abelian differentials w = w±

k , the canonical bimeromorphic differential W , the
square of the prime form E2, etc.) are complex analytic with respect to ε ̸= 0 and the admissible
coordinates. Thus, we can use the results of the theory of functions of several complex variables
(see, e.g., [3]) in deriving the asymptotics of the prime form E as ε→ 0.

Due to [17, Theorem 2], the asymptotics

W (x, y) =


W±(x, y) +

ε2

16
W±(x, z±)W±(y, z±)|z±=0 + o

(
ε2
)
, x ∈ X±, y ∈ X±,

− ε
2

16
W±(x, z±)W∓(y, z∓)|z±=z∓=0 + o

(
ε2
)
, x ∈ X±, y ∈ X∓,

(4.22)

as ε→ 0 is valid for x, y lying outside arbitrarily small fixed neighbourhood of Q. Formulas (4.2),
(4.22) and the Hartogs’s theorem on separate holomorphicity imply that w(z±) and W±(z±, z

′
±)

are complex analytic in z±, z
′
±, ε in the domains

D1(z±) : = {(z±, ε) | c0|ε| < |z±| < c1},
D2(z±) : = {(z±, z′±, ε) | c0|ε| < |z±|, |z′±| < c1, z± ̸= z′±},

respectively. Since D1,2(z±) are Hartogs domains, w(z±) and W (z±, z
′
±) admit expansions in

the convergent Hartogs series

w(z±) =
∑
k≥0

εkw(k)(z±), W (z±, z
′
±) =

∑
k≥0

εkW (k)(z±, z
′
±), (4.23)
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where the coefficients w(k) and W (k) are independent of ε and holomorphic in the base domains

{0 < |z±| < c1}, {0 < |z±|, |z′±| < c1, z± ̸= z′±},

respectively.
Now we are to study the behaviour of the coefficients in (4.23) near singularities z± = 0

and z′± = 0. To this end, we make use of the Cauchy formula

w(l)(z±) =
1

2πi

∮
|ε|=ϱ0

w(z±) dε

εl+1
, W (l)(z±, z

′
±) =

1

2πi

∮
|ε|=ϱ0

W (z±, z
′
±) dε

εl+1
, (4.24)

where ϱ0 > 0 is sufficiently small. Note that W (z±, z
′
±) is well defined for |z±|, |z′±| ≥ c0|ε|. We

put |z±| = c|ε| or |z′±| = c|ε| into (4.24) and majorize the right-hand sides by means of (4.19).
As a result, we obtain∣∣w(l)(z±)

∣∣ = O
(
|z±|−(K+L/2+l)

)
,

∣∣W (l)(z±, z
′
±)
∣∣ = O

(
|z±z′±|−(M+L/2+l)|z± − z′±|−2

)
,

i.e., the coefficients in (4.24) have no essential singularities at z± = 0 or z′± = 0.
Rewrite (4.23) as

w(z±) =
1

zM±

∑
k≥0

(
ε

z±

)k

w̃(k)(z±),

W (z±, z
′
±) =

1

(z± − z′±)2(z±z′±)M
∑
k≥0

(
ε

z±z′±

)k

W̃ (k)(z±, z
′
±), (4.25)

where the coefficients w̃(k)(z±) and W̃
(k)(z±, z

′
±) are holomorphic at z± = 0 or z′± = 0. Substi-

tution of series (4.25) into (4.5) yields the expansion

E2(z±, z
′
±) = εn(z±z

′
±)

N (z± − z′±)2
(

E (z±, z
′
±) +O

(
ε

z±z′±

))
,

where |z±z′±| ≥ c|ε| → 0 and n, N and E are independent of ε. As a corollary, we obtain the
estimate

log |E2(x, y)| ≤ C (|log ε|+ |log |z±(x)|+ |log |z±(y)|+ log |z±(x)− z±(y)|) (4.26)

for the case |z±z′±| ≥ c|ε|.
To prove (4.26) for the case |z±z′±| < c|ε|, it is sufficient to repeat the above reasoning for

the following Hartogs series and domains

w(ζ) =
∑
k≥0

εkw(k)(ζ),
(
c0|ε| < |ζ| < c1|ε|−1

)
,

W (ζ, ζ ′) =
∑
k≥0

εkW (k)(ζ, ζ ′),
(
c0|ε| < |ζ|, |ζ ′| < c1|ε|−1, ζ ̸= ζ ′

)
,

W (ζ, z′±) =
∑
k≥0

εkW (k)(ζ, z′±),
(
c0|ε| < |ζ| < c1|ε|−1, c0|ε| < |z′±| < c1

)
.

Now combining estimates (4.21) and (4.26) and formula (1.7) leads to

|Φ(x, y)| ≤ C (| log ε|+ | log d(x, y)|+ | log d(x,Q)|+ | log d(y,Q)|) .

Due to this estimate, for α ∈ (2/3, 1) the integral of Φ(x, ·) over a εα-neighbourhood, Uα, of Q
(in the metric T) is O

(
ε3α/2

)
. Hence, one can neglect the integration over Uα ×X or X × Uα

in (4.7). By this, we justify the calculations leading to (1.10). Thus, we have proved (1.10).



Regularized ζ∆(1) for Polyhedra 25

Asymptotics of the first non-zero eigenvalue λ1(ε) of ∆(ε)

Consider the equation

(∆− λ1)u1 = 0 (4.27)

in X. To describe the asymptotics of solution to (4.27) as ε → 0, we apply the method of
matched expansions (in the form given in [26, Chapter 6]).

Far away from Q, we use the solution U± := c±Rλ1,±(z±, P±) to (4.27) in X± as an approxi-
mation for u1 (where R·,± are the resolvent kernel for ∆±). Note that U± grows logarithmically
near Q.

Near Q we introduce the new coordinates q± = 2z±
ε − 1, k = q± ±

√
q2± − 1 (the latter is

the inverse Joukowsky transform of the q±). In coordinates q± equation (4.27) takes the
form

(
∂q±∂q± − λ1ε2/4

)
= 0. Thus, the approximation w(q±) of u1 near Q should be harmonic.

In order to make w non-trivial, we allow it to grow logarithmically as q± → ∞. Then the
required w is of the form

w = D log |k|+B = D log
∣∣q± ±√q2± − 1

∣∣+B.

Now, we should “glue” the above approximations together in the intermediate zone

|z±| ≍ ε1/2 ⇔ |q±| ≍ ε−1/2.

To this end, the asymptotics of approximations as z± → 0 and q± 7→ ∞ should be consistent in
the intermediate zone. From the expansion Rλ,± = − 1

A±λ +G± +O(λ), it follows that

U± = − c±
A±λ1

(
1−A±λ1G(z±, P±) +O

(
λ21
))

= − c±
A±λ1

(
1 +

A±λ1
2π

log |z±| −A±λ1m±(P±) +O
(
λ21
)
+ o(1)

)
(4.28)

near Q. In view of the Taylor expansion√
q2± − 1 =

2z±
ε

√
1− ε

z±
=

2z±
ε
− 1− ε

4z±
+O

(∣∣∣ ε
z±

∣∣∣2) ,
the asymptotics of w(q±) as ε/z± ≍ ε1/2 → 0 is given by

w(q±) = ±D
(
log |z±| − log(ε/4)

)
+B +O

(
ε1/2

)
. (4.29)

Matching asymptotics (4.28) and (4.29) yields

∓2πD = c± =
B ∓D log(ε/4)

−(A±λ1)−1 +m±(P±) +O(λ1)
,

whence

− 1

λ1A±
+O(λ1) +m±(P±) =

1

2π
log(ε/4)∓ B

2πD
.

Now, the summation over ± yields the asymptotics

− 1

λ1

(
A

A+A−

)
+O(λ1) =

1

π
log(ε/4)−

∑
±
m±(P±)

leading to (1.11).
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Then the global approximate solution to (4.27) is constructed by multiplying the (matched) lo-
cal approximations U±, w by the appropriate smooth cut-off functions and adding them together.
We do not describe this (well known) construction in detail since it can be found in [26, Chap-
ter 6] (or, e.g., in [25]). As a result, we obtain the function û1 obeying

∥∥(∆− λ̂1)û1∥∥L2(X)
= o(1)

and ∥û1∥L2(X) = 1 + o(1), where λ̂1 obeys (1.11) with omitted term o(1). Then the same rea-
soning as in [26, Section 4.2] (see also [24]) leads to estimate

∣∣λ1 − λ̂1∣∣+ ∥∥u1 − û1∥∥L2(X)
= o(1).

By this, we complete the proof of (1.11). The same arguments (with λ1 replaced by λk, k > 1)
lead to (1.13).

Pointwise asymptotics for Green function

For simplicity, suppose that x ∈ X+ is separated from P+. Integration of (1.6) yields

m(x) + ⟨m⟩ = − 2

A

∫
X
Φ(x, y) dSρ(y), (4.30)

where ⟨m⟩ := 1
A

∫
X mdS is the average Robin mass; note that (4.30) remains valid after the

replacement m,X,A,Φ→ m±, X±, A±,Φ±. In view of (4.30),(4.6), and (4.8), we have

Am(x) +
∑
±

(
A±⟨m±⟩+

A+A−
A

m±(P±)

)
− A+A−

A

log(ε/4)

π

= o(1)− 2

∫
X+

Φ+(x, ·) dS − 2

∫
X−

(
Φ+(x, P+) + Φ−(y, P−) +

log(ε/4)

2π

)
dS(y)

= o(1) +
∑
±
A±⟨m±⟩+A+m+(x)− 2A−Φ+(x, P+) +A−m−(P−)−

AA−
A

log(ε/4)

π
,

whence

m(x) =
A+m+(x)− 2A−Φ+(x, P+)

A
− A+A−

A2
m+(P+)

+
A2

−
A2

(
m−(P−)−

log(ε/4)

π

)
+ o(1). (4.31)

Suppose that x, y ∈ X+ are separated from P+ and put Q = (m+(x)+m+(y))/2. Then (1.6),
(4.6) and (4.31) imply

G(x, y) = Φ+(x, y) +
A+Q

A
− A−

A
(Φ+(x,O+) + Φ+(y,O+))−

A+A−
A2

m+(P+)

+
A2

−
A2

(
m−(P−)−

log(ε/4)

π

)
+ o(1)

=
A2

−
A2

(∑
±
m±(Ppm)− log(ε/4)

π

)
+G+(x, y)

− A−
A

(G+(x,O+) +G+(y,O+)) + o(1).

Similarly, if x ∈ X±, y ∈ X∓ are separated from P±, P∓, respectively, we obtain

lim
t→0

[
G(x, y) +

A+A−
A2

(∑
±
m±(P±)−

log(ε/4)

π

)]
=
∑
±

A±G±(x,O±)

A
+ o(1).
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Remark 4.2. It is interesting to compare the results of this Section with those from [38] and [13].
Although the scheme of degeneration of the Riemann surface in [13, 38] differs from ours (we
use cross-gluing along the straight cuts, whereas, say in [38], the standard pinching construction
from [8] is employed) and the metrics (e.g., Bergman’s, Arakelov’s) considered in these papers
differ significantly from singular Troyanov’s, a certain similarity can be observed. In particular,
formula (1.13) may be compared with “spectral convergence” from [13]. We also notice that the
author of [38] had to overcome the same difficulty (finding estimates for the integrals over the
pinching zone) as we were struggling with in the main part of the present section.

Remark 4.3. All of the above constructions and arguments remain valid if the metrics on X±
are smooth outside conical singularities and flat near them and the points P±, respectively.
In view of Remarks 2.3 and 3.3, this means that asymptotics (1.10)–(1.13) remain valid in this
case.

Remark 4.4. There are the following probabilistic interpretations of the pointwise Robin
mass m(y) and reg ζ∆(1) (see [7, Theorem 4.2]). Suppose that a Brownian particle starts from
some given point x ∈ X, then the expectation value t(x → rand) of the time it takes to ap-
proach the (metric) ϵ-neighbourhood of a randomly chosen point y ∈ X is independent of x and
equals to

t(x→ rand) =
log(2/ϵ)− γ

2π
A+ reg ζ∆(1) +O(ϵ).

At the same time, if a Brownian particle starts from a random point of X, then the expectation
value t(rand → y) of the time it takes to approach the (metric) ϵ-neighbourhood of a given
point y ∈ X is equal to

t(rand→ y) = −A log ϵ

2π
+m(y) +O(ϵ).

Therefore, the logarithmic growth of m(y) and reg ζ∆(1) as ε→ 0 provided by (1.10) and (4.31)
can be interpreted as the (logarithmic) growth of the average time it takes for a Brownian
particle to move across the pinching zone (from X ′

± to X ′
∓).

5 Computing of reg ζ(1) for self-adjoint extensions of
symmetric Laplacian on a tetrahedron with conical angles π

It is instructive to consider a simple example of a genus zero polyhedral surface with four
conical points of conical angles π (a tetrahedron). Due to availability of explicit information
about the spectrum, this example can be completely analysed by means of a direct computation
independent of the previous considerations. Moreover, we also introduce the exotic self-adjoint
extensions of the symmetric Laplacian on the tetrahedron that are non-Friedrichs and compute
the reg ζ(1) for them.

Let T = C/Λ (Λ = Z + τZ) be a torus with periods 1, τ , endowed with the standard flat
metrics (then its area is equal to Im τ). Let AA′A′′′A′′ (A = 0, A′ = 1, A′′ = τ , A′′′ = (1 + τ))
be the fundamental parallelogram of T.

Consider the holomorphic involution, †, of T † : zmodΛ 7→ −zmodΛ. Then π : ζ 7→ ζ/† is the
isometric double cover from T onto T/† ramified at A and B = 1/2, C = τ/2 and D = (1+ τ)/2
(mod Λ).

The base T/† coincides with the tetrahedron T = ABCD obtained from its net, the tri-
angle AA′A′′, by gluing of triangles ABC, BCD, BA′D and A′′CD along equal sides. Each
tetrahedron (after suitable homothety) with all conical angles π can be obtained in such a way.
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Figure 1. The tetrahedron T and its double cover T.

Let ∆T and ∆4 be the Laplacians on T and T , respectively. Obviously, (λ, u) is an eigenpair
of ∆4 if and only if (λ, u ◦ π) is an eigenpair of ∆T.

Conversely, let us search for eigenfunctions of ∆T in the form v = ei(az+bz); then λ = 4ab and
the periodicity of v with respect to the lattice Λ implies a+ b = 2πn, aτ + bτ = 2πm. Since the
linear space spanned by such eigenfunctions is an algebra closed under complex conjugation, it
is dense in C(T ) and L2(T ) (this means that all eigenfunctions of ∆T are of the above form).
As a corollary, each non-zero eigenvalue λ = 4ab of ∆T is double and its eigenspace is spanned
by the eigenfunctions cos(az+ bz), sin(az+ bz) which are (respectively) even and odd under the
involution v 7→ v∗ = v ◦ †. In particular, the non-zero eigenvalues of ∆T are eigenvalues of ∆4

with double multiplicity.
Thus, we have 2ζ∆4 ≡ ζ∆T and

reg ζ∆4(1) =
1

2
reg ζ∆T(1). (5.1)

To calculate reg ζ∆T(1), one can use the explicit formula for the Green function of ∆T on [9,
p. 21] which leads to the expression

m(T) = − log |2πη(τ)|
π

(5.2)

for the Robin mass on T (here η is the Dedekind eta function). Combining this formula with (1.4)
and (5.1), one arrives at

reg ζ∆4(1) =
A4

π

[
γ − log 2

2
− log |2πη(τ)|

]
,

where A4 = Im τ/2 is the area of the tetrahedron. Thus, considering tetrahedron of unit area
with aspect ratio (1.14), we arrive at (1.15).

Remark 5.1. The explicit expression for reg ζ∆T(1) was first obtained in [30, equations (A.1)–
(A.4), p. 800].

Remark 5.2. In [30], it was stated that, for a given area, reg ζ∆T(1) attains (global) minimum at
the hexagonal torus τ = 1+i

√
3

2 . The latter statement essentially coincides with claim of Osgood,
Phillips and Sarnak (see [32, Lemma 4.1 and a numerical evidence given on p. 206]) concerning
the global maximum

(
at τ = 1+i

√
3

2

)
of the function f(τ) = Im τ |η(τ)|4 on the fundamental

domain of the modular group. It is interesting to notice that, although the graph of the function f
(which can be obtained, using a modern laptop, in a minute, see, e.g., [14, Figure 2, p. 78]) shows
the spectacular global maximum at 1+i

√
3

2 , the formal mathematical proof of the latter global
maximality, to the best of our knowledge, is still lacking.

Remark 5.3. The global maximality at 1+i
√
3

2 of the function f from the previous remark would
imply that among tetrahedrons with conical angles π and with given area, the (global) minimum
of reg ζ∆4(1) is attained at the regular tetrahedron.
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Calculation of reg ζ(1) for self-adjoint extensions of Laplacian on T

Let ∆̇4 be the L2(T )-closure of the Laplacian defined on the set Ċ∞(T ) of smooth functions
on the tetrahedron T ≃ C vanishing near one of the vertices (say, A). Since all conical angles
of T are less than 2π, all the self-adjoint extensions of ∆̇4 are the Laplacians ∆4,α (|α| ≤ π/2)
with the domains spanned by elements of Dom ∆̇4 and the function

χ

(
log r

2π
sin(α) + cos(α)

)
, (5.3)

on T , where r is the geodesic distance to the vertex and χ is a smooth cut-off function with
sufficiently small support equal to one near A [12, 22].

Due to the divergence theorem, Ker∆α = {0} except the case α = 0 (corresponding to the
Friedrichs extension ∆4,0 := ∆4).

Now, let ∆̇T be the L2(T )-closure of the Laplacian defined on the set Ċ∞(T) of smooth func-
tions vanishing near A = 0(modΛ). Then all its self-adjoint extensions are the pseudo-Laplacians
(see [5]) ∆T,α (|α| ≤ π/2) with domains spanned by elements of Dom ∆̇T and function (5.3) on T.

Clearly, u ∈ Dom∆4,α if and only if u ◦ π ∈ Dom∆T,α.
At the same time, any odd function v ∈ Dom∆T,α has zeroes at all the ramification points A,

B, C, D (modulo Λ) and, therefore, belongs to the domain of any pseudo-Laplacian ∆T,α′ .
Therefore, the eigenvalues of ∆T,α can be divided into two series

(1) the eigenvalues with even eigenfunctions which coincide with the eigenvalues of ∆4,α,

(2) the eigenvalues with odd eigenfunctions which coincide with the eigenvalues of ∆4.

Notice that the above division of the spectrum of ∆T,α agrees with [5, Theorem 2], presenting
an illustration to it.

As a corollary, we have ζ∆T,α ≡ ζ∆4,α + ζ∆4 and

reg ζ∆T,α(1) = reg ζ∆4,α(1) + reg ζ∆4(1). (5.4)

Here the (regularized) ζ-functions are defined by formulas (1.1), (1.2), where ∆ and its nonzero
eigenvalues is replaced by ∆T,α, ∆4,α, or ∆4, and their nonzero eigenvalues, respectively. Note
that the values reg ζ∆T,α(1), reg ζ∆4,α(1) (α ̸= 0) are independent of the choice of the branch
λs1 = |λ|se±πis of λs1, where λ1 < 0 is the first eigenvalue of both ∆T,α and ∆4,α.

The left-hand side of (5.4) can be calculated by the use of the following formula of [1]:

Tr
(
(∆T,α − λ)−1 − (∆T − λ)−1

)
= ∂λ log

(
mλ + cotα

)
, (5.5)

where λ does not belong to the spectra of ∆T,α and ∆T, and mλ(T) is the coefficient in the
asymptotics of the resolvent kernel Rλ of ∆T near A

Rλ(x,A) = −
log r

2π
+mλ(T) + o(1).

Since zero is an eigenvalue of ∆T but not of ∆T,α, we have

reg ζ∆T,α(1)− reg ζ∆T(1) = lim
λ→0

[
Tr
(
(∆T,α − λ)−1 − (∆T − λ)−1

)
− 1

λ

]
.

At the same time, from the expansion Rλ = − 1
ATλ

+G+O(λ) for the resolvent kernel as λ→ 0,
we obtain

mλ(T) = −
1

ATλ
+m(T) +O(λ),
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where AT is the area of T and the Robin mass m(T) is given by (5.2). Then the right-hand side
of (5.5) is

1

λ
−AT(cotα+m(T))λ+O

(
λ2
)
.

Then we obtain

reg ζ∆T,α(1)− reg ζ∆T(1) = −AT(cotα+m(T)). (5.6)

Combining (5.4) with (5.6) and (5.1), one arrives at

reg ζ∆4,α(1) = reg ζ∆4(1)− 2A4(cotα+m(T)).

Now, considering the tetrahedron of unit area with aspect ratio (1.14), we obtain (1.16) from (5.6)
and (1.15), (5.2).
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