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Abstract. We revisit an identification of the quantum Toda lattice for GLy and the
truncated shifted Yangian of sly, as well as related constructions, from a purely algebraic
point of view, bypassing the topological medium of the homology of the affine Grassmannian.
For instance, we interpret the Gerasimov-Kharchev—Lebedev—-Oblezin homomorphism into
the algebra of difference operators via a finite analog of the Miura transform. This algebraic
identification is deduced by relating degenerate affine Hecke algebras to the simplest example
of a rational Feigin—Odesskii shuffle product. As a bonus, we obtain a presentation of the
latter via a mirabolic version of the Kostant—Whittaker reduction.
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1 Introduction

Shuffle algebras are ubiquitous in representation theory. To name a few applications, they
are related to infinite-dimensional quantum groups (including quantum toroidal algebras), Hall
algebras, canonical bases, and so on. They were introduced by Feigin—Odesskii in a series of
papers [12, 40, 41]. In the simplest case, a shuffle algebra is, as a vector space, the direct sum
D, Oo(Y1,..., Yk)sk of suitably defined symmetric functions in k£ variables, with the product

O(Y1, ..., V)% x O(Y1,..., V)% = O(Y1, ..., Yiy) o+, (1.1)
1 0(Y; —Y; +1
(fxg) (Y1, Yeq) = msﬂnkﬂ <g(9(Yi—]Yj))f(Y1’ s V) g(Yigns ,Yk+l)>7

where Sym,,; is the symmetrization operator in k + variables, and 6(u) is one of the functions
0°! () = 9 (ul7), 68 (1) = sin(mu/7), 0" (u) = u, (1.2)

corresponding to the elliptic, trigonometric, and rational cases, for some parameter 7. Here
Y1 (ul|T) is the first Jacobi theta-function. For instance, in the original construction of loc. cit.,
the function space is

o(y,..., Yk)sk — NSZH — Sk:HO(@)7 Ngell _ @stll’
k
the sum of symmetric powers of global sections of a degree N line bundle on an elliptic curve

(put differently, degree N theta functions), and the product is determined by the factor 8" (u),
up to shift of variables.
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In this paper, we study the rational case. The elliptic one above admits a degeneration to
it [10] so that

NSrat _ @ stat, NSrkat _ C[Yl, o Yk]ikjva
k

where CIY7,.. .,Yk]‘i’“N is the space of symmetric polynomials of degree less than N in each
variable, and the factor is #"*(u). More generally, one can drop the restriction on the degree
and consider 8 = @@, 8§t with 8! = C[Y;,. .., Y;]%*.

The first goal of the paper is to relate these shuffle algebras to degenerate affine Hecke algebras
whose definition we recall in Section 3.2. The idea is as follows: observe that without the theta
factor, the shuffle product is simply the multiplication on the symmetric algebra of the vector
space C[Y]] or its N-th truncation. Instead of deforming it via inserting a factor, we can deform
the symmetrization itself, that is, the action of the symmetric group. One such deformation is

provided by the Demazure operators, so that a simple transposition acts on C[Y1,..., Y] by
1-Pin
o= P . ’
7 2,041 + Yz- — Yé—&—l )

where P; ;11 permutes variables Y; and Y;y1. Denoting by e, € C[Si] the symmetrizer idem-
potent in the group algebra of the symmetric group, this is the action of S; on the spherical
module Hger = C[Y7, ..., Yy of the degenerate affine Hecke algebra ). Its spherical subalgebra
exfier can be identified with the symmetric polynomials 8}2*.

Based on this observation, one can introduce an a priori different shuffle-like product on the
direct sum @0, 8}** via, as we mentioned, symmetrization with respect to this deformed action:

(f.9) = f % gi=ep f(V, . Vi) g(Yitt, - -, YVist) et € enintienst = SPY.

The following result of Theorem 3.11 seems to be folklore, but, unfortunately, we were not
able to find a reference for its algebraic proof. A geometric proof can be found in an unpublished
preprint by Grojnowski [23].

Theorem A. The rational Feigin—Odesskii shuffle product coincides with the one induced from
degenerate affine Hecke algebras.

In principle, the theorem follows directly from the explicit formula for the symmetrizer in the
spherical representation of a degenerate affine Hecke algebra and, strictly speaking, is not new:
for instance, in the trigonometric case, it reflects a well-known relation between Hall-Littlewood
polynomials and affine Hecke algebras [36]. Our main contribution is an alternative proof based
on the following simple observation: a canonical affinization procedure [32], which, in general,
produces a solution of a quantum Yang—Baxter equation

Ri2(z1 — z2) Ri3(21 — 23) Ra3(22 — 23) = Ro3(z2 — 23)Ri3(21 — 23)Ri2(21 — 22),

out of a representation of symmetric group (or, in the trigonometric case, of a finite Hecke alge-
bra), applied to the spherical module gives a particular example of a Shibukawa—Ueno R-operator
introduced in [44] whose definition we recall in Section 3.1. In general, the latter acts on the
space of suitably defined functions and takes as an input any solution to the three-term rela-
tion (3.1); in particular, the case of the spherical module of a degenerate affine Hecke algebra
corresponds to the rational factor in (1.2), while that of a non-degenerate affine Hecke algebra —
to the trigonometric one. Then the theorem is deduced by, on the one hand, representing the
symmetrizer though a certain combination of R-matrices, on the other hand, expressing this
combination as the usual symmetrization map, but with a factor akin to (1.1), see Proposi-
tion 3.3.
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The main advantage of this proof is that the second part works uniformly for any factor that
satisfies the three-term relation. In principle, there are (formal) analogs of theta functions for
arbitrary generalized cohomology theory with orientation [42]. Unfortunately, we do not know
how the respective Shibukawa—Ueno R-operators are related to the corresponding formal (affine)
Hecke algebras [24], however, we believe that similar formulas should hold in more general cases.

In particular, it would be interesting to study the elliptic version of the Shibukawa—Ueno
operator and its potential relation to elliptic affine Hecke algebras [21]. Curiously, the elliptic
case admits a dual description on the GLy-side, in the sense of Fourier—-Mukai transform on an
elliptic curve. Namely, by [13], the elliptic Shibukawa—Ueno R-operator is gauge-equivalent to
Belavin’s R-matriz [2, 8] whose quasi-periodic properties can be interpreted via an essentially
unique stable vector bundle of rank N and degree 1 on an elliptic curve. A natural question is:
what is the meaning of the shuffle product on the GLy-side?

We approach this question for the rational case in the second part of the paper where we
apply the construction of the first part to the quantum Toda lattice for GLy. The idea to
use degenerate affine Hecke algebras is inspired by the results of [5] where the authors con-
structed and proved a K-theoretic version of the geometric Satake equivalence for a certain
subcategory of the g-analog of Harish-Chandra bimodules (we recall the rational versions be-
low). Following the Kazhdan—Kostant formulation of this integrable system [33], let us consider
a non-degenerate character ¢ of the Lie algebra n of the subgroup of upper unitriangular matri-
ces N;. The action of ny via right- and left-invariant vector fields gives rise to a homomorphism
U(ny) ® U(ny) — D(GLy) into the algebra of differential operators. Then the Toda Hamiltoni-
ans are realized as the image of bi-invariant differential operators, which can be identified with
the center Zg, of U(gly), inside the quantum Hamiltonian reduction N\ _, D(GLy)/y N
with respect to the latter embedding and the character (—w,v). This is an example of the
Kostant—Whittaker reduction for Harish-Chandra bimodules studied in [3].

According to [4, Appendix B], the Toda lattice can be identified with a certain quotient
Y9,y (sly) of the shifted Yangian Y_on(sl2) whose definition we recall in Section 3.3. For
introduction, we will only use the fact that it is generated by the coeflicients of the series

xy(u) = Zx@u*i, x_(u) = Zx@u*i, h(u) =u2N + Z Ry,
i=1 i=1 i=2N+1

and that the coefficients of x4 (u) generate the subalgebra isomorphic to the shuffle algebra
8rat [45]. Therefore, it gives a GLy-presentation of 8''. However, citing [14], “we must admit
that the identification of the quantum Toda [lattice] for GLx and the [truncated] shifted Yangian
for sly (purely algebraic objects) goes through a topological medium: equivariant homology of
the affine Grassmannian of GLy”; this additional step is the derived Satake equivalence of [3].
For instance, while Y_op(sl2) is defined via generators and relations, this identification does not
specify explicitly the images of the former.

The goal of the second part of the paper is to apply the results of the first part to construct
and prove an isomorphism

YO, n(sla) = NE\_y D(GLy)/y NE,

as well as related constructions, in a purely algebraic and explicit way, bypassing the topological
medium, and “refine” it to a mirabolic version of the Kostant—Whittaker reduction. It is based on
another classical fact. For any GLy-representation V', the free left U(glyr)-module U(gly)®V has
aright U(gly) action defined from the diagonal group action of GLx on the tensor product. This
is an example of a (free) Harish-Chandra bimodule whose definition and properties we review
in Section 4. For the tensor product of the vector representation V = (CN )®k, there is an action
of the degenerate affine Hecke algebra $; on U(gly) ® (CN)®k respecting the U(gly )-bimodule
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structure. In particular, its spherical subalgebra 8, = er$Hrer acts on the Sp-invariants that
can be identified with the free Harish-Chandra bimodule U(gly) ® S¥C¥ associated to the k-th
symmetric power. By restricting the action on the highest-weight vector for all k, one obtains
a map of vector spaces

8t = EBS};“ — U(gly) x S°CN [y Ny,
k
where the target is the quantum Hamiltonian reduction of the semi-direct product with gl
acting on the symmetric algebra S*CY in the standard way. In particular, it is an algebra as
well. If we denote by my the mirabolic subalgebra of the subgroup of GLy preserving the dual
of the last basis vector in CV (see Section 6.3 for precise definition), then it turns out that this
map restricts to a similarly defined quantum Hamiltonian reduction

Agrat & Umy) x S°CY /Ny (1.3)

The following is Theorems 6.14 and 6.9; here Y_on(sl3)=" is the non-negative part of the shifted
Yangian. In fact, the explicit formulas for the second homomorphism are close to another
presentation of the quantization of Zastava spaces for sly from [15, Section 3.22].

Theorem B. The map 8" = U(my) x S*CY /., N4 is an algebra isomorphism. It can be
extended to a surjective algebra homomorphism Y _an (sl2)=0 — U(gly) x S*CY J,, Ny

Unfortunately, we do not know if and how this result can be related to the aforementioned sta-
ble bundles on an elliptic curve. We expect (or, rather, hope) that it could viewed as a quantum
rational version of a certain algebra of Hecke modifications of semistable bundles of degree 0, see
Remark 6.15. In general, it would be interesting to interpret this result at least on the classical
level in terms of elliptic analog of the Kostant slice [18].

Besides degenerate affine Hecke algebras, the other main tool to prove the theorem is the
Kirillov projector Py introduced in [27]. This is an element in a certain completion of U(my)
that acts on Whittaker modules and projects onto the space of Whittaker vectors (that is, on
which n acts with character v); as such, it is an analog of the classical extremal projector [1] in
the case of trivial character. For instance, the Kirillov projector gives a canonical isomorphism
V = U(my)®V )y Ny of any GLy-representation V with the mirabolic version of the Kostant—
Whittaker reduction. It turns out that this isomorphism has rather peculiar properties with
respect to the degenerate affine Hecke algebra action mentioned above, see Section 6.3. For
example, under the isomorphism (1.3), the standard monomial basis of S°CN is mapped to
a rational version of the Hall-Littlewood polynomials, see Example 6.12.

We extend this homomorphism to the Toda lattice. Naturally, GLy is embedded into the
matrix space; denote by X = (xj;) the (transposed) matrix with z;; € O(GLy) the (7, j)-matrix
entry function. Its inverse X! is well-defined in O(GLy). Also, denote by Ef = (Eg) the
matrix composed of left-invariant vector fields associated to the standard generators of the Lie
algebra gly. The following is Theorem 8.10. It would interesting to compare this explicit form
with the approach of [14] via coproducts on both sides.

Theorem C. There is an isomorphism Y 5y (sla) = NZ\_y D(GLy)/y NI defined on gen-
erating currents by

r4) = S LEY K]y o) SO[X (B
=0 =0
1
h(u) +— m’

where the subscript (1N) means the corresponding entry in the matrix product and A(u) is
a quantum determinant whose coefficients generate Zg, .
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One of the main ideas of the proof is to interpret the GKLO homomorphism from Y _on(sl2)
into a certain localization VA of the algebra of difference operators, introduced in [20] for non-
shifted Yangians and later studied in [4, 29] in general case, via a finite analog of the Miura trans-
form [22], see Section 7. In general, for any Harish-Chandra bimodule X, it relates the Kostant—
Whittaker reduction X/, N to its version with the trivial character, the parabolic restriction
Xee" /N_, which we review in Section 5 (here, the superscript “gen” corresponds to a certain
localization), akin to the Harish-Chandra homomorphism Zg, — U(hn) = (n_\U(gly))"-.
In particular, it gives an injective homomorphism

NE\_y D(GLy) /.y NE — NL\ _, D&"(GLy) /NE.
The following is Theorem 8.8 and the second part of Theorem 8.10.

Theorem D. There is an isomorphism NA = Nf \—y D&(GLy)/NE such that the composi-
tion

YO, n(sle) = NEN\_y D(GLy) /gy NE — NE\ _, D& (GLy) /NE = NA
coincides with the GKLO homomorphism.

In Section 8.2, we apply this theorem to get simplest cases of the monopole operators, which
are rational versions of certain degenerations of Macdonald difference operators, as the images of
particular minor functions on GLy. We express the latter in terms of the shuffle algebra similarly
to the geometric and g-setting of [16] and [46]. Finally, in Section 8.1, we show that this isomor-
phism coincides with the one in [4, Appendix B] under the derived Satake isomorphism of (3]
between NI\ _, D(GLy)/y NI and the equivariant Borel-Moore homology gELNIHI=C (Gr)
of the affine Grassmannian of GLy.

We would like to mention that we actively use the formulas (adapted to setting of the paper)
from the paper [37] that studied Olshanski centralizer construction from the point of view of
Mickelsson algebras whose particular case we recall in Section 5. It would be interesting to find
a direct conceptual link between two subjects.

Future directions

The results of the paper should be more or less directly generalizable to the trigonometric,
or g-deformed, case: for instance, see [16] for geometric approach, [5] for a certain version of
K-theoretic Satake equivalence, and [28] and references therein for quantum Harish-Chandra
bimodules and the corresponding parabolic restriction. In fact, the only missing ingredient is
a g-analog of the Kostant—Whittaker reduction which, to the best of our knowledge, was not yet
defined; however, see [43] for the g-analog of the quantum Toda lattice.

Our original motivation, however, was the elliptic version, where various representation-
theoretic constructions should acquire much clearer algebro-geometric meaning, but, unfortu-
nately, much less is known. For instance, to the best of our knowledge, there is no definition of
“elliptic” Harish-Chandra bimodules, although there is a strong evidence that such a category
should exist, see the discussion in the introduction of [28]. We believe that the results of this
paper can give a hint how to approach this problem at least in type A. For example, as the
results of Section 6 combined with calculations with Shibukawa—Ueno R-operators of Section 3
suggest, the action of degenerate affine Hecke algebras plays a crucial role to study the category
of Harish-Chandra bimodules, therefore, it is reasonable to search for their elliptic generaliza-
tion in terms of representations of elliptic affine Hecke algebras [48]. In general, as Remark 6.15
indicates, it would be interesting to study further this interplay between representation theory
and, in a certain sense, “quantization” of various algebro-geometric constructions.
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Structure of the paper

In Section 2, we introduce the necessary notations concerning GLy and differential operators
D(GLy) as well quantum minors. In Section 3, we recall basic properties of shifted Yangians,
degenerate affine Hecke algebras, and relate the latter to Shibukawa—Ueno R-operators and
shuffle algebras. In Section 4, we recall the definition of Harish-Chandra bimodules and de-
generate affine Hecke algebras action on the free ones associated to tensor powers of the vector
representation. In Section 5, we study quantum Hamiltonian reduction with a trivial charac-
ter, the parabolic restriction. In Section 6, we study the Kostant—Whittaker reduction and
its mirabolic version relating them to degenerate affine Hecke algebras, shuffle algebras, and
(the positive part of) shifted Yangians. In Section 7, we relate two reductions via finite Miura
transform and interpret it as a GKLO map. In Section 8, we prove an isomorphism between
truncated shifted Yangians and Toda lattice, compare it with the geometric identification via
homology of the affine Grassmannian, and interpret monopole operators in terms certain minor
functions. In Appendix A, we prove some technical lemmas from the main sections. While in
the main body of the paper we deal with the vector representation, in Appendix B, we present
the corresponding facts for the dual that are needed for the full Toda lattice.

For simplicity of exposition, we set A = 1 in the introduction.

List of notations

v; natural basis of CV
103 dual basis of CV
X = (z1) the transposed matrix of matrix entries functions on GLy

Zg, center of Ux(gly)

A(u) generating polynomial of Zy , certain quantum determinant

HE degenerate affine Hecke algebra with quantization parameter k = +h
Y; polynomial generators of £
o; simple transposition in C[Si] C
€k symmetrizer in C[Sy]

e antisymmetrizer in C[S]

or action of o; on spherical module C[Y71,...,Y};] of H

C[h[Y1,. .., Yi]<n polynomials of degree less than N in each variable
Q; action of ¥; € $H! on Harish-Chandra bimodule Uy (gly) ® (CN)®k
w; shifted coordinates F;; + Nh — h on hjy X Al
Up(by)es localized ring of functions on b3, x Al

P extremal projector of gl

NA, algebra of localized difference operators Uy (hy)s" [uli, e ,ujj\[,]

thg negative part of difference operators Uy (b )8 [ul_l, e ,u]_vl]
P non-zero number in C
(0 character of ny such that ¢(E;;) = 6i41,;¢

my mirabolic subalgebra

OF, OF anything related to right (resp. left) action of GLy on itself
R, and analogs map Uy (glX) x S*CY — Dj(GLy) or their reductions

T(w) quantum comatrix of T'(u) =u+ E

Uy, VY highest-weight vector in irreducible representation V) (resp. its dual Vy)
Gr affine Grassmannian GLy((t))/GLn][[t]]

G GLy/[[t]]-orbit of t* € Gr

Qr action of Y; € jﬁlzh on Harish-Chandra bimodule Up(gly) ® ((CN)*)®k
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2 Preliminaries

2.1 Notations for GLx

In this subsection, we fix some notations regarding the group GLy.
Let CV be the vector space with a basis {vy,...,vx}. Denote by {¢1,...,¢n} the dual basis
of (CN)* such that (v;, ¢;) = d;5. Let Matyxn be the affine space of N x N matrices. We

identify its space of functions with the polynomial algebra via

O(Matyxn) = Clayj | 4,5 =1,...,N], xij(A) = (A-vj,¢;), A€ Matyyn,
and we combine the generators into a matrix

X = (2;)]2,""n € Clayy] ® End(CV)

(observe the transposition).

Let GLy C Matyxn be the group of invertible matrices. Its ring of functions is the lo-
calization of O(Matyxy) by the determinant function, in particular, we have an embedding
Clz;j] — O(GLy). We call the image the polynomial functions. In addition, there are entries
of the matrix inverse X! € O(GLy) ® End(C") such that

(X7, .(A) = (v, Ag;) = (A vy, ¢5).

ij
We consider O(GLy) as a left GLy x GLy-module via the corresponding actions
(g F)A) = f(Ag), (9" f)(A) = f(g"A).
In particular, for every o = 1,..., N, we have equivariant embeddings

Riy: 8°CN = O(GLy), v+ Xia,

2.1
Fror 8*(CY)" = 0(GLy),  ¢im> (X71),, Y
and
Lig: 8°CN — O(GLy), v (X7Y),, (2.9)
Lo S°(CY) 5 0(GLy),  ¢i > Xas, |

with respect to the action corresponding to the superscript.
Denote by Hy C GLy the subgroup of diagonal matrices. Its set of weights A is given by

ZN = SpanZ(el, ey EN) 1> A, ei(diag(tl, e ,tN)) = 1;.

We will always identify the weight and the coweight lattices, we hope it will not lead to any
confusion. Denote by AT C A the monoid of dominant weights:

A+:{(/-1'17"'7;U'N)GZN’MiZMi+17i:1a"'N_17}7

which is spanned by the fundamental weights

Let

A={e—¢|i#j}CA, Ar={e—¢|i<jC AT
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be the set of roots (respectively positive roots). We denote by
1
pN:§Za:Zwi:(N—1,...,1,O) (2.3)
aEA L 7

the half-sum of positive roots.

Let N (resp. N_) be the subgroups of upper unitriangular (resp. lower unitriangular) matri-
ces. For A € A, denote by V), the irreducible representation of GLy whose N -invariant highest
weight vector vy has weight A. In particular,

N
Vio,..00 =C", (1,0,....0) = V1,

V(o,...,o,—1) = (CN)*7 V(o,...,0,-1) = N,
We identify its Lie algebra gl with End(CN ) via matrix units such that the action on CV
and (CN)* is given by
gly =span(Ej; |i,5=1,...,N), Eij - v, = djv;, Eij - ¢ = —0i10;.

We denote by the same letters the corresponding generators of the (asymptotic) universal en-
veloping algebra Up(gly) in the sense of Definition 4.1; in particular,

EijEy — EwEij = hW(6jEy — 01 Erj).
We combine the generators into a matrix £ € Uy(gly) ® End(CV):

Enn ... Eina Ein
E=| =+ : s (2.4)
En_11 ... En-in-1 Enaan
Enxit ... EnnN-1 Enn

The Lie algebras of Ny, N_, Hy are respectively
ny =span(E;; | i < j), n_ = span(E;; | i > j), by = span(Ey;).
We will often use an antiautomorphism
wn: gly — glyr, E;j — Ey;, (2.5)
as well as its version, the automorphism
wn: oly — gly, E;j — —Ej;. (2.6)

Obviously, in terms of the matrix E, we have w(FE) = ET.

2.2 Quantum minors

Denote by T'(u) = u+ E € Uy(gly)[u] ® End(C") the T-operator.
Let (a1,...,am), (b1,...,bn) be two sequences of indices. Define a quantum minor as the
sum over all permutations of 1,2,...,m, see [38, formulas (1.54) and (1.55)]:

Tlil.::g;m (u) := Zsgn(U)TaJ(l)bl(u)TaU(Q),bz(u —h)-- Tty (u —mh+ h)
= " sgn(0)Tab, 0, (w—mh+h) - Top o,y (=) Ta, . (1), (2.7)

It follows from loc. cit. that
w ... (u—mh+ ﬁ)_lTﬁf::&m (u) € Up(gly) [[u_l]]

We will need the following properties of quantum minors.
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Proposition 2.1.

(1) For any permutation o, we have

Ag(1)---Co(m G m
Ty " () = sen(o) Tty = Dy my (1)

In particular, if a; = a; or b; = b; for some i # j, then Ty """ (u) = 0.

(2) A quantum minor can be decomposed as [38, Proposition 1.6.8]

I
hE

Ty (u) = (=)™ Tt (u) Ty, (w — him + )

T
I

(=) (u = h) T ()

I
NE

N
Il
—

I
NE

(_1)l71Tazbl (u)Tl?;b[:,lLam (u - h)

N
Il
—

_1)1_1Ta1bl( — hm + h)TIiQ...b(ll.Tﬁbm(u)'

I
Dﬁs

N
Il
—

(3) The following relation holds [38, Proposition 1.7.1]:
(B, Ty ()] = Y 80 Tyl ( hz5b (O
=1

where the indices k and [ in the quantum minors replace correspondingly a; and b;.

Proof. For the last part, it is enough to consider the coefficient of u® on both sides of [38

Proposition 1.7.1]. [
Denote by
N .
A(u) = ()N (—u+ Nh— h) =) AN (2.8)
=0

By [39], the coefficients {A;} generate the center of Ux(gly).
We will need an explicit form of the inverse T'(u)~! in terms of quantum comatriz, see [38,
Proposition 1.9.2]:

~

Tij(u) i= (19T Y (w), 29)

where the hats indicate the omitted indices. The following equation is an immediate corollary
of [38, Definition 1.9.1 and Proposition 1.9.2]:

T(u)~' = (—1)NT(u+ Nh— h)A(—u)"L. (2.10)

Recall the antiautomorphism (2.6). The next lemma follows immediately from the defini-
tion (2.7) and @y[T(u)] = —T(—u)T, where the superscript means matrix transposition.

Lemma 2.2. Let wy be the automorphism of Up(gly) given by E;; — —Ej;. Then

an(Aw) = (~1)NA(—u+ Nh — h).
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2.3 Differential operators

Let D;(GLy) be the Rees algebra of the differential operators on GLy with respect to the degree
filtration. For £ € gly, consider the corresponding asymptotic vectors fields generating the right
(resp. the left) translations along &:

() g) = n e f(0e)| ) =R T (e )],

In terms of either trivialization, we have D;(GLy) = U(gly) ® O(GLy).
Denote by p;; := hd/0x;; and by D = (p;;) the corresponding matrix. We have

N N
R L
E; = E TaiPaj Ej =— E ZjaPia-
a=1 a=1

In particular, in terms of matrices from Section 2.1, we can write

s .
t=0 t=0

Ef = (Eff)=XD, E"=(E})=-DX+hN Idy,
so that
EY = X' (-Ef + hN - 1dy) X. (2.11)

There is an embedding Zg,, — Dp(GLy) as bi-invariant differential operators. Denote
by Af(u) (resp. AX(u)) the quantum determinant (2.8) constructed out of the matrix E7
(resp. EL)

Proposition 2.3. We have A (u) = (~1)NAR(—u + Nh — h).

Proof. It is enough to show that their actions on O(Matyxn) coincide. By the Howe duality
[7, Theorem 5.16], under the (gly, gly)-action by

N N
1 2
Ei(j) — mepaj, Ei(j) — inapjaa

there is an isomorphism

O MatNxN @V)\@V)\

of (gly,gly)-modules, where A runs over certain dominant weights. In particular, we have
AWM (1) = A® (u), where the quantum determinants are constructed out of corresponding ma-
trices E@ for i = 1,2. Denote by

wn: Un(oly) = Un(gly),  @m(Ey) = —Eji

an algebra automorphism of Up(gly), a variant of (2.5). Then E(l) ER and E( ) = N(EiLj),
therefore,

Al (w) = oy (AR(u)).
The result follows from Lemma 2.2. |
Denote by 75 (u) (resp. TL(u)) the quantum comatrix (2.9) associated to Ef (resp. ET).

Proposition 2.4. We have X1 TR(—u+ Nh—h) - X = (=1)NH1TL ().
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Proof. It follows from Propositions 8.3 and 5.7 that

u— EE

R _
ANX =T —pr s,

X AR (),

where the equality is understood as in Remark 5.8 and multiplication by Af(u) is entry-wise.
Therefore, by (2.10) and T (u) = u + E¥, we have

1
—c

1
u— ER 4+ h

X'V TE(—u4+Nh—h)-X =(-1)Vx! Af(u) X

= (—)N*+1x-1 X AR ().

It follows from (2.11) and Proposition 2.3 that

1
u— ER 4+

1
Tu+EL BN+ h
= —T%(u— Nh+ h) LA (—(u — Nh + h)).

()N x 1 XAR () = A (—u+ Nh— h)

Applying (2.10) for EL, we get
XV TB(—u+ Nh—h)- X = (-D)NHTE(w),

as required. [

3 Degenerate affine Hecke algebras and Yangians

The goal of this section is to establish a relation between rational Feigin—Odesskii shuffle algebras
and degenerate affine Hecke algebras summarized in Theorem 3.11. Using, on the one hand,
the action of latter on certain Harish-Chandra bimodules and their reductions as in Section 6,
on the other hand, connection between the former and (truncated shifted) Yangians of sly which
we recall in Section 3.3, we apply the results of this section to prove the main result of the paper,
Theorem 8.10. This relation is deduced through Shibukawa—-Ueno R-operators whose definition
and properties we recall in Section 3.1.

3.1 Shibukawa—Ueno R-operator

In this subsection, we recall the definition of Shibukawa—Ueno R-operators [44] and study the
induced symmetrizers. By [13], its elliptic version is gauge-equivalent to Belavin’s R-matrix that
is used to define the original elliptic shuffle algebras [12, 40, 41]. At the same time, we will show
in the next subsection that its rational version is related to degenerate affine Hecke algebras.
Let 6(z) be a skew-symmetric (i.e., (—z) = —6(z)) holomorphic function satisfying the
three-term relation
O(x +y)0(x —y)0(z + w)0(z —w) + 0(x + 2)0(z — 2)0(w + y)0(w — y)
+0(z+w)f(x —w)b(y+ 2)0(y — z) = 0. (3.1)

Its analytic solution is essentially one of the following three functions [47]:
0 (2) == 01 (2, 7), '8 (2) := sin(wz /1), 0" (2) 1= z, (3.2)
where 7 € H is in the upper half-plane, 7 € C\{0}, and

Dr(er) = - Zexp[m<m+ Y e ann2) (-4 1)

meZ
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is the Jacobi’s first theta function. Denote by

0(z +w)6'(0)

0 -

G’ (z,w) := 02)0w)

Let M, the space of meromorphic functions in variables z1, ..., zx. Denote by
(ij)(zl,...,zi,...,zj,...,zk) = f(zl,...,zj,...,zi,...,zk) (33)

the permutation operator in M. Let k € C be a number such that 6(kx) # 0 for any k € Z.

Definition 3.1 ([44]). The Shibukawa—Ueno R-operator associated to 6 is the operator on M;
defined by

RY;(€|r) == G (2 — zj, w)Idng, — G¥(zi — 2, )Py
The Shibukawa—Ueno braiding element is
RI(é|K) = Pijy10RY ir1(8lr) = G%(zit1 — 2iy k) Prip1 — G (241 — 2, €)Idyy, .

The elliptic (resp. trigonometric, rational) Shibukawa—Ueno R-operator is
e ell ri tri ra rat
R3j(Elr) = Ry (€lm),  RGS(Elw) = Ry (€lw),  Ri'(Els) = RYy™ (&]w)

for the functions of (3.2). If dependence on k is clear from the context, we denote Rfj &) =
Rfj (&|k), and similarly for other operators.

Proposition 3.2 ([44]). The Shibukawa—Ueno R-operator satisfies the quantum Yang—Bazter
equation

R%(fl — &k )R13( — &k )Rg?,(@ —&3lk) = R23( 53|“)R13(51 53|/€)R§2(51 —&lk)
for any 0(z) satisfying (3.1).

Consider the rk-symmetrization operator [8]

H{ (k) = (R{_y(=klk) - RY(~kk + &lK)) - (RE_y (—klR) RE_(~26]K)) (R (—]K)).

Denote by

(Symy f) (21, 2, Z f(z a(1)y -9 ” ))

oES
the standard symmetrizer.
Proposition 3.3. We have
(H,f(ﬁ)f)(zl, ...y 2k) = Symy, (HG —zj,k)f(z1,... ,zk)>.
1<)

Proof. For brevity, we fix x and will not indicate dependence on it explicitly. Observe that
H g =1l <jbijoH ,f, where the product is taken in lexicographic order on pairs (i, ) and

Hf = (R?2(_"¢) - Ryp(—kk + K)) - (Rg—zk—l(_K/)Rz—lk(_zﬁ’)) (RZ—I,I@'(_”))'
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Therefore, it would be enough to show that
(Hgf)(zl,..., )—Symk<HG 2 — Zj, K )f(zl,...,zk)>.
1<J
We can prove by induction on k. The base k = 1 is tautological. For the step, let
F(Z(), 21522y« - ,Zk) = (Hgf) (Zo, Zlyeeny Zk)
:Symk< H G i — Zj f(207zla--'>zk))7
1<i<j<k

where symmetrization is over the variables zi, ..., zx; in particular, F' is symmetric with respect
to them. Then it would be enough to prove that

k
Rol(—fi) cen ng(—klﬁ)F = (1 + Py +---+ P(]k) HG9<ZO — Zi, /i)F(zO, ey Zk)
i=1
Denote by Mk ', the space of meromorphic functions in zo, z1, . . ., 25 symmetric with respect to

the variables z1,..., 2. For any 1 <[ < k, define

S S
Xpr ML, =ML, X =RE(—kK) - Ro(—Ik).
Let us show by induction on [ that, as operators,

!
Xi=(1+Py+--+ Py) HGH(ZO — 2j).
i1

For [ =1, it follows from #(—z) = —6(z) for (3.2). For the step, we have
Xiy1 = XiRop41(—lk — k)
=+ Pu+- -+ Po)

X HG9(20 — 2, K) - (Ge(zo — 2141, k) 4+ G (211 — 20,1k + k) Poj11)-

Therefore, it is enough to show that

!
(14 Por +---+ Py) HG9(20 — 2, k) - G% (2141 — 20,1k + k) Po11

=1
141
0
= Por1 [ [ &% (20 — 2, ).
=1

The right-hand side is Hé:o G241 — 2, k) Py 1. Observe that we have Py Py 41 = Py 41 for
any 1 < i <[ as operators on M Therefore, the left-hand side is

k+1
Z H G zi = 2j, K) - Ge(zlﬂ—ziylﬁ‘i‘/ﬂpo,lﬂ-
=0 5=0,...,I,
J#i

Hence, the equality would follow from

l

HGG(ZZ_H — 2, K Z H G2 — 25, k) - GO (201 — 21, Ik + K).
i=0 =0 j=0,...,I,
J#i

This is the content of Lemma A.1 for u = 2, 1. [ |
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Consider the k-antisymmetrizer

Al(r) = (R (k) (BRI _5(26]8) R (]K)) -+~ (R (krs — KlK) -~ Ry (k]K)).

Denote by

(Sym;f) (Zl, ceey Zk) = Z (_1)sgn(0)f(za(1)7 ceey ZU(k))

€Sk
the standard antisymmetrization map.

Corollary 3.4. We have

(Akf) Z1yeny 2 HGQ —k) - Symy f(21,...,2).

1<J

Proof. Let us consider Sym; and Sym, as elements of C[S}] embedded into semi-direct prod-
uct C[Sg]x M. Then Proposition 3.3 for the quantization parameter —« is equivalent to equality

HY(—k) = Sym,, - HG i — Zj, —K)

1<j
in C[Sk] x My. Consider the antiautomorphism
Wi, - C[Sk] X Mk — (C[Sk] X Mk)opp’ wk\Mk = Id, wk(PZj) = _Pij-
Then wy, (RY(£] — k)) = RY(€|x), in particular, wy (HY (—k)) = A{(k) by definition. Combining
with the equality above and using wy,(Sym;) = Sym, , we obtain
A (k) = wp (A (—r)) = [[ 6% (21 — 2j, —r)Symy,
1<j

as required. |

3.2 Degenerate affine Hecke algebras and shuffle products

In this subsection, we recall some basic facts about degenerate affine Hecke algebras and relate
them to Feigin—Odesskii shuffle algebras [12]. Unless otherwise stated, we refer the reader to [31]
for all the statements and proofs (upon replacing A in loc. cit. with —k).

Definition 3.5. The degenerate affine Hecke algebra $)} is a C[h]-algebra generated by {oi}f’:_f
with relations

(o) =1, 0i0j = 0404, 0i0i4+10; = 04107041
for all |i — j| > 1, and {Y;}£_, satisfying

YY; =YY, Yip1 = 0;Y0, — ko
for all ¢, j. Here, Kk = +h.

It contains the group algebra C|[Si| of the symmetric group and the polynomial algebra
Clh][Y1,...,Y,]. The latter can be endowed with a $f-module structure via induction from the
trivial C[Sk]-representation

Cla)[Y1,..., Y] = 9% XS] C (3.4)
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such that generators {Y;} act by multiplication. In what follows, for any element o € Sy, we
denote by ¢" its action on the module above, in particular,

1—=PFii

7 3.5
Yi—Yin (8:5)

K
0 =rGi41+ R

where the operator P; ;1 is defined by (3.3). It follows that the usual symmetric polynomials
C[n][Y1,...,Y,]% lie in the center of ¥ (and, in fact, coincide with it).
By affinization procedure [32, Section 8.7.1], the collection of operators

RHecke(g) = g, + i € ClSy]

satisfies the braid relations

RiHecke(g'_H §z+2)REf§ke(§i _ §i+2)RHeCke(§' _ fi—i—l)

= Rk (& — &) RICHM(& — &ya) REST (&40 — &iv2)-

Consider the (anti-)symmetrizer

e = % Z o, e, = % Z (=1)%0 (3.6)

’ UESk ’ aeSk
in C[Sk]. The following is an analog of [26].

Proposition 3.6. We have

i = o (A1) Rk — 1)) - [ (1) R (2)] [RES (),
k(1)
ey = 1T (Rt (1)) R (2RI (1) - (R (1) - A1),

Proof. It is enough to check the relation in some faithful representation. As such, we can
take (CN )®k with the usual permutation action for N > 0. Then it is the content of [38,
Proposition 1.6.2] and [38, Proposition 1.6.3]. [

Consider the action of Hecke R-matrices in the polynomial representation (3.4). Using explicit
formula (3.5) and Definition 3.1, we see that it is essentially given by the rational Shibukawa—
Ueno braiding element

Rl () = it (—k).

The following proposition is a rational analog of the relation between Hall-Littlewood poly-
nomials [36, Section III] and affine Hecke algebras (see [35]), and follows immediately from
Proposition 3.6 and 3.3, and Corollary 3.4.

Proposition 3.7. The action of (anti-)symmetrizer in the representation (3.4) is given by

" 1 Yi-Yi+«k

(R (Y1, Vi) = 5 Symy H YZ—JY]- fY,. %) |,
1<J

k 1 Y,-Y. —k _

()" (Y, Ye) = ﬁsymkﬂlﬁ,-.-,lfk).
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The formula above implies that there is an isomorphism
CIYA, .., Vel% S efsiel, (i, Vi) = e f (Vi .., Yi)e]. (3.7)
Definition 3.8. The algebra F* is the vector space

F = F, I =eHie; = CRIYL, ... Y],
k=0

with the C[A]-linear product *": F; @cpy I7 — T, defined by
(f*"g) (Y1, Yeqp) = e f (Y1, oY) 9(Yag1, -, Y ) ey

The truncated algebra VF* is the vector space
o0
Ngw = PNgy,  NFp=ClHy,... Y
k=0

of symmetric polynomials of degree less than N in each variable with the same product.

By (3.5), the product does restrict to VF*. Notice that it has the same Poincaré polynomial
as S*CN. Also, observe that when A = 0, the multiplication map becomes the standard shuffle
product

1
(f*xg)(Y1,.... Yiy) = msymku(f(Yh s YR) g (Y, - Vi)
There is another deformation of the latter which is a simplest case of the Feigin—Odesskii shuffle
algebras [12] (note that we use a different normalization constant).

Definition 3.9. The rational Feigin—Odesskii shuffle algebra 8" is the vector space
$* =P sy, K= ClY1,..., Y%k

with the C[h]-linear product **: 8F ®@cpy 8 — 8f,,; defined by
(f«"g)(Y1,..., Yes1)

1 Y,-Y +«k
= Msymk+l< H Yv_‘j}/f(}/l7)yk)g(yk+177yk+l)>
: i=1,..k ¢ J

j=k+1,....k+l
Nsn

The N -truncated rational Feigin—-Odesskii shuffle algebra is the vector space

Ngr _ @NSE’ Nsr = C[R][Y4, . .. ,Yk]i’“N
k=0

of symmetric polynomials of degree less than N in each variable with the same product.

Remark 3.10. The original construction of elliptic algebras [12, 40, 41] defines a shuffle prod-
uct with factor ¥1(z) (up to shifts) on the symmetric algebra S®*H°(©y) of global sections of
a degree N line bundle on an elliptic curve. By [10], the latter admits a degeneration such
that 91(z) — 2z and the symmetric algebra becomes V8",

The following theorem is a corollary of Proposition 3.7.
Theorem 3.11. The identity map Id: Fr — Sy is an algebra isomorphism.

Remark 3.12. One can similarly relate the trigonometric Shibukawa—Ueno operator to the
Laurent polynomial representation of the non-degenerate affine Hecke algebra [6, Section 12.3]
via the affinization procedure of [32]. It would be interesting to relate the elliptic Shibukawa—
Ueno operators to elliptic affine Hecke algebras [21].
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3.3 Shifted Yangian of sl,

In this subsection, we recall the definition and some properties of the shifted Yangian of sly. For
convenience, we will use its gly-version Y, m, (gls).

The following definition is [17, Section 2.1]; we use its equivalent form in terms of currents.
In particular, we assume that the weight (mj,ms2) is antidominant, i.e., m; < ma.

Deﬁmtlon 3.13. The shifted Yangian Y, m,(gly) is an algebra over Cl[h] generated by
{er , T } i>1 and {d } _ for 7 = 1,2 that we combine into the series

= Zx_ﬁ ut, x_(u) = Zz@u_i, dj(u) =u""™ + Z dgi)u_i

i>1 i>1 i>m;

with values in Yo, m, (gly) ((u™1)) satisfying

[d1(u),d2(v)] =0, (3.8)
(u—v)[zy(u),z—(v)] = h(di(v) " da(v) — d1(u) " da(w)), (3.9)
(u —v)[dj(u), x4 (v)] = h(dj1 — dj2)d;(u)(z (U) —z4(v)), (3.10)
(u = v)ldj(u), - (v)] = h(dj2 — 6;1)(z—(u) — 2—(v))d;(u), (3.11)
(u—v)zL(u), 2+ (v)] = Fh(zL(u) — z£(v))?. (3.12)

The positive (negative) subalgebra Y(gly)* is the subalgebra of Y, m,(gly) generated by the
modes of z4(u). The non-negative subalgebra Yo, m,(glo)=" (resp. non-positive subalgebra
Y, ms (012)=C) is the subalgebra generated by the modes of x4 (u), d;(u) (resp. z_(u), d;j(u))
for j =1,2.

Remark 3.14. By definition, positive and negative subalgebras do not depend on the shift.
In fact, it is also the case for non-negative and non-positive ones: we have

le,mz (9[2)20 = YO,U(g[Q)Zov T4 (u) = ‘T-i-(u)? dj (u) = u™ dj (u)7

and similarly for the non-positive one. Nonetheless, we prefer to keep track of the shifts in what
follows.

Let m = mj; — ma. The definition of the shifted Yangian Y,,(sl2) can be found in [4, Sec-
tion B.1], see also its form in terms of currents e(u), f(u), h(u) in [14, Section 6.1]. Its relation
with Yo, m,(gly) is as follows.

Proposition 3.15 ([17, Proposition 2.19]). There is a C[h]-algebra embedding

Yin(sl2) = Yonyms(0l2),
uniquely determined via
e(u) — x4 (u), flu) — x_(u), h(w) — di(u) " tda(u).
Let (my,mg) = (=N, N). Let

1

——|4,j=1,.... N ke Z
wi—wj—i-k:h bJ

Un(hn)8" = ClA)[wy, . .., wN] [

be a localization of the algebra of functions on AN x Al (see also (5.4)). Denote by

NAp = Up(hy)e™ [uf, ... ,uy] (3.13)
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the algebra of difference operators such that
ui f(w) = f(w=+he)uS,  f(w) € Up(hn)®™,

where f(w =+ he;) := f(wr,...,w; £ h,...,wy,h). The homomorphism of the following theorem
is called the GKLO homomorphism, see [20] for the non-shifted version, [29] for dominant shifts,
and [4] for general definition. We use the version adapted to gl,.

Theorem 3.16 ([17, Theorem 2.35]). There is a C[h]-algebra homomorphism
GKLON2 Y_NVN(glz) — N.[Lh,

defined by
1 1 .
I D | et

Wi 5 (Wi = wj)

1 1
x_(u) — u;,
;u—wi—hjl;[i(wi—wj)

=

N
di(w) = [Jw—w),  da(w) = [J(u—wi—n)"
i=1 i=1

This map is not injective; for conjectural description of the kernel, see [4, Remark B.21]. The
following is a special case of truncated shifted Yangians, see [4, Appendix B].

Definition 3.17. The algebra Y?,, (sl) is the image of Y_x n(gly) in YA, under GKLO .

Recall the shuffle algebra of Definition 3.8. The following is [45, Theorem 6.20] combined
with Theorem 3.11, see also [11].

Theorem 3.18. There is an algebra isomorphism Y(gly)® = T+ defined on generators by
x(iz) — Vit e g

4 Harish-Chandra bimodules

In this section, we recall the definition of the category of Harish-Chandra bimodules and the
action of degenerate affine Hecke algebras on its certain objects. The descent of this action
to the Kostant—Whittaker reduction of Section 6 will define a homomorphism from the shuffle
algebra (and, more generally, truncated shifted Yangian of sly) to the quantum Toda lattice.

Let G be an affine algebraic group over C with the Lie algebra g. Denote by Rep(G) the
category of G-representations.

Definition 4.1. The asymptotic universal enveloping algebra Uy (g) is a tensor algebra over ClA]
generated by g with the relations

vy —yr ="hlz,y], wzyeEg
Observe that Uy(g) is naturally an object in Rep(G).

Definition 4.2. A Harish-Chandra bimodule is a left Up(g)-module in Rep(G). In other
words, it is a G-representation X equipped with a left action of Up(g) such that the action
map Up(g) ® X — X is G-equivariant. The category of Harish-Chandra bimodules is denoted
by HCx(G).
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For X € HC,(G) and & € g, we denote by ad¢: X — X the derivative of the G-action on X.
There is a natural right action of Uy(g) defined on generators by

x& = Ex — hade(x), reX, £eg.

For any V' € Rep(G), we denote by free(V) := Up(g) ® V the left free Harish-Chandra
bimodule whose left Uj(g)-action is by multiplication on the left component and the G-action
is diagonal. In fact, this assignment defines a functor free: Rep(G) — HCy(G). In what follows,
we will often drop the tensor product sign, for instance, for each v € V and z,y € Up(g), we
denote xvy := (x ® v)y. For any V, W € Rep(G), we have a natural identification

Hompc,, (ar)(Un(g) ® V, Un(g) ® W) = Homgep(q)(V, Un(g) @ W), (4.1)
since Up(g) ® V is a left free Up(g)-module.

Remark 4.3. The subcategory of HCj(G) of modules where /i acts by zero can be identified
with the category of modules over the symmetric algebra S®(g) in Rep(G), in other words,
with the category QCohy,. /) of G-equivariant quasi-coherent sheaves on g*. In particular, for
V € Rep(G), the quotient Uy(g) ® V/(h) = S®(g) ® V corresponds to the trivial vector bundle
g* x V — g* with the diagonal G-equivariant structure.

The functor free is monoidal, i.e., for every V., W € Rep(G), we have natural isomorphisms
(Un(g) ® V) ®@u,g) (Un(g) @ W) = Up(g) @ Ve W.
In particular, we have the following construction.

Notation 4.4. Let A be an algebra in Rep(G). We denote by Up(g) x A the semi-direct product
algebra where the multiplication is defined by

(Un(g) ® A) @ (Un(g) ® A) = (Un(g) ® A) ®u,(g) (Un(g) ® A)
>~ Up(g) @ A® A — Up(g) ® A,

where the first arrow is the projection map and the last one is the multiplication on A. In other
words, it satisfies

a&§ = {a — hadg(a), a€ A, £eg.

Example 4.5. Recall the right embeddings (2.1). By identifying U (gly) with left-invariant
vector fields (that is, generated by vector fields generating right translations), we can extend
them to

Ri: Un(aly) x S°CY — Up(gly) x O(GLy) = Dy(GLy),
Bye o Up(gly) x S*(CN)" — Up(gly) x O(GLy) 2 Dy (GLy),

that we denote by the same letter. Here D;,(GLy) is the Rees algebra of differential operators on
GLy, see Section 2.3. Similarly, one can extend their left versions (2.2) by identifying Uy (gly)
with right-invariant vector fields.

Example 4.6. In what follows, we will use the following trick to relate the results of [37] to the
setting of the paper. Denote by a = N + 1. Then there is an algebra map

Upn(gly) X sechN - Un(glyy1)s E;; — Eij, v; — Fig
forall 4,5 =1,..., N. Likewise, there is an algebra map
Un(gly) ® S* (CN)* — Un(glny1), E;; — Ejij, i = By
Moreover, the anti-automorphism (2.5) for gl | gives
wn: Up(gly) x S°CY 5 [Un(gly) x S*(CM)]P,  Eijjw— Eji, v é,

extending transposition wy for gly.
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4.1 Action of the degenerate affine Hecke algebra
For any V' € Rep(G), there is a natural map

Zy, — Endyc, 6)(Un(g) @ V), 2 (T®v i zz@v).

Let G = GLy. One can easily check that the map
Q: Up(gly) @ CN = Up(gly) @ CV, xTV; ZZL‘EUU]', (4.2)
J

is an endomorphism of Harish-Chandra bimodules. It will be convenient to present it in a matrix
form

(Q(’l}l),...,Q<’l)N)>T =F. (’Ul,...,’UN)T, (43)

where E is the matrix (2.4).

Recall the quantum determinant A(u) of (2.8) which we can consider as a polynomial with
coefficients in Endyc,(Gry) (Us(gly) ® CY). Since Q commutes with the action of the center,
substitution of the variable v with €2 is a well-defined operation.

Proposition 4.7. We have A(Q)) =

Proof. According to matrix form of (4.3), we need to show that A(E) = 0. This is [38,
Theorem 7.2.1]. |

Recall the degenerate affine Hecke algebra $7 of Definition 3.5. Accordlng to [9, Example 2.1],
there is an action of §)7 w on the Harish-Chandra bimodule Up(gly) ® (CN ) . Recall that there
is an isomorphism

L
Un(gly) @ (CY)®" 2 (Up(aly) ® CV) @, gty) - @Uaaty) (Unlgly) @ CV).
Define
Q=121 (Uﬁ(g[N) ® CN) Oun(aly) ~ DUn(aly) (Uﬁ(g[N) ® CN)’
(T Qg @+ @ Vg ®Vgyy @ QUgy) =T R Vg @+ Vg Vg, @+ Ry, (4.4)

where 2 acts on the i-th factor and o; is just a permutation of (7,7 4+ 1)-th factor on (CN)®ch
extended to Ux(gly) ® (CN)®k

Recall the degenerate affine Hecke algebra ﬁz from Definition 3.5. The following can be
checked directly.

Proposition 4.8. The assignment
o = 0, Y — Q;
defines an action of Y)Z on the Harish-Chandra bimodule Up(gly) ® (CN)®k

For the following corollary, we use the embedding of Up(gly) ® S*CY into Up(gly) x S*CY
as in Definition 4.4.

Corollary 4.9. The action of Proposition 4.8 induces an action of C[h][Y1,..., Y] on the
Harish-Chandra bimodule Up(gly) ® SFCN such that

f(?) (viy -+ Vi) Z CJQJ (viy) QZ’“ (viy,), f(?) = Z CJYljl . ij’“
J=(j1-Jk)

Proof. Observe that the action is well-defined since f (}7) is symmetric. The spherical subal-
gebra el Hlel acts on the invariants [Uh(g[ N)® (CN )®k] S that, by definition, can be identified
with Up(gly) ® S¥CN. The explicit formula follows from Proposition 4.8. |
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5 Parabolic restriction and difference operators

In this section, we recall the notion of the parabolic restriction for Harish-Chandra bimodules
essentially following [28], as well as the classical construction of Mickelsson algebras [49]. In par-
ticular, we identify the one associated to the symmetric algebra S®*CY with a negative half of
the algebra of difference operators, see Theorem 5.11. It will be used in Section 7 to define
a quantum Toda lattice counterpart of the GKLO homomorphism of Theorem 3.16, one of the
key steps for the main result of the paper Theorem 8.10.

5.1 Harish-Chandra bimodules for torus

Let Hy C GLy be the subgroup of diagonal matrices as in Section 2.1. In this subsection, we
explicitly describe the category HCy(Hy) and its generic version HCp(Hy )" that we will use
for the parabolic restriction.

Since H y is commutative, the algebra Uy (hy) can be identified with the functions O (h*N X Al),
where Al corresponds to h. We will mostly use py-shifted coordinates (2.3) on by x Al

w;i := By + Nh—ih € Up(hn) C Up(hn)&".
Somewhat abusing notations, we will denote a typical element of Uy (hy) by
fw) = f(wy,...,wn,h) € Up(hn)s™.

We hope it will not lead to any confusion.
Since irreducible representations of Hpy are classified by characters in A, we have

HCp(Hy) = €D Mody, [N, (5.1)
AEA

where Mody, () [A] is the category of Up(hn)-modules to which we assign degree A\. Under this
identification, if X € Mody,(4,)[Al, then the left action is that of U,(hy) and the right one is

x - f(w) = f(w—h\) -z, xe X, f(w) € Up(hn). (5.2)
The tensor structure is given component-wise by
MOdUh(hN)[)\] X MOdUh(hN)[:u] — MOdUﬁ(f)N)[)\ + M]’ (X’ Y) = X ®U;~,(f)N) }/7 (53)

where the right action on X is used.
We will also need to extend the scalars. Consider the localized algebra

Usn(hn)8" := ClA][wy, ..., wN] [

wi—wj—i—kh

and define the category of generic Harish-Chandra bimodules HCy,(H )" as

HCy(Hy )5 2 @D Mody, (g een[ ]
Xeh

with similar definitions of the right action (5.2) and tensor structure (5.3).
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5.2 Parabolic restriction

In this subsection, we recall the notion of parabolic restriction as in [28] and explicitly compute
in some concrete examples.
For any weight element x € Uy(gly) and f(w) € Up(hn), observe that

flw)z = af(w+h-wt(z)).

In particular, the tensor product Up(gly)s" = Un(hn)®" ®@u, ) Un(g) has a well-defined
algebra structure. Denote by HCp(GLy)8" the corresponding generic version of Harish-Chandra
bimodules for GLy and by

X8 = Uh(g[N)gen ®Uﬁ(9[N) X e HCE(GLN)gen
for any X € HC,(GLy).

Definition 5.1. The parabolic restriction functor is a functor res_: HCy(GLy) — HCp(Hy)8™"
defined by

X = X8 JN_ = (n_\X2)N= = Up(hn)E" @y, gy) (0= \X)V-, X € HCy(GLy),

where the quotient is taken by the left action of n_ and the invariants are with respect to the
diagonal action of N_.

In fact, one can explicitly compute the parabolic restriction as follows. By [1], there exists
an element P of hy-weight zero in a certain completion of Uj(gly)&" [h_l] whose action is well-
defined on any right Uy (gl )8"-module F' with a locally-finite action of n_ satisfying Fn_ C hF;
this element is called the extremal projector. It satisfies the following properties:

Pel4+n_Uy(gly)®" NUpx(gly)e" ny,

EijP:PEjZ':O, 1§Z<]§N,

Pi=P (5.5)
Notation 5.2. For any Harish-Chandra bimodule X € HC,(GLy), we denote by

X&M i n_\ X&" x+— Px

the image of x € X®&" under the projection map. This is a well-defined notation since for
any £ € n_, we have Péx = 0.

The extremal projector defines an isomorphism
P:n \X&%/n, 5 (n_\Xx&M)N- [x] — PxP. (5.6)
In particular, for any V' € Rep(GLy), there is a canonical isomorphism
Un(hn)5" @V = Up(gly )5 @ VIN-,  f(w) @ v f(w)PuP, (5.7)
see [49].

Remark 5.3. Usually, the cited results use the positive version of the parabolic restriction
X+ (X#"/n, )N+, For Miura transform of Section 7, the negative one will be more convenient
as the former is a map of left Up(hy)8"-modules; however, both versions are equivalent thanks
to the property wy(P) = P. For instance, assume wy can be extended to an isomorphism of
a Harish-Chandra bimodule X. Then there is an anti-isomorphism

wy: (no\XemN- Iy (xeen i )N+ PrP s wy(PxP) = Poy(x)P.
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Example 5.4. If V = C is the trivial representation, then Ux(g)%" /N_ = Up(hn)&®". In partic-
ular, let us determine the image of the center Zg, . Recall that by (2.8), its generators are given
by the quantum minor A(u). Using explicit formula (2.7) and the properties of the extremal
projector, one can conclude that

N
PA(u) = A(w)P = [ J(u— wy), (5.8)

=1

where, as usual, the first part is the image of A(u) in the quotient n_\Up(gly) and the second
part is its image in the quotient Up(gly)/ny by the right action of ny, see [38, Theorem 7.1.1].
In particular, this defines an isomorphism Zg, = Up(h N)W, where W = Sy acts by permu-
tations of coordinates {w;}. In terms of coordinates {F;}, it corresponds to the py-shifted
action

ceh:=ca(h+p)—p, heby, ceW.

This is the standard Harish-Chandra isomorphism Zg,, = Us(hn)", see [25, Theorem 1.10].

5.3 Vector representation

In this subsection, we describe explicitly the parabolic restriction of Up(gly) ® CV. We will use
a slightly renormalized invariant vectors. Define

b= Y, Plwi—w)- - (wi—wj,)vi, Eiyiy - B €0 \Up(gly) ® CY,  (5.9)

N>iy > >ig>i

where {j1,...,j,} is the complementary subset to {i1,...,is} inside {i + 1,..., N}. According
to [37, formulas (3.2) and (3.3)], the trick of Example 4.6, and Remark 5.3, those vectors are
indeed invariant under N_ and satisfy

v = (w; — wip1) - - (w; — wy) - PuiP (5.10)

(more precisely, in the notations of loc. cit., they correspond to wy(s4;) for « = N 4+ 1).

Using the parabolic restriction, one can deduce the following explicit description of the Harish-
Chandra bimodule Uy(gly) ® CV as bimodule over the center Zg, . Before the statement, we
need the following lemma which is essentially a part of [30, Theorem 2]; for reader’s convenience,
we repeat its proof in our notations.

Lemma 5.5. For any GLy-representations V. and W, the map

Hompyc, Ly (Un(ely) @ V, Un(gly) @ W)
— Hompcy, 11y )zen (Un(gln) @ V/N—, Up(gly) ® W//N-)

18 injective.
Proof. Due to (4.1), we have
Homyc, Ly (Un(aly) @ V. Un(aly) @ W) = (Un(gly) ® W @ V) S,

For brevity, let us assume that V = C. Let s, € (Up(gly) ® W)SEN . Consider the induced
homomorphism

s € (Un(aly) @ Wb /(R) 2 (O(gly) @ W) 5.
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In other words, s is a GLy-equivariant section of the trivial vector bundle gly, x W — gly.
Since Up(gly) ® W is a free C[h]-module, we can assume that s # 0 by diving by powers of i
if necessary.

Recall that parabolic restriction is isomorphic to the functor X — n_\X%"/n, as in (5.6).
For the category QCohyg. ) as a subcategory of Harish-Chandra bimodules on which % acts by
zero as in Remark 4.3, this functor is simply the restriction along the embedding (h3,)"® < g*.
Since its GLy-orbit is dense, the restriction res(s) is non-zero as well. Since the parabolic
restriction functor commutes with C|A]-action, we obtain that res(sy) is non-zero too. [

The next lemma concerns the canonical homomorphism Q of (4.2) under the parabolic re-
striction.
Lemma 5.6. For any i, we have PQ(v;)P = w; Pv; P.
Proof. We have
N

PQ(v;))P = Z PE;u,P.
b=1

Using the properties of the extremal projector (5.5), we obtain

N PEyuP =Y PuEpP + h(N —i)Pv;P = h(N — i)PvP,

b>1 b>14

as well as
Z PEZ-bvbP = 0, PEZ'Z'UZ'P = EiiP’UZ‘P.
b<i

Therefore, we have
PQ(%)P = (E” + h(N - Z))PU,P = winiP,
as required. |

The equality in the following proposition is understood as in Remark 5.8.
Proposition 5.7. For any v € CN C Uy(gly) ® CV, we have

A(u)TwA(u) = %v

as elements of Up(gly) @ CN[[u™!]].

Proof. Both sides are actions of certain elements of Endpc,(qry) (Uﬁ(g[N) ® CN) Hu‘lﬂ By
Lemma 5.5, it is enough to show the equality under their parabolic restriction functor. It follows
from Lemma 5.6 that
—Q+h —w; +h
vt p o MMt gy p
u— ) U — W;

At the same time, recall that by Example 5.4, we have PA(u) = [

j=1(u — w;), therefore,

N N
Pv;A(u)P =P H vi(u —w;)P = H(u — w; + 045h) - Pv; P.
j=1 j=1
Hence
—w;+h
PAw) AP =" "p,p

U — w;

and the statement follows. [ |
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Remark 5.8. Strictly speaking, we understand the equality of Proposition 5.7 in the sense of
power series expansion in u~!. The right-hand side can be presented as

u—Q+h_1+ h
u—Q u—Q

=1+h) Qu " € Endyc, Ly (Us(aly) ® CV) [[u™']],
1=0

while the left-hand side can be equivalently presented as conjugation by qdet(7(—u+Nh—h)) in
the notations of Section 2.2 which also defines an element of EndHCh(GLN)(Uh(g[N) ® CN)Hu_lﬂ .
Another way is via the coefficients (2.8): for any v € CV, we have

Ai’U - Ai_l(lv = UAi - (Q - h)’UAZ'_l.

Remark 5.9. In fact, using Lemma 5.6 and (5.8), one can re-deduce the Cayley—Hamilton
theorem of Proposition 4.7: observe that for every i, we have

N N
PAQuP = [[ P(Q — wj)v;P = [ [ (wi — wj)PviP = 0.
j=1 j=1

Then we apply Lemma 5.5.

5.4 Mickelsson algebras and difference operators
By [28, Corollary 4.18], the natural lax monoidal structure on res given by tensor multiplication

XENIN_ @y, pp)zen YEU JN_ — (X ®u,(g1y) Y)E"/N-,

(5.11)
[z] ® [y] — [w ®Up(gly)Een y]
is an isomorphism. In particular, it gives the following classical construction.

Definition 5.10 ([49]). Let A € HC,(GLy) be an algebra object. The Mickelsson algebra
associated to A is the Uy(hn)8"-bimodule A%" /N_ with the multiplication given by

AER IN_ @y, (e ysen AET IN- D5 (AR @y, (g1, ysen AB) N — ASP N,

where the first arrow is (5.11) and the second arrow is multiplication on A. In the notations
of (5.7), the product is denoted by

PaP @ PbP — PaPbP, a,b e A",

We will compute it explicitly for Uy(gly) x S*CN. Consider the algebra NAj of (3.13).
Denote by NA% C NAj the Up(hy )& -subalgebras generated by respectively positive or negative
powers of {u;}.

Theorem 5.11. The left Up(bn )8 -module map
Un(gly)8™ x S*CNN_ = NAS 50 u)t
1 an algebra isomorphism.

Proof. By (5.7), the monomials Pv]f Lo vaN P for all possible powers define a basis of the reduc-
tion Up(gly) x S*CY JN_ over Uy(hy)&". By invertibility of the monoidal isomorphisms (5.11),
the monomials

(PviP)¥1 ... (PuyP)kN
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for all possible powers also constitute a basis. Therefore, by (5.10), we conclude that, as a left
Up (b )&-module, the reduction Uy(gly )8 x S*CY /N_ is a free symmetric algebra in {o;}.
Since the extremal projector preserves weights and v; has weight ¢;, we have

by (5.2). Let us show that v;0; = v;7;. Indeed, using (5.9) and (5.10), we have

Py, P = Z l_I(wZ — wj)*lvilEI,

j€el

where Ej = Ej,;, -+ Ej;, € Up(ng) for I = {i; > --- > is}. Consider the product Pv;Pv;P. By
pushing terms of ny to the right using

EaijP = UanbP + h(SijaP == héijaP
for all @ < b, we conclude that the only terms contributing non-trivially are those with I = @&
and |I| =1, so that

P’UinjP = PUﬂ)jP + 5J>Zh(wl — wj)_vajviP.

Assume without loss of generality that j > ¢. Since in the symmetric algebra we have v;v; = v;v;,
we obtain

i —wj+h

Py, Py;P =~ Pv; Pv; P.

wi—wj

Recall that Pv; P = H;V:Z +1(w; —w;)~10;. Substituting it in the equality above using the prop-

erty P2 = P, we conclude that U;Uj = U;V;, in particular,
Up(ghy )5 x S*CN JN_ = Uy(hn)*" o1, .. . , O]

with relation (5.12). Also, it is clear that Nf[g = Un(bn)s™ [ul_l, e ,u]_\,l] as left Up(hn)se"-
modules. Therefore, the assignment v; — u;l extends to an algebra isomorphism

Un(gly )5 x S°CNN_ = NA-,
as claimed. [ |

Observe that the isomorphism is actually graded:
Un(aly)®" @ SPCN IN_ = Up(bn )2 [ur ', ... uyt]

where the target is the space of polynomials of total degree k in u~! variables. By Corollary 4.9,

the source has an action of the spherical subalgebra eZﬁZeZ of the degenerate affine Hecke

algebra.

Proposition 5.12. The spherical subalgebra C[R][Y1,...,Y3]% acts on localized difference op-
erators Up (b )8 [ufl, e ujvl]k by

f(f})'ui_ll--'ui_kl:ch(wgllual)“-(wg:uﬁl), f()?): Z CL]Y;]_jl“'Yk}jk
J J=(j1,:Jk)

and commutes with the left Up(hn)8"-action.

Proof. Recall that ul-_l1 S ui_k1 is proportional to Pv;, P - - - Pv;, P. By Corollary 4.9, the action
of a monomial on the latter is

Y7 Y Puy P Poy, P = PQ' (v;,)P - - - PO (v, ) P

(it is well-defined once the function is symmetric). The result follows by Lemma 5.6. [
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6 Kostant—Whittaker reduction and Yangians

In this section, we will study the Whittaker variant of the constructions from Section 5. We
use the action of degenerate affine Hecke algebras from Section 4 to find a presentation of the
Kostant-Whittaker reduction of Uy(gly)® S¥CY as a certain quotient of symmetric polynomial
in k variables over the center Zg, , see Corollary 6.8. It is used to construct a homomorphism
from the non-negative part Y_y, ~N(s12)Z° of the shifted Yangian to the Kostant-Whittaker
reduction of Ux(gly) x S*CY by using the results of Section 3. The main construction of
the paper, Theorem 8.10, is essentially a combination of the one from this section with the
corresponding dual counterpart of Appendix B. In Section 6.3, we discuss a mirabolic analog of
the results from previous subsections.
Let b € C* be a non-zero number. Somewhat abusing notations, we denote by

Y ng — G, Y(Eij) = 611,57 (6.1)

a non-degenerate character of ny. For any = € n,, denote by 2% := x —(x). Consider the shift

= {z —(z) |z € ny} C Un(gly).

For any X € HCy(GLy), denote by X/nJr the quotient by the right action of n+ Recall
that by Kostant’s construction [33], the space of invariants Uy (gly)/y Ny == (Uh(g[N)/nJr)
is isomorphic to the center Zg, of Up(gly). It admits the following categorification.

Definition 6.1 ([3]). The Kostant-Whittaker reduction is a functor

res : HCy(GLy) — g, BModgz X o X[y Ny o= (X/n)M

gln’?

There is a Whittaker analog of the extremal projector (5.5) introduced in [27] under the name
of the Kirillov projector.

Theorem 6.2. There is an element Py, in a certain completion of Up(gly) acting on any locally
nilpotent nﬁ module F' such that n+F C hF and satisfying the properties

(- $@)Py=0, zeny,
Pw(Eij+6ijh(N—i)):O 1<j<e1 <N -1,
(Py)* =Py, Pylixpryme =id.

Proof. In the notations of [27, Definition 5.2], we can apply (2.5) to P&p]\, (Nh—h,...,h); by [27,

Theorem 5.3], it satisfies the properties of the theorem for ¢(E;;) = d;41,;. For general ¢ € C¥,
we can apply the automorphism of Uy(gly) defined by x +— x /v for x € gly and h — /. R

As in Section 5, we use the following.

Notation 6.3. For any X € HC,(GLy ), we denote by
X = X/, zeaP,

the image of z € X under the projection map. This is well-defined, since (§ — ¥(&))Py = 0 for
any £ € ng.

The Kirillov projector defines an isomorphism

mlr\X/n+ = X//TZJ Ny, [x] = Pd)‘rpdﬂ (62)
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where

bf . i=span(Ey; + 0 - A(N —4) |1 <j<i< N -—1).
For every V € Rep(GLy), we also have an analog of the trivialization (5.7), a left Zgy, -module
isomorphism

Zg, ©V = Up(gly) @ V) N&, v PyoPy. (6.3)

We can compute explicitly this trivialization for the vector representation CV using the canonical
homomorphism (4.2). The following can be proved analogously to [27, Proposition 6.18].

Lemma 6.4. For any 1 < k < N, we have
PyviPy = ' T Py QT (01) Py
It implies another description of Us(gly) ® CV /4 Ny.
Proposition 6.5.

1. Action on vy gives a left Zg, -module isomorphism
Zgi, [/(A() = Un(gly) @ CY [y Ny [ f(w1).

2. There is an algebra isomorphism

Zg1, [9)/(A(Q) = End,  Buods, (Un(aly) ® CV [y Ny).

Proof. Combining (6.3), Lemma 6.4 and Proposition 4.7, we conclude that the map

Zigi [/(AQ) = Un(aly) @ CV Jy Ny fr f(v1)

is an isomorphism of modules over Zg [©2]. By Proposition 5.7, we have

u—Q+h
—_— .

vA(u) = A(u) —a

By expanding in powers of v as in Remark 5.8, we can conclude that an endomorphism of
Usi(gly) ® CV J/y Ny commuting with the left Zg -action commutes with the right Zg, -action
if and only if it commutes with €. Therefore, such an endomorphism commutes with the algebra
action of Zg [Q]/(A(f2)), giving a canonical isomorphism

Zg1, [/ (A()) = End,  BMody, (Un(gly) ® C™ [y Ny),

as claimed. ]

6.1 Kostant—Mickelsson—Whittaker algebras

Similarly to (5.11), the Kostant-Whittaker reduction is endowed with a monoidal structure via

Xy Ny @z, Y/ Ny = (X Qupgiy) Y) Jw N

(2] ® [y] = [z Quu(aty) Y]

gl

(6.4)

see [3]. In particular, we have an analog of Definition 5.10.
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Definition 6.6. Let A be an algebra object in HC;(GLy). The Kostant-Mickelsson—Whittaker
algebra associated to A is the Zg, -bimodule A/, Ny with the product

Affy Ny ®zy . Affy Ni = (A®uy(giy) A) ' N+ — Affyy Ny,

where the first arrow is the map (6.4) and the second arrow is multiplication on A. In terms of
identification (6.2), the multiplication is denoted by

PyaPy @ PybPy — PyaPybPy, a,be A

We explicitly compute the Kostant-Mickelsson-Whittaker algebras Up(gly) x T(CV) /y Ny,
where T'(CV) := @72 O(CN)®Z is the tensor algebra, and Uh(g[N) x S*CN /., N o
Recall the action of the degenerate affine Hecke algebra Ht v on Up(gly) ® (CN ) from Sec-
tion 4.1. It descends to an action on Uy(gly) ® (C ) //¢ N.. Recall the central elements
A(u) =3, AjuN "% of (2.8). Define the elements AE]) € Zgy[Q,..., Y] for 1 < j < k+1
inductively via A; ) = A; for all ¢ and
- - :
A§J+ ) _ QJA(in ) _ AE]) _ (Q ﬁ)A(])

1 1—1°

A9 =54, i<

Using Remark 5.8, it can be rewritten as

N
. —Q. 4k
AU () = %AO)(U), =30 AN (6.5)
J 1=0
In particular, we have
= u—Q,+h
AV w) = A@w) [ —— (6.6)

u—
a=1 a

Consider the algebra @, Zg, [, . .., Q] with product
PO ) © Aln) s ASD @) F(9, L), (6.7)
fQu, Q) @ g(Q, oo, Qi) = F( Qs Q) g(Qkras oy Qi) (6.8)

for f(Qu,..., Q) € Zg,, [, ..., Q] and g(,..., Q) € Zg, [Q,. .., Q] regarded as elements
in the corresponding graded components.
The following is a generalization of Proposition 6.5.

Proposition 6.7.

1. The action on vi@k gives an isomorphism of left Zgy, -modules

Zoi [0, Q) (AD(Q) |G =1, k) = Un(gly) ® (CN)®'“//¢ Ny,

compatible with the action of .62.

2. There is an algebra isomorphism
0 . , = k
P Zgiy [, /(A () |5 =1,..., k) = Unlaly) x P(CY)" J Ny,
k=0

where multiplication on the right-hand side is descended from (6.7) and (6.8).
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3. Denote by

En dC[h][fh, L)k (Z ® (CN)®k)

slN

the space of Zg, -linear endomorphism of the free left Zg, -module Zg, & (CN)®k com-
muting with the action of the spherical subalgebra C[R][Q, ..., Q)% of H. Then we have
an isomorphism

Endg " W (2, @ (CV) ) = Endy Biodz,, (Un(aly) ® (V) Ny).

Proof. For the first part, observe that we have an isomorphism

Un(aly) @ (CY) "y Ny
= (Un(gly) ® CV [y Ny) ®z,, -+ @z, (Un(gly) © CVJly Ny)
= Zg [ ]/ (A(N)) @z4,, -~ Oz Loty ]/ (A()).

By Proposition 5.7, the right action of the center on each tensor component satisfies

u—Q;+h

Therefore, by pushing the central generators to the left using this identity, we obtain the desired
isomorphism

Un(aly) ® (CN)F Jy Ny 2 Zg [0, )/ (AD(Q)) |5 =1,..., k)

by definition (6.5).
For the second part, observe that the right action on the right-hand side can be expressed as

A(k+1 U—Q +h

Ew

z:l

Therefore, the equation (6.7) is satisfied. Likewise, the equation (6.8) holds by definition.
For the third part, an endomorphism commuting with the left Zg -action commutes with
the right one if and only if it commutes with the coefficients of the product

By Lemma A.2, they generate the ring of symmetric functions in {€2;}. Therefore, we have
a desired isomorphism. [ |

Corollary 6.8. Denote by
Iy = (AD(Q)) | j = 1,..., k) N Zgr, [, .., Q)5

the ideal inside Zg, [Q1, ... , Q% . For any k, there is an isomorphism
Un(gly) @ SKCN Ny 2 Zgg [, .., Q]+ /I

In particular, as vector space,

Uh(g[N) 02y S.CN//w N+ = @ Zg[N [Qh T Qk]sk/Ik'
k=0
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Proof. By naturality, the subspace
k
Un(aly) ® SECN J/y Nio € Up(gly) ® (CN)*" f Ny
can identified with Si-invariants. Since Sy is a finite group, the image of the map
Zg[n[Qla s 7Qk]Sk — Zg[N[Qh SRR Qk]/(A(])(QJ> ’ i=1..., k)

is equal to Si-invariants of the target. However, it can be identified with Zg [, ..., )% /1,
by definition. |

The following theorem relates the positive part of the shifted Yangian from Definition 3.13
to the Kostant—Mickelsson-Whittaker algebra associated to S*CY. Observe similarity of the
explicit formulas below to the quantization of Zastava spaces for SLg constructed in [15].

Theorem 6.9. There is a surjective homomorphism of Clh]-algebras
Yon,n(86)7° = Un(gly) x S*CY /y Ny,

defined by
dy(u) — A(u ) da(u )HA(u—h)_17

w4 () = —— 91 Z Qi (v1)u™" € (Un(gly) @ CV Jly Ny ) [[u]].
Proof. Relation (3.8) is clear. Let us verify (3.10) that reads
1 1 h 1 1
CAC) g )+ (0)AG) = A (g - g ) )

Indeed, the right-hand side is simply

)
(z—)(w—)
and, due to Proposition 5.7, the left-hand side is

1 h h
o (v1) + A(z)w oy (v1) (1 + o Ql) = A(z) 0w = Ql)(vl).

The relation for da(z) can be verified similarly.
As for the relation (3.12), observe that due to the second part of Proposition 6.7 and Corol-
lary 6.8, the product

(Un(gly) @ SFCN 4 Ny) @ (Un(aly) ® S'CN fy Ni) — Up(gly) @ SFCN j, Ny
is induced from
Lty [0, Q)™ @ Zigr [, U = Zgr [,y Qo] 55,
FQ1 e ) @g(Q, . Q) e £ Q)9 (et - -+ D),

where e,C 4 1s the symmetrizer of Section 3.2. However, upon extending the scalars to Zg, , this
is exactly the product of the shuffle algebra " of Definition 3.8, in other words, the “quotient”
map

A(z)

—A(2)

@C Ql,..., Sk —)@ZQ[N[Ql,...,Qk]Sk/Ik%Uh(g[N)KS.CN//¢N+
k=0

is an algebra map. By Theorem 3.18, there is an algebra isomorphism Y (gly)* =+ F". Twisting
the resulting composition Y (gly)* — Us(gly) x S*CY /,, Ny by negative sign (which does not
influence the defining relations) sends x4 (u) to —u_lgl (v1). [
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6.2 Other representations

In this subsection, we compare the isomorphism of Proposition 6.7 with the trivialization (6.3)
provided by the Kirillov projector.

Proposition 6.10. The natural isomorphism of (6.3)
¢ Zg, @CN @@ CN = Zy [, ..., 0]/ (AD(Q) | =1,...,k)

of left Zg, -modules is determined by two conditions: for every multi-index {N > i1 > --- >
ix > 1}, we have

oV, @ Q) = ¢k7i17~~7ik9?—1 o Q};“l,
and for every o € Sy,

P (Vi) ® - @ Vigy) = o (v, ® - ®@vi,),
where the action on the right is that of the degenerate affine Hecke algebra.

Proof. In what follows, we will drop the tensor product sign by considering Uy (gly) ® (CV )®k
as a submodule of Ux(gly) x @72, (CN)®Z and using notations of Definition 6.6.

The second part follows by construction of the action of 552. As for the first part, we essentially
need to show that

Pyvi, Py, - - Py, Py = Pyvj, - v, Py,
for sequences {i; > - > iy} since
Pyuiy Py - -+ Pyvy Py = F~ == pygit=t . QU= (@R p
We will prove it by induction on each term of the sequence {i; > --- > ix}. The base is
Py Py - Pyv1 Py = Pyvy -+ - 01 Py,
since v1 Py, is already a Whittaker vector. Assume we showed
Pyvi, Py, - - - Py, Py, = Pyvj, - - v, Py,

Take 1 < a < k such that 441 > iq+1 > iq41 (i-e., the non-increasing condition is still satisfied).
By Lemma 6.4, we have

Pyviy Py -+ Pyvig 1Py - Pyvg Py = 7" Pyviy Py -+ PyQa(vi ) Py - - Py, Py.
By induction assumption, the right-hand side multiplied by v is equal to

N

Pyvi, -+ Qa(vi,) -+ 03, Py = Pyvg, - v, (Z Eiagvg> Vigyr Vi, Py
B=1

Consider the sum for § > i,. Observe that due to {i1 < --- < is}, the terms F; g commute
with the head v;,, - - v;,, hence we have

P"Z)’U'L'l . 'via—l <Z Eiaﬂv/3>via+1 . ’UZkP'lZ)

B>ta
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= Pyviy -+ viy_y (Z VRVig 4y 'Uz‘kEiaﬁ) Py 4+ WN —ia)Pyvi, - vig -+ - 03 Py
B>ia
=Y Pyvi, - Vigy1 - Vi, Py + N —iq) Py, - vi, - - v, Py

due to the properties of (6.2) of the Kirillov projector. Consider the sum for g < i,. Since we
assumed that 77 > -+ > in_1 > 14, the elements F;_ g also commute with the tail v;, ---v;,_,.
Using again the properties of the Kirillov projector, we have

Pwvil T Vg <Z Ez@ﬁ”ﬁ) Vigyr """ Uikpw = —h(N - Z'oé)Pw’Uil C Vg, videJ'
B<ia

Taking the sum, we obtain
Pyviy By - Pyvig 1Py -+ Pyvip Py = Pyviy -+ Vig 41+ 03, Py,
as required. [

Therefore, for every irreducible representation V' with an embedding V' — (CN )®k, there is
an explicit realization of the corresponding Kostant—Whittaker reduction

Zgy @V 2 Un(aly) @ Vg Ny — Zgi [, .,/ (AD(Q) |5 =1,... k).
By construction, it restricts to a C[A]-linear map
VIh] — CIA[, ..., Ql<n,

where the target is the space of polynomials of degree less than N in each variable. In the next
subsection, we will give its canonical interpretation.

6.3 Mirabolic reduction and Feigin—Odesskii shuffle algebras

Denote by my C gly the mirabolic subalgebra:
my =span(Ey; |[i=1,...,N—-1,j=1,...,N).
Observe that ny. C my. In particular, there is a well-defined functor
Rep(GLy) = Modgpy, V= Up(my) @ V//y Ny i= (Up(my) @ V/nl) (6.9)

a mirabolic version of the Kostant—-Whittaker reduction from Definition 6.1 for free Harish-
Chandra bimodules. It follows from [27, Theorem 5.3] that the action of the Kirillov projector
of (6.2) is well-defined on Up(my) @ V/ nl_fi and gives an isomorphism

VIa] = Up(my) @ V)y Ny, v PyoPy. (6.10)
The following is an immediate corollary of Lemma 6.4 and Proposition 6.10.
Proposition 6.11.

1. There is a natural isomorphism

CIH[Q, ..., Uy = Un(my) @ (CY) P Ju N, (D) = £(D) (0FF).
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2. The composition with the trivialization (6.10)
N\®K g ~
s uniquely characterized by the properties
. L. . — k’—il—-"—ith—l . Qikfl
‘p(vu ® ® Ulk) w 1 k ’
‘P(”iam - Uiaoc)) =" vy © - vy,
where the action is of that of the degenerate affine Hecke algebra.

Example 6.12. Consider S*CY c V®*. It has a basis

1 ) .
,Uil...vik::gZvio(l)®...®via(k)’ NZHZZ%ZI
'O'GS')C

Therefore, by Propositions 6.11 and 3.7, we have

k=i =i

Q—Q;+h

Ll irl
Q —Q ! k )’

i<j

which is a rational analog of the Hall-Littlewood polynomial associated to the partition (i; — 1,
coy ik — 1),

Example 6.13. Consider A*CV (CN)®k. It has a basis

1 . .
Uiy A Ay, ::H Z(*l)gviau)@“'@”ig(mv N>i > >0, > 1.

Therefore, by Proposition 6.11 and Proposition 3.7, we have

,¢k’—i1—-~~—ik

P’vail VANRERIVAN Uikpﬂ) — il

[[@i-2—n)-sx(9), A=(@1—Fk,... ix—1),

1<j

where s) (Q) is the Schur polynomial associated to partition A, see [36, Section 1.3], and the
factor can be viewed as a deformation of the Vandermonde determinant.

By [27, Theorem 6.3], the functor (6.9) is monoidal, in particular, if A is an algebra in
Rep(GLy), one can define a mirabolic analog Uy(my) X A of Definition 4.4, and its reduction
Up(mpy) x AJ/y Ny is an algebra as well, similarly to Definition 6.6. Recall the rational Feigin—
Odesskii shuffle algebra V8" of Definition 3.9. The following is a corollary of Theorem 3.11,
Theorem 6.9, and Example 6.12.

Theorem 6.14. There is a C[h]-algebra isomorphism 8" = Up(my) x S*CV J,, N
Remark 6.15. As we mentioned in the introduction, the shuffle algebra N8 is a rational
degeneration of its elliptic version, in view of Section 3 and the results of [10]. The original
construction of [40] of the latter used Belavin’s R-matrix that can be associated to a stable bundle
of rank N and degree 1 (for instance, see “Geometric interpretation” after [34, formula (1.56)] in
loc. cit. for precise statement). Unfortunately, we do not know an interpretation of Theorem 6.14
in these terms. However, it seems to be a step in the right direction based on the following
observation.

Let E be an elliptic curve with the origin 0 € E. Denote by &, , a unique stable bundle E of
rank r whose determinant is Og(n-0). As it is argued in [12], the elliptic shuffle algebra quantizes
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a certain Poisson bracket on the space of extensions Ext!(¢ N,1,&0,1). Its ring of functions is the
symmetric algebra on

Ext!(én1,&0.1)* = Hom" (€01, En1) = Hom®(¢_n1,&0.1)-

Following loc. cit., we can apply the Fourier—-Mukai transform

®(€-n1) = &[], ®(&0,1)[—1] = Oo[-1],

where Qg is the skyscraper sheaf at the origin. Therefore, it transforms Homo(ﬁ_ N1,€0,1) to the
space of morphisms §; y — Op which can be interpreted as a mirabolic reduction of the fiber
of £ v at the origin. To relate to the Kostant-Whittaker reduction, recall that it quantizes the
Kostant slice [33]. The latter can be identified with by /W. Its elliptic version is the coarse
moduli space of degree 0 semistable bundles of rank N. At the same time, we can complete
a non-zero ¢ € Hom®(¢_n1,&0,1) to an exact triangle

§ng — o1 — T =& nall],
where & is some torsion sheaf. Since ® is an exact functor, we obtain
§in[=1] = Oo[-1] = &€ = & N,

where € = ®(F) is a degree zero semistable bundle of rank N. It can be interpreted as a Hecke
modification

0—=&—=&6N—>00—0

at 0 € E. Therefore, it seems that U(my) ® S*CY /,, Ny should be a certain quantum (and
rational) version of the algebra of Hecke modifications of special kind.

7 Finite Miura transform

In this section, we relate the Kostant—Whittaker reduction of Section 6 to the parabolic re-
striction of Section 5 following the construction of [22, Section 6], a finite analog of the Miura
transform for W-algebras. We compare it with the GKLO homomorphism for the positive part
YfN,N(ﬁ[Q)ZO from Section 3 in Theorem 7.7. It will be extended to the whole Yangian in
Section 8 and used to prove the main result Theorem 8.10.

In this section, we relate the Kostant—Whittaker reduction of Section 6 to the parabolic
restriction of Section 5 following the construction of [22, Section 6].

Definition 7.1. Let X € HCy(GLy). The Miura bimodule associated to X is the double
quotient n_\X8&"/ nf.

The definition is motivated by the following simple fact: if X is an algebra object in
HC,(GLy), then there is an action

XEMIN_ A0 \XE/nY o~ Xy Ny

of the corresponding reductions.
Recall the Harish-Chandra map of Example 5.4:

Zgi, — Un(gly)8" N- = Up(hn )", A(u) > PA(u) = H(u — w;). (7.1)
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Following [22, Section 6], consider the map

en 1 en ac en
Un(bn)E" @z, (X/p Ni) ~25 Up(bn )2 @z, n\X/nY 25 n \XE0/n,, (7.2)

for X € HC,(GLy), where
N
px: X[y Ny = (X/n)™ = n\X/nY
is the projection map and
act: Uh(hN)gen Y l‘l_\X — n_\Xge“

is the left action map. Observe that the latter factors through the tensor product over Zg,
by (7.1). Also, consider the quotient map

X&MJN_ = (n_\Xgen)N* — n_\Xgen/nl_ﬁ. (7.3)
Proposition 7.2.

1. The map (7.2) is an isomorphism [22, Lemma 6.2.1].
2. The map (7.3) is an isomorphism [27, Proposition 7.6].

Remark 7.3. For free Harish-Chandra bimodules, the isomorphism of the second part holds
without genericity assumption by [22, Theorem 7.1.8].

This motivates the following definition.

Definition 7.4. For a Harish-Chandra bimodule X € HCy(GLy), the Miura transform is the
composition

Miurax : X//d) ]\7Jr — n,\Xgen/nqﬁ N Xgen//Ni‘

Remark 7.5. In view of the map (7.3), the Miura transform induces a W-action on X&" /N_
extending the one of Example 5.4 such that X/, N. C (X8 /N_)W.

Lemma 7.6. If X is an algebra object in HCy(GLy), then the Miura transform is an alge-
bra map.

Proof. Observe that the map (7.2) can be equivalently presented as the action

1x]®id
—_—

X/ Ny ! (n_\XE/nY) @ (X[ Ny) — (n_\ X /nY)

on the class of identity 1x € X in n_\X&"/ nqi, and similarly for (7.3). Then the lemma follows
from a simple general result: let A, B be two algebras and M be an (A, B)-bimodule with
an element m € M such that the composition

act

Y Ny VRN V'

is an isomorphism. Then the composition with its inverse

mEidp act

B—=MB—M-—A

is an algebra map. |
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Consider Up(gly) x S*CY. Combining Theorems 6.9 and 5.11, and Lemma 7.6, we obtain
an algebra homomorphism

Y_nn(802)7° = Un(aly) x S°CN [y Ny — Un(gly )5 w S*CN N_ 2 VA (7.4)
Theorem 7.7. The map (7.4) coincides with the GKLO map of Theorem 3.16.

Proof. It follows from Example 5.4 that

N

N
di(w) = [Jw—wi),  da(u) = [J(w—wi —n)~"
=1

=1

By arguments of [27, Corollary 7.12] adapted to the positive case, we have

1
Un(gly) x CY [y Ny > (v1)
u — Ql

1
= [T(wi = wj)™" - PviP € Up(gly)5™ @ CN JN_.

By (5.9), we obtain
al 1

1 1
> -y,
U—Ql(vl) ZU—wini—wj o
i=1 J#i

therefore, under the composition (7.4), we have

xy(u) — EN ! H ! cu; !
* i —w; L wp —w;
1=1 j#i

as required. [

8 Toda lattice

In this section, we show an isomorphism between the quantum Toda lattice for GLy and the
truncated shifted Yangian from Section 3 in Theorem 8.10. The result is based on identification
of the Miura transform of the quantum Toda lattice with the algebra of difference operators, see
Theorem 8.8, and comparing their images inside the latter. In Section 8.1, we compare our result
with its geometric counterpart, in terms of equivariant homology of the affine Grassmannian.
Finally, in Section 8.2, we show that the images of matrix coefficient functions associated to
fundamental weights are given by degeneration of (rational) Macdonald operators.

The main object of this section is the algebra Dj(GLy) of differential operators from Sec-
tion 2.3. Recall that it has two GL actions.

Notation 8.1. In what follows, we use the superscript R (resp. L) to denote everything related
to the right action (resp. left action) of GLy on itself. For instance, let HCh(GLﬁ) be the
Harish-Chandra category HC;(GLy) such that D(GLy) is an object HC,(GLY) via:

e The left Up(gly)-action is induced from multiplication by the vector fields generating the
right translations;

e The GLy-action is induced from the right action of GLy on itself.
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Similarly, we denote by HCh(GL%) the Harish-Chandra category HC;(GLy) such that the
Up(gly)-bimodule structure on Dy (GLy) is induced from the left action. For any V € Rep(GLy),
define

Un(glX) ® V € HC,(GLY),  Ux(gly) ® V € HC,(GLY)

the corresponding free Harish-Chandra bimodules of Section 4.
For the rest of the section, we fix ) =1 in (6.1). For any X € HCH(GLﬁ), denote by

NP\ oy X = (X/nl )N

the Kostant—Whittaker reduction of Section 6 for left Harish-Chandra bimodules. In particular,
NE\_y Di(GLy) € HC;,(GLE).

As in Notation 5.2, for z € X, we denote by
aPh e X/ml™¥, PPl e NE\_, X

correspondingly the image of x under the projection map X — X/ ni’ﬂﬁ and the action of the

Kirillov projector from (6.2) on the latter. Recall that if :L‘Pf’w is NI-invariant, then we have
pPLyxPh, =xPh,.
Likewise, for any X € HCh(GLﬁ), denote by
NE R\ NF
XINE .= (nB\X)"=, Xy NE = (X))

the parabolic restriction of Section 5 and the Kostant—Whittaker reduction respectively for right
Harish-Chandra bimodules. In particular, both

Dy(GLy) /N, Dn(GLy)/y NE

are objects of HCh(GL]LV). Similarly to the left action, we use notations
ePfle xml¥,  PRaPlle x), NE,

as well their versions
PRz enf\X,  PEzPRec x)NE

for the extremal projector as in Notation 5.2.

In these notations, the quantum Toda lattice is NX\ _y D(GLy) /4 NE.

Remark 8.2. For simplicity, let A = 1. Character ¥: n — C gives a multiplicative character
of N that we denote by e¥: N, — C*. Let U C GLy be the big Bruhat cell U = N woHyNy,
where wy is the longest element in the Weyl group. Denote by

C=(U) D ORpxnE -y (U) = {f (nagn2) = e ¥(m)e’(n2)f(g), m,na € Ny} (8.1)

the space of smooth functions on U equivariant with respect to IV £ X N f—action and character
(e_w, e¢). It can be identified with C°°(Hy), smooth functions on the torus.

There is a Well—deﬁned.acti(.)n of NE\_, DthLN)//w Nf on C’fﬁfﬁfoy_wa (U) ~ C(Hy).
The quantum Toda Hamiltonians can be obtained as the images of the embedding

Z(Un(gly)) = N2\ _y Da(GLy) f NT
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as bi-invariant differential operators twisted by character e’~N: Hy — C* (2.3). For instance,
consider the operator

N N N
CR=N"(EE)’ +2Y EREE v 2(0)" = Y EEER+ (N - 1)) EE,
=1

i=1 i<j i,j=1

a slight modification of the Casimir operator, where
N
PN = Y (N —i)Ej;.
i=1
Using transformation properties (8.1), one can check that

N N—-1
RN =Y 2y 3 T (o ),
=1 =1

the standard Toda Hamiltonian. Here {e®} are natural coordinates of diagonal entries on Hy.
The following is a direct corollary of definitions (4.2) and (B.1).
Proposition 8.3. Under the embeddings of Example 4.5, we have

R (Qv)) = (ERX)Z.(X,
L (@ (69) = (XEL)

«

T (@ () = (X1ET)
Ll (@) = (BF X

ai’
ai’ o’

Since v; € CV (resp. oN € (CN ) *) is a highest-weight vector, the embeddings of Example 4.5
factor through the maps of GL% Harish-Chandra bimodules

Fun @, gy Tt Un(gliy) » (S°CY @ 5°(CY)") — N{ \ -y Da(GL),

UV > XiN, qbl = (X_l)li' (82)

The maps (8.2) descend to homomorphisms between corresponding reductions of Section 5
and Section 6. Denote by

Zin ="un@),  Z5="5(),  Zin,Zi; € NP\ D (GLy) /NE, (8.3)

in the notations of (5.9), (B.3), and (B.3), where D" (GLy) := Uh(g[ﬁ)gen DU (aik) Dy(GLy).
Observe that the double reduction is an algebra.

Lemma 8.4. Fori # j, we have Z{;Z;N = ZjNZ7;.

Proof. Using (8.2) and (8.3), it is enough to prove that ¢;9; = v;¢;. This is the content of
Proposition A.3. u

Proposition 8.5. For any i, we have Z{;Z;n =1 = ZinZ7};.

Proof. We prove only the first equality. Recall the quantum comatrix TL(u) from Section 2.3
associated to vector fields generating left translations. Since they commute with the ones gener-
ating right translations, its matrix entries descend to elements of D(GLy)/NZ%, in other words,
we have equality

PRETL (u) = PETE (u) PR € Dy(GLy) JNE.
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Using Propositions 2.4 and A.4, we get

N R
~ u—w
PRI )P, => 1] — 525 - ZiaZan € Nf \—y Da(GLy) /N".
a=1 b#a Wa — wb

In particular, we have Z],Z,n = PRT1LN (wf)P_Lw. At the same time, one can show analogously
to [27, Proposition 4.8] that

Tl () PL, = ()Y T ) PE, = gV TP € Un(ot) /i
Since 1) = 1, we conclude that Z;,Z,ny = 1 in N\ _, D$*"(GLx)/NZE, as required. |

The center Zg,, is embedded in D;(GLy) as a subalgebra of bi-invariant differential operators,
in particular, descends to the quantum Hamiltonian reduction N£\ _,, D;(GLy)/y N£. For any
matrix M, we denote by [M];; its (i, j)-matrix entry.

Lemma 8.6.
1. The algebm NE \\ o Di(GLN) [y NE is generated over Zg, by [(ER)kX]lNPf and
[X (ER) ]1N W for every 0 <k <N —1.
2. The algebra NE\_,, D" NT is generated by Z;n and Z3; from (8.3) over Uh(hﬁ)gen for
1<i<N.

Proof. By (6.3), we have an isomorphism

Zg, ® O(GLy) = NE\_y Us(glk) x O(GLn) = NE\_y Ds(GLy),
f P PR,
In particular, we see that Ny L\ —¢ Dp(GLy) is generated over Zg, by the classes pL X”P
and P- (X ) ]PLw for all ¢, j. By Proposition 6.7 and its dual version of Proposition B 2, it 1s
equlvalently generated by the classes of matrix entries [X (EL) ] PL and [( )kX ] PL
in view of Proposition 8. 3 for every av and k. Therefore by (2.11), N \\ +» Dp(GLy) is generated
by matrix entries [(ER) X ] o and [X (ER) ] 1o for readablhty, we drop the sign P_L

Let us now consider the right action. For the first part of the lemma, the last staternent
implies that the double reduction N\ _, D;(GLy)/y N is generated by

k _ k
PII(BEY) X] WP PEXTHER)T] P
By definition, we have
PEI(E®) X)W B = Ron (P08 ) Py),  PEIXTHER)), P = Pa (Pu@) (00).

Therefore, by Lemma 6.4, its dual version of Proposition B.1, and Proposition 4.7, the double
Hamiltonian reduction is generated by the IV, -invariant classes

RLN(Qk<”1)P¢) = [(ER)kX] 1pr’ RLT ((Q*)k((bN)Pw) = [X_l(ER)k] 1pr

for 0 < k < N — 1, as required.
For the second part, it follows that the double reduction NX\\ _,;, D§*"(GLy) /N2 is generated
over Uﬁ(h%)gen by

PRI X] PR PRIX (1)), PR

la

By Lemma 5.6 and its dual version (B.5), it is equivalently generated by (8.3), as required. W
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Recall the algebra of difference operators NAj from Section 5.4. We will need the following
result which is an analog of simplicity of Weyl algebras.

Lemma 8.7. Any two-sided ideal in NA}, is generated by an ideal in C[h].

Proof. It is enough to prove the lemma for the polynomial version Uy(hy) [uf:, e ,uﬂ. As-
sume there is an ideal I inside the latter and a € I is some element. We can write
a= Z cy(w)ul" - ufy, cj(w) € Up(hn).
J=(j15+-,JN)

We can assume that all the powers {u;} are positive. By repeatedly using
wrw; = (w; + Shjy) ',

we can assume that there is only one monomial in a. Multiplying by its inverse, we obtain that [
contains some polynomial ¢(w) € Up(hy). We have

1

[, c(w,...,wN)u; ~ =clwi,...,w; + h,...,wy) — c(w, ..., w;, ..., WN).

Observe that the right-hand side is zero only when it is constant in w;, at the same time, it
has strictly lower degree in w; than ¢(w). By repeatedly using this modification, we can assume
that ¢(w) is C[h]-constant, as required. |

Theorem 8.8. The Uh(hf})gen—linear map
Ngjg ~ L gen R . * -1 )
.A;L—>N+ \\_th (GLN)//N_, u; l—)Zh-, u, i—)ZzN,
1 an tsomorphism.

Proof. It is an algebra homomorphism by Lemma 8.4 and Proposition 8.5. Surjectivity follows
from the second part of Lemma 8.6. If it had a kernel, then it would be generated by some ideal
in C[h] by Lemma 8.7, in particular, the action of C[A] on the class of [1]€ N2\ _,, D;(GLy) /NE
would have a kernel as well. Consider the Bruhat cell U = By N_ C GLy, where By is the
Borel subgroup. Since (N f, N fi)—action is free, we have

N\ Dp(GLy)/NE < NI\ _y Du(U) /NE = D(Hy),

where Dy (Hy) is the differential operators on the torus. The action of C[A] on 1 € Dy(Hy) is
free, therefore, the map VA, — N\ _;, Ds(GLy) /N has no kernel and is an isomorphism. M

Finally, recall the finite Miura transform of Definition 7.4:
Miuray: N¥\_yDy(GLy)/y NE — NE\ _, D (GLy)/NE. (8.4)
Lemma 8.9. The map Miuray s an embedding.
Proof. Consider the Miura transform
Dy(GLy) [y N — DE*(GLy) /NE.

Since Dy(GLn) = Up(glX) ® O(GLy) is a free module, it follows from trivializations (5.7)
and (6.3) that this map is injective. By exactness of the Kostant—Whittaker reduction [3,
Lemma 4 (a)], the induced map

N{\—y Dr(GLy) [y N — N{\ -y D (GLy) /N®

is injective as well. |
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The following theorem is an explicit presentation of the isomorphism from [4, Appendix B].

Theorem 8.10. There is an algebra isomorphism
YO, n(sl2) = NE\_y Dy(GLN) /oy NE,
defined by
dy(u) — AR(u), do(u) — AR(u—n)71,

zy(u) > —[(u— ER)AX} e e e [X T (u - ER)A} 1N

such that the diagram
Y05 (sl2) === N{\_y Du(GLy) 4 NT
GKLONi \LMiuraN

NAp —= = NE\_y DE(GLy) JNE

18 commutative.
Proof. Consider the composition
Y_nv(0)>* = Un(atf) © S°CY [y, N =% NE\_, Dy(GLy) /s N,
where the first map is (7.4). By naturality of the Miura transform and Theorem 6.9, the square
Y v (gl2)=" — N\ _y Da(GLy) /y N
GKLOy i iMiura N

NA, NP\ _, D¥™(GLy) /N%

is commutative. Likewise, the map RLT gives a commutative square
Y_nn(ly) =0 —— Nf\—y Di(GLn) [y N
GKLOxN \L iMiuraN

i NE\_, DEN(GL) NE

by Theorem B.3. To check the remaining relation (3.9), we can use Lemma 8.9 and check it
inside

NAj = NE\ _, D¥"(GLy) /NE,
which is a straightforward calculation, for instance, see [4, Appendix B (v)]. Therefore, we have
a map

Y_nn(oly) = N\ —y D" (GLy) f NE,

whose composition with the Miura transform (8.4) coincides with the GKLO map. It is surjective
by the first part of Lemma 8.6. By Lemma 8.9, the target is identified with its image in NAj.
Then Definition 3.17 gives an isomorphism

YO,y (slo) = NE\ _, DE™(GLy) /4 NE,
as required. ]

Remark 8.11. In view of Remark 7.5, the W-action on N\ _, D;(GLy)/N_ = NA is

— +* _ ,E
S W; = ws(i), s-u; = us(i)’

which follows directly from W-invariance of the images of xﬂ_& ) in YO,y (sla).
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8.1 Comparison with geometry

Recall that the isomorphism Y%, (sla) 2 NE\ _; D(GLy) /y N2 is constructed in [4] by iden-
tifying the source with the homology of the affine Grassmannian and by using the derived
Satake equivalence of [3]. In this subsection, we compare the isomorphism of loc. cit. with the
one constructed in this paper.

On the topological side, consider the affine Grassmannian Gr = GLy((t))/GLy][[t]]. For any
dominant coweight A € A+, denote by Gr* = G[[t]Jt*G[[t]] the corresponding orbit and by IC*
the IC sheaf on the closure Gr*. The cohomology HéLN[[t”xC* (Gr’\,IC)‘) is a Hop o (Pt)-
bimodule via convolution.

On the algebraic side, consider the character

w*Z n_ — C, w*(Ez) = —0j41,i-
Analogously to Section 6, one can define the negative version of the Kostant—Whittaker reduction
*\ N_ * %
X0 X[y Noo= (X)), ={e—y" () [Een ),

for any Harish-Chandra bimodule X. Recall that the coefficients of the quantum minor T4 (u)
from (2.8) generate the center Zg,. Let us identify it with the generating function of the
equivariant Chern classes of the dual representation, see Remark 8.16,

N
Zo = HE(t), Ty (w) = )™ [(CV)T]u (8.5)
=0

For every dominant weight A\ € A, the derived Satake equivalence of [3] gives an isomorphism of
Zy,-bimodules

Un(aly) @ Vafys N = Hep g guc- (G, 1CY),
as well as
NE\_ys Dp(GLy) e NB =5 HENIICT (G (8.6)

such that the diagram

Uh(glﬁ) ® V/\//T/)* NfL - HéLN[[tHNC* (GI’A, IC)\)

|

NI\ _y Dy(GLy) = NE HEIC" (G

is commutative. Here the left vertical map is induced from
A = O(GLy), v (g-vyvY),
where v} is the lowest-weight vector in V.

Remark 8.12. Here and in what follows, we do not keep track of the cohomological grading.
Otherwise there should be a shift by the dimension of orbit.

To relate it to the constructions of this paper, consider the group automorphism

GLy — GLy, qg— (gil)T.
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One can easily check that it induces an algebra isomorphism
NEN _y DR(CLy) fp NE 25 NE\ - Dy(GLy) f 4= NE. (8.7)
In particular, by Lemma 2.2 and (8.5), we have
N .
Zgiy [u] 3 A(u) =Y eV [(CN) ulN (8.8)
i=0

where A(u) is the series (2.8). For brevity, we will thus denote A; = &N [(CN)*} Recall

i
description of Gr* in terms of lattices, i.e., free C[[t]]-modules of rank N inside C((t))™ [50]. We
will only consider a simple case A = w] (and A = w; in Appendix B), where wj = (0,...,0,—1).
Then

Cr¥l = Gr¥i = {Lo C Ly C 2 'Ly | dim Ly/Ly = 1} 2 PV ~1 = P(CY),

where Lo = C[[t]]¥ and identification on the right is G-equivariant. In particular, we have

IC¥i =C apet- Using an isomorphism

@yt Up(glif) x S°CN 5 Up(glf) x S*(CY)",  Ef = —Ef, v ¢ (8.9)
one can check that there is a factorization
Us(gt¥) ® CN oy Nt —— NE\ _y Di(GLy) [y Nff — NE\ _y- Dp(GLy) [y NE
@Ni J{ (8.10)
Un(ot) @ (C)" 'y N2 5 He - (G5, G ) —— B (@),
Consider the bundle
Vi — Gr¥l,  Vilpocr, =2 'Li/L; (8.11)

and the corresponding total Chern classes
. N . N N .
AD () =3"uN9A4Y AW = (1§ (v, ), (8.12)
§=0

for i = 1,2. For instance, under identification Gr*T = PVN~1 we have A (u) = A(u) from (8.8).
The left (resp. right) action of Hg(pt) on Hey, yiwc (Gr‘”f) is via the coefficients of AM (u)
(resp. A®) (u)). Also, consider the line bundle

8—>er1‘, 8|L0CL1 :L]_/LQ.
Via identification Gr*T = PV~ we have 8§ = Opy-1(—1), and so

Hey cwes (G171, € op) = Hepy e (BY )
= C[A)[Ar, ..., AN][ef "N (8)] / (A(cfMN (8))).

Recall that G = GLy x C*, where C* acts by loop rotations. In particular, we have
£ (8) = 1N (8) + h. (8.13)

For the following proposition, we need an auxiliary result.
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Lemma 8.13. Let ¢: Up(gly) ® CV Jy Ny — Up(gly) ® CV /4y N+ be an automorphism of
Zg, -bimodules. Then ¢ = c-1d, where c € C.

Proof. By [3, Lemma 4], the Kostant—Whittaker reduction functor is a full embedding when
restricted to free Harish-Chandra bimodules. Therefore, we can lift ¢ to an automorphism of
Un(gly) ® CY which induces an automorphism of the parabolic restriction Uy(gly )8 @ CY JN_
as of Up(hn)e"-bimodules. According to the decomposition (5.1), it is isomorphic to a direct
sum of Up(hx)&"-bimodules

N
Un(gly)5™ @ CNJN_ = P Un(bn )= - v,
=1

where 9; are vectors (5.9). Since ¢ was defined on the non-generic bimodule Up(gly) ® C¥,
the automorphism acts as v; — fi(w)v; for some polynomial function f;(w) € Up(hy) with
a polynomial inverse, therefore, it should be constant f;(w) = ¢;. Moreover, since ¢ commutes
with the diagonal action of the Weyl group W = Sy C GLy, we have ¢; = ¢; for any 7, j. Hence
¢ = c-1d by Lemma 5.5. |

Proposition 8.14. The Zg, -bimodule isomorphism of (8.10)
Upn(aR) ® CV [y NE = Zy [Q]/(A(Q)) = C[H][Ar, ..., AN][F(8)]/(A(cF(8)))
composed with Proposition 6.5 is given by QF — (—1)N_IC§LN (8)F for all k.

Proof. The left Zg, -module structures are compatible by (8.8). Let us show that this map
intertwines the right actions. Following the proof of [5, Lemma 8.13], consider two short exact
sequences on Gri:

0— Ll/Lo — ZflL()/L() — ZﬁlLo/Ll — 0,
0— Z_lLo/Ll — Z_lLl/Ll — Z_lLl/Z_lL(] — O,

where each L; is considered as a vector bundle with the corresponding fiber. Recall that C* acts
by loop rotations on variable z. By multiplicativity of the total Chern class, we obtain

_ (v
C(Vo) = (u+c§(8))c% (2 ' Lo/L1) = (u+cF(8)) e (ZlL(l /1Z)1L0)
B (V1)
= (“+01G(5))m,

where (V) = 3, u™(V)=i¢;(V) is the total Chern class of a vector bundle V with respect to
the action of G = GLy x C*. Due to the additional C*-equivariance of § and V;, we have

F(8) =N E) —h W) = (~)NAT (—u+ h)
by (8.12). Therefore, it implies

u—c1(8)+nh

AP ) = A @) © 2 S,
u—C

which agrees with the formula of Proposition 5.7. Therefore, this map is an isomorphism
of Zg, -bimodules such that vy — ()Nl e He, (PN _1). The equivalence of Bezrukavnikov—
Finkelberg gives an a priori different isomorphism with the same normalization condition by [14,
Lemma 2.13]. However, it should coincide with the former by Lemma 8.13. [
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Finally, recall the truncated shifted Yangian of Definition 3.17. By [4, Theorem B.18]|, there
is a surjective homomorphism

YO\ (sly) — HEENINCT Gy,

such that

N [Gr*1], (8.14)

Here [Gr*'] € gt H=cr (Gr) is the fundamental class of the embedding Gr** — Gr, similarly
for [Gr‘”f].

Theorem 8.15. The diagram

Y2, (sk)

| T

NE\_y Dy(GLy) fy NE —— BN )

is commutative. Here, the left vertical arrow is Theorem 8.10 and the lower horizontal one is
the composition of (8.7) and the derived Satake equivalence (8.6).

Proof. Observe that the composition of Theorem 6.9 and Proposition 8.14 gives an algebra
map

Y_N7N(g[2)20 — Uh(glﬁ) X S.CN//w Nf

N N—il-/ \\_w Dh(GLN)//'Lp Nf N H.GLN[[t”XIC* (Gr)’
1

di(u) = A(u), z4(u) — (—1)Nm

N [Gr*t].

Likewise, the dual versions of Theorem B.3 and Proposition B.6 give

Y_nn(gly)=0 — Uh(g[ﬁ) x S° (CN)*//w Nf
— NE\_y Dy(GLy) fyy NE — HFNIAC (G,

dy(u) — A(u), x_(u) — N [Gr“’f].

U — C?LN (Q)—h
By Theorem 8.10, the combination of algebraic maps gives an isomorphism

Y2a(sk) = N\ -y Da(GLw) /5 N
Using explicit formulas (8.14) as well as relations (8.13) and (B.9), we conclude. [

Remark 8.16. The explicit identification (8.5) of [3] comes from two facts. On the algebraic
side, in loc. cit., the authors identify the center Zg, with W-invariant functions on b3 shifted
by —hpyn via the projection

Zg, — Up(gly) = np\Un(gly),
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for instance, see [3, Lemma 5]. By definition of the quantum minor (2.7), we have

L (u) o (ut By = N ) - (u+ Exoyv—1 = B)(u+ Exn),
and its coefficients are exactly elementary symmetric functions in variables {E; — (N — i)h}.
On the topological side, this is formula (8.14).

8.2 Monopole operators

Recall the notations from Section 2.1. Let A be a dominant weight, and denote by v} € Vy
the vector dual to the lowest-weight vector in the representation V). Observe that the func-
tion (g-wx,vy) is Nf X Nf—invariant, and hence defines an element in the Toda lattice
NEN\_yDi(GLN)/y NE. The goal of this subsection is to compute these elements and to
identify their images under the GKLO map for fundamental weights. This is an algebraic coun-
terpart of the simplest case of the monopole operators formula [4, formula (A.5)].

Under the embedding V,,, = ACN — (CN )®k, let us choose a highest-weight vector and the
dual of a lowest-weight vector as

Vo = 3 (1) Uy © - @01y, Ul = ON Ao A SNkt
ocESk

Proposition 8.17. Under the embedding iy of Example 4.5, we have
N 1
(9 v vl = Men [k!( I[ ©-9;- h)> (v1)®k] |
" M<itj<k
Proof. Observe that <g . vwk,fuj;k> =klg- v @ - @v1,dN AN+ ANPN_k+1). Consider the map
* * k

LLk: R Q Lbl: Uh(glﬁ) & ((CN)*)® — DE(GLN),

which is the composition of

(Un(atx) ® (CV)") @uy(aty) -+ Busaty) (Un(atk) @ (CY)7)
LL*®~~-®LL* m
(the last arrow is the multiplication map) with the isomorphism

Un(ati) @ ((CY)7) ™ = (Un(atk) @ (CV)") ©uyiaiy) + Sunta (Un(atk) @ (CV)7).

In what follows, we denote by the same letter the induced map of the Kostant—Whittaker
reductions

Lo @b NP\ Un(atk) @ ((CY))™ — N\, Dy(GLy)
we hope it will not lead to any confusion. By definition,

(G- ®-Qui, N p1 A Aon) = (M @ @FT) (BN A+ Adn_ri1),
By Proposition B.5,

(@ @")(@n A+ AN ks1)

= (M@ 0h) [kl, 11— +h) - (65°)| € Nf\-y Da(GLy)

1<j
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(recall that 1 = 1). At the same time, it follows from Proposition 8.3 and (2.11) that
Ll (on)] = [XEY] = [(-Ef + Nh)X] _\ = Fun[(=Q + NR)(va)]

for any «. Therefore, we have

(i - 1) TIOT =% +) - (05)

1<J

— (-1 (RLN®...®RLN)|:]LH(Qi_Qj_h).(vk@)...@vl)’
1<J

where the map
k
Biye-@fuy: Up(glR) @ (CN)*" — N\ _, Di(GLy)
is defined similarly to the left version. Since

(RLN®---®RLN)[H(Q,~—Qj—h)-(vk®---®v1)]

1<j
= (g vy, 05, ) € NE\_y Dr(GLy) fp N,

we have
(Fiv @@ fuy) [H(Qi_Qj _h)'(vk®"'®vl)]
= (RLN®“‘®RLN) {H(Qinh)'Pzﬁ(Uk@“‘@Ul)sz}

i<j

(the argument of the right-hand side is considered as an element of Uy (gl%) ® (CV )®k Jo NE).
We have a commutative triangle

Bin@--@fuy

Un(gl}) ® (CN)®"

R,y
€k

Up(glf) ® SeCV

NE\_y Dy(GLy)

where ey, : (CN )®k — S*CN is the symmetrizer map. Also, by Proposition 6.10, we have
Ploy@---@u Pl =01 0l 0 (u¥F) P e Uy(giR) @ (CV)** ), NE.
Therefore, we need to compute
k(k—1)

(-1)" z Ry [ek JJ - - w09 (v;@’f)] € Up(giR) @ (CN)*" ), NE,

i<j

which, by Proposition 6.7, is given by the action of the element

k(k—1) B
(1) = <e2 JIv -y = myFt vl v ez) € ClH[Y1, ..., Y%

1<j
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in the spherical subalgebra of .62 as in (3.7). By Proposition 3.7, it is equal to

k(k—1)

(=1 = Yi =Y +h)(Yi =Y —h) 4
TSymk H J oy J Ylk 1 '”Ykl—lyko
' 1<j 3 J
( 1)M
— 2
= Hi =Y+ =Y = h) - Sym, [H(Yi R ) G N
<J 1<J

Since [];;(Yi — Y;) is the Vandermonde determinant (in particular, skew-symmetric), we have

Symy, {H(Yi — Yy Y;lY,?] =106 =Y3) > (0)7Ya) - Yo Yoy = 1

i<j i<j o€Sy,
Therefore, this element is equal to % IL £ (Y; —Y; — h), and so
. 1
(9 vuisvl,) = Mo {M( II ©-9;- h)> (Ul)éﬂ ’
1<iz#j<k

as required. [

The next theorem computes the images of these elements under the GKLO map of Theo-
rem 8.10.

Theorem 8.18. Under the GKLO homomorphism
N\ —y Di(GL) g N = N4y,
of Theorem 8.10, we have

DD | P

Ic{1,...,N},i€l,
|I|l=k  jel

M

Wi = Wi 5t

where I is the complement of I in {1,...,N}.

Proof. Since <g Vs Vg > is in the image of fiy, it is enough to prove the statement for the

Wi
Miura transform
Un(gly) x S°CN )y No — VA,
of Theorem 7.7. Recall that

Since the Miura transform is an algebra map, we have

k
SECN 5 Ul (Z H Wi ' ) = ZCJ(w)ujzl - -ujfkl,
! J

i=1 j#i

where J runs over all multisubsets of {1,..., N} and cj(w) € Up(hn)s" are some functions.
In what follows, we will use Proposition 5.12 and notations thereof. By Proposition 8.17, we
need to compute

ZCJ(w)f(?)u]fll...u;cl, f(? k:'HY Y; — h).

J i#]
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If J contains repeating indices that we can assume to be j; = jo without loss of generality, then

11 _ -2 11 -2
(Y1 =Yoo — R)u; u; = wju;” —u; wju; — hu” =0.

Therefore, the only non-zero indices in the sum are permutations of {1,...,k}. Moreover, by
W-invariance of Remark 8.11, it is enough to compute the coeflicient cqy 1y (w). By an easy
induction on k, we have

1 1 B 3
@) =k [ e [ gt

Wy — W w; — W
1<i#j<k i=l..k
j=k+1,..,.N
By Proposition 5.12,
Y)uy ~1 # -1 -1
(@) f(Y)urt-out = uplooupl,
i=1,...,k,
j=k+1,...N
By W-invariance, we obtain
*
IRSERISED SN | | ()
1c{, Ny aeL, T Y er
[I|=k}  jeI
as required. -

Remark 8.19. This is a rational analog of the simplest operator in the M-system in its shuffle
realization, see [46, formula (104)] and [46, Proposition 6.13]. By [16, Remark 9.19], its operators
correspond to the K-theory classes of line bundles O(—k) restricted to the orbits Gr as in Sec-
tion 8.1, where O(1) is the theta bundle on the affine Grassmannian. Therefore, Proposition 8.17
and Theorem 8.18 are in accordance with the derived Satake isomorphism of Theorem 8.15, since
by [14, Lemma 2.6], we have (g - v,,, v}5,) — [Gri], up to a scalar factor. It would be interesting
to find a rational analog of the full M-system.

A Technical lemmas

In this appendix, we will prove some technical lemmas from the main section.
The following result is used in the proof of Proposition 3.3. Recall that

0(z + )¢ (0)

0 _
Gz w) = =50

where 0(z) is any skew-symmetric function satisfying the three-term relation (3.1).

Lemma A.1. We have

l

!
H GO(u — 2, k) = ZGQ(U — 2, k) - H G?(2 — 2, k).
i=1 i=1 J=1,nls
J#
Proof. We can show it by induction on [. The base [ = 1 is tautological. For the step, let us
multiply both sides by G?(u — 241, ). The three-term relation and skew-symmetricity of 6(t)

imply
O(u— zi +1k)0(u — 2141 + h)
O(u— 2)0(lk)0(u — z141)0(K)
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O(u—zi41 + e+ K8)O(z141 — 2 + k) 0(zi — 2141 + K)0(u — 2z + Ik + K)

0w — 2141)0(k + K)0(z151 — 2)0(1K)  0(z — 2151)0(K)0(u — 2)0(lK + k)

by multiplying by common denominator and taking

I+ K+2u— 2z — 2141 Ik —k—2zi + 2111
T = ) y = )
2 2
Ukt K =2t 24 w_l/i—I-/ﬁ%—zi—le
B 2 ’ B 2
in the notations of (3.1). Then the statement for [ + 1 follows from the induction assumption
for u = zp41. |

The following result about symmetric polynomials is used in Proposition 6.7. Define sym-
metric polynomials p (Q) € C[A][, ..., Q] by

k

u—i+h i R
117, —1+ha20pa € L, ... )5 [[u™]],

where we understand each term in the product as in Remark 5.8.
Lemma A.2.
1. We have
k
Q—Q;+h
B | R (A1)
; L Q- Qy
i=1 J#i

In particular, p? Q) = Zle QY is the standard power sum symmetric function.
2. The functions p| (Q) for 1 < a <k freely generate the algebra of symmetric functions, in
other words, there is an isomorphism

C[H)[Q1, ..., %)% = C[R] [P} (D), ..., pE(D)].

Proof. The first part of the proposition follows by using the partial fraction decomposition

k

k

u— +h h Qi—ﬂj—i-h
H 1+Zu—9i., Q-Q
i=1 i=1 JFi

For the second part, recall that there is an isomorphism

C[H][Q1, ..., )% = C[)[p)(D), ..., ph(Q)],

since pa( ) Zl 1 §2¢. Let us consider the right-hand side as the coordinate ring of the affine
space AF x Al where Al corresponds to h. There is a C*-action on C[A][€2, . .., Q] such that all
the variables QZ- and A have weight 1. It induces a C*-action on C[A][Q2, ..., Qk]sk with positive
weights; in particular, it contracts A* x Al to the origin. In fact, under the isomorphism above,
this action is linear and diagonal with weights (1,2,...,k,1).

Consider the map ¢;: A¥ x Al — AF x Al defined on the ring of functions by pY (Q) > pl (Q)
for every a and h +— h. It follows from (A.1) that this map is C*-equivariant. Moreover, it is
clear from weight considerations and explicit calculations for a = 1 that the linear part of ¢y, is

den(r) (@) = (@) + 60

Therefore, the differential of ¢j at zero is invertible. By the proof of [19, Lemma 2.1], it
is an isomorphism. In particular, the polynomials {pZ (ﬁ)} generate the ring of symmetric
functions. |

. dep(h) = h.
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In what follows, we use the notations of Section 5 for Up(gly) x (S*CY ® S*(CN)™) (more
precisely, for its Mickelsson algebra).

Proposition A.3. For any i # j, we have ¢_>z"l7j = ﬁqui.
Proof. Assume i < j. By (5.10) and (B.4), it is enough to prove

Using the properties of the extremal projector (5.5) (in particular P? = P) and explicit for-
mula (B.3), the left-hand side is given by

Py (wi—wy) e (wi = wi,) " iy By - B v P

1< < <5<

=Pv; Y (wi—wiy) " (wi = wi,) i, Eiiy - - By P = PojgP,

1<i1 < <is<i

where we used ¢ < j (hence v; commutes with everything). Likewise, using explicit formula (5.9),
the right-hand side is given by

P> (wy—wy) e (wi = wy,) Mg By - By By, - 6P = Pv; P.
N>j1>>5s>7

Using Pv;¢; P = P¢;v;P, we conclude for 7« < j. For ¢ > j, define the antiautomorphism
wn: Up(gly) x (S*CY @ S*(CN)") — [Un(gly) x (S°CN & S*(CN)")]™*P,
wn(vi) =i,  wN (i) =i,
extending the one (2.5) of Up(gly). By Remark 5.3, we have wy (P) = P, therefore,
P¢;Pv;P = wn(P¢;PvjP) = wn(PvjP¢;P) = Pv;P¢;P,
that implies the corresponding statement for the case i > j. |

The proof of the following proposition is a word-for-word repetition of [37, Theorem 3.1]
adapted to the setting of this paper.

Proposition A.4 ([37, Theorem 3.1]). We have
al u — wp
—DVHPY o Tii(—u+ Nh—hyy;P =Y [[ ——~ - ¢aTa.
(-1) ¢iTij(—u+ )v; Wa — Wy Pa¥

1,j a=1 b#a

Proof. Denote by @« = N + 1. Recall the trick of Example 4.6. Denote by TllvaaN(u) the
quantum minor with values in Up(gly, ) corresponding to the indices

(b1,...,bny) =(1,...,N), (a1,...,an)=(1,...,a,...,N),

T3 N ) = S BT ) = Y i),
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Therefore, we can study the image of the left-hand side in the quotient n_\Up(gly ), where
n_ C gly. Recall the definition of the quantum minor (2.7) and the extremal projector notation
from Section 5. Using the properties (5.5) and pushing the terms of n_ to the left, we obtain

PTE0 (ay g Nh— B = S (1) T[4 ) Py -+ oy [[(—u+ 1),
I kel 1>y

where [ = {1 <i =11 <iy <--- <is < j}and [ is the complement of I in the set {1,...,j—1}.
Using properties (5.5) again and pushing terms of ny to the right, we get

(-1 NHZPTl I N(_y 4 Nh— h)yo; P ZH U — wy) Hu—wk+h)P¢iviP,

7j=1 =1 k<1 k>i
in particular, for any a, we have
(=N " P¢iTij(—wa + Nh— h)v, P Z [ (wa = wy) - [[(wa — wi + h) Pev; P.
4,7 =1 k<i k>1

At the same time, by explicit formula (B.3), we have

a 1—1 a
(Eavap = Z H(wa - wk) : H (wa — Wg + h) . P¢ZU1P
=1 k=1 k=i+1

Using relation (5.10), we conclude that

(=D " PiTj(—wa + Nh — h)v;P = qla,

i,
therefore, by interpolation,
U— Wy -
~D)NHN " P Ty (—u+ Nh — hyu; P = ZH r——L
i3 a=1bta ¢

as required. |

B Dual representation

In this appendix, we present the facts concerning the Harish-Chandra bimodule Up(gly) x
S (CN )* Unless otherwise stated, their proofs mirror the ones for Up(gly) x S*CY and will
be omitted.

Define the dual analog of the canonical homomorphism (4.2) by

O Up(gly) @ (CN)" = Us(gly) ® (CV)", 2¢i = Y ¢ Eji. (B.1)
J

In matrix form,

(Q*(¢1),.... Q2 (dn)" = (BT + Nh-1d) - (¢1,...,¢n)".
In particular, the analog of the Cayley—Hamilton theorem of Proposition 4.7 reads as

A(Q* — h) =0,
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which follows directly from [38, Theorem 7.2.1]. Similarly to Proposition 2.3, one can show that

Aw) pAw) = ——= o, (B2)

Consider the tensor product
* k ~ * *
Un(aty) @ ((CY)")™" = Un(aly) © (CV)" ®u,ty) ** @ua(aty) Unlaly) @ (CV)"

As in (4.4), we can define an action of the degenerate affine Hecke algebra ﬁ,;h on it (observe
a different quantization constant):

Q=100 - @1~ Uygly) ® (CN)* OUn(aly) " PUn(aly) Un(8ly) ® (CN)*a
Gi($®¢a1 ®"'®¢ai®¢ai+1 ®'”®¢ak) ::x®¢a1®"‘®¢ai+1 ®¢ai®”'®¢ak'
Recall the notations for the parabolic restriction of Section 5. As in (5.9), we can define
Gi= Y, Plwi—ws) (wi—wj)i Eiyiy - Bii € n-\Us(gly) ® (CV)", (B.3)
1<) << <i

where s =0,1,... and {ji,...,Jr} is the complementary subset to {i1,...,is} in {1...,i—1}.
By the trick of Example 4.6 and [37, formula (3.3)], it is essentially given by the action of the
extremal projector

¢i = (w; —w1) - - (w; — wi—1) P P. (B.4)
For each ¢, we have
PQ(¢;)P = (w; + h)Pg; P € Up(gly) ® (CN)"JN_ (B.5)

as in Lemma 5.6. ~ R
Recall the positive part NA;{ of the algebra of difference operators VA from Section 5.4. We
have an analog of Theorem 5.11

Vgt s §°(CY)"N- SV, G

Next, recall the Kostant—Whittaker reduction of Section 6, in particular the Kirillov projec-
tor Py. The following equality can be proved analogously to [27, Proposition 5.20].

N
uN =N "N Py ENi Py = Py A(u) Py (B.6)
=1

The following is an analog of Proposition 6.5.

Proposition B.1. The action on ¢y gives a left Zyg, -module isomorphism
Zgi, []/(A(Q* = h)) = Un(gly) @ (CV) " fu Ney  f = f(dw)-
Proof. Observe that by (6.3), the Zg, -linear map
Zgi, @ (CV)" = Un(aly) ® (CV)* /oy Ny, ¢i = Py Py

is an isomorphism. Therefore, it will be enough to relate the action of 2* to that of the Kirillov
projector. By pushing the gly-terms to the left or to the right and using of (6.2) as in [27,
Proposition 6.18], we deduce

N
PwQ*(¢i)P¢ = Z Pw¢jEjiP¢ = PwENi¢NPw + ¢P¢¢i71P¢ + hP¢¢iP¢.
j=1
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Since ¢y is a highest-weight vector, we have ¢n Py = Py¢nPy. Applying (B.6), we deduce
PyENi¢NPy = PyENiPydnPy = =" N An_is10n Py,

and so
Py (i) Py = =" N An_i 11 Ppd NPy + W Pydi—1 Py + hPyoi Py.

In particular, the matrix of ( = Q* — & in the generators {Py¢; Py | i =1,..., N} has the form

0 " - 0 0

0 0 - 0 0

0 0 0 "
—p N ANy T NT2AN L Ay A

Define polynomials Q;(¢) € Zg, [(] for i = 1,..., N inductively by the rule

Qn(() =1, Qi—1(¢) = v [N T AN + €Qi(Q)].

The transition matrix from (1,...,¢V 1) to (¥ (C),...,¥1(¢)) is upper triangular with invert-
ible diagonal, hence is invertible itself. However, observe that the action of { on the latter poly-

nomials is given by the matrix above. In particular, since the elements {Py¢; Py | i =1,..., N}
generate Up(gly) ® (CN)*//w Ny as a left Zg, -module, the elements {(Q* —h)"(¢n) |
i=1,...,N} do as well. However, the latter generate Zg [Q*]/(A(Q* — h)). |

For 1 < j <k + 1, define polynomials

=l u —
ACH ) =TT =5 4
= [1 gt
with values in Zg, [Q’l‘, R Q;:,] as in (6.5). Likewise, consider intersection

L= (AD(Q =) | j=1...k) N Zg, [QF,..., Q%]
The following is an analog of Proposition 6.7 and Corollary 6.8.
Proposition B.2.

1. The action on <Z>%k gives an isomorphism of left Zy, -modules

Zay [, )/ (ACD(Q —h) |5 =1,....k) & Up(aly) ® ((CN)*)®’“//¢ N,

compatible with the action of ﬁ;h.

2. There is an isomorphism
* * S E *

Recall the definition of the non-positive part Y_y n(gly)<" of the shifted Yangian from Def-
inition 3.13. The following is an analog of Theorem 6.9.
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Theorem B.3. There is a surjective homomorphism of C[h]-algebras
Y_n(al)=0 = Un(gly) x S*(CY)"/y Ny,
defined by

dy(u) — A(u), da(u) — A(u — h)*l,

r() s — g (4v) € (Un(ol) ® (CY)"//y N [[u™']]-

Finally, recall the Miura transform of Definition 7.4:
Y_nn(gl)=0 = Un(aly) x S*(CN)* Jy Ns — Up(gly) x S*(CV) yN_= N4, (B.7)
Using (B.5), the following theorem can be proved analogously to Theorem 7.7.
Theorem B.4. The map (B.7) coincides with the GKLO map from Theorem 3.16.
The following result is used in Section 8.2.

Proposition B.5. Under the embedding A* (CN)* — ((CN)*)®k, we have
_ k(k—1)

ON—k+1 N NONPy = ¢T2 [H (4 — Q5 + h)] (&%) Py,
’ 1<j

where both sides are in Up(gly) ® AF (CN)*//w N,
Proof. Since ¢n—_g+1 A--- A @y is a highest-weight vector, we have

ON—k+1 N NONPy = PpoN_fy1 A N ONPy.
Let us show by induction on k that
PyoN_ps1 N NONPy =€) - PydN 41 @ -+ @ NPy,

k(k—1)

=y (o) QN Q5] (655,

where e, is the antisymmetrizer (3.6) acting on Up(gly) ® ((CN)*)®k, hence on its Kostant—
Whittaker reduction. The case k£ = 1 is obvious, and for the step, it follows from the proof of
Proposition B.1 that

Py on) Py = *  Pydy_gr1 + Z ciPydn—it1Py

i<k

for some central elements c¢; € Zg,,. Therefore, using antisymmetrization and induction as-
sumption, we have
_ _k(k—=1) 1 k
ey PydN_pi1 ® - @ dNPy =17 2 e Py(Q) 1 Qp (6FF) Py
By ﬁ,;h—equivariance of Propositions B.1 and 3.7, the right-hand side is equal to the action of
the element
_ k(k—1) _ k(k—1)

2 Yi—Y;+h P Y2
H v _]Y~ . Symk (Ylk 1, .. Yk1—1YkU) _ T H(YZ B YJ n h)
' ! ’ i<j

k!
i<j

by the Vandermonde determinant formula. Therefore,

_ k(k—1)

e - @00 (3P = T[T 6 - 95 + )| (639

as required. |
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Finally, consider the topological setting of Section 8.1. Let
Gr*t = Gr*t = {ZL() CL_1ClLy | diInLQ/L_1 = 1}.

There is a factorization similar to (8.10),
Un(glf) ® (CN)"Jy NE— NE\ _y Dp(GLy) fly NE — NE\ _y Dy(GLy) [y N7

ﬁNi i (B.8)
Uh(g[ﬁ) X CN//w* NE - HéLN[[t]]X]C* (erlngrwl) - OGLNW”NC* (Gr)v

where @y is an obvious analog of (8.9). As in (8.11), define the bundles
YV, — erl, Vi|L,1CL0 = Z_lLi/Li

as well as their Chern classes

N
A(Fl)(u) _ ZuijA§zfl)7 Ag.zfl) — (_1)ic§}LN (Vi)
j=0

for i = —1,0. The left (resp. the right) action of H2(pt) on H (Gr*1) is via the Chern

GLy[[t]]=C*
classes of Vo (resp. V_1).

Define the quotient bundle
Q—>er1, Q|L_1CL0 :Lo/L_l.

The following is an analog of Proposition 8.14. Recall the isomorphism of Proposition B.1. Also,
since the loop rotation is trivial on Q, we have

§(Q) = & (0). (B.9)

Proposition B.6. The assignment Q* — ¢(Q) + h defines an isomorphism of Zg, -bimodules

Zigiy [0/ (A" = ) = Un(olly) @ (CV)" Jy N = Hey - (G1°1)
that coincides with the Bezrukavnikov—Finkelberg isomorphism (B.8).
Proof. Observe that we can identify
Gt 2P[(CM)*],  [L_1 C Lo}~ [(Lo/L-1)* C (Lo/2Lo)*].
In view of (8.8), we have
Hep v ixee (Grh) = ClA)[Ay, ..., An]/(A(e(Q)))-
The rest of the proof goes as in Proposition 8.14 (recall that the right module structure on the

target is given by (B.2)). |
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