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Abstract. In this paper, we consider characterisations of the class of unitary matrix inte-
grals ((det U)qesl/2 Tr(U+UT)>U(l) in terms of a first-order matrix linear differential equation
for a vector function of size [ + 1, and in terms of a scalar linear differential equation of
degree [ + 1. It will be shown that the latter follows from the former. The matrix linear
differential equation provides an efficient way to compute the power series expansion of the
matrix integrals, which with ¢ = 0 and g = [ are of relevance to the enumeration of longest
increasing subsequences for random permutations, and to the question of the moments of
the first and second derivative of the Riemann zeta function on the critical line, respectively.
This procedure is compared against that following from known characterisations involving
the o-Painlevé IIT" second-order nonlinear differential equation. We show too that the nat-
ural 8 generalisation of the unitary group integral permits characterisation by the same
classes of linear differential equations.
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1 Introduction

1.1 A unitary matrix integral and the longest increasing
subsequence problem

The study of this article is the systematic derivation of linear differential equations satisfied by

<ezTr(U+UT)>U(l)7 (1.1)
the same average with a further factor of (det U)?, and their /5 generalisation. In (1.1), U(l) refers
to the group of [ x [ unitary matrices sampled with Haar measure. This matrix integral first
appeared in the theoretical physics literature on two-dimensional Yang—Mills gauge theory as
a partition function [43]. However, it is not in this context that interest in differential equations
for matrix integrals first arose. Rather, it came about due to the realisation that the coeffi-
cients {T}(N)} say of 22V /(N!)? in the power series of (1.1) (note that this is even in z) are for

a given [ an integer family, e.g., for I = 4 and starting at N = 1 [44, sequence A047889]

1,2,6,24,119,694, 4582, 33324, 261808, 2190688, 19318688, 178108704, . . . . (1.2)
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Thus, according to [46], T;(N) counts the number or permutations of {1,2,..., N} such that
the length of the longest increasing subsequence is less than or equal to [ (this number is N!
for N <[ as illustrated in (1.2)). An alternative specification of T;(N), used in, e.g., [11], is as
the number of pairs of standard tableaux of content N with length of the first row less than or
equal to [. For an explanation of these notions, and the equivalence of the two descriptions, see,
e.g., [34, 47].

In a different guise, a formula equivalent to

<ezTr(U+UT)> =14+ T’Z(N) 2N (13)

Ul 2~
@ ~ (N)

appeared in the earlier work [35]. There it was shown

— Ti(N
det[l;_x(22)]jk=1,.0 =1+ i )ZQN, (1.4)
e (N2
N=1
where I, (z) = 5= 02” e?cs%ev0d9 1 € 7, is the modified Bessel function of the first kind (i.e.,

the I-Bessel function). The reason why the Toeplitz determinant in (1.4) is equivalent to the
matrix integral in (1.3) follows from the general identities

l 2 2 !
1 0, 0,2
<I.I“<9”')> =G ), @[, e Ilao) TT Je o)
=1 U() j=1

1<j<k<l

1 2w o
= det [2 / a(9)el(j_k)9d0} . (1.5)
T Jo Gk=1,...,l

=1,...,

Here the first equality follows from Weyl’s result on the explicit functional form of the eigenvalue
probability density function (PDF) for matrices from U(l) with Haar measure [21, 54], while
the second may be regarded as a circular analogue of Andréief’s identity for the integral over
the product of two determinants [26], with use too of the Vandermonde determinant formula to
rewrite the product over the differences squared in this form.

Arguments were given in [35] that the generating function in (1.3) is D-finite, meaning that
it must satisfy a linear differential equation with polynomial coefficients; for more on this see
Appendix B.1. Later, in [11], these differential equations where determined explicitly for I < 7.
For example, in the case | = 4 and thus relating to (1.2), one has that (1.3) with z — /z is
a solution of the fifth-order equation [11, last collection of displayed equations]

Y0 42023y ™ — 2102 — 59)22Y ) — 2(912 — 110)2Y”
+4(162% — 872 +20)Y' 4+ 16(82 —5)Y =0 (1.6)

(there is also a known linear differential equation of degree four for the power series formed
according to the rule that the coefficient of z* is given by the k-th member of (1.2), and the
coefficient of 2° is unity [14, Section 3.3]). In the present paper, using the theory of Selberg
correlation integrals (see [2, 19, 31] and [24, Section 4.6]), we will show how to systematically
obtain a first-order (I + 1) x (I 4+ 1) matrix linear differential equation, which has as the first
component of its vector solution equal to (1.3). As a preliminary step, the matrix average is
expressed in terms of a certain Jack polynomial based hypergeometric function of | variables,
specialised to the case that all the variables are equal; see Section 2. For a closely related class of
hypergeometric functions, earlier work [28] has identified a matrix differential equation charac-
terisation. It is shown in Section 3 how the Jack polynomial based hypergeometric functions of
present interest can be deduced as confluent limits of those appearing in [28], allowing for these
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too to be similarly characterised. This implies a scalar linear differential equation of degree [+ 1
satisfied by (1.3) (Proposition 4.1 below), which with the use of computer algebra can be made
explicit. As an illustration, we do this explicitly for [ = 8, which is the first case beyond the
listing in [11]; see Proposition 4.2 below.

Efficient methods for the computation of {7T;(N)} have come to the fore in the recent
works [13, 29] (see too [12]), where a primary aim was to study a scaling regime in the neigh-
bourhood of I = 2¢/N for N large. A precise limit law for the corresponding scaled distribution
has been known since [7], and these recent works set about quantifying correction terms. With
the numerical tabulations achieved in these works, clear functional forms of corrections were able
to exhibited graphically. Such computations were carried out using the known relation for (1.1)
and a particular o-Painlevé III' equation [32, 53], and also its Chazy-1 equivalent form. In Ap-
pendix B.2, a comparative discussion of the computational complexity associated with the latter
characterisation, and that based on the present matrix differential equation characterisation via
the vector recurrence (3.12), is given.

1.2 A unitary matrix integral and the moments of the second derivative
of the Riemann zeta function on the critical line

We have a second main motivation for considering the characterisation of the matrix inte-
gral (1.1), and that of modifications of this integral, in terms of a linear differential equation
equations satisfied by (1.1). This is the primary role played by the modification of (1.1) and the
Toeplitz determinant in (1.4)

S Tr(U4U
{(det U)'ex T+ )>U(l) = det[l;_k+1(22)]jk=0,..1-1
= (=)' V2 det [T 41(22)]j p=0,..11 (1.7)

in the recent studies [38, 39]. Here the second equality views the determinant in the Hankel
class (i.e., indices a function of j + k), which is the structure emphasised in these studies. The
theme of [38, 39] is the question of statistical properties, particularly moments, of higher-order
derivatives of the Riemann zeta function on the critical line. Fundamentally, in keeping with
the celebrated work [37], it is hypothesised that these zeta function moments coincide with
the scaled limiting moments of the corresponding derivative of the characteristic polynomial of
a Haar distributed random unitary matrix; see [3, 6, 8, 9, 18, 20, 27, 36, 55| for earlier work in
this direction, and [1, 4, 5, 16, 50] for subsequent developments. In particular, in relation to the
second derivative, this leads to the study of [38]

) 1
Fy(l) = lim W<\Z§,v(1)’2l>(](ma (1.8)

N—oo

where
N
ZN(S) = e_ﬂ—iN/2einJY:1 HH/QS—N/2 H (1 _ Se—iGj) )
j=1

In [38], it was shown

By(l) = (1) i (Z) (i)ﬂm (e 505 fu())],_,

m=0

where each f,,(z) is a combinatorial linear combination of shifted versions of the Hankel deter-
minant appearing on the left-hand side of (1.7), which takes the form

det [Ij+k+1+2uj+1 (Qﬁ)}j,kzo,,..,z—l’
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and where p; + - -+ 4+ gy = m. Moreover, in [39], it was shown to be given in the form
d (x )
J

Here, each PJ(ZL‘) is a polynomial defined recursively, and 7;(x) denotes the Hankel determinant
appearing on the left-hand side of (1.7), with z = 2/z.

In [39], certain reasoning is given that leads to the conclusion that like (1.1), 7(z) satisfies
a linear differential equation of degree [ + 1 (see Appendix A for an overview). As mentioned
in the opening paragraph, our approach to systematically deriving a linear differential equation
that (1.1) satisfies allows for an extra factor (detU)? to be included for general ¢, and thus
includes (1.7). Thus in this regards our work complements [39]. We consider this further in
Section 4.3, and discuss too the advantage of the linear differential equation characterisation
over an alternative nonlinear differential equation characterisation put forward in [33].

2 Jack polynomial based hypergeometric function form

It has been revised in the introduction that the matrix integral (1.1) has the interpretations
as a partition function for a two-dimensional gauge theory, and as the generating function for
counting longest increasing subsequences. There is also an occurrence of (1.1) as a limiting gap
probability at the hard edge (neighbourhood of the origin) of a positive definite matrix ensemble
with unitary symmetry. To specify this, define complex Wishart matrices W = XTX with X
ann X N (n > N) standard complex Gaussian matrix (also referred to as a rectangular GinUE
matrix [17]). Let Ex((0,s);1) with [ =n — N denote the probability of no eigenvalues in (0, s)
in this class of complex Wishart ensembles. In [23], it was established that

Ehard((o,s);l) — ]\}gnoo EN((O, S/(4N));l) — e—s/4<e(51/2/2)Tr(U+UT)> (2.1)

v
(Here the use of the symbol 3 as a subscript on the left-hand side is in the context of the underly-
ing Dyson index; see (2.6) below and subsequent text.) The most significant contribution in [23]
for present purposes was the identification of the right-hand side of (2.1) (and generalisations)
as a Jack polynomial based generalised hypergeometric function.

To specify this class of multivariable special function, we first recall that, with x = (z1,...,
Zy) the Jack polynomials P,ga) (x) are symmetric polynomials of n variables [42, Chapter VI.6],
[24, Chapter 12], [41, Chapter 7]. They are dependent on a parameter o > 0 and labelled by
a partition xk := (k1,...,Ky); in the latter each part k; € Z>q is ordered as kK1 > kg > -+ > Ky,
These polynomials are eigenfunctions of the differential operator

L (00,0

r; — X
1<j<k§n J k

Introducing the dominance partial ordering on partitions of the same length u < k, the Jack
polynomial P,ga) (x) is uniquely determined as the elgenfunctlon of (2.2) having the triangular
structure with respect to the monomial basis {m,(x)}, P, O‘)( ) =me(X) + 32, e l)tm#( ).

In the definition of Jack polynomial based hypergeometric functions, the Jack polynomials
play the role of the monomials, although these must be scaled pl® )( ) — al#l pi) (x)/hl,. Here
the precise definition of A/, (which depends too on ) can be found in, e.g., [24, equation (12.46)].
Playing the role of the Pochhammer symbol is the quantity

[u](a) — f[ F(’LL - (] - 1)/a+ Hj),

CT T TG/
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see, e.g., [24, equation (12.46)]. With this notation we then have as the series definition of the
generalised hypergeometric function in question (see, e.g., [24, Section 13.1])

F(a)( b b ) Z Oé‘ﬂl [al]l(ﬁa) e [ap]/(‘fa) P(Ot)( )

a,...,ap; b1, ..., bg;x) 1= x).

r A SN | 90 S

In the case n = 1, this is independent of o and reduces to its classical scalar counterpart ,Fy,.
We are now in a position to specify the result of [23] which allows the right-hand side of (2.1)

to be identified as a Jack polynomial based generalised hypergeometric function. Thus, for

general a > 0,

(<) 1 etz 1\" - 2t1/2 cos 0, _i(c—1)0;
oF (e + (n—1)/a; (1)) = Ba(c, ) <) < > /[ [ e ot
1

t 27T _ﬂ-’ﬂ-]n ]:

X H ‘eie’“ — el ‘2/ad01 -+ db, (2.3)
1<j<k<n
(see too [24, equation (13.27)] and [22, equation (4.32)]), where ¢ € Z>; (this restriction can be
removed by suitably deforming the implied circular contours in (2.3) to Hankel loops [25, proof
of Proposition 2]) and

P+ 1/a)(c+ (5 —1)/a)
i | s RS

j=1
The notation (¢)™ on the left-hand side denotes that x = (¢,t,...,t), and thus all n components
are equal to t. Making use of (1.5), it follows from (2.3) that
2 me(U+Ut — @ g\
(7T L = o1V (B ()],
for a derivation of this result, and its generalisation for a = 1/2 and « = 2, based on the theory
of zonal polynomials, see [30]. Extending this, for any ¢ € Z>o we read off that
8ql/2
v 1'Bi(q+ 1, )
recall (1.7) in relation to the case ¢ = I.
Specifying the circular 8 ensemble CEg,, is the eigenvalue PDF

_ (2.4)

<(det U)qe51/2 Tr(U+UT)> OFl(a) (q s (3)1) }a:1; (2.5)

1 0, 0,18 _I'(Bn/2+1)
@7)"Cin KEM‘G —Ul G =g (26)
the case 8 = 2 corresponds to U(n). This gives the § generalisation of (2.5)
g1l/2
1~ CpuBila+1,2/8)"

For the [-generalisation of the eigenvalue PDF for complex Wishart matrices, one has the
functional form proportional to

N
—B1/2

[Tzte Lm0 T o — 2l

=1 1<j<k<N

((det U)ses* Uy D (q+1+ - 18/ (). (27)

see, for example, [24, equation (3.16) with a appropriately identified]. For this ensemble, let
En((0,s);a) denote the probability of there being no eigenvalues in (0,s). Generalising the
equality implied by (2.1) and (2.4), it was shown in [23] that for a € Z>g

Egard((o’s);a) = ]\}l_lgo Eng((0,s/(4N));a) = e—ﬁsopl(ﬁ/z)@a/ﬁ; (s/4)%).

This then relates to (2.7) with 8 — 4/8,l=a,q=2/8 — 1.
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3 Matrix differential equation characterisation
As in the classical case, there is the limit relation
lim | F\ (aM;b;x/M) = F\* (b;: x). (3.1)
M—o0

The significance of this is that for x = (¢)", since the 2022 work [28] we have available a matrix
differential equation characterisation of ; F;™ (a;b;x). This comes about in the setting of the
integral representation [24, Corollary 2.1]

FEP(B/2)(n = 1) +a+ 1 @(n—1>+a+b+2 (=s)").

= dry--- d:c (1 — x7)%e 5" zp — :|P, 3.2
T Ty S | RN | ST e

1<j<k<n

valid for Re(a) > —1, Re(b) > —1, Re(8) > 0. Here Sy(a,b, ) is the Selberg integral (see,
e.g., [24, Chapter 4]), which normalises the right-hand side so that it is equal to unity for
s = 0, and we further remark that the integral is well defined too in a range of negative
values, although this detail is not used in our work. The matrix differential equation, which
we will first present in the form of a differential-difference recurrence, relates to the family of
multi-dimensional integrals

1 1 1 n .
Hy(z) = C’”/O dtp -- ~/0 dtht?(l — tl)b_le—l“Zz:ltz
p

=1
< ] e —tiPep(l —ta,... 1 —ty),

1<j<k<n

for p=0,1,...,n. The factor e,(1—1t1,...,1—1t,) in the integrand denotes the p-th elementary
symmetric polynomials in the variables {(1 — ¢;)};.;, while C}} is the binomial coefficient n
choose p. Setting p = n gives the right-hand side of (3.2) and thus 1F( /5), up to the Selberg
integral normalisation, and setting p = 0 gives the same with b replaced by b — 1.

Proposition 3.1 ([28, Corollary 2.5]). The multi-dimensional integrals {Hp(x)})_o satisfy the
differential-difference system

(0~ P)eHyi1(x) = ((n — p)o + By Hy(a) + - Hy(x) — DyHy1(a),

By =pla+b+1+(8/2)2n—p-1),  Dp=p((B/2)(n—p)+b).
Corollary 3.2. Introduce the column vector H(x) = [Hp(x)];_o, and the bi-diagonal matrices

X = —diag[n,n —1,...,0] + diag"[n,n — 1,...,1],
Y = —diag[Bg,Bl,. . ,Bn} —I—diag_[Dl,DQ, .. ;Dn]

Here diag™ (diag™) denotes the leading diagonal above (below) the diagonal itself. We have that
the differential-difference equation (3.3) is equivalent to the matriz differential equation

xd%cH(x) — (@X + Y)H(z). (3.4)
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As a consequence [28, Remark 4.19], introducing the vector of power series solutions

H(z) = [Z cpyka:k] ,
k=0 »

=0

we have

p
Bnyi-
c0,0 = Sn(a,b—1,5), cn,0 = Sn(a,b, B), Cn—p,0 = Cn,0 H DLis’
n+l-—s

s=1
p=1,...,n
and, with c; = [Cp,k]gzo; the vector recurrence relation
(kIn—H — Y)Ck = Xckfl, C_1 = 0, k= 1, 2, ey (35)

where 1,41 denotes the (n+ 1) x (n+ 1) identity.

We now want to make use of QS.lg in Proposition 3.1, in view of both the first and last
components of H(z) relating to 1F12/5 .

Proposition 3.3. Consider the differential-difference system'

d
(n—p)xlpt1(x) = Bplp(x) + xafp(w) —plp—1(x), p=0,...,n, (3.6)
where By is as in (3.3). Introduce the column vector I(x) = [I,(x)]})_,, and the matrices
W =diag™[n,n —1,...,1], Z = —diag[By, By, ..., B,] +diag " [1,2,...,n].

We have that the differential-difference equation (3.6) is equivalent to the matriz differential
equation

m%l(x) = (2W + Z)I(z). (3.7)

Furthermore, introducing the vector of power series solutions

I(z) = [Zd kxk] : (3.8)
k=0

p=0
normalised by choosing doo = 1, we have
_ (2/8) _ Y
In(z) = oFy7"7(Bn—1)+a+b+1;(x)"), (3.9)
Io(2) = dnoo PP (B(n = 1) + a + b+ 2; (z)"), (3.10)

and, provided all the B are nonzero,

p!
dp,O = TP

N =1,....n. 3.11
- p (3.11)

The coefficient vector dy := [dp,k]gzo satisfies the recurrence relation

(kLyy1 — Z)dp = Wdj_y, k=1,2,.... (3.12)

'Here and in the remainder of the paper the functions {I,(x)} are not to be confused with the I-Bessel function
as appearing in (1.4) and (1.7).
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Proof. To deduce (3.6) and (3.7), we substitute in (3.3) and (3.4), respectively, z — —z/a,
H,(—xz/a) = bPI,(x) and take the limit a — oo with a + b fixed. The evaluations (3.10)
follow from the evaluations of H,(z), Ho(z) in terms of 1F1(2/ ) noted in the sentence above
Proposition 3.1. The evaluation (3.11) can be calculated as the eigenvector of Z corresponding
to the eigenvalue 0, normalised to have its first component equal to unity. The vector recurrence
relation (3.12) follows by substituting (3.8) in (3.7) and equating like powers of . [

Analogous to the situation with (3.5), since dgp is known from (3.11) the vector recur-
rence (3.14) uniquely determines di,ds,... provided (1,41 — Z) is invertible for all [ € Z™.
Since Z is lower triangular, the criterium for the latter is simply —B,, ¢ Z*, foreachp=1,...,n.
Relevant to (2.7) are the choices in Proposition 3.3 of n = [, and a + b such that

By, =p(qg+1+(8/2)(l—p)), (3.13)

as follows from (3.10). This for ¢ € Z>o and p =0, ..., is non-negative, allowing then for the
applicability of (3.12) written in the form

dj = (kL4 — Z)"'Wd,_y, k=1,2,... (3.14)

and with the initial condition dy = [dpolp=0,...n, Where doo = 1 and d,o (p > 1) is as given
by (3.11). Further specialising to ¢ = 0, 8 = 2, we can use (3.14) to compute {T;(N)}n=1,.. N+
(here N* is some given largest value of N) according to the matrix product formula

Ty(N) = (N!)*(Ry,do)1, (3.15)
where the notation (-); denotes the first entry in the corresponding column vector and
Ry, := (NI —Z) " "W((N - D)Ly —Z) "W (I, — Z)'W,

As a concrete example, implementation of (3.15) with [ = 4, and thus involving products of 5 x 5
matrices, allows for generation of the sequence (1.2).

Remark 3.4.

(1) Suppose we replace ¢ by ¢ — 1 in (3.13). Then setting ¢ = 0 we observe that the column
vector [51,7;];:0 is an eigenvector of Z with n = [, allowing for the choice of initial vector
corresponding to dp 0 = dp; (p =0,...,1). Using this initial vector, an alternative formula
to (3.15) is

Ty(N) = (N)*(Rodo) 41,

where the notation (-);41 denotes the (I + 1)-th entry (final entry) in the corresponding
column vector. In the following section, when referring to I,(z) in the case ¢ = 0 as
it relates to (2.4), it will be assumed that the initial vector has been similarly modified
(and thus in (3.10) dy o is replaced by unity — without this modification (3.10) is invalid
since dj, o as specified by (3.11) involves a division by zero).

(2) For efficient computation using the matrix differential equation, it is advantageous to
forgo (3.15) in favour of a recursive computation based on (3.12). See Appendix B.2 for
a complexity analysis when using this method to compute {7;(N)} in (1.3), which moreover
is compared against the formalism used in [13, 29] for the same purpose.
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4 Scalar differential equation

4.1 The case of general parameters

Next we would like to relate (3.7) to a scalar linear differential equation of degree n+ 1 for I,(x)
(and thus by the replacement b — b — 1 for I(x); recall (3.9)).

Proposition 4.1. Let I,,(x) be specified via the differential-difference system (3.6). For some
polynomials {qm(x)}m=0.1,...n—1, we have

. dn+1 . dn _ dn—l d2 d
(2" e+ 0a0" @ e g ) g+ )
x () = 0. (4.1)

The degree in x of the coefficient of each W is [(n — 14 J)/2], thus restricting the degrees of

the gm(x). Furthermore, when {B;} in (3.6) are all integers, the coefficients of these polynomials
are also integers.

Proof. Let? D, := a:d From (3.6) in the case p = n, we read off that
nly1(2) = (By + Dy)In(x). (4.2)
Using this in the case p =n — 1 of (3.6) then gives

n(n —1)In2(z) = (

(Bn—1+ D)(Bn + Dy) — nx)I,(z). (4.3)
Using both (4.2) and (4.3) in the case p = n — 2 of (3.6) then gives

n(n—1)(n —2)L,_3(x)
z)

= ((Bn-2+ D3)((Bn-1+ Dy)(By, + D) — nz) — 2x(n — 1)(By, + D)1, (z).  (4.4)

We see that the differential operators on the right-hand sides of (4.2), (4.3), (4.4) have the
structure
2

d
x— + ¢y, + dox— + (c1 + coz),

dx d da? dx
d3 d? d
3 2
5 Teot 7+ (di+ dar)e— + (e + caz),

for certain coefficients.
Repeating this procedure down to the case p = 1 of (3.6) allows each I;(z) (j = 0,...,n)
to be written as a differential operator of degree n — j acting on I,,(x). In particular, n!l;(x)
has the structure of a differential operator of the form (4.1) with n — n — 1 and an extra factor
of = multiplying each of the terms involving a derivative. Similarly, n!ly(x) has the structure of
a differential operator of the form in (4.1) as written, except for an extra factor of  multiplying
each of the terms involving a derivative.
The case p = 0 of (3.6) gives
d
a[g(ac) —nli(z) =0. (4.5)
From the established formulas for Iy(x), I;(x), this implies (4.1). That the coefficients of the
polynomials {g;(x)} are integers for {B;} integers is immediate from the structure of the right-
hand sides of (4.2)—(4.4) as extends to Iy(z), I1(x). [

2This notation is not to be confused with D, in (3.3).
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4.2 Characterisation of the matrix integral in (1.3)

In the case f =2, n =1 and B, = p(l — p), I,,(z) is according to (2.5) and (3.10) (the latter
modified in keeping with Remark 3.4.1) equal to the matrix average in (1.3) with z = z/2 and
thus is a generating function for the sequence {T;(N)}n=12,... Using different methods, the pre-
cise form of the corresponding differential operator in (4.1) has been computed for [ = 2,3,...,7
n [11]. From the substitution method given in the proof of Proposition 4.1, we can reclaim the
listing of [11], and extend it to higher values of [ (see the work [45] for other applications in
random matrix theory of this method in reducing first-order linear matrix differential equations
to higher-order scalar differential equations). Here we make note of the case | = 8.

Proposition 4.2. The matriz integral in (1.3) with z = 212 and | = 8§ satisfies the differential
equation in (4.1) with n = 8 (and thus is of degree 9), with

s(z) = 120 q7(x) = 12(483 — 10z), q6(x) = 4(36382 — 25412),
gs(r) =12 (170417 27414 + 36472%), qa(z) = 24(214803 + 9830x),
3(z) = 4(16531678 — 101896302 + 11121272 — 131202%),
(
(
(

=

=

g2(w) = —8(—14762834 + 19053398z — 44210472” + 1857122°),
a(z) = (5883904 26926706 + 139436552% — 14830082° + 18432z"),
56(—183872 + 3801212 — 986282> + 46082°).

qo(x)

n (1.3), let us replace z by /2 so that it reads

z1/2 Tr(U+UT _ = TI(N) N
(e w )>U(l)_1+z vzt (4.6)
N=

As has just been illustrated in Proposition 4.2, we have from Proposition 4.1 that (4.6) satisfies
a certain scalar linear differential equation of degree [+ 1. As remarked in this context in [11], it
is well known and classical that one can translate the latter into a recurrence for {T}(N)}n=1.,...
with coefficients that are polynomial in N. Previous literature contains the explicit form of the
difference equations for small [; [13, footnote 22] gives references containing the explicit forms
up to [ = 5. As an explicit example, from [52], for | = 4 we have

(N +4)(N + 3)*Ty(N) = (20N? + 62N? + 22N — 24)Ty(N — 1)
— 64N (N — 1)*Ty(N —2), (4.7)

valid for N = 1,2,.... Iterating this, starting with N = 1,74(0) = 1 indeed generates the
sequence (1.2). Following the proof of Proposition 4.4 below, note is made of the explicit forms
for [ = 2,3 and 5.

From [10], one has the conjecture that {T;(N)}n=12,. . satisfy a linear difference equation of
the form

[1/2]+1
S PUNYTIN — k) =0, (48)
k=0

with each Py(N) a polynomial in N. However, already with | = 4 we see from (4.7) that (4.8) is

inaccurate, as (4.7) involves only {T4(N), Ty(N — 1), To(N — 2)} whereas (4.8) gives too a term

involving T5(N — 3). Making use of Proposition 4.1, we can (by inspection) give the corrected
form of (4.8).

Proposition 4.3. Let {T}(N)}n=1,2,.. be as in (4.6). We have that this sequence satisfies
a linear difference equation of the form (4.9) with the upper terminal replaced by [(I —1)/2] + 1.
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Alternative to first determining the scalar differential equation and then converting it to
a difference equation, it is possible to deduce the latter directly from the differential-difference
system (3.6).3

Proposition 4.4. Consider the differential-difference system (3.6). By substituting I(x) =
> N0 dp Nz as is consistent with (3.8), a difference equation for {d, N}n=o1... of the form

[(n—1)/2]+1

> Qu(N)dn i1k =0, (4.9)

k=0
with each Qk(p) a polynomial in p, can be arrived at.

Proof. Substituting the power series for I,,_1(z), I,(z) in (4.2) and equating coefficients of 2
gives dp_1 N = %(Bn + N)d, . Carrying out the analogous procedure in (3.6) with p =n — j,
7=1,...,n—1 gives
1 )
dp—j—1,N = ﬁ((Bn—j + N)dn—j,N — jdn—j+1,N-1)-

After successive substitutions, at the completion of step j, one has an expression for d,,—;_1,n
in terms of {d, n'}N'=Nn—1-[j/2],...,n- In relation to do x and dj x there is the additional equa-
tion (N + 1)do n4+1 — ndi n = 0 as follows from (4.5). Substituting the two previously obtained
expressions for do v, di,y in terms of {d, n}, we deduce (4.9). |

As noted in the first line of this subsection, in the present context, n = [, B, = p(l — p).
Further, with {Z7;(N)} as in (4.9) we have d;x = T}(N)/(N!)2 In terms of {T;(N)}, in low-
order cases the procedure of the proof of Proposition 4.4 gives

(N +2)T2(N + 1) = (4N + 2)T3(N),
(N +3)*T3(N + 1) = (94 22N + 10N?)T3(N) — IN?T5(N — 1). (4.10)

Note that the solution of the first recurrence with 75(0) = 1 is the Catalan number T5(N) =
ﬁ(%{,v ); see [52] for references. The procedure reclaims (4.7) for [ = 4, and for [ = 5 gives the
difference equation (4.9) with upper terminal on the sum k = 3 and*

Py(N) = (N +4)>(N +6)2,  P{(N) = —375+ 400N + 843N2 + 322N? + 35N*,
Py(N) = (45 + 622N + 259N?)(N — 1)?,  P3(N) = —255(N — 2)*(N — 1)%. (4.11)

From the explicit forms (4.10), (4.7) and (4.11), one sees an obvious pattern in that the degree
of the polynomial coefficients within each case is the same, and equal to [ — 1. However, the
cancellations which take place in going from the difference equation in Proposition 4.4 to the
one for {T;(N)} makes this difficult to anticipate.

Remark 4.5.

(1) We know that the matrix differential equation of Proposition 3.3 has a unique solution
with dpo = d,(p = 0,...,1) in (3.8); recall Remark 3.4 point 1. As a consequence,
it must be that the scalar differential equation (4.1) has a unique power series solution
subject only the normalisation I,,(0) = 1 (i.e., that the constant term in the power series
is fixed). For this latter property to hold, it must be that the corresponding difference
equation (4.9) (corrected according to Proposition 4.3) must have the property that the
coefficients of Tj(—1),T;(—2),...,Ti(—=[(l —1)/2]), whenever they appear, must vanish.
Note that this property is illustrated in (4.7) and (4.11).

3We thank Folkmar Bornemann for this observation.
4This corrects the corresponding recurrence in [52, two displayed equations below (18)], which is reported
with P3(N) of opposite sign.
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(2) In relation to computing the power series solution for general [, there is no advantage in
first reducing the matrix differential equation down to a scalar differential equation, rather
use of the analogue of (3.15) (which is based on the matrix differential equation) is more
efficient. As already mentioned in Remark 3.4, point 2, a quantification of the complexity
when using this approach is given in Appendix B.

4.3 Characterisation of the matrix integral in (1.7)

The result of Proposition 3.3 with 5 = 2, n = [, B, = p(2l—p) gives, according to (2.5) and (3.10),
the matrix integral in (1.7) as proportional to I, (z). Following the method of Proposition 4.2,
we can similarly specify the polynomials in the scalar linear differential equation reduction of
the matrix differential equation from Proposition 3.3 for small values of | (without this latter
restriction, the coefficients in the corresponding polynomials soon become unwieldy due to the
number of digits involved and their increasing degree; recall the listing of Proposition 4.2).

Proposition 4.6. C’onsiderl(ﬁb% matriz integral in (1.7) with z = zY/2, multiplied by g2
and up to a sign factor (—1)" 2 . Forl = 2,...,5 this quantity satisfies the linear differential

equations

xQd—S + 1oycd—2 + (20 — 4:13)i —10 ) y(z) =0
da3 da? dz v =5

, d4 , d3 dz d
2¥ g+ 280 g 4 (230 — 102)a 5 + (540 — 1222) — + (—270 4 92) ) y(2) = 0,

da? dz3
d° d? d3 d?
4 3 2
<x w T 60 it (1238 — 20x)x w3 (10268 — 6623:)xdw2

d
+(28288 — 6108z + 6427 o7 (—14144 + 64095)) y(x) =0,

5 d6 4 d5 3 d4 2 d3
o, @ o d
+(765908 — 55800 + 2502%) 7 -5 + (2431000 — 485408 + 83922%)

+ (—1215500 + 59300z — 22527)) y(x) = 0,

respectively.

As revised in Appendix A, the work [39] has given an alternative way to derive the degree | + 1
scalar linear differential equation satisfied by the matrix integral (1.7). In the case [ = 2, this is
made explicit in [39, equation (97)], and consistency with the third-order equation listed above
can be checked. Implementing the recursive strategy leading to (A.10) of Appendix A, in the
cases | = 3,4,5 using computer algebra establishes consistency of the results obtained by the
alternative method for all the differential equations listed in Proposition 4.6.

Motivating the investigation of [39] in this direction was the realisation that the formalism
given in [33] relating to a characterisation in terms of a Painlevé III' o-form transcendent cannot
be used to generate the full power series about the origin due to the stated boundary condition
therein not uniquely determining the coefficients. Thus, considered in [33] was the quantity

() = - log (/2 (et U FTEHUDY )

cf. (B.2). Using results from [32] it was noted that v(s) satisfies the particular o-Painlevé IIT'
equation

(s0")2 + ' (40" — 1)(v — sv') — 6= 0,
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(cf. (B.3)) subject to the small-s boundary condition
o(s) = —1% + g +0(s?). (4.12)

It was shown in [33] that this allowed for the generation of the first [ even powers recursively,
as was the need of the application therein. However, missed in [33] was the fact made explicit
in [39] that the boundary condition (4.12) does not uniquely determine a solution of (4.12), with
there in fact being a family of solutions which require the specification of the coefficient of s2*1
to be made unique beyond degree s?, and which was incorrectly set to zero (albeit without
consequence to the application given there related to the moments of the first derivative of the
Riemann zeta function).

The finding in [39] of a scalar differential equation characterisation of the matrix integral (1.7)
overcame this latter point, and was used to obtain in particular the coefficients up to degree s*
as required for the application to the moments of the second derivative of the Riemann zeta
function on the critical line as outlined in the text of the Introduction including (1.8). The
present work complements such a computational objective, with the vector recurrence (3.12) as
deduced from the matrix differential equation and analysed from a complexity viewpoint in the
second subsection of Appendix B, providing an efficient scheme for this purpose.

A Alternative derivations from [39]

The purpose of this appendix is to outline the method given in [39] for the derivation of the
degree [ + 1 linear differential equation satisfied by (1.7) (see Corollary A.10 below), which at
a practical level allows for an alternative derivation of the results of Proposition 4.6. Moreover,
the working of [39] will be extended to allow for consideration of the family of matrix averages
in (2.5) with ¢ = [ + a (for ¢ € Z>g), or more generally the family of Hankel determinants
in (1.7) with the index of the I-Bessel function therein generalised from j+k+ 1 to j + k + «
(for o« € R>p). The starting point of the method is the connection between a shifted version of
the Hankel determinant appearing in (1.7)

(@) = det [ k41 (2v)] ], (A.1)

and the derivative of the Hankel determinant itself. Specifically, we begin with the definition of
the determinant of Hankel matrices whose column indices are shifted by Young diagrams.

Definition A.1. Let o € R>o. Let [ > 1,h > 0 be inte%ers. Let Y = (mq,...,myp) be
a Young diagram. Define 7,y o(2) := det[Lj1rtatm, . (2\/15)]].;1:0. Here we adopt the conven-
tion that mp41 = --- = my = 0 whenever h <[l. When Y = @, we simply write 7, 5  as 7, for
short.

In particular, when Y = @ and o = 1, the above definition reduces to 7;(z) as given in (A.1).
Using the trace of a square matrix, we define the following operations.

Definition A.2. Let @ € R>g. Let I > 1, h,n > 0 be integers. Let Y = (my,...,my) be
a Young diagram. Define

(TnTl,Y,Oc) (.%') =Tr (adJ ( [Ij-i-k-i-a-i-ml,k (2\/5)] l‘;lzo) [Ij-i-k-l—a-i-ml,k-&-n (2\/5)]é;glzo)

J»

and
(STLTl,Y,O!)(:E) = ’I‘I'(ad'] ( [Ij+k+a+ml,k (2\/5)];;1:0)
X [(G+k+a+m_p+ n)Ij+k+C¥+ml—k+n(2\/5)];7_]{1:0)’

where for a matrix M, adj(M) denotes its adjugate.
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In deriving the higher-order linear differential equation for 7; o, we mainly use a special form
of Young diagram, namely

Yji=(m—j+1,1,1,...,1), (A.2)

of weight m, where m > j > 1. By applying [39, Theorem 3.1] to general Hankel determinants
shifted by Y, ; and specializing to T, Yo s WE obtain the following inverse linear system.

Proposition A.3. Let [,m >1,m > j > 1. Let Y, ; be given as in (A.2). Then

TlaYm,lya :

J—1 h
_ Bm Zh:l(_]‘) Tth»Y'mfh,jfhaa
UA RN TnTia §=2,...m

where By, = (bjk)jk=1,..m i the m X m matriz satisfying

-----

(1)1 k(k+1), j<k<m-1,

~1/j, k=j—1,
b= y (A3)
0, k<j—1,
(—1)/m, k =m.
Using the recurrence relations of the modified Bessel function of the first kind,
aﬂﬂagy_—iﬁ;—+iﬂﬂaﬁy
B+1
ls2(2v) = I5(2/) = 7= Tgia (V) (A4)

We can express Ty, ;. a, Tl,Ya1,as a0d Ty, , o in terms of the derivatives of 7;,. The following
lemmas for general « are obtained by a similar argument to that used in [39, Propositions 4.1
and 4.2] for a = 1.

Lemma A.4. Letl > 1,m >0 and Y be a Young diagram of length m. Then

d P4+m+l(a—1)

Ti7y.a(z) = \/deTl,Y,a@?) - NG Yo

In particular, if Y = @, then

d P+ila—-1)
T¥11,0(%) = \/E@Tl,a(l') - Tﬁ,a (A.5)
Lemma A.5. Letl > 1. Then
r d? ll+a+1)+a—-14d
TLYa 1,00 = 5@71,04 - 5 @Tl,a
P+lla—1))(P+1(a+3)+2a) +4lx
L (Brlla—1)(F+iat3)+2) - (A.6)
8x
_fiz ll+a-3)—(a—-1)d
TLY20 = o g2 The 2 dz e
P+lla—1))(2+1l(a—5)+4—2a) -4z
+ ( ( ))( ( ) ) Tl (A.7)

8x
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For a general weight m of Young diagrams, we can recursively obtain an expression for 7y, o
in terms of the derivatives of 7; . Thus, by identity (A.4), we can rewrite operations involving 7},
in Proposition A.3 in terms of S,_; and T}_o. Combining Lemmas A.4 and A.5, we then obtain

the following formula for 7y, . o, which depends recursively on m.

m,j

Proposition A.6. Let ] > 1 and m > 3. Let m > j > 1. Let Y, ; be given as in (A.2). Then

d
Ty dz Y m—1,1,2 TYm—1,1,2
Y, 1,0
" : P+lla—1)+m—1 '
= — V2B, . + NG B,
T @Tlﬁfmfl,mfl:a leym—l,m—lva
LYm,m,a
: 0 0
1 T,Ym—1,1,a T,Ym—2,1,2
- TC%) : +C) : : (A.8)
X
leymfl,mflya Tl7Ym72,m72aa

where By, is given as in (A.3), C%) = (cﬁ) i—1,..m is an m x (m — 1) matriz satisfying

k=1,....m—1
L[ RE A E), ifjsk<m—1,
)= (k2 —k4a)+m—1—k), ifk=j—1,
0, ifk<j—1,
and an) = (0(2,2) —1,..m 15 an m x (m — 2) matriz satisfying
" k=1,...,m—2
itk 142 .
o [C ey, o lsksmo2,
C;',lz = ]7‘;72) k’ = j — 2,
0, k<j—2.

Remark A.7. The above proposition generalizes [39, Proposition 4.3] from the case o = 1 to
general «. It can be rewritten as a first-order matrix linear differential equation for the vector on
the left-hand side analogous to (but distinct from) that implied by Proposition 3.3, with n = m,
B =2 and B, given by (3.13) with ¢ = m + «. On this latter point, note that the entries in the
corresponding vectors agree in the final entry but involve different functions otherwise.

Theorem A.8. Letl > 1. Suppose that Ty, . , .« is obtained recursively by formula (A.8)
with initial conditions (A.5), (A.6), and (A.7). Then

I+1 [H—l n

H'l (I+1 i dnTl,a(«T)
Tl,Yl+1,l+h Zx Z b + ) 7, (Ag)

where the coefficients bg-f:{l)(a) are given recursively. Moreover, we have the following equation:

41 (572

Yt Z b (@)ad "na@) (A.10)

dz”
Proof. By induction, it is straightforward to verify that (A.9) holds. It now remains to
prove (A.10). On one hand, by Proposition A.6,

1 dry,e(z) P +la I(1+ )
Tl,Yz+1,z+1,a(35) = I+1 (\/5 (11; - 2T Tl,Yz,z,a( )) Wﬂ,n,z,a(ﬁ)

1
- mTLYl—l,l—lya(x)' (A.11)
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On the other hand, note that

i isa(@) = Tr(adi([Lsrrast (2v@) )5 lo) Tira (V)] 1)
By the observation 7;y;, o(7) = det (Ij+k+a+1 (Zﬁ))] k—o.. 11 and the recurrence relation
at+j+k+1

TIJ’MMH (2Vz),

d
Litkta(2V) = \/Eafﬁkmﬂ(?\/i) +

we have

d ?+la
\/5@77,3/1,1,04(1') + ﬁ”%,l:a(m) — Tl,Yzﬂ,z,l,a(x) =0.

Then by (A.11), we have the identity 7y;,,, .« = 0. Hence, using above and (A.9), we ob-
tain (A.10). [

Remark A.9. Not only 71y, ,,,.a, but also 7y, ., for any m,j with [ +1 < j < m, which
can be obtained recursively from formula (A.8) as explained in [39, Remark 3.5], should be 0.
Hence, this will also lead to a linear differential equation of a form similar to (A.10), but of
degree m.

As a consequence of Theorem A.8 with @ = 1, we obtain the following result, which provides
a method to derive the degree [ + 1 linear differential equation satisfied by (1.7).

Corollary A.10. Letl > 1. Let bglzl)(l) be given as in Theorem A.8 with oo =1. Then

I+1 (5] o av ()

Finally, applying Corollary A.10 and verifying with the code,® we re-obtain Proposition 4.6.

B Computational aspects. Appendix by Folkmar Bornemann*

B.1 D-finiteness

We discuss the unitary matrix integrals (1.4) and (1.7) given in the form

_ _J2
ui(z) = det [f5 5(2)) 50 go1>  wi(2) = a(=D)""D 22 det [ 001(2)] g i

which are Toeplitz and Hankel determinants of f,(z) := I,,(2z), where I,, denotes the mod-
ified Bessel function of the first kind of integer order n. By the symmetries of the unitary
matrix integrals, y; and w; are even entire functions. By choosing the normalization ¢ =
G(20 +1)/G(l + 1)? (where G is the Barnes G-function), their power series start as’

2
y(z) =142+ -, wl(z):1+%+....

Bessel’s differential equation 22 f” + zf! — (4z2 + n2) fn = 0 shows that the f, are D-finite
(holonomic), that is, they satisfy a linear differential equation with polynomial coefficients.

*https://drive.google.com/file/d/1gd4kQ09ABKhALrzeYos-DbeLcelQmik6/view?usp=share_link
*Department of Mathematics, Technical University of Munich, 80290 Miinchen, Germany
E-mail: bornemann@tum.de

6The normalization of w; follows from (2.5) by noting that ,F\" (21 (22)1) =1+ é +o


https://drive.google.com/file/d/1gd4kQO9ABKhALrzeYos-DbeLcelQmik6/view?usp=share_link
mailto:bornemann@tum.de
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Since D-finite power series constitute a subalgebra of the formal power series C[z] (see [51,
Theorem 2.3]), it is immediately clear that y;, w; are also D-finite. A symmetry argument shows
that the holonomic equations for the even functions y; and w; transform to holonomic equations
of the same order for Y;(z) := y;(v/z) and Wi(z) := w;(y/z) - so these entire functions are
also D-finite. D-finite power series have P-recursive (holonomic) coefficients (and vice versa,
see [51, Theorem 1.5]), that is, the coefficients satisfy a linear recurrence equation with polyno-
mial coefficients. Besides being of structural interest, such a recurrence allows for the effective
calculation of the power series coefficients. Though the general theory of holonomic systems
provides simple bounds on the order of the differential equations and recurrences — so that they
can be constructed by Groebner bases elimination methods, see [56, Section 4] — those bounds
are often too large to be of practical use. Since the Bessel differential equation is of order 2,
the degree of the holonomic differential equation for v;, or wy, is superficially bounded by 24!
because the determinants are sums of [! terms, each of which is the product of I such Bessel
functions.

However, by identifying the family f,(z) as a discrete-continuous holonomic system in (n, )
(cf. [56, p. 322]), the order bound can be significantly reduced to the optimal I + 1 (which is
the order given in Proposition 4.1) and the coefficients of the higher-order linear differential
equation can be computed by linear algebra. To this end, we supplement the Bessel differential
equation with the holonomic relations between f,,+1 and f, (cf. (A.4)), namely

22fnr1 = 2fp —nfu, 222 fp =~ Dzfy + (422 +n(n+ 1)) fa.
Inserting this into the determinants, we get
y,w; € V= span(c(z){(fo)j(fé)l*j: j=0,...,1};

clearly we have dimg(,) Vi < 1+ 1. A classical result of Siegel [49, Satz 9]" shows that fo, f}
are algebraically independent over C(z), so that dimg(.y Vi =1+ 1 and 2, fo, f{ can be treated
as three independent indeterminates: calculations take place in the polynomial ring C|z, fo, fjl-
Since Bessel’s equation shows that Vj is closed under differentiation, there is a unique set of
relatively prime polynomials a; € C[z], normalized to monic a;41, such that

l l
ary Y + a4+ ary] + aoy = 0; (B.1)

the same holds for w;. The a; are computed by solving the homogeneous linear system of
dimension (I 4 1) x (I 4+ 2) over C(z) of full rank that is obtained by setting the coefficients of

the monomials fJ(f;)'~7 on the left of (B.1) to zero. Using a computer algebra system, it is
thus straightforward to reclaim the differential equations tabulated in Propositions 4.2 and 4.6.

Remark B.1. In [11], using the order bound I + 1, the differential equations, such as (1.6)
for [ = 4, were obtained in a far less efficient way by first tabulating, using other means, the
first N entries of the power series of Y;(z) = y; (\/E) for sufficiently large N. Using degree bounds
for the coefficient polynomials a;, the presumed differential equation generates a set of linear
equations for the coefficients of a; (normalized to monic a;41) being compatible with the tabu-
lated values. If N is large enough, and the bounds are chosen appropriately, the linear system
has a unique solution. This procedure has been implemented in the Maple package gfun [48];
as an example, the differential equation (1.6) is obtained by the command listtodiffeq after
adding three more terms to the list (1.2) as follows:

"Since the Galois group of the differential equation for the Bessel function J, (v & % + Z) is SL2(C) (cf. [40,
Appendix]), any fundamental system and their derivatives have transcendence degree dim¢ SL2(C) = 3 over C(z).
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with(gfun):

1 :=4:

L :=1[1,1, 2, 6, 24, 119, 694, 4582, 33324, 261808, 2190688, 19318688, 178108704,
1705985883, 16891621166, 172188608886] :

c := [seq(L[k + 11/(k")"2, k = 0 .. 15)]:

gfun:-Parameters(‘maxordereqn’ = 1 + 1, ‘maxdegcoeff’ = 1):

listtodiffeq(c, Y(x));

The recursion (4.7) is thereafter obtained by executing the gfun-command listtorec as follows:

listtorec(L, T(N));

B.2 Complexity of tabulating T;(IV)

As already noted, T;(INV) = N! for N <[, so compiling a table of those numbers of combinatorial
interest can be restricted to the triangular array 1 <! < N < N,. Here we compare a tabulation
as based on (3.12), to that used in the recent works [13, 29].% There, instead of considering (1.1)
directly, one first aims to provide a power series expansion of what is essentially the logarithmic
derivative (with z = 3/5),
d —s/4 ), 2/s Te(U+UT

u(s) :== —sglog (e=/*{ez V3T )>U(l))' (B.2)
The significance of (B.2) is the characterisation of u(s) as the solution of the second-order
second-degree o-Painlevé III" equation [32, 53]

(Su”)2 - (lu')2 +u (4 = 1) (u—su') =0 (B.3)
with boundary condition for small s

SH_I

u(s) = T +0(s2). (B.4)

Writing u(s) as a power series consistent with (B.4),

u(s) = Z cns"

n=I[+1

and substituting in (B.3) provides a recurrence for successive coefficients. However, since the
differential equation (B.3) is cubic as a polynomial expression of u, u’, u”; the recursion is cubic
in the coefficients ¢,,, involving double sums for the evaluation of the Cauchy products. It was
therefore suggested in [13, Section 3.2], to use the equivalent third-order first-degree Chazy-I
equation, which is obtained from differentiating (B.3) and dividing the result by 2u”
1

s?u” + su” — 6su + 4w + (s — 1*)u’ — 74 =0, (B.5)
The differential equation is now quadratic as a polynomial expression in u, u/, u”, v which
yields a much simpler recursive formula for the ¢,, n =1+ 1,... — quadratic in the ¢, with just
a single sum for the evaluation of the Cauchy products

(n+ 1)(n2 — l2)cn+1 + (n— %)cn -2 Z mem - (3(n—m) 4+ 1)epp1—m = 0.

8For a history of tabulation by combinatorial methods, see [13, p. 916]. A tabulation for N, = 1000,
computed with the method in [13, Section 3.2], is available for download at https://box-m3.ma.tum.de/f/
7c4f8cb22f5d425f8cff/.


https://box-m3.ma.tum.de/f/7c4f8cb22f5d425f8cff/
https://box-m3.ma.tum.de/f/7c4f8cb22f5d425f8cff/
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Table 1. Cost for computing T;(N), 1 <1 < N < N,; single row means fixed [; 6, ¢ in the last two
columns are subject to 0 < 6, ¢ < 1.

method based on  total cost  single row [ single row [ = O(Nf) single row [ = c¢N,
Chazy-I (B.5) O(N2) O((N.—1)*) +O(N.log N.) O(N2) (1—¢)*-O(N?)
recursion (3.12) O(N2) O(l- Ny) O(N,}+9) c-O(N?)

In this way, after integrating and exponentiating the truncated power series of u(s) as required
by (B.2), we get the initial coefficients T;(N) in the power series expansion of the average in (1.3).
Counting the operations in Q, and noting that the fast exponentiation of truncated power
series with N, terms takes just O(N, log N,) operations with a small implied constant (a method
originating with R. Brent, see [15]), computing a single row with a fixed | accounts for

O((Ny —1)?) + O(N, log N,)

operations. From this, we get the first row in Table 1.°

On the other hand, the recurrence (3.12) of Proposition 3.3 provides a novel alternative to the
use of a nonlinear differential equation for purposes of computing the tabulation. In this formal-
ism T;(N*) is read off from the vector dy-. With the vector dg known from (3.11), successive
vectors are computed by solving the lower triangular linear system in the recurrence (3.12) by
forward substitution. This only takes O(l) operations since the [ x [ matrix on the right-hand
side is bidiagonal. With N* iterations, the total number of steps is thus of the order O(l - N*).
From this, we get the second row in Table 1.

So, whereas the Chazy-I based computation can take advantage of the shorter rows for [ ~ N,
a computation based on the recursion (3.12) benefits from the underlying comparatively small
dimension [ for rows with [ < N,. Overall, when computing the full table, these differences are
balanced, and both methods exhibit the same O(Nf) complexity.
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