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Abstract. We describe a differential graded Lie algebra controlling infinitesimal deforma-
tions of triples (X, F, o), where F is a coherent sheaf on a smooth variety X over a field of
characteristic 0 and o € H(X, F). Then, we apply this result to investigate deformations
of pairs (variety, divisor).
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1 Introduction

Let Z be a possibly singular hypersurface on a smooth variety X. It is known, at least to experts
in deformation theory, that deformations of the pair (X, Z) are controlled by the hypercohomol-
ogy of the complex of sheaves

D: @X l)Nz|X.

More precisely, considering the tangent sheaf © x in degree 0 and the normal sheaf N, 7|x in de-
gree 1, the space of first-order deformations is H' (D), while obstructions are contained in H?(D).
The kernel of 7 is the sheaf © x (—log Z) of vector fields tangent to Z, that controls the locally
trivial deformations of the pair (X, Z) [8, 17].

The cokernel of v is precisely Schlessinger’s T-sheaf T, of the variety Z and this controls,
locally, the deformations of Z; note that, since X is smooth, the local deformations of Z are the
same, up to isomorphism, as the local deformations of the pair (X, Z).

While both sheaves © x and © x(—log Z) carry natural structures of sheaves of DG-Lie alge-
bras, the same does not hold for the complex D (see next Example 6.2): this may be a problem
if one wants to study the deformations of the pair (X, Z) via DG-Lie algebras, or more modestly
if one is interested in computing the primary obstruction and the Massey products.

If Z is defined as the zero locus of a section o of a line bundle £ € Pic(X), then the
deformations of the pair (X, Z) correspond to the deformations of the triple (X, L, o), up to
isomorphism.

In [21], the author investigated the deformation theory of the triple (X, £, o). In particular,
he proved that the first-order deformations are controlled by the first hypercohomology group
of the complex

P(X,L) <% L, (L.1)
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where P (X, L) is the sheaf of first-order differential operators of £ and e, is the evaluation at o.
The complex (1.1) is quasi-isomorphic to the complex D, for Z equal to the divisor of o (see
Remark 6.1).

The main goal of this paper is to extend this analysis. First of all, we observe that the above
complex (1.1) has a natural structure of a coherent sheaf of DG-Lie algebras and we prove that
the DG-Lie algebra of derived global sections controls the deformations of the triple (X, £, o) in
the usual sense of Maurer—Cartan solutions/gauge equivalence.

More generally, we provide an explicit construction of a DG-Lie algebra controlling defor-
mations of a triple (X, F,o0), where X is a smooth variety, F a coherent sheaf on X and
o € H°(X,F) a global section of F over X. More precisely, taking a finite locally free resolu-
tion £* of the sheaf F and a section s € H (X , 50) lifting o, we are able to prove the following
theorem.

Theorem (Theorem 5.6). The infinitesimal deformations of the triples (X, F, o) are controlled
by the DG-Lie algebra L of the derived global sections of the complex

PH(X,E%) & &%, (1.2)
Moreover, the homotopy type of the DG-Lie algebra L is independent of the choice of £* and s.

Our choice of considering only one section is motivated by the simplicity of exposition; it
will be clear from our proof that a similar result holds also for any finite sequence of sec-
tions o1, ..., 0,, whenever the complex (1.2) is replaced by

Pr(x, &) i), (e
=1

The idea behind the proof of the above theorem is the following. The choice of a pair (£*, s)
and of an affine open cover of X provides a representative for the DG-Lie algebra L (the
Thom-Whitney totalization of the Cech cochain hypercomplex), together with a (ordinary)
functor G: Artg — Grpd, such that its connected components are the same as the isomorphism
classes of the deformations of the triple (X, F, o). Then, using the Fiorenza—Iacono—Martinengo
variation of Hinich’s theorem on descent of Deligne groupoids (see Theorems 3.1 and 3.2), we are
able to show that both G and the Deligne groupoid of L have the same connected components.

Notation. We denote by K a field of characteristic 0, by Artg the category of local Artin K-
algebras with residue field K, by Set the category of sets and by Grpd the (ordinary) category of
groupoids. By variety, we mean an integral (and so irreducible and reduced), separated scheme
of finite type over K.

2 A brief review of Deligne groupoids of DG-Lie algebras

For the readers’ convenience, we review the Deligne groupoid and the deformation functor as-
sociated to a DG-Lie algebra; we refer to [17] for a more detailed exposition and proofs. For
simplicity of exposition, we define a formal groupoid as a covariant functor from Artk to the
(ordinary) category of groupoids.

For any DG-Lie algebra L, the associated Deligne groupoid is the formal groupoid

Dely: Artg — Grpd

defined in the following way. Given A € Artg, with maximal ideal m4, fix a representative for
the tensor product L ®m 4. Then the objects of Dely (A) are the solutions of the Maurer—Cartan
equation in L ® my

Ob(Delz(A)) = MC(A) = {z € L' ® my | dz + [z, 2]/2 = 0}.
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The exponential group of the nilpotent Lie algebra L’ ®m 4 acts on MCp(A) by the gauge action,
namely

e’ *x—a;—i—z [a, z] — da), a€ L’ @my, x € MCL(A).
n>0

dv+|[z,v]

In particular, for every v € L™! ® my4 and every & € MCp(A) we have e * & = x since

[dv + [z,v],z] — d(dv + [z,v]) = 0.

Moreover, for a fixed z € MCL(A), the subset I(z) := {dv + [z,v] | v € L™ ® ma} is a Lie
subalgebra of L @ m4 and then exp(I(z)) is a subgroup contained in the stabiliser of = under
the gauge action.

Given z,y € MCp(A), the set of morphisms x — y is the quotient set

Morper, (4)(z,y) ={a € L' @ma | e xz =y} /~,

where a ~ b if e* = ePed*[*¥] for some v € L' ® my. As proved in [17, Lemma 6.5.5], we
have a ~ b if and only if there exists p € L™ ® m4 such that e® = ed#t¥#leb and this implies
that the composition of morphisms is properly defined. Note that when L~! = 0, the Deligne
groupoid is the same as the action groupoid for the gauge action on Maurer—Cartan elements.

Every morphism of DG-Lie algebras L. — M naturally induces a natural transformation
Del;, — Delys. Furthermore, the basic theorem of homotopy invariance of Deligne groupoids
ensures that, if L — M is a quasi-isomorphism of DG-Lie algebras, then Dely,(A) — Delps(A)
is an equivalence of groupoids, for every A € Artg.

The deformation functor

Def;: Artg — Set

associated to L is the functor of isomorphism classes in the Deligne groupoids, i.e., Def(A) =
mo(Delg (A)) for every A € Arty; equivalently, Def, is given by Maurer—Cartan elements modulo
gauge action.

For simplicity of exposition, and to be consistent with the existing literature about Hinich’s
descent theorem and its extensions, in this paper we only consider ordinary functors from Artg
to the category of groupoids. We point out that an alternative, and for some aspects also concep-
tually clearer, approach is to consider Grpd as a (2, 1)-full subcategory of the 2-category Cat,
and work with pseudo-functors from Artg to Grpd (see, e.g., [19, Definition 3.10]).

Lemma 2.1. Let f: L — M be a morphism of DG-Lie algebras, A € Artx and let

Dely(A) —~ G

i

Dely(A) > H

be a diagram in Grpd. Assume that

( ) =ko gy
(2) f: HZ( ) — HY(M) is surjective for i = —1 and injective for i = 0;
(3) g is full and essentially surjective;

)

(4

Then g is an equivalence of groupoids.

h is faithful.
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Proof. It is sufficient to prove that for every Maurer—Cartan element = € MCp(A) the map

g: Morpg, (a)(7, z) = Morg(g(z), g())

is injective. According to [17, Lemma 6.6.8], hypothesis (2) implies that the morphism

f: MorDelL(A) (:L‘,.CIZ‘) — MorDelM(A) (f(x)a f($))

is injective, while h is injective on morphisms by assumption.
Hence ho f is injective on morphisms and the first condition ensures that ko g is also injective
on morphisms. |

Remark 2.2. If we work in the (2,1)-category of groupoids, the first item in the above lemma can
be weakened by requiring that the diagram is 2-commutative, i.e., there exists a 2-morphism 7
between h o f and k o g. Indeed, this implies the existence of an invertible map 7, for any
x € MCL(A), such that for any a € Morpg, (4)(2,z), ko g(a) =1, o (ho f)(a) o n,. Then, we
can conclude that the injectivity of h o f on morphisms ensures that k o g is also injective on
morphisms.

Example 2.3. For later use, we explicitly describe the Deligne groupoid for some particular
examples of DG-Lie algebras.
Let R be a commutative K-algebra and let

(E*,0): - &gt pnf 0 po

be a bounded above complex of projective R-modules.

The first DG-Lie algebra that we consider is M = Homp(E*, E*), with bracket [f,g] = fg —
(=1)/9gf and differential d = [, ], i.e., df = of — (—1)/ 0.

For any element z € M' ® my C Homp(E*, E* ® my) C Hompg,(E* ® A, E* ® A), the
Maurer-Cartan equation can be written as [0 + x,0 + z]/2 = 0 and then x € MCjy;(A) if and
only if (E* ® A,0+ z) is a complex of R ® A-modules.

Since the differential d is the inner derivation [0, —], by a completely standard computation,
see, e.g., either [17, Proposition 2.5.3 and Example 6.3.2] or [16, Example 1.2], given z,y €
M'®@my and a € M° ® my we have

xr=y < eV O+2)=0+y <= @+x)e *=0+y,

where the last equation is expressed in the associative product of Hompg 4(E* @ A, E* ® A).
Thus, the relation e® x x = y means that e*: (E* ® A,0 + z) — (E* ® A,0 + y) is a morphism
of complexes of R ® A-modules. Finally, using the power series expansions of e* and log(1 — x)
it is easy to see that for z € MC,;(A) the morphisms of complexes

Wl (B @ A0+ a) = (B*©A0+1), veM 'omy,

are exactly those that are homotopic to the identity by a R ® A-linear homotopy that is trivial
on E*. Hence, if e® *x z = e’ % x = y, the equivalence a ~ b means that the two morphisms
e e’ (B*® A,0+12) = (E*® A,0 + y) are homotopic by a R ® A-linear homotopy that is
trivial modulo my, see [3].

Example 2.4. As a second example, fix an element s € E° (since E' = 0 we have 0s = O);
let 7 be an indeterminate of degree —1 and consider the short exact sequence of complexes

0— (E*,0)— (E*® Rr,0) - RT — 0, where 01 = s.
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Define L C Homy(E* @ Rr, E* @ R7) as the DG-Lie subalgebra of endomorphisms f such
that f(E* @ Rr) C E*. Therefore, we have isomorphisms

L'= M ®E7' =Homy(E, E) @ B, fos (fig-, f(7)).
Via the above isomorphism L = M & E*[—1], the bracket in L becomes

[(f0)s (g, w)] = (Ifs ), Fw) = (=1)7g(v),

and the differential
d(f,0) = (9, 5), (f,0)] = ([0, f), 0 = (~1)f f(5)).

Then, we have the following short exact sequence of DG-Lie algebras
0= E[-1]5 L5 Mo,

where E*[—1] is equipped with the trivial bracket, p is the projection and «(z) = (—1)%(0, z)
for z € L.
We observe the following.

(1) Under the above isomorphisms, a pair (u,t) € L' ® m4, with u € Homkh(E*, E*) @ my4
and t € E° @ my, satisfies the Maurer-Cartan equation if and only if (0 + u)? = 0.

(2) For every (u,t) € L' ® my4 and every b € E~! ® m4, we have
e s« (u,t) = (u, t — (O + u)b). (2.1)
Lemma 2.5. In the above notation, let (u,t) € L' ® my be a solution of the Maurer—Cartan
equation, (f,a) € L° @ ma and denote (u',t') = e x (u,t). Then
o+u =ef@+ue, s+t —-el(s+t)e (0+4)(E @ma).

In particular, s +t = ef(s +t) in the cohomology group HO(E* @ A,0 4+ u') and there ea-
ists b€ E=' ®my such that

o(00) (u’,t’) — 0.0) (fra) (u,t) = (u’, ef(s +1t)— s). (2.2)

Proof. It is convenient to prove the above formulas in the DG-associative algebra Homy(E* &
Rr,E* @ RT) ® A. Then, the elements (u,t), (u’,t’) and (f,a) correspond, respectively, to the
A-linear extension of the endomorphisms:

(1) a: E*® Rt — E* @ my, qp» = u, o7) = t;

(2) B: B*® RT — E* ®@may, Big- =, B(1) =t;

(3) v: E*® Rr = E* ®@ma, v+ = f, 7(7) = a.
By the relation 0 + 8 = €7(0 + a)e™ 7, we get

s+t =0+ B)(1) =0+ a)e V() = (D +a) <T - I<a>> :

Denoting by ¢ = e7;7_1(0,) € E~! @ ma, we conclude that
s+t =e(@4a)T—c)=e(s+t— (D4+u)(c) =e/(s+1) —ef (0 +u)(c)
=el(s+1)— (0+)el (c),
and therefore
s+t —el(s+t)e (0+u) (B @ma), es+t)—s=t'+(0+u)el(c)
According to (2.1), the element b = —ef(c) € E7! @ my4 satisfies (2.2). |
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3 Descent of Deligne groupoids

For later application, we review the extension given in [3] (see Theorem 3.2) of Hinich’s theo-
rem on descent of Deligne groupoids [7] (see Theorem 3.1), which is particularly useful in the
deformation theory of coherent sheaves that are not locally free.

Let

P

G: GOHGleZ*;

be a semicosimplicial groupoid with face operators §;: G, — G,1+1 and cosimplicial identi-
ties 5l5kz = 5k+15l for [ < k‘; in particular 50(50 = (51(50, 5051 = (52(50, 5151 = (52(51.
The associated total, or descent groupoid, Tot(G) is defined in the following way:

(1) the objects of Tot(G) are the pairs (I,m), with I € Gy and m: dpl — 611 a morphism in G
such that the cocycle diagram

0000l
W

0100l 00611

51 51l 5250l

02611

N\

/

is commutative in Ga;

(2) the morphisms between (ly, mg) and (I1,m1) are the morphisms a in Gy between [y and Iy
such that the diagram

Solo —2> 611
doa d1a
Sols — 61l
is commutative in Gj.

The above construction is functorial; every morphism f: G — H of semicosimplicial groupoids
induces a morphism of groupoids f: Tot(G) — Tot(H). Moreover, if for every n = 0, 1,2 the
component f,: G, — H, is an equivalence of groupoids, then also f: Tot(G) — Tot(H) is an
equivalence of groupoids.

Given a semicosimplicial DG-Lie algebra

L: Ly=—=L1—x=Lo—="--
with face morphisms 6;: L,—1 — Ly, 0 < i < n, we have the associated semicosimplicial Deligne
groupoids

Dely,: Delr, —= Del;, ——= Dely, —= - --

that is a semicosimplicial object in the category of functor from Artx to Grpd and we can
consider its descent groupoid Tot(Dely): Artg — Grpd.

Let us denote by Tot(L) the Thom—Whitney totalization of the semicosimplicial DG-Lie
algebra L. We refer to [3, 17] for its explicit construction; here, we just recall some basic
properties that will be used in this paper.
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(1) Tot(L) is a DG-Lie algebra and H*(Tot(L)) = H*(Tot" C(L)), where

5:2?:1(_1)1.7151' )

L, —

cL): % Lay

is the cochain double complex associated to L [20, Section 1.2.6].

(2) Tot is an exact functor from the category of semicosimplicial DG-Lie algebras to the
category of DG-Lie algebras.

Here, we recall two useful results on descent of Deligne groupoids.

Theorem 3.1 ([7]). Let L be a semicosimplicial DG-Lie algebra such that every L; is con-
centrated in nonnegative degrees. Then there exists an equivalence of groupoids Delryy ) =
Tot(Dely,).

This means that there exists a natural transformation of functors ®: Delryr) — Tot(Dely,)
that is an equivalence of groupoids for every Artin ring. This was also generalised to an equiva-
lence to the formal groupoid associated to the Lo-structure on the homotopy limit, in the case
of semicosimplicial Lie algebra [4]. If some L; has nontrivial elements of negative degree the
above result is generally false. However, we have the following result.

Theorem 3.2 ([3]). In the above situation, if HP(L;) = 0 for every i and every p < 0, then
there exists an isomorphism of functors of Artin rings ®: Defryyr) — 7o(Tot(Dely)).

4 Coherent DG-Lie algebroids on smooth varieties

Let X be a smooth variety over K (i.e., a regular, integral, separated scheme of finite type) and
denote by ©x = Derg(Ox, Ox) its tangent sheaf.

Definition 4.1. A coherent DG-Lie algebroid over X is a pair (L*, o), where

e [L* is a sheaf of DG-Lie algebras over K on X such that the underlying sheaf of DG-vector
spaces --- L’ S £+ s a bounded complex of coherent Ox-modules (hence ¢ is Ox
linear, while the bracket is assumed only K-bilinear);

e a: L" — Ox is a morphism of complexes of Ox-modules, called the anchor map, com-
muting with the brackets;

e finally, we require the Leibniz rule to hold [I, fm] = «(l)(f)m+ f[l,m], VI,m € L*, f € Ox.

A morphism (resp. quasi-isomorphism) £* — M* of coherent DG-Lie algebroids over X is
a morphism (resp. quasi-isomorphism) of complexes of Ox-modules commuting with brackets
and anchor maps.

An example is given by the sheaf P*(X,E*) of first-order differential operators with scalar
symbol of a bounded complex (£*,0) of locally free sheaves on X. For applications to defor-
mation theory it is convenient, following [10], to define P*(X,E*) in terms of derivations of
pairs.

Consider the subcomplex of Ox-modules

D*(X,E") C Ox x Homg (E",E"),
D*(X,&") = {(h,u) | u(ax) — au(x) = h(a)z, for every a € Ox, x € E*}.

Then, we define P*(X,&*) C Homg(E*,E*) as the image of D*(X,E*) under the projec-
tion on the second factor; since £* is torsion-free, we have an isomorphism of sheaves of DG-
Lie algebras P*(X,£*) — D*(X, &%), u — (a(u),u), where a(u) is the (scalar) symbol of w.
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If u e P"(X,&") and n # 0, then u € Homp, (£%,€¥) and a(u) = 0, while every u € PY(X,E%)
is a sequence of differential operators of first order u;: £ — £* with the same scalar symbol.

Since the complex £* is assumed bounded, it is not difficult to prove that P*(X,E*) is also
a coherent DG-Lie algebroid with surjective anchor map « [10, Proposition 5.1]. Therefore,
we have a short exact sequence

0 — Homp  (E%,E*) = P*(X,E%) = ©x — 0. (4.1)

Next, we describe another example of DG-Lie algebroid, extending the previous construction,
starting from a coherent sheaf and a section.

Definition 4.2. Let F be a coherent sheaf on a smooth variety X and o € H°(X, F) a global

section. A resolution of (F, o) over X is a pair (£%,s), where

e £* is a finite locally free resolution of F, i.e., we have an exact sequence 0 — & -m, .9,

EY — F — 0 with every &£’ locally free;

e scH (X, 50) is a section lifting o.

Since X is a smooth variety, a resolution as above always exists by Kleiman’s theorem,
see, e.g., [6, Exercise I11.6.8] or [2, Theorem 3.3|, and, for any of them, evaluation at s gives
a morphism of complexes of Ox-modules es: P*(X,E*) — £*, es(u) = u(s).

Mimicking the construction of the DG-Lie algebra M of Section 2, the mapping cocone
of the morphism e, denoted by C*(X,E*,s), carries a structure of DG-Lie algebroid. More
explicitly, C*( X, E*,s) = P*(X,E*) @ E™! for every n, then we extend the bracket of P*(X, £*)
to C*(X,E*, s) by setting

[u,z] = u(xz) forue P*(X,E), x €&,
[z,y] =0 for z,y € &£*,
and the differential is as follows:
d: C*(X,&%s) = C"(X,E7,s), d(u, z) = ([0, u],0x + [s,u]) = [(0, s), (u, z)].
It is straightforward to show that C*(X,&£*,s) is a sheaf of DG-Lie algebras. Moreover, C*(X,
&*, s) inherits the anchor map « of (4.1) so that it has a structure of DG-Lie algebroid.
Note that, for every r € H° (X € _1), there exists an isomorphism of DG-Lie algebroids
C*(X,E%,s) = C*(X,E*, s+ or), (u,x) — (u,x — [r,ul).

The projection C*(X, &%, s) — P*(X,£") is a morphism of DG-Lie algebroids and there is
a commutative diagram of sheaves of DG-Lie algebras, with exact rows and columns

0 0
EX 1] —=¢&*[-1]
0 K C*X,&*,s) —=0Ox —=0 (4.2)
0 —— Homy, (£*,E*) ——P*(X,&*) ——Ox 0
0 0,

where K is the mapping cocone of the evaluation map es: Homg, (E*,EF) — &
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We point out that if (£*,s) is a resolution of (F, o) and

N

f'

is a morphism of finite locally free resolutions of F, then (H*,¢(s)) is also a resolution of the
pair (F, o).

Lemma 4.3. In the above situation (4.3), if ¢ is injective and its cokernel is a complex of locally
free sheaves, then the DG-Lie algebroids C*(X,E*,s) and C*(X, H*, p(s)) are quasi-isomorphic.

Proof. The proof is essentially the same given in [10] for the analogous result for the DG-Lie
algebroids D*(X, £*) and D*(X, H*). Define

PH(X, &% 5 HY) CPH(X,E%) xo, PHX,H")

as the subset of pairs (u,v) such that pu = vp. It is clearly a DG-Lie algebroid on X and,
according to [10, Corollary 3.3], the projections on both factors give two short exact sequences
of complexes of Ox-modules

0— P*(X,E* 5 H*) = P*(X, ) — Hom}, (£*, coker ) — 0,

0 — Homp _(coker o, H*) — P*(X,E* 5 H*) — P*(X,E%) — 0.
Since ¢ is an injective morphism of resolutions, its cokernel is acyclic; since £* is locally free and
bounded above, the complex Hom}‘QX (E*, coker ) is acyclic. Similarly, since coker ¢ is acyclic,

locally free and bounded above, also the complex Hom’@x (coker ¢, H*) is acyclic.
Therefore, we have a commutative diagram

PH(X, &5 5 HY)

T

P*(X, &%) P*(X,H")
\Les \Letp(s)
£* Ld H*,

where the oblique arrows are quasi-isomorphisms of DG-Lie algebroids. Denoting by C* (X Ex D
H*, 5) the mapping cocone of the evaluation map P* (X, AN ’H*) — &*, defined as (u,v) —
u(s), we have a span of quasi-isomorphisms of DG-Lie algebroids

CH(X,E,8) ¢ C* (X, & B H*,s) —— C* (X, 1, ¢(3)). |
Theorem 4.4. Let (X,F,0) be as above and (&,s1) and (&5, s2) two resolutions of (F,o).
Then, the DG-Lie algebroids C*(X, &5, s1) and C*(X, &5, s2) are quasi-isomorphic, i.e., they are

connected by a zig-zag of quasi-isomorphisms of DG-Lie algebroids.

Proof. Again, the proof is essentially the same of [10, Lemma 7.7]. Denote by fi: & —
F and fo: £ — F the two surjective quasi-isomorphisms of complexes such that fi(s;) = o.
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Since X is smooth, the usual killing cycles procedure gives two bounded complexes H* and N*
of locally free sheaves and a commutative diagram

0 *>51 @ 5* J1t+j2 2 N* 0

f& l"

./_"

such that h: H* — F is a resolution, the upper row is a short exact sequence and there ex-
ists b € H° (X,”Hfl) such that db = ji(s1) — ja(s2). By previous lemmas, the DG-Lie alge-
broid C*(X, &/, s;) is quasi-isomorphic to C*(X,H*, ji(si)), for ¢ = 1,2, and the two DG-Lie
algebroids C*(X, H*, j1(s1)) and C*(X, H*, j2(s2)) are isomorphic. [

Definition 4.5. Let (X,F,0) be as above and (£, s) a resolution of (F,0). For any i € Z,
we define the coherent sheaves 7 ', F,) 8 the cohomology sheaves of C (X, &, ) Le. , T (X.Fo) =
HY(X,C*(X,E*,s)). Analogously, we can define the hyper-cohomology groups T| ( P f o) = IHP(X
C*"(X,&*,s)). By the previous Theorem 4.4, the sheaves T F.o) and the groups T, ( X, F.0) Bre
well defined, since they do not depend on the choice of the resolutlon Moreover, the sheaves
7ZX,F) = H{(X,P*(X,E*)) and the groups T(X,f) = H!(X,P*(X,E)) are also well defined.

Remark 4.6. Since £* is a locally free resolution of the coherent sheaf F, we have
HY(X,&*[-1]) = H"Y(X,F),  H(X,Hom} (£,E%)) = Exty(F,F).

Therefore, it follows from (4.2) that the sheaves 7ZX Fo) and the groups T(iX7 Fo) vanish for i < 0,
while for ¢ > 0 we have the long exact sequences

0 — HO(X, IC)%T(XIJ)+H (X,0x) —H'(X, ’C)%T(lea)

R R

O»Extg((f,f)»T(OXﬂ — H(X,0x) = Ext} (F, F) =Tl r—="""

and

=T (X,F)

— H(X,F)—=TFY =Tl ... 4.4
(X,F,0)

(X,F,0) (X,F)

Remark 4.7. If F is a locally free sheaf on X and o € H°(X,F) a global section, then
the pair (F,o) is itself a resolution. Then, the evaluation at o gives a morphism of sheaves
of Ox-modules e,: P(X,F) = F, e;(u) = u(o), that is, the differential of the DG-Lie alge-
broid C*(X,F,o). Note that in this case the DG-Lie algebroid is concentrated in degree zero
and one: C°(X, F,0) = P(X,F) and C}(X, F,0) = F.

5 Deformation of triples (X, F, o)

In this section, we prove that, for any resolution (£*, s) of a triple (X, F, o), the sheaf of DG-Lie
algebras C*(X, E*, s) controls the deformations of the triple (X, F, o). This means that the DG-
Lie algebra RI'(C*(X, &%, s)) of derived global sections of C*(X, £, s) controls the deformations
in the usual sense of Maurer—Cartan solutions modulo gauge action.

Definition 5.1. Let X be a variety over K, F a coherent sheaf on X and ¢ € H°(X,F)
a global section of F over X. An infinitesimal deformation of (X, F, o) over A € Artk is the
data (X4, Fa,04), where
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e X, is an infinitesimal deformation of X over A, i.e., a pull-back diagram

X Xa
Spec K ——= Spec A4,

where 7 is flat; since A is an Artin ring, this is given by a sheaf Oy, of flat A-algebras
over X together with an isomorphism of sheaves Oy, ®4 K — Ox.

e F4 is a coherent sheaf of Ox,-modules, flat over A, equipped with a morphism F4 — F,
inducing an isomorphism F4 ®0x, Ox — F.

e 0,4 is a global section of F4 extending o.

Definition 5.2. An isomorphism of (infinitesimal) deformations (X4, Fa,ca) = (X}, Fy,0')
is the data of

(1) an isomorphism of sheaves of A-algebras §: Ox, — Oy, extending the identity on Ox;

(2) an isomorphism of sheaves of Ox ,-modules ¢: F4 — F/;, extending the identity on F,
where the Ox,-module structure on F’; is induced by 0;

(3) p(oa) = oy

Definition 5.3. We denote by Def(x 7 ,): Artx — Set the functor of isomorphism classes of
infinitesimal deformations of the triple (X, F, o).

In [10], we considered the functor Def x r) of deformations of the pair (X,F), defined in
a completely similar way. It is plain that there exists a natural forgetful natural transforma-
tion Def(X’]:,U) — Def(X”]:)

The case X affine

Assume X smooth affine variety and let 0 — £~ 9 ... 2 €9 L F 0 be a finite free res-
olution of F. Denote by M = I'(X,D*(X,&*)) the DG-Lie algebra of global sections of the
sheaf D*(X, &%) 2 P*(X,E").

According to [10, Proposition 7.9], there exists an isomorphism of deformation functors
Defys = Def (x 7); for our application, we need to describe a suitable factorization of this iso-
morphism (see Lemma 5.4).

For every A € Artg, fix a representative for the tensor product £° ® A and define the
formal groupoid G x 7): Artx — Grpd in the following way. For every A € Artg, the objects
of G(x,7)(A) are the A-flat quotients Fa of £%® A such that the projection map p: E°® A — £°
factors to a morphism p: F4 — F and induces an isomorphism F4 ® 4 K = F.

A morphism Fy — F, is a pair (0, ¢), where

(1) @ is an isomorphism of sheaves of A-algebras : Ox ® A — Ox ® A, extending the identity
on Ox;

(2) ¢ is an isomorphism of sheaves of A-modules ¢: Fy — F/;, extending the identity on F
such that ¢(gz) = 0(g)p(x) for every g € Ox ®@ A, x© € F4.

Lemma 5.4. In the above notation, there exist an equivalence of formal groupoids
U: Dely — Q(ny)

and an isomorphism of functors of Artin rings mo(G(x,r)) = Def x 7).
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Proof. An object in Delps(A) is an element u € Hombx (&%, E*)®my4 that satisfies the Maurer—
Cartan equation, so that (0 + u)? = 0 and this defines the following complex of sheaves

0 &MmeA 20 00 A% 7, o,

where ¢ is just the cokernel of &' @ A Otu, €0 A, By flatness and lifting of relations [1,
Proposition 3.1], the above complex is an exact sequence, the coherent sheaf F4 is flat over A
and F4 ®4 K = F. Thus W(u) := F4 is an object of Gix ).

Assume now that e/ x u = v/ is a gauge equivalence between two Maurer—Cartan elements,
with f € M° ® my. Here f € HY (X, PO(X, 5*)) ® my is a first-order differential operator with
scalar symbol a(f) € H(X,0x) @ my4. Then e*): Ox ® A — Ox ® A is an automorphism of
sheaves of A-algebras and it is proved in [10] that the isomorphism of complexes of sheaves of A-
modules e/ : (E¥*® A,0+u) — (£*® A, d +/) satisfies the condition e/ (gx) = e (g)ef (z), for
every g € Ox ® A. In particular, e/ induces an isomorphism in cohomology, i.e., ef : F4 — Fh.
If f is of type f = dv + [u,v] for some v € M~! @ my, then a(f) =0, i.e., f is Ox-linear and
the isomorphism of complexes e/ induces the identity in cohomology.

In conclusion, we have defined a morphism of groupoids W: Dely(A) — G(x,r)(A), for
any A € Artg.

Since X is smooth affine, every deformation of X is trivial. By flatness and lifting of relations
every deformation of F is obtained as above; this implies that the morphism of groupoids
W: Delpy(A) — Gix,7)(A) is surjective on objects and that the natural map mo(G(x 7)(A)) —
Def x r)(A) is surjective. Since the morphisms in G x 7) are, by definition, the same as the
morphisms of deformations, the map mo(G(x 7)(A)) — Defx 5)(A) is also injective.

Every morphism in G x r)(A) lifts to an A-automorphism of the pair (Ox ® 4, £* ® A) lifting
the identity on (Ox,£*), and according to [10, Lemma 2.10 and Proposition 7.9] the group of
such A-automorphisms is naturally isomorphic to exp(H?(X,P%(X,£*)) ® m4). As in [3] and
in Example 2.3, two elements in exp(H?(X,P°(X,£*)) ® my) give the same morphism in the
Deligne groupoid if and only if the corresponding A-automorphisms of (Ox ® A,E* ® A) are the
same in cohomology, i.e., if they give the same isomorphism of deformations. Then, W is also
full and faithful. [}

We now generalize the above construction introducing the formal groupoid
0x,Fo): Artg — Grpd,

depending on the resolution (£*,s), and defined in the following way. For every A € Artk, the
objects of G x 7 ) (A) are the pairs (Fa,04), where

(1) Fa is an A-flat quotient of £ ® A such that the projection map p: £ ® A — £° factors
to a morphism p: F4 — F and induces an isomorphism Fy4 ® 4 K = F,
(2) o4 € H°(X,F4) is a section such that p(c4) = 0.
A morphism (Fa,04) — (Fy,0") is a pair (0, ¢), where
(1) 6 is an isomorphism of sheaves of A-algebras §: Ox ® A — Ox ® A, extending the identity
on Ox;

(2) ¢ is an isomorphism of sheaves of A-modules ¢: F4 — F/;, extending the identity on F
such that p(gz) = 0(g)p(x) for every g € Ox ® A, x € Fu, and ¢(o4) = /4.

There exists an obvious forgetful map G x r,) — G(x,7) and it immediately follows from
Lemma 5.4 that, on X smooth affine, every deformation of the triple over A € Arty is isomorphic
to an element of G x 7 5 (A); by definition, the morphisms in G(x 7 ,)(A) are the same as the
morphisms between deformations of the triple.
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Lemma 5.5. Let X be a smooth affine variety, F a coherent sheaf on X and o € H°(X, F).
Given a resolution (£*,s) of the triple (X, F,o), let L be the DG-Lie algebra of global sections
of C*(X,E&*,s). Then, there exist a natural equivalence of formal groupoids

®: Delp, — Q(X,;p)
and an isomorphism of functors of Artin rings WO(Q(XJJ)) ~ Def (x 7 q)-

Proof. Suppose A € Artk and (u,t) € MCp(A); then u € Hom}gx (EX,E )@my, t € HO(X, 80)
® my and

R A LN A NG A LN (5.1)
is a complex. Since £* is exact in negative degrees, by standard results in homological algebra
(e.g., [17, Corollary 4.1.2]), the complex (5.1) is also exact in negative degrees.

Denoting by F4 the cokernel of the rightmost map, we have an exact sequence

(N A NN - B AN LI N SN

and the pair ®(u,t) := (Fa,q(s+t)) is an object of G x 7 ,)(A); by flatness and relation theorem,
every object of Gx, ;708(14) is obtained in this way.

Assume now that e(/®) « (u,t) = (u’ b ) is a gauge equivalence between two Maurer—Cartan
elements, with (f,a) € L® @ my. Here f € HO(X,P*(X,£*)) ® my is a first-order differential
operator with scalar symbol a(f) € H(X,0x) ® my. Then ¢*): Oy ® A - Ox ® A is an
automorphism of sheaves of A-algebras and we have proved in [10] that the isomorphism of
graded sheaves of A-modules e/ : £*® A — £*® A satisfies the condition e/ (gz) = ) (g)e/ (z)
for every g € Ox ® A.

We consider two exact sequences

El AL 0 A Fy 0, e leAl 094l F o
Arguing as in the proof of Lemma 2.5, we have that ¢ (ef(s +t)) = ¢(s+ t') and then the
pair ®(f,a) = (eo‘(f), el) is a morphism between ®(u,t) and ®(u’,¢'). If (f,a) = dv + [u,v] for
some v € L™ @ my, then a(f) = 0 and e/ induce the identity in cohomology, hence ®(f,a) is
the identity on ®(u,t).

Next, we prove that @ is surjective on morphisms. Given (u,t), (v/,t') € MCL(A) and
an isomorphism (6,¢): (Ox ® A, Fa) — (Ox ® A, F)) such that ¢(q(s +1t)) = ¢ (s + 1),
by Lemma 5.4 there exists f € L° ® my such that ef * w = « and ¢'e/ = ¢q. Denoting
by (u',h) = e x (u,t) we have seen that ¢'(s+h) = ¢’ (e/ (s+t)), hence also ¢/(s+h) = ¢'(s+t')
and there exists a € H°(X, 1) such that e(*® x (u',h) = (u/,#') (see equation (2.1)).

The last step is to prove that ® is an equivalence of groupoids. This follows by applying
Lemmas 5.4 and 2.1 to the diagram

Delr(A) —2> G(x.r.0)(A)

| |

Delnr(A) —2> Gox 7 (A),

where the first vertical arrow is induced by the natural projection L — M, whose kernel is the
complex of vector spaces I'( X, £*[—1]), that has cohomology concentrated in degree +1. |

It is plain that the morphism ® of Lemma 5.5 commutes with the restrictions to open affine
subsets.
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The general case

Let (X, F, o) be a triple with X smooth variety and (£*, s) a resolution of (F, ). For notational
simplicity, we shall denote by C* the DG-Lie algebroid C*(X, £, s).
Let U = {U,}; be any affine open cover of X, then we have a semicosimplicial DG-Lie algebra

Cr(U): Hic*(Ui)HHz}j C*(Uij):;ni,j,kc*(Uz‘jk)—i HR

—_—

where the face operators

1o/ H C*(Uio...z‘k_l)_) H C*(Uio---ik)

805wyl —1 10500k

are given by

On(2)ig...ip, = for h=0,...,k.

€T. ~ .
10..-1h .- Uk |UZO"k

We denote by Tot(U,C*) the Thom—Whitney totalization of the semicosimplicial DG-Lie
algebra C*(U). The quasi-isomorphism class of Tot(U,C*) is independent of the choice of the
affine cover [3] and only depends on the quasi-isomorphism class of C* as coherent DG-Lie
algebroid, which does not depend on the choice of the resolution by Theorem 4.4. In order to
prove that Tot(U,C*) controls the deformations of the triple (X, F, o), we may assume that the
restriction of the resolution £* to every U; is a finite free resolution of Fy,.

Theorem 5.6. Let X be a smooth variety over K, F a coherent sheaf on X, o € H(X,F),
(E*,s) a resolution of (X,F,o0). Let U be an affine open cover of X as above and Tot(U,C*)
the Thom—Whitney totalization of the semicosimplicial DG-Lie algebra C*(U), as above. Then,
there exists an isomorphism of deformation functors Defryyqycx) = Def(x o). In particular, in
the notation of Definition 4.5, T(lXJ__,U) is the tangent space and T(zx,]-',g) is an obstruction space.

Proof. Consider the semicosimplicial formal groupoids
Dele-@y:  II; Delesw,) == 11, ; Dele~w,;) == 11 j x Dele~ ;) % e
associated to the semicosimplicial DG-Lie algebra C*({/) and the semicosimplicial formal groupoid
GU): TLSw.Fo) ==L, Gw,r0) == ik Sy o) —= -
By Lemma 5.5, there exists an equivalence of semicosimplicial formal groupoids

D Delc*(u) — Q(U)

By the usual glueing procedure of schemes and sheaves, the functor Def x r ) is isomorphic
to mo(Tot(G(U)).

The equivalence ® induces an isomorphism my(Tot(G(U)) = mo(Tot(Dele-@y))). By Re-
mark 4.6, the involved DG-Lie algebras have no negative cohomology; then we can apply The-
orem 3.2 to conclude that mo(Tot(Delg«(y))) = Defrog s+

In conclusion, we have proved a sequence of three isomorphisms of deformation functors

Def(X’]:ﬂ) = TF[](TOt(g(Z/{))) = Wo(TOt(Delc*(u))) = DefTOt(u’C*) . [ |

Remark 5.7. The case of infinitesimal deformations of a locally free sheaf together with a sub-
space of sections, but on a fixed variety, together with application through Brill-Noether theory,
was already analysed using DG-Lie algebra and formal groupoids in [12] and [13].
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Finally, we are able to recover a well known fact.

Corollary 5.8. Let X be a smooth variety over K, F a coherent sheaf on X and o € H°(X, F).
If HY(X,F) =0, then the forgetful morphism 7 : Def x 7o) — Def(x 7) is smooth.

Proof. According to the exact sequence (4.4), if H'(X, F) = 0, then 7 is surjective on tangent
spaces and injective on obstructions. Then, applying the standard smoothness criterion, 7 is
smooth [17, Theorem 3.65]. [ |

6 Deformation of pairs (manifold, divisor)

Let X be a smooth variety over K and Z C X a divisor, i.e., the schematic zero locus of
a global section o of a line bundle £; by standard notation we can also write £L = Ox(Z) and
we have N, 7/x = L|z. Consider the exact sequences

0— OX i>£ £>NZ|X =Hom@X(IZ,(’)Z) —)0,

and 0 —» Ox(—logZ) — Ox 2 Nzjx — T — 0, where v is the obvious restriction map from
O©x = Der(Ox,0x) — Homo, (Iz,0z). Therefore, the kernel is the subsheaf © x(—log Z) of
derivation of Oy preserving the ideal sheaf I, while the cokernel of + is the Schlessinger’s 7,
sheaf which is supported on the singular locus of Z (see [1, Section 6] and [18]).

The sheaf £ is a locally free sheaf of rank 1 and so the exact sequence in (4.1) reduces to the
Atiyah extension 0 - Ox — P(X, L) - Ox — 0.

The evaluation morphism e, : P(X, L) — L defined in Section 4 fits in the following commu-
tative diagram:

0—0Ox —P(X,L) Ox 0
o B
0 OX L N2|XH0.

In fact, fixing a local nonvanishing section ¢ of L, we have 0 = fv, where f is a local generator
of Iz. The same choice of 1) allows to write every differential operator n € P(X, L) as g + X,
with g € Ox, x € Ox and es(n) = (¢f + x(f))¥; in particular, both S(e,(n)) and y(x) are the
morphism Iz — Oy that sends f to x(f).

By the snake lemma, we have the following commutative diagram of exact sequence:

0 0
ker e, Ox(—log Z)
0—=0x —P(X,L) Ox 0
€o Y
0 OX g E Nle %0
coker e, ’7'Z1
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Note that eg and 7 are morphisms of O x-modules and the two complexes of sheaves P(X, L) Lo,
L,0x LN 7|x > are quasi-isomorphic.

Remark 6.1. It is well known, at least to experts, that the tangent space to the deformations of
the pair (X, Z) is H'(©x — Ny|x) and the obstructions lie in H*(©x — N7zx) (see, e.g., [5]).
According to the diagram above, the same holds when we replace the complex v: O x — N, Z|1X
by the complex e, : P(X, L) — L. Note that the mapping cocone of e4 carries a natural structure
of DG-Lie algebras, controlling deformations of the triple (X, £ = Ox(Z), o), while the mapping
cocone of v does not have a DG-Lie algebras structure compatible with the Lie bracket on ©x
(see next example).

Example 6.2. We want to prove that the complex D = [@ x 5 N A X} does not carry any
bracket making the projection map D — ©x a DG-Lie morphism.

We consider for simplicity the case X = C, with linear coordinate ¢, and Z = {t = 0}, keeping
in mind that the same argument works for every reduced divisor in a smooth manifold.

At the level of global sections, the complex of sheaves Ox - N, 7)x becomes

_ %, Y(p(£)3r) = p(0).

Assume, by contradiction, that the bracket on vector fields [t"0;,t™d;] = (m — n)t"t™~19,
extends to a DG-Lie structure on the whole complex and denote & = v(9;). It follows that

nay )0 forn#1,
[f,tﬁt]—{g for = 1. (6.1)

Ct]o, > C, o

In fact, if n > 2, Leibniz rule implies 0 = ([0, t"0]) = [£,¢"0y] + [0, 0], while for n = 1 we
have & = [0, t0¢] = [£,t0¢] + [0r,0]. If n = 0, let a € C be such that [, 9] = a&; then we deduce

(€, 0] = [&, [0, tO]] = [[£, O4), tOe] + [0, €, 104]] = a& — a& = 0.

In conclusion, the equalities (6.1) contradict Jacobi identity, since
0= [¢& [0, t20]] = 2[¢,t0y] = 2¢.

Finally, consider the DG-Lie algebroid C*(X, L, o) associated to e,: P(X,L) — L, that
has e, as differential and it is concentrated in degree zero and one. As in the previous section,

for any affine open cover U of X, we can consider the semicosimplicial DG-Lie algebra C*(U) =
C*X,L,o)U).

Corollary 6.3. Let X be a smooth variety over K and Z C X a closed subscheme defined
as the zero locus of the section o of the line bundle L = Ox(Z). Let U be an affine open
cover of X and Tot(U,C*) the Thom—Whitney totalization of the semicosimplicial DG-Lie alge-
bra C*(X, L,0)(U). Then, there exist two isomorphisms of deformation functors

DefTot(Z/{,C*) = Def(X7£7U) = Def(X,Z) .

Proof. By general facts in deformation theory [18, Section 3.4.4], the isomorphism classes of
the deformations of the triple (X, L = Ox(Z), o) are the same as the isomorphism classes of the
deformations of the pair (X, Z = {o = 0}). Then, it is enough to apply Theorem 5.6. |

Remark 6.4. It is well known that the sheaf of DG-Lie algebras © x (— log Z) controls the locally
trivial deformations of the pair (X, Z). In particular, it controls all infinitesimal deformations
whenever Z is smooth. The previous corollary generalises this result to the case of Z any divisor
in a smooth variety X [17, Section 8.1].
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Remark 6.5. If £ is a line bundle on a smooth Calabi—Yau variety X, then it is known that
the infinitesimal deformations of the pair (X, L) are unobstructed (see, for example, [11, 15]).
Then, applying Corollary 5.8, we recover the fact that if H'(X,£) = 0 then the infinitesimal
deformations of the triples (X, £, o) are also unobstructed. This is equivalent to the deformations
of the pair (X, Z) being unobstructed and generalises [9, Corollary 5.8], where the same result
is proved only for smooth divisor (see also [14]).
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