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Abstract. We study the holomorphic symplectic geometry of (the smooth locus of) the
space of holomorphic sections of a twistor space with rotating circle action. The twistor
space carries a line bundle with meromorphic connection constructed by Hitchin. We give
an interpretation of Hitchin’s meromorphic connection in the context of the Atiyah–Ward
transform of the corresponding hyperholomorphic line bundle. It is shown that the residue
of the meromorphic connection serves as a moment map for the induced circle action, and
furthermore the critical points of this moment map are studied. Particular emphasis is given
to the example of Deligne–Hitchin moduli spaces.
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1 Introduction

Given a compact Riemann surface Σ of genus at least two and a complex semisimple Lie
group G, the moduli space of G-Higgs bundles on Σ has a hyperKähler structure [28]. The
corresponding twistor space MDH(Σ, G) is known as the Deligne–Hitchin moduli space [48].
This space MDH(Σ, G) has been the topic of many papers in recent years; see, for example,
[12, 17, 18, 34, 35] and [4, 5, 7, 26, 27] and references therein.

In [7], the last three authors initiated a detailed investigation of the space S of holomorphic
sections of the natural holomorphic projection MDH(Σ, G) −→ CP 1. Our aim here is to go
deeper into the systematic study of S. There are two distinct sources of motivation for doing
this: One is the integrable systems approach to the theory of harmonic maps from Riemann
surfaces into symmetric spaces, the second one coming from hyperKähler geometry.

Let K be a compact real form of a complex semisimple Lie group G with Lie algebra g.
Hitchin’s self-duality equations on Σ are given by [28]

F∇ + [Φ ∧ Φ∗] = 0 = ∂
∇
Φ. (1.1)

Here ∇ is a K-connection and Φ ∈ Ω1,0(Σ, g), which is called a Higgs field, while Φ 7−→ Φ∗ is
given by the negative of the Cartan involution on g associated with the given real form K ⊂ G.
Every solution of (1.1) gives rise to a family of flat G-connections on Σ parametrized by λ ∈
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C∗ = C\{0}, ∇λ = ∇+λ−1Φ+λΦ∗ that satisfies a certain reality condition which is determined
by the symmetric pair (G,K). The nonabelian Hodge correspondence [13, 14, 28, 47] allows us to
invert this process, meaning any (reductive) flat G-connection on Σ actually occurs in a suitable
C∗-family of flat G-connections given by a solution of the self-duality equations (1.1).

Recall from [48] that the Deligne–Hitchin moduli space MDH(Σ, G) is obtained by gluing
the two Hodge moduli spaces MHod(Σ, G) and MHod

(
Σ, G

)
of λ-connections via the Riemann–

Hilbert correspondence, where Σ is the conjugate of Σ (see Section 4 for details). It enters the
picture via the interpretation of the C∗-family of flat G-connections associated with a solution
of (1.1) as a family of λ-connections, which extends to all of CP 1. From this point of view, we
may think of the above C∗-family as a holomorphic section of the fibration MDH(Σ, G) −→ CP 1

satisfying an appropriate reality condition. This observation fits naturally into the twistor theory
of hyperKähler manifolds, as we shall explain next.

The moduli space MSD(Σ, G) of solutions of (1.1) is a (typically singular) hyperKähler mani-
fold which comes equipped with a rotating circle action given by (∇,Φ) 7−→

(
∇, eiθΦ

)
for

all θ ∈ R. Here the word rotating means that the circle action is isometric, it preserves one of
the three Kähler forms ωI , ωJ , ωK , let us say ωI , while rotating the other two in the sense that
it acts with weight one on the holomorphic symplectic form ωJ + iωK (see Sections 3.1 and 4.1
for details). The Deligne–Hitchin moduli space MDH(Σ, G) is the twistor space associated
with MSD(Σ, G). The C∗-family of flat connections on Σ associated with a solution to the self-
duality equations in (1.1) can then be interpreted as the twistor line corresponding to the point
in MSD(Σ, G) represented by (∇,Φ) in (1.1). In this way, we can view MSD(Σ, G) in a natural
way as a subset of the space S of holomorphic sections of the twistor familyMDH(Σ, G) −→ CP 1.

More generally, if Z is the twistor space of a hyperKähler manifold M , then the twistor con-
struction produces a hyperKähler metric on the space M ′ of all real holomorphic sections (with
appropriate normal bundle) of the fibration Z −→ CP 1. From this point of view, it is a natural
question whether M = M ′ [48]. In the context of the self-duality equations, this motivates the
question whether every real holomorphic section of MDH(Σ, G) −→ CP 1 is actually obtained
from a solution to the self-duality equations. In [7], an answer to this question was given in the
case of G = SL(2,C) by showing that in general MSD(Σ, G) is strictly contained in the space of
real sections. Furthermore, in [7] the real holomorphic sections belonging to MSD(Σ, G) were
characterized in terms of a certain Z/2Z-valued invariant that can be associated with any real
section.

The starting point for the results of [7] is the well-known fact that Hitchin’s self-duality
equations (1.1) can be interpreted as the gauge-theoretic equations for a (twisted) harmonic
map Σ −→ G/K (a so-called harmonic metric). One observes that the twisted harmonic maps
into other (pseudo-Riemannian) symmetric spaces of the form G/GR and their duals (where GR
is a real form of G) have analogous gauge-theoretic interpretations and give rise to C∗-families of
flat G-connections satisfying different reality conditions depending on the target of the harmonic
map. For example, if we have G = SL(2,C) then K = SU(2), and the harmonic maps, from Σ,
into the symmetric spaces SL(2,C)/SU(2), SL(2,C)/SU(1, 1), SU(2), SU(1, 1) as well as into
the hyperbolic disc SU(1, 1)/U(1) can all be encoded in C∗-families of flat SL(2,C) connections
on Σ satisfying appropriate reality conditions; see for instance [15, 29, 45, 50]. Considering these
C∗-families as families of λ-connections on Σ with λ ∈ CP 1 we can – at least formally – interpret
twisted harmonic maps from Σ into various symmetric spaces associated with real forms of G
as holomorphic sections of MDH(Σ, G); see [7].

This interaction with the theory of harmonic maps has provided useful guidance and in-
tuition for the predecessors [7] and [4] of this project. For example, the new real holomor-
phic sections for the SL(2,C)-case constructed in [7] are closely related to twisted harmonic
maps Σ −→ SL(2,C)/SU(1, 1). We may view the space S of holomorphic sections of the fibra-
tion MDH(Σ, G) −→ CP 1 as a master space for the moduli spaces of twisted harmonic maps
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from Σ into various (pseudo-Riemannian) symmetric spaces associated with the group G. These
moduli spaces are contained in S as the fixed point loci of certain antiholomorphic involutions.
It is thus natural to study the global geometry of S.

Many of our results and constructions are best understood from the point of view of the
general twistor theory of hyperKähler manifolds with a rotating circle action. These are an
active field of research in hyperKähler geometry, especially their connection with the well-known
hyperKähler/quaternion Kähler correspondence is extensively investigated [1, 25, 31, 32]. Such
manifolds are never compact, a main source of examples is the construction of Feix [20] (and
independently Kaledin [39]) of a hyperKähler metric on (a neighbourhood of the zero section
in) the cotangent bundle of a Kähler manifold, where the circle action is just the usual action
by scalar multiplication in the fibers. Metrics of this type also arise on many moduli spaces
of solutions to gauge theoretic equations (e.g., magnetic monopoles, Higgs bundles). See the
papers [31, 32] for a discussion of examples of interest to physicists as well as of a purely geometric
or Lie theoretic origin.

HyperKähler manifolds with rotating circle action feature naturally in the hyperKäh-
ler/quaternion Kähler (HK/QK) correspondence. Haydys [25] has observed the following:
If (M,ωI , ωJ , ωK) is a hyperKähler manifold with rotating circle action such that ωI is integral,
then there exists a complex line bundle L −→ M with a unitary connection whose curvature
is ωI + ddcIµ, where µ is the moment map for the S1-action with respect to the Kähler form ωI .
This unitary connection on L is hyperholomorphic, in the sense that its curvature is of type (1, 1)
with respect to every complex structure in the family of Kähler structures on M parametrized
by the sphere S2. The moment map facilitates a lift of the S1-action on M to an S1-action on
the total space of the principal S1-bundle P −→M associated with L. Haydys has shown that
the corresponding quotient Q = P/S1 for this action carries a quaternionic Kähler metric. The
natural S1-action on the principal bundle S1-bundle P descends to an isometric circle action
on Q, and M can be recovered as a hyperKähler quotient of the Swann bundle of Q by the
lift of this isometric circle action. Hitchin [31, 32] has described the HK/QK correspondence
from a purely twistorial point of view. A natural starting point for him is the observation
that, by the Atiyah–Ward correspondence, the hyperholomorphic line bundle on M produces
a holomorphic line bundle LZ on the twistor space Z associated to M . Hitchin has shown how
to construct LZ directly on the twistor space Z and explained how the circle action determines
a distinguished meromorphic connection on LZ . This meromorphic connection plays a key role
in the construction, from Z, of the twistor space ZQ of the associated quaternionic Kähler
manifold Q in the sense that it determines the contact distribution on ZQ. Therefore, in order
to make progress towards the understanding of the quaternionic Kähler manifold associated
with MSD(Σ, G), it is clearly important to obtain information on this meromorphic connection.

In [4], it is proved that on the space S of holomorphic sections of the twistor family
MDH(Σ, G) −→ CP 1 there exists an interesting and useful holomorphic functional, called
the energy functional, whose evaluation on a real section coming from a harmonic map is
(a constant multiple of) the Dirichlet energy of the associated harmonic map. This functional is
also intimately related to the Willmore energy of certain immersions of Σ into the 3-sphere. It
was then shown that this functional has a natural interpretation from the hyperKähler point of
view. In fact, it can be interpreted as a holomorphic extension of the moment map, associated
with the rotating circle action, from the space M of twistor lines to the whole of S. Essentially,
it is given by associating to any s ∈ S the residue of the meromorphic connections along s.

In this article, we continue our study of this setup in the context of the twistor space Z
of a general hyperKähler manifold M with a rotating circle action. The natural geometric
structure on the space S of holomorphic sections of Z −→ CP 1, viewed as a complexification
of the hyperKähler manifold M , has been elucidated by Jardim and Verbitsky [37, 38]. They
show that S comes equipped with a certain family of closed two-forms called a trisymplectic
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structure. In particular, the complexifications of the Kähler forms on M are contained in this
family. We describe in this paper how the picture gets enriched by the presence of a rotat-
ing circle action. It turns out that the energy functional E is a moment map for the circle
action on S induced from the circle action on M with respect to a natural holomorphic sym-
plectic form Ω0 which is a part of the canonical trisymplectic structure on S (see Theorem 3.3).
In particular, the critical points of E turn out to be exactly the fixed points of the circle ac-
tion.

We also explain how to use the Atiyah–Ward transform to obtain a natural holomorphic
extension of the line bundle L −→ M to L −→ S, and how the meromorphic 1-form given by
the difference between the meromorphic connection and the Atiyah–Ward connection on LZ

can be described naturally in terms of L and the data of the circle action (see Theorem 3.14
and Section 3.6). This is implicit in Hitchin’s work [31], but we believe our point of view in
terms of the geometry of the space S of holomorphic sections might shed a new light onto his
constructions and will be useful in explicit computations. Moreover, our results allow us to
extend the knowledge about the global structure of S (see Theorem 3.15).

We then apply this general framework to the space S of holomorphic sections of MDH(Σ,
SL(n,C)) and are able to strengthen some of our general results in this particular setup. Even
though S is expected to be singular in this case, the general theory tells us that the critical
points of the energy functional are actually closely related to the fixed points of the C∗-action
on S. These sections arise, for instance, in the context of variations of Hodge structures. There
are interesting examples of such sections obtained from 2π-grafting constructions ([27], see also
Example 5.11). We analyze these C∗-invariant sections in detail (see Proposition 5.5), building
on [12]. We obtain explicit formulas for the energy of a C∗-invariant section (see Proposition 5.12)
and we describe the second variation of the energy at such a section (see Proposition 5.13).
Moreover, we establish an explicit formula for the degree of the hyperholomorphic line bundle
restricted to a C∗-invariant section (see Proposition 5.16). We hope such explicit formulas will be
useful in future investigations, for example of the grafting sections mentioned above. We apply
these results at the end of the article to study the global topology of S. By showing that there
exist sections along which the hyperholomorphic line bundle has non-zero degree, we are able
to deduce that S is in general not connected (see Theorem 5.17).

The paper is organized as follows. In Section 2, we discuss the twistor fibrationϖ : Z −→ CP 1

associated with a hyperKähler manifold M and describe the geometric structure induced on the
space S of holomorphic sections of ϖ in a way that is suitable for our purpose. We then go
on in Section 3 to explain how the geometry of S is enriched by the presence of a rotating
circle action on M and hence on Z. In particular, we explain how the energy functional E
ties up naturally with the holomorphic symplectic geometry on S discussed in Section 2 and
with the meromorphic connection on the hyperholomorphic line bundle. We have added a large
amount of background material in Sections 2 and 3 to keep the paper somewhat self-contained.
The particular example of the Deligne–Hitchin moduli space is described in Section 4. In Sec-
tion 5, the abstract geometric framework developed in the first two sections is illustrated in the
context of the Deligne–Hitchin moduli space MDH(Σ, G) and the results mentioned above are
proved.

2 Geometry of the space of holomorphic sections
of a twistor space

In this section, we collect some aspects of the geometry of holomorphic sections of a hyperKähler
twistor space that will be used later. Useful references are [33, 37, 38]. See also [40] for the
similar, but different, quaternionic Kähler case.
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2.1 Twistor space

Let (M, g0, I, J,K) be a hyperKähler manifold of complex dimension 2d, where I, J , K are
almost complex structures and g0 a Riemannian metric on M . The associated Kähler forms
are ωL = g0(L·, ·), L ∈ {I, J,K}. For convenience, the complex manifolds (M, I) and (M,−I)
will sometimes be denoted by simply M and M , respectively; it will be ensured that this abuse
of notation does not create any confusion.

There is a family of Kähler structures on M with complex structures{
Ix := x1I + x2J + x3K | x := (x1, x2, x3) ∈ S2

}
(2.1)

parametrized by the sphere S2 :=
{
(x1, x2, x3) ∈ R3 | x21 + x22 + x23 = 1

}
. The twistor

space Z = Z(M) of (M, g0, I, J,K) is a complex manifold whose underlying smooth manifold
is S2 ×M [33, Section 3 (F)]. The almost complex structure IZ of Z at any point (x,m) ∈
S2 ×M is

IZ |(x,m) = (ICP 1 |TxS2)⊕ (Ix|TmM ),

where ICP 1 is the standard almost complex structure on S2 = CP 1 and Ix is the almost
complex structure in (2.1). Here we identify S2 with CP 1 using the stereographic projec-
tion from (−1, 0, 0) to the plane in R3 spanned by the x2 axis and the x3 axis. In particular,
(1, 0, 0) ∈ S2 corresponds to 0 ∈ CP 1 and (−1, 0, 0) corresponds to ∞ ∈ CP 1. Throughout
we shall use an affine coordinate λ on CP 1, so that CP 1 ∼= C ∪ {∞} having two coordinate
functions λ and λ−1.

The hyperKähler structure on M is encoded in the following complex-geometric data on Z.
The natural projection S2 ×M −→ S2 corresponds to a holomorphic submersion

ϖ : Z −→ CP 1 (2.2)

with fibers

ϖ−1(λ) =: Zλ = (M, Iλ). (2.3)

Here Iλ is the complex structure onM in (2.1) corresponding to λ ∈ CP 1 ∼= S2. For any complex
vector bundle V on Z and any integer m, we use the notation V (m) := V ⊗ϖ∗OCP 1(m). Let

Tϖ = TϖZ := (ker dϖ) ⊂ TZ

be the relative holomorphic tangent bundle (also called the vertical tangent bundle) for the
projection ϖ in (2.2). Then Z carries the twisted relative holomorphic symplectic form ω ∈
H0
(
Z,
(
Λ2T ∗

ϖ

)
(2)
)
given by

ω =
(
ωJ + iωK + 2iλωI + λ2(ωJ − iωK)

)
⊗ ∂

∂λ
∈ H0

(
Z,
(
Λ2T ∗

ϖ

)
(2)
)
. (2.4)

Moreover, Z carries an anti-holomorphic involution (or real structure)

τZ : Z −→ Z (2.5)

given by the map S2×M −→ S2×M , (x,m) 7−→ (−x,m), using the diffeomorphism Z ∼= S2×M .
Note that τZ covers the antipodal map

τCP 1 : CP 1 −→ CP 1, λ 7−→ −(λ)−1, (2.6)

which is an anti-holomorphic involution. The relative twisted symplectic form ω is real with
respect to τ in the sense that τ∗ω = ω.
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Let S denote the space of all holomorphic sections of the projection ϖ in (2.2); this space is
discussed in detail in Section 2.2. We have the embedding

ι : M ↪→ S (2.7)

that sends any m ∈ M to the constant section x 7−→ (x,m) ∈ S2 ×M , which is called the
twistor line sm associated to m. By [33, Section 3, (F)] it is known that the normal bundle of
a twistor line is isomorphic to OCP 1(1)⊕2d. The space S has a real structure defined by

τ : S −→ S, s 7−→ τZ ◦ s ◦ τCP 1 , (2.8)

where τZ and τCP 1 are the involutions in (2.5) and (2.6), respectively; we note that while the
section τ(s) is holomorphic for fixed s, the map τ itself is anti-holomorphic. The manifold M ,
considered as space of twistor lines, is a component of the fixed point locus Sτ ⊂ S, also known
as the space of real sections.

We have described the complex-geometric data on Z induced by the hyperKähler struc-
ture on M . Conversely, suppose we have a complex manifold Z with a holomorphic submer-
sion ϖ : Z −→ CP 1, a twisted relative symplectic form ω ∈ H0

(
Z,
(
Λ2T ∗

ϖ

)
(2)
)
and an antiholo-

morphic involution τ : Z −→ Z covering the antipodal map on CP 1 satisfying τ∗ω = ω. Then
the parameter space M of real sections of ϖ with normal bundle isomorphic to OCP 1(1)⊕2d is
a (pseudo-)hyperKähler manifold of real dimension 4d, if it is non-empty; see [33, Theorem 3.3].

2.2 Space of holomorphic sections as a complexified hyperKähler manifold

To examine the local structure of S, for any s ∈ S, let Ns = (s∗TZ)/ds
(
TCP 1

)
be the normal

bundle of s
(
CP 1

)
⊂ Z. Since s is a section of ϖ, we have a canonical isomorphism s∗TϖZ ∼= Ns,

where TϖZ ⊂ TZ as before is the kernel of the differential dϖ of the map ϖ. The following
proposition is well known, however a proof of it is given because parts of the proof will be used
later.

Proposition 2.1. Let Z be the twistor space of a hyperKähler manifold M of complex di-
mension 2d. Then the set S of holomorphic sections of ϖ : Z −→ CP 1 is a complex space in
a natural way. The tangent space of s ∈ S is H0

(
CP 1, Ns

)
, and S is smooth at a point s ∈ S

if H1
(
CP 1, Ns

)
= 0. If H1

(
CP 1, Ns

)
= 0, then dimTsS = 4d.

Proof. For any s ∈ S, the sufficiently small deformations of the complex submanifold
s
(
CP 1

)
⊂ Z continue to be the image of a section of ϖ. Consequently, S is an open sub-

set of the corresponding Douady space of rational curves in Z; see also [43, Theorem 2]. In
particular, TsS = H0

(
CP 1, Ns

)
for all s ∈ S.

The complex structure of S around a point s ∈ S is constructed in the following way. There
are open neighbourhoods Vs ⊂ H0

(
CP 1, Ns

)
and Us ⊂ S of 0 ∈ H0

(
CP 1, Ns

)
and s ∈ S

respectively, as well as a holomorphic map

ks : H0
(
CP 1, Ns

)
−→ H1

(
CP 1, Ns

)
,

which is sometimes called the Kuranishi map. Then there is a natural isomorphism

Us
∼= Vs ∩ k−1

s (0) (2.9)

taking s to 0. The complex structure on Us is given by the complex structure of Vs ∩ k−1
s (0)

using the isomorphism in (2.9).
The statement on the smoothness of S follows from (2.9), because ks is the zero map

if H1
(
CP 1, Ns

)
= 0. The dimension of TsS ∼= H0

(
CP 1, Ns

)
is computed from the Riemann–

Roch theorem applied to Ns

h0
(
CP 1, Ns

)
= deg(Ns) + rank(Ns) = 2d+ 2d = 4d. (2.10)
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Here we have used the fact that we have degNs = 2d for any holomorphic section s : CP 1 −→ Z
(cf. [20, 42]). To see the equality in (2.10), note that we have Ns = s∗TϖZ and hence the
twisted relative symplectic form ω ∈ H0

(
Z,
(
Λ2T ∗

ϖ

)
(2)
)
induces an isomorphism s∗ω : Ns −→

N∗
s ⊗OCP 1(2); consequently, we have (detNs)

⊗2 ∼= OCP 1(4d). ■

As mentioned earlier, the normal bundle Nsm of any twistor line sm, m ∈ M , is isomorphic
to OCP 1(1)⊕2d so that we have H1

(
CP 1, Nsm

)
= 0. Consequently, by Proposition 2.1, the

image M ⊂ S of the embedding in (2.7) is contained in the smooth locus of S. Define the
complex manifold

S ′ :=
{
s ∈ S | Ns

∼= OCP 1(1)⊕2d
}
⊂ S, (2.11)

which is of complex dimension dimS ′ = 4d = 2dimM by Proposition 2.1. Since the vector
bundle OCP 1(1)⊕2d is semistable, from the openness of the semistability condition, [41, p. 635,
Theorem 2.8 (B)], it follows immediately that S ′ in (2.11) is an open subset of S.

We want to transfer geometric objects from Z to S. Towards this end, it is useful to introduce
the correspondence space

F = CP 1 × S (2.12)

as well as

F ′ = CP 1 × S ′. (2.13)

Remark 2.2. The correspondence space F is usually described as the space of pairs (z, ℓ),
where ℓ is a complex line in Z passing through z ∈ Z. In our work, the lines ℓ in Z are treated
as sections, meaning ℓ ∈ S. This yields an isomorphism from this space of pairs (z, ℓ) to F
in (2.12) by mapping any (z, ℓ) to (ϖ(z), ℓ).

Consider the evaluation map ev : F −→ Z, ev(λ, s) = s(λ). For a fixed λ ∈ CP 1 = C ∪ {∞}
define the map

evλ : S −→ Zλ := ϖ−1(λ), evλ(s) = ev(λ, s). (2.14)

We will denote the restrictions of ev to F ′ and of evλ to S ′ (see (2.13) and (2.11) for F ′ and S ′

respectively) by ev and evλ respectively.

Lemma 2.3. The evaluation map ev : F ′ −→ Z is a surjective holomorphic submersion.

Proof. The surjectivity of ev : F ′ −→ Z is clear, since there is a twistor line through each point
of Z = CP 1 ×M . If

(l, V ) ∈ T(λ,s)F ′ = TλCP 1 ⊕ TsS ′ = TλCP 1 ⊕H0(s∗TϖZ)

(see (2.11) for S ′), then we have

(d ev)(λ,s)(l, V ) = (ds)λ(l) + V (λ).

Now, since the evaluation map H0
(
CP 1,OCP 1(1)

)
−→ OCP 1(1)λ evaluated at λ is surjective,

the map d ev(λ,s) is surjective as well. ■

We thus obtain the following commutative diagram of maps in which every arrow is a holo-
morphic submersion:

Z F ′ = CP 1 × S ′

CP 1 S ′.

ev

ϖ π1 π2
(2.15)
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If V −→ F ′ is a holomorphic vector bundle such that Hq′
(
π−1
2 (s), V

)
= 0 for all s ∈ S ′

(defined in (2.11)) and q′ ̸= q, then the q-th direct image Rq(π2)∗V is a holomorphic vector
bundle1 on S ′ (see [23, Chapter 10]) whose fiber over any s ∈ S ′ is ((π2)∗V )s = Hq

(
π−1
2 (s), V

)
.

Hence the sheaves

V := (π2)∗ ev
∗(TϖZ(−1)), H := (π2)∗π

∗
1OCP 1(1) (2.16)

are holomorphic vector bundles over S ′ (defined in (2.11)) because s∗TϖZ(−1) ∼= O2d
CP 1 for

any s ∈ S ′. Note that (π2)∗π
∗
1W is in fact a trivial vector bundle with fiber H0

(
CP 1,W

)
.

Lemma 2.4. Consider S ′ in (2.11). There is a canonical isomorphism TS ′ = V ⊗ H (defined
in (2.16)), and the bundles V and H carry natural holomorphic symplectic forms ωV and ωH.
Thus, S ′ comes naturally equipped with the holomorphic Riemannian metric g = ωV ⊗ ωH.

Proof. To prove the first statement, observe that

TsS ′ = H0
(
CP 1, s∗TϖZ

)
= H0

(
CP 1, s∗TϖZ(−1)

)
⊗H0

(
CP 1,OCP 1(1)

)
= Vs ⊗Hs

for every s ∈ S ′. This produces the identification TS ′ = V ⊗H in the lemma.
To obtain the symplectic forms, note that the twisted relative symplectic structure

ω ∈ H0
(
Z,
(
Λ2T ∗

ϖZ
)
(2)
)
induces a natural symplectic form on the vector bundle TϖZ(−1).

Since ev∗ TϖZ(−1) is trivial on each fiber π−1
2 (s) = {s} × CP 1, s ∈ S ′, the pullback ev∗ ω

induces a symplectic form ωV
∣∣
s
on

Vs = H0
(
π−1
2 (s), ev∗ TϖZ(−1)

)
= H0

(
CP 1, s∗TϖZ(−1)

)
.

Finally, the symplectic form ωH
∣∣
s
on Hs = H0

(
CP 1,OCP 1(1)

)
is induced from the Wronskian

on π∗1OCP 1(1). More explicitly, take ψ1, ψ2 ∈ Hs, and denote by dψi the derivative of ψi defined
in terms of local trivialisations. Then we set

ωH|s(ψ1, ψ2) :=
1

2
(ψ1 ⊗ (dψ2)− (dψ1)⊗ ψ2) , (2.17)

which is a well-defined element of

H0
(
CP 1,KCP 1 ⊗OCP 1(1)⊗2

)
= H0

(
CP 1,OCP 1

)
= C.

Since the bilinear forms ωV and ωH are non-degenerate on V and H respectively, it follows
that g = ωV ⊗ ωH is non-degenerate on V⊗H = TS ′. Since both ωV and ωH are anti-symmetric,
we know that g is symmetric. So g is a holomorphic Riemannian metric on S ′. This completes
the proof. ■

The restriction to M ⊂ S ′ of g in Lemma 2.4 coincides with the Riemannian metric g0 on
the hyperKähler manifold M .

The above considerations yield natural integrable distributions

TevF ′ := ker(d ev) and TevxS ′ = ker(d evx), x ∈ CP 1, (2.18)

on F ′ and S ′, respectively. The associated leaves of the foliations are the fibers

Fz := ev−1(z) ∼= Sz := ev−1
x (z), z ∈ Z,

where x = ϖ(z) ∈ CP 1.

1We identify a holomorphic vector bundle with the locally free coherent analytic sheaf given by its local
sections.
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Lemma 2.5. For any x ∈ CP 1, the above integrable distribution TevxS ′ in (2.18) is maximally
isotropic with respect to g in Lemma 2.4. For two distinct points x ̸= y ∈ CP 1,

TevxS ′ ∩ TevyS ′ = {0}.

Proof. For any s ∈ S ′, we have

TevxS ′|s =
{
V ∈ H0

(
CP 1, s∗TϖZ

)
| V (x) = 0

}
,

and this subbundle is of rank 2d = 1
2 dimS ′. Now note that ev∗ TϖZ(−1) is trivial on π−1

2 (s) =
{s} × CP 1. We may choose an affine coordinate λ on CP 1 such that λ(x) = 0, and then
view λ as an element of H0

(
CP 1,OCP 1(1)

)
. We may therefore write any V ∈ TevxS ′|s in the

form V = v ⊗ λ. Thus, if we evaluate g(V1, V2) at x ∈ CP 1, it follows from the formula for ωH
(see (2.17)) that we actually get zero.

Recall that

TsS ′ = H0
(
CP 1, s∗TϖZ

)
= H0

(
CP 1,OCP 1(1)⊕2d

)
.

Any holomorphic section of OCP 1(1) vanishing at two distinct points of CP 1 must be identically
zero. This implies the second part of the lemma. ■

Given any x ∈ CP 1, we can thus define an associated non-degenerate holomorphic two-
form Ωx on S ′ by taking the natural skew-form on

TS ′ = TevxS ′ ⊕ TevτCP1 (x)
S ′ (2.19)

(recall that τCP 1(x) ̸= x) induced from the holomorphic Riemannian metric g: Write V,W ∈ TS ′

as V = Vx + VτCP1 (x), W =Wx +WτCP1 (x) with respect to the splitting in (2.19), and put

Ωx(V,W ) := −i(g(Vx,WτCP1 (x))− g(VτCP1 (x),Wx)). (2.20)

We may now define an endomorphism Ix ∈ H0(S ′,End(TS ′)) via

Ix =

(
−i 0
0 i

)
(2.21)

again with respect to the splitting in (2.19). Then we see immediately that Ix is in fact orthogonal
with respect to g, and it satisfies the equation Ωx = g(Ix−,−).

Next consider the map

ϕx := evx× evτCP1 (x) : S −→ Zx × ZτCP1 (x) = Zx × Zx. (2.22)

Proposition 2.6. The map ϕx in (2.22) restricts to a local biholomorphism

ϕx : S ′ −→ Zx × Zx.

Proof. Clearly, the spaces have the common complex dimension 4d. The kernel of the differ-
ential dϕx is given by TevxS ′ ∩ TevτCP1 (x)

S ′, and we have

TevxS ′ ∩ TevτCP1 (x)
S ′ = {0}

by Lemma 2.5. The proposition follows. ■
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Now we discuss how the above data interact with the real structure τ on S ′ defined in (2.8).
Let

M ′ := (S ′)τ (2.23)

be the space of real sections so that we have an embeddingM ↪→M ′ induced by (2.7). Hence S ′

is a natural complexification of the real analytic smooth manifold M ′. Note that in some
examples M is all of M ′ (e.g., for the standard flat hyperKähler manifolds C2d

)
but not always

(see Example 5.11).

For any s ∈ M ′ in (2.23), the differential dτ : TsS ′ −→ TsS ′ is C-antilinear, involutive and
satisfies the equation

dτ(TevxS ′) = TevτCP1 (x)
S ′.

Indeed, we have for V ∈ TsS ′ = H0(s∗TϖZ) the formula

dτ(V )(x) = dτZ(V (τCP 1(x))).

Thus, if V (x) = 0, then dτ(V )(τCP 1(x)) = 0. This implies in particular that if s ∈ M ′,
and V ∈ (TsS ′)τ is real, then the section V ∈ H0

(
CP 1, s∗TϖZ

)
is either identically zero or it

is nowhere vanishing (a nonzero holomorphic section of OCP 1(1) cannot vanish at two distinct
points of CP 1). As a consequence, the map evx in (2.14) gives a local diffeomorphism from M ′

to Zx = (M, Ix). Moreover, Ix is real in the sense that dτ ◦ Ix = Ix ◦ dτ , and therefore it
preserves TM ′ ∼= (TS ′)τ . Hence it defines an almost complex structure on M ′. Consequently,
we obtain a hypercomplex structure

{
(evx)

∗Ix | x ∈ CP 1
}
on M ′.

Remark 2.7. The differential of the inclusion map M ↪→ M ′ is a R-linear isomorphism
TmM

∼−→ TsmM
′ whose complexification yields an identification TsS ′ ∼= Ts(0)M ⊗ C. Under

this identification, the decomposition in (2.19) is actually mapped to the natural decomposi-
tion TmM ⊗ C ∼= T 0,1

m M ⊕ T 1,0
m M with respect to the complex structure Ix.

The real tangent vectors at s ∈ M ′ can be described as follows: Let V ∈ TevxS ′|s. Then the
tangent vector

V + τ(V ) ∈ TevxS ′|s ⊕ TevτCP1 (x)
S ′|s

is obviously real and we have

g(V + τ(V ), V + τ(V )) = 2g(V, τ(V )).

Since the twisted relative symplectic form ω on Z satisfies the condition τ∗Zω = ω, it follows,
by working through the definition of g, that g is real in the sense that τ∗g = g. Hence g
induces a real-valued pseudo-Riemannian metric on M ′. Note that this immediately forces the
restriction of Ωx to M ′ to be real as well. Pulled back to (M, Ix), the form Ω is just the
Kähler form associated with the pseudo-Riemannian metric and the hermitian almost complex
structure Ix.

In summary, we have obtained the following result.

Proposition 2.8. For every x ∈ CP 1, the form Ωx constructed in (2.21) defines a holomorphic
symplectic form on each component of S ′ that intersects M ′ = (S ′)τ . On M ⊂ M ′ it induces
the Kähler form ωx.
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Remark 2.9. So far we have not shown that Ωx is actually closed. One way to show that is to
use the Atiyah–Ward transform which will be discussed in detail in Section 3.4. The bundle V
can be seen to arise from this transform applied to the bundle TϖZ(−1). As such it carries
a natural connection. Its tensor product with the trivial connection on the trivial bundle H can
be shown to give the Levi-Civita connection of the holomorphic Riemannian manifold (TS ′, g).
The form Ωx can then be shown to be parallel with respect to the Levi-Civita connection, from
which it follows that the form Ωx is closed. In the next subsection we will give another, more
direct proof that Ωx is closed.

2.3 Alternative description of the holomorphic symplectic form Ωx on S′

Fix a point x ∈ CP 1. We now give an alternative description of Ωx which is better suited for
performing computations. This alternative description also shows that Ωx can be extended to
a holomorphic two-form on S, which is typically strictly larger than S ′.

Consider the diagram

Z F = CP 1 × S

CP 1 S.

ev

ϖ π1 π2

We observe that for any k ∈ Z, the direct image (π2)∗π
∗
1OCP 1(k) on S is a trivial vector bundle

with fiber H0
(
CP 1,OCP 1(k)

)
.

Starting with the twisted relative symplectic form ω ∈ H0
(
Z,
(
Λ2T ∗

ϖZ
)
(2)
)
, its pullback ev∗ ω

defines a holomorphic section of
∧2 π∗2(T

∗S)(2). Invoking pushforward to S, we obtain a vector-
valued holomorphic two-form

Ω ∈ H0
(
S,Λ2T ∗S

)
⊗H0

(
CP 1,OCP 1(2)

)
. (2.24)

Now note that H0
(
CP 1,OCP 1(2)

)
is the space of all holomorphic vector fields on CP 1 and

therefore it has the structure of a Lie algebra isomorphic to sl2(C); the Lie algebra structure
is given by the Lie bracket operation of vector fields. Fix an affine coordinate λ on CP 1 such
that λ(x) = 0 and τ(λ) = −(λ)−1. Then we obtain the following basis of H0

(
CP 1,OCP 1(2)

)
e =

∂

∂λ
, h = −2λ

∂

∂λ
, f = −λ2 ∂

∂λ
,

which satisfies the standard relations [h, e] = 2e, [h, f ] = −2f , [e, f ] = h. We can now use the
Killing form κ on sl2(C) = H0

(
CP 1,OCP 1(2)

)
to define

Ω̃x :=
1

8i
κ(Ω, h) ∈ H0

(
S,
∧2

T ∗S
)
. (2.25)

Note that Ω̃x in (2.25) is independent of the affine coordinate λ at x. Using κ(h, h) = tr(adh ◦
adh) = 8 and κ(h, e) = 0 = κ(h, f) we may rewrite this as follows. A general element A ∈
H0
(
CP 1,OCP 1(2)

)
is of the form

A = Aee+Ahh+Aff =
(
Ae − 2λAh − λ2Af

) ∂
∂λ

=: A(λ)
∂

∂λ

with Ae, Ah, Af ∈ C. Then

1

8i
κ(A, h) = −iAh =

i

2

∂

∂λ |λ=0
A(λ).
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With this setup in place, we may therefore write for s ∈ S ′, and tangent vectors

Vs,Ws ∈ TsS ′ = H0
(
CP 1, s∗TϖZ

)
,

the following

Ω̃x|s(V,W ) =
1

8i
κ(ev∗ ω(π∗2V, π

∗
2W ), h) = i

∂

∂λ |λ=0
ωs(λ) (Vs(λ),Ws(λ)) . (2.26)

Recall the non-degenerate two-form Ωx defined in (2.20).

Theorem 2.10. Let x ∈ CP 1.

(a) The two-form Ω̃x ∈ H0
(
S,
∧2 T ∗S

)
defined in (2.26) restricts to a holomorphic symplectic

form on S ′ which is real with respect to τ .

(b) Over the open subset S ′ ⊂ S, Ωx|S′ = Ω̃x|S′. In particular, (S ′,Ω0) is a complexification
of the (real analytic) Kähler manifold (M ′, ωI), where ωI is the Kähler form associated
to 0 ∈ CP 1.

(c) The distributions TevxS ′ and TevτCP1 (x)
S ′ are Lagrangian with respect to Ω̃x.

Proof. We choose and fix throughout the proof an affine coordinate λ on CP 1 such that λ(x) =
0 and τ(λ) = −(λ)−1. To prove the first statement, recall that τ∗Zω = ω. This implies that Ω̃x

is real with respect to τ .
Next we show that Ω̃x is a holomorphic symplectic form on S ′. Recall the diagram (2.15).

We know from Lemma 2.3 that ev : F ′ −→ Z is a holomorphic submersion, which for any fixed
value of λ maps the fibre π−1

1 (λ) ⊂ F ′ to the fibre ϖ−1(λ) ⊂ Z. Moreover, we know that ω
restricts to a symplectic, hence closed, form on each fibre ϖ−1(λ). From these facts, we deduce
that the vector-valued form Ω defined in (2.24) is closed and hence also the restriction of Ω̃x to
the open subset S ′.

We will now show part (b), i.e., that Ω̃x agrees pointwise on S ′ with the form Ωx = g(Ix−,−)
defined in (2.20). Fix s ∈ S ′ and take two tangent vectors V,W ∈ TsS ′ = H0

(
CP 1, Ns

)
=

Vs ⊗Hs, where we use Lemma 2.4. We write V (λ) = a1 + a2λ, W (λ) = b1 + b2λ and compute,
using the notation of Lemma 2.4

Ω̃x(V,W ) =
i

2

∂

∂λ
|λ=0ω(V (λ),W (λ)) =

i

2

∂

∂λ
|λ=0ω(a1 + a2λ, b1 + b2λ)

=
i

2

∂

∂λ
|λ=0

(
ωV(a1, b1) + (ωV(a1, b2) + ωV(a2, b1))λ+ ωV(a2, b2)λ

2
)

=
i

2
(ωV(a1, b2) + ωV(a2, b1)).

On the other hand, viewing 1 and λ as sections of OCP 1(1) which vanish at ∞ ∈ CP 1 and
0 ∈ CP 1, respectively, we have by the definition of Ωx given in (2.20)

Ωx(V,W ) = −i(g(a2λ, b1)− g(a1, b2λ)) = −i(ωV(a2, b1) + ωV(a1, b2))ωH(λ, 1)

=
i

2
(ωV(a2, b1) + ωV(a1, b2)) = Ω̃x(V,W ).

Since Ωx = Ω̃x the remaining claims follow because they have been established for Ωx. ■

Remark 2.11. Both definitions of Ωx will be used. For example, (2.26) makes sense on all of S
and thus can be evaluated on any holomorphic section s, even if we do not have the knowledge
of the normal bundle of s.
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3 The hyperholomorphic line bundle and the energy functional

3.1 Rotating circle actions and the hyperholomorphic line bundle

Now assume that M is equipped with an action of S1 that preserves the Riemannian metric g0
and also preserves the family of complex structures {Ix}x∈S2 . We also assume that the resulting
action of S1 on S2 is nontrivial. This implies that the S1-action on M preserves the associative
algebra structure of (R · IdTM )⊕ (R · I)⊕ (R ·J)⊕ (R ·K). Consequently, the action of S1 on S2

is a nontrivial rotation. This means that without loss of generality we may assume that the
S1-action onM preserves I (thus it also preserves −I) and rotates the plane spanned by J , K in
the standard way. We therefore call this a rotating circle action. The Kähler forms ωI , ωJ , ωK

and the Killing vector field X on M associated with this circle satisfy the following:

LXωI = 0, LXωJ = ωK , LXωK = −ωJ . (3.1)

Note that the second equation in (3.1) implies that the Kähler form ωK is exact, and the third
equation in (3.1) implies that the Kähler form ωJ is exact. Therefore, the manifold M must
necessarily be non-compact.

The above S1-action on M evidently induces a holomorphic S1-action on Z. In terms of the
identification Z = CP 1 ×M of the underlying smooth manifold, this action of S1 is given by

ζ.(λ,m) = (ζλ, ζ.m), ζ ∈ S1. (3.2)

Here λ is an affine coordinate on CP 1 such that I = I0. The C∞-vector field on Z associated
to the S1-action in (3.2) will be denoted by Y . Note that Y |Z0∪Z∞ (see (2.3)) is actually
a holomorphic vector field on the divisor Z0 ∪ Z∞ = (M, I) ∪ (M,−I), because the S1-action
on M preserves both I and −I.

We normalize the affine coordinate λ on CP 1 such that the antipodal map S2 −→ S2,
x 7−→ −x, corresponds to the map CP 1 −→ CP 1, λ 7−→ −(λ)−1. The coordinate λ is then
uniquely determined up to multiplication by a constant phase eiθ0 , θ0 ∈ [0, 2π).

Clearly, the S1-action on Z is compatible with the real structure τZ in (2.5) in the sense that

τZ(ζ.z) = (ζ)−1.τZ(z) = ζ.τZ(z) (3.3)

for all z ∈ Z and ζ ∈ S1. It is straightforward to check that for any ζ ∈ S1 the twisted relative
symplectic form ω in (2.4) satisfies the equation ζ∗ω = ω, in other words, ω is S1-invariant.

Let µ : M −→ iR = u(1) be a moment map with respect to ωI for the S1-action on M . Note
that since our moment map is complex-valued, the moment map equation takes the form

dµ(−) = iωI(X,−). (3.4)

Haydys has shown in [25] that the 2-form ωI + i ddcIµ is of type (1, 1) with respect to every
complex structure Iλ, λ ∈ CP 1.

For the remainder of Section 3, we shall make the hypothesis that ωI (and hence ωI + i ddcIµ)
is integral, i.e.,

[ωI/2π] ∈ H2(M,Z). (3.5)

Then there exists a C∞ hermitian line bundle (LM , hM ) −→ M with a compatible hermi-
tian connection ∇M whose curvature is ωI + i ddc1µ. Consequently, if ∇(0,1)λ

M is the (0, 1)-
part of ∇M with respect to the complex structure Iλ, we obtain a holomorphic line bun-
dle

(
LM ,∇(0,1)λ

)
−→ (M, Iλ). Note that the Chern connection of the hermitian holomorphic

line bundle (L, e−µhM ) −→ (M, I) has curvature ωI , and hence it is a prequantum line bundle
on the Kähler manifold (M,ωI).
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Denote by q : Z −→ M the C∞ submersion given by the natural projection S2 ×M −→M .
Note that for each m ∈ M the fibre of q−1(m) is exactly the image of the twistor line
sm : CP 1 −→ Z, where we use the notation of Section 2.1. It follows that

LZ =
(
q∗LM , (q

∗∇M )0,1
)
−→ Z

is a holomorphic line bundle over the twistor space Z of M , which is trivial along each twistor
line.

In [31], Hitchin provided a twistorial description of the line bundle LZ exhibiting a natural
meromorphic connection ∇ on LZ . To recall this, observe that the S1-action on Z covers the
standard S1-action on CP 1, and therefore the associated holomorphic vector field Y on Z is
ϖ-related to σ := iλ ∂

∂λ on CP 1. Viewing σ as a section of ϖ∗OCP 1(2) which vanishes on the
divisor D := Z0 ∪ Z∞, we have the short exact sequence

0 T ∗Z T ∗Z(2) T ∗Z(2)|D 0·σ (3.6)

of coherent analytic sheaves on Z. Hitchin then constructs from the S1-action a certain ele-
ment φ ∈ H0(D,T ∗Z(2)|D). Explicitly, using the C∞-splitting T ∗Z = T ∗M ⊕ T ∗CP 1 we can
write φ in terms of the data on M as

φ =

(
1

2

(
dc2µ+ idc3µ+ 2iλdc1µ+ λ2

(
dc2µ− idc3µ

))
⊗ ∂

∂λ
, (µdλ)⊗ ∂

∂λ

)
.

It is shown in [4, Lemma 3.7] that φ satisfies the equation

φ
∣∣
TϖZ|D

= −1

2
ιY ω, (3.7)

where ω is the relative symplectic form on Z. Note that since the vector field Y |D is vertical, the
formula in (3.7) makes sense. From the long exact sequence of cohomologies associated to (3.6)

0 H0(Z, T ∗Z) H0(Z, T ∗Z(2))

H0(D,T ∗Z(2)|D) H1(Z, T ∗Z) · · · ,

·σ

δ

we then obtain that αL := δ(φ) ∈ H1(Z, T ∗Z). In fact, this element αL lies in the image
of H1

(
Z,Ω1

Z,cl

)
, where Ω1

Z,cl denotes the sheaf of closed 1-forms on Z (it is not a coherent
analytic sheaf). The above class αL therefore defines an extension

0 O E TZ 0

such that E −→ TZ is a holomorphic Lie algebroid. The Lie algebroid E −→ TZ exists even
if (3.5) does not hold. Under the assumption (3.5), the form αL is integral, so E −→ TZ
is the Atiyah algebroid of a line bundle LZ and αL is its Atiyah class. Explicitly, relative to
some open cover U = {Ui} of Z, we have (αL)ij = g−1

ij dgij and
{
gij ∈ H0(Ui ∩ Uj ,O∗

Z)
}

is
a cocycle representing LZ . Since on the other hand αL = δ(φ), we may rewrite this using the
definition of the connecting homomorphism δ. Let φ be given by

{
φi ∈ H0(Ui ∩D,T ∗Z(2)|D)

}
and take extensions

{
φ̃i ∈ H0(Ui, T

∗Z(2))
}
. Then a representative for αL = δ(φ) is given

by (αL)ij =
φ̃i−φ̃j

σ . Thus, Ai =
φ̃i

σ are the local 1-forms of a meromorphic connection ∇ on LZ ,
which have a simple pole along the divisor D. Its residue along D is given by φ.

Moreover, Hitchin shows that the curvature F of the meromorphic connection ∇ has the
following properties:
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� ιY F = 0 and Y spans the annihilator of F .

� F = ω
σ on T ∗

ϖZ|ϖ−1(C∗), where ω ∈ H0
(
Z,
(∧2 T ∗

ϖZ
)
(2)
)
is the relative symplectic form

on Z −→ CP 1.

We may thus think of (LZ ,∇) as a “meromorphic relative prequantum data” for the meromorphic
relative symplectic form ω

σ .

3.2 The S1-action on S and the energy functional

The S1-action on Z obtained from the S1-action on M goes on to produce an S1-action on S,
which is constructed as follows (ζ.s)(λ) = ζ.

(
s
(
ζ−1λ

))
for all s ∈ S, ζ ∈ S1 and λ ∈ CP 1. The

evaluation map ev : CP 1 × S −→ Z is evidently equivariant with respect to the diagonal action
of S1 on CP 1 × S and the S1-action on Z. Moreover, the S1-action on S is compatible with τ
in the sense that τ(ζ.s) = ζ.τ(s) for all s ∈ S and ζ ∈ S1. In particular, the S1-action on S
preserves the subset Sτ ⊂ S fixed pointwise by τ .

Proposition 3.1. The holomorphic two-form Ω0 on S constructed in (2.20) is S1-invariant.

Proof. We use the description of Ω0 given in Section 2.3. Recall that ω is S1-invariant and
ev : F −→ Z is S1-equivariant. Moreover, the Killing form on sl2 = H0

(
CP 1,OCP 1(2)

)
and the

element

h = 2iσ ∈ H0
(
CP 1,OCP 1(2)

)
are also S1-invariant. Hence Ω0 =

1
8iκ(Ω, h) too must be S1-invariant. ■

Let Y be the vector field on Z which is induced by the S1-action. Since the S1-action
commutes with τZ (see (3.3)), we conclude that Y is τZ-invariant, meaning dτZ(Y ) = Y ◦ τZ .

Lemma 3.2. Let s ∈ S ′, and let X be the vector field associated to the S1-action on S ′. Then
Xs ∈ TsS ′ ∼= H0

(
CP 1, Ns

)
is given by

Xs(λ) = Ys(λ) − iλṡ(λ). (3.8)

Note that Xs is indeed vertical because

dϖ(Ys(λ) − iλṡ(λ)) = iλ
∂

∂λ
− iλ

∂

∂λ
= 0.

Proof. This is a direct computation: take s ∈ S ′ and λ ∈ CP 1. Then

Xs(λ) =
d

dt

∣∣∣
t=0

(
eit.s

)
(λ) =

d

dt

∣∣∣
t=0

eit.
(
s
(
e−itλ

))
= Ys(λ) − iλṡ(λ).

More invariantly, we can use the vector field σ for the standard S1-action on CP 1, that is,
σ(λ)(λ) = iλ ∂

∂λ to rewrite the relation of Lemma 3.2 as

d ev ◦X = Y ◦ ev−d ev ◦σ. (3.9)

The fundamental vector field YF for the diagonal S1-action on F = CP 1 × S is given by

YF (λ, s) = π∗1σ(λ) + π∗2X(s).

Thus, the formulae (3.8) and (3.9) just become d ev ◦YF = Y ◦ ev. ■
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The recent paper [4] discusses the holomorphic energy functional

E : S −→ C, s 7−→ resλ=0(s
∗∇). (3.10)

Note that E(s) = s∗φ ∈ T ∗CP 1(2)
∣∣
{0,∞}

∼= OCP 1 |{0,∞}, so E(s) is indeed a complex number.

The functional E in (3.10) has the property that ι∗E = µ for the natural inclusion
map ι : M −→ S in (2.7). The residue formula in (3.10) implies that

τ∗E(s) = −E(s) + deg(s∗LZ). (3.11)

To give an explicit formula for the energy E , we recall the section

φ0 = φ|Z0
∈ Γ(Z0, T

∗
Z(2)|Z0

)

defined above. Contracting dλ⊗ ∂
∂λ , we therefore obtain that

E(s) = s∗φ0 = −1

2
ιY ω

(
ṡ(0)− ṡs(0)(0)

)
+ µ(s(0)),

where ṡ(0) = ds0
(

∂
∂λ

)
etc. The difference ṡ(0)−ṡs(0)(0) accounts for the fact that we are working

with the C∞-splitting induced by twistor lines; see [4] for the details.
The following theorem is a holomorphic extension of (3.4) because we have Ω0|M = ωI .

Theorem 3.3. The energy functional E : S ′ −→ C (see (3.10)) is a moment map for the natural
S1-action and holomorphic symplectic structure Ω0 on S ′, in other words, dE(−) = iΩ0(X,−).
In particular, the S1-fixed points in S ′ are precisely the critical points of the functional E.

Proof. Take any s ∈ S ′, and set m := s(0). We first compute dsE(V ) for

V ∈ Tev0S ′|s ⊂ TsS ′ = H0
(
CP 1, Ns

)
.

By definition, V (0) = 0, so V (λ) = v ⊗ λ for some v ∈ H0(CP 1, s∗TϖZ(−1)) (see Lemma 2.4).
Further, V is representable by a family st of sections with st(0) = m and ∂t=0st(λ) = V (λ).
Note that ∂λ=0V (λ) is well-defined because V (0) = 0. Then a local computation shows that

∂t=0ṡt(0) = ∂λ=0V (λ) = v ∈ TmM.

Hence we conclude that

dsE(V ) =
∂

∂t

∣∣∣
t=0

(
−1

2
ιY ω (ṡt(0)− ṡm(0)) + µ(m)

)
= −1

2
ιY ω(v).

Next we consider Xs ∈ H0
(
CP 1, Ns

)
, the fundamental vector field X evaluated at s. Since

Y (m) = Xs(0) (see Lemma 3.2), it follows that

Ω0|s(Xs, V ) =
i

2

∂

∂λ

∣∣∣
λ=0

ωs(λ)(Xs(λ), V (λ)) =
i

2
ω(Y (0), v) =

i

2
ιY ω(v).

It remains to prove the claim for V ∈ Tev∞S ′∣∣
s
.

To this end, observe that d(τ∗E) = dE by (3.11) because the function s 7−→ deg(s∗LZ) on S ′

is locally constant. Further, we know that dτ(Tev∞S ′) = τ∗Tev0S ′, so that every V ∈ Tev∞S ′∣∣
s

is of the form dττ(s)(W ) for W ∈ Tev0S ′
∣∣
τ(s)

. Then we compute the following using the previous
result and τ∗Ω = Ω:

dEs(V ) = τ∗dEs(V ) = dEτ(s)(W ) = Ωτ(s)(Xτ(s), dττ(s)(V ))

=
(
τ∗Ω

)
s
(Xs, V ) = Ωs(Xs, V ).

This completes the proof. ■
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3.3 Critical Points of E

In this subsection, we assume that the S1-action on Z extends to a holomorphic action of C∗

on Z. This means that the vector field IZY on Z is complete. Since E in (3.10) is holomorphic
and S1-invariant, it follows that E is in fact C∗-invariant, under this assumption. Thus the
critical points of E are the C∗-fixed points in S ′.

We first examine the C∗-fixed points in S. Any C∗-fixed point s ∈ S is characterized
by s(ζλ) = ζ.s(λ) for all ζ ∈ C∗ and λ ∈ CP 1. In particular, s ∈ SC∗

is determined by its
value at λ = 1. Indeed, s(λ) = λ.s(1) for λ ∈ C∗, and by continuity we have

s(0) = lim
λ→0

λ.s(1), s(∞) = lim
λ→∞

λ.s(1). (3.12)

Hence the closures of the C∗-orbits in Z lying over C∗ ⊂ CP 1 correspond precisely to the C∗-fixed
points in S.

Conversely, any point z ∈ Z1 potentially determines a C∗-invariant section sz : C∗ −→ Z of ϖ
as follows. For λ ∈ C∗, set sz(λ) = λ.z which is clearly a section over C∗. If the limits limλ→0 λ.z,
limλ→∞ λ.z, exist in Z (see (3.12)), then the section extends to a C∗-invariant section

sz : CP 1 −→ Z

of ϖ. The existence of these limits has been investigated in detail in [49] for MDH; see also
Section 5.2 below.

Clearly, for any fixed point s ∈ SC∗
, we have s(0) ∈ Z0 = M and s(∞) ∈ Z∞ ∼= M are fixed

points of the C∗-actions on M and M respectively. The following gives the converse on S ′ ⊂ S
(also see [20, 21, 22]).

Proposition 3.4. Let s ∈ S ′ be such that s(0) ∈ ZC∗
0 and s(∞) ∈ ZC∗

∞ . Then s ∈ (S ′)C
∗
.

Proof. We have Xs(λ) = Ys(λ) − iλṡ(λ), which implies that Xs(0) = 0 = Xs(∞). Since

Ns
∼= OCP 1(1)⊕2d, this implies that Xs = 0, and thus s is a fixed point. ■

Proposition 3.4 has the following consequence.

Corollary 3.5. Let s ∈ S be a section such that s(0) ∈ ZC∗
0 and s(∞) ∈ ZC∗

∞ . If s is not a fixed
point of the C∗-action on S, then s cannot be contained in S ′, meaning the normal bundle of s
is not isomorphic to OCP 1(1)⊕2d.

We end this subsection with the observation that C∗-fixed points s ∈ S are also the fixed
points under the twisting procedure that was introduced in [4]; see also [7]. Recall that a sec-
tion s ∈ S is twistable if the section s̃(λ) := λ−1.s

(
λ2
)
over C∗ extends to a section on all

of CP 1.

Proposition 3.6. Let s be a fixed point for the C∗-action on S. Then s is twistable, and the
twist s̃ satisfies the equation s̃ = s.

Proof. If s is fixed, then s(λ) = λ.s(1) for all λ ∈ C∗. If follows that

s̃(λ) = λ−1.s
(
λ2
)
= λ−1.λ2.s(1) = λ.s(1) = s(λ),

which completes the proof. ■
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3.4 The Atiyah–Ward transform of LZ

Let S0 ⊂ S ′ stand for the space of all sections s ∈ S such that

� the normal bundle is isomorphic to OCP 1(1)⊕2d, and

� the pullback s∗LZ trivial.

Since s∗LZ trivial if and only if deg s∗LZ = 0, we conclude that S0 is an open subset of S, and
it is in fact a union of some connected components of S ′. Consider the space F0 = CP 1 × S0

and restrict the diagram2 (2.15) to F0

Z F0 = CP 1 × S0

CP 1 S0.

ev

ϖ π1 π2 (3.13)

Clearly, we have the identification TF0 = π∗1TCP 1⊕π∗2TS0 (see (3.13)). Since d ev : π∗2TS ′ −→
ev∗ TϖZ is surjective by Proposition 2.6, we obtain the following commutative diagram with
exact rows:

0 TevF0 TF0 ev∗ TZ 0

0 TevF0 π∗2TS0 ev∗ TϖZ 0.

d ev

id

d ev

(3.14)

We next describe the Atiyah–Ward transform of LZ [2, 3, 36] and study how it interacts with
the meromorphic connection on LZ . The Atiyah–Ward construction is of course valid in a more
general context, but for the convenience of the reader we spell out the details relevant for our
discussion for the special case of a line bundle.

The Atiyah–Ward transform of LZ is a holomorphic line bundle L over S0 with a holomorphic
connection ∇AW. To construct this line bundle, recall that LZ is trivial along s

(
CP 1

)
for

any s ∈ S0. Hence ev∗ LZ is trivial along CP 1 × {s} = π−1
2 (s), and the (0-th) direct image

construction yields the line bundle L := (π2)∗ ev
∗ LZ . We observe that there is a natural

isomorphism π∗2L ∼= ev∗ LZ . Over any point (λ, s) ∈ F0, the isomorphism is given by evaluating
an element of π∗2L(λ,s) = H0

(
CP 1, s∗LZ

)
at λ.

We next equip L with a holomorphic connection. First consider the relative exterior differ-
ential dev : OF0 −→ T ∗

ev

(
F0
) (

see (3.13) for F0
)
which is defined as the following composition

of maps:

dev : OF0 T ∗F0 T ∗
ev

(
F0
)
.d

By construction, we have ev∗OZ ⊂ ker dev, and for any f ∈ OF0 we have devf = df |TevF0 .
Next we tensor the diagram defining dev with ev∗ LZ and observe that this gives a well-defined
“relative connection”

∇ev : ev∗ LZ −→ T ∗
evF0 ⊗ ev∗ LZ , ∇ev(f · ev∗ ν) := (devf)⊗ ev∗ ν,

for a locally defined trivializing holomorphic section ν of LZ and f ∈ OF0 . This operator is
well-defined because the transition functions for ev∗ LZ lie in ev∗OZ and hence they are in the
kernel of dev. The next lemma will enable us to construct ∇AW from ∇ev.

2Here we slightly abuse notation, however the restriction of the maps will be evident in the following.
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Lemma 3.7. There is a natural isomorphism of vector bundles over S0

T ∗S0 ∼= (π2)∗T
∗
evF0, A 7−→ π∗2A|TevF0

(see (3.13)). In particular, there is an isomorphism

T ∗S0 ⊗ L ∼= (π2)∗
(
T ∗
evF0 ⊗ ev∗ LZ

)
.

Proof. Dualizing the second row of (3.14) yields

0 ev∗ T ∗
ϖZ π∗2T

∗S0 T ∗
evF0 0.r Here r denotes the restriction of 1-

forms to T ∗
evF0. For this short exact sequence, consider the corresponding long exact sequence

of direct image sheaves with respect to π2

0 (π2)∗ ev
∗(T ∗

ϖZ) (π2)∗(π
∗
2T

∗S0)

(π2)∗(T
∗
evF0) (π2)

1
∗ ev

∗(T ∗
ϖZ) · · · .

π2∗r

The fibers of the vector bundles (π2)
q
∗ ev

∗(T ∗
ϖZ), q = 0, 1, over any s ∈ S0 satisfy

Hq
(
CP 1, s∗T ∗

ϖZ
) ∼= Hq

(
CP 1,O(−1)⊕2d

)
= 0.

Thus the above long exact sequence of cohomologies gives the isomorphism

π2∗r : (π2)∗
(
π∗2T

∗S0
) ∼=−→ (π2)∗

(
T ∗
evF0

)
of vector bundles on S0.

By the projection formula (see, e.g., [24, Chapter 3]) or by a direct computation, we have

(π2)∗
(
π∗2T

∗S0 ⊗OF0

) ∼= T ∗S0 ⊗ (π2)∗OF0
∼= T ∗S0.

The last isomorphism follows from the fact that (π2)∗OF0
∼= OS0 , which in turn follows from

the fact that the fibers of π2 are connected. Since we have ev∗ LZ
∼= π∗2L over S0, the second

statement in the lemma is again derived from the projection formula. ■

Proposition 3.8. The operator

∇AW = (π2)∗(∇ev) : L −→ T ∗S0 ⊗ L ∼= (π2)∗
(
T ∗
evF0 ⊗ ev∗ LZ

)
induces a natural holomorphic connection on L. This connection is trivial on the submani-
folds S0

z = π2
(
ev−1(z)

)
for all z ∈ Z. This property determines ∇AW completely as long as S0

z

is connected.

We call the above connection ∇AW on L the Atiyah–Ward connection.

Proof. The OS0-module structure on the sheaf of sections of the vector bundle L = (π2)∗ ev
∗ LZ

is as follows. Let S ⊂ S0 be an open subset, and take any f ∈ OS0(S). Then f acts
on L(S) = H0

(
CP 1 × S, ev∗ LZ

)
by multiplication with π∗2f . Hence for any ψ ∈ L(S) we have

∇AW(fψ) = ∇ev(π
∗
2fψ) = devπ

∗
2f ⊗ ψ + f∇evψ.

We see that devπ
∗
2f ⊗ ψ + f∇evψ is obtained from π∗2

(
df ⊗ ψ + f∇AWψ

)
by restricting to the

subbundle TevF0. Note that this is uniquely determined by Lemma 3.7, so we conclude that

∇AW(fψ) = df ⊗ ψ + f∇ψ.

Therefore, ∇AW is indeed a connection.
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To show that this connection ∇AW is trivial on S0
z for each z ∈ Z, observe that any section

of ev∗ LZ −→ F0 (see (3.13)) of the form ev∗ ψ is actually parallel (covariant constant) for the
relative connection ∇ev by the formula ∇ev(f · ev∗ ψ) = (devf)⊗ ev∗ ψ.

Now the fibers of ev are of the form ev−1(z) = {ϖ(z)} × S0
z . Then we get a frame ψ

of ev∗ LZ |ev−1(z) by putting ψ(ϖ(z), s) = l for any fixed 0 ̸= l ∈ (LZ)z. Note that this con-
struction makes sense because we have ev(ϖ(z), s) = s(ϖ(z)) = z for all s ∈ S0

z . The frame ψ
induces a natural trivialization ψL of L along S0

z . Since ∇evψ = 0, we have ∇AWψL = 0
along S0

z . Thus ∇AW is trivial on S0
z .

Now let ∇̃ = ∇AW+A be another holomorphic connection on L which is trivial along each S0
z .

Then the holomorphic 1-form A restricted to S0
z is exact for all z ∈ Z. Then a result of Buchdahl

in [11] implies that we can find f ∈ O
(
F0
)
such that devf = (π∗2A)|TevF0 . Note that f is constant

along the compact fibers of π2. Therefore, there exists f̃ ∈ O
(
S0
)
such that we have f = f̃ ◦ π2

if S0
z is connected. It now follows that

π∗2
(
A− df̃

)
|TevF0 = 0,

and this implies that A = df̃ . Thus, ∇AW and ∇̃ = ∇AW+df̃ are actually gauge-equivalent. ■

Corollary 3.9. On the real submanifold M ⊂ S0 the connection ∇AW coincides with the hy-
perholomorphic connection on LM . Thus the curvature FAW of ∇AW satisfies the equation

FAW = Ω0 + i dI0dE

on every component of S0 that meets M (see (3.10) for E).

Proof. The evaluation map ev : F0 −→ Z restricts to a diffeomorphism ϵ : M × CP 1 −→ Z.
Thus we have a natural map q = π2 ◦ ϵ−1 : Z −→M . Note that

q∗L = q∗(π2)∗ ev
∗ LZ =

(
ϵ−1
)∗
π∗2(π2)∗ ev

∗ LZ =
(
ϵ−1
)∗

ev∗ LZ = LZ .

On the other hand, we have, by definition, that q∗LM = LZ .
Now the hyperholomorphic connection ∇M is real analytic. Thus we can complexify and

extend it to a holomorphic connection ∇̃ on L −→ S0 at least locally over a neighbourhood
of M ⊂ S0. Note that its curvature is Ω0 + i dI0dE , which is in fact the complexification of the
curvature of ∇M .

Since there is a unique twistor line through each point in z, we see that S0
z intersects M

in a unique point, namely q(z). Moreover, as the twistor line q(z) through z also passes
through τZ(z), we see that q(z) = S0

z ∩ S0
τ(z) ∩M . We obtain a splitting

Tq(z)S0 = Tq(z)S0
z ⊕ Tq(z)S0

τ(z),

which can be identified with the splitting Tq(z)M ⊗ C = T 1,0,λM ⊕ T 0,1,λM . Since ∇M has
curvature of type (1, 1) on (M, Iλ) (here λ = ϖ(z)), its complexification ∇̃ is flat along S0

z(
and S0

τ(z)

)
for all z ∈ Z. By Proposition 3.8, the connections ∇ and ∇̃ must be gauge equivalent

over a neighbourhood3 of M in S0.
The curvature FAW is a holomorphic two-form on S0 which is compatible with the real

structure. On the other hand, the form Ω0 + dI0dE is also holomorphic and real and coincides
with FAW on the real submanifoldM . Thus, the two 2-forms must coincide on every component
of S0 that meets M . ■

Corollary 3.10. The curvature F∇0
of the holomorphic connection ∇0 = ∇AW− iI0dE satisfies

the equation F∇0
= Ω0 on every component of S0 that intersectsM , where E is defined in (3.10).

3Note that there exists a neighbourhood M ⊂ U ⊂ S such that Sz ∩ U is connected for every z ∈ Z,
because M ∩ Sz = {q(z)}.
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3.5 The Atiyah–Ward transform and the meromorphic connection

We want to describe the relationship between the meromorphic connection ∇ on LZ and
the Atiyah–Ward transform

(
L,∇AW

)
of LZ . As the first step, we observe that the Atiyah

class ev∗ αL of ev∗ LZ −→ F0 vanishes because ev∗ LZ = π∗2L admits the holomorphic connec-
tion π∗2∇AW. This has the following implications: On F0 consider

σ̂ = ev∗ σ ∈ H0
(
F0, π∗1OCP 1(2)

)
,

which vanishes on the divisor

D̂ = ev−1(D) =
(
{0} × S0

)
∪
(
{∞} × S0

)
.

We have the short exact sequence of sheaves

0 T ∗F0 T ∗F0(2) T ∗F0(2)|D̂ 0·σ̂

with the corresponding long exact sequence of cohomologies

0 H0
(
F0, T ∗F0

)
H0
(
F0, T ∗F0(2)

)

H0
(
D̂, T ∗F0(2)|D̂

)
H1
(
F0, T ∗F0

)
· · · .

·σ̂

δ̂

(3.15)

The construction of LZ implies that ev∗ αL = δ̂(ev∗ φ), which vanishes by the previous observa-
tion. Hence there exists ϕ ∈ H0

(
F0, T ∗F0(2)

)
such that ϕ|

D̂
= ev∗ φ by the long exact sequence

in (3.15).

Proposition 3.11. The connection ev∗∇− ϕ
σ̂ on ev∗ LZ = π∗2L is holomorphic.

Proof. From the construction of ev∗∇, we know that it has connection 1-forms

Âi =
ev∗ φ̃i

σ̂

with respect to the open covering ev∗ U =
{
ev−1(Ui)

}
. Here U = {Ui} and φ̃i are as in the

construction of ∇ in Section 3.1. The connection ev∗∇− ϕ
σ̂ has the connection 1-forms Âi − ϕi

σ̂ .
But ϕi|D̂ and ev∗ φi coincide on ev−1(Ui) ∩ D̂ and the forms Âi have no other poles. Hence the
proposition follows. ■

We next explicitly construct such a section ϕ ∈ H0
(
F0, T ∗F0(2)

)
and describe the difference

form B between the holomorphic connections ev∗∇− ϕ
σ̂ and π∗2∇AW. To do so, we first observe

that

T ∗F0(2) ∼=
(
π∗1T

∗CP 1 ⊕ π∗2T
∗S0
)
(2) ∼= OF0 ⊕ π∗2T

∗S0(2). (3.16)

We describe ϕ component-wise, that is, ϕ = (β, γ) with respect to the splitting (3.16). Given
any V ∈ TsS0, construct a section γ ∈ H0

(
F0, π∗2T

∗S0
)
(2)) in the following way:

γ(s,λ)(V ) := −1

2
ω(Xs(λ), V (λ)) = −1

2
(ιX ev∗ ω)(λ,s)(V ).

The first component β of ϕ is β := E idπ∗
1O(2), where E is defined in (3.10), which is in

H0
(
F0,End(π∗1O(2))

)
= H0

(
F0, π∗1T

∗CP 1(2)
) ∼= H0

(
F0,OF0

)
.
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Lemma 3.12. The element ϕ = (β, γ) ∈ H0
(
F0, T ∗F0(2)

)
constructed above has the desired

properties. Moreover, ϕ|TevF0 = 0.

Proof. We may write β = Edλ⊗ ∂
∂λ on {λ ̸= ∞}, and hence at λ = 0

ev∗ φ(s,0)

(
∂

∂λ
, 0

)
= φs(0)(ṡ(0)) = E(s) ∂

∂λ
= β(s,0)

(
∂

∂λ

)
.

Similarly, at λ = ∞,

ev∗ φ(s,∞)

(
∂

∂λ̃
, 0

)
= φs(∞)(ṡ(∞)) = E(s) ∂

∂λ̃
= β(s,∞)

(
∂

∂λ

)
.

Now we check the component γ. Let V ∈ TsS0. Then, by (3.7),

ev∗ φ(s,0)(V ) = φs(0)(V (0)) = −1

2
(ιY ω)s(0)(V (0)).

On the other hand, by (3.8),

−1

2
(ιX ev∗ ω)(s,0)(V ) = −1

2
ω(X(0), V (0)) = −1

2
ω(Y (0), V (0))

= −1

2
ιY ω(V (0)) = ev∗ φ(s,0)(V ).

Similar considerations apply at λ = ∞. Since γ = −1
2 ιX(ev∗ ω)|TS0 and TevF0 ⊂ π∗2TS0, it

follows that ϕ|TevF0 = 0. ■

To understand the relationship of the holomorphic connection ∇̂ := ev∗∇− ϕ
σ̂ with the

Atiyah–Ward connection, we need the following lemma.

Lemma 3.13. There is a unique holomorphic connection ∇L on L such that π∗2∇L = ∇̂
on π∗2L = ev∗ LZ .

Proof. We will prove the more general statement that any holomorphic connection on π∗2L
is pulled back from a unique holomorphic connection on L. Let F be the curvature of such
a connection which is a holomorphic two-form on F0. Further, let V be a vector field on S0

which we view as a vector field on F0 = CP 1 × S0 by assigning zero vector field along CP 1.
Then ιV F

D pulls back to a holomorphic 1-form on CP 1 × {s}, which must vanish, since there
are no non-trivial holomorphic 1-forms on CP 1. This shows that F is purely horizontal with
respect to the projection π2 : CP 1 × S0 −→ S0.

We can thus find local frames for π∗2L which are parallel along the fibers of π2
(
which are CP 1

)
.

More precisely, there exists an open cover of CP 1 × S0 by open subsets of the form CP 1 × U ,
where U ⊂ S0 is open, together with holomorphic frames for ev∗ LZ over CP 1 × U that are
parallel (covariant constant) in the CP 1-direction. The transition functions with respect to
these local frames are holomorphic functions CP 1× (U ∩V ) −→ C∗, which are actually constant
along the CP 1-fibers. Hence the transition functions are of the form gUV ◦ π2, where the
collection {gUV } defines the line bundle L on S. Moreover, the holomorphic connection on π∗2L
uniquely descends to L, concluding the proof. ■

Theorem 3.14. The holomorphic connections ∇L and ∇AW on L coincide.

Proof. Clearly, ∇L = ∇AW + B for a unique holomorphic 1-form B on S0. Consider the
pullback connection

∇̂ = π∗2∇L = π∗2∇AW + π∗2B. (3.17)
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Let U ⊂ Z be an open subset such that LZ has a local frame ν on U . Hence ψ := ev∗ ν is a local
frame of ev∗ LZ on Û := ev−1(U). Observe that along S0

z , for z ∈ U , the frame ψ(ϖ(z),−) coin-
cides with the parallel frame

(
with respect to ∇AW

)
constructed in the proof of Proposition 3.8.

Since we have ev−1(z) = {ϖ(z)} × S0
z , it follows that π∗2∇AWψ restricted to TevF0 = ker d ev

actually vanishes on all of Û .
Next let (λ, s) ∈ Û − D̂, and X ∈

(
TevF0

)
(λ,s)

. Then we compute

∇̂Xψ = (ev∗∇)Xψ − ϕ

σ̂
(X)ψ = 0.

Here we made use of the definition of TevF0 and Lemma 3.12. By continuity, the restriction
of ∇̂ψ to TevF0 vanishes on all of Û as well. Since F0 can be covered by open subsets Û as
above, from (3.17) it follows that π∗2B|TevF0 = 0. But the isomorphism T ∗S0 ∼= π2∗TevF0 is given

by A 7−→ π∗2A|TevF0 (cf. Lemma 3.7), so we have B = 0, which implies that ∇L = ∇AW. ■

The existence of a holomorphic connection on S0 with curvature Ω0 combine together with
Theorem 2.10 to allow us to obtain the following results on the global structure of S0.

Recall

S0
z = ev−1

ϖ(p)(z) ∩ S0

for z ∈ Z.

Theorem 3.15. Suppose 0 ̸= [ω1] ∈ H2(M,C), and let z ∈ Z∞. Then S0
z cannot be isomorphic

to Z0. In particular, the local diffeomorphism

ev0× ev∞ : S0 −→ Z0 × Z∞

cannot extend to a global diffeomorphism.

Proof. Since TS0
z is Lagrangian for the symplectic form Ω0, the Atiyah–Ward connection ∇AW

pulls back to a flat connection on L(z) := L|ev−1
∞ (z). Consequently, we have c1

(
L(z),C

)
= 0 ∈

H2
(
ev−1

∞ (z)
)
. But the first Chern class of LM is [ω1] ̸= 0 ∈ H2(Z0,C). ■

Remark 3.16. If Z0 = M is not simply-connected, then ev0 : S0
p −→ Z0 might be a covering

map. In fact, this happens for the rank 1 Deligne–Hitchin moduli space; see [5]. It would be
interesting to understand what happens if Z0 is simply-connected, for example in the case of
SL(2,C)-Deligne–Hitchin moduli spaces.

3.6 An alternative construction of Hitchin’s meromorphic connection

We can reverse the above constructions to obtain the meromorphic Hitchin connection on a hy-
perholomorphic bundle over the twistor space Z of a hyperKähler manifold with a rotating
circle action. We only sketch the steps, as the technical details are already explained above.
The necessary twistor data are

� the twistor space Z of a hyperKähler manifold with a rotating circle action;

� the twisted relative holomorphic symplectic form ω ∈ H0
(
Z,
(∧2 T ∗

ϖ

)
(2)
)
.

Adding the additional structure of a “prequantum” hyperholomorphic line bundle L, we ob-
tain from the Atiyah–Ward construction that ev∗L −→ S0 is equipped with the holomorphic
connection π∗2∇AW. From Theorem 3.14, we have

ev∗∇ = π∗2∇AW +
ϕ

σ̂
.
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Note that not only ev∗∇ is the pullback of a meromorphic connection on the twistor space but
also π∗2∇AW together with the meromorphic 1-form ϕ

σ̂ are pullbacks from Z as well. Clearly, the
corresponding objects on Z are neither a holomorphic connection nor a meromorphic 1-form but
only real analytic objects.

We shall give a local construction of the holomorphic connection ∇AW on S0 which only
involves the above listed twistor data: As explained in Section 2, we obtain from the twistor
data the holomorphic symplectic form Ω0. Locally, the space S0 is identified with Z0 × Z∞ by
evaluation, and there is the moment map E of the circle action on S0; see Theorem 3.3. Define
the vector bundle automorphism

η : T ∗(Z0 × Z∞) −→ T ∗(Z0 × Z∞)

that acts on T ∗Z0 (resp. T ∗Z∞) as multiplication by +1 (resp. −1). It is evident that there are
locally defined holomorphic 1-forms αU with η(αU ) = αU and

dαU = Ω0 + i dI0dE . (3.18)

We may think of the forms αU as holomorphic connection 1-forms. Note that the corresponding
cocycle is the pullback of a cocycle on Z0.

By Corollary 3.10, the connection defined by (3.18) is flat on Sz for every z ∈ Z, and therefore
it is locally trivial. Hence, we recover the Atiyah–Ward connection at least locally. By adding
the 1-form ϕ

σ̂ , which is constructed from the circle action and from the twisted symplectic form
via Lemma 3.12, we obtain (the pullback of) the meromorphic connection on Z.

3.6.1 τ -sesquilinear forms and a generalized Chern connection

It seems appropriate to put the above local construction into a global context. We need an
additional structure on L −→ S, which can be regarded as the complexification of the hermitian
metric hM on LM .

Definition 3.17. Let L −→ S0 be a holomorphic line bundle, and let τ : S0 −→ S0 be an
anti-holomorphic involution. A non-degenerate pairing

⟨·, ·⟩ : L × τ∗L −→ C

is called a holomorphic τ -sesquilinear form on L if for all local holomorphic sections v, w ∈
Γ(U ,L) defined on some τ -invariant open subset U ⊂ S, the function ⟨⟨v, w⟩⟩ on U defined
by ⟨⟨v, w⟩⟩(s) := ⟨v(s), τ∗w(s)⟩ is holomorphic and it satisfies the identity τ∗⟨⟨v, v⟩⟩ = ⟨⟨v, v⟩⟩.

Let M ′ =
(
S0
)τ ⊂ S0 be the set of real points. It follows that ⟨vs, vs⟩ ∈ R for all s ∈ M ′

and vs ∈ Ls. Note that for functions f, g : U −→ C, we have

⟨⟨fv, gv⟩⟩ = f(τ∗g)⟨⟨v, v⟩⟩.

Thus, up to a sign, a holomorphic τ -sesquilinear form is a complexification of a hermitian metric
over the locus of real points.

Assume that there is a holomorphic involution η ∈ H0
(
S0,End

(
T ∗S0

))
such that

η(τ∗α) = −τ∗η(α) for any α ∈ Ω1,0
(
S0
)
. (3.19)

Further, assume that the holomorphic line bundle L −→ S0 is given by a cocycle of the form

{fi,j : Ui,j −→ C∗}, (3.20)

where the derivatives dfi,j are in the +1 eigenspaces of η, that is,

dfi,j =
1

2
(dfi,j + η(dfi,j)).

Under these assumptions, we have the following.
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Lemma 3.18. There is a unique holomorphic Chern-connection ∇ on L −→ S0 with

d(⟨⟨σ, σ⟩⟩) = ⟨⟨∇σ, σ⟩⟩+ ⟨⟨σ,∇σ⟩⟩ (3.21)

for any holomorphic section σ ∈ Γ(U ,L) and any τ -invariant open subset U ⊂ S0.

Proof. Take a collection of local trivializations by nowhere-vanishing holomorphic sections σi ∈
Γ(Ui,L) satisfying the condition that locally we have σi = ev∗0 vi, where each open subset
Ui ⊂ S0 is τ -invariant, such that the transition functions satisfy the condition dfi,j = η(dfi,j),
where fi,j = σi

σj
. Then, writing ∇σi = Aiσi, we have η(Ai) = Ai. The condition in (3.21) then

implies that

d log⟨⟨σi, σi⟩⟩ =
(
Ai + τ∗Ai

)
⟨⟨σi, σi⟩⟩.

By (3.19), we have η
(
τ∗Ai

)
= −τ∗Ai and thus

Ai =
1

2
(d log⟨⟨σi, σi⟩⟩+ ηd log⟨⟨σi, σi⟩⟩).

This shows the uniqueness of the connection.

For the existence of connection, set

∇σi =
1

2
(d log⟨⟨σi, σi⟩⟩+ ηd log⟨⟨σi, σi⟩⟩)⊗ σi.

Arguing analogously just as for the usual Chern connection, we see that this defines a connection
with the desired properties. ■

The main example we have in mind arises as follows. Consider a hyperKähler manifold M
equipped with a rotating S1-action and associated hyperholomorphic hermitian line bun-
dle LM −→M as described in Section 3.1. Let S0

M be a connected component of S0 that
meets M (for the definition of S0, see the beginning of Section 3.4). Assume that there exists
a global τ -sesquilinear form on the bundle L −→ S0

M obtained from the bundle LZ via the
Atiyah–Ward transform as in Section 3.4. Consider the decomposition in (2.19) for x = 0 ∈ CP 1,
and the involution which is −Id on Tev0S0

M and +Id on Tev∞S0
M . Denote its dual endomorphism

by η. It satisfies (3.19). Now, L agrees with the hyperholomorphic line bundle LM and Tev∞S0
M

agrees with T 1,0M (see Remark 2.7) on M ⊂ S0
M . It follows that L admits a cocycle as

in (3.20). Applying Lemma 3.18 we obtain a natural connection, which can be shown to be the
Atiyah–Ward connection. It would be interesting to find natural expressions for the holomorphic
τ -sesquilinear form in concrete examples such as the Deligne–Hitchin moduli spaces; see also
Section 4.3 below and the following Remark 3.19.

Remark 3.19. The existence of a τ -sesquilinear form on L −→ S0 follows almost automatically
from the existence of an Atiyah–Ward type connection ∇ on L −→ S0: assume that there exists
a hermitian metric h on L|M −→M over the real points M ⊂ S0. Consider a local holomorphic
frame σ ∈ Γ(U ,L) on a simply-connected τ -invariant open subset U ⊂ S0 such that M ∩U ̸= ∅.
Write ∇σ = α⊗σ. Then α+ τ∗α is closed; its exterior derivative is a (2, 0)-form which vanishes
on M , and hence vanishes on its complexification S0. Integrating this closed form on the simply
connected set U produces the τ -sesquilinear form via

⟨⟨(µ1σ(p), µ2σ(τ(p))⟩⟩ = µ1µ2h(σ(p), σ(p)) exp

(∫ p

s
α+ τ∗α

)
for all µ1, µ2 ∈ C and p ∈ U .
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4 Space of holomorphic sections of the Deligne–Hitchin
moduli space

In this section, we illustrate the general theory described in Sections 2 and 3 for the Deligne–
Hitchin twistor space of the moduli space of Higgs bundles on a compact Riemann surface.

4.1 Hitchin’s self-duality equations

Let Σ be a compact Riemann surface of genus at least two; denote its holomorphic cotangent
bundle by KΣ. Consider a smooth complex rank n vector bundle E of degree zero with structure
group in SU(n).

Denote by A(E) the space of SU(n)-connections on E. Sending any ∇ ∈ A(E) to its (0, 1)-
part ∂

∇
we may identify A with the space of holomorphic structures on E inducing the trivial

holomorphic structure ∂ on the determinant bundle detE =
∧nE of E, that is,

(
detE, ∂

∇)
=(

OΣ, ∂
)
. Thus, A is an affine space modelled on Ω0,1(Σ, sl(E)), where sl(E) is the bundle of

trace-free endomorphisms of E. The product

T ∗A = A× Ω1,0(Σ, sl(E))

can be thought of as the cotangent bundle of A. We will denote its elements by
(
∂
∇
,Φ
)
,

and we will call Φ the Higgs field of the pair
(
∂,Φ

)
. Formally, T ∗A carries a flat hy-

perKähler structure that can be described as follows. The Riemannian metric is given by
the L2-inner product on Ω1(Σ, sl(E)). The almost complex structures I, J,K = IJ act on
a tangent vector (α, ϕ) ∈ T

(∂
∇
,Φ)
T ∗A = Ω0,1(Σ, sl(E))⊕ Ω1,0(Σ, sl(E)) as I(α, ϕ) = (iα, iϕ),

J(α, ϕ) = (−ϕ∗, α∗). The Kähler forms are given by

ωI((α, ϕ), (β, ψ)) =

∫
Σ
tr(α∗ ∧ β − β∗ ∧ α+ ϕ ∧ ψ∗ − ψ ∧ ϕ∗),

(ωJ + iωK)((α, ϕ), (β, ψ)) = 2i

∫
Σ
tr(ψ ∧ α− ϕ ∧ β). (4.1)

The group G := Γ(Σ,SU(E)) of unitary gauge transformations of E acts (on the right) on T ∗A as(
∂
∇
,Φ
)
.g =

(
g−1 ◦ ∂∇ ◦ g, g−1Φg

)
. (4.2)

This action preserves the flat hyperKähler structure, and, formally, the vanishing condition for
the associated hyperKähler moment map yields Hitchin’s self-duality equations

F∇ + [Φ ∧ Φ∗] = 0, ∂
∇
Φ = 0. (4.3)

The second equation implies that Φ ∈ H0(Σ, sl(E) ⊗ KΣ) with respect to the holomorphic
structure ∂

∇
. Note that these equations imply that the connection ∇+Φ+Φ∗ is flat.

Let H ⊂ T ∗A be the set of solutions of (4.3). The moduli space of solutions to the self-duality
equations is the quotient

MSD := MSD(Σ, SL(n,C)) := H/G. (4.4)

Formally, it is the hyperKähler quotient of T ∗A by the action of G.
A solution

(
∂
∇
,Φ
)
to the self-duality equations (4.3) is called irreducible if its stabilizer in G

is the center of SU(n). We write Hirr ⊂ H for the set of irreducible solutions. It is known
that Mirr

SD = Hirr/G is the smooth locus of MSD in (4.4). It is equipped with a hyperKähler



Geometry of the Space of Sections of Twistor Spaces with Circle Action 27

metric induced by the flat hyperKähler structure on T ∗A described above. Moreover, there is
a rotating circle action on MSD given by

ζ.
(
∂
∇
,Φ
)
=
(
∂
∇
, ζΦ

)
, (4.5)

ζ ∈ S1. It is Hamiltonian with respect to ωI , and the map

µI : MSD −→ iR, µI
(
∂
∇
,Φ
)
= −

∫
Σ
tr(Φ ∧ Φ∗) (4.6)

restricts to a natural moment map on Mirr
SD.

The complex manifold
(
Mirr

SD, I
)
can be described as follows. An SL(n,C)-Higgs bundle is

a pair consisting of a holomorphic vector bundle
(
E, ∂E

)
, such that det

(
E, ∂E

)
= OΣ, together

with a Higgs field Φ ∈ H0(Σ, sl(E)⊗KΣ). The group GC = Γ(Σ,SL(E)) acts on the set of Higgs
bundles by the same rule as in (4.2). A Higgs bundle

(
∂E ,Φ

)
is called stable if every Φ-invariant

holomorphic subbundle E′ has negative degree, and it is called polystable if it is a direct sum of
stable Higgs bundles of degree zero. We denote by

Mst
Higgs := Mst

Higgs(Σ, SL(n,C)) and Mps
Higgs := Mps

Higgs(Σ, SL(n,C))

the moduli spaces of stable and polystable Higgs bundles respectively. It is known that the
map

(
∂
∇
,Φ
)
7−→ ((E, ∂

∇
),Φ) induces a biholomorphism

(
Mirr

SD, I
)
= Mst

Higgs that extends to
a homeomorphismMSD = Mps

Higgs. The circle action described in (4.5) extends to a holomorphic
C∗-action on MHiggs

ζ ·
(
∂,Φ

)
=
(
∂, ζΦ

)
. (4.7)

While the complex structure I is induced from the complex structure on Σ, the complex struc-
ture J has a more topological origin. Consider the space AC of SL(n,C) connections on E.
The group GC acts on AC as ∇.g = g−1 ◦ ∇ ◦ g. A connection ∇ ∈ AC is called irreducible
if its stabilizer in GC is the center of SL(n,C), and ∇ is called reductive if it is isomorphic to
a direct sum of irreducible connections, in other words, if any ∇-invariant subbundle E′ ⊂ E
admits a ∇-invariant complement. Let MdR := MdR(Σ, SL(n,C)) be the moduli space of re-
ductive flat SL(n,C)-connections on E. Its smooth locus is given by Mirr

dR, the moduli space
of irreducible flat SL(n,C)-connections. Then the map

(
∂
∇
,Φ
)
7−→ ∇ + Φ + Φ∗ is a biholo-

morphism
(
Mirr

SD, J
) ∼= Mirr

dR that extends to a homeomorphism MSD
∼= MdR. The Riemann–

Hilbert correspondence gives a biholomorphism

MdR
∼= Hom(π1(Σ), SL(n,C))red/ SL(n,C) =: MB(Σ, SL(n,C)) =: MB.

The space MB is known as the Betti moduli space.

4.2 The Deligne–Hitchin moduli space

We now recall Deligne’s construction of the twistor space Z(MSD) via λ-connections; see [48].
Take any λ ∈ C. A holomorphic SL(n,C) λ-connection on the SU(n)-vector bundle E −→ Σ

is a pair
(
∂,D

)
, where ∂ is a holomorphic structure on E and D : Γ(Σ, E) −→ Ω1,0(Σ, E) is

a differential operator such that

� for any f ∈ C∞(Σ) we have D(fs) = λs⊗ ∂f + fDs,

� D is holomorphic, that is, ∂ ◦D +D ◦ ∂ = 0, and

� as a holomorphic vector bundle we have
(∧nE, ∂

)
=
(
OΣ, ∂Σ

)
, and the holomorphic

differential operator on ΛnE induced by D coincides with λ∂Σ.
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Therefore, an SL(n,C) 0-connection is an SL(n,C)-Higgs bundle, and an SL(n,C) 1-connection
is a usual holomorphic SL(n,C)-connection. More generally, the operator ∂E + λ−1D(λ) is
a holomorphic connection for every λ ̸= 0.

The group GC of complex gauge transformations of E acts on the set of holomorphic λ-
connections in the usual way(

∂,D
)
· g =

(
g−1 ◦ ∂ ◦ g, g−1 ◦D ◦ g

)
.

We again call
(
∂,D

)
stable if any D-invariant holomorphic subbundle E′ ⊂ E has negative

degree, and
(
∂,D

)
is called polystable if it is isomorphic to a direct sum of stable λ-connections

of degree zero. We note that if λ ̸= 0, then the degree of any λ-connection is automatically zero.
Equivalently,

(
∂,D

)
is stable, with λ ̸= 0, if it is irreducible, that is, its stabilizer in GC is given

by the center of SL(n,C). The Hodge-moduli space MHod := MHod(Σ, SL(n,C)) is the moduli
space of polystable holomorphic λ-connections, where λ varies over C

MHod := MHod(Σ, SL(n,C))
=
{(
λ, ∂,D

)
| λ ∈ C,

(
∂,D

)
polystable holomorphic λ-connection}/GC.

It has a natural holomorphic projection to C given by

ϖ : MHod −→ C,
[
λ, ∂,D

]
7−→ λ. (4.8)

The smooth locus Mirr
Hod of the Hodge moduli space MHod coincides with the locus of irreducible

λ-connections, when λ ̸= 0.

The C∗-action in (4.7) extends to a natural C∗-action on MHod covering the standard C∗-
action on C by ζ ·

(
λ, ∂,D

)
=
(
ζλ, ∂, ζD

)
.

The map
(
λ, ∂,D

)
7−→

(
∂ + λ−1D,λ

)
induces a biholomorphism

ϖ−1(C∗) ∼= MdR × C∗ ∼= MB × C∗,

where ϖ is the map in (4.8).

The Deligne–Hitchin moduli space MDH := MDH(Σ, SL(n,C)) is obtained by gluing MHod

and MHod
∼= MHod

(
Σ, SL(n,C)

)
over C∗ via the Riemann–Hilbert correspondence

MDH :=MDH(Σ, SL(n,C)) =
(
MHod(Σ, SL(n,C))∪̇MHod

(
Σ, SL(n,C)

))
/∼,

where
[(
λ, ∂,D

)]
∼
[(
λ, λ−1D,λ−1∂

)]
for any

[(
λ, ∂,D

)]
∈ MHod with λ ̸= 0.

The projections from the respective Hodge moduli spaces to C glue to give a holomorphic
projection ϖ : MDH −→ CP 1. The smooth locus of MDH coincides with the locus Mirr

DH of irre-
ducible λ-connections, when λ ̸= {0,∞}, which in turn coincides with the twistor space Z

(
Mirr

SD

)
of the hyperKähler manifold Mirr

SD.

The space MB×C∗ admits an anti-holomorphic involution τMB
covering the antipodal invo-

lution λ 7−→ −(λ)−1 of C∗ which is constructed as follows. For any ρ ∈ Hom(π1(Σ), SL(n,C)),
define

τMB
(ρ, λ) =

(
ρ−1

T
,−(λ)−1

)
.

This produces the following antiholomorphic involution τMDH
of MDH:

τMDH
: MDH −→ MDH,[(

λ, ∂,D
)]

7−→
[(
−(λ)−1, (λ)−1D

∗
,−(λ)−1∂

∗)]
=
[(
(−λ), ∂

∗
,−D∗)]

.
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This involution τMDH
is compatible with the C∗-action in the following sense. For ζ ∈ C∗,

τMDH

(
ζ.
(
λ, ∂,D

))
= ζ

−1
.τMDH

(
λ∂,D

)
.

The C∗-action on MHod extends to a C∗-action on MDH. For any ζ ∈ C∗, we have

ζ ·
[
λ, ∂,D(λ)

]
=
[
ζλ, ∂, ζD(λ)

]
.

Clearly, this action covers the natural C∗-action on CP 1. Therefore, the C∗-fixed points of MDH

are given by

MC∗
DH

∼= MHiggs(Σ, SL(n,C))C
∗ ⨿MHiggs

(
Σ, SL(n,C)

)C∗
,

that is, by the locus of complex variations of Hodge structures on Σ and Σ (see [47]).
The twisted relative symplectic form on Mirr

DH can be described as follows. Let Vi =
(
∂̇i, Ḋi

)
,

i = 1, 2, be a pair of tangent vectors to the fiber ϖ−1(λ). Then

ωλ(V1, V2) = 2i

∫
Σ
tr
(
Ḋ2 ∧ ∂̇1 − Ḋ1 ∧ ∂̇2

)
. (4.9)

Note that at λ = 0 this exactly resembles ωJ + iωK as defined in (4.1).

4.3 The line bundle on Mirr
DH

Let us describe the holomorphic line bundle LZ for Z = Mirr
DH along each fiber of ϖ. First

consider the moduli space of holomorphic SL(n,C)-connections MdR. Let M′
dR be the Zariski

open subset of Mirr
dR such that the underlying holomorphic vector bundle is stable. So we have

a holomorphic map

f : M′
dR −→ N ,

where N is the moduli space of stable SL(n,C)-bundles, that sends any pair (
(
E, ∂E

)
,∇E)

to
(
E, ∂E

)
.

The pullback map f∗ : Pic(N ) −→ Pic(M′
dR) is an isomorphism [10]. On the other hand,

Pic(M′
dR) = Z, and holomorphic line bundles on M′

dR are uniquely determined by their first
class [16]. Also the restriction map Pic

(
Mirr

dR

)
−→ Pic(M′

dR) is an isomorphism, because the
codimension of the complement of M′

dR inside Mirr
dR is at least two (see [9, p. 6, Lemma 3.1], [8,

p. 202–203]). Therefore, we have Pic
(
Mirr

dR

)
= Pic(N ) ∼= Z, and the holomorphic line bundles

on Mirr
dR are uniquely determined by their first Chern class.

Let L1 denote the restriction of LZ to Z1 = Mirr
dR. On L1, the meromorphic connection ∇

on LZ induces a holomorphic connection and its curvature on Z1 is the holomorphic symplectic
form 2ωJ + 2iωI , which is cohomologous to 2iωI , since ωJ is exact. So by Chern–Weil theory,
we have c1(L1) = [ωI ], where [ωI ] is the cohomology class of ωI .

It follows that L1 is the holomorphic line bundle on Z1 determined by [ωI ]. To calculate [ωI ],
note that the above projection f has a C∞-section that sends any stable vector bundle

(
E, ∂E

)
to the unique unitary flat connection on E [44]. The restriction of ωI to the image of that section
coincides with the standard Kähler form on N . On the other hand, the first Chern class of the
determinant line bundle ξ on N is the Kähler form [46]. In fact, the curvature for the Quillen
metric on ξ is the Kähler form.

We conclude that L1 is holomorphically isomorphic to the determinant bundle on Z1, which
coincides with the pullback of the determinant line bundle on N because the determinant line
bundle is functorial. Similarly, the line bundles on the moduli space of stable Higgs bundles,
namely Z0 = Mst

Higgs, are uniquely determined by their first Chern class. Let L0 denote the
restriction of LZ to Z0. Since L1 is isomorphic to the determinant line bundle, and since the
first Chern class of the family of line bundles Lt −→ Zt, t ∈ CP 1, is independent of t, it follows
that L0 is isomorphic to the determinant line bundle. For a description of LZ on all of Z = Mirr

DH,
see [31, Section 3.7].
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4.4 Irreducible and admissible sections

In this subsection, we recall some concepts and definitions from [7] and [4] on sections of the
twistor projection ϖ : MDH −→ CP 1. We write SMDH

for the space of holomorphic sections.
Since MDH is a complex space, a similar argument as in Proposition 2.1 shows that SMDH

is
a complex space as well. It is equipped with an antiholomorphic involution τ defined in (2.8),
with τMDH

playing the role of τZ .

Definition 4.1. A holomorphic section s ∈ SMDH
is irreducible if the image of s is contained

in Mirr
DH. These are precisely the sections of the twistor space of Mirr

SD.

If s : CP 1 −→ MDH is an irreducible section, then by [7, Lemma 2.2] (see also [4, Re-
mark 1.11]) it admits a holomorphic lift

ŝ(λ) =
(
λ, ∂(λ), D(λ)

)
=

λ, ∂ + λΨ+

∞∑
j=2

λjΨj , λ∂ +Φ+

∞∑
j=2

λjΦj

 , λ ∈ C, (4.10)

to the space of holomorphic λ-connections of class Ck. Here Ψ,Ψj ∈ Ω0,1(sl(E)) and Φ,Φj ∈
Ω1,0(sl(E)). There is also a lift −ŝ on CP 1 \ {0}.

The lifts ŝ, −ŝ over C and CP 1 \ {0}, respectively, allow us to interpret s|C∗ as a C∗-family
of flat connections

+∇λ = ∂(λ) + λ−1D(λ) = λ−1Φ+∇+ · · · ,

and −∇λ defined similarly over CP 1\{0,∞}. Here we write∇ = ∂+∂ using the notation of equa-
tion (4.10). There exists a holomorphic C∗-family g(λ) of GL(n,C)-valued gauge transforma-
tions, unique up to multiplication by a holomorphic scalar function, such that +∇λ.g(λ) = −∇λ

(see [7]).

Definition 4.2. We call a holomorphic section s ∈ SMDH
admissible if it admits a lift ŝ on C

of the form ŝ(λ) =
(
λ, ∂ + λΨ, λ∂ + Φ

)
for a Dolbeault operator ∂ of type (0, 1), a Dolbeault

operator ∂ of type (1, 0), a (1, 0)-form Φ and a (0, 1)-form Ψ, such that
(
∂,Φ

)
and (∂,Ψ) are

semi-stable Higgs pairs on Σ and Σ respectively.

Now suppose that s ∈ Sτ
MDH

is a real section, that is, s = τMDH
◦s◦τCP 1 . If we have a lift ∇λ

on C ⊂ CP 1 of s, then for every λ ∈ C∗ there is a gauge transformation g(λ) ∈ GC such that

∇λ.g(λ) = ∇−(λ)−1
∗
.

Remark 4.3. If
(
∂
∇
,Φ
)

is a solution to the self-duality equations, then the associated
twistor line is given by the C∗-family of flat SL(n,C)-connections ∇λ = λ−1Φ + ∇ + λΦ∗h .
By the non-abelian Hodge correspondence, this family gives rise to an equivariant harmonic
map f : Σ̃ −→ SL(n,C)/SU(n) from the universal cover. If the solution

(
∂
∇
,Φ
)
is irreducible,

then so is the associated section in Sτ
MDH

.

In the next example, we describe a large class of irreducible sections for n = 2.

Example 4.4. Let ∇ be an irreducible flat SL(2,C)-connection on the rank two vector bun-
dle V −→ Σ. We assume that ∂

∇
is not strictly semi-stable, but it is either stable or it is

strictly unstable. We also assume the analogous condition for the holomorphic structure ∂∇

on Σ. Due to [6], there exist irreducible flat SL(n,C)-connections for which this assumption
does not hold. Under the assumption, we obtain a section s = s∇ as follows. Over C∗ consider
the (constant) family of flat connections +∇λ = ∇. If ∂

∇
is stable ŝ(λ) =

(
λ, ∂

∇
, λ∂∇

)
is the lift
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of an irreducible section of MDH over C ⊂ CP 1. If ∂
∇

is unstable, we consider its destabilizing
subbundle L ⊂ V of positive degree. The connection induces a nilpotent Higgs field Φ on the
holomorphic vector bundle L ⊕ (V/L) = L ⊕ L∗ via Φ = πV/L ◦ ∇|L. This is a special case
of [49] and it can be interpreted from a gauge theoretic point of view (see also [4, Section 4]
for details): Consider a complementary subbundle L̃ ⊂ V of L, together with the family of
gauge-transformations

g(λ) =

(
1 0
0 λ

)
on V = L⊕ L̃. The gauge equivalent family of flat connections +∇λ = ∇.g(λ) then corresponds
to the lift

ŝ(λ) =
(
λ, ∂

∇.g(λ)
, ∂∇.g(λ)

)
which is well-defined on all of C and +ŝ(0) may be identified with the irreducible (stable) Higgs
pair (L⊕ L∗,Φ). Similarly, if the holomorphic structure ∂∇ on Σ is stable, then

−ŝ(λ) =
(
∂∇, λ−1∂

∇
, λ−1

)
is the lift of an irreducible section over CP 1 \ {0}. If the holomorphic structure ∂∇ on Σ is
unstable, then a family −g

(
λ−1

)
constructed in an analogous manner as g(λ) above gives a lift

of the form

−ŝ(λ) =
(
∂∇.−g(λ), λ−1∂

∇.−g(λ)
, λ−1

)
defined on all of CP 1 \ {0} such that −s(∞) is an irreducible Higgs pair on Σ.

5 Energy functional on sections of the Deligne–Hitchin
moduli space

5.1 The energy as a moment map

It was proven in [4, Corollary 3.11] that the energy of an irreducible section s with lift ŝ as
in (4.10) is given by

E(s) = 1

2πi

∫
Σ
tr(Φ ∧Ψ). (5.1)

In particular, this integral is independent of the lift ŝ. The reader should be aware of the different
pre-factors in (5.1) and in (4.6). In particular, if we think of E as the energy of a harmonic map, it
should be real-valued, while we want a moment map for the S1-action to be iR-valued. Working
with the pre-factor 1

2πi also has the advantage that we get fewer factors of 2πi in the statements
of the results below.

Remark 5.1. As pointed out in [7, Remark 2.3], the energy is defined for all local sections
around λ = 0 which admit a lift as in (4.10).

Let us write again S ′ = S ′
MDH

for the space of irreducible sections whose normal bundle
is isomorphic to OCP 1(1)⊕2d. Take any s ∈ S ′. In terms of lifts of sections, a tangent vec-
tor V ∈ TsS ′ is expressed as follows. Let ŝ be a lift of s as in (4.10), and denote the curvature
of the connection ∂ + ∂ by F ∂+∂ = ∂∂ + ∂∂. Expanding the integrability condition

∂(λ)D(λ) +D(λ)∂(λ) = 0 (5.2)
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in powers of λ, the zeroth and first-order coefficients yield

∂Φ = 0, F ∂+∂ + [Φ ∧Ψ] = 0. (5.3)

Consider a family of sections (st ∈ SMDH
)t with s = s0 which represents V ∈ TsS ′. The cor-

responding (lifted) infinitesimal variation ˙̂s =
(
λ, ∂̇(λ), Ḋ(λ)

)
satisfies the linearisation of (5.2),

that is,

∂(λ)
(
Ḋ(λ)

)
+D(λ)

(
∂̇(λ)

)
= 0. (5.4)

Expanding ˙̂s into a power series

˙̂s(λ) =

( ∞∑
k=0

ψkλ
k,

∞∑
k=0

φkλ
k, λ

)
,

for φk ∈ Ω1,0(sl(E)), ψk ∈ Ω0,1(sl(E)), the linearisation of (5.3) becomes

∂φ0 + [ψ0 ∧ Φ] = 0, ∂φ1 + ∂ψ0 + [φ0 ∧Ψ] + [Φ ∧ ψ1] = 0.

Variations along the gauge orbit of ŝ are determined by infinitesimal gauge transforma-
tions C ∋ λ 7−→ ξ(λ) ∈ Γ(Σ, sl(E)) and are of the form(

λ, ∂(λ)ξ(λ), D(λ)ξ(λ)
)
. (5.5)

By expanding ξ(λ) =
∑∞

k=0 ξkλ
k, we get with (5.5) and (4.10)

∂(λ)ξ(λ) = ∂ξ0 +
(
∂ξ1 + [Ψ, ξ0]

)
λ+O

(
λ2
)
,

D(λ)ξ(λ) = [Φ, ξ0] + (∂ξ0 + [Φ, ξ1])λ+O
(
λ2
)
.

Now let s ∈ S ′ with lift ŝ over C, and consider Vj ∈ TsS ′, j = 1, 2, represented by

˙̂sj =
(
λ, ∂̇j(λ), Ḋj(λ)

)
=
(
λ, ψ

(j)
0 + ψ

(j)
1 λ, φ

(j)
0 + φ

(j)
1 λ

)
+O

(
λ2
)
.

Then we define, recalling the definition of ωλ given in (4.9),

Ω̂ŝ(V1, V2) = − i

2

∂

∂λ |λ=0
ωλ(V1(λ), V2(λ))

= − i

2

∂

∂λ |λ=0
2i

∫
Σ
tr
(
−Ḋ1(λ) ∧ ∂̇2(λ) + Ḋ2(λ) ∧ ∂̇1(λ)

)
=

∫
Σ
tr
(
−φ(1)

0 ∧ ψ(2)
1 + φ

(2)
0 ∧ ψ(1)

1 − φ
(1)
1 ∧ ψ(2)

0 + φ
(2)
1 ∧ ψ(1)

0

)
. (5.6)

We view Ω̂ in (5.6) as a two-form on the infinite-dimensional space of germs of sections of ϖ
at λ = 0. Note that the formula for Ω̂ is exactly (2.26) in the present context. It is straightfor-
ward to check that the form Ω̂ is closed.

Proposition 5.2. The two-form Ω̂ in (5.6) descends to a holomorphic two-form on the space of
irreducible sections, which on S ′

MDH
coincides with the holomorphic symplectic form Ω0 defined

in (2.26).

Proof. Since the form Ω̂ is closed, it suffices to show that the one-form at ŝ obtained by
contracting Ω̂ŝ with any vertical tangent vector at ŝ vanishes.
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To this end, let ŝ be a germ of a section near λ = 0, and let ξ(λ) =
∑∞

k=0 ξkλ
k be an

infinitesimal gauge transformation. The corresponding tangent vector V1 is represented by

˙̂s1 =
(
λ, ∂(λ)ξ(λ), D(λ)ξ(λ)

)
.

Then for an arbitrary tangent vector V2 represented by ˙̂s2 =
(
λ, ∂̇(λ), Ḋ(λ)

)
, we find the follow-

ing:

Ω̂ŝ(V1, V2) =
∂

∂λ |λ=0

∫
Σ
tr
(
−Ḋ(λ) ∧ ∂(λ)ξ(λ) +D(λ)ξ(λ) ∧ ∂̇(λ)

)
(Stokes) =

∂

∂λ |λ=0

∫
Σ
tr
((
∂(λ)

(
Ḋ(λ)

)
+D(λ)

(
∂̇(λ)

))
ξ(λ)

)
= 0,

where we used (5.4). This shows that Ω̂ descends to S ′. ■

Theorem 3.3 thus allows us to make the following conclusion.

Corollary 5.3. The restriction of 2πiE : S ′
MDH

−→ C is a holomorphic moment map for the
natural C∗-action on S ′

MDH
with respect to the holomorphic symplectic form Ω0. In particular,

the C∗-fixed points in S ′
MDH

are exactly the critical points of E
∣∣
S′
MDH

.

5.2 Explicit description of some C∗-fixed sections

Corollary 5.3 shows a close relationship between C∗-fixed points in SMDH
and the energy func-

tional. We therefore examine the C∗-fixed points more closely in this section. Before explicitly
determining the C∗-fixed irreducible sections, we first observe the following.

Lemma 5.4. The locus SC∗
MDH

⊂ SMDH
of all C∗-fixed sections is in a natural bijection

with MdR, the moduli space of flat completely reducible SL(n,C)-connections.
In particular, the critical points of E : S ′

MDH
−→ C correspond to an open subset of Mirr

dR, the
moduli space of flat irreducible SL(n,C)-connections.

Proof. Take ∇ ∈ MdR. As in Section 3.3, we obtain the following C∗-invariant section s∇ :
C∗ −→ MDH

s∇(λ) =
[(
λ, ∂

∇
, λ∂∇

)]
, ∂∇ = ∇1,0, ∂

∇
= ∇0,1. (5.7)

By a very crucial result of Simpson ([48] for existence and [49] for a more explicit ap-
proach), the limits of s∇(λ) for λ → 0 and λ → ∞ always exist in MHiggs(Σ, SL(n,C)) and
MHiggs

(
Σ, SL(n,C)

)
respectively. The resulting section, also denoted by s∇ ∈ MDH, is C∗-

invariant by continuity. Evaluation of sections s : CP 1 −→ MDH at λ = 1 gives the inverse of
the map ∇ 7−→ s∇.

The last statement in the lemma is a direct consequence of Theorem 3.3 and Corollary 5.3. ■

We next determine explicitly the C∗-fixed sections s ∈ SMDH
such that s is irreducible over C;

this will be done by using some results of [12]. In terms of Lemma 5.4, these are precisely the
sections s∇ such that s∇(0) is stable. Indeed, since irreducibility is an open condition, s∇(λ)
is an irreducible λ-connection for all λ close to 0. Using the C∗-invariance, we see that s(λ) is
irreducible for every λ ∈ C.

For any C∗-fixed section s∇, its values at 0 and ∞ are C∗-fixed Higgs bundles on Σ and Σ
respectively. These are called complex variations of Hodge structures (VHS). Let

(
∂,Φ

)
be any

VHS on Σ. The fact that
(
∂,Φ

)
is a C∗-fixed point yields a holomorphic splitting

E =

l⊕
j=1

Ej (5.8)
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into a direct sum of holomorphic vector bundles. With respect to the splitting in (5.8), ∂ and Φ
are given in the following block form:

∂ =



∂E1 0 . . . . . . 0

0 ∂E2

. . .
...

...
. . .

. . .
. . .

...
...

. . .
. . . 0

0 . . . . . . 0 ∂El


, Φ =



0 . . . . . . . . . 0

Φ(1) . . .
...

0 Φ(2) . . .
...

...
. . .

. . .
. . .

...

0 . . . 0 Φ(l−1) 0


, (5.9)

where Φ(j) ∈ H0(Σ,Hom(Ej , Ej+1)⊗KΣ). The sheaf sl(E) of trace-free holomorphic endomor-
phisms of E further decomposes into

sl(E) =
⊕
k∈Z

sl(E)k, sl(E)k = {ψ ∈ sl(E) | ψ(Ei) ⊂ Ei−k}.

By construction, we have Φ ∈ H0(Σ,KΣ ⊗ sl(E)−1). To define the next notion, let

N+ =
⊕
k>0

sl(E)k, N− =
⊕
k<0

sl(E)k, L = sl(E)0. (5.10)

Note that N+ (resp. N−) is the subspace of sl(E) consisting of endomorphisms of E that are
strictly upper (resp. lower) triangular form with blocks with respect to the splitting in (5.8),
while L is the space of elements of sl(E) with diagonal blocks.

Now let
(
∂,Φ

)
∈ MHiggs(SL(n,C)) be a stable complex variation of Hodge structures. Then

the BB-slice [12, Definition 3.7] through
(
∂,Φ

)
is defined by

B+
(∂,Φ)

=

{
(β, ϕ) ∈ Ω0,1(N+)⊕ Ω1,0(L⊕N+)

∣∣∣∣D′′(β, ϕ) + [β ∧ ϕ] = 0,
D′(β, ϕ) = 0

}
. (5.11)

Here we denote by D := ∂+∂h+Φ+Φ∗h the non-abelian Hodge connection associated to
(
∂,Φ

)
with harmonic metric h, and set D′′ := ∂ + Φ, D′ := ∂h + Φ∗h . Hence the equations in (5.11)
are explicitly given by

D′′(β, ϕ) + [β ∧ ϕ] = ∂ϕ+ [(Φ + ϕ) ∧ β] = 0,

D′(β, ϕ) = ∂hβ + [Φ∗h ∧ ϕ] = 0. (5.12)

Note that B+
(∂,Φ)

is a finite-dimensional affine space. Then, [12, Theorem 1.4 (3)] states that the
map

p : B+
(∂,Φ)

× C −→ MHod, ((β, ϕ), λ) 7−→
[
λ, ∂ + λΦ∗ + β, λ∂h +Φ+ ϕ

]
is a holomorphic embedding onto the “attracting set”

W
(
∂,Φ

)
=
{
m ∈ Mirr

Hod | lim
ζ→0

ζ ·m =
(
∂,Φ

)}
and it is compatible with the obvious projections to C. In particular, if W λ

(
∂,Φ

)
denotes the

intersection of W
(
∂,Φ

)
with the fiber ϖ−1(λ), then W λ

(
∂,Φ

)
is biholomorphic to the affine

space B+
(∂,Φ)

via the map pλ := p(•, λ). Thus, Mirr
Hod is stratified by affine spaces.

Given (β, ϕ) ∈ B+
(∂,Φ)

, we can use Lemma 5.4 and (5.7) to define the C∗-fixed section

s(β,ϕ) := sp1(β,ϕ) ∈ SMDH
.

As observed earlier, s(β,ϕ) is an irreducible section over C ⊂ CP 1 but not necessarily over all
of CP 1.
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Proposition 5.5. Over C, the C∗-fixed section s(β,ϕ) may be expressed as

s(β,ϕ)(λ) =

λ, ∂ + λ(Φ∗h + β1) +
l∑

j=2

λjβj ,Φ+ λ∂h +
l∑

j=0

λj+1ϕj

 , (5.13)

where β =
∑l

j=1 βj, with βj ∈ Ω0,1(sl(E)j) and ϕ =
∑

j=0 ϕj with ϕj ∈ Ω1,0(sl(E)j).

Proof. Let ∇ = p1(β, ϕ) = [D + β + ϕ] so that ∂
∇
= ∂ +Φ∗h + β, ∂∇ = ∂h + Φ + ϕ. Hence

s(β,ϕ) = s∇ is given by

s(β,ϕ)(λ) =
[
λ, ∂ + (Φ∗h + β), λ∂h + λΦ+ λϕ

]
for λ ∈ C∗ (see (5.7)). This does not give a lift of s(β,ϕ) over all of C, unless the holomorphic
bundle

(
E, ∂

)
is stable, in which case we must have β = 0 and Φ = 0.

To construct a lift over all of C, we use the C∗-family of gauge transformations

g(λ) = λm



λ1−lidE1 0 . . . . . . 0

0 λ2−lidE2

. . .
...

... 0
. . .

. . .
...

...
. . .

. . . 0
0 . . . . . . 0 λ0idEl


, (5.14)

where m = 1
n

∑l
j=1(l − j)rk(Ej), in order to ensure that det g(λ) = 1. Then any ξ ∈ sl(E)j

satisfies g(λ)−1ξg(λ) = λjξ. Let β =
∑l

j=1 βj , with βj ∈ Ω0,1(sl(E)j), and similarly ϕ =
∑

j=0 ϕj
with ϕj ∈ Ω1,0(sl(E)j). Then using Φ ∈ H0(K ⊗ sl(E)−1) and Φ∗h ∈ Ω0,1(K ⊗ sl(E)1), we get
that (

∂ + (Φ∗h + β), λ∂h + λΦ+ λϕ
)
.g(λ)

=

∂ + λ(Φ∗h + β1) +
l∑

j=2

λjβj ,Φ+ λ∂h +
l∑

j=0

λj+1ϕj

 .

The result follows. ■

Next we discuss the implications for the C∗-fixed leaves of the foliation F+ on S ′ = S ′
MDH

.

Recall that these leaves consist, in particular, of irreducible sections
(
on all of CP 1

)
, by de-

finition. We denote by S ′
(∂,Φ)

all sections in S ′ which pass through the stable complex variation of
Hodge structure

(
∂,Φ

)
∈ MC∗

Higgs at λ = 0.

Proposition 5.6. The C∗-fixed point locus (S ′
(∂,Φ)

)C
∗
is isomorphic to an open and non-empty

subset of the affine space B+
(∂,Φ)

.

Proof. Consider the section s(β,ϕ) : CP 1 −→ MDH for (β, ϕ) ∈ B+
(∂,Φ)

which is irreducible
over C. Because the complement of Mirr

Higgs

(
Σ, SL(n,C)

)
in MHiggs

(
Σ, SL(n,C)

)
is closed

and of codimension at least two (cf. [19]), it follows that s(β,ϕ) is an irreducible section for
(β, ϕ) ∈ B+

(∂,Φ)
lying in an open and dense subset of B+

(∂,Φ)
.

Note that (β, ϕ) = (0, 0) corresponds to the twistor line s(∂,Φ) through
(
∂,Φ

)
, which lies

in S ′. Since S ′ is open and non-empty in the space of all irreducible sections, we therefore see
that the irreducible and C∗-fixed section s(β,ϕ) has the desired normal bundle for (β, ϕ) in an
open and non-empty subset U ⊂ B+

(∂,Φ)
. Altogether, we obtain the isomorphism

p−1
1 ◦ ev1 : (S ′

(∂,Φ)
)C

∗ ∼=−→ U.

This completes the proof. ■
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From Theorem 3.3, we immediately obtain the following.

Corollary 5.7. The locus of critical points s ∈ S ′ of E : S ′ −→ C is isomorphic to an open and
non-empty subset in Mirr

dR. It is foliated by leaves which are isomorphic to open and non-empty
subsets of affine spaces.

Proof. The first statement follows, invoking a genericity argument, from Lemma 5.4. The
second one is a consequence of Proposition 5.6. ■

Remark 5.8. Let s : CP 1 −→ MDH be a C∗-fixed section such that s(0) =
(
∂,Φ

)
and s(∞) =

(∂,Ψ) are stable VHS on Σ and Σ respectively, with respective splittings, of the underlying
smooth vector bundle E, of the form

E =
l⊕

j=1

Ej , E =
l′⊕

j=1

E′
j .

With respect to these splittings, the respective holomorphic structures are diagonal and the
Higgs fields Φ and Ψ are lower triangular as in (5.9). Then we have the BB-slices B+

(∂,Φ)
(Σ)

and B+
(∂,Ψ)(Σ). By Proposition 5.6 and its analog on Σ, we see that, on the one hand, s cor-

responds to (β, ϕ) ∈ B+
(∂,Φ)

(Σ), and on the other hand it corresponds to
(
β̃, ϕ̃

)
∈ B+

(∂,Ψ)(Σ).
Therefore, we obtain two distinguished lifts of s over C and C∗ ∪ {∞} of the form

s(λ) =
[
λ, ŝ(β,ϕ)(λ)

]
Σ

=

λ, ∂ + λ(Φ∗h + β1) +
l∑

j=2

λjβj ,Φ+ λ∂h +
l∑

j=0

λj+1ϕj


Σ

,

s(λ) =
[
λ−1, ŝ

(β̃,ϕ̃)

(
λ−1

)]
Σ

=

λ−1, ∂ + λ−1
(
Ψ∗

h̃ + β̃1
)
+

l′∑
j=2

λ−j β̃j ,Ψ+ λ−1∂
h̃
+

l′∑
j=0

λ−(j+1)ϕ̃j


Σ

.

Let g0 be a gauge transformation such that(
∂ + ∂

h̃
+Ψ+Ψ∗

h̃ + β̃ + ϕ̃
)
.g0 = ∂ + ∂h + β + ϕ.

Going through the proof of Proposition 5.5 and writing g(λ) and g̃
(
λ−1

)
for the respective

C∗-families of gauge transformations, we get that

ŝ(β,ϕ)(λ) = ŝ
(β̃,ϕ̃)

(
λ−1

)
.g̃
(
λ−1

)−1
g0g(λ)

for any λ ∈ C∗.

In general, starting only with the lift ŝ(β,ϕ) over C obtained above, it seems hard to determine
explicitly the lift ŝ

(β̃,ϕ̃)

(
λ−1

)
over CP 1 \ {0} or even the limiting VHS s(β,ϕ)(∞). The next two

examples discuss some situations in which the limit can actually be computed.

Example 5.9. Suppose the holomorphic structure ∂h + Φ + ϕ is stable on Σ. Then we can
argue as follows. For λ ∈ C∗ we can write, using the Deligne gluing

s(β,ϕ)(λ) =
[
λ, ∂ +Φ∗h + β, λ

(
∂h +Φ+ ϕ

)]
Σ
=
[
λ−1, ∂h +Φ+ ϕ, λ−1

(
∂ +Φ∗h + β

)]
Σ
.

Under our assumption that ∂h + Φ + ϕ is stable, this allows us to conclude s(β,ϕ)(∞) =
(
∂h +

Φ + ϕ, 0
)
. We will see in the proof of Theorem 5.17 that this situation does in fact occur, at

least for rank 2 bundles.
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Example 5.10. Consider the rank two case meaning n = 2. If s is the twistor line through
a VHS

(
∂,Φ

)
on Σ, then we have E = V ⊕V ∗, where V is a line bundle with 0 < deg V ≤ g− 1

and V ∗ = kerΦ. Then s(∞) =
(
∂h,Φ∗h

)
and the corresponding splitting is E = V ∗ ⊕ V . Note

that, since Σ and Σ come with opposite orientations, we have deg V ∗ > 0, as a vector bundle
on Σ. Then g̃

(
λ−1

)
= g(λ) in this case, as the order is reversed. The associated lifts are thus

just the lifts of s over C and C∗ given by the harmonic metric, that is, the associated solution
of the self-duality equations.

Example 5.11 (grafting sections). In [27] a special class of C∗-invariant sections of MDH(Σ,
SL(2,C)), called grafting sections, have been constructed by using grafting of projective struc-
tures on Σ. We recover them from the previous proposition as follows.

Consider the C∗-fixed stable Higgs bundle
(
∂,Φ

)
with

E = K
1
2
Σ ⊕K

− 1
2

Σ , Φ =

(
0 0
1 0

)
,

where K
1
2
Σ is a square root of the canonical bundle KΣ. To determine (5.10) in this example, we

define E1 := K
1
2
Σ , E2 := K

− 1
2

Σ . Then we see that N+
∼= KΣ, N− = K−1

Σ , L ∼= OΣ. From (5.12) it
follows that (0, ϕ) ∈ B+

(∂,Φ)
if and only if ∂ϕ = 0 and [ϕ ∧ Φ∗h ] = 0. Hence ϕ is of the form

ϕ =

(
0 q
0 0

)
, q ∈ H0

(
Σ,K⊗2

Σ

)
,

with respect to the splitting E = E1 ⊕ E2. For those q such that the monodromy of the corre-
sponding flat connection at λ = 1 is real, the sections s(0,ϕ) are precisely the grafting sections
of [27, Section 2.1]. Since β = 0 in this case, we see that the energy of a grafting section is the
same as the energy of the twistor line associated with the stable Higgs pair

(
∂,Φ

)
. If the mon-

odromy of the corresponding flat connection is real, then [27] shows that the section s(0,ϕ) is real
and it defines an element of (S ′

MDH
)τ , in particular it has the correct normal bundle OCP 1(1)⊕2d.

But the section s(0,ϕ) is not admissible and thus cannot correspond to a solution of the self-duality
equations. This shows that we have

MSD(Σ, SL(2,C)) ⊊ (S ′
MDH

)τ .

5.3 The energy of a C∗-fixed section

Proposition 5.5 gives concrete formulas for all C∗-fixed points s ∈ SC∗
MDH

such that s(0) is a stable
VHS. We next compute the energy of such sections.

Proposition 5.12. Let
(
∂,Φ

)
be a stable C∗-fixed SL(n,C)-Higgs bundle, and let s(β,ϕ) be the

C∗-fixed section corresponding to (β, ϕ) ∈ B+
(∂,Φ)

. Its energy is given by

E(s(β,ϕ)) = E(s0) =
l∑

k=2

(k − 1) deg(Ek),

where s0 is the twistor line through
(
∂,Φ

)
.

Proof. Write s(β,ϕ) in a form as in (5.13). Then from the definition of E it follows immediately
that

E(s(β,ϕ)) = E(s0) +
1

2πi

∫
Σ
tr(Φ ∧ β1).
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Next we will show that
∫
Σ tr(Φ ∧ β1) = 0. To this end, let us write

Φ =

l−1∑
k=1

Φ(k), β1 =

l−1∑
k=1

β(k),

where Φ(k) ∈ Ω1,0(Hom(Ek, Ek+1)), β
(k) ∈ Ω0,1(Hom(Ek+1, Ek)); see the block form in (5.9). It

follows that

tr(Φ ∧ β1) =
l∑

k=1

trEk

(
Φ(k−1) ∧ β(k−1)

)
.

Note that each of the above summands Φ(k−1) ∧ β(k−1 belongs to Ω1,1(End(Ek)), and we have
adopted the convention that Φ(k) = 0 = β(k) if k = 0, l.

Now, equation (5.12) implies that ∂ϕ0 + [Φ ∧ β1] = 0 and we can write

[Φ ∧ β1] =
l−1∑
k=1

Φ(k−1) ∧ β(k−1) + β(k) ∧ Φ(k).

Thus, for each k = 1, . . . , l,

∂ϕ
(k)
0 +Φ(k−1) ∧ β(k−1) + β(k) ∧ Φ(k) = 0.

Consider the case of k = l

∂ϕ
(l)
0 +Φ(l−1) ∧ β(l−1) = 0.

Taking the trace of this equation and integrating over Σ, we find, using Stokes’ theorem, that∫
Σ
trEl

(
Φ(l−1) ∧ β(l−1)

)
= 0.

Now assume that
∫
Σ trEk+1

(
Φ(k) ∧ β(k)

)
= 0 for all k ≥ k0. Then we have

∂ϕ
(k0)
0 +Φ(k0−1) ∧ β(k0−1) + β(k0) ∧ Φ(k0) = 0.

Taking the trace and integrating yields

0 =

∫
Σ
trEk0

(
Φ(k0−1) ∧ β(k0−1) + β(k0) ∧ Φ(k0)

)
=

∫
Σ
trEk0

(
Φ(k0−1) ∧ β(k0−1)

)
−
∫
Σ
trEk0+1

(
Φ(k0) ∧ β(k0)

)
=

∫
Σ
trEk0

(
Φ(k0−1) ∧ β(k0−1)

)
.

It follows inductively that
∫
Σ tr(Φ ∧ β1) = 0.

It remains to compute the energy of the twistor line s0. To this end, we observe that

E(s0) =
1

2πi

∫
Σ
tr(Φ ∧ Φ∗h) =

1

2πi

∫
Σ

l∑
k=2

trEk

(
Φ(k−1) ∧

(
Φk−1

)∗h) = l∑
k=2

Ek(s0),

where we put Ek(s0) = 1
2πi

∫
Σ trEk

(
Φ(k−1) ∧

(
Φk−1

)∗h) for k ≥ 2. The equation F∇h
+

[Φ ∧ Φ∗h ] = 0 is in the form of diagonal blocks, with respect to the splitting E =
⊕l

k=1Ek, with
components

F
∇h

Ek +Φ(k−1) ∧
(
Φ(k−1)

)∗h +
(
Φ(k)

)∗h ∧ Φ(k) = 0.
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This gives the following recursive relations:

Ek(s0) =
1

2πi

∫
Σ
trEk

(
Φ(k−1) ∧

(
Φ(k−1)

)∗h)
=

i

2π

∫
Σ
trEk

(
F

∇h
Ek

)
+

1

2πi

∫
Σ
trEk+1

(
Φ(k) ∧

(
Φ(k)

)∗h) = deg(Ek) + Ek+1(s0).

Thus, if k = l, we find that El(s0) = deg(El), and for general k we get that

Ek(s0) =
l−1∑
j=k

deg(Ej) + El(s0) =
l∑

j=k

deg(Ej).

Therefore,

E(s0) =
l∑

k=2

Ek(s0) =
l∑

k=2

l∑
j=k

deg(Ej) =
l∑

k=2

(k − 1) deg(Ek),

and this completes the proof. ■

5.4 The second variation of the Energy at a C∗-fixed section

Next we study the second variation of the energy functional E at a C∗-fixed point.
Examining the proof of Proposition 5.5, we can check explicitly that the sections s(β,ϕ) sat-

isfy, for any ζ ∈ C∗, the relation ζ.ŝ(β,ϕ) = ŝ(β,ϕ).g(ζ)
−1. Moreover, if we use the notation of

equation (5.14) and put

ξ =



(m+ 1− l)idE1 0 . . . . . . 0

0 (m+ 2− l)idE2

. . .
...

... 0
. . .

. . .
...

...
. . .

. . . 0
0 . . . . . . 0 midEl


,

then [ξ, ·] acts as multiplication by k on sl(E)k and we see that

−iλ
d

dλ
∂(λ) = ∂(λ)ξ(λ), iD(λ)− iλ

d

dλ
D(λ) = D(λ)ξ(λ) (5.15)

with

(
∂(λ), D(λ)

)
=

∂ + λ(Φ∗h + β1) +
l∑

j=2

λjβj ,Φ+ λ∂h +
l∑

j=0

λj+1ϕj

 .

For ξ(λ) =
∑∞

k=0 ξkλ
k, we deduce from (5.15) the following equations

0 = ∂ξ0, Φ = [Φ, ξ0], −Ψ = ∂ξ1 + [Ψ, ξ0], 0 = [Φ, ξ1] + ∂ξ0. (5.16)

We can now compute the second variation of E at such fixed points.

Proposition 5.13. The second variation of E at a C∗-fixed point s with lift ŝ as in (4.10) is
given by

d2E(ṡ) = 1

2πi

∫
Σ
tr(ψ0 ∧ [φ1, ξ] + φ1 ∧ [ψ0, ξ] + ψ1 ∧ [φ0, ξ]) + φ0 ∧ [ψ1, ξ] + 2φ0 ∧ ψ1).
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Proof. Let (st) be a family of sections with s0 = s. We compute, using the notation for ŝ and ṡ
as in Section 5,

2πi
d2

dt2
|t=0E(st) =

∫
Σ
tr
(
Φ ∧ ψ̇1 + φ̇0 ∧Ψ+ 2φ0 ∧ ψ1

)
.

Since the section s0 = s is fixed by the action of C∗, we can use (5.16) (with ξ = ξ0, ξ1 = 0) to
write

2πi
d2

dt2
|t=0E(st) =

∫
Σ
tr
(
[Φ, ξ] ∧ ψ̇ − ϕ̇ ∧ [Ψ, ξ] + 2ϕ ∧ ψ

)
=

∫
Σ
tr
(
−ξ
([
Φ ∧ ψ̇

]
+
[
ϕ̇ ∧Ψ

])
+ 2ϕ ∧ ψ

)
=

∫
Σ
tr
(
ξ
(
∂φ̇1 + ∂ψ̇0 + 2[ψ0 ∧ φ1] + 2[φ0 ∧ ψ1]

)
+ 2φ0 ∧ ψ1

)
(using ∂ξ = 0 = ∂ξ) =

∫
Σ
tr
(
ξ (2[ψ0 ∧ φ1] + 2[φ0 ∧ ψ1]) + 2φ0 ∧ ψ1

)
=

∫
Σ
tr
(
ψ0 ∧ [φ1, ξ] + φ1 ∧ [ψ0 ∧ ξ] + ψ1 ∧ [φ0, ξ]

+ φ0 ∧ [ψ1 ∧ ξ] + 2φ0 ∧ ψ1

)
.

In the third equation from above, we made use of the second linearisation of (5.3). ■

Proposition 5.13 shows that the second variation is closely related to the infinitesimal C∗-
action on the tangent space. The following proposition is obtained.

Proposition 5.14. Let ṡ(λ) =
(
λ, ∂̇(λ), Ḋ(λ)

)
=
(
λ,
∑∞

k=0 ψkλ
k,
∑∞

k=0 φkλ
k
)
be an infinitesi-

mal deformation of the critical point s ∈ S. Suppose that ṡ satisfies

[ψ0, ξ] = n0ψ0, [ψ1, ξ] = n1ψ1, [φ0, ξ] = m0φ0, [φ1, ξ] = m1φ1

for some mi, ni ∈ Z. Then

d2E(ṡ) = 1

2πi

∫
Σ
tr((m1 + n0)ψ0 ∧ φ1 + (m0 + n1 + 2)ψ1 ∧ φ0).

Remark 5.15. Note that this resembles the discussion surrounding [30, equation (8.10)]. In
fact, it does reproduce Hitchin’s result in the case where s is the twistor line corresponding to
a C∗-fixed point in MHiggs and the deformation ṡ is real, so that ψ1 = φ∗

0, ψ0 = −φ∗
1.

5.5 Sections and the degree of the hyperholomorphic line bundle

Our previous results together with the energy can be used to show that the space of irreducible
sections is not connected. We begin with the following proposition.

Proposition 5.16. Let
(
∂,Φ

)
be a stable C∗-fixed Higgs bundle, and let s(β,ϕ) be a C∗-fixed sec-

tion corresponding to (β, ϕ) ∈ B+
(∂,Φ)

. If sβ,ϕ(∞) is given by a VHS on Σ with underlying holo-
morphic bundle E =

⊕l′

k=1E
′
k, then the following holds

deg(s∗(β,ϕ)LZ) =

l∑
k=1

(k − 1) deg(Ek) +

l′∑
k=1

(k − 1) deg(E′
k).
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Proof. Proposition 5.12 allows us to compute E0(s) and E∞(s). The assertion now follows from
the formula

deg(s∗(β,ϕ)LZ) = E(s(β,ϕ)) + E∞(s(β,ϕ)).

This completes the proof. ■

Theorem 5.17. There exist irreducible sections s of ϖ : MDH(Σ, SL(2,C)) −→ CP 1 such that
the pullback s∗LZ of the holomorphic line bundle LZ −→ MDH(Σ, SL(2,C)) has non-zero degree.
In particular, the space of irreducible sections is not connected.

Proof. Let K
1
2
Σ be a square-root of the canonical line bundle KΣ. Consider the uniformization

(Fuchsian) flat connection

∇Fuchs =

∇K
1
2
Σ 1∗

1 ∇K
− 1

2
Σ


on the rank two vector bundle K

1
2
Σ ⊕K

− 1
2

Σ . For a generic holomorphic quadratic differen-
tial q ∈ H0

(
Σ,K2

Σ

)
, the anti-holomorphic structure∂K 1

2
Σ

q

1 ∂
K

− 1
2

Σ


is stable (that is, it defines a stable holomorphic vector bundle on Σ). Then,

∇ := ∇Fuchs +

(
0 q
0 0

)
gives a C∗-invariant section s∇ ∈ SMDH

by the construction of Lemma 5.4. In view of Proposi-
tion 5.12, the energy at λ = 0 is given by

deg
(
K

− 1
2

Σ

)
= 1− g ̸= 0.

By assumption, ∂∇ is stable, so the anti-Higgs field of s at λ = ∞ vanishes, and the energy
at λ = ∞ is given by E∞ = 0. Finally, we have

deg(s∗LZ) = E(s) + E∞(s) ̸= 0

by the residue formula for the pullback, under s, of the meromorphic connection to CP 1 (see [4,
Section 3]). ■

Remark 5.18. By the general theory explained in Section 3.1, the C∞ line bundle underly-
ing LZ −→ MDH(Σ, SL(n,C)) agrees on Mirr

DH(Σ, SL(n,C)) with the pullback of a line bundle
on Mirr

SD(Σ, SL(n,C)) under the C∞ projection Mirr
DH(Σ, SL(n,C)) ∼= S2×Mirr

SD(Σ, SL(n,C)) →
Mirr

SD(Σ, SL(n,C)). Since the twistor lines are just the fibres of this projection, it follows
that deg(s∗LZ) = 0 for any twistor line s.

Given a(n irreducible) section s ∈ SMDH
, it is in general very difficult to compute its normal

bundle Ns. However, by using the methods of [27], it can be shown that the C∗-fixed points
considered in the proof of Theorem 5.17 do not have normal bundles of generic type, i.e., their
normal bundle admits holomorphic sections with double zeros.
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195–230, arXiv:math.AG/0011256.

[40] LeBrun C., Quaternionic-Kähler manifolds and conformal geometry, Math. Ann. 284 (1989), 353–376.

[41] Maruyama M., Openness of a family of torsion free sheaves, J. Math. Kyoto Univ. 16 (1976), 627–637.

[42] Mayrand M., Hyperkähler metrics near Lagrangian submanifolds and symplectic groupoids, J. Reine Angew.
Math. 782 (2022), 197–218, arXiv:2011.09282.

[43] Namba M., On maximal families of compact complex submanifolds of complex fiber spaces, Tohoku Math. J.
25 (1973), 237–262.

[44] Narasimhan M.S., Seshadri C.S., Stable and unitary vector bundles on a compact Riemann surface, Ann.
of Math. 82 (1965), 540–567.

[45] Pohlmeyer K., Integrable Hamiltonian systems and interactions through quadratic constraints, Comm. Math.
Phys. 46 (1976), 207–221.

[46] Quillen D., Determinants of Cauchy–Riemann operators over a Riemann surface, Funct. Anal. Appl. 19
(1985), 31–34.

[47] Simpson C., Higgs bundles and local systems, Inst. Hautes Études Sci. Publ. Math. 75 (1992), 5–95.

[48] Simpson C., The Hodge filtration on nonabelian cohomology, in Algebraic Geometry – Santa Cruz 1995, Proc.
Sympos. Pure Math., Vol. 62, American Mathematical Society, Providence, RI, 1997, 217–281, arXiv:alg-
geom/9604005.

[49] Simpson C., Iterated destabilizing modifications for vector bundles with connection, in Vector Bundles
and Complex Geometry, Contemp. Math., Vol. 522, American Mathematical Society, Providence, RI, 2010,
183–206, arXiv:0812.3472.

[50] Uhlenbeck K., Harmonic maps into Lie groups: classical solutions of the chiral model, J. Differential Geom.
30 (1989), 1–50.

https://doi.org/10.1016/j.geomphys.2007.11.004
http://arxiv.org/abs/0706.4473
https://doi.org/10.1093/integr/xyaa006
http://arxiv.org/abs/1801.02402
https://doi.org/10.48550/arXiv.1906.10350
https://doi.org/10.48550/arXiv.1906.10350
http://arxiv.org/abs/1906.10350
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.4310/jdg/1214444631
https://doi.org/10.1016/0040-9383(92)90044-I
https://doi.org/10.1007/s00220-013-1689-y
http://arxiv.org/abs/1210.0424
https://doi.org/10.1007/978-3-319-05404-9_8
http://arxiv.org/abs/1306.4241
https://doi.org/10.1007/BF01214418
https://doi.org/10.1007/BF01214418
https://doi.org/10.1016/j.matpur.2022.06.002
http://arxiv.org/abs/1905.10765
https://doi.org/10.3842/SIGMA.2020.029
http://arxiv.org/abs/1908.08348
https://doi.org/10.7146/math.scand.a-18273
https://doi.org/10.1016/j.aim.2011.03.012
http://arxiv.org/abs/1006.0440
https://doi.org/10.1112/S0010437X14007477
http://arxiv.org/abs/1103.4431
https://doi.org/10.1142/4709
http://arxiv.org/abs/math.AG/0011256
https://doi.org/10.1007/BF01442490
https://doi.org/10.1215/kjm/1250522875
https://doi.org/10.1515/crelle-2021-0059
https://doi.org/10.1515/crelle-2021-0059
http://arxiv.org/abs/2011.09282
https://doi.org/10.2748/tmj/1178241383
https://doi.org/10.2307/1970710
https://doi.org/10.2307/1970710
https://doi.org/10.1007/BF01609119
https://doi.org/10.1007/BF01609119
https://doi.org/10.1007/BF01086022
https://doi.org/10.1007/BF02699491
https://doi.org/10.1090/pspum/062.2/1492538
http://arxiv.org/abs/alg-geom/9604005
http://arxiv.org/abs/alg-geom/9604005
https://doi.org/10.1090/conm/522/10300
http://arxiv.org/abs/0812.3472
https://doi.org/10.4310/jdg/1214443286

	1 Introduction
	2 Geometry of the space of holomorphic sections of a twistor space
	2.1 Twistor space
	2.2 Space of holomorphic sections as a complexified hyperKähler manifold
	2.3 Alternative description of the holomorphic symplectic form Omega_x on S'

	3 The hyperholomorphic line bundle and the energy functional
	3.1 Rotating circle actions and the hyperholomorphic line bundle
	3.2 The S^1-action on S and the energy functional
	3.3 Critical Points of E
	3.4 The Atiyah–Ward transform of L_Z
	3.5 The Atiyah–Ward transform and the meromorphic connection
	3.6 An alternative construction of Hitchin's meromorphic connection
	3.6.1 tau-sesquilinear forms and a generalized Chern connection


	4 Space of holomorphic sections of the Deligne–Hitchin moduli space
	4.1 Hitchin's self-duality equations
	4.2 The Deligne–Hitchin moduli space
	4.3 The line bundle on M_DH^irr
	4.4 Irreducible and admissible sections

	5 Energy functional on sections of the Deligne–Hitchin moduli space
	5.1 The energy as a moment map
	5.2 Explicit description of some C^*-fixed sections
	5.3 The energy of a C^*-fixed section
	5.4 The second variation of the Energy at a C^*-fixed section
	5.5 Sections and the degree of the hyperholomorphic line bundle

	References

