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Abstract. For the noncompact open SL(2,C) spin chain, the eigenfunctions of the special
matrix element of monodromy matrix are constructed. The key ingredients of the whole
construction are local Yang—Baxter R-operators, QQ-operator and raising operators obtained
by reduction from the Q-operator. The calculation of various scalar products and the proof
of orthogonality are based on the properties of Q-operator and demonstrate its hidden role.
The symmetry of eigenfunctions with respect to reflection of the spin variable s — 1 — s is
established. The Mellin—Barnes representation for eigenfunctions is derived and equivalence
with initial coordinate representation is proved. The transformation from one representation
to another is grounded on the application of A-type Gustafson integral generalized to the
complex field.
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1 Introduction

We consider the spin chain with infinite-dimensional unitary principal series representation of
the group SL(2,C) in each site. This integrable model appears in description of the high-
energy behavior of quantum chromodynamics, see [30, 54, 55, 56] and in connection to the
two-dimensional version [16, 47] of conformal fishnet field theory [4, 5, 6, 13, 36, 37, 38, 42].

The main objects of the quantum inverse scattering method [29, 52, 75, 77, 78] for the model
under consideration are known. The Hilbert space of the model H = Vi @ Vo ® --- ® V,, is
given by the direct product of the spaces Vi = L2(C). To each site, we associate the quantum
L-operator

u+S S-
Llu) = ( S, u—s>’
where S, S_ and S are generators of the Lie algebra sl(2,C) in representation labelled by
spin s. The monodromy matrix is defined as a product of L operators

T = L e+ Lo(w) = (440 D). (L)

where subscript k shows that L(u) acts nontrivially on the k-th space in the tensor product.
Monodromy matrix is a two by two matrix in the auxiliary two-dimensional space C? with entries
that are operators on the quantum space H. The RTT-relations [29, 52, 75, 77, 78] imply the
commutativity ¢(u)t(v) = t(v)t(u) of the transfer matrix — the trace of the monodromy matrix
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in auxiliary space t(u) = A(u) + D(u). The commutativity relation means that t(u) is the
generating function for the set of n commuting operators t;, k =1,...,n,

t(u) = A(u) + D(u) = 2u™ + u" 1ty +u" Pty + -+t

In the case of the closed (or periodic) spin chain, the main problem is diagonalization of the
transfer matrix ¢(u) or, equivalently, the set of n commuting operators t; [29, 52, 75, 77, 78].
The RTT-relations imply the commutation relations

so that operators A(u) and B(u) are also generating functions for the sets of n commuting
operators. It turns out that the systems of eigenfunctions of the operators B(u) and A(u) are of
independent interest. Moreover, the diagonalization of the operator B(u) is the important step
in the diagonalization of the transfer matrix ¢(u).

In the case of spin chain with infinite-dimensional unitary principal series representation of
the group SL(2, C) in each site, the standard technique of the algebraic Bethe ansatz [29, 52, 77]
is not applicable. The principal series representation has neither lowest nor highest weight
vectors, and as a consequence there is no reference state for ABA. The situation is similar to
the quantum Toda chain and for the solution of the model one uses the Sklyanin’s method of
separation of variables [48, 49, 50, 74, 76]. The main idea of the SoV method is very natural
from the quantum mechanical point of view and in our particular case consists in a performing of
quantum canonical transformation [31, 32] to the representation where operator B(u) is diagonal.

In precise and most general terms [50, 74, 76], quantum separation of variables consists in
explicit construction of a unitary map U between some distinguished Hilbert space and the
original Hilbert space on which the model is formulated. This map must greatly simplify the
spectral problem associated with the family of commuting operators. The original spectral
problem is essentially a multi-parameter spectral problem in which each eigenvector is associated
with a tower of eigenvalues of the family of commuting operators (¢ in the case of closed spin
chain). The role of the map U is to implement unitary equivalence in such a way that the original
multi-dimensional and multi-parameter spectral problem is reduced to a multi-parameter, but
one-dimensional spectral problem. In our particular example of the closed spin chain, Sklyanin
showed that the mapping U can be realized as an integral transformation, where the integral
kernel is given by an eigenfunction of the operator B(u), and the one-dimensional spectral
problem corresponds to solving the so-called T'— () Baxter equation associated with the model.

Thus, the entire problem is divided into two separate tasks — the explicit construction of
the mapping U and the solution of the T"— @) Baxter equation. In turn, the construction of
the mapping U is divided into its own separate tasks — the construction of the corresponding
eigenfunctions and the proof that this is a complete orthogonal set, which is equivalent to proving
the unitarity of the mapping U. In fact, the construction of ¢/ can be dealt with by making the
best of the Yang—Baxter algebra underlying the integrability of the model.

The eigenfunctions of the operator B(u) were constructed in [17] and their orthogonality was
also proved there. It turns out that the systems of eigenfunctions of the remaining operators A(u)
and D(u) and the corresponding integral transformations are of independent interest [7, 16, 57].
The corresponding eigenfunctions were constructed in [19] and completeness of all sets of eigen-
functions (including eigenfunctions of B(u)) was proved quite recently [63].

In the present paper, we focus on the investigation of eigenfunctions of the operator A(u, zp) =
A(u)+z0B(u). The variable zy plays the role of the auxiliary interpolating parameter — the oper-
ator A(u, zo) coincides with operator A(u) for zp = 0 and gives operator B(u) for zyp — co. Cor-
respondingly, the eigenfunctions of operator A(u, zp) depend on zy and reproduce eigenfunctions
of operator A(u) for zp = 0 and eigenfunctions of operator B(u) in appropriate limit zp — oc.
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In analogy with SoV representation, an integral transformation, where the integral kernel is
given by an eigenfunction of the operator A(u,zp), is very useful. First of all, it is unitary
mapping to the representation where graph-building operator for the two-dimensional Basso—
Dixon diagram is diagonal [16]. Secondly, we use this transformation for construction of the
Mellin—Barnes representation for the BC-type spin chain [2].

An essential part of the works [17, 19] is the use of the Feynman diagram technique. This
allows one to represent the kernels of the integral operators as Feynman diagrams and to perform
all the necessary operations at the graphical level. It makes all the calculations visual, but it
is sometimes difficult to reconstruct the simple algebraic meaning of the transformations. The
central aim of the present work is to demonstrate the new algebraic approach to calculations
involving the eigenfunctions of the operator A(u,zp). The eigenfunctions of A(u) and A(u, zp)
differ by the shift of argument, therefore they are given by the same formula [19], see Section 4.
By means of the algebraic method, the new proofs of known properties of these functions are
developed. For example, we give the new proof of orthogonality relation and the symmetry
with respect to permutations of spectral variables (these properties were established in [16, 19]
with the help of the diagram technique) and present the algebraic calculation of some scalar
products of eigenfunctions including the kernel of Mellin—-Barnes integral representation [79]
and the matrix element of shift operator (the overlap integral) [22]. In addition, we obtain some
new results like the symmetry relation between the eigenfunctions corresponding to spins s
and 1 — s, and the direct transformation from the Mellin—Barnes representation to the initial
integral representation without using the completeness of the set of eigenfunctions.

Our motivation for developing the algebraic approach is twofold. First of all, in recent years
significant progress has been made in constructing SoV representations for higher rank finite-
dimensional models, see [12, 39, 40, 41, 53, 59, 60, 61, 62, 68, 69, 70]. In the case of higher rank,
the diagrammatical approach does not exist so that development of an algebraic approach is
the first needed step for the generalization of the SoV to the case of noncompact groups of the
higher rank. Secondly, this work is the first part in a series of two papers. The second work [2] is
devoted to the open spin chain of the BC-type. One of the goals of the present paper is to collect
all formulas needed for the second part and derive them in a unified way. This allows to perform
similar calculations in the case of the spin chain of BC-type because in this case Feynman dia-
grams have significantly more complicated form and algebraic approach becomes more suitable.

The paper is organized as follows. In Section 2, we present all necessary formulas concerning
principal series representations. In Section 3, we introduce the main building block — R-operator
which gives solution of the defining Yang—Baxter relation (3.12) and then use it for the construc-
tion of the Q-operator. In contrast to Baxter’s Q-operator, it commutes not with the transfer
matrix t(u) = A(u)+ D(u), but with the operator A(u, zp) = A(u)+ zoB(u). We call this object
the Q-operator since it has the same characteristic properties as the canonically defined Baxter
Q-operator — it forms the commutative family of operators (see (3.15)) and satisfies the Baxter
equation (3.16). In our case, the latter takes the form of the first order difference equation,
in contrast to the second order difference equation in the conventional case. All these properties
are proved algebraically without using diagrammatic technique.

The common eigenfunctions of A- and @Q-operators are discussed in Section 4. The eigen-
functions are constructed in an iterative way using raising operator. The Q-operator coincides
with integral graph building operator from [16] which was used to compute Feynman diagrams
of Basso—Dixon type in two-dimensional conformal fishnet theory. The mentioned inductive
construction of eigenfunctions of (Q-operator was presented in that work on diagrammatic level.
These functions play the key role in the exact calculation of Basso—Dixon diagrams. In the
present work, this construction is translated to the algebraic language. This way, we show the
connection between the graph building operator and the monodromy matrix (1.1) of SL(2,C)
spin chain which was not discussed in [16].
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Raising operator is a closed relative of the Q-operator and can be obtained by simple reduc-
tion. In fact, all properties of eigenfunctions are defined by the commutation relations between
raising operators and Q-operators. We derive all needed commutation relations from the com-
mutativity of @-operators using reduction. In comparison with diagrammatic consideration,
this approach clearly shows the necessary restructuring of the product of R-operators. Principal
series representations characterized by the parameters s and 1 — s are equivalent and in the
second part of this section we consider the manifestation of this symmetry s &2 1 — s on the
level of eigenfunctions.

Section 5 is devoted to the calculations of some specific scalar products. We present an iter-
ative algebraic computation that allows us to reveal the hidden role of the ()-operator.

In Section 6, we prove orthogonality of eigenfunctions and calculate the corresponding Sklya-
nin measure. The introduction of the special regularization allows to use the explicit formulas
derived in the previous section. We show that after removing the regularization one obtains the
needed symmetric d-function.

Section 7 is devoted to the derivation of the equivalent representation for eigenfunction. In
analogy with the similar representation for the eigenfunctions of A-type Toda chain [48, 49, 50],
we call it the Mellin—Barnes representation. Using generalization to the complex field of A-type
Gustafson integral, we present the direct transformation from one representation to another.

In the last Section 8, we collect the main formulas and shortly discuss the possible applica-
tions.

In appendices, we collect some useful formulas.

2 Principal series representations of SL(2,C)

To describe the model, we recall the main formulas for the principal series representation of the
group SL(2,C) [34, 35]. It is defined on the space L?(C) of square integrable functions on C
with the scalar product

(B|T) = /sztID(z,z)\I/(z,z). (2.1)

The integration measure is the Lebesque measure in C: d?z = daxdy, where as usual z = = + iy
and z = Re(z), y = Im(2). The integration is over the whole complex plane.

To avoid misunderstanding, we denote complex conjugation of a number a € C as a* so that
in generic situation a does not mean complex conjugated to a. There is only one traditional
exception for the variable z so that z = z* and for the complex conjugation of functions ¥(z, 2).

The representation is parametrized by the pair of parameters (spins) (s, 5) with restriction
2(s — 5) € Z. The group element

a b
g—(c d>’ ad — bc =1,

is represented by the operator T(*%)(g) acting on functions ¥(z, Z) according to the formula

= s (—cH+az —c*+a*z
T(s,s) i ) — o —2s( pk ¥z —25\11 c )
[T (g)W] (2,2) = (d — b) > (d° —br2) 2w 02 =

To avoid misunderstanding, we write everything explicitly but in the following we will use
compact notations so that this formula reduces to the form

(76 ()] (2) = [d — bz] >V (‘Clcjg") .



A-Type Open SL(2,C) Spin Chain 5

First of all, for the sake of simplicity, we will display only argument z so that ¥(z) = ¥(z, 2).
Secondly, here and in what follows for a pair (a,a) € C? such that a — @ € Z we denote the
double power

[Z]a = 050 _ |Z|a+ﬁei((l—a) argz. (22)

The function (2.2) depends on both “holomorphic” parameter a and “antiholomorphic” one a,
but for brevity we display only the “holomorphic” exponent. The numbers a, @ are not complex
conjugate in general. We impose the condition a—a € Z, so that the function [z]* is single-valued
in the whole complex plane. In addition, for p € R we denote

[Z]p—i—a = zp—i—azp—&-a'

The principal series representation is unitary if s and § satisfy the condition
s*+s5=1, (2.3)

where s* denotes the complex conjugation of s. Together with the condition 2(s — 5) € Z, this
gives the parametrization of spins

1+ns+, 1 —n
= 1V S =
2 s’ 2

s + ivg, ns € Z+o, vseR, (2.4)

where for the rest of the paper we fix the parameter o
ce{0,3} (2.5)

so that for 0 = 0 the parameter ng is integer and for o = % the parameter ng is half-integer.
Generators of the representation are defined in the standard way as the coefficients of de-
composition of the map T(5:%) (g) in the neighbourhood of unity. They have the form

S=20,+s, S_=-0, S, =2%0,+2sz,

S=z0:+5  S_.=-0,, S, =7z%,+25z (2.6)

We call S, Si holomorphic generators and S, Sy — antiholomorphic ones. They obey the
standard commutation relations of the Lie algebra sl(2, C)

[S+7S—] =25, [S,Si] = +5y,

and similarly for the antiholomorphic generators. Note that the holomorphic generators com-
mute with the antiholomorphic ones. Two types of generators are conjugate to each other with
respect to the scalar product (2.1),

st=-5,  st=-5, sl=-5, (2.7)

due to relation (2.3).

2.1 Equivalent representations and intertwiner

It is well known [34, 35] that the representations characterized by the parameters (s, s) and
(1 —s,1—5) are equivalent. There exists an integral operator W which intertwines equivalent
principal series representations 7% and T(0~%17%) for generic complex s and 3,

W (s, 5T (g) = TO=19) ()1 (s, 5).
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Intertwining operator can be written in the following explicit form [34] (for a justification of the
taken normalization factor, see [18]):

iT2s-2Blp2 s —54]s—3 Oz, x
[W(s,5)®1(2,2) = T FES +5+ |SJ:|8! - B /dzm[z_(ﬂf]z)%’

where I'(x) is the standard Euler gamma function. This is a well-defined operator for generic
values of s and s. Despite of the diverging integral for the discrete values 2s = —n, 25 = —n,
where n, n € Z>, it remains well defined in this case too due the appropriate normalizing factor.

The described intertwining operator has a meaning of the pseudo-differential operator. Such
an interpretation is reached with the help of the following explicit Fourier transformation:

Ala, @) d%ﬂ— “p* a—aclZ (2.8)
’ Zl'i‘agl'i‘@ _p p ’ I .

where the normalization constant has the canonical form [34]

~la—al F(a+6¢+|gfo7\+2)

Ala, @) == - F(*a*a;m*dl) .

For non-integer values of «, the form of this constant can be simplified

oy ()
A = r 1 I'a) = ——~2—
(@)= E T+, T) = gr o
where I'(«) is the gamma function associated with the field C [33, 65].
Let us replace in formula (2.8) the complex variables p and p by the momentum operators,
p — p= —i0, and p — p = —idz. Then one can use the standard finite-difference operator

ST f () = 40t f (3, 7) = f(2 + 0,2 + @)

[i]* = o

in order to set by definition

% ®(2, 2) = pOFPD(2, 2) = c(a) / d%M (2.9)

z — x]lte’

where

o(a) = [P A, a) = LP@+ D) (2.10)

™

It is this pseudo-differential operator that is used for fixing the normalizing factor in the inter-
twining operator — one simply sets

W (s, 5) == [p]' 2. (2.11)
From (2.11) and relation [p]®[p]~® = 1, it follows that
W (s,5) =W(1 —s,1-3).

The rules of conjugation for the momentum operators have the standard form p!t = p, pt = p so
that

*

(1) = (p°p%)" = 5275 = [ (2.12)
In our parametrization (2.4), §* = 1 — s and therefore
Wi(s,5) =Wl —s,1-5) =W (s,5)

so that W (s, 5) is unitary operator Wi(s, 5)W(s,5) = 1.
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3 SL(2,C) spin chain

In this section, we define the integrable model under consideration and introduce Yang—Baxter
R-operators and corresponding QQ-operators.

3.1 L operators and monodromy matrices

The Hilbert space of the model is given by the direct product of the L2(C) spaces,
H=Vi®@Vh® -V, Vi, = L(C), k=1,...,n. (3.1)

The dynamical variables are given by two sets of spin operators: holomorphic (Silc ), S(k) ) and
anti-holomorphic (S’EC ), S (k)), k=1,...,n.' In what follows, we will consider only homogeneous
chains, s = s, 5 = §, for all k. To each site k, we associate the quantum L-operators with
subscript k, acting nontrivially on the k-th space in the tensor product (3.1)

futs® g® _ (a4 sk W
Lk(“)—< s® g ) HO={Tgm g gw )

The monodromy matrix is defined as a product of L operators

T(u) = Ly1(u)La(u) - - - Lp(u), T(u) = Ly (w)Lo(t) - - - Ly, ().

It is a two by two matrix in the auxiliary two-dimensional space C? with entries that are operators
on the quantum space H

r0=(e) o) T@= (G pn):

The monodromy matrix satisfies the RT'T-relation [29, 52, 75]

Ru—v)(T(w)®1)(1@T(v) = (1®@T(v))(T(v) ® 1)R(u —v). (3.2)
Here R(u) is the Yang’s R-matrix that acts in the tensor product C? @ C?

R(u) =u+ P, Pa®b=>b®a.

From (3.2), one obtains in a standard way that operators A(u) and B(u) form commutative
families

Another consequence of (3.2) are commutation relations

S, B(w)] =0,  [S_,A(w)] = B(u) (3.4)
with global generators

o =854 45t
Due to (3.4), we have

A(u, 20) = A(u) + 20B(u) = €™~ A(u)e 05~ (3.5)

Tt is assumed that the generators with index k act non-trivially only on k—th space in the tensor product, Vj.
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so that the operators A(u,zp) and A(u) are connected by similarity transformation. Then the
relation (3.3) implies commutativity of A(u, zp) also

[A(u, 20), A(v, z9)] = 0.

By construction, the operator A(u, zg) is polynomial of degree n in u

n
Alu, 29) = u™ +u" (S + 25_) + Z u" R, (3.6)
k=2

where operators I are homogeneous polynomials of degree k from generators Sﬁf ) and S @),
j=1,...,n,ie., differential operators of k-th order in the variables z1, ..., z,. The construction
for anti-holomorphic sector is essentially the same and we will omit the corresponding similar

expressions as a rule.
Let U(z,) = ¥(z1,Z1,...,2n, Zn) be a common eigenfunction of the operators A(u, zp) and
A(1, %9) = A(u) + ZoB(u). By virtue of (3.6), the corresponding eigenvalues are polynomials of
degree n in v and u, respectively and eigenfunction can be labelled by zeroes of these polynomials

N
—
=

I\l
()
N~—

S
8
3

N
3
S~—

Il
—

IN|

|

8
—
N~—
—~

]

|

Kl
i/

S
8
3
—

N
i/

(3.7)
To avoid cumbersome formulas, we will use the following notations for tuples of n variables:
Zn = (21,21, 2n, 2n)s Ty = (1,T1,...,Tn, Tp).
By analogy with spin variables s, §, we impose for xj, T the same restriction
TR — T € Z + o,

where the parameter o was introduced in (2.5). Due to (3.6) and rules of conjugation for gen-

erators (2.7), we have x}, = —Zj, so that together it result in the following parametrization [17]:
n . _ n .
T = —k—|—1yk, T = ——k—i—lyk, (3.8)
2 2
where vy, is real and ny € Z + 0. The set of relations x}, = —x) for K = 1,...,n means that

operator A(u, zp) is an hermitian adjoint of A(%,Zg) (up to overall sign factor)

AT(U, ZO) = (_1)nA(a7 20)

provided that u* = —u. It is useful to parameterize the spectral parameters u and « in the
same way
n n
u:?u—i—iyu, a:—?u—i—iyu,

where v, is real and n, € Z + 0.

3.2 R-operators and Q-operators

We have two free parameters in the L-operator: spin s and spectral parameter u, but equivalently
one can use another pair of parameters

U =u-+s—1, Ug = U — 8,
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which appear in a natural way in factorized expression below. In representation (2.6) the L-
operator can be expressed in various useful factorized forms (6k = %)

Li(u) = uts® g _ (u+ s+ 2,0k —0
A Ssrk) w—S® | T\ 220k + 28z, u— 5 — 20

o 1 0 Ui —azg 1 0 . 1 0 1 —ak Ul 0 (3 9)
_Zkl 0 Uug —zkl_zk u9 0 1 —Zkl' '
We will use the following notations for the Lax operator:
Li(u) = Li(u1,uz) = Li(u +s — 1,u — s).

Let us introduce the integral operator acting on functions W(zy, z;)

- 5 [Zk _ Z.]172s
Raglr 20 (e, 5) = el =) [ PP w(un (3.10)
where r = ¢ +iv, T = =% +iv and c(z — s) is given by (2.10) for @ = 2 — 5. In the simpler

form (2.9), this operator can be represented in two equivalent ways (zy; = 21 — 2;)
Rk»j(l‘,i’) — [ij]I—QS@k]x—s[zkj]s—i-z—l — [ﬁk]z—&—s—l[zkj]x—s[ﬁk]l—% (3‘11)

The equivalence of these two representation is essentially the statement of the star-triangle
relation (A.8). Note that initial variables zi, Zr and spectral variables zy, Zj enter almost
everywhere in pairs. For the sake of simplicity, we will omit dependence on z, and Zj in explicit
notations. For example, we will use simpler notation Ry;j(x) instead of Ry;(x, ).

R-operator is defined as solution of the following key relation which is similar to the usual
RLL-relation [51]:

ng(x)Ll(ul, UQ)LQ (ul, u — .%') = Ll(ul, u — x)Lg(ul, uQ)ng(x) (3.12)

so that it interchanges the arguments in the product of two holomorphic Lax matrices in a very
specific way. The same relation holds for the antiholomorphic Lax matrices but we skip it for
simplicity. Operator R;;(z) is related to the general SL(2,C)-invariant solution of the Yang-
Baxter equation [14, 18] which is generalization of [51].

The composite operator

Qn(l') = R12(x)7—\)’23($) te Rnfln($)Rn0($) (3.13)
has all characteristic properties of the Baxter QQ-operator:

e it commutes with operators A(u, zg) and A(, Zo)

Qn()A(u, 20) = Au, 20)Qn(2),  Qn(2)A(T, Z0) = A(T, Z0)Qn(2), (3.14)
e it forms commutative family

Qn(2)Qn(y) = Qn(y)Qn(w), (3.15)

e it obeys the Baxter relations

A(u, 20)Qn(u, 1) =1"Qp(u + 1, 1), (3.16)
A1, 20)Qn(u, 1) = i"Qp(u, u + 1). (3.17)

N



10 P.V. Antonenko, S.E. Derkachov and P.A. Valinevich

In fact, all these relations are consequence of the defining relation (3.12) for the R-operator. We
will call Q,,(z) (3.13) the Q-operator. Note however that unlike (3.13), the conventionally defined
Baxter Q-operator commutes not with A(u, z9), but with the transfer matrix t(u) = A(u)+D(u),
and satisfies the second order difference equation (Baxter equation) instead of the first order
difference equation (3.16). The operator formula (3.13) can be written in a more explicit form
using (3.11)

Qn(@) = Sn[pr]" ™ [er2] ™ o] [e2s] T - [Pl o] T (3.18)

where
Sn = [z12]" 7> [223] 7 - [zmo] T (3.19)

The explicit expression (3.18) for the Q-operator clearly shows that there are special values of
the spectral parameter x = s and x = 1 — s, where Q-operator admits reductions to the simpler
form

e For the point = = s, we have reduction [pg]*~* — 1 and finally
Qn(s) =1
e At the point 2 = 1 — s, we have reduction [zxx11]*t*~1 — 1 so that

Qn(1 = 5) = Sulp1] 72 [p2] 7 - [Pu] T = S Wa(s) - Wa(s). (3.20)

Let us start the proofs of relations (3.14), (3.15) and (3.16) from the proof of the commutativity
of Q- and A-operators. By construction (3.13), operator @, (z) has the following commutation
relation with the product of L-operators:

Qn(x)L1(u1,u2) - - Lyp—1(u1,u2) Ly (ur, ug)Lo(uy, v — x)

= Ll(ul, u — x)LQ(ul, UQ) . Ln ui, UQ)L()(ul, UQ)Qn(w) (3.21)

Note that parameter u — x enters the second row of the matrix Ly (uj,u — ) only so that the
replacement Lj (u1,u —x) — Lj (u1,uz) does not change the first row of the matrix in the
right-hand side of equality (3.21). Extracting from the whole matrix equality the relations for
two elements in the first row and using the definition of the matrix elements of the monodromy
matrix, we obtain

Qn(x) (A(u) B(u)) Lo(uy,u —x) = (A(u) B(u)) Lo(uy,uz)Qn(x).

Next, we use the factorized representation (3.9) for the matrices Lg

@) () sw) (3 9) (G .2 ) (L))
= (A(w) B(u)) Lo(u1, u) (210 ?) <(1) 1:%8)( o ?) Qn ()

and evident commutativity of the operator @, (x) with zy which allows to cancel the most right
matrix in both sides of our relation. In this way, we transform it to the simpler form

1 -0y
0 u—=z

1 -0y
0 u—s

Qua) () +20800) B) (o) = (4w +2080) B) (5 ") Qi)
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and as a consequence one immediately obtains

Qn(2)(A(u) + 20B(u)) = (A(u) + 20B(u))Qn(2).

To derive Baxter equation, we start from the defining relation (3.12) and using the factorized
representation for L-operator and explicit expression (3.11) for the operator Ris(z) transform
it to the form

ZI_IRQ(ZL')Ll(ul, UQ)ZQ

<iR12 (.TU + 1, i’) + (u — w)Rm ({lf) —ng(l')al >
—(u — z)z12R12() i(z+s—1)(z—s)Riz(x—1,2) )’

where Z;, = ( Zlk (1)) Note the important property: for x = w matrix is triangular. Let us put

r = u, T = 4 and write down analog of this relation for the site k

Z; " R (W) L (un, u2) Zg 1

_ (Rks1(u+1,2) —Rick+1(u) Ok
0 i(u+s—1)(u—s)Rikyr1(u—1,a)) "
All matrices Zy and Z,; U with k = 2,3,...,n cancel each other in the product over all sites so

that one obtains

Z7 ' Raa(u) - Ro(u) Ly (u1, ug) - - - L (u1, u2) Zo

_ (iRm(uOJr 1,1u) ) (iRno(qur 1,1) ) .

The first Baxter equation (3.16)
Qn(u, ) A(u, z9) =1"Qn(u+ 1, 1)

is direct consequence of this matrix relation. The second relation (3.17) can be proved in the
same way. Operator proof of the commutation relation

Qn(2)Qn(y) = Qn(y)Qn(x) (3.22)
is based on the following relations for R-operators:

Raz(z, y)Ras(x)Ra2(y) = Ras(y)Ruz(x)Ras(z, y), (3.23)
where

Ria(x,y) = [212] 7Y [p1]" 7Y [202] 77T = Rua(0)R15 () = Riy () Raz (). (3.24)

The relations (3.23) and (3.24) can be checked using the star-triangle relation in operator
form (A.8). To show how it works, we will use representative example and hope that gen-
eralization will be evident

Q3(7)Q3(y) = Ri2(z)Ras(z)Rs0(z)R12(y) Ras(y) Rao(y)
= Ri2(z)Ra3(x)Ri2(y)Rso(2)R23(y) Rao(y)
= Ri2(y)Riz(z, y)Raz(2)Ri2(y) Rao(z)Ra3(y) Rao(y)
= Ri2(y)R23(y)Ri2(z)Ras(z, y) Rso(x) Raz(y) Rao(y)
= Ri2(y)R23(y)R12(2)R30(y) Ras () Rao(x, y) Rao(y)
= Ri2(y)Ra3(y)Ri2(2)Rao(y) Ras(z)Rao(z) = Q3(y)Q3(x)
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w1 w2 Wr,

Q\
Q\
o)

21 22 z3 Zn 20
Figure 1. The diagrammatic representation for Q(z,,w,;z). The arrow with index « from z to w
stands for [z — w]™®. The indices are given by the following expressions: a =1 —s+z, b=1— s — z,

c=2s—1.

The alternative proof of the commutation relation (3.22) consists in diagrammatic proof of the
corresponding relation for the integral kernels.

The operator @, (z) is an integral operator. The action on a function ®(z,) is defined in
a standard way

Qu@)0](z0) = [ Qe i) B(w,),
where d?w,, = [[}_; d*wy. The integral kernel Q(zy,wn; )

]sfxfl[ ]s+171.

n
Q(zn, wniz) = "(x —3) H 2 = 2i1] 2z — wy W — Zk+1

can be easily obtained from the explicit representation (3.18) for operator @, (z)

We write all products uniformly assuming identification z,41 = zy9. Note that operator @, (z)
maps the function of the n variables z1, ..., z, to the function of n variables and distinguished
variable zg plays the role of auxiliary parameter.

The kernel Q(z,,wy,;x) can be represented in the diagrammatic form using the technique
described in Appendix A. The corresponding diagram is shown in Figure 1. Note that usually
diagram represents nontrivial part of considered expression and for simplicity we do not show
needed constants (in the present example it is the coefficient ¢"(x — s)). The commutativity of
Q-operators (3.22) can be alternatively proven diagrammatically by the use of transformations
depicted in Figure 7, see [16, 17].

Later, we will need the inverse and conjugated Q-operators also. The representation (3.18)
for Q-operator allows to derive the similar representation for the inverse operator

QT—Ll(x) _ [Zno]l—s—m[pn]s—m L. [Zzg]l_s_x[ﬁg]s_x[2’12]1_8_2: [pl]s—xsgl (325)

and conjugated operator
QIL(‘T) — [Zno]—s—l-i"* [ﬁn]—l—l-s—l-s_c* . [223]—8—4-5?* [ﬁQ]—1+s+i* [212]—8—4-58* [ﬁl]—l—l-s—l-i* S;l’ (326)

where we used the following conjugation rules:

=k =k * =k

(A9 =[] =227, (BT =16 =57 5"

Due to (2.4), we have s = 1 — s. Note that we do not impose restriction z* = —z (3.8) for the
spectral parameter in the formula (3.26) and write everything in general situation. Comparison
of representations (3.25) and (3.26) shows that

QlL(x) = Q' (1 —z%). (3.27)
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To avoid misunderstanding, we collect explicit expressions for the operator Q(u) at the special
point u=1—s

Qn(l o S) _ Sn[ﬁl]lf% []32}1728 . [ﬁn]li%a
Q;l(l o 8) — [ﬁl]Zsfl[ﬁQ]%fl . [1571]23715517
QL(L—s) = [P B [T = QT (1 - s),

and in this case

Qh(1—5)=Q,"(1-3).

We will need these formulas later.

4 Eigenfunctions

In this section, we will present iterative construction of eigenfunctions (3.7). The eigenfunc-
tion W, (zy,) is obtained from the eigenfunction W, (z,—1) from the previous level by appli-
cation of the raising operator A, (z;,)

Ve, (zn) = An(wn)q/mn,1 (zn—1)7

and now we are going to the explicit construction of the raising operators A, (x,). The main
building blocks are operators R;;(z) and on the first step we construct raising operator for
eigenfunctions of operator A(u). Then using relation (3.5), we construct raising operator for
eigenfunctions of A(u, zp).
The composite operator Ri2(x)Re3(x) -+ Rp—1n(z) has the following commutation relation
with the product of L-operators:
Ri2(x) - - - Rn—1n(x)L1(u1, uz) - - Lp—1(u1, u2) Ly (u1,u — x)
== Ll(ul, u — x)LQ(ul, UQ) cee Ln(ul, UQ)ng(LU) s Rnfln(ﬂf). (41)

It is matrix equality and we will concentrate on the relations for two elements in the first row

U+ s+ Znan _8n
RIQ(CC) o Rn—ln(x) (An_l(u) Bn_l(u)) (Zn(Znan + s+ .T) u—xTr — Zn@n)

= (An(u)  Bn(w)) Ria(2) - Rn-1n().

Note again that the replacement Lj(ui,u — ) — Li(u1,u2) does not introduce any change in
the first row of the matrix in the right-hand side of equality (4.1). We are going to construct
eigenfunction of A-operator so that let us concentrate on the first relation

An(u)R12(x) ce Rnfln(f)
=Ri2(z) - Ry—1n(@) (Ap—1(w)(u + s + 2,0,) + Bn—1(u)zn (2000 + s + ).

In the next step, we multiply obtained relation by the function [z,]7*~* and using simple rule
of conjugation

[2]920,[2] % = 20, — «
derive the key commutation relation

An () () = An(2) (Ap—1 (w) (u — 7 + 2,0p) + Br—1(u)220y,) (4.2)
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for the main building block in iterative construction of eigenfunctions — composite operator
An(z) = Riz(2)Ra3() - - Rn—1n(x)[2a] "

Note that this operator does not depend on momentum operators p, = —id,, and p, = —i0s
and commutes with z, and Z,. The recurrent procedure for construction of eigenfunctions is
based on the relation (4.2). Let us apply operators in lef- and right-hand sides of (4.2) to the
function ¥(z,_1) which does not depend on the variable z,

Ap(u)Ap ()P (2zp—1) = (u— 2)Ap(2)Ap—1(w) W (2p—1).
In the next step, we use the same formula on the previous level
Ap—1(W)Ap-1(2)¥(2n—2) = (u— 2)An_1(2) Ap—2(v) ¥ (2p—2)
and obtain
An(U)An (@) An1(n1)¥(2n—2) = (U = 2n) A (2n) A1 () Ap1 (20 1) ¥ (2n-2)
= (u—xn)(u—2p—1)Ap(Tn)An—1(Tn—1)An—2(u)¥(2,_2).
Of course, it is possible to continue up to the last step

An(w) Ay () An—1(zp—1) - - Ao(22) ¥(21)
=(u—ap)(u—2p_1) - (u—x2)Ap(n)Ap—1(Tp—1) - - Ao(x2) A1 (1) ¥(21).
The eigenfunction of the last operator Aj(u) = u+ s+ 2101 is [21]7°~*!. Repeating all the same

for the anti-holomorphic sector, we construct eigenfunction of two commuting operators A, (u)
and A, (u)

An(W)¥s, (2n) = (u—x1) -+

Ap(W)Vyq, (2n) = (@ —Z1) - (U — Zp) Vg, (2n) (4.3)

in the following explicit form:
Vs, (2n) = A (@n) A1 (Tn—1) - - - Aa(@2)[21] * 7.

Of course, the eigenfunction is defined up to overall normalization. We will fix the useful and
natural normalization later. Note that due to relation (3.5)

An(u, Zo) = An(u) + ZOBn(U) — 62057An(u)e_20sf’

eigenfunction of the operator A, (u,zp) can be obtained from the eigenfunctions of the opera-
tor A, (u) by transformation W, (z,) — €*05-T%5-W, (z,) which is equivalent to the shift of
all variables zp — zp — 29. In the following, we will work with eigenfunctions of the opera-
tor Ay, (u,zp) exclusively so that for the sake of simplicity we will use the same notation as in
the case of the operator A, (u) but with needed changes due to the shift z; — zx — 2.

Finally, the solution of our problem (3.7) is given by the formula

\Ilwn (Zn) = An(wn)Anfl(:Enfl) te AZ(ZE2)[210]_S_$17 (4.4)
where

Ak(:l,‘) = R12($)R23(l‘) .- 'Rk_lk(ib)[zko]_s_gc (4.5)

— Sk [Zko]sflfm[ﬁl]xfs[Zm]Serfl[ﬁz}xfs[zag]ermfl L Lﬁk_l]xfs[zk_lk]s%»xfl
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wi wy Wg—1 20

z9 C 23 Zk—1 C 2k

Q\

21

Figure 2. The diagrammatic representation for A(zy,wy_1;x). The indices are given by the following
expressions: a=1—s+x,b=1—s—x,c=2s— 1.

and

]1—25[ ]1—25 . }1—23.

Sk = [z12 293 - [zro

From the explicit formula (4.6) and the definition of operator [p]® (2.9), it follows that Ag(z) is
an integral operator of the form

[Ak(:p)@](zk) = /dek_lA(zk,wk_l;x)CID('wk_l),
where

A(zp, wp—137) = ( 8)[zn — 20] 7"

H 2 = 2] Pl — wi)* T wg — zea

]s—l—m—l

Diagrammatic representation for the kernel A(z,, w,_1;x) is introduced in the Figure 2.

4.1 Eigenfunctions of Q-operator

The operators A, (u,z9) and @, (v) commute and therefore have the common system of eigen-
functions. The explicit proof of the fact that W, (z,) is eigenfunction of the operator @, (u)
and calculation of the corresponding eigenvalue are grounded on the following exchange relation
valid for n =1,2,...:

Q) A (2) ¥ (20-1) = ot ) () Q-2 (1) V(2 1), (@.7)
where
o) = [ T

Using this exchange relation in the expression

Qn(w) ¥y, (2n) = Qn(w)Ap(xn)An—1(Tp-1) - - Aa(z2)[210]°~,

we move the Q-operator to the right and obtain

Qn(u) Ve, (2n) = q(u, Tn) Yz, (2n), (4.8)

where

n
u :I:n H u fL'k Siu)nm (49)
k=1 ’
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and we introduced the compact notation
n
T(y,2.) = [[ Ty — 2s)-
k=1

On the last step, we used the basic relation

Q1(u)[z10]7° 7" = Ruo(u)[z10] 7" = q(u, z1)[z10] ", (4.10)

which is equivalent to the chain relation (A.5). Indeed, explicit expression (3.11) for the opera-
tor Rip(u)

Q1(u) = Ruo(u) = [z10]' ~#*[p]"*[210] ™
allows us to rewrite (4.10) in an equivalent form (A.5)

I'(u— 1)

I'(s — 1) [zw]s_m_l'

[p1]"°[z10]* ™t = [i]* ¢

To avoid misunderstanding, we should note that it is not the operator identity like star-triangle
relation (A.8) but it is result of application of the operator [p1]*~* to the particular function of
variable z;. We will see that relation (4.10) plays the key role in procedure of reduction from
QQ-operator to A-operator.

Let us return to the proof of the exchange relation (4.7). It can be proven diagrammati-
cally [16, 17, 19] in the same way as relation (3.22) but in fact it is simple reduction of (3.22).
The operators @, (x) and A, (z) are closed relativies and comparison of the operator expressions

Qn(r) = R12(2)R23(x) - - Ry—1n(2) R0 (),
An(z) = Ria(2)Ra3(x) - - - Rn—1n(z)[2n0] 7"

immediately shows that

Qn(z) = A (2)[200) T Rino (). (4.11)

This relation suggests the natural reduction from Q-operator to A-operator. Action of the
operator @, (x) on the function [z,0]*~*W¥(z,_1) with special dependence on variable z, induces
action of the operator A, (x) on the function ¥(z,_1)

Qn(l') [ZnO]_s_a\II(anl) = Q(xv a)[zno]m_aAn(x)\I’(znfl)a (4'12)

where we used (4.11) and (4.10) with evident changes z; — z,, © — x, 1 — a. After sending
« — x, one obtains

A (%) ¥ (2n-1) = (}élgi ¢ (2, @) Qn () [200) "W (2p-1) (4.13)

and next we will use this reduction to derive commutation relation for Q- and A-operators (4.7)
from the commutation relation for Q-operators (3.22). First of all, we have from (4.12)

Qn(7)Qn(Y)[2n0] ¥ (2n-1) = q(y, @) Qn()[2n0]’ " “An(y) ¥ (21-1),
Qn(Y)Qn(2)[2n0] > ¥ (2n-1) (, @) Qn(Y)[2n0]" ™ “An(2)¥(20-1),

and then commutativity relation (3.22) implies

4(y, @) @n(@)[2n0]" " A (y) ¥ (2n-1) = q(2, @) Qn(y) [2n0]"™ " An(2)¥(2n-1),

q
q
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so that in the limit o — y one obtains
Qn(@)An(y)¥(2n—1) = q(2,y) lim ¢ (Y, ) Qu(Y) 20" A (2) ¥ (2n-1).- (4.14)

It remains to calculate the corresponding limit in the right-hand side. Using representation (4.11)
for @, (y) and then rearranging R-operators, we derive

Qn(y)[zno]* *An(2) ¥ (2n-1)
= An (y)R12 («T)R23 (Z‘) cee Rn—Zn—l(x)[znO]S+an0 (y) [ZnO]isiaRn—ln(m)\Ij(zn—l)-

The last step is the use of the identity (A.10)

lim ¢~ (y, @) [2n0]™ ¥ R0 () [zn0] =@ () = P(20),

a—y

which gives in our case

lim q_l(y¢ a)[Zn0]8+an0(y)[ZHO]_S_aRnfln(x)\I/(znfl) = Rnfl(](x)q/(znfl)-

a—y

After all, we obtain

Jim ¢ (y, @) Qn (y)[zno]" ™ * A (2) ¥ (20-1)

= An(y)R12(x)R23(x) s ,R'nf2n71(x)RnflO(x)‘P(znfl) = An(y)anl(l‘)\Ij(anl)a

so that (4.14) reduces to the (4.7).

4.2 Symmetry

The eigenvalues of operators A, and A, in the definition of eigenfunctions (4.3) are invariant
under permutations of x1,...,x,. We expect that the spectrum is simple so that for any permu-
tation 7 € &,, the eigenfunctions V.5, and ¥, can differ by multiplication on the constant only

Vi, (2n) = (T, @n) Ve, (2n),
where 7, = (acT(l), Tr(1)s--- ,:UT(n),j:T(n)).

It is indeed the case and the behaviour under permutations of z1, ..., z, is governed by the
following commutation relation between A-operators (n =2,3,...)

[°7D(s + ) An(2) A1 (y) W (2n—2) = [[I°7"T(s + 2)An(y) A1 (2) ¥ (2n-2)- (4.15)

We will use reduction (4.13) to derive commutation relation for A-operators (4.15) from the
commutation relation for Q- and A-operators (4.7)

Qn(@)An(y)¥(2n-1) = q(@, y) An(y) Qn-1(2) ¥ (2n-1).
Using (4.12), we derive for the right-hand side (z,—10 = zn—1 — 20)
An(y)Qn-1(2)[2n-10] """ ¥(2n-2) = q(z, @) An(y)[zn—10]"""An-1(2)¥(2n-2)
so that in the corresponding limit @ — x one obtains the following relation:

lim q—l(‘% a)Qn(x)An(y)[anlo]_s_aqj(zan) = Q($a y)An(y)An71($)\I’(zn72)-

a—T
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It remains to calculate expression in the left-hand side. We rearrange R-operators

Qn(2)An(Y)[2n-10]""" "V (2n—2) = An(2)R12(¥)R23(y) - - - Ru—20n—-1(y)
X [2n0) T R0 (@) [200] > Y Rin—1n(y)[2n—10] * ¥ (25—2)

then use the identity (A.11)

lim ¢~ (2, @)[200)* T R0 (2)[200] ™ Y Rn—1n(y)[2n—10) >~ *

R e
and obtain
tim (2, 0)Qn (@) An () 2n-10] " W(z2)
— Y R LA () Raal)Rass) R ()] W)
— e A @) (1) ().

Collecting everything together, we have

F((IZ—y,s—i—y)

[i]s—yr(s —y, s+ x) An(x)An—l(y)\Ij(zn—2) = Q(-%'yy)An(y)An—l(w)\Il(zn—Q)-

This relation is evidently equivalent to (4.15).

4.3 The symmetry s ->1—s

Representations characterized by the parameters (s,5) and (1 — s,1 — 5) are equivalent [34, 35].
The integral operator (2.11)

W(s,5) = [p]'™*

intertwines such equivalent principal series representations T35 and T(1 =515 for generic com-
plex s and s

W (s,5)T %) (g)W 1 (s,5) = TU=5175)(g). (4.16)

In this subsection, we consider the manifestation of this symmetry s & 1 — s on the level of
eigenfunctions. We should note that this symmetry is very similar to the coupling constant
reflection symmetry in Ruijsenaars hyperbolic system [11].

We are going to investigate the dependence of eigenfunctions on parameters (s, 5) so that we
have to restore parameter s and use more detailed notation for eigenfunctions ¥, (zy;s) and
similar notations for operators. For brevity, we omit s almost everywhere.

We are going to prove that transition s &= 1—s can be performed by similarity transformation
and is described by formulas

St An(u;8)S, = Ap(u; 1 — 5), (4.17)
S Qn(r;1 —8)S, 1 = Qu(2;8)Q, (1 — 85 8),
Snln(z;1 — 5)57:711 = An(; S)szil(l —s18), (4.18)

where S, (3.19) is the operator of multiplication on the function

Sn — [212]1723[223]1723 L. [Zn0]172s‘
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The corresponding transformation formula for eigenfunctions has the form
Vo, (zn;1—s) = C(wn—l)sgl‘llwn (2n; 5),

where

n—1

el
' n(n— 1)(1 2s)
c(en1) =[] a1 = s,mp58) = i H =T 1_8_%) (4.19)
k=1

=1

<.

and q(u, xy; s) is eigenvalue of operator Q(u;s) (4.9)

Qr(u; 8) Ve, (215 8) = q(u, xp; 5) Ve, (215 5).

Let us start from the transformation formula (4.17) for the operator A, (u;s). One of the ways
of the derivation of (4.17) is explicit transformation of all L-matrices as is shown in [7]. Here we
use different approach First of all, note that operator A, (u;s) is a polynomial function of spin
s generators S, S( ) (2.6), where k = 1,...,n. In accordance with (4.16), Wj(s) intertwines
representations of spins (s,5) and (1 — s, 1 - §) in the site k£ and therefore for the product of
all Wi(s) we have

Wi(s) - Wi(s)An(u; s)W H(s) - Wt (s) = Ap(u; 1 — s).

Due to (4.17), the same transformation can be performed using the operator of multiplication
by the function .S,

S A, (u;8)Sn = Ap(u;1 — s).

It is consequence of the fact (3.20) that operator @, (x;s) at the point x = 1 — s is reduced to
the following form

Qn(l —s;8) = SpWi(s)--- Wy(s).
Using this relation and commutativity of operators A, (u;s) and Q,(x;s), we obtain

St A (s 8) Sy = Wi(s) -+ Wa(s)Qn (1 — 538) An(u, )Qu(1 — s3.8) Wi (s) -+ Wi (s)
= Wi(s) - Wa(s)An(u, )W H(s) - W, H(s) = An(u; 1 — s).

n

Relation (4.17) shows that eigenfunction W, (z,;1 — s) of the operator A, (u,1 — s) should
coincide with S;; W, (zn;s) up to overall constant ¢(z,_1)

Vo, (201 = 8) = c(xn-1)S; Vo, (20} 5)-

The calculation of the constant ¢(x,—1) and explicit proof of the previous formula is based on
the relation (4.18)

Silp(z;1—8)Sp = Apla; )Qp L (1 — s58).
Using this relation, we obtain
SpVUs, (Zn;1—8) = SpAp_1(xp—1;1 —5) - Ag(za; 1 — 5)[2’10]5717”‘41
=SpAp(zn; 1 — S)Sr:}lsn_lAn_l(In_l; 1-— 8)57;12 - SolAg(wa; 1 — 8)51_181 [210}8717"”1

= A (23 8)Qp 1 (1= 558) A1 (013 8)Qp Lo (1 — s58) -+ Ao (wa; 8)Q1 (1 — s38) [210] ™
=c(Tn—1)An—1(Tn-1:8) - Aa(x2;5)[21 — 20| * "' = c(xn-1)Va, (2n; 5),
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where coefficient ¢(x,_1) is expressed in terms of eigenvalues of operators Q(u;s) as is shown
in (4.19).
Let us return to the proof of (4.18). Due to relation (3.20),

Qn-1(1 = 575) = SpaWi(s) -+ Wn_1(s) = Sn—l[ﬁl]l_% T [ﬁn—l]l_%’
formula (4.18) can be rewritten in an equivalent form

Sl (51— 8)[p1] 725 [Puo1] T = An(ass). (4.20)
It remains to prove (4.20). Everything is based on the local relation

ik ]t 2 Rirr (231 — 8)[Pr]' 2% = Rypgrr (23 8), (4.21)

and we immediately obtain
Sphp(z;1 — 8)[p1] 725 P12
= [z12) TP Rao(z; 1 — 8)[p1]' T [zas] T Rag (w1 — ) [po] T -+

X [Zn—ln]1_2sRn—1n(x; 1-—- 3) n—l]1_28[2n0]1_2s[3n0]5_1_z

= Ri2(x; $)Rag(x;s) - - Rp—1n(x; 8)[2n0] 5 F = An(x; ).

In fact, the relation (4.21) is equivalent to the star-triangle relation in operator form (A.8)

[212]17287212(%; 1— s)[ﬁ1]1728 — [212]1728[212]2571[ﬁl]lﬂrs*l[212]173[]31}1725

= [p1)" [z [pa)

= [z 2 [p1)" 0 [212]" T = Rua(a; 5).
In exactly the same way, one obtains the relation for ()-operator
SpQn(x; 1 — s)Wi(s) -+ Wi(s) = Qu(x;s). (4.22)
Indeed, we have

S Qn (21— 8)[p1] 72 - [pu] % = [212] F Raa(2; 1 — 8)[pr]' %
= [223] " Rog(; 1 — 8)[pa) ™2 -+ [200] X Rno(; 1 — 8)[pn]' ™
= Ri2(x; $)Rasz(x;s) - - Rpo(s) = Qn(x;s).

Using (3.20), it is easy to rewrite (4.22) in the form
Sy Qn(x;1 — 8)S;, 1 = Qu(z;9)Q;, (1 — 55 5).

We have finished the proof of relations (4.17) and (4.18).
The similarity transformation with operator S, allows us to transform expression for eigen-
function to different but equivalent form. It is possible to use the operator

A (z;8) = Sphp (251 —8)S 1) (4.23)

as the main building block in construction of eigenfunction so that there are two ways to con-
struct eigenfunctions of A, (u;s) from eigenfunctions Wy, (2,—1) of Ap—1(u;s)

Ve, (2n) = An(2n; $) Ve, (2n-1) or Vo, (20) = A% (203 8) Ve, (20-1)- (4.24)
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Zn

Figure 3. The diagrammatic representation for A’(z,,, w,_1;z). The indices are given by the following
expressions: a =1—-—s+x,b=1—s—x,c=2s— 1.

Due to relation (4.18),

A (x:8) = Mn(a39)Q 11 (1 = s18),  Af(38) = Ay(a38) = [21 — 20] 77,

n—1

these two functions differ only in the normalization factor which is eigenvalue of the opera-
tor Qn—1(1 —s;8)

Ve, (2n) = q(1 = s; mnfl)\lﬂmn(zn)-
The following expression for A’-operator
A (@) = [zao) 0] 2] 0 Ba) T zaa)" 0 [ )T [z 08, (425)

is consequence of the definition (4.23) and formula (4.6) for A-operator. From (4.25), we see
that A} is integral operator

[A;L(x)q)](zn) = /d2wn—1A/(znawn—1§ xn)q)(wn—l)
and integral kernel is given by the following expression:

N (Zp, wy_1520) = o+ 5 — 1)[200)] 77

n—1
H 2 — wg] T T wg — 2T [wr — w5

We write all product uniformly assuming identification w,, = zg.

Diagrammatic representation for the kernel A’(z,,w,_1;2,) is shown in the Figure 3. The
diagrammatic representation of eigenfunctions can be simplified by alternating left and right
induction steps from (4.24). Here we discuss the case n = 3 for example and the generaliza-
tion to arbitrary n is straightforward. The diagrams for integral kernels of operators Ag(x),
Aj(z), k = 1,2,3 are shown in the first six pictures on the Figure 4. The graphical represen-
tation for eigenfunction Wg,(2z3) = As(x3)Aa(x2)A1(z1) is displayed in seventh picture on the
same Figure 4. One can construct another eigenfunction by alternating A’- and A-operators:
U, (23) = Aj(x3)Ag(22) A} (71) and its diagrammatic representation is shown in the last picture
on Figure 4. We repeat that V., and W7, differ only in the normalization factor but in the last
picture, in contrast to previous ones, all vertical lines with index 2s — 1 disappear. Similarly,
when one constructs the eigenfunction for general n by interlacing A’- and A-operators

Ay (@) A1 (1) A% o (Tn—2)Ap—3(wn—2) - -

the lines with index 2s — 1 disappear due to cancellation of propagators with indices 1 — 2s
and 2s — 1 in every pair A} (zg)Ag—1(Trp—1)-
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Figure 4. Diagrammatic representations for kernels of A- and A’-operators: (1) for A(zs,ws;x3),
(2) for A(za,wi;x2), (3) for A(zi;21) = [z10]7°7"', (4) for A(zs,wq;x3), (5) for A'(z2,wr;x2),
(6) for A'(z1;21) = [#10]°~™*. (7) Graphical representation for 4, (z3) = As(z3)A2(x2)A1(21). (8) Di-
agrammatic representation for W, (2z3) = Aj(x3)A2(x2)A](21). The indices are given by the following
expressions: ay =1 —s+xp, by =1 —s5—xp, c =25 — 1.

4.4 Symmetric normalization

In Section 4.2, we discussed the symmetry of eigenfunctions under permutations of spectral
parameters @,

Uiz, (2n) = o(1,20)¥s, (20),

where T, = (xT(l),:)?T(l), . ,xT(n),a_cT(n)), and ¢(T, x,,) is some constant. It is natural to choose
the normalization of eigenfunctions, such that ¢(7,x,) = 1. To do so, hereinafter we use the
new normalization for A-operators (4.5)

Ay (2) = Ap(2)Raz(z)Ras(x) - - - Ri—1x () [2r0] 7,

where

(@) = (%)k_l (4.26)
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That is, we multiplied the operator Ag(z) (4.5) by the normalization factor Agx(x). The choice
of this constant is dictated by the commutation relation (4.15) between A-operators. In new
normalization, (4.15) takes the form

Ap(2)Ap—1(y) = An(y) A1 ().
Consequently, from the definition (4.4)
\I’:cn (zn) = An(xn)Anfl(l'nfl) tee A2(x2)[21 - ZO]_S_xl

follows the complete symmetry of ¥, under permutations of zi,..., 2,

Uow (2n) = Uy, (2n).

5 Basic integrals

In this section, we are going to calculate the following integrals:
I(yn, Tn; ) = /dgznq’yn(zn)[znO]x\I/mn(zn) = (Vy,|[2n0] " Va,), (5.1)

J(Yn, Tp—1;2) = /d2zn‘yyn(zn)['zn0]m\1jzn_1(Zn1) = <‘I’yn|[zn0]x‘1’wn—1>7 (5.2)

where in the second form we used the scalar product
(B|T) = /d2zn<1>(zn)\11(zn).

The integral (5.2) was calculated in [79] with the help of diagram technique described in Ap-
pendix A. Here we give some alternative way of its computation. The iterative construction of
eigenfunctions allows to derive the recurrence relations for considered integrals. The derivation
is heavily based on the fact that integrals (5.1) and (5.2) contain Q-operator in a hidden form.
There are the following recurrence formulas connecting basic integrals:

[{(]*n 57T (s + & — ) A ()
L(z)g*(vn + 1;yn)
J(Yn, Tp—1;2) = 7B(s — Yn, $ + yn + )
o Anyn)a (L= siyn-1)q(l = s;2n-1)
q(Yn + L 2p1)

I(yn, Tn; ) = J(Yn, Tn—1;T — Ty — 5), (5.3)

I(ynflamnfﬁl"{'yn + 5)7 (5'4)

where ¢(u, x,) is the eigenvalue (4.9) of Q-operator

n F(U, iL'n)

u, ) = [i|57
q( ’ n) H I‘(s,a:n)

and B(a,b) is the generalization of the Euler beta function for the complex field [33, 65]

L'(a)T'(b)

B(a,b) = Tatb)

This system has iterative structure and can be solved using the initial condition

I(yr,z1;2) = /dzz‘pyl(z)[z — 20" Wy, (2) = /sz[z — gttt

= 2720 (z 4y — x1).
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The main building blocks constructed from the eigenvalues of ()-operator have the following
explicit form:

S T(s — yr)D(s + yg)
(1 _ g 1_ s = [—1]%n— yn” k k
¢ (1= siyn)q(l = 5;n) = i T (s —zp)L(s + xx)
and

1
q*(xn + 1§yn)Q(yn +1; C'371—1)

_ [_1]wn 1—(n— 1)xn[](n 1) (zn—yn)+s—zn

The general solution of the system reads

2 _ " (s, —y,)T(Tn, Yn)
I(yy, xp: 1) =2 n?+11_q1(n—1)(ns+yn) s —UYn wYn) (@) ) )
(y , L 7x) ™ [ } I‘n—l(S’ _xn)I‘(I) (5 (.’,U mi—f—yi)
and
J<yn7xn—1; x) = 27‘(2+n(n71)[_1](”—1)(ns+y7n)
n—1 .
T8 ) D@01, )T W) 520 (1 4 g, 1), (5.5)

r=1(s,—x,—1)L'(2s + x)

where we used the following compact notations:

m n

ynzzyj7 F(mmayn) :HHF(in—yj),
j=1

i=1j=1
n

I‘(Sayn) = HF(S_yk)a H S+yk

k=1
The argument of the delta function §® (v) must be of the form

:%4-1% vz—%Jriv, meZ, veR,

and 6 (v) is defined in a natural way as the product of the Kronecker symbol ,, 0 with respect
to discrete variable and delta function 6(r) with respect to continuous variable

5P (v) = 6,00 (v). (5.6)

To avoid any misunderstanding, we demonstrate the derivation of the recurrence relations start-
ing from the simplest example. We have

Wy, (21, 22) = Aa(y2)[220] ¥ 2 Ri2(y2) ¥y,
so that
J(y2, 2152) = (Vyy4|[220] " Way ) = (N2(y2)[220] 2 R12(y2) Wy, |[220]“ Wy )

= A3 (y2)(¥ y1|R12(3/2)[Z20]5_1+y2+z‘1’x1>
= A5 (y2) (W | [91)%° [z12] 92 20 V] TR0, ),
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or explicitly
J(y2,215%) = A3(y2) /d 2d 200y, (20) [p1]* 7 [210] 72 o) T[] T2 W, (20).
The integral over z2 can be calculated with the help of the chain rule (A.4)
/d222 [212]° 792 0] T2~ = 7B(s — y2, 5 + Y2 + ) [210) 7"
and everything is reduced to the single integral
I (Y2, 715 2)
=7mB(s —y2, 5 + y2 + 2)A3(y2) /d221W@1]25_1[210]28+m_1[]51]_s_y2‘1’x1 (21)
= 7B(s = y2,5 +y2 + )5 (y2) (P, | [p1] > [z10] 7 o] T2 Wy ).
In the next step, we transform the operator in the middle to the product of Q)-operators

[pAl]stl[ 10]23+x71[ﬁ1]757y2
= [p1)> =107 /2 Rt
=R{p(1 = 8)[z10]" T2 R0 (1 = 5)R{((12) = QL1 = 5)[210* T2 Q1 (1 — 5)Q] (1),

[stetyz| ]2571[ ]fyrl% [pr] %2

210 210 210 210

where we used the following expressions for R-operators:
Ruo(x) = [p1]" 210" [p1] %, Rio(1 — s) = [z10]" > [p1]' .

The functions ¥,, and ¥,, are eigenfunctions of Q-operator and Q(y2) = Q= *(y2 + 1) so that

(W,,1Q1(1 = 8)[z10]* T 2Q1 (1 - 5)Q' (2) ¥, )

g (1 —s;91)q(1 — s521) stat
- U, |[z vy, ).
q(y2 n 171‘1) < y1|[ 10] 11>

Collecting everything together, we obtain the relation (5.4) in the simplest case

As(y2)q* (1 — s;y1)q(1 — s321)
q(y2 + 1;21)

J(y2,x1;2) = 7B(s —y2, 8+ y2 + ) I(y1,21;8 + @ + y2).

To avoid cumbersome formulas in general case, we consider the next nontrivial example and
hope that generalization will be evident. We have

Wy, (23) = A3(y3)[z30] " Ra2(y3) Raz(ys) Yy, (22)

so that

J (Y3, @23 1) = (Wyy|[230]" Vary) = (A3(y3)[230] * " Ra2(y3)Ra3(ys) Yy, |[230] Vs )
= X5 (y3) Wy, |RY; (y3) [230)* 4R, (y3) U, )
= N5 (y3) Wy, |[2]2 [28]* ¥ [230) U2 o] TR, (y5) Wy ),

or explicitly
J(ys, x2; )

= A;;(yg)/d 2902230y, (22) [D2]2* [223]" 745 230) U [g] TR, (y3) Wiy (22).
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The integral over z3 can be calculated with the help of the chain rule (A.4)
/d223 [203]5 7Y g0 T8 T = 7B(s — y3, 5 + y3 + 2)[200)* T,
and everything is reduced to the integral

[ T G a2 )R] 22)
= Uy, [P " 220) o] TR, (y5) Uy )

Next, we transform the operator in the middle to the product of R-operators or, equivalently,
QQ-operators

[52)2 [220] 2+ [po] T TR (1)
— @2]25—1[220]23—1[220}5—‘,-90—%3;3 [220]1—25[252]1—23[]52]2571[220]7y371+s [ﬁQ]isfySRJ{Q(yg)
= Riy(1 — 5)[z20]" " TR0 (1 — 5) Ry (y3) R, (y3)
= Rig(1 = $)Ry(1 — 8)[z20]* T R12(1 — ) Rao(1 — 5) R (y3) Ry (ys)
= Q5(1 — 8)[z20]" T Qa(1 — 5)Q(ys)-

Note that we have inserted Rb(l — 5)R12(1 — s) = 1 to obtain the complete expressions for
Q;(l — ) and Q2(1 — s) and the similar insertion is needed in general case. Next, we have

(W4, | QYL — )220 Q2 (1 — 5) Qb (y3) W, )

(1 —s;92)q(1 — s;2) .
= Wy, |[210)° T80
q(y3 + 1,$2) < '.’J2|[ 10] m2>

and collecting everything together we obtain the relation (5.4) in the case n = 3

N5(y3)q* (1 — s;y2)q(1 — s;2)
q(ys + 1;22)

J(ys, xo;x) = B(s — y3, s + y3 + ) I(y2,x2; s+ + y3).

Now we are going to the derivation of relation (5.3). We have

I(Yn, Tn; ) = <‘I[yn|[zn0}x\1’wn> = <\I'ynMn(xn)[zno]m_s_mnRH (Tn) - Rn-1n(T0) ¥z, ,)-

The product of R-operators is almost coincides with the expression for Q-operator but the
operator Ryo(z,) is missing. To fill this gap, we use the trick based on the general formula

s=an(x, + s + a)
I'(2s +a)

R () 2n0]® = [2n0] 2 [ oot = I el (57)

which is derived with the help of the chain rule (A.5). Choosing a = x — s — x,,, we obtain

I(Yn, Tn; ) = (Uy, [An(zn)[200]" " " Raz(zn) - - Ro—in(2n) Ya, )
_ [(]2n =710 (s + & — @) An ()
L(z)
X (Wy, [Ri2(zn) -+ Ro—1n(Tn)Rno(zn) [2n0] "> " Vg, ;).

The appeared product of R-operators is the (Q-operator so that

<\I’yn [Raz(zn) - - Rn—ln(xn)RnO(xn)[ZnO}xisixn\I’mn—J
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= (W, Qn(@n) 200" Vo, ) = (QN(20) Uy, |[2n0] ™" Ve, )

_ s 1 e
= <Qn1(l’n + 1)\I]yn|[zn0]x 5 anlmn71> = q*(l' + 1 y )<\Il’yn‘[zn0]x s xn\pmn,1>.
n b n

Collecting everything together, we obtain relation (5.3)

[(]2n =570 (s + & — @) An ()
L (z)q*(xn + 1;yn)

(yYn, Tn;w) = (Wy, [[2n0] """ Wg,, ).

5.1 The overlap integral

The eigenfunction ¥, depends on the external point zp and we show this dependence using
more detailed notation \Ilown. In this subsection, we are going to calculate the following integral:

Too (Yn, @) = / szn\pg’n (20) V2 (2) = <\Ifg;y\p0mn i (5.8)

The derivation again is based on the fact that integral (5.8) contains Q-operator in a hidden
form. There exists the following recurrence formula:

ali]o S =2 [ [P A (Yn) An (22n)
I'(1—2s,s+ x,)T*(s — Yn, S + Yn, 2 — 25)

q*(l - S;yn—l)q(l — 5 wn—l)
Too (Yn—1, Tn1), 5.9
7 (€0 + L;Y0)q(yn + L;zn1) -1, @0-1) (5.9)

Ioo (Yn, xn) =

where ¢(u, x,,) is the eigenvalue (4.9) of Q-operator. This recurrence relation can be solved using
the initial condition

Toor (y1,21) = /dQZ‘I’SQ(Z)‘I’gl(Z) = /dZZ[Z — 20 T [z — ] T
=7mB(s+y1,1 — s —x1)[z00 ] [-1] T
and the general solution has the following form:

5 o o (s, —yn) ' (xn, v
Loy (g @) = 7 [ D0 Jyn 0 (rn@)—in? . (5.10)

This integral was calculated in the paper [22] using diagram technique. Here we present the
recurrent calculation which is similar to the calculation of the previous integrals and again one
uses the presence of Q-operator in a hidden form.

Let us derive the recurrence relation. We have

oo (Yn, a) = (T9 | An(zn)[200) * """ Ra2(2n) - R 1n () TS )
= )\n (l'n)<\1’gn |R12(xn> “Rn—1n (xn)RnO’ (xn)R;Lol/ (ZL'n)[ZnO]_S_xn \Ijomn,1>
= /\n(:nn)<\1/2;‘Qg(xn)Rgolf (zn)[2no] 5" \Ijgzn_1>
An(zn)

_ (14 -1 —S—Xn 41,0
B q*(xn + 1§yn) <\Pyn|Rn0’(xn)[’Zn0] o \Ilmn71>'

The star-triangle relation (A.7) allows to calculate the result of the action of R-operator in
explicit form

R () [200] > = [z00/] 5" [p)* " (200 )% [200] 707"
[i]xn*571[_1]3+xn

B I'(1-—2s,s4+xy,) [zno]

S—Tp

—2s [ZOO’]
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so that one obtains
[i]" = =1 200" An(@n) | o —26.,0

Ioo = v Sy .

00 (Y @) = T A 505 T am)a (on & 1 ) ([l ™)

Next step is very similar to the previous ones

(0, |lzn0] 95, )

= A\ (Yn) <Q2_1 (yn)R;ilo (Yn)Ron—1n(Yn) [2nor] 57" [Zn0]2s—2\1/0’

0
Yn—1 ‘ mn—1>
2\* (yn) 1 sy 9590 0
- Q(yn _: 1, wnfl) <Rn—10(yn)Rnfln(yn)[Zno/] 7Y [Zno] s \I’yn71| 513n71>‘
The operator in the middle has the following explicit form:

Rt () [zn0r] ™7 [2n0]** ™2 = [pnoa]" 77 [en—1n]" [0 ] =7 [2m0]* [P ] '

Note that the whole dependence on z, is localized now in the product of three factors so that
the corresponding integral can be calculated using star-triangle relation in the form (A.6)

/ d2 Zn [anln]yn -F [ZnO’] TeTn [ZTLO] 252

_ m[—1]5tm 1-2s
LR TR

Finally, we obtain the following expression for the initial integral:

s+yn—1 [ZOO/]S_yn_l.

Too/ (Yn»xn)
[i]7 =5 =15 [200/)* " [200/]Y 5 A%y () An ()

F(l — 25,5+ xn)q*(:ljn + 1 yn)Q(ZUn + 1 mn—l)
" w[—1])5tym

F*(S — Yn, S+ Yn, 2 — 23)
X (R0 (W) 11" zno10]' ™ [20-10]

It appears that the remaining product of R-operators can be reduced to the product of Q-

B Yt AN L R

operators

R;ilo(yn) [ﬁn—l]yn+s_1 [ZTL—IO’] 1-2s [zn_10]5+yn—l [ﬁn—l] 1-2s
I ]1—28

= [ﬁnfl]%_l[znfl()]s_yn [ﬁnfl]l_yn_s[ﬁnfl]yn+s_l[anlo’]1_28[Zn710]5+yn_1[pnfl

= P12 zn-10* " zn_10)  EPr-1]F =R 01— ) Ru_10(1 — 5)
=R 0(1—5)Rp(l—5Ria(l—5) Ry 10(1 )

= (@, (1 -5)'QY_ (1 - ).

It allows us to reduce everything to the needed form
1725\1]0/

ynfl‘\llo >

Ln—1

(R 210 ) 11" 2101 [2n—10]" ¥ 1]

= (Q%-1(1 =)' Q% (1 —s)wl 95 )
= < 24(1 - 3)‘112"_1‘@271(1 - S)qjoccn_1>
= ¢" (1= 8;9p-1)q(1 — 85,1 (T _|T0 )
and obtain the recurrence relation
[ =1 20 5 [zo0r )Y A (Un) An ()
Iooy (Yn, Tn) = ” : :
(1 —2s,8 4+ xp)q" (xn + L;yn)q(yn + L;2n—1)
m[—1 7 q* (1 — $;yn—1)q(1 — s;2p—1)
Ino _ —1).
I‘*(S_yn,s+yn,2—28) 00 (yn 17mn 1)

X
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6 Orthogonality and completeness

The functions ¥, (z,) form a complete orthogonal set in the Hilbert space (3.1) which is the
space L? (C") of functions of variables z, with the scalar product

(B|T) = /d2zn<1>(zn)\11(zn).
The orthogonality relation has the following form:

(Uy, |Vs,) = /dzzn\l’yn (2n)¥2, (2n) = Nil(a’n)(s@) (a’myn)v (6.1)

where 6(2) (:Bn, yn) is the kernel of the identity operator on the space of symmetric functions

1
0P (@ yn) = — D 0P (@1 = prn) 0P (50 = yr() (6.2)
L re6,

and &, is the symmetric group of degree n. The parameters z;, T;, y;, y; have the form
m; m;

T =+ iy, T = =% + iy, yj = = +1nj, yj = —=" +1nj, (6.3)

where n;,m; € Z + o, the quantity o is defined in (2.5), and numbers v;, n; are real. The delta
function §(?) is defined in (5.6), the corresponding factors in (6.1) read

8@ (@i — yj) = Oy, 6(vi — ).

The so-called Sklyanin measure p(x,,) is defined by formula

e (6.4)

2 Nyl
7n? (27)"n! \<iZi<n

where |z; — x;| is the absolute value of z; — z;.
The completeness relation has the form

/Dwnu(wn)\llm”(zn)\llm”(wn) =0%(21 —w1) - 62(20 — wp),

or, using Dirac notations

/ Dty i() T, ) (Vi | = 1,

where 1 is the identity operator in the initial coordinate space which can be formally represented
as integral operator with the integral kernel 62(z; — w1) - - - 6%(2, — wy,).

The integral over variables x,, is defined in a natural way as integral over continues variables
and the sum over discrete variables

/Dxn = kﬁl/D% /ka = > /dyk (6.5)

ng€EL+o R
and 02(z) is the two-dimensional delta function

6%(2) = 6(Re 2)d(Im 2).
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The completeness of the set of eigenfunctions ¥, (2,) is proved quite recently [63]. We will
consider the calculation of the scalar product (6.1) and for a detailed analysis of the completeness
issues we refer the reader to [63].

There exist several ways to calculate the scalar product (6.1). The first is the diagrammatic
approach [19] which allows to calculate the scalar product (6.1) under assumption z; # y;,
i #n+1—j. By these conditions, only one contribution in the sum over permutationssurvives

_ 1
<\Ilyn‘\:[lmn> =K 1(wn)m(5(2) (xl —Yn) 5> (n — Z/l)a

and then the complete formula is restored using the symmetry under permutations of z1,...,z,
and of y1,...,Yn.

Second possible way is to use the exact expression (5.10) for the overlap integral (5.8) and
then analyse the obtained delta-sequence when zg — zp.

In the rest of this section, we present the third possible way which is based on the use of the
explicit formula (5.5) for the basic integral (5.2).

The main ideas are very the same for all approaches to the calculation of the scalar product.
First of all, we have to introduce some effective regularization allowing to calculate regularized
expression for the scalar product in a closed form. Then we have to prove that one obtains the
delta-sequence in the limit when regularization is removed. We will use regularization of the
type (4.13), which was applied to reduce the Q-operator to a raising operator. We define it as
follows:

Ve, (2n) = An(xn)q’mnA (2n-1)
An(xn +€)

— T (n—1)e—s—zn
ili)% Q(xn 4 £, Ly — (n o 1)5) Qn(‘rn + E)[Zno] \I,$n—1+5(z7Z—1)7 (66)
where
Tpn_1te=(r1+e,21+&,...,p-1+6,Tp_1+¢).

The formula (6.6) follows from (4.12). Note that in Section 4.4 we changed the normalization
of raising operator A, (x) multiplying it by A,(x) so that the relation (4.12) takes the form

Qu(@)[2n0] 7 (20-1) = g, )AL () 20" A (@) ¥ (20-1),

or, equivalently,

A (2)¥(2p1) =

Now we choose

(li’f) = (-Tn +&,Ty + 5)7 lI’(zn—l) = ‘lla:n_l—i-a(zn—l)a
(,@) =(x — (n—1)e,z — (n — 1)e),

where € > 0 and obtain (6.6) in the limit ¢ — 0.
Substitution of expression (6.6) for W, into the scalar product (¥, |¥,, ) gives

A
(B, W) = lip 2O
=04 q(xp + &, — (R —1)

5 (Y @ )] ", 2).
Next transformation

<\Ilyn |Qn(Tn + €) [ZnO](nil)Eisixn \I/acn—1+a>
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= (Qf (@ + )y, |[2no] "W, )

1
g \I} (n—1)5—8—$n\1]
q*(1 4z, — & yn)< il [zn0] o

is based on the properties of the @-operator
Qf(wn+e) = Q' (1 -2 —2) = Q' (1 + 2, — )

and the fact that ¥, is eigenfunction of the Q-operator with eigenvalue q(u;y,). After all, we
reduced the regularized scalar product to the expression

Wy [y ) = lim 2@t W@y & (0= D)o — s — o)
Yn | * Tpn e—04 Q(xn +&,Ty — (n — l)g)q*(l +z, —¢, yn)

; (6.7)

which contains the integral J(y,,x,—1; ) calculated in Section 5

T (Yns Bn152) = (Vy, |[z700] Vo, _,) = 207D [q] (0= Dstam)

I (s, —yn)T(@n—1,yn) T (5, Yn)
rn=1(s,—x,—1)I'(2s + x)

6(2)(1: +s—xp_q +@).

The explicit expression for the building block containing \,, and ¢-factors in (6.7) reads

An(Tn +€)
q(zp +e,20 — (n—1De)g*(1 + 20, — €, Yn)
_ T(1—ne) ™ 'nel'(s — @y + (n — 1)e) T(zn + £, yn)
- T(1+ne) I"=1(s+x, +¢) T'(s,yn)

Collecting everything together, we rewrite (6.7) in a following way:

(W (W) = 2 1] =Dt 00 =Un) sy 0y T ).

Ynl = on rn=1(s, —xz,) e—04 ’
Due to the presence of € in the front of I'-function, the nontrivial contribution in the limit € — 0
is defined by the singular part of the function I'(x,, + €,¥y,). The singular part arises from the
I'-functions in the numerator and can be extracted explicitly

14z —y) — 1
r — S .
($n+5 yn E1F1_$i+yj)igl($i_yj+5)

The Cauchy determinant identity (s(7) is the sign of the permutation 7)

n

kl;[j(xk_xj)(yj — k) . o
| — () - RO (I E

H (xg — Y; +¢€ TEG,
k=1

yT(k

allows us to reduce the nontrivial part of the considered limit to the form

8@ (2 — y,) lim nel (@, + €, yn)

e—04

B T+ —y) 1
H 1*!Bz+yg) H o (@ = 2p) (yp

5o ~ k)

— 52 )( ) Z (=1)*) lim ne

il e—04 Hk l(a:k = Yr(k) + 8)'
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Due to presence of §(2) (% — @), we have to calculate everything by condition x,, = y,. Let
us consider the term in the sum which corresponds to the trivial permutation 7(k) = k and
transform it using equivalent condition z,, — ¥ = Yn—1 — n_1 to the form

ne . ne
lim = lim —3
e>04 [Ty (xn —yp +e) 04 (@n —yn+e) [z @k —yr +¢)
ne
= lim

=04 (Y1 — o1 + ) [} 1($k—yk+€)

Now it is possible to apply the formula (B.1)

ne
lim po— = (27{')”’_15(2) (1-1 — y1> . 5(2) (a:.’n—l _ Z/n—l)
e0+ (M —Tn-1+ 5) Hk:%(ﬂﬂk —yk +¢)

so that after all we obtain

) 1 ne (2m)"! _
0 (n - >e—l>%l+Hk Tk —yrt+e) ) H(S (k= ).

The term in the sum which corresponds the nontrivial permutation 7 is calculated in the same
way with evident result

ne

@) | (oL TT 6@ 4y
0 (ﬁ )ei%: Hk 1(33]9 — Yr(h) + 6) ( 7'[') H 0 (.’Ek; yT(k))

so that it is possible to calculate the whole sum. Note that sign factor (—1)5(7) disappears in the
whole sum due to presence of Vandermonde determinant [, <p(yp — yk) and after all we obtain
the symmetric expression

53 (Zn — yn) lim nel(z, + ¢, yy)

5*}0_‘_
14z — ;) 1
= oyt [ o] ZHW) Tk = Yr()-
5o 1—xi+$j)k<p (xr — xp)(p — T1) foiuiet

It remains to perform some simplifications using reflection formula for I'-functions

n

-~ F1+xz_$1)H H M1+ z)(1— ) 1
P D1 - + ;) o (z — mp) (T — ) I(14 2i)T(1 — Zi5) w55
_ H D) —2i) 1 - S}H(Wfij) EEE ﬁ(_l)ki—kj’
ics V@)D= Zig) Tijgi 52 sin(maig) Ty 17 1, - 2|2 i<
1<j

where z;; = x; — x; and z; = % + iy, &; = —% +iy; with k; € Z+ 0 and o € {0,%}. It is
possible to check that

n

H(—l)ki_kj — [_1](n—1)(n5+ﬂ)

i<j
so that after combining everything together we obtain

i 2m)"Ipl
53 (ﬁ — &) hr(l)l nel(x, +€,yp) = [—1](”*1)(”5”5—")L5(2) (a:n, yn)

n
T 1 2 — x5
1<j
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and as consequence

2
"7 (2w n!
(g | W) = TV 500 ).
[T i — o2
1<j

7 Mellin—Barnes representation

We have the recurrence formula for eigenfunctions

Vo (2) = An(an) Vo, , = / Py Az wh i 20) W, (W),

where the integral kernel of the raising operator has the form

n—1

Az, wn152) = " (@ = 8)[zn0] 5" [ [ lzrrar] ™ [zr — wil* ™" Hwp — 2p41
k=1

]s—l—m—l

In this expression, the spectral parameters @, in the function ¥, (wy_1) are fixed and the
integration is performed with respect to variables w,,_1.

There exists an alternative recurrence relation expressing ¥, in terms of ¥, . In analogy
with similar representation for eigenfunctions for the quantum Toda chain [48, 49, 50], we call
it the Mellin-Barnes representation. It has the form [79]

A~

\I'yn(zn) = An(20) Ve, _, = lim /Dmnlﬂ(wnl)As(ynamn1§Zn)‘1]mn_1(zn1)- (7.1)

Here, in contrast to the first recurrence relation, the arguments z,_1 in ¥, (zx_1) are fixed
and the integration is performed with respect to the spectral variables x,,_1. In analogy with
raising operator A, (z,) acting on coordinate variables z,_1, we introduced the dual raising
operator f\n(zn) acting on spectral variables x,,_;. It is an integral operator with the following
integral kernel:

~

Ae(Yn, @13 20) = (n][=1]%)" D[] En=t [ o] Zn=1Un=s

I\n—l(s’ _ajn—l)r(yn +e, mn—l)
r=1(s, —yn)T (s, Yn)

We remind that the parameters x;, Z; and y;, §; have the form (6.3) and the integral over vari-

ables x,, is defined as integral over continues variables and the sum over discrete variables (6.5).
Applying the dual raising operator iteratively, we derive the dual analog of the formula (4.4)

XT(xn_1—Yn +5) (7.2)

~

\I/acn (Zn) = An(zn)Anfl(Zn,l) L. A2(22)[210]—s—x1.

The origin and the whole sense of the formula (7.1) is very simple. Eigenfunctions Wy,
form a complete and orthogonal set in the Hilbert space L2(C") of functions of n variables 2.
It is possible to construct another complete set using functions Wy, ,(2n—1)[2no] " where
functions Wg,_,(2,—1) form a complete and orthogonal set in the Hilbert space L?(C"™1) of
functions of n — 1 variables z,_1 and functions [z,0] ~*7®" form a complete and orthogonal set
in the Hilbert space L?(C) of functions of remaining variable z,.

The function ¥y, (zy) can be expanded over the second complete set Wz, | (2p—1)[2no] *7""

\I/yn(zn) = /Dwn—lpxnﬂ(xn—l)wwn1(zn—1)[2n0]an<[zn0]sxn\11wn1|lpyn>- (7.3)
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This formula is obtained in a usual way by inserting of the resolution of unity
1= /Dwn—lpxnﬂ(wn—l)’\l/wnl [2n0) ") ([2n0] ™" U,y |-

In fact, the integral kernel ([zn0] ¥ " W4, |¥,, ) was calculated in Section 5, since it is the
scalar product of the type (5.2)

<[Zn0]_s_xn\pmn,1 ’\ijn> = J*(ym LTp—1; —S — xn)v

where J* is the complex conjugation of J. This scalar product was first computed in [79]
with the help of diagram technique given in Appendix A. In the present paper, we developed
a method of its calculation based on recurrence relations. It is shown that J(y,,x,—1;x) can
be expressed in terms of eigenvalues of Q-operators. This allows us to see the structure of the
resulting expression (5.5) for J, which is written in terms of I'-functions. For z = —s — x,,, the
function J(yn,xn—1; ) reads

J<yn7 Lp—1;—S — xn) = 27T2+n(n—l)[_H(n—l)(ns-‘ryl)

% Fn_l(sa _yn)r(wn—ly yn)F(S, yn) 5(2)
r=1s,—x,—1)L'(s — xy)

(20 +Zn1 —gn).  (74)

Substituting (7.4) into (7.3) and integrating the delta function with respect to z,, one ob-
tains (7.1).

We should note that using relations (A.1) and (A.3) it is possible to transform the product
of the measure p(x,) and the corresponding sign factor from (7.1) to the following form:

1 1 1
—1 sn(n—1) —1 (n_l)ﬂu xn) = - y
e e = g 1t —w

which coincides up to the factor 7" with the measure in the following generalization [20, 21,

22, 23, 64, 65, 71, 72, 73] of the A-type Gustafson integral [43, 44, 45]

1 lim /Dx P(an—l-l +¢, mn)r(wn +¢, Bn-{—l) . F(an+17 ﬁn-l—l)
n —_— .

(2m)"n! =04 [ T(2i)T () L(ani1 — Buy1)

1<)

The e-prescription provides the needed separation of the series of poles due to the I'-functions

in numerators. It allows us to rewrite the formula (7.1) in equivalent form

Uy (2n) = A (20) Vs,

ﬂnfl

B I‘n—l(s’ _yn)r(sv Yn

x lim

)
1 /Dl’ F(yn +57mn71)rn_1(57_mn71)
e—04 (2m)"—1(n — 1)! nl

[T T (i )T (20)
1<)
X F(fcnfl —Yn + 5) [2n0) 22750, (Zp—1).

Two iterative expressions for eigenfunctions look very different so that it is instructive to give
alternative and more direct proof of its equivalence. We will present the inductive proof based
on the application of the following reduced Gustafson integral [63]

Ln
1 lim /Dxnr(an + ¢, mn)r(wn + &, /Bn) |:21:|
—>0+

(271')"71! € '];[’I‘(a:ij)I‘(xji)

22
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= [Zl]ain[zﬂiﬁl[zl + 22]&*%]:‘((!”“3”)' (75)

We should note that the e-prescription provides the needed separation of the series of poles due
to the I'-functions in numerators. The main steps of the transformation from one representation
of eigenfunctions to another are very similar to the ones used by Kozlowski [50] for the analogous
transformation in the case of the Toda chain. In fact, it will be illustration of the hidden role
of Q-operator again. We start from the explicit formula for eigenfunction in Mellin—-Barnes
representation

n

0
U
yn+1(zn+1) F"(S _yn-l,-l S yn+1
% lim /D yn+1 + 5793n)]-_m(37 _wn)
5—>0+ 271' (27)n! H I‘(inj)l—‘(ajji)

1<j
X F(ﬁ —Yn+1 + 5) [Zn—i—l()]mn Yntl™ S‘Ila:n (Zn),

where 2,110 = zp+1 — 20 and using the formula (4.8)

) F(ua wn)

U z,) = [ij6—wn z
Q)W () = [ F 2w (20)

transform it to the form

F [l] (Yn+1—5)n

v
yn+1(zn+1) I‘n(s +yn+1)rn(8, _yn)r(sayn-‘rl)
1 L(yn + &, 2n)I" (s, —n)(s, n)
1 — | D
X Qn(yn+1) lim 5, 2r)mnl / on [ T'(zij)L (2;i)
1<J

X I‘(ﬂ — Ypi1 + s) (g 10]Z2 Yn 150, (2,).

Note that the formula (4.8) is derived in initial coordinate representation so that at this step
we have used induction and suppose that for ¥, (z,) both representations coincide. Our goal
is the transformation of the previous representation to the form

An—&-l(yn—i-l)\llyn = >\n+1(yn+1)R12(yn+1) o 'Rn—ln(yn+1)Rnn+1(yn+1)[Zn-l—lO]iyn-His\Ilyna

where

Tl Yn4+1—S n
A1 (Yng1) = <I‘(£‘]—|—y+1)> .

The needed normalization factor A,+1(yn+1) already appeared in a very natural way and the
essential part of R-operators entering the raising operator is present inside of extracted Q-
operator

Qn(yn-I—l) = R12(yn+1) te Rn—ln(yn—f—l)RnO(yn—‘rl)-

In the next step, we will use the Mellin-Barnes representation for the function ¥4, (z,) in the
form

7.‘.71—1

I=1(s,—x,)L(s, xy)
1 T(x, + &, up_1)T" (s, —u,_1)
R ¥ V1o

1<J

Uy (2n) =

y
* A8 2mr i — 1)
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xI‘(un_l—ﬁ—Fs)[ o 2=t ER T, (2—1).

Substitution of this expression for W, (z,) in the previous representation for the function
Uy 1 (Znt1) gives

n

s *1>\n+1(yn+1)
(s, —yn)L (s, Ynt1
" 1 (s,—u _
n— 1 /Dun 1 o 1)[2710]“”_1 S\I’un_l(znfl)

[T T (uij)T (uji)
1<J

1 /Dwnr<yn7mn)r(mnaun 1)F(87 _wn)r(

Uyt (Zng1) = )R12(yn+l) “Rp—1n(Un+1)Rno(Yn+1)

(27r

n— Yn+1+ S)F(un—1 — &+ 8)

“2mm! T i) T

] n=Yn4+1— 5[

[Zn—i—l() Zn()] )

where we interchanged orders of integrals and used the representation (3.13) for Q-operator as
the product of R-operators. Note that we assume the necessary e-prescription everywhere, but
omit it for the sake of simplicity. The integral over x, is very similar to the reduced Gustafson
integral (7.5) and the transformation to the needed form (7.5) can be performed with the help
of the special case of the general formula (5.7)

I‘(ﬂ - yn—‘rl + S)F(un 1 — Lp + S) [Zn+10] “Ynt1—$

= [_1]ﬁ—un L[] 1Un—1 yn+1+28R;L+10 (yn+1 —Up1 + 1 S)[Zn+10] n=Yn+1—5
It allows us to calculate the integral over @, in a closed form
1 L(yn, )T (0, up—1)T (@0, —5) Tn —Zn
eyt | P I ey o el
1<j
= L(Yn, un—1)T(Yn, —5)[20 — 2n1 220 — 2] 2= 20 — 2 Pt 78077
so that after combining everything together we obtain
n—lA ( )
hij n+1(Yn+1 R R
y'm un—l)rnil(‘g: _un—l)
D LG _
@ T(n - D) / ot [T T (i) T (wyi) wnt (Zn-1)
1<j
X [_1]y7n—un71—s[i]un71—yn+1+2s
X Rotio(Unt1 — n1 +1—8)[zn41 — 2022V R0 (g 1) [2n — 2 [t 72270

In the next step, we use chain rule (A.5) to rewrite the last term in the form

Un—1—"Yn—S

Rno (yn+1)[ zn—H]
[.]QSF(U’”—l —Ynt+ 1 - S)
= |1 ——
L(un_1 — Yn +5)

[ﬁn]yn“ﬁfl[zno]y"“*s[ ]un 1—Ynts—1

Zn T Zn+l

)

and now it is possible to apply the star-triangle relation (A.7) in order to perform the last
essential transformation

R;ilo(yn—i—l Un—1 +1-— 8) [Zn+1 — ZO]y" yn+1—5[z _ Zn+1]un 1—Yn+s—1
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i) B (5 — )
I‘(l — S5+ Yn — un_l)

X [zn41 = 20 7 T 20 — 2] TP [ — 2]

Up—1—Yn+11+25— 1

The last two transformations can be summarized as follows:

R;ilo (yn-i-l Up—1 +1— 5) [znt10]2% 2 R0 (Y1) [Znp |22t 8
L(1—s+up1—yn)T(s — Yns1)
I‘(s + Up_1 — @)I‘(l — S+ Yn — un,l)

T I L AR L/ e i E L

_ [i]yn+l_un71

and it remains to extract the needed R-operator

]yn+1+3*1[ ]yn+178 [ﬁn]k?s

Rnn—i—l(yn-i—l) = [ﬁn Znn+1

[ An] 1—25[ An]Qs—l

inserting 1 = [p and using formula

I‘(un,l —Yn + s)

~ 12s5—1 Up—1—Yn+s—1 :1—2s
Zpo|—=L7En =i
[ n] [ n ] H F( 1 n 1 s

so that finally one obtains

Rot10(Uns1 — tn1 + 1 — ) [2nr10]22 Y7 R0 (Y1) [Zn g [ 22278270

= [i]¥nt1=Yno1- 28[_1]@—M T(s — yn+1)r(un71 — Y + s)

X [Zn—&-lO]iy"*—lisRnn—l—l(yn—l—l)[ZnO] n—1~Un" S?

and this provides the necessary restructuring of the product of R-operators into the raising
operator

Uy, i1 (Zn+1)
T 1 (Yer)
I l(s, —yn)T (s, yn
/ Du,_1 T (Y, wn_1)T7 (s, —up_1)
(2m)

nT(n —1)] [T T (i) T (uji)
1<)

)R12(yn+1) o Rp—1n(Un+1) [Znt10] " Rons1 (Unt1)

X I‘(M—&Jr S)Wun—l(znfl)[ | Ynm L Yn
= An-i—l (yn+1) [Zn+10] _yn+1_5R12(yn+1) . Rn—ln (yn+1)Rnn+1 (yn+1)l:[]yn71 (zn_l)
= A1 (Yn41) ¥y, (Zn1)-

8 Conclusions

Let us collect some formulas together. We should note that the whole structure of our paper
is very similar to the structure of the series of papers [8, 9, 10, 11] devoted to the Ruijsenaars
hyperbolic system. It is very instructive to draw parallels between the two integrable systems.

The main local building block is the R-operator (3.10). It is defined as the solution of the
relation (3.12)

Rig(x)Ly(u1,u2)La(ur,u — x) = Ly (u1,u — ) La(uy, ug)Ri2(x)
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and has the following form (3.11):
Rk](x) — [ij]1—2s[pAk]:c—s[ij]s+:v—1’

where the integral operator [p|* is defined in (2.9). There are three commuting operators —
combination of elements of the monodromy matrix A(u, z9) = A(u)+29B(u), its antiholomorphic
counterpart A(u,zy) = A(u) + ZoB(u) and the composite operator (3.13)

Qn(z) = Ri2(z)Ra3(2) - - - Rn—1n(2) Ruo(2).

Operator @Q,(z) has all characteristic properties of the Baxter Q-operator

Qn(ZL’)A(U, ZO) = A(u7 ZO)QH(‘T:)?
Qn(7)Qn(y) = Qn(y)Qn(z),
A(u, 20)Qn(u,u) =1"Qpn(u + 1,a),

the relations between Q, and A(i,Z) are similar to those between @, and A(u,z). The
common eigenfunctions of A(u, zo)-, A(w, Zp)- and Q-operators

A(u, 20) ¥, (20) = (u —21) -+~
A(u, 20) Vs, (2n) = (4 — Z1) - - (u
Qn(u) Ve, (2n) = q(u, ) Vs, (21)

are constructed in an iterative way using raising operators Ay or dual raising operators Ay

\I/wn (Zn) = An(l'n)Anfl(JTnfl) e A2($2)[210]—s—x1’
Ve, (Zn) = ATL(ZTL)ATL—l(Zn—l) R AQ(ZQ)[Zm]*s*Il‘

Using the Q-operator method and the complex generalization of A-type Gustafson integral, we
shown in Section 7 that these two methods of constructing eigenfunctions lead to the same
result. However, the mechanisms are different. When the function ¥4, (zx) is obtained from
Uy, (wr_1) by application of the integral operator Ag(xy), one integrates Wy, | (wp—1) with
respect to coordinate variables wj_q

Vo, (21) = [Ap(2r) Ve, ](21) = /dek1A(Zk,wk1;ﬂ?k)‘1/xk_1(wk1),

and the spectral variables stay fixed. On the other hand, when we obtain ¥4, (2;) applying
the integral operator Ay (z;) to the function Wy, | (z,_1) we treat the latter as the function of
spectral variables yi_1, so the integration is performed with respect to yi_1

g, (21) = Mi(21) Wy (2-1) = /Dyklﬂ(ykl)A(xka Y15 2k) Yy, (Z-1),

where the Sklyanin’s measure u(yx—1) is given by expression (6.4). In this situation, the vari-
ables z;_1 are regarded as fixed parameters, and after the integration this set includes one more
“parameter” zj.

The expression for Agx(z) in the operator form reads

Ap(z) = M (2)Riz(x)Ras(x) - - Ri—1k()[z00] 7,

where zpg = 2z, — 29 and Ag(z) is the normalization constant (4.26). The kernel A(mk, Yk—1; 2k)
of the dual raising operator is given by the formula (7.2).
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The eigenfunctions are symmetric under the action of Weyl group of type A, (the symmetric
group &,,) in the space of spectral variables. That is, for any permutation 7 € &,, we have

Vg, (2n) = Ve, (20),

where T, = (377(1),57(1); .. .,a;T(n),i?T(n)). This property agrees with the same symmetry of
A-operator’s and Q-operator’s eigenvalues. It is the consequence of the following commutation
relation for raising operators:

An(x)An—l (y) = An(y)An—l(x)

It is demonstrated in Section 4.2 that the latter identity can be derived from the commutation
relation for Q-operators using the reduction (4.13) from @Q-operator to A-operator.
The constructed set of eigenfunctions is orthogonal

<\ijn |\I’1?n> = M_l(azn)é(m (:L'n, yn) )

and complete
[ Do) e, ), | = 1.

Here §®) (:cn,yn) is the delta function (6.2) of spectral variables y, and @,, which possesses
the same symmetry under permutations of these variables as the eigenfunctions. And 1 is the
identity operator in the coordinate space.

Principal series representations characterized by the parameters s and 1 — s are equivalent
and the manifestation of this symmetry s = 1 — s on the level of eigenfunctions has the form

U, (Zn;1 = 8) = c(@n) [212]°  a2s]* 1+ [200]™ ' Wa,, (25 8),

where the coefficient reads

n

- (s + xy)
c(xz,) = [—1 n(n—1)s )
) = ] e o

Note that c(x,) differs from the coefficient (4.19), which was calculated in the non-symmetric
normalization.

In Section 5, we found closed form expressions for the scalar products (Vy, |[2n0]*Va,),
(Wy, |[2n0)*¥e,,_,) and <\Ilgn\\llown>, where \Iloy'n and WY are eigenfunctions of A(u,zp) and
A(u, o), correspondingly. These expressions are given by formulas (5.3), (5.4) and (5.10), which
follow from the recurrence relations (5.3), (5.4) and (5.9). The latter relations were derived with
the help of the algebraic approach based on the following formulas:

Yang-Baxter equation (3.23) for R-operator,

the star-triangle relation (A.8),

eigenvalue equation (4.8) for @Q-operator, i.e., the fact that eigenfunctions of the model
diagonalize the Q-operator,

hermitian conjugation rules (2.12) and (3.27) for operators [p|® and @, (z),

formulas (A.5) and (A.7) for action of the operator [p]® on power functions.
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The algebraic technique turned out to be an effective tool for calculation of scalar products.
Derivation of all above mentioned relations uses one and the same trick. We apply the recurrent
formula for one of the eigenfunctions and rewrite the higher rank A,-operator in terms of Q-
operator, such that the second function in the scalar product is its eigenfunction. The Q-
operator disappears leaving the corresponding eigenvalue, and since the expressions for Q- and
A,-operators almost coincide, all that remains from the latter is an operator acting nontrivially
in the n-th space. These compact algebraic manipulations are much simpler than repeated
application of the diagrammatic star-triangle relation. They also involve a rather limited number
of coefficients, in contrast to the use of the diagrammatic technique when one has to take into
account coefficients appearing after application of every graphical transformation.

The similar algebraic technique also proved to be useful in the derivation of operator relations.
For example, in Section 4.3 we easily reduced with its help the formulas connecting Q- and A-
operators for spins s and 1 — s to simple local relations for R-operator which is easily verified
by the use of operator form (A.8) of star-triangle relation.

We should note that all relations on the level of A-, A- and Q-operators itemized in this
section have analog in the case of Ruijsenaars hyperbolic system [8, 9, 10, 11], but there is not
any analog of the local R-operator and the corresponding Yang—Baxter algebra.

The constructed set of eigenfunctions was used for the calculation of the two-dimensional
Basso—Dixon diagram in [16] and has direct analogue in the case of higher dimensions [15, 24, 25,
26]. After that significant progress has been made in understanding the multi-leg fishnet integrals
in two dimensions and its connection to the geometry of Calabi-Yau varieties [27, 28]. The recent
work [58] shows intriguing similarities of the conformal integrals in different dimensions so that
there exists some hope to connect two-dimensional results of this paper, [27, 28] and [16] with
higher-dimensional analogs [5, 6, 15, 24, 26, 25].

In recent years, significant progress has been made in understanding the role of the Gustafson
integrals [43, 44, 45] in connection with integrable spin chains [20, 22, 23, 63] and its general-
ization to the complex field [20, 21, 22, 23, 64, 65, 71, 72, 73]. We have demonstrated in this
paper the Gustafson integrals at work and hope that it can help to perform calculations in the
program of the hexagonalization of Fishnet integrals [3, 66, 67] or in more complicated fishnet
model [1].

A Useful formulas and diagrammatic rules

In this appendix, we itemize the useful formulas and formulate the diagrammatic rules.

A.1 Gamma function of the complex field

The gamma function of the complex field [33, Section 1.4] and [65, Section 1.3] is the ratio of

standard Euler gamma functions and is defined as follows:

['(a)

I'la) = ———.
@=ra—a

We denote its products as
I'(a,b) = T'(a)L'(b).

Notice that I'(a) depends on two parameters (a,a) € C? such that a —a € Z, but for brevity we
display only the first one. Moreover, for p € R we write

I'(a+p)
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a
Z—>—- W

Figure 5. Diagrammatic representation of [z — w]~®.

a b a+b—1

° =7m(=1)*"°T(a, b, c)

Figure 6. The chain relation, a + b+ ¢ = 2.

From the well-known properties of the ordinary gamma function, it is easy to prove the following
relations:

(a +1) = —aal'(a), (A1)
() = [-1]°T(a), (A2)
IL'(a)T'(1—a)=[-1]%

r
r

and the complex conjugation rule
L(p+a)"=T(p—a)=[-1"T(p—a), peR,

where a, a are of the form

a:g+w, a:—g+m neZ, veR

A.2 Chain rule and star-triangle relation
The directed line (Figure 5) corresponds to the function

1 1 (z—w)* @

[z —w]e ~ (z—w)*(z—-w)" |z— w2’

where we always assume a — a € Z. The flip of the arrow gives an additional sign factor

N G ) G 1

[z—wl® [w—2]* Jw—2"

There are two useful integral identities which can be rewritten in a different equivalent forms
and can be depicted diagrammatically — chain relation and star-triangle relation. The proofs
can be found in [17, Appendix A]. The first identity is the chain relation depicted in Figure 6.
The bold vertex in the figure corresponds to the integration over C.

It can be represented in two equivalent forms. The first ones is an integral identity

! _ e 1
/de [z —w]ofw — 20)® ~ T(a,b,c) [z — zlatt—1’ (A.4)

where ¢ =2 —a—b, ¢=2—a—b. This formula can be rewritten in a form which is very closed
to the usual Euler beta integral [65]

/d2w[z —w]* Hw — 2>t = 7B(a, b)[z — 2],

where
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The equivalent formula represents this integral identity as the result of application of the oper-
ator [p]® to the particular function [z — 2p]°~!

o1 [1TOT(D)

= T0-a [z — z]>7071, (A.5)

[P1*[z = 2]

where we used (2.9) and (2.10).
The second identity is the star-triangle relation shown in Figure 7.

l-a
Figure 7. Star-triangle relation, a + b+ ¢ = 2.

This identity can be represented in a three equivalent forms. The first ones is the integral
identity

2 1 B T 1
/d w[w — 21)%[w — 2w — 23]¢  T(a, b, ¢) [z12]'~¢[z31] P[za3]) 1~ (A.6)

where again a + b+ c¢ =2, @+ b+ ¢ = 2. This integral identity can be represented as the result
of application of operator [p1]*~! to the particular function [z12]°[z13] ¢

(1) [z12] P[] € = m_a) [e10)° o]

b—1 [223]a_1. (A7)

The last and most compact form is the operator form of the star-triangle relation [18, 19, 46]

a+b[ ~

[ — 20" 1p)" = [2 — 20]"[B)***[z — 20)". (A.8)

In the main text, we need formula for the application of considered operator to the constant
function 9(z) = 1. Using the chain rule (A.5), we obtain

[i]a+b+1[_1]—b

91l = 2ol B -1 = [2 = 2ol 1z — 2] 1 =

Finally, we give two representations for the § function. The first one is

20y €1
0°(z) =l =

and the second relation

[ 1 - (-2
w[z1 —w]2~ofw — 2]*  T(a,2 - a) AT

results from the chain relation (A.4) and (A.9).
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A.3 Two identities

In the main text, we have used identities

tim 4 (3, 0) 2ol R () ool (20) = D20 (A10)
and
lim g (@, ) [200)* T R0 (2) [200) Y Ron—1n(y) [20—10] 7>
B e [y (A1)

in order to perform various reductions of the commutation relations for Q-operators.
The derivation of these identities is based on the use of all relations itemized in previous
section. Let us start from (A.10). We choose av = y — € so that

Tl (e) = () _ EF(I +¢)
I'(s—vy)’ I'(1—e¢) I'(1—e¢)

q(y,y —e) =[{"7Y

and calculate the corresponding limit € — 0 using explicit representation for R-operator, for-
mula (2.9) and then representation (A.9) for delta function

lim q_l (y,y —€) [ZnO}S—FanO(?J) [ZnO]_S_ZH_Eq)(Zn)

e—0
= Lol ™" [T s =)l sl ™[] 4000
€ 2no| P TV 5D (w Zno| P TV 5D (w
- il_%; d*w [2n _[w]o1]+y:[j(_ 20]1—5 - /dzw [[z:]— Z)]lf)y(—s) 0% (w — 20) = ®(20).

The derivation of (A.11) is similar but more involved. First of all, we use (A.5)

Rtn () 210 = [t} [noanl? ] [zno10] >
B F(S L__;]’sa_ Oé) [ﬁnil]s—"_y_l[anln]y_s[znflo]s—a—l

and then (A.7)

[Zn0]8+$Rn0(13)[ZnO]_S_y[anln]y_s = [_1]y_8[2n0]1_8+$[pn]x_s[zno]z_y_l[Znnfl]y_s
[_1]2+y725[i]$78+1

- F(l +y—xz,8— y) [ZHO]x_y[anln]y_x[ZOnfl]x_s

Next, we choose a = x — ¢ and calculate the corresponding limit € — 0

S—Q

lim gz, 2 = ) [200) T R0 (2) [200] ~* Y Ron—10(y) [2n-10]

[=1)[zn0]" ¥ N

T T(l+y-—=z5—y,5+2) i L'(e) e R
- e i & [P
~ra J;i]i[’zzolmy: + ) [T (s +y) /dem(sQ(w — 20)
T +[y_i]ic[f:0f;s T ) [i]"70(s + y)[z[igjl]j]:y

[—1"[{]*T (s + y) -

N I‘(l—l_y_xvs_yvs_‘_x)[znil(]]
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B Formula for the multi-dimensional delta function
In this appendix, we are going to prove the key formula

n—1
ne

lim o = 2m)" ' [T 6% (@n — ww). (B.1)

=04 (Yno1 — o1 + ) [T (@n —yx +¢) ’fljl

For n = 2, the main formula states

2¢e
lim = 206@ (g, —
L e s Bk AL CS S D)

and can be proven in a following way. We have 1 = % +iv, g =5 +ip,
. 2¢e . 1
lim = lim +
€—>0+ (yl _$1+€)(x1 _y1+€) E—)0+ yl —$1+5 T _yl +6

1 1
= lim [k - + — : ]
0 [ TR i —p)+e R 4i(p—v)+e

=

1
= li
p’“ai%i[i(u—m re i)+

In the case p # k, there is not any singularity for u,v € R and everything cancel for ¢ — 0 — it
is the origin of the Kronecker symbol d,;. After that, everything is reduced to the Sokhotski-
Plemelj formula for x € R

lim( L1 )—27ri(5(x).

e=0y\x —1ie x+1e

] — 28,8 (1 — v) = 216 (21 — ).

Let us consider the next example n = 3 to clarify the origin of the appearance of the factor n in
the numerator

3
lim c
=04 (Y1 +y2 — 21 — 22+ ) (w1 — Y1 +€) (T2 — Y2 + €)
. 3e [ 1 1 ]
= lim +
€—>0+($1—y1+€)(yl—$1+2€) To—Y2+e Yy1r+yYy2—x1—2x2+¢€

1 1 1 1
:lim[ + ][ + ]
e=0 |1 —y1+e  Yyr—x1+2][x2—Yy2t+e Yy1+y2—x1 —T2+¢€

Repeating all previous steps, it is easy to derive natural generalization of n = 2 formula

1 1
lim + =2m8P (21 — ,
e—04 [xl —Yy1+¢e  y1—1 —I—as} ( ! y1)

which is based on generalized Sokhotski—Plemelj formula

lim< LR >:2ma(gg)

e—0 \x —ie x+lae

valid for positive a. We have

1 1 1 1
1im[ + ][ +
e=04|T1—y1+e y1—T1+2]||T2—Y2+E Y1+Y2—T1 —T2+eE

1 1
- (2) _ i - 25(2) _ (2) _
270 (1'1 yl) 8hr&r [yg ) - ) ” - (27[') 1) (.731 y1)5 (1’2 yg).
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In the general case, we have very similar representation of initial expression in the form of the
product of simplest terms

. ne . 1 1
lim —3 = lim +
o0+ (Yot — @1+ &) [[io (@ — g +6) =20 \z1—ym+e y—a+(n—1)

1 1
><< . )
g —y2+e y1+y2—x1 —x2+ (n—2)

1 1
. ( + )
Yn—1 —Tp—1+E Tpn-1—Yn-1+E€

For ¢ — 0, we have avalanche of simplifications — the leftmost bracket produces 276 (x1—y1),
then next bracket gives 2md(?) (x5 —15) and similarly till the last bracket which gives 2763 (z,,_; —

yn—l)-
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