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Abstract. We review the discrete evolution problem and the corresponding solution as
a discrete Dyson series in order to rigorously derive a generalized discrete version of the
Magnus expansion. We also systematically derive the discrete analogue of the pre-Lie Mag-
nus expansion and express the elements of the discrete Dyson series in terms of a triden-
driform algebra binary operation. In the generic discrete case, extra significant terms that
are absent in the continuous or the linear discrete case appear in both Dyson and Magnus
expansions. Based on the rigorous discrete derivation key links between quantum algebras,
tridendriform and pre-Lie algebras are then established. This is achieved by examining ten-
sor realizations of quantum groups, such as the Yangian. We show that these realizations
can be expressed in terms of tridendriform and pre-Lie algebras. The continuous limit as
expected provides the corresponding non-local charges of the Yangian as members of the
pre-Lie Magnus expansion.
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1 Introduction

In the present study, we identify interesting links between quantum groups [23, 44, 56], and
tridendriform [46, 48] and pre-Lie algebras (also studied under the name chronological alge-
bras) [2, 40, 69] (see also [6, 52] for recent reviews). Specifically, we systematically derive the
discrete analogues of Dyson series [28] and Magnus expansion [50] as solutions of a discrete evo-
lution problem. We then express the discrete Dyson series in terms of a tridendriform algebra,
taking into consideration certain extra terms that are not present in the continuous or the linear
discrete case and we then precisely derive the discrete pre-Lie Magnus expansion, in analogy to
the continuous or the linear discrete case (see [34, 37, 38]). We note that the discrete Magnus
expansion, albeit a linearized version, was derived for the first time in [34]. The discrete version
proposed here is an improved generalization in the sense that non-trivial higher-order terms are
included, due to choice of the linear operator of the discrete evolution problem. A more precise
explanation is provided in Section 3 (see, e.g., Remark 3.4 and comments before equation (3.1)).
As in [34], the use of Rota–Baxter operators [9, 57, 58] has been essential to express the dis-
crete series in connection with tridendriform and pre-Lie algebras. On the other hand, tensor
realizations of quantum groups [23, 24, 25, 56], such as the Yangian [16, 23, 24, 25, 54], are also
solutions of a discrete evolution problem. Hence, we deduce that the coproducts of the elements
of the Yangian can be re-expressed in terms of suitable tridendriform and pre-Lie algebras and
this is one of the most important findings of this investigation.
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Before we describe in detail what is achieved in each section, we first recall the general setup
and some necessary preliminaries on the Magnus expansion as a solution of a linear evolution
problem, whereas in the subsequent section we briefly recall basic notions on Rota–Baxter,
pre-Lie and tridendriform algebras. We note that interesting links between pre-Lie algebras,
rooted tree graphs, (tri)dendriform and Rota–Baxter algebras have been reported (see, for ex-
ample, [29, 30, 34, 46]), whereas links between tridendriform, Rota–Baxter and (quasi)shuffle
algebras have been also revealed in [47]. Recent findings on the relationships between pre-Lie
algebras and braces (nilpotent rings) [60, 67, 68] have generated increased interest on these dis-
tinct algebraic structures opening up unexplored research avenues. It is worth pointing out that
the notion of infinitesimal Hopf algebras and its connections to pre-Lie and dendriform algebras
has been explored in [3, 4]. In this study, however, we establish links with typical Hopf algebras,
such as the Yangian that also appear in quantum integrable systems. Some of these profound
emerging links within the framework of classical and quantum integrability are central themes
in our analysis, while others will be further examined and extended in future works.

We start our discussion by recalling the initial value problem associated with a linear differen-
tial equation. Indeed, let A, T be in general some linear operators (for instance, we focus in this
section on T,A ∈ End

(
CN ), CN is the N ∈ Z+ dimensional complex vector space) depending

on two parameters, ξ ∈ R, α ∈ C, such that

∂ξT (ξ, α) = αA(ξ)T (ξ, α), T (x0, a) = T0. (1.1)

The formal solution of the evolution equation above can be given as (we consider simple initial
conditions T (x0, α) = 1)

T (x, α) =
↶
P exp

(
α

∫ x

x0

A(ξ) dξ

)
, x > x0. (1.2)

The latter solution is a path ordered exponential (called monodromy), which is formally expressed
in terms of Dyson series [28]

↶
P exp

(
α

∫ x

x0

A(ξ) dξ

)
=

∞∑
n=0

αn

∫ x

x0

dxnA(xn)

∫ xn

x0

dxn−1A(xn−1) · · ·
∫ x2

x0

dx1A(x1). (1.3)

Magnus [50] suggested that the solution T (x, α) of the linear evolution problem can be ex-
pressed as a real exponential, i.e., T (x, α) = eQ(x,α) such that eQ(x,α) := 1 +

∑∞
n=1

Qn(x,a)
n! , where

the following formal series are considered

T (x, α) = 1 +

∞∑
n=1

αnT (n)(x), Q(x, α) =
∞∑
n=1

αnQ(n)(x), and

T (n)(x) =

∫ x

x0

dxnA(xn)

∫ xn

x0

dxn−1A(xn−1) · · ·
∫ x2

x0

dx1A(x1).

Comparing the α series expansion of T (x, α) and eQ(x,α), we obtain the coefficients Q(n) as
symmetric polynomials of T (n) (T (n), Q(n) below depend on x)

Q(1) = T (1), Q(2) = T (2) − 1

2

(
T (1)

)2
, (1.4)

Q(3) = T (3) − 1

2

(
T (1)T (2) + T (2)T (1)

)
+

1

3

(
T (1)

)3
, . . . , (1.5)

and vice-versa all T (m)’s can be expressed in terms of Q(m)’s,

T (1) = Q(1), T (2) = Q(2) +
1

2

(
Q(1)

)2
, (1.6)
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T (3) = Q(3) +
1

2

(
Q(1)Q(2) +Q(2)Q(1)

)
+

1

3!

(
Q(1)

)3
, . . . . (1.7)

Every element Q(m) of the series expansion can be obtained by means of a generic recursive
formula (see, for instance, [12, 61] and [11] and references therein) as follows. Consider

Π
(n)
k =

∑
j1+j2+···+jk=n

T (j1) · · ·T (jk),

which satisfies the recursion formula

Π
(n)
k =

n−k+1∑
m=1

Π
(m)
1 Π

(n−m)
k−1 and Π

(n)
1 = T (n), Π(n)

n = (T (1))n. (1.8)

Then Q(m) are given as

Q(m) = T (m) −
m∑
k=2

(−1)k
Π

(m)
k

k
, m > 1. (1.9)

See, for example, expressions (1.4) and (1.5) for m = 1, 2 and 3.
Hence, we obtain, after recalling (1.9), (1.8) (or specifically (1.4), (1.5)) and (1.3), the explicit

expressions for the first three terms of the series (Magnus expansion):

Q(1)(x) =

∫ x

x0

dx1A(x1), (1.10)

Q(2)(x) =
1

2

∫ x

x0

dx2

∫ x2

x0

dx1[A(x2), A(x1)],

Q(3)(x) =
1

6

∫ x

x0

dx3

∫ x3

x0

dx2

∫ x2

x0

dx1([A(x3), [A(x2), A(x1)] + [[A(x3), A(x2)], A(x1)]),

where [A,B] := AB −BA is the familiar Lie commutator.

Remark 1.1. Magnus obtained in [50] the general expression for Q(x) recursively as an infinite
series involving Bernoulli’s numbers (see also [11] and references therein). We define

adAB = [A,B], adn
A =

[
A, adn−1

A B
]
, ad0

AB = B,

and recall the Bernoulli numbers Bn defined as
∑∞

n=0
Bn
n! z

n = z
ez−1 . Then Q(x) can be expressed

in a compact form as

Q(x) =

∫ x

x0

ds

∞∑
n=0

Bn

n!
adn

Q(x)A(s). (1.11)

Expressions (1.10) can be obtained from (1.11) by iteration. For a detailed discussion on Magnus
expansion, convergence issues, expansion generators and applications the interested reader is
referred, for instance, to [11, 34, 33] and references therein.

After the brief review on Magnus expansion, we recall in the subsequent section some of the
fundamental notions necessary of our analysis in Sections 3 and 4. More precisely, we describe
below what is achieved in each section.

� In Section 2.1, we recall the definitions of Rota–Baxter, pre-Lie and tridendriform algebras
and we then discuss the connections among these algebras. To illustrate these relations,
we use two simple examples, which appear in literature and will be exploited anyway in
this study. In Section 2.2, in order to further motivate the study of deep interconnections
among seemingly distinct algebraic structures, we recall the passage from pre-Lie algebras
to braces (radical rings) [60, 67, 68].
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� In Section 3, the rigorous derivation of the discrete analogue of Magnus expansion and
discrete pre-Lie Magnus expansion are exhibited, after having first derived the discrete
version of Dyson series taking into account contributions of extra higher-order terms in
the formal series expansion in powers of α that do not appear neither in the continuous
case nor in the linearized discrete version [34], when dealing with iterated integrals or
sums respectively. These derivations are realized by means of the discrete analogue of the
evolution problem (1.1). Linearization of the discrete evolution problem leads naturally
to the continuous equation (1.1). Furthermore, we extract the discrete Dyson series,
which are expressed in terms of a tridendriform algebra binary operation, whereas the
explicit discrete pre-Lie Magnus expansion is derived. We emphasize that the novelty in
our identification is the presence of extra higher-order terms that never appear in the
continuous or linear discrete case. These additional terms are crucial when identifying
the N -coproducts of the Yangian as tridendriform and pre-Lie algebras. Construction of
a brace multiplication from this pre-Lie algebra immediately follows. Explicit expressions
of the first few elements of both expansions are provided. Taking the continuum limits
of these expressions, we recover the continuous Magnus expansion and the known pre-
Lie Magnus formula. Also the linear discrete expansion [34] is recovered in Remark 3.4.
In Section 3.1, we consider alternative discrete Dyson and Magnus expansions, which
again can be expressed using tridendriform and pre-Lie algebras. The various discrete
expansions are associated to distinct quantum algebras as will be transparent in Section 4.
In Section 3.2, we present two basic examples/applications related to the backward and
forward Dyson and Magnus expansions (see related equations (3.1) and (3.20) later in
the manuscript). The first example is related to gauge transformations of matrix valued
fields, whereas the second one describes the discrete and continuous evolution problem
when folding is also considered (see equation (3.28)).

� In Section 4, we investigate interesting links between quantum algebras, specifically the
Yangian and tridendriform and pre-Lie algebras. We first recall the derivation of the Yan-
gian via the Faddeev–Reshetikhin–Takhtajan (FRT) construction. We extract an alterna-
tive set of generators using the Lie exponential of the solutions of the FRT relation and de-
rive the defining algebraic relations of the alternative set of generators. We then move on to
study tensor realizations of the Yangian for both sets of generators and express coproducts
of the Yangian generators using binary operations of pre-Lie and tridendriform algebras.
The classical Yangian is briefly discussed after we introduce the notions of the classical r-
matrix and Sklyanin’s bracket [39]. We conclude that the non-local charges of the classical
Yangian are naturally expressed in terms of (tri)dendriform algebra operations.

We note that part of this work was presented in the “XL Workshop on Geometric Methods
in Physics 2023”, Bia lowieża, Poland, and also appears in [19].

2 Preliminaries: a short review

2.1 Rota–Baxter, pre-Lie and tridendriform algebras

This section serves as a brief review on various algebraic notions and interlinks that are re-
quired for our analysis here, providing also the needed basic background to readers who are not
necessarily experts in these research areas. Indeed, we briefly recall the definitions of chrono-
logical, pre-Lie algebras [2, 40] and the pre-Lie Magnus expansion, as well as the notion of
Rota–Baxter algebras. The various links between Rota–Baxter algebras, tridendriform and pre-
Lie algebras as well as some useful, for our purposes, known propositions and examples are
recalled. What follows has been taken from various sources within a rather large bibliography
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on the mentioned subjects as well as on connections with rooted trees, quasi-shuffle algebras
and non-commutative stochastic calculus, enveloping pre-Lie algebras and Magnus expansion,
etc. (we refer the interested reader for a more detailed account on these and related matters
to [6, 30, 32, 33, 34, 37, 38, 52] and [8, 14] among others).

Before we comment on the various intriguing interconnections, we first introduce the defini-
tions of Rota–Baxter and pre-Lie algebras [9, 29, 33, 57, 58].

Definition 2.1. A Rota–Baxter algebra is a unital, associative k-algebra A equipped with
a binary operation m : A × A → A, (a, b) 7→ ab, and a linear map R : A → A, such that for
all a, b ∈ A

R(a)R(b) = R
(
R(a)b + aR(b) + θab

)
, (2.1)

where θ ∈ k is a fixed parameter.

The map R is called a Rota–Baxter operator of weight θ.

Definition 2.2. A left pre-Lie algebra is a k-vector space A with a binary operation ▷ : (a, b) 7→
a ▷ b such that it satisfies the left pre-Lie identity ∀a, b, c ∈ A,

(a ▷ b) ▷ c− a ▷ (b ▷ c) = (b ▷ a) ▷ c− b ▷ (a ▷ c). (2.2)

Analogously, a right pre-Lie algebra with a binary operation ◁ can be defined with a pre-Lie
identity

(a ◁ b) ◁ c− a ◁ (b ◁ c) = (a ◁ c) ◁ b− a ◁ (c ◁ b).

In the following proposition, it is shown that Rota–Baxter operators of weight θ can be used
to construct a pre-Lie algebra (see [33, 34]).

Proposition 2.3. Let A be a Rota–Baxter algebra of weight θ, whose Rota–Baxter operator is
denoted by R. Let also ▷ be a binary operation on A defined for all a, b ∈ A as

a ▷ b := [R(a), b] + θab.

Then (A, ▷) is a left pre-Lie algebra.

Proof. It suffices to show the left pre-Lie identity (2.2), indeed we compute

(x ▷ y) ▷ z = R(R(x)y − yR(x) + θxy)z − zR(R(x)y − yR(x) + θxy)

+ θ(R(x)yz − yR(x)z + θxyz). (2.3)

Similarly, using (2.1)

x ▷ (y ▷ z) = R(R(x)y + xR(y) + θxy)z + zR(R(y)x + yR(x) + θyx) (2.4)

+ θ(R(x)yz − yzR(x) + xR(y)z − xzR(y) + θxyz)−R(x)zR(y)−R(y)zR(x).

And from the two last expressions, we conclude that

(x ▷ y) ▷ z − x ▷ (y ▷ z) = −R(R(x)y + xR(y))z − zR(R(x)y + xR(y))

− θz(R(xy) + R(yx))− θ(yR(x) + xR(y))

+ θ(yzR(x) + xzR(y)) + R(x)zR(y) + R(y)zR(x).

The latter expression is symmetric in x and y and leads to the left pre-Lie algebra identity. ■
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We present two simple examples of Rota–Baxter operators (other examples can be found, for
instance, in [34, 37, 38]), which will be used in our analysis.

Example 2.4. A simple example of Rota–Baxter operator is given by the ordinary Riemann
integral, which is a weight zero Rota–Baxter map. Indeed, let S(f)x :=

∫ x
0 f(ζ)dζ, then

S(f)xS(g)x =

∫ x

0
f(ζ) dζ

∫ x

0
g(ξ) dξ =

∫ x

0
dζ

∫ ζ

0
dξf(ζ)g(ξ) +

∫ x

0
dζ

∫ ζ

0
dξf(ξ)g(ζ)

= S
(
S(f)ζgζ + fζS(g)ζ

)
x
,

i.e., S is a Rota–Baxter operator of weight zero.
Let A, B be linear operators that depend on a continuous parameter x, we define

(A ▷ B)(x) :=

[∫ x

0
A(s)ds,B(x)

]
, (2.5)

which provides a non-commutative binary operation, e.g., A and B can be matrix valued func-
tions of x. It turns out according to Proposition 2.3 that the binary operation defined in (2.5)
satisfies the pre-Lie identity (2.2).

The elements of the Magnus expansion can be re-expressed in terms of a pre-Lie algebra –
pre-Lie Magnus expansion – (see, e.g., [33, 34, 37, 38]). Using expressions (1.10) and (2.5), we
show for the few first terms:

Q(1)(x) =

∫ x

x0

dx1A(x1),

Q(2)(x) = −1

2

∫ x

x0

dx2(A ▷ A)(x2),

Q(3)(x) =

∫ x

x0

dx3

(
1

4
((A ▷ A) ▷ A)(x3) +

1

12
(A ▷ (A ▷ A))(x3)

)
. (2.6)

Remark 2.5. There are two classes of linear operators that we are most interested in, especially
in Sections 3 and 4. We first recall the N × N matrices ea,b with elements (ea,b)c,d = δa,cδb,d,
a, b, c, d ∈ {1, 2, . . . ,N}.

1. An =
∑N

a,b=1 ea,b(Aa,b)n ∈ End
(
CN ), where (Aa,b)n ∈ C depend on the discrete parame-

ter n ∈ Z+.

2. Let A =
∑N

a,b=1 ea,b ⊗Aa,b ∈ End
(
CN )⊗ A, where A is in general some unital, associa-

tive, C-algebra generated by indeterminates Aa,b, a, b ∈ {1, 2, . . . ,N}. We then define
(in the so-called “index notation”), An =

∑N
a,b=1 ea,b ⊗ (Aa,b)n ∈ End

(
CN )⊗ A⊗N , where

(Aa,b)n ∈ A⊗N is defined as

(Aa,b)n := 1A ⊗ · · · ⊗ 1A ⊗Aa,b ⊗ 1A ⊗ · · · ⊗ 1A, (2.7)

Aa,b is located on the n-th position of the N -tensor product of the algebra in (2.7) (there
are N terms in the tensor product (2.7), 1 ≤ n ≤ N . We note that A⊗A is equipped with
its usual tensor product algebra structure: (a ⊗ b)(c ⊗ d) = ac ⊗ bd, for all a, b, c, d ∈ A.
In the special case, where A is a commutative algebra, (2) is equivalent to (1).

Example 2.6. Let fm, gm be linear operators of the type described in Remark 2.5. Define also
the sum, Σ(f)n :=

∑n−1
m=1 fm (see also, e.g., [34]). Then

Σ(f)nΣ(g)n = Σ(Σ(f)mgm + fmΣ(g)m + fmgm)n, (2.8)

i.e., Σ is a Rota–Baxter operator of weight one. This is the discrete analogue of Example 2.4.
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Indeed, we rewrite equation (2.8) with the suitable discrete variables:

Σ(f)nΣ(g)n :=
n−1∑
m=1

fm

n−1∑
k=1

gk =
∑
m>k

fmgk +
∑
m<k

fkgm +
n−1∑
m=1

fngn

=
n−1∑
m=1

(fmΣ(g)m + Σ(f)mgm + fmgm)

= Σ(fmΣ(g)m + Σ(f)mgm + fmgm)n,

and this concludes the proof.

Note that summation up to n (instead of n−1) leads to a Rota–Baxter operator of weight −1.

Corollary 2.7. Let Am, Bm be linear operators of the type described in Remark 2.5. Define the
binary operation ▷ : (A,B) 7→ A ▷ B such that

(A ▷ B)n :=

[
n−1∑
m=1

Am, Bn

]
+ AnBn. (2.9)

Then the left pre-Lie identity is satisfied, i.e.,

((A ▷ B) ▷ C)n − (A ▷ (B ▷ C))n = ((B ▷ A) ▷ C)n − (B ▷ (A ▷ C))n.

Proof. The proof is immediate by means of Proposition 2.3 and Example 2.6. ■

As mentioned in the introduction, interesting connections between pre-Lie algebras, rooted
tree graphs, tridendriform and Rota–Baxter algebras already well known (see, for instance,
[15, 33]), whereas links between tridendriform, Rota–Baxter and (quasi)shuffle algebras have
been also studied in [47]. We shall briefly recall now the relation between pre-Lie algebras and
(tri)-dendriform algebras.

Definition 2.8. A tridendriform algebra D is a k-vector space equipped with three binary
operations ≺, ≻, · and the following axioms [46, 48]:

(1) (a ≺ b) ≺ c = a ≺ (b ≺ c + b ≻ c + b · c),

(2) (a ≻ b) ≺ c = a ≻ (b ≺ c),

(3) a ≻ (b ≻ c) = (a ≺ b + a ≻ b + a · b) ≻ c,

(4) a · (b · c) = (a · b) · c,

(5) (a ≻ b) · c = a ≻ (b · c),

(6) (a ≺ b) · c = a · (b ≻ c),

(7) (a · b) ≺ c = a · (b ≺ c).

A dendriform algebra is defined by setting the product · to zero in the above axioms, con-
sequently the rules of a dendriform algebra are given in terms of axioms (1)–(3) without the ·
term.

Remark 2.9. Let D be a tridendriform algebra. We first note that the binary operation,
∗ : D ×D → D such that

x ∗ y := x ≺ y + x ≻ y + x · y
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for all x, y ∈ D is associative [48]. Moreover, (D, ▷), (D, ◁) are left, right pre-Lie algebras
respectively with

x ▷ y = x ≻ y − y ≺ x + x · y, x ◁ y = x ≺ y − y ≻ x + x · y

for all x, y ∈ D. In the case of a dendriform algebra, the term x ·y is not present in all expression
above, i.e., for all x, y ∈ D

x ∗ y := x ≺ y + x ≻ y

and

x ▷ y := x ≻ y − y ≺ x, x ◁ y := x ≺ y − y ≻ x.

Let A be a Rota–Baxter algebra, then (A,≻,≺, ·) is a tridendriform algebra with [29]

x ≻ y := R(x)y, x ≺ y := xR(y), a · b = θab (2.10)

for all x, y ∈ A, which also immediately leads to the findings of Proposition 2.3.

2.2 From pre-Lie algebras to braces

We report in this section the recent findings on the relations between pre-Lie algebras and
braces [60, 67, 68], and in particular the passage from pre-Lie algebras to finite braces. Before
we discuss this passage we recall the definition of a brace [13, 59] and we note that braces were
essentially introduced in order to derive set-theoretic solutions of the Yang–Baxter equation [59].
The already known relationships between braces, the Yang–Baxter equation and quantum in-
tegrability [21, 22], as well as the passage described below are expected to lead to even deeper
associations and the study of possibly novel algebraic structures.

Definition 2.10. A left brace is a set B together with two group operations +, ◦ : B ×B → B,
the first is called addition and the second is called multiplication such that ∀a, b, c ∈ B

a ◦ (b + c) = a ◦ b− a + a ◦ c.

The additive identity of a left brace B will be denoted by 0 and the multiplicative identity by 1,
and in every left brace 0 = 1. Also, let (N,+, ·) be an associative, nilpotent ring. For a, b ∈ N ,
define a ◦ b := a · b + a + b, then (N,+, ◦) is a brace [59].

The group of formal flows constructed from a pre-Lie algebra was introduced in [2] (see also,
e.g., [52]). We summarize below the passage from pre-Lie algebras to finite braces [60, 67, 68]
after recalling the definition of the group of formal flows [2, 52]. We also assume as in [67, 68]
that A is a nilpotent pre-Lie algebra.

1. Let a ∈ A, and let La : A → A denote the left multiplication by a, so La(b) := a ▷ b, also
Lc(Lb(a)) = c ▷ (b ▷ a), and

eLa(b) = b + a ▷ b +
1

2!
a ▷ (a ▷ b) +

1

3!
a ▷ (a ▷ (a ▷ b)) + · · · .

2. We formally consider the element 1, such that 1 ▷ a = a ▷ 1 = a in the pre-Lie algebra (as
in [52]) and define

W (a) := eLa(1)− 1 = a +
1

2!
a ▷ a +

1

3!
a ▷ (a ▷ a) + · · · .

W (a) : A→ A is a bijective function, provided that A is a nilpotent pre-Lie algebra.
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3. Let Ω(a) : A→ A be the inverse function to the function W (a), i.e.,

Ω(W (a)) = W (Ω(a)) = a.

Following [52], the first terms of Ω are

Ω(a) = a− 1

2
a ▷ a +

1

4
(a ▷ a) ▷ a +

1

12
a ▷ (a ▷ a) + · · · .

4. We define the multiplication,

a ◦ b := a + eLΩ(a)(b).

The addition is the same as in the pre-Lie algebra A. It was shown in [2] that (A, ◦) is
a group. It is then straightforward to show that (A, ◦,+) is a left brace, indeed

a ◦ (b + c) + a = a + eLΩ(a)(b + c) + a =
(
a + eLΩ(a)(b)

)
+
(
a + eLΩ(a)(c)

)
= a ◦ b + a ◦ c.

The above formula can also be written using the Baker–Campbell–Hausdorff (BCH) formula,
(see [2, 52]). We first recall that the Lie algebra L(A) is obtained from a pre-Lie algebra A by
defining [a, b] = a ▷ b − b ▷ a (with the same addition as A). By means of the BCH formula,
eLa
(
eLb(1)

)
= eLC(a,b)(1), the element C(a, b) can be represented in the form of a series as

C(a, b) = a + b +
1

2
[a, b] +

1

12
([a, [a, b]] + [b, [b, a]]) + · · · .

Lemma 2.11. The following formula for the multiplication ◦ defined above holds (see, for ex-
ample, [2, 52]):

W (a) ◦W (b) = W (C(a, b)),

where C(a, b) is obtained using the BCH series in the Lie algebra L(A).

Proof. The proof is immediate from the definition of the brace multiplication

W (a) ◦W (b) = W (a) + eLΩ(W (a))(W (b)) = eLa(1)− 1 + eLa
(
eLb(1)− 1

)
= eLa

(
eLb(1)

)
− 1 = eLC(a,b)(1)− 1 = W (C(a, b)). ■

Some general comments are also in order here. In general, tridendriform algebras yield left
pre-Lie algebras, but they also gives rise to so-called post-Lie algebras [31, 35, 72]. The notion
of post-Lie Magnus expansion, thoroughly investigated during the last decade, should also be
related to the discrete Magnus expansion. For a detailed account on post-Lie algebras, the
interested reader is referred to [31, 35, 36]. Post-Lie algebras are also related to skew-braces [42]
(alias post-groups [7]) the same way pre-Lie algebras are related to braces.

3 Discrete Magnus expansion
and discrete pre-Lie Magnus expansion

In this section, the rigorous derivation of the discrete analogue of Magnus expansion and the
discrete pre-Lie Magnus expansion are presented. These derivations are based on the discrete
analogue of the evolution problem (1.1). We also extract the discrete Dyson series, which as
expected from the continuum case are expressed in terms of a tridendriform algebra, whereas the
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discrete Magnus expansion is expressed in terms of a pre-Lie algebra. We should note that the
discrete linearized Dyson and Magnus expansions were first derived in [34]. In fact, as discussed
in Remark 3.4 the linearized version of our generic expressions reduces to the discrete expressions
appearing in [34]. Moreover, the characterization of the summation operation as a Rota–Baxter
operator together with other useful identities are provided in [34], and this is utilized here as
will be transparent in this section (see Example 2.6 and Corollary 2.7).

The novelty in our derivation concerns the presence of “higher-order terms” that never appear
in the continuous case or the discrete linearized version derived in [34], when dealing with iterated
integrals or sums. These extra terms are due to the choice of the linear operator in the discrete
evolution problem and are essential for expressing the N -coproducts of the Yangian generators as
tridendriform and pre-Lie algebras as described in Section 4, which is one of our key derivations
here. We note that the detailed proof on the continuum limit of the solution of the discrete
evolution problem and the elimination of the extra terms when taking the continuum limit is
based on a “power counting” argument and is given in [5] (see also Remark 3.5).

In Section 1, we recalled the solution of the linear evolution problem expressed as Dyson and
Magnus series and we also recalled the pre-Lie Magnus expansion. We are now focusing on the
discrete evolution problem and the derivation of the discrete analogue of the Magnus expansion.

Let

L(α) = 1 +
∑
m>0

αmL(m) ∈ End
(
CN )⊗ A,

where α ∈ C,

L(m) =
N∑

a,b=1

ea,b ⊗ L
(m)
a,b ∈ End

(
CN )⊗ A

and A is some unital, associative, C-algebra with generators L
(m)
a,b , a, b ∈ {1, 2, . . . ,N}, m ∈ Z+

(recall also Remark 2.5)). In order to derive the discrete analogue of Dyson and Magnus series,
we consider the discrete evolution problem

Tn+1(α) = Ln(α)Tn(α). (3.1)

We call the discrete evolution problem (3.1) forward. The solution of the difference equation
above is found by iteration, and is given by the so-called forward monodromy matrix (or just
monodromy), and is the discrete analogue of (1.2) (see also Figure 1)

TN+1(α) = LN (α) · · ·L1(α) ∈ End
(
CN )⊗ A⊗N (3.2)

(let us choose for simplicity T1(α) = 1 as initial condition; see also Figure 1 below).

· · · · · · · · · · · ·

N N − 1

−→

1

Figure 1. Graphical representation of the monodromy matrix TN+1.

The horizontal line in the diagram above represents the vector space CN , whereas each
intermittent line represents a copy of the algebra A; this is in agreement with the index notation
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introduced in (2) in Remark 2.5. Figure 1 reads from left to right following the arrow (path
ordered).

In the frame of classical and quantum integrable systems, the trace of the monodromy ma-
trix generates a hierarchy of conserved quantities called Hamiltonians that describe integrable
systems with periodic boundary conditions (see, for instance, [39, 56], see also Remark 4.7 later
in the manuscript).

Let also TN+1 be expressed as a formal power series TN+1(α) = 1 +
∑

m>0 α
nT (m)(N + 1),

then by considering the generic form L(α) = 1 +
∑

k>1 α
kL(k) we obtain the coefficients of the

monodromy matrix expansion via (3.2):

T (m)(N + 1) =
∑

∑k
j=1 mj=m

(
N∑

n=1

L(mk)
n

n−1∑
nk−1=1

L
(mk−1)
nk−1 · · ·

n2−1∑
n1=1

L(m1)
n1

)
. (3.3)

In the following proposition, we express the elements of the discrete analogue of Dyson’s se-
ries (3.3) in terms of the tridendriform algebra.

Proposition 3.1. The elements of the discrete analogue of Dyson series (3.3) are expressed as

T (m)(N + 1) =
∑

∑k
j=1 mj=m

N∑
n=1

(
L(mk) ≺

(
L(mk−1) ≺

(
· · · ≺

(
L(m2) ≺ L(m1)

))
· · ·
))

n
, (3.4)

where the tridendriform operation ≺ is defined as (a ≺ b)n := anΣ(b)n and Σ(b)n =
∑n−1

m=1 bm,
a, b ∈ End

(
CN )⊗ A (see also Remark 2.5).

Proof. Using the definitions of ≺ and Σ and the explicit expressions of T (m), m ∈ {1, 2, . . . , N},
(3.3), we write

T (m)(N + 1) =
∑

∑k
j=1 mj=m

N∑
n=1

L(mk)
n Σ

(
L(mk−1)Σ

(
L(mk−2)Σ

(
· · ·Σ

(
L(m1)

))
· · ·
))

n
. (3.5)

Via (x ≺ y)n = xnΣ(y)n, expression (3.5) leads to (3.4). ■

For instance, expressions T (m)(N + 1) (3.4) become: for m = 1,

T (1)(N + 1) =
N∑

n=1

L(1)
n ,

for m = 2

T (2)(N + 1) =

N∑
n=1

(
L(1)
n

n−1∑
m=1

L(1)
m + L(2)

n

)
=

N∑
n=1

(
L(1)
n Σ

(
L(1)

)
n

+ L(2)
n

)

=
N∑

n=1

((
L(1) ≺ L(1)

)
n

+ L(2)
n

)
for m = 3,

T (3)(N + 1) =
N∑

n=1

(
L(1)
n

n−1∑
m=1

L(1)
m

m−1∑
k=1

L
(1)
k + L(1)

n

n−1∑
m=1

L(2)
m + L(2)

n

n−1∑
m=1

L(1)
m + L(3)

n

)
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=

N∑
n=1

(
L(1)
n Σ

(
L(1)Σ

(
L(1)

))
n

+ L(1)
n Σ

(
L(2)

)
n

+ L(2)
n Σ

(
L(1)

)
n

+ L(3)
n

)
=

N∑
n=1

((
L(1) ≺

(
L(1) ≺ L(1)

))
n

+
(
L(1) ≺ L(2)

)
n

+
(
L(2) ≺ L(1)

)
n

+ L(3)
n

)
.

We come now to the precise derivation of the discrete Magnus expansion. We consider the
Lie exponential TN+1(α) = eQN+1(α), QN+1(α) =

∑∞
m=1 α

mQ(m)(N + 1), which will lead to the
discrete analogue of Magnus expansion; expressions (1.4), (1.5), (1.9) and (1.8) hold.

Lemma 3.2. Let

TN+1(α) = eQN+1(α), TN+1(α) = 1 +
∞∑

m=1

αmT (m)(N + 1),

where T (m)(N + 1) are given in Proposition 3.1 and QN+1(α) =
∑∞

m=1 α
mQ(m)(N + 1). The

quantities

Q(k)(N + 1) :=

N∑
n=1

Ω(k)
n ,

where Ω
(k)
n = Q(k)(n + 1)−Q(k)(n), are expressed explicitly as

Q(1)(N + 1) =
N∑

n=1

L(1)
n ,

Q(2)(N + 1) =
1

2

N∑
n>n1=1

[
L(1)
n , L(1)

n1

]
− 1

2

N∑
n=1

(
L(1)
n

)2
+

N∑
n=1

L(2)
n ,

Q(3)(N + 1) =

N∑
n=1

(
1

6

n−1∑
n2>n1=1

([
L(1)
n ,
[
L(1)
n2

, L(1)
n1

]]
+
[[
L(1)
n , L(1)

n2

]
, L(1)

n1

])
+

1

6

n−1∑
n1=1

(
L(1)
n1

[
L(1)
n1

, L(1)
n

]
+
[
L(1)
n1

, L(1)
n

]
L(1)
n

)
+

1

6

n−1∑
n1=1

([
L(1)
n1

,
(
L(1)
n

)2]
+
[(
L(1)
n1

)2
, L(1)

n

])
− 1

2

N∑
n=1

(
L(1)
n L(2)

n + L(2)
n L(1)

n

)
+

1

3

(
L(1)
n

)3 − 1

2

n−1∑
m=1

([
L(1)
m , L(2)

n

]
+
[
L(2)
m , L(1)

n

])
+ L(3)

n

)
, . . . . (3.6)

Proof. Recursive expressions (1.9) and (1.8) apparently still hold, but now T (m) are given
by (3.3). Notice that in the discrete case both TN+1(α) and T (m)(N + 1) depend on a discrete
parameter N , which replaces the continuum parameter x of the continuous analogue discussed
in Section 1. The quantities Ω

(k)
n can be immediately read from (3.6), and are the discrete

analogues of the derivatives Q̇(k)(x), of Magnus expansion in Section 1. ■

Proposition 3.3. The elements of the discrete Magnus expansion (3.6) can be re-expressed in
terms of the pre-Lie operation (2.9) as (discrete pre-Lie Magnus expansion)

Q(1)(N + 1) =
N∑

n=1

L(1)
n ,
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Q(2)(N + 1) = −1

2

N∑
n=1

(
L(1) ▷ L(1)

)
n

+

N∑
n=1

L(2)
n ,

Q(3)(N + 1) =

N∑
n=1

(
1

4

((
L(1) ▷ L(1)

)
▷ L(1)

)
n

+
1

12

(
L(1) ▷

(
L(1) ▷ L(1)

))
n

)

− 1

2

N∑
n=1

((
L(2) ▷ L(1)

)
n

+
(
L(1) ▷ L(2)

)
n

)
+

N∑
n=1

L(3)
n , . . . . (3.7)

Proof. We recall the definition of the pre-Lie binary operation (2.9), then
(
x ∈

{
L(1), L(2), . . .

})
(x ▷ x)n =

[
n−1∑
m=1

xm, xn

]
+ x2n, (3.8)

also, from expressions (2.3) and (2.4), for R→ Σ, and by setting x = y = z, we obtain

1

4
((x ▷ x) ▷ x)n +

1

12
(x ▷ (x ▷ x))n =

1

6

n−1∑
n2>n1=1

([xn, [xn2 , xn1 ]] + [[xn, xn2 ], xn1 ])

+
1

6

n−1∑
n1=1

(xn1 [xn1 , xn] + [xn1 , xn]xn)

+
1

6

n−1∑
n1=1

([
xn1 , x

2
n

]
+
[
x2n1

, xn
])

+
1

3
x3n. (3.9)

Comparing expressions (3.6) with (3.8) and (3.9), we arrive at expressions (3.7). These ex-
pressions provide elegant discrete analogues of the pre-Lie Magnus expansion. Higher-order
terms Q(m), m > 3, can be computed by iteration via (1.9) and (1.8). We only compute in-
dicatively the first few terms of the expansion. Using the recursive relations (1.9) and (1.8),
expressions (3.3) and (3.6) and definition (3.8), we may explicitly compute higher-order terms;
however, such computations become increasingly complicated due to the existence of extra terms
coming from the higher-order terms L(m), m > 1, in the formal expansion of L (3.1) (see, for
instance, the last term in Q(2) the last two terms in line three Q(3) and the last three terns in
the last line of Q(3), (3.6)). ■

Remark 3.4. It is worth focusing on the simple linear case, where

L(α) = 1 + αP ∈ End
(
CN )⊗ A.

The linear case is clearly a special example of the general scenario studied above, where we
considered the formal series expansion, L(α) = 1 +

∑∞
m=1 α

mL(m) ∈ End
(
CN )⊗ A; indeed in

the linear case, L(1) = P and L(m) = 0, ∀m > 1. In this case the generic expressions of
Propositions 3.1 and 3.3 reduce to the linearized discrete expressions obtained in [34]. Indeed,
we obtain the following explicit expressions, which provide a simpler discrete analogue of Dyson’s
series

TN+1(α) = 1 +

N∑
m=1

αmT (m)(N + 1), T (m)(N + 1) =

N∑
nm>···>n1=1

Pnm · · ·Pn1 . (3.10)

According to Proposition 3.1, the elements of the discrete Dyson series (3.10) are expressed in
terms of the tridendriform operation ≺ as

T (m)(N + 1) =
N∑

n=1

(P ≺ (P ≺ (P ≺ (· · · ≺ (P ≺ P)) · · · )))n, (3.11)
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with m P-terms. We also recall that T := eQ, then via (1.4) and (1.5) we immediately obtain the
formulas for Q(m)(N +1), given the findings of the generic case, and the pre-Lie discrete Magnus
expansion in this case takes the simple form resembling structurally the continuum case,

Q(1)(N + 1) =

N∑
n=1

Pn, (3.12)

Q(2)(N + 1) = −1

2

N∑
n=1

(P ▷ P)n,

Q(3)(N + 1) =

N∑
n=1

(
1

4
((P ▷ P) ▷ P)n +

1

12
(P ▷ (P ▷ P))n

)
. (3.13)

Higher-order terms are obtained via (1.9) and (1.8). Expressions (3.13) are much more concise
compared to the general ones (3.7), and apparently similar to the corresponding continuous
formulas, given that terms that contain higher-order elements L(m), m > 1, in the general case
are missing in the linear scenario.

We should note that we have not been able to produce general expressions neither of the
type (1.11) nor in terms of pre-Lie algebras, due to the existence of the higher-order terms L(m),
m > 1 in the expansion of L(a) = 1 +

∑
m≥1 α

mL(m). However, in the linear case, where
L(a) = 1 + αP (discussed in Remark 3.4) such expressions are available in [33, 34]. This is
a very interesting open problem for the general case, which we hope to address in a future work.

Remark 3.5 (the continuum limit). Recall the discrete evolution problem (3.1), and consider
L(α) ∈ End

(
CN ), then rescale α → δα (δ ≪ 1) and consider the general form L(λ) = 1 +∑

m>0 α
mδnL(m). Expression (3.1) can be rewritten as (keeping only linear terms in δ)

Tn+1(α) =
(
1 + αδL

(1)
n+1

)
Tn(α).

By considering the following “dictionary” as δ → 0: L
(1)
n+1 → A(x), and Ψn+1−Ψn

δ → ∂ξΨ(ξ), we
arrive at the continuum limit of (3.1), which is the linear evolution problem

∂ξT (ξ, α) = αA(ξ)T (ξ, α).

Detailed proof on the continuum limit of the discrete monodromy (3.2) (which gives the con-
tinuum monodromy (1.2)), based on a “power counting rule” is given in [5]. The counting rule
relies on the fact, δ

∑N
n=1 fn →

∫ x
0 f(ξ)dξ, and terms of the form

δ
∑m

j=1 nj
∑

k1,k2,...,kl

L
(n1)
k1
· · ·L(nm)

km
→ 0

in the continuum limit for
∑m

j=1 nj > m.

In the continuum limit, the monodromy matrix T is expressed as a Dyson series with terms
that are written, via (3.10) and (3.11) in terms of a dendriform binary operation (A ≺ B)(x) :=
A(x)

∫ x
0 B(ξ)dξ, as

T (m)(x) =

∫ x

0
dζ(A ≺ (A ≺ (A ≺ (· · · ≺ (A ≺ A)) · · · )))(ζ).
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3.1 An alternative discrete expansion

Let us now consider a slightly different scenario, where the L-operator in (3.1) is of the form
L(α) = M + αL, M ̸= 1 is invertible and

M =
N∑

a,b=1

ea,b ⊗Ma,b ∈ End
(
CN )⊗ A, L =

N∑
a,b=1

ea,b ⊗ La,b ∈ End
(
CN )⊗ A,

where in this section A is a unital, associative C-algebra generated by Ma,b and La,b with
a, b ∈ {1, 2, . . . ,N}.

Before we state the main findings in the next proposition, it is useful to introduce some
notation. We set (recall that the index notation has been introduced in Remark 2.5)

(1) MN+1,n−1 := MN · · ·MnMn−1,

(2) M̂ := M−1 and M̂n−1,N+1 = M̂n−1M̂n · · · M̂N ,

(3) MN+1,1 := MN+1 and M̂1,N+1 := M̂N+1.

Proposition 3.6. Let L(α) ∈ End
(
CN ) ⊗ A in (3.1) be of the form L(α) = M + αL, α ∈ C,

where M ̸= 1, L ∈ End
(
CN )⊗ A. Then the monodromy matrix TN+1(α) can be expressed as

TN+1(α) = eQN+1(α)MN+1,

where TN+1(α) =
∑N

n=0 α
nT (n)(N + 1), QN+1(α) =

∑N+1
m=1 α

mQ(m)(N + 1) is the discrete Mag-
nus expansion as in Remark 3.4 and the elements Q(m)(N +1) are given in (3.13) as the pre-Lie
Magnus expansion.

Proof. We start with the standard ordered expansion of the monodromy matrix, given the
choice L(α) = M + αL, we obtain

TN+1(α) = MN+1 + α
N∑

n=1

MN · · ·Mn+1LnMn−1 · · ·M1

+α2
N∑

n>m=1

MN · · ·Mn+1LnMn−1 · · ·Mm+1LmMm−1 · · ·M1 + · · ·

and after defining

Pn := MN+1,n−1LnM̂nM̂n−1,N+1, (3.14)

we arrive at

TN+1(α) =

(
1 +

N∑
m=1

αm
N∑

nm>···>n1=1

PnmPnm−1 · · ·Pn1

)
MN+1, (3.15)

where Mn is derived in (1)–(3) in the beginning of the section.
The bracket in the expression above is just the discrete ordered expansion (3.11), which as

discussed in the previous section can be expressed as the discrete analogue of Magnus expansion,
and also in terms of a suitable pre-Lie algebra. We note that the expression within the bracket
in (3.15) is similar to expression (3.11), but with the objects Pn being now replaced by Pn,
defined (3.14). Such expressions appear, for instance, in q-deformed algebras and in the context
of algebras emerging from set-theoretic solutions of the Yang–Baxter equation. These cases
however will be discussed in detail elsewhere. ■
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3.2 Gauge transformations and “folding”

In this subsection, we consider two fundamental applications associated with the derivations
of the previous section. The first application is the transformation of the linear operator L
(A in the continuous case) via a gauge transformation, and the second is the construction of the
evolution problem and its solution when “folding” is included (see Figure 2).

3.2.1 Gauge transformations

Let Tn be a solution of the difference equation (3.1), where Ln(α) ∈ End
(
CN ) (recall Re-

mark 2.5). Let also Gn(α) ∈ End
(
CN ) and define T̂n(α) := Gn(α)Tn(α), L,G ∈ End

(
CN ) are

invertible. Then T̂n is a solution of the difference equation

T̂n+1(α) = L̂n(α)T̂n(α), (3.16)

where L̂n(α) = Gn+1(α)Ln(α)G−1
n (α), and hence

Gn+1(α) = L̂n(α)Gn(α)L−1
n (α). (3.17)

Assuming that the operators Ln, L̂n are known, we solve for Gn.

Lemma 3.7. Let TN+1(α) := LN (α) · · ·L1(α) and T̂N+1(α) := L̂N (α) . . . L̂1(α), where Ln,
L̂n ∈ End

(
CN ), be solutions of (3.1) and (3.16) respectively. Then, the solution of the difference

equation (3.17) is given by GN+1(α) = T̂N+1(α)G1(α)T−1
N+1(α), where G1(α) is some generic

initial value.

Proof. The solution of (3.17) is obtained directly by iteration. ■

Similarly, in the continuous case, let T (x, α) be a solution of the time evolution problem (1.1),
where A(x) ∈ End

(
CN ). Let also G(x, α) ∈ End

(
CN ) and define T̂ (x, α) := G(x, α)T (x, α).

Then T̂ satisfies

∂ξT̂ (ξ, α) = αÂ(ξ)T̂ (ξ, α). (3.18)

From (1.1) and (3.18) and T̂ (x, α) := G(x, α)T (x, α), we conclude that the transformed opera-
tor Â(x) is given as

Â(ξ) = G(ξ, α)AG−1(ξ, α) + α−1∂ξG(ξ, α)G−1(ξ, α),

which is a typical gauge transformation of A. Suppose that A, Â are given, then from the latter
equation we conclude that G(ξ, α) is a solution of the evolution problem

∂ξG(ξ, α) = αÂ(ξ)G(ξ, α)− αG(ξ, α)A(ξ). (3.19)

The solution of the latter equation is given by

G(x, α) = T̂ (x, α)G0(α)T−1(x, α),

where we recall that, T (x, α) =
↶
Pexp

(
α
∫ x
0 A(ξ)dξ

)
(similarly for T̂ (x, α)) and G0(α) is some

initial value at x = 0.
This type of problems systematically appear in the context of integrable systems, where a Lax

pair and strong compatibility conditions (zero curvature condition, i.e., equations of motion)
exist [1, 39, 45]. In this frame, so-called dressing schemes [27, 53, 71] are used in order to obtain
solutions of the associated integrable non-linear ODEs and PDEs that emerge from the zero
curvature condition.
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Typically, in integrable systems, due to the existence of a Lax pair or the existence of a clas-
sical or quantum R-matrix [39, 56] it turns out that trT (α) provides a hierarchy of conserved
quantities; for instance, the Hamiltonian of the system with periodic boundary conditions is
a member of this hierarchy (a more detailed discussion will follow later in the text). In the next
section, we are considering both quantum and classical integrable systems, and we establish
fundamental connections with the findings of the present section. In what follows a relevant
construction, which is associated with a time evolution problem that includes a “folding” is
discussed.

3.2.2 Time evolution with “folding”

We now focus on the evolution problem that involves a “folding”. Such evolution problems
are also associated with integrable systems with open boundary conditions (instead of periodic
ones), although we are not going to discuss here the integrability conditions for such systems
(the interested reader is referred to [65, 66] for a detailed exposition).

In order to describe discrete systems with a “folding”, we also need to introduce the so called
backward time evolution equation. In order to achieve this, we need to introduce the operator

L̂(a) = 1 +
∑
m>0

αmL̂(m) ∈ End
(
CN )⊗ A,

where a ∈ C, L̂(m) are linear operators

L̂(m) =

N∑
q,b=1

ea,b ⊗ L̂
(m)
a,b ∈ End

(
CN )⊗ A

and A is some unital, associative, C-algebra with generators L̂
(m)
a,b , a, b ∈ {1, 2 . . . ,N}, m ∈ Z+

(recall also Remark 2.5). Then the backward time evolution equation is defined as

T̂n+1(α) = T̂n(α)L̂n(α). (3.20)

The solution of equation (3.20) is found by iteration and is given by the backward monodromy
matrix

T̂N+1(α) = L̂1(α) . . . L̂N (α) ∈ End
(
CN )⊗ A⊗N , (3.21)

(we choose for simplicity T̂1(α) = 1 as initial condition). We express the monodromy as

T̂N+1(α) = 1 +
∑
n≥1

αnT̂ (n)(N + 1)

and recall the exponential map T̂N+1(α) = eQ̂N+1(α); expressions (1.4), (1.5), (1.9) and (1.8)
naturally hold.

We consider the general case, where L̂(α) = 1 +
∑

k≥1 α
kL̂(k), then the form of the coefficients

of the monodromy T̂ are given via (3.21) as

T̂ (m)(N + 1) =
∑

∑k
j=1 mj=m

(nk−1−1∑
nk=1

L̂(mk)
nk

nk−2−1∑
nk−1=1

L̂
(mk−1)
nk−1 · · ·

n1−1∑
n2=1

L̂(m2)
n2

N∑
n1=1

L̂(m1)
n1

)
. (3.22)

We may then express the elements of the discrete analogue of Dyson’s series (3.22) in terms
of the tridendriform algebra in analogy to Proposition 3.1.
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Lemma 3.8. The elements of the discrete Dyson series (3.22) are expressed as

T̂ (m)(N + 1) =
∑

∑k
j=1 mj=m

N∑
n=1

((
· · ·
(
L̂(mk) ≻ L̂(mk−1)

)
≻ · · ·

)
≻ L̂(m1)

)
n
, (3.23)

where the tridendriform operation ≻ is defined as (a ≻ b)n := Σ(a)nbn, where Σ(a)n=
∑n−1

m=1 am,
a, b ∈ End

(
CN )⊗ A (see also Remark 2.5).

For instance, for n = 1,

T̂ (1)(N + 1) =

N∑
n=1

L̂(1)
n ,

for n = 2 and n = 3

T̂ (2)(N + 1) =
N∑

n=1

((
L̂(1) ≻ L̂(1)

)
n

+ L̂(2)
n

)
,

T̂ (3)(N + 1) =
N∑

n=1

(((
L̂(1) ≻ L̂(1)

)
≻ L̂(1)

)
n

+
(
L̂(1) ≻ L(2)

)
n

+
(
L̂(2) ≻ L̂(1)

)
n

+ L̂(3)
n

)
.

Proof. The proof goes along the same lines as in Proposition 3.1 with (a ≻ b)n := Σ(a)nbn. ■

We recall the exponential map T̂ (α) = eQ̂(α), Q̂(α) =
∑∞

m=1 α
mQ̂(m), which will lead to the

discrete analogue of Magnus expansion. Recursive expressions (1.9) and (1.8) hold for T̂ (m), Q̂m,
but now T̂ (m) are given by (3.23).

Lemma 3.9. Let

T̂N+1(α) = eQ̂(α), T̂N+1(α) = 1 +

∞∑
m=1

αmT̂ (m)(N + 1),

where T̂ (m)(N + 1) are given in Lemma 3.8 and Q̂(α) =
∑∞

m=1 α
mQ̂(m). The quantities

Q̂(k)(N + 1) :=

N∑
n=1

Ω̂(k)
n ,

where Ω̂
(k)
n = Q̂(k)(n + 1)− Q̂(k)(n), are expressed explicitly as

Q̂(1)(N + 1) =
N∑

n=1

L̂(1)
n ,

Q̂(2)(N + 1) =
1

2

N∑
n>n1=1

[
L̂(1)
n1

, L(1)
n

]
− 1

2

N∑
n=1

(
L̂(1)
n

)2
+

N∑
n=1

L̂(2)
n ,

Q̂(3)(N + 1) =
N∑

n=1

(
1

6

n−1∑
m>k=1

([
L̂
(1)
k ,
[
L̂(1)
m , L̂(1)

n

]]
+
[[
L̂
(1)
k , L̂(1)

m

]
, L̂(1)

n

])
+

1

6

n−1∑
m=1

(
L̂(1)
n

[
L̂(1)
n , L̂(1)

m

]
+
[
L̂(1)
n , L̂(1)

m

]
L̂(1)
m

)
+

1

6

n−1∑
m=1

([
L̂(1)
n , (L̂(1)

m )2
]

+
[(
L̂(1)
n

)2
, L̂(1)

m

])
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− 1

2

N∑
n=1

(
L̂(1)
n L̂(2)

n + L̂(2)
n L̂(1)

n

)
+

1

3

(
L̂(1)
n

)3
− 1

2

n−1∑
m=1

([
L̂(1)
n , L̂(2)

m

]
+
[
L̂(2)
n L̂(1)

m

])
+ L̂(3)

n

)
, . . . . (3.24)

Proof. The proof is along the lines of Lemma 3.2. ■

We are now in the position to express the discrete Magnus expansion elements is terms of the
right pre-Lie operation ◁. Let A, B be linear operators that depend on a discrete parameter n ∈ N
(see Remark 2.5)) and define the binary operation ◁ : (A,B) 7→ A ◁ B such that

(A ◁ B)n :=

[
An,

n−1∑
m=1

Bm

]
+ AnBn. (3.25)

Then the right pre-Lie identity is satisfied, i.e.,

((A ◁ B) ◁ C)n − (A ◁ (B ◁ C))n = ((A ◁ C) ◁ B)n − (A ◁ (C ◁ B))n. (3.26)

Proposition 3.10. The elements of the discrete Magnus expansion (3.24) can be re-expressed
in terms of the pre-Lie operation (3.25).

Proof. Recalling from (3.25) and (3.26) that

(a ◁ b)n =

[
an,

n−1∑
m=1

bm

]
+ anbn, (3.27)

a, b ∈ End
(
CN )⊗ A, we conclude

Q̂(1)(N + 1) =
N∑

n=1

L̂(1)
n ,

Q̂(2)(N + 1) = −1

2

N∑
n=1

(
L̂(1) ◁ L̂(1)

)
n

+

N∑
n=1

L̂(2)
n ,

Q̂(3)(N + 1) =
N∑

n=1

(
1

12

((
L̂(1) ◁ L̂(1)

)
◁ L̂(1)

)
n

+
1

4

(
L̂(1) ◁

(
L̂(1) ◁ L̂(1)

))
n

)

− 1

2

N∑
n=1

((
L̂(2) ◁ L(1)

)
n

+
(
L̂(1) ◁ L̂(2)

)
n

)
+

N∑
n=1

L̂(3)
n , . . . .

As is Proposition 3.3, we only compute the first few terms of the expansion. Using the re-
cursive relations (1.9) and (1.8), expressions (3.22) and (3.24) and definition (3.27), we may
explicitly compute higher-order terms, however such computations becomes increasingly com-
plicated due to the existence of extra terms (see for instance the last term in Q̂(2), the last two
terms in line three Q̂(3) and the last three terns in the last line of Q̂(3), (3.24)). ■

A remark similar to Remark 3.4 applies here too by setting L̂(1) = P̂, L̂(j) = 0, ∀j > 1.

Now that we have the discrete Magnus expansions for both the forward and backward evo-
lution problems we may identify the solution of evolution problem with “folding” [65, 66].
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Lemma 3.11. Let L, L̂ ∈ End
(
CN )⊗ A and

TN+1(α) = LN (α) · · ·L1(α), T̂N+1(α) = L̂1(α) · · · L̂N (α)

be solutions of (3.1) and (3.20), respectively. Let also K(α) ∈ End
(
CN ), then the quantity

TN+1(α) = TN+1(α)K(α)T̂N+1(α) [65, 66], is a solution of the difference equation

Tn+1(α) = Ln(α)Tn(α)L̂n(α). (3.28)

Proof. The proof is straightforward by means of (3.1) and (3.20). ■

· · · · · ·
@
@

�
�

N N − 1 1

−→

←−

K

TN+1

T̂N+1

Figure 2. Graphical representation of TN+1 (“folding”).

Figure 2 reads from left top to right bottom clockwise (following the arrows).

Remark 3.12. We first recall that L(α), L̂(α) belong to End
(
CN )⊗ A. We consider L̂(α) :=

L−1(−α)
(
where L(α)L−1(α) = 1CN ⊗ 1A

)
and consequently T̂N+1(α) = T−1

N+1(−α). This case
is associated with the so-called reflection algebra in integrable systems [17, 66]. In the continuum
limit, after recalling Tn+1 → T(x + δ), Ln → 1 + δαA(x) and keeping linear terms we obtain
from (3.28)

∂ξT(ξ;α) = αA(ξ)T(ξ;α) + αT(ξ;α)A(ξ), (3.29)

which is the evolution equation that includes “folding”. The solution of (3.29) is given by

T(ξ, α) = T (ξ, α)K(α)T̂ (ξ, α),

where T (ξ, α) = eQ(ξ,α) is given in (1.2), and T̂ (ξ, α) = T−1(ξ,−α). Notice that although (3.19)
and (3.29) are mathematically similar, they have distinct physical interpretations as already
pointed out.

By means of a suitable combination of solutions of the forward and backward linear evolu-
tion problem and the presence of K (Figure 2 above), integrable systems with generic boundary
conditions can be constructed [65, 66]. Specifically, the trace of TN+1 produces a hierarchy of
conserved quantities (Hamiltonians) that describe integrable systems with general open bound-
ary conditions (as opposed to periodic). From the point of view of integrable systems and
quantum algebras, the K-matrix and the object T are representations of the reflection alge-
bra [17, 65, 66], which is a left (right) coideal of the underlying quantum (deformed) algebra of
the integrable system at hand.

4 Quantum groups as tridendriform and pre-Lie algebras

After the derivation of the discrete analogue of the Magnus expansion and the discrete pre-Lie
expansion, we are ready to study some key relationships between quantum groups, tridendriform
and pre-Lie algebras. We employ the Yangian Y(glN ) (sometimes we simply write Y in the
manuscript) [16, 23, 24, 25, 54] as our key paradigm and show that the N -coproducts of the
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Yangian elements can be re-expressed in terms of suitable tridendriform and pre-Lie algebra
binary operations. A relevant interesting work on the homomorphism between quasi-shuffle
algebras and the Yangian can be found in [43]. Our approach here is direct and is based on
the Faddeev–Reshetikhin–Takhtajan (FRT) construction [56] and the explicit derivation of N -
coproducts of the Yangian via tensorial representations of the associated FRT algebra as will be
clear in the following sections.

We first recall the derivation of quantum groups (or quantum algebras) associated to solutions
R : V ⊗ V → V ⊗ V of the Yang–Baxter equation (YBE) [10, 70]

(
henceforth V = CN )

R12(λ1, λ2)R13(λ1, λ3)R23(λ2, λ3) = R23(λ2, λ3)R13(λ1, λ3)R12(λ1, λ2), (4.1)

where λ1, λ2 ∈ C. Let R =
∑

x ax ⊗ bx, where ax, bx ∈ End
(
CN ), then in the “index notation”

R12 =
∑

x ax ⊗ bx ⊗ 1V , R23 = 1V ⊗
∑

x ax ⊗ bx, and R13 =
∑

x ax ⊗ 1V ⊗ bx.

For the derivation of a quantum algebra associated to a given R-matrix, we employ the FRT
construction. We recall the standard N × N matrices ex,y, with entries (ex,y)z,w = δx,zδy,w,
x, y, z, w ∈ {1, 2, . . . ,N}.

Definition 4.1. Let R(λ1, λ2) ∈ End(V ⊗ V ) be a solution of the Yang–Baxter equation (4.1),
λ1, λ2 ∈ C, V = CN . Let also L(λ) :=

∑N
x,y∈1 ex,y ⊗ Lx,y(λ) ∈ End(V )⊗ A, where λ ∈ C and

Lx,y(λ) =
∑∞

m=0 λ
−mL

(m)
x,y ∈ A. The quantum algebra A, associated to R, is defined as the

quotient of the free unital, associative C-algebra, generated by indeterminates{
L(m)
x,y | x, y ∈ {1, 2, . . . ,N}, m ∈ {0, 1, 2, . . . }

}
and relations

R12(λ1, λ2)L1(λ1)L2(λ2) = L2(λ2) L1(λ1)R12(λ1, λ2), (4.2)

where R12 = R⊗ 1A and L1 =
∑N

x,y∈1 ex,y ⊗ 1V ⊗ Lx,y,1 L2 =
∑N

x,y∈1 1V ⊗ ex,y ⊗ Lx,y.

It is worth noting that if equation (4.2) holds, then R is necessarily a solution of the Yang–
Baxter equation (4.1) (see, e.g., [51] for a proof). Definition 4.1 basically states that different
choices of solutions of the Yang–Baxter equation yield distinct quantum algebras.

4.1 Yangian Y(glN )

We present in this subsection a concise review of the glN Yangian Y(glN ), which is a spe-
cial example of a quantum algebra, and provide all the necessary for our analysis information
(for a more detailed exposition the interested reader is refereed for instance to [16, 54]). We
consider the FRT point of view (Definition 4.1). We set α−1 = λ (additive parameter) and
consider R(λ1, λ2) = R(λ1 − λ2). Specifically, in the case of the glN Yangian (Y for brevity),
the R-matrix is given by, R(λ1, λ2) = (λ1 − λ2)1V⊗V + P, where P =

∑N
i,j=1 ei,j ⊗ ej,i is the

permutation operator such that P(a⊗ b) = b⊗ a, a, b ∈ V and

L(λ) = 1V⊗Y +
∞∑
k=1

λ−kL(m), L(m) =
N∑

x,y=1

ex,y ⊗ L(m)
x,y .

Then, by the fundamental relation (4.2), the algebraic relations among the generators L
(m)
x,y of

the glN Yangian are deduced and are given in the following definition.

1Notice that in L in addition to the indices 1 and 2 in (4.2) there is also an implicit “quantum index” 3
associated to A, which for now is omitted, i.e., one writes L13, L23.



22 A. Doikou

Definition 4.2. The glN Yangian Y(glN ) is a unital, associative algebra generated by indetermi-
nates 1Y (unit element) and L

(m)
i,j , i, j ∈ {1, 2, . . . ,N}, m ∈ {0, 1, 2, . . . } and relations[

L
(p+1)
i,j , L

(m)
k,l

]
−
[
L
(p)
i,j , L

(m+1)
k,l

]
= L

(m)
k,j L

(p)
i,l − L

(p)
k,jL

(m)
i,l , (4.3)

where [ , ] : Y(glN )× Y(glN )→ Y(glN ), such that [a, b] = ab− ba, for all a, b ∈ Y(glN ).

We recall the Lie exponential is written as eQ := 1 +
∑∞

n=1
Qn

n! . We focus here on the case
were L,Q ∈ End

(
CN )⊗ Y(glN ), and L satisfies relation (4.2). We express the generic solution

of (4.2) as L(λ) = eQ(λ) and consider the formal λ series expansions

L(λ) = 1V⊗Y +

∞∑
m=1

λ−mL(m), Q(λ) =

∞∑
m=1

λ−mQ(m). (4.4)

Then comparing the series expansion L(λ) and eQ(λ), using also (4.4), we obtain expressions
of Q(m) in terms of symmetric polynomials of L(m)

(
see (1.4) and (1.5), Q(n)→Q(n), T (n)→L(n)

)
.

Q(1) = L(1), Q(2) = L(2) − 1

2

(
L(1)

)2
, (4.5)

Q(3) = L(3) − 1

2

(
L(1)L(2) + L(2)L(1)

)
+

1

3

(
L(1)

)3
, . . . , (4.6)

and vice versa as in (1.6) and (1.7), i.e., similarly, the logarithm can be defined such that
ln (L(λ)) = Q(λ).

Our aim now is to derive an alternative set of generators of the Yangian based on expres-
sions (4.5) and (4.6). Indeed, let us focus in the first few explicit exchange relations from (4.3):

1. n = 0, m = 1
(
L
(0)
i,j = δi,j

)
,[

L
(1)
i,j , L

(1)
k,l

]
= δi,lL

(1)
k,j − δk,jL

(1)
i,l ,

the latter are the familiar glN exchange relations.

2. n = 2, m = 0,[
L
(2)
i,j , L

(1)
k,l

]
= δi,lL

(2)
k,j − δk,jL

(2)
i,l .

3. n = 2, m = 1,[
L
(3)
i,j , L

(1)
k,l

]
−
[
L
(2)
i,j , L

(2)
k,l

]
= L

(1)
k,jL

(2)
i,l − L

(2)
k,jL

(1)
i,l .

4. n = 3, m = 0,[
L
(3)
i,j , L

(1)
k,l

]
= δi,lL

(3)
k,j − δk,jL

(3)
i,l .

Lemma 4.3. The algebraic relations for the alternative set of generators of the Yangian Y(glN ),

Q
(m)
i,j , i, j ∈ {1, . . . ,N}, m ∈ Z+ are given[

Q
(1)
i,j ,Q

(1)
k,l

]
= δi,lQ

(1)
k,j − δk,jQ

(1)
i,l ,[

Q
(1)
i,j ,Q

(2)
k,l

]
= δi,lQ

(2)
k,j − δk,jQ

(2)
i,l ,[

Q
(2)
i,j ,Q

(2)
k,l

]
= δi,lQ

(3)
k,j − δk,jQ

(3)
i,l −

1

4
Q

(1)
k,j

N∑
x=1

Q
(1)
i,xQ

(1)
x,l +

1

4

N∑
x=1

Q
(1)
k,xQ

(1)
x,jQ

(1)
i,l

+
1

12

(
δk,j

N∑
x,y=1

Q
(1)
i,xQ(1)

x,yQ
(1)
y,l − δi,l

N∑
x,y=1

Q
(1)
k,xQ(1)

x,yQ
(1)
y,j

)
, . . . .
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Proof. The proof is based on (4.6) and the exchange relations (1)–(4). ■

We also recall the definition of a Hopf algebra (see, for example, [16, 51]) and then present
the Yangian as a Hopf algebra.

Definition 4.4. A Hopf algebra (A,∆, ϵ, s) is a unital, associative algebra A over some field k
equipped with the following linear maps:

� multiplication, m : A ⊗ A → A, m(a, b) = ab, which is associative (ab)c = a(bc) for all
a, b, c ∈ A,

� η : k → A, such that it produces the unit element for A, η(1) = 1A,

� coproduct, ∆: A → A ⊗ A, ∆(a) =
∑

j αj ⊗ βj , which is coassociative, (id⊗∆)∆(a) =
(∆⊗ id)∆(a) for all a ∈ A,

� counit, ϵ : A → k, such that (ϵ⊗ id)∆(a) = (id⊗ϵ)∆(a) = a for all a ∈ A,

� antipode, s : A → A (a bijective anti-algebra map), m(s ⊗ id)∆(a) = m(id⊗s)∆(a) =
ϵ(a)1A for all a ∈ A.

� ∆, ϵ are algebra homomorphisms and A ⊗ A is endowed with its usual tensor product
algebra structure: (a⊗ b)(c⊗ d) = ac⊗ bd for all a, b, c, d ∈ A.

It is also useful to introduce the definition of a quasi-triangular Hopf algebra [23, 24, 25],
which is the analogue of the FRT construction.

Definition 4.5. Let A be a Hopf algebra over some field k, then A is a quasi-triangular Hopf
algebra if there exists an invertible element R ∈ A⊗A (universal R-matrix):

1. R∆(a) = ∆op(a)R for all a ∈ A, where ∆: A → A ⊗ A is the coproduct on A and
∆op(a) = π ◦∆(a), π : A⊗A → A⊗A, such that π(a⊗ b) = b⊗ a.

2. (id⊗∆)R = R13R12, and (∆⊗ id)R = R13R23.

Also, the following statements hold [51]:

(a) The antipode s : A → A satisfies (id⊗s)R−1 = R, (s⊗ id)R = R−1.

(b) The counit ϵ : A → k satisfies (id⊗ϵ)R = (ϵ⊗ id)R = 1A.

(c) Due to (1) and (2) of Definition 4.5 the universal R-matrix satisfies the Yang–Baxter
equation

R12R13R23 = R23R13R12. (4.7)

We recall the index notation: let R =
∑

j aj ⊗ bj ∈ A⊗A, then

R12 =
∑
j

aj ⊗ bj ⊗ 1A, R23 =
∑
j

1A ⊗ aj ⊗ bj , R13 =
∑
j

aj ⊗ 1A ⊗ bj .

Proofs of the above statements can be found in [16, 51].

Remark 4.6. Consider a representation ρλ : A → End
(
CN ), λ ∈ C, such that

(ρλ ⊗ id)R =: L(λ) ∈ End
(
CN )⊗A,

(ρλ1 ⊗ ρλ2)R =: R(λ1, λ2) ∈ End
(
CN )⊗ End

(
CN ), λ1,2 ∈ C.

Then the Yang–Baxter equation reduces to (4.2), after acting with (ρλ1 ⊗ ρλ2 ⊗ id) on (4.7)
and to the Yang–Baxter equation (4.1), after acting with (ρλ1 ⊗ ρλ2 ⊗ ρλ3) on (4.7). Also, from
relations (2) of Definition 4.5 and (a)–(b) above, we deduce
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(i) The coproduct ∆: A → A⊗A satisfies (id⊗∆)L(λ) = L13(λ)L12(λ).

(ii) The counit ϵ : A → C satisfies (id⊗ϵ)L(λ) = 1V .

(iii) The antipode s : A → A satisfies (id⊗s)L−1(λ) = L(λ).

The glN Yangian as a quasi-triangular Hopf algebra. In the case of the Yangian in
particular, recall that

L(λ) =
∞∑

m=0

λ−mL(m) =
∞∑

m=0

N∑
a,b=1

λ−mea,b ⊗ L
(m)
a,b , L

(0)
a,b = δa,b1Y .

The glN Yangian is a quasi-triangular Hopf algebra on C equipped with a coproduct ∆:Y(glN )→
Y(glN )⊗ Y(glN ) such that (i) in Remark 4.6 is satisfied and hence

∆
(
L
(m)
a,b

)
=

N∑
c=1

m∑
k=0

L
(k)
c,b ⊗ L(m−k)

a,c .

For instance, for the first couple of generators of the Yangian the coproducts are given for
a, b ∈ {1, 2, . . . ,N} as

∆(L
(1)
a,b) = L

(1)
a,b ⊗ 1Y + 1Y ⊗ L

(1)
a,b,

∆(L
(2)
a,b) = L

(2)
a,b ⊗ 1Y + 1Y ⊗ L

(2)
a,b +

N∑
c=1

L
(1)
c,b ⊗ L(1)

a,c,

∆(L
(3)
a,b) = L

(3)
a,b ⊗ 1Y + 1Y ⊗ L

(3)
a,b +

N∑
c=1

L
(1)
c,b ⊗ L(2)

a,c +
N∑
c=1

L
(2)
c,b ⊗ L(1)

a,c, . . . .

The coproduct is coassociative, and the n-coproducts can be derived by iteration via

∆(n+1) =
(
id⊗∆(n)

)
∆ =

(
∆(n) ⊗ id

)
∆.

Moreover, the counit exists ϵ : Y(glN )→ C such that

(ϵ⊗ id)∆
(
L
(m)
a,b

)
= (id⊗ϵ)∆

(
L
(m)
a,b

)
= L

(m)
a,b ,

and hence we obtain by iteration that ϵ
(
L
(m)
a,b

)
= 0, a, b ∈ {1, 2, . . . ,N}, and m = Z+. The

antipode s : Y(glN )→ Y(glN ) exists, such that

m(s⊗ id)∆
(
L
(m)
a,b

)
= m(id⊗s)∆

(
L
(m)
a,b

)
= ϵ
(
L
(m)
a,b

)
1Y

and recalling that ϵ
(
L
(m)
a,b

)
= 0, we obtain

N∑
c=1

m∑
k=0

s
(
L
(k)
c,b

)
L(m−k)
a,c =

N∑
c=1

m∑
k=0

L
(k)
c,b s
(
L(m−k)
a,c

)
= 0.

For example, the antipode for the first couple of generators is given as(
L
(1)
a,b

)
= −L(1)

a,b,

s
(
L
(2)
a,b

)
= −L(2)

a,b +
N∑
c=1

L
(1)
c,bL

(1)
a,c,
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s
(
L
(3)
a,b

)
= −L(3)

a,b +

N∑
c=1

L
(1)
c,bL

(2)
a,c +

N∑
c=1

L
(2)
c,bL

(1)
a,c −

N∑
c,d=1

L
(1)
d,bL

(1)
c,dL

(1)
a,c, . . . .

Also, for the first couple of the alternative generators of the Yangian algebra, we obtain (see
also [16])

∆
(
Q

(1)
a,b

)
= Q

(1)
a,b ⊗ 1Y + 1Y ⊗Q

(1)
a,b

∆
(
Q

(2)
a,b

)
= Q

(2)
a,b ⊗ 1Y + 1Y ⊗Q

(2)
a,b +

1

2

N∑
d=1

(
Q

(1)
a,d ⊗Q

(1)
d,b −Q

(1)
d,b ⊗Q

(1)
a,d

)
,

and ϵ
(
Q

(1)
a,b

)
= ϵ
(
Q

(2)
a,b

)
= 0, and s

(
Q

(1)
a,b

)
= −Q

(1)
a,b, s

(
Q

(2)
a,b

)
= −Q

(2)
a,b + 1

2Q
(1)
a,b.

The FRT construction typically provides the coproducts of the associated quantum algebra
and thus also leads to the derivation of the counit and antipode. Recall the well-known state-
ment, that given the coproduct of a Hopf algebra one can uniquely determine the counit and
antipode of the Hopf algebra from the axioms of the Hopf algebra [16, 51]. In the next subsec-
tion, we examine tensor realizations of the Yangian and express them as elements of the discrete
Magnus expansion. From the tensor realizations, we derive the N -coproducts of the algebra
generators and express them in terms of suitable tridendriform and pre-Lie algebra operations.

4.2 Tensor realizations of the Yangian and pre-Lie algebras

In order to demonstrate the links between the Yangian, tridendriform and pre-Lie algebras, we
consider tensor realizations of the Yangian.

Let us first recall the tensor realizations of any quantum algebra A, Definition 4.1. Let
L(λ) =

∑
m≥0

L(m)

λm ∈ End
(
CN )⊗ A satisfy equation (4.2) with R ∈ End

((
CN )⊗2)

being a solu-
tion of the Yang–Baxter equation and L(m) =

∑N
x,y=1 ex,y ⊗ L

(m)
x,y ∈ End

(
CN )⊗ A, where L

(m)
x,y

are the generators of the algebra A. We recall the quantum monodromy matrix (or simply
monodromy) T ∈ End

(
CN )⊗ A⊗N :

T0,12...N (λ) :=
(
id⊗∆(N)

)
L(λ) = L0N (λ) · · ·L01(λ), (4.8)

which also satisfies the algebraic relation (4.2) (i.e., provides a tensor realization of the algebra
defined by (4.2)) and is also a solution of the discrete evolution problem (3.1). It is shown that
the monodromy matrix T satisfies (4.2) by repeatedly using equation (4.2). Historically, the
index 0 is called “auxiliary”, whereas the indices 1, 2, . . . , N are called “quantum”, and they are
usually suppressed for simplicity, i.e., we simply write T0,N+1 (or TN+1).

Remark 4.7. We define the transfer matrix tN+1(λ) := tr0(T0,N+1(λ)) ∈ A⊗N . Recall that the
monodromy matrix T satisfies (4.2), and hence it is shown that the transfer matrix provides
a family of mutually commuting quantities [56]

tN+1(λ) = λN
N∑
k=1

t
(k)
N+1

λk
,

[tN+1(λ), tN+1(µ)] = 0 ∀ λ, µ ∈ C ⇒
[
t
(k)
N+1, t

(l)
N+1

]
= 0.

These commutation relations guarantee the “quantum integrability” of a spin-chain like system
with periodic boundary conditions. For instance, the Hamiltonian and momentum of the system
belong to the family of the mutual commuting quantities.
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We focus henceforth on the Yangian, with the R-matrix being R(λ) = 1V⊗V +λ−1P (recall P
is the permutation operator),

L(λ) = 1V⊗Y +
∑
m>0

L(m)

λm
∈ End

(
CN )⊗ Y(glN ), L(m) =

N∑
x,y=1

ex,y ⊗ L(m)
x,y ,

where L
(m)
x,y are the generators of the Yangian glN . We also note that a standard simple solution

of the fundamental relation (4.2) for the Yangian is L(λ) = 1+λ−1P, where P =
∑N

i,j=1 ei,j ⊗ Pi,j

and Pi,j ∈ glN : [Pi,j ,Pk,l] = δi,lPk,j − δk,jPi,l.

Proposition 4.8. Let L
(m)
a,b , a, b ∈ {1, 2, . . . ,N}, m ∈ {1, 2, . . . }, be the generators of the Yan-

gian glN (4.3). Let also the tridendriform algebra operation ≺ defined as (a ≺ b)n := anΣ(b)n,
where Σ(a)n =

∑n−1
m=1 am, a, b ∈ End

(
CN ) ⊗ Y (see also Remark 2.5). Then, the coproducts of

the algebra generators are expressed in terms of the tridendriform algebra operation ≺ as

∆(N)
(
L
(m)
a,b

)
=

∑
∑k

j=1 mj=m

∑
1≤n1<···<nk≤N

((
L
(mk)
a,bk

)
nk

(
L
(mk−1)
bk,bk−1

)
nk−1
· · ·
(
L
(m1)
b1,b

)
n1

)

=
∑

∑k
j=1 mj=m

N∑
n=1

(
L
(mk)
a,bk

≺
(
L
(mk−1)
bk,bk−1

≺
(
· · · ≺

(
L
(m2)
b2,b1
≺ L

(m1)
b1,b

)
· · ·
)))

n
. (4.9)

Proof. Before we carry on with the proof, it is useful to recall the tensor index notation:
let A, B be elements of a unital, associative C-algebra A, then AnBm = BmAn, n > m, where
the indices n, m denote the position of the objects A, B on an N -tensor product, i.e.,

An := 1A ⊗ · · · ⊗ 1A ⊗ A︸︷︷︸
nth position

⊗1A ⊗ · · · ⊗ 1A, (4.10)

AnBm := 1A ⊗ · · · ⊗ 1A ⊗ B︸︷︷︸
mth position

⊗1A ⊗ · · · ⊗ 1A ⊗ A︸︷︷︸
nth position

⊗1A ⊗ · · · ⊗ 1A.

We recall that the quantum monodromy is expressed as

TN+1(α)=1 +
∑
m>0

αmT (m)(N + 1), α =
1

λ
,

with coefficients given in (3.3) and in terms of a tridendriform binary operation in (3.4) and

T (m)(N + 1) =
N∑

a,b=1

ea,b ⊗ T
(m)
a,b (N + 1).

We also recall that TN+1(λ) =
(
id⊗∆(N)

)
L(λ), hence T

(m)
a,b (N + 1) = ∆(N)

(
L
(m)
a,b

)
(∆ is an al-

gebra homomorphism), which via (4.8) leads to (4.9).
We read off the coproducts for the first three orders m = 1, 2, 3:

(1) ∆(N)
(
L
(1)
a,b

)
=

N∑
n=1

(
L
(1)
a,b

)
n
,

(2) ∆(N)
(
L
(2)
a,b

)
=

N∑
n=1

(
L
(2)
a,b

)
n

+
N∑

n=1

(
L
(1)
a,b1
≺ L

(1)
b1,b

)
n
,

(3) ∆(N)(L
(3)
a,b) =

N∑
n=1

(
L
(3)
a,b

)
n

+
N∑

n=1

((
L
(2)
a,b1
≺ L

(1)
b1,b

)
n

+
(
L
(1)
a,b1
≺ L

(2)
b1,b

)
n

)
+

N∑
n=1

(
L
(1)
a,b2
≺
(
L
(1)
b2,b1
≺ L

(1)
b1,b

))
n
. ■
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We note that a presentation of the Yangian is given via the evaluation homomorphism,
ev: Y(glN ) → glN such that L

(m)
a,b 7→ θmPa,b, θ ∈ C, and Pa,b are the glN generators. We also

recall that L(λ) = 1 +
∑

m>0 λ
−mPm is a solution of (4.2), hence the following map also exists,

σ : Y(glN )→ glN such that L
(m)
a,b 7→ (Pm)a,b. Before we come to the second key connection

between the coproducts of the alternative Yangian generators Qa,b and pre-Lie algebras, we first
introduce a useful lemma and some handy notation.

Lemma 4.9. Let A be a Rota–Baxter algebra and R : A → A be Rota–Baxter operator, such that
[R(x), y] = [R(y), x] = 0, for all x, y ∈ A. Let also the binary operations of the tridendriform
algebra be defined in (2.10). Then x ≺ y = y ≻ x, for all x, y ∈ A.

Proof. From the definitions in (2.10), we conclude that x ≺ y = y ≻ x for all x, y ∈ A ■

Remark 4.10. We introduce some notation that will be used in the following proposition. Let
O ∈ End

(
CN )⊗ A, then On =

∑N
a,b ea,b ⊗ (Oa,b)n, where (Oa,b)n is defined as in (4.10). We

assume that A,B ∈ End
(
CN )⊗ A, and we define

(
(A ▷ B)n

)
a,b

:=

([
n∑

m=1

Am, Bn

]
+ AnBn

)
a,b

=
N∑
c=1

(
n−1∑
m=1

(Aa,c)m(Bc,b)n − (Ba,c)n

n−1∑
m=1

(Ac,b)m + (Aa,c)n(Bc,b)n

)
.

Recalling the definitions of the tridendriform binary operations (2.10), we conclude for the above
expression

((A ▷ B)n)a,b =
N∑
c=1

((Aa,c ≻ Bc,b)n − (Ba,c ≺ Ac,b)n + (Aa,cBc,b)n).

Due to the fact that [(Aa,c)m, (Bc,b)n] = 0, n ̸= m, Lemma 4.9 applies.

Proposition 4.11. Let Q
(m)
a,b , a, b ∈ {1, 2, . . . ,N}, m ∈ Z+, be the alternative generators of

the Yangian glN (Lemma 4.3). The coproducts of these generators are emerging from a pre-Lie
algebra and are explicitly expressed in terms of a tridendriform algebras binary operations.

Proof. First we use the fact that
(
id⊗∆(N)

)
Q(m) = Q(m)(N + 1) (4.8), we also recall the ex-

pressions Q(m)(N + 1) (3.7), then via (4.5) and (4.6) we conclude

(
id⊗∆(N)

)
Q(1) =

N∑
n=1

Q(1)
n ,

(
id⊗∆(N)

)
Q(2) = −1

2

N∑
n=1

(
Q(1) ▷ Q(1)

)
n

+

N∑
n=1

(
Q(2)

n +
1

2

(
Q(1)

n

)2)
,

(
id⊗∆(N)

)
Q(3) =

N∑
n=1

(
1

4

((
Q(1) ▷ Q(1)

)
▷ Q(1)

)
n

+
1

12

(
Q(1) ▷ (Q(1) ▷ Q(1))

)
n

)

− 1

2

N∑
n=1

((
Q(2) ▷ Q(1)

)
n

+
(
Q(1) ▷ Q(2)

)
n

)
− 1

4

N∑
n=1

(((
Q(1)

)2
▷ Q(1)

)
n

+
(
Q(1) ▷

(
Q(1)

)2)
n

)
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+

N∑
n=1

(
Q(3)

n +
1

2

(
Q(2)

n Q(1)
n + Q(1)

n Q(2)
n

)
+

1

6

(
Q(1)

n

)3)
, . . . . (4.11)

The N -coproducts of the alternative generators Q
(m)
a,b of the Yangian are extracted from

expressions (4.11), by recalling(
id⊗∆(N)

)
Q(n) =

∑
a,b

ea,b ⊗∆(N)
(
Q

(n)
a,b

)
Q(p)

a,b(N) = ∆(N)
(
Q

(p)
a,b

)
, a, b ∈ {1, . . . ,N}.

Specifically, for the first couple of terms, n = 1, 2, we obtain from (4.11), Remark 4.10,

(1) ∆(N)
(
Q

(1)
a,b

)
=

N∑
n=1

(
Q

(1)
a,b

)
n
,

(2) ∆(N)
(
Q

(2)
a,b

)
=

N∑
n=1

((
Q

(2)
a,b

)
n
− 1

2

N∑
c=1

((
Q(1)

a,c ≻ Q
(1)
c,b

)
n
−
(
Q(1)

a,c ≺ Q
(1)
c,b

)
n

))
.

The notation and the requirements introduced in Remark 4.10 apply in this case. ■

We present below an example/application associated with the alternative discrete expansion
described in Section 3.1. More details on the example will be presented in future studies, as this
is of particular interest.

Example 4.12. Let R : CN ⊗ CN → CN ⊗ CN be a solution of the YBE of the form R(λ) =
r + λ−1P, where r is also a solution of the YBE and P is the permutation operator (see,
e.g., [18, 21, 22]). Such solutions can be obtained for instance from involutive set-theoretic
solutions of the YBE [22, 26]. Recall now the expression of the monodromy matrix T (λ) =
LN (λ) · · ·L1(λ), where in this example L(λ) → R(λ). Given that R satisfies the YBE, one
shows that the monodromy matrix naturally satisfies the (4.2). In this case, expressions (3.15)
and (3.14), (1)–(3) in Section 3.1 hold: M → r, L→ P and α = λ−1.

Classical integrability

Connections between (tri)dendriform, pre-Lie algebras and classical integrable systems and the
associated classical deformed algebras are naturally identified given the findings of the previous
section (see also work related to integrable ODEs [41]). The key point in the description and
construction of classical integrable systems from the Hamiltonian point of view is the existence
of a classical matrix r ∈ End

(
CN ⊗ CN ) that satisfies the classical YBE [39, 62] (see also [55])

[r12(λ1 − λ2), r13(λ1 − λ3)] + [r12(λ1 − λ2) + r13(λ1 − λ3), r23(λ2 − λ3)] = 0.

The classical YBE can be seen as a linearization of the quantum YBE, i.e., we set

R = 1 + δr +O
(
δ2
)
.

The classical Lax operator

Ln(λ) =
N∑

a,b=1

ea,b(La,b(λ))n ∈ End
(
CN ),

where recall (La,b(λ))n =
∑

k≥0 λ
−k
(
L
(k)
a,b

)
n

(see also Remark 2.5) is associated with a discrete
space integrable system and satisfies [39, 63, 64]

{Ln(λ1)⊗
,
Lm(λ2)} = [r(λ1 − λ2),Ln(λ1)⊗ Lm(λ2)]δn,m. (4.12)
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A Poisson bracket of the form (4.12) is called a Sklyanin bracket. For any two N ×N matrices
A =

∑N
i,j=1 ei,jAi,j and B =

∑N
i,j=1 ei,jBi,j , the bracket {A⊗

,
B} is determined by the brackets

of its matrix elements (see also, for example, [16, 39])

{A⊗
,
B} =

N∑
i,j,k,l=1

eij ⊗ ek,l {Ai,j , Bk,l},

i.e., {A⊗
,
B}ij,kl = {Ai,j , Bk,l}. Equation (4.12) is the classical analogue of the fundamental

relation (4.2), that is, the matrix elements L
(k)
a,b are the generators of a Poisson algebra defined

by (4.12) (the classical analogue of a quantum algebra).
As in the quantum case, algebraic quantities in involution exist due the existence of an

r-matrix. Indeed, the monodromy matrix T (λ) = LN (λ) · · ·L1(λ) ∈ End
(
CN ) also satisfies

Sklyanin’s bracket and hence it is shown that t(λ) = trT (λ) satisfies {t(λ), t(µ)} = 0, for
all λ, µ ∈ C, which, given that t(λ) =

∑N
m=1 λ

−mt(m), leads to a family of quantities in involution{
t(m), t(k)

}
= 0, i.e., classical integrability à la Liouville is shown [39].

In the case of the classical glN Yangian, the r-matrix is given as r(λ) = P
λ , where we recall

that P is the N 2 ×N 2 permutation operator
(
recall P(a ⊗ b) = b ⊗ a, a, b ∈ CN ). Also

we recall, as in the quantum case, L(λ) = 1 +
∑

m>0 λ
−mL(m) and L(m) =

∑N
a,b=1 La,bea,b. By

substituting L in (4.12), the classical Yangian relations are recovered, i.e., the classical analogues
of (4.3). Everything holds as in the quantum case, but [ , ] 7→ −{ , }, i.e., L

(m)
a,b are commutative

objects, and are the generators of the classical Yangian. T
(m)
a,b (called also non-local charges) are

the classical analogues of the coproducts ∆(N)l
(
L
(m)
a,b r

)
.

In the continuum case, the Lax operator A(x, λ) ∈ End
(
CN ) satisfies a linear Sklyanin bracket

(see [39])

{A(x, λ1)⊗
,
A(y, λ2)} = [r(λ1 − λ2),A(x, λ1)⊗ 1 + 1⊗ A(y, λ2)]δ(x− y).

In the case of the Yangian, specifically r(λ) = P
λ and A(x, λ) = 1

λA(x). The monodromy matrix
in this case is defined as

T(x, α) =
↶
P exp

(∫ x

0
A(ξ, α)dξ

)
(see also (1.2) and Remark 3.5) and satisfies the quadratic relation (4.12) [39, 49]. Also, the
expressions for the continuous Magnus expansion (1.10), (1.11) and (2.6) hold

(
α = λ−1

)
.

With this, we conclude our analysis on the links between quantum and classical algebras, aris-
ing in the context of integrable systems, and pre-Lie and (tri)dendriform algebras. Further study
of the quantum algebras associated with the Example 4.12 will follow in future investigations.
Example 4.12 is of special interest given recent findings on the characterization of the quantum
algebra associated with involutive set-theoretic solutions of the YBE as quasi-bialgebras [18, 20].
These quasi-bialgebras naturally emerge after suitably twisting the Yangian [18]. We note that
set-theoretic solutions do not have a classical analogue, a fact that makes Example 4.12 even
more intriguing. Moreover, it is known that all involutive set-theoretic solutions of the YBE
come from braces [13, 59]. This, together with the fact that braces are obtained from pre-Lie
algebras, while pre-Lie algebras in turn are naturally connected to quantum algebras via the
FRT construction, provide strong motivations to further investigate these algebraic structures
at the level of solutions, but also at the level of the emerging quantum algebras.

Acknowledgments

I would like to thank the anonymous referees for their constructive comments and suggestions.
Support from the EPSRC research grant EP/V008129/1 is acknowledged.



30 A. Doikou

References

[1] Ablowitz M.J., Kaup D.J., Newell A.C., Segur H., Nonlinear-evolution equations of physical significance,
Phys. Rev. Lett. 31 (1973), 125–127.

[2] Agrachev A.A., Gamkrelidze R.V., Chronological algebras and non-stationary vector fields, J. Sov. Math.
17 (1981), 1650–1675.

[3] Aguiar M., Infinitesimal Hopf algebras, in New Trends in Hopf Algebra Theory (La Falda, 1999), Contemp.
Math., Vol. 267, American Mathematical Society, Providence, RI, 2000, 1–29.

[4] Aguiar M., Infinitesimal bialgebras, pre-Lie and dendriform algebras, in Hopf Algebras, Lecture Notes in
Pure and Appl. Math., Vol. 237, Dekker, New York, 2004, 1–33, arXiv:math.QA/0211074.

[5] Avan J., Doikou A., Sfetsos K., Systematic classical continuum limits of integrable spin chains and emerging
novel dualities, Nuclear Phys. B 840 (2010), 469–490, arXiv:1005.4605.

[6] Bai C., Introduction to pre-Lie algebras, in Algebra and Applications 1: Non-Associative Algebras and
Categories, John Wiley & Sons, 2021, 245–273.

[7] Bai C., Guo L., Sheng Y., Tang R., Post-groups, (Lie–)Butcher groups and the Yang–Baxter equation,
Math. Ann. 388 (2024), 3127–3167, arXiv:2306.11196.

[8] Bandiera R., Schaetz F., Eulerian idempotent, pre-Lie logarithm and combinatorics of trees,
arXiv:1702.08907.

[9] Baxter G., An analytic problem whose solution follows from a simple algebraic identity, Pacific J. Math. 10
(1960), 731–742.

[10] Baxter R.J., Exactly solved models in statistical mechanics, Academic Press, London, 1982.

[11] Blanes S., Casas F., Oteo J.A., Ros J., The Magnus expansion and some of its applications, Phys. Rep. 470
(2009), 151–238, arXiv:0810.5488.

[12] Burum D.P., Magnus expansion generator, Phys. Rev. B 24 (1981), 3684–3692.
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J. Phys. A 48 (2015), 495202, 17 pages, arXiv:1504.07226.

[33] Ebrahimi-Fard K., Manchon D., A Magnus- and Fer-type formula in dendriform algebras, Found. Comput.
Math. 9 (2009), 295–316, arXiv:0707.0607.

[34] Ebrahimi-Fard K., Manchon D., The tridendriform structure of a discrete magnus expansion, Discrete
Contin. Dyn. Syst. 34 (2014), 1021–1040, arXiv:1306.6439.

[35] Ebrahimi-Fard K., Mencattini I., Munthe-Kaas H., Post-Lie algebras and factorization theorems, J. Geom.
Phys. 119 (2017), 19–33, arXiv:1701.07786.

[36] Ebrahimi-Fard K., Mencattini I., Quesney A., What is the Magnus expansion?, J. Comput. Dyn. 12 (2025),
115–159, arXiv:2312.16674.

[37] Ebrahimi-Fard K., Patras F., The pre-Lie structure of the time-ordered exponential, Lett. Math. Phys. 104
(2014), 1281–1302, arXiv:1305.3856.

[38] Ebrahimi-Fard K., Patras F., From iterated integrals and chronological calculus to Hopf and Rota–Baxter
algebras, in Algebra and Applications 2: Combinatorial Algebra and Hopf Algebras, ISTE, London, 2021,
55–118, arXiv:1911.08766.

[39] Faddeev L.D., Takhtajan L.A., Hamiltonian methods in the theory of solitons, Springer Ser. Sov. Math.,
Springer, Berlin, 1987.

[40] Gerstenhaber M., The cohomology structure of an associative ring, Ann. of Math. 78 (1963), 267–288.

[41] Golubchik I.Z., Sokolov V.V., Generalized operator Yang–Baxter equations, integrable ODEs and nonasso-
ciative algebras, J. Nonlinear Math. Phys. 7 (2000), 184–197, arXiv:nlin.SI/0003034.

[42] Guarnieri L., Vendramin L., Skew braces and the Yang–Baxter equation, Math. Comp. 86 (2017), 2519–
2534, arXiv:1511.03171.

[43] Hudson R., Sticky shuffle product Hopf algebras and their stochastic representations, in New Trends in
Stochastic Analysis and Related Topics, Interdiscip. Math. Sci., Vol. 12, World Scientific Publishing, Hack-
ensack, NJ, 2012, 165–181.

[44] Jimbo M., A q-difference analogue of U(g) and the Yang–Baxter equation, Lett. Math. Phys. 10 (1985),
63–69.

[45] Lax P.D., Integrals of nonlinear equations of evolution and solitary waves, Comm. Pure Appl. Math. 21
(1968), 467–490.

[46] Loday J.-L., Dialgebras, in Dialgebras and Related Operads, Lecture Notes in Math., Vol. 1763, Springer,
Berlin, 2001, 7–66.

[47] Loday J.-L., On the algebra of quasi-shuffles, Manuscripta Math. 123 (2007), 79–93,
arXiv:math.QA/0506498.

[48] Loday J.-L., Ronco M., Trialgebras and families of polytopes, in Homotopy Theory: Relations with Algebraic
Geometry, Group Cohomology, and Algebraic K-theory, Contemp. Math., Vol. 346, American Mathematical
Society, Providence, RI, 2004, 369–398, arXiv:math.AT/0205043.

[49] MacKay N.J., Lattice quantization of Yangian charges, Phys. Lett. B 349 (1995), 94–98, arXiv:hep-
th/9501079.

[50] Magnus W., On the exponential solution of differential equations for a linear operator, Comm. Pure Appl.
Math. 7 (1954), 649–673.

[51] Majid S., Foundations of quantum group theory, Cambridge University Press, Cambridge, 1995.

[52] Manchon D., A short survey on pre-Lie algebras, in Noncommutative Geometry and Physics: Renormalisa-
tion, Motives, Index Theory, ESI Lect. Math. Phys., European Mathematical Society, Zürich, 2011, 89–102.
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