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Abstract. Basis partitions are minimal partitions corresponding to successive rank vectors.
We show combinatorially how basis partitions can be generated from primary partitions
which are equivalent to the Rogers—Ramanujan partitions. This leads to the definition of
a signature of a basis partition that we use to explain certain parity results. We then study
a special class of basis partitions which we term as complete. Finally, we discuss basis
partitions and minimal basis partitions among partitions with non-repeating odd parts by
representing them using 2-modular graphs.
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1 Introduction

For a partition 7w: by > by > --- > b, its Ferrers graph is an array of left-justified rows with b;
nodes in the i-th row, ¢ = 1,2,...,v. The conjugate 7* of 7 is obtained by counting the nodes
in the columns of the Ferrers graph of w. Let 7" be ¢; > ¢c3 > -+ > ¢,.

In every Ferrers graph, there is a largest square of nodes called the Durfee square which is
the same for the conjugate as well. Given a partition 7 as above, let it have a k x k& Durfee
square. The successive rank vector of 7 is defined as r = (r1,r2,...,7), where

ry =b; — ¢ fori=1,2,...,k.

Note that r; = by — ¢; is the rank that Dyson [9] used to combinatorially explain two of
Ramanujan’s congruences. This led to the terminology successive ranks for the differences b; — ¢;
which are equal to hook differences. Their study has led to the discovery of important partition
identities, the results in Andrews et al. [7] being a good example.

Given r, there are, in general, several partitions m which will have r as the successive rank
vector. Among all partitions 7 having a prescribed successive rank vector, consider the partition
for which the sum of the parts o(7) = by +ba+- - - +b, (the integer being partitioned) is minimal.
Gupta [10] called such minimal partitions as basis partitions and proved their existence. He also
noticed that if 7 is the basis partition associated with a rank vector r = (ry,r2,...,7;) and
if n > o(m), then the number of partitions of n which have the same rank vector r is equal to
the number of partitions of (n — o(7))/2 into < k parts.

We provide here a combinatorial procedure to generate basis partitions from primary par-
titions which are equivalent to the Rogers—Ramanujan partitions (see Section 3), and use that
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for a new study of basis partitions among partitions with non-repeating odd parts (Section 9).
Hirschhorn [11] had noticed that the number of basis partitions of an integer n can be expressed
as a weighted count over the Rogers—Ramanujan partitions of n, where the weights are powers
of 2. He deduced this by suitable interpretation of the generating function of basis partitions
obtained by Nolan, Savage, and Wilf [12].

Our approach provides a very natural combinatorial proof of Hirschhorn’s weighted identity
as well as a refinement of the generating function of basis partitions that leads to a statistic
which we call the signature. A study of the parity of the signature yields a partial theta series
involving the squares (Section 5). This parity result has nice counterparts for partitions with
non-repeating odd parts (Section 9).

2 The generating function of basis partitions

The Ferrers graph of any partition 7 may be split into three parts as follows: (i) the Durfee
square D(), (ii) the partition 7, which is the part to the right of the Durfee square, and (iii) the
partition 7, which is the portion below the Durfee square. If in a partition there is a column
of m, which is equal in length to a row of 7, then we may remove this row and column to get
a smaller partition which will have the same successive rank vector. Thus, a basis partition, by
definition of its minimality, will not have such a redundancy. Thus, we have the following:

Characterization. 7 is a basis partition if and only if no column of m, equals any row of my.
Conversely, given a basis partition with rank vector r of length k, all partitions having the same
rank vector can be generated by inserting columns of length < k to the right of the Durfee
square, and inserting rows below the Durfee square exactly equal in length and multiplicity to
the inserted columns. This observation can be used to compute the generating function of basis
partitions.

Let b(n; k) denote the number of basis partitions whose rank vector is of length k. Let p(n; k)
denote the number of partitions having a k& X k Durfee square. It is well known that

]CQ
n; k)q" = 4 . 2.1
zn:p( K (-9 - (1-gh)} =0

Also, from the observation in the preceding paragraph, we have

n _ 1 . n
zn:p(n; k)q - (1 — q2) (1 _ q4) o (1 _ qgk) zn: b(nv k)q : (22)

From (2.1) and (2.2), it follows that

e = @0+ ) - (14"
;b( ’k)q - (1_q)(1_q2)...(1_qk)

(2.3)

The derivation of (2.3) given above is due to Hirschhorn [11]. In [12], the above characteriza-
tion of basis partitions is observed, but the derivation of (2.3) is by other means. Andrews [6] has
studied basis partitions and a certain polynomial associated with (2.3), but he interpreted (2.3)
in terms of overpartitions.

Rogers—Ramanujan partitions 7: by + by + - - - 4+ by, are those whose parts differ by at least 2.
That is,

bi_bi+1227 fori:1,2,...,k:—1.
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It is well known [5] that the generating function of the Rogers—Ramanujan partitions into ex-
actly k parts is

2
qk

—a(i-a) (—¢)

The way one realizes this is to note that the minimal partition into k parts differing by > 2
is1+3+5+---+ (2k — 1) = k% This accounts for the term ¢ in the numerator in for-
mula (2.4). One can construct all partitions into k parts that differ by > 2 from the minimal
partition by inserting columns of length < k into the Ferrers graph. This accounts for the factors
(1—¢)(1=¢*) - (1 —¢*) in the denominator in (2.4).

Hirschhorn [11] notes that since

(1+4¢)
(1-¢9)

the insertion of the columns of a given length j into the minimal partition increases the size of
the gap and the increase is to be counted with weight 2. Thus, he deduces the following.

(2.4)

:1+2(qj+q2j+..._|_q”j_|_...)’

Theorem 2.1 (Hirschhorn [11]). Let R denote the set of Rogers—Ramanugjan partitions. For
each partition m € R,

w: by +by+ -+ b, bi —bir1>2 fori=1,2,....k—1, and by > 1, (2.5)

let its weight be w(m) = 2!, where t is the number of strict inequalities in (2.5). Then

b(n, k) = > w(m).

TeER, o(m)=n,v(r)=k

Here v(m) denotes the number of parts of a partition 7.

3 Constructing basis partitions from primary partitions

We define a primary partition 7 to be one for which 7, is empty, that is, there are no nodes below
the Durfee square. It is well known [5] that the expression in (2.4) is the generating function for
partitions into k parts, each part > k. This is the same as saying that the expression in (2.4) is
the generating function of primary partitions into k parts. The primary partitions are bijectively
equivalent to the Rogers—Ramanujan partitions as the following correspondence shows: Given
the Ferrers graph of a primary partition 7 into & parts, consider the partition 7’ obtained by
counting nodes along the hooks of the graph. Then 7’ is a Rogers-Ramanujan partition, that
is, a partition into parts that differ by > 2. This correspondence can be reversed.

The term primary partitions is ours [1]. Although it is well known that the expression
in (2.4) is the generating function of these partitions, the most common interpretation and use
of (2.4) has been its role as the generating function of the Rogers—Ramanujan partitions. We
noticed [1, 2], that primary partitions play a crucial role in the theory of weighted partition
identities. Indeed, we established a variety of weighted partition identities by performing sliding
operations (defined below) on primary partitions. This is also what motivated us to coin the
term primary partitions.

Note that since a primary partition 7 has no nodes below the Durfee square, we have trivially
that no column of 7, equals a row of 7. Thus, every primary partition is automatically a basis
partition. We will now show how to generate all basis partitions from primary partitions.
This will provide a combinatorial proof of Theorem 2.1. Before providing this construction, we
reformulate Theorem 2.1 as follows.
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Theorem 3.1. Let P denote the set of primary partitions. For each partition m € P,
m: by +ba+ -+ by, bi —bir1 >0 fori=1,2,....k—1, and by >k, (3.1)

let its weight be w(m) = 2, where t is the number of strict inequalities in (3.1). Then

b(n, k) = Z w(m).

m€P, o(m)=n,v(r)=k

Proof. Given a primary partition 7, suppose a column of 7, is moved and placed as a row below
the Durfee square. We call this a sliding operation. On a given primary partition, several sliding
operations can be performed. The following are invariants under the sliding operation: (i) o(7),
the number being partitioned, (ii) D(w), the Durfee square of the partition, and (iii) the hook
lengths of the partition. This last invariant is important here because the underlying Rogers—
Ramanujan partition obtained by counting nodes along hooks remains invariant under sliding
operations.

Suppose we consider columns of a certain length £ in the portion 7, of the primary partition .
If a column of length £ is moved down and placed as a row below the Durfee square, then we will
not have a basis partition if there are columns of length £ remaining in the portion to the right of
the Durfee square, because this violates the characterization of basis partitions (see Section 2).
But then, if we move all columns of length ¢ and place them as rows below the Durfee square,
then the characterization condition is confirmed and we have a basis partition. Thus, under
the sliding operation, we have a choice of either not to move any column of length ¢ or move
all columns of length ¢ to form basis partitions. Thus, we have two choices for every block of
columns of a given length in 7,.. Finally, we note that under the sliding operation, movement
of columns of a certain length is independent of the movement of columns of a different length.
Thus, if the primary partition 7 contains ¢ sets of columns of different lengths in ., then it
spawns 2! basis partitions (including itself) under the sliding operation. All basis partitions
can be obtained from primary partitions this way. The number ¢ of sets of columns of different
lengths in 7, corresponds to the number of strict inequalities in (3.1) (and in (2.5)) and so this
combinatorial construction provides a proof of Theorem 3.1 (and of Theorem 2.1). |

4 Constructing a basis partition of a successive rank vector

We will now discuss how to construct a basis partition corresponding to a successive rank vector
r = (ry,r2,...,7%). The construction will be illustrated with the example

r = (T17T25T37r45’r5) — (3525 7174’ 73)

Step 1. First form a k x k& Durfee square.

basis partition corresponding to r = (0,0,0,0,0)

Step 2. If r, > 0, form r; columns of length k to the right of the Durfee square. If r, < 0,
form |rg| rows of length k£ below the Durfee square. The resulting partition has all successive
ranks equal to r. If 7, = 0, then move on to r,_1.
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r5 = —3, basis partition corresponding to r = (-3, -3, -3, -3, —3)

Step 3. Next consider the difference rp_1 — rp = dp_1. If this difference is > 0, place d;_1
columns of length k& — 1 to the right of the Durfee square. If the difference is < 0, place |d;_1]|
rows of length k£ — 1 below the Durfee square. Note that all successive ranks up to the & — 1-st
are equal to rp_1, and the last rank is rp. If d_1 = 0, move on to r,_s.

r4 — 15 = 7 = d4, basis partition corresponding to r = (4,4, 4,4, —3)

Step 4 (general). Consider the difference r; — r;11 = d;. If this difference is > 0, place ¢;
columns of length ¢ to the right of the Durfee square. If the difference is < 0, place |d;| rows of
length 4 below the Durfee square. If §; = 0, proceed to r;—1. Note that all successive ranks up
to the i-th are equal to r;, but from then on the successive ranks are r;41,...,7%.

Step 5. Complete the construction by considering the final case ¢ = 1 in Step 4. We end up
with a basis partition with successive rank vector (ri,72,...,7%) as desired.

01 =5, 0o = =3, 03 = —3, 04 = 7, 65 = —3, basis partition corresponding to r = (3, —-2,1,4, —3)

5 The signature of basis partitions and a theta series

The combinatorial proof given in Section 3, and the construction of the basis partition corre-
sponding to successive rank vector given in Section 4, lead to the definition of the signature 3()
of a basis partition to be the number of differences r; — ;11 = J; that are negative. Note that

%(m) = va(m),
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where vy(mp) is the number of different parts of m,. The combinatorial constructions of Sections 3
and 4 enable us to keep track of this signature and obtain a refined generating function of basis
partitions. More precisely, if b(n, k, s) denotes the number of basis partitions of n with a k x k
Durfee square and with signature s, then for a fixed k, we get the following refinement of (2.3):

el +2q) (1 +2¢%) -+ (1 + 2¢")
(1-q)(1—=¢%)---(1-q*)

Zb(n, k,s)q"z* = (5.1)

Observe that z = —1 makes the right hand side of (5.1) collapse to qu. Thus, we get the partial
theta series identity

(o)
Z b(n,k,s)g"(—1)% = quz.
n,k,s k=0
This has the following partition interpretation.

Theorem 5.1. For an integer n, consider the difference between the number of basis partitions
of m with even signature and the number of basis partitions with odd signature. This difference
is 1 if n is a perfect square, and O otherwise.

Actually, the discussion of the signature leads to a refinement of Theorems 2.1 and 3.1, where
the weight 2! is replaced by (1+2)¢ so that Theorems 2.1 and 3.1 correspond to the case z = 1 and
Theorem 5.1 follows as the special case z = —1. We state these refinements as Theorem 5.2 (i)
and (ii) below.

Theorem 5.2.

(i) Let R denote the set of Rogers—Ramanugjan partitions. For each partition m € R,
m: by +by+ -+ by, bi —biy1>2 fori=1,2,....k—1, and b > 1, (5.2)

let its weight be w,(m) = (1+2), where t is the number of strict inequalities in (5.2). Then
for each n and k we have

Z b(n,k,s)z® = Z wy (7).

meER, o(m)=n,v(r)=k

(7i) Let P denote the set of primary partitions. For each partition m € P,
m:by +by+ -+ by, bi —bit1 >0 fori=1,2,....k—1, and by >k, (5.3)

let its weight be w,(m) = (1+2), where t is the number of strict inequalities in (5.3). Then
for each n and k we have

Zb(n,k,s)zs = Z w, ().

meP, o(m)=n,v(r)=k

6 A Franklin type involution for Theorem 5.1

For Euler’s celebrated pentagonal number theorem, Fabian Franklin provided an elegant com-
binatorial proof (see [5]). Franklin’s proof utilized an involution on Ferrers graphs of partitions
of an integer into distinct parts by considering the base and slope on these graphs. We will now
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produce an involution on the Ferrers graphs of basis partitions, in which the base and slope are
replaced by bottom block and right block.

Given a Ferrers graph of a basis partition, we define a block to be the full collection of columns
of a given length to the right of the Durfee square, or the full collection of rows of a given length
below the Durfee square. Thus, the part to the right of the Durfee square is a collection of
blocks, as is the portion below the Durfee square. The number of blocks below the Durfee
square is equal to the number of different parts below the Durfee square, and therefore equal to
the signature of the basis partition.

Next we define the length of a block to be its column length if it is to the right of the
Durfee square, and its row length if it is below the Durfee square. Since a basis partition
is characterized by the property that no column of 7. equals a row of 7, this is equivalent to
saying that the blocks in the graph of a basis partition all have different lengths.

Finally, define the right block to be the block on the extreme right in =, and the bottom
block to be the block at the very bottom of 7. Note that the lengths of the right block and the
bottom block (if they exist) are different. This leads us to the following definitions.

Definition B. Given the Ferrers graph of a basis partition, we call it a Type B partition, if
the bottom block exists, and if its length is less than the length of the right block (if the right
block exists). If the right block does not exist, but the bottom block does, it is still a Type B
partition.

Definition R. Given the Ferrers graph of a basis partition, we call it a Type R partition, if
the right block exists, and if its length is less than the length of the bottom block (if the bottom
block exists). If the bottom block does not exist, but the right block does, it is still a Type R
partition.

Thus, every Ferrers graph of a basis partition, unless it is just the Durfee square, is either
a Type B partition or a Type R partition, but not both.

Involution. Now we define a mapping as follows. If we have a Type B partition, we move
the bottom block, convert its rows into columns, and place it on the extreme right thereby
making it the (new) right block. Thus, we create a Type R partition. Conversely, if we have
a Type R partition, we move the right block, convert its columns into rows, and place it at
the very bottom of the graph to create a Type B partition. Notice that under this mapping,
the parity of the number of parts below the Durfee square, namely the parity of the signature,
changes. The only graph on which this mapping does not apply, is the graph consisting of just
the Durfee square and so this provides a combinatorial proof of Theorem 5.1.

Conjugation as an involution. It is worth noting that if 7 is a basis partition, then its
(Ferrers) conjugate 7*is also a basis partition. This is because basis partitions 7 are characterized
by the property that no row of 7, equals a column of 7., and this property is preserved under
conjugation. Also, this characterization implies that = and 7* are different basis partitions
unless the graph of 7 is simply a Durfee square. Thus, by matching every basis basis partition
with its conjugate 7*, we see the number b(n) of basis partitions of n is even unless n is a perfect
square. This parity property of b(n) follows from Theorem 5.1 but conjugation as an involution
does not prove Theorem 5.1.

7 Basis partitions with a prescribed signature

In this section, we study the generating function of basis partitions with a prescribed signature,
and discuss how they are connected to the Rogers-Ramanujan partitions. We will use the
standard notation

n—1

(a:)n = (a)n = [] (1 = ag?),

=0
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for any complex number a and a non-negative integer n, and when |¢| < 1

[e.e]

(@)oo = lim (a), = H(l - aqj).

n—00 ]
Jj=0

The construction in Section 3 showed that we get basis partitions from primary partitions
(equivalent to Rogers—Ramanujan partitions) by sliding blocks from the right of the Durfee
square and placing them below the Durfee square after converting the columns of these blocks
into rows. If there are ¢ blocks in the portion 7., and j of these have to be moved, then the
number of choices is (t

j). Thus, from this observation, and by collecting the coefficient of 27 in
Theorem 5.2, we get the following refinement of Hirschhorn’s theorem.

Theorem 7.1. Let R denote the set of Rogers—Ramanugjan partitions. Suppose a partition m€R,,
m: b1 +by+ -+ by, bi—biy1>2 fori=1,2,....k—1, and by > 1,

has t strict inequalities in (5.2). For a given j, define the weight

o)

Then for each n and k, we have

b(n, k,j) = > w; (7).

TER, o(m)=n,v(r)=k

Theorem 7.1 is what we get combinatorially by looking at the sliding of blocks. But we get
a different connection between basis partitions of a prescribed signature and Rogers—Ramanujan
partitions by evaluating the coefficient of 27 in (5.1).

Denote by B(n;j) the number of basis partitions of n with signature j (note the difference
with b(n;k)). Thus

o0 ]CQ N '
> T2 > 27> B(nij)" (7.1)
k=0 (Q)k j n
But then
0o 2 o 2 k
¢ (=2q)x SO LS g2 [k‘]
X, 2igli+1)/2 X g(i+0)? 22 4igBi*i)/2 X2 it +2ij
LW % @ N W (@) 72
§=0 Vi i—o i §=0 1j i—0 i

By comparing coefficients of z7 in (7.1) and (7.2), we get the generating function of basis parti-
tions with a prescribed signature as

o q i242ij
> B(n;j)g" =
n=0

(3%4)/2 &2 ¢

(0); = ()

We will now interpret this combinatorially.

The term q(3j2+j )12/(q) ;j is the generating function of partitions into j parts with difference
> 3 between the parts and smallest part > 2. The term ¢t /(q); is the generating function
for partitions into ¢ parts with difference > 2 between the parts (namely, the Rogers-Ramanujan
partitions), but with the condition that the smallest part is > 2j 4+ 1. Thus, we have the following
result.
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Theorem 7.2. The number of basis partitions B(n; j) of an integer n with signature j is equal to
the number of vector partitions (73, w2) of n, where w3 is a partition into j parts differing by > 3
and least part > 2, and s is a partition into parts differing by > 2 and least part > 2j + 1.

It is possible to convert these vector partitions into ordinary partitions, but then we need to
count the resulting Rogers—Ramanujan partitions with weights. This is complicated and so we
do not pursue it here.

8 Complete basis partitions

One of the fundamental properties of partitions into distinct parts is that if they are represented
as Ferrers graphs, then the conjugate partitions have the property that every integer from 1 up
to largest part occurs as a part. Motivated by this characterization of partitions into distinct
parts, we now define a complete basis partition w to be a basis partition with the property that
if |D(m)| = k, then every integer j from 1 to k—1 occurs either as a row length below D(7) or as
a column length to the right of D(m), but not both because 7 is a basis partition (D(7) is Durfee
square of 7). The reason for requiring only row (column) lengths up to k& — 1 will become clear
below. From the construction of basis partitions in Section 4, it follows that the an integer j
between 1 and |D()| is missed as either a row length below D(7) or a column length to the
right of D(7) if and only if in the successive rank vector r = (r1,r2,...,7}), we have r; = rj;1,
where we formally set 711 = 0. Thus, we have the following characterization of complete basis
partitions.

Characterization. A basis partition with a k x k& Durfee square is complete if and only if
its successive rank vector r = (r1,72,...,7%) has the property that

rj#rj-ﬁ-l fOI‘jzl,Q,...,k—]_.

We note that a row (column) of length % is missing precisely when 7, = 0.

We will now compute the generating function of complete basis partitions by connecting them
with partitions into distinct parts. For this, we consider partitions into distinct parts which are
primary, that is in their Ferrers graph representation, there is nothing below the Durfee square.
So let 7 be a primary partition into distinct parts with |D(7)| = k. This Ferrers graph has two
properties:

(i) To the right of the Durfee square there is a right-angled isosceles triangle of nodes with
the two equal sides of the triangle being of length > k£ — 1. This guarantees that there are
at least (3k2 - k:) /2 nodes in the Ferrers graph.

(ii) Every integer between 1 and k — 1 occurs as a column length to the right of D().

In [1], we discussed the construction of all partitions into distinct parts from primary par-
titions into distinct parts by means of the sliding operation. In doing so we noted in [1] that
at most one column of a given length could be slid down because the resulting partition has to
have distinct parts. Here we shall focus of generating all complete basis partitions from primary
partitions. What this means is that once we slide a column of a certain length j to the right
of the Durfee square, we have to slide all columns of length j. Thus, for a column of length j
on the right, there are precisely two choices — to slide the entire set of such columns or not to
slide at all. Since these choices are independent, and every integer j from 1 to k — 1 occurs
as a column length, each primary partition into distinct parts generates at least 25~ complete
basis partitions. If the graph of 7 has a column of length &, this will provide two more indepen-
dent choices. Thus, if b.(n) denotes the number of complete basis partitions of n, its generating
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function is

0o 00 2k—1q(3k2—k)/2(1 + qk)
be(n)g" =1+
; kzzl (1—q*)

(8.1)

The sliding operation that yielded the complete basis partitions from primary basis partitions
shows that we could count complete basis partitions by keeping track of their signature. More
precisely, if b.(n; j) denotes the number of complete basis partitions with signature j, then

00 00 o 00 (1+2)k—1q(3k2—k)/2(1+2qk)
. I, —
Z Z be(n;j)z7q" =1+ ; 1= . (8.2)

n=0 j=0

Notice that when z = —1, the series in (8.2) reduces to 1 + ¢. Thus, we have the following.

Theorem 8.1. For each integer n > 2, the number of complete basis partitions of even signature
is equal to the number of complete basis partitions of odd signature. In particular, for n > 2,
be(n) is always even.

Theorem 8.1 can also be proved using the Franklin type involution discussed in Section 6.

The hook lengths of primary partitions into distinct parts yield partitions into parts that
differ by at least 3, and conversely every partition 7 into parts that differ by at least 3 can be
realized in terms of hooks of a primary partition 7 into distinct parts. If |D(7)| = k, then 7 has
exactly k parts. With this identification, we have the following.

Theorem 8.2. Let D3 denote the set of partitions whose parts differ by at least 3. For a parti-
tion @ € D3, let its weight be w(7) = 2"F =1 if & has 1 as a part, and w(7) = 2V otherwise,
where v(7) is the number of parts of 7. Then

be(n) = Y w(®)

w€D3,0(7)=n
Theorem 8.2 is the combinatorial interpretation of (8.1).

Remark. Using (8.1) or Theorem 8.2, one can show that b.(n) = 0 (mod 4) for n > 5. More
generally, using (8.1) or Theorem 8.2 one can study the values of n for which b.(n) is a multiple
of 2F.

9 Basis partitions among partitions
with non-repeating odd parts

We conclude the paper with a study of basis partitions among the set P, 4 of partitions with non-
repeating odd parts. There are similarities with the theory of basis partitions for unrestricted
partitions, but there are very interesting differences, and the results quite elegant. That is what
motivated this study.

Partitions with non-repeating even parts have been studied extensively owing to the famous
Lebesgue identity. Comparatively less is known about partitions with non-repeating odd parts.
Our interest in partitions with non-repeating odd parts is due to the fact that if they are
represented in terms of 2-modular Ferrers graphs (that is Ferrers graphs in which there is a 2 at
every node except possibly at the last node on the right which would be 1 if the part is odd),
then the ones can occur only in the corners. Also the conjugate of such a graph will also be
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a 2-modular graph of a partition with non-repeating odd parts. By exploiting these properties,
we established in [3] a Lebesgue type expansion for the two parameter generating function

> (1 + bqum_l)

H (1- zqzm)

m=1

of partitions with non-repeating odd parts and studied connections between this Lebesgue type
identity and various fundamental g-hypergeometric identities. More recently in [4], we studied
the combinatorial properties of partitions in F, g4 by means of this 2-modular representation. The
results in [3] and [4] constitute the first systematic study of partitions in P, 4 by means of their
2-modular graphs. In this section, we will study minimal basis partitions and basis partitions
among the members of P, 4. Results on such partitions in P, g were reported in [4], but here we
discuss these two types of partitions in P, 4 in greater detail, and also provide a combinatorial
method to construct them. Indeed, in [4], reference is made to this paper for details and the
combinatorial construction given below.

From now, on by a partition we mean one in P, 4 and by a Ferrers graph, we mean a 2-
modular Ferrers graph. We shall from now on refer to the Ferrers graph of unrestricted partitions
as ordinary Ferrers graphs.

Given a 2-modular Ferrers graph of a partition m# € F,q, we define the length of a row
(column) to be the number of nodes in it, and the size of a row (column) to be the sum of
the nodes in it. Thus, the row 2, 2, 1 will have length 3 and size 5. We do not need this
distinction for ordinary Ferrers graphs. Next if 7 € P, 4 has a k x k Durfee square D(m)
in its 2-modular graph, we define its successive rank vector to be r = (r1,r9,...,rg), where
rj = size of the j-th row — size of the j-th column. By a minimal basis partition, we mean
a partition p € P,q for which the sum of its parts o(u) is minimal with respect to a given
successive rank vector. We will now establish the following statement.

Theorem 9.1. Given any vector of integers r = (r1,72,...,7k), there exists a unique minimal
basis partition p for which r is the successive rank vector.

We will establish Theorem 9.1 by actually constructing p from a given r. Before proceeding
with the construction, we note that the Durfee square D(m) of any partition 7 € P, g will have
all entries as twos, except possibly at the right hand bottom corner where there could be a 1.
If there is a 1 in the Durfee square, then in the graph there will be no nodes to its right in the
same row and no nodes below it in the same column.

We will illustrate the construction of p in a sequence of steps with the successive rank vector
uw=(1,—4,1,2,—5), but the construction applies in general as in Section 4. The construction,
although similar to that in Section 4 has an important differences involving parity which we
will point out below. That is why we give this construction even though there is overlap with
Section 4.

Construction of the minimal basis partition. Let the given successive rank vector
ber = (ry,ro,...,7%).

Step 1. Form a k x k Durfee square with a 1 at the bottom right node and twos everywhere
else. This is the minimal basis partition corresponding to the vector

2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 1
r =(0,0,0,0,0)
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Step 2. If r, = 0, retain the 1 in the Durfee square and move to rg_q. If rp > 0 (resp. < 0),
change the 1 to a 2 in the Durfee square, and represent r; (resp. |rg|) in 2-modular form as
a row (resp. column) to the right of (resp. below) the k-th row of the Durfee square. Fill every
thing above (resp. to the left of) the newly formed row (resp. column) with twos. The resulting
partition will have the k-th successive rank as 7, and all other successive ranks will be equal
to 7y if rp is even; if r; is odd, then since the end of the k-th row (resp. column) will have
a 1 with twos elsewhere, all other successive ranks will be r, + 1 if v, > 0 or r, — 1 if r, < 0.
The important thing is that we now have rj as the k-th successive rank. We will represent this
new vector as (7“;‘;, Thyee s Th rk). This is an important difference between the situation here and
what we had in Section 4. In our example, we have constructed the minimal basis partition
corresponding to

2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 2
2 2 2 2 1

_,
|
—
|
o
|
o
|
o
|
o

Step 3. Next consider the difference ryp_; — r} = 1. If this difference is > 0, write d_1
in 2-modular form to the right of the (k — 1)-st row and fill everything above that with twos.
If §k—1 < 0, write |0x—1| in 2-modular form as a column below the (k — 1)-st column and fill
everything to its left with twos. If §x_1 = 0, move on to r;_o. Thus, we have formed the minimal
basis partition who last two successive ranks are rp_1 and rx. The remaining successive ranks
will all be equal, their values being rj_q if it is even, or rp,_1 + 1 if r,_; > 0 and odd, or rp_1 — 1
if r,_1 < 0 and odd. We represent these remaining successive ranks by r7_,. Thus, we have
the minimal basis partition corresponding to (r,‘;_l, Ty gy s Th 1> Tk—1, rk). In our example, we
have formed the minimal basis partition corresponding to

2 2
2 2
2 2
2 2

2
2
2
2

NN NN NN NN
=N NN NN NN

NN NN NN NN
NN NN NN NN
NN NN NN NN

r

(2,2,2,2,-5)

Step 4 (general). Consider the difference r; — i = d;. If this difference is > 0, represent J;
in 2-modular form as a row to the right of the j-th row, and fill everything above with twos.
If the difference is < 0, represent |§;| in 2-modular form as a column below the j-th column,
and fill everything to its left with twos. If ; = 0, proceed to rj_1. Note that all succes-
sive ranks from r; on are 7;,7j41,...,7;. the remaining j — 1 successive ranks are all equal
and we represent them by r7. So we have formed the minimal basis partition corresponding

* * *
to (Tj,rj,...,rj,rj,rj+1,...,rk).
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Step 5. Complete the construction by considering the final case j = 1 in Step 4. we then
have the minimal basis partition u corresponding to the given successive rank vector r. In our
example, we have the minimal basis partition corresponding to

2 2 1

2 2 2 2
2 2 2 2
2 2 2 2
2 2 2 2

NN NN N N NN
NN NN NN NN
NN N NN NN

NN N NN N N NN
NN NN NN NN

%

NN
NN

r=(1,-4,1,2,-5)
Our construction has shown that minimal basis partitions are characterized by the following.

Theorem 9.2. The partition p is a minimal basis partition if and only if no row below the
Durfee square is equal in length to a column to the right of the Durfee square, and the right hand
bottom entry in the Durfee square is 1 if the last successive rank is 0.

Remark 9.3.

(1) Itisvery interesting that even though minimal basis partitions were defined in terms of size,
the characterization is in terms of length. In view of this, we now define a basis partition to
be a partition in P, 4 for which no row below the Durfee square is equal in size to a column
to the right of the Durfee square. For example, in a basis partition we could have 2, 2, 1
as a row and 2, 2, 2 as a column, but this is not permissible in a minimal basis partition.
Thus, every minimal basis partition is a basis partition, but the converse is not true.

(2) Berkovich and Garvan [8] have studied successive ranks among members of P, 4, but they
defined the rank as the difference between the lengths of the row and the column, not in
terms of the differences in sizes as we have considered here. But Berkovich—Garvan did
not study basis partitions with their definition.

Construction of basis partitions from minimal basis partitions. The set of all basis
partitions can be constructed from the set of all minimal basis partitions as we show now.

Suppose we are given a minimal basis partition p. If the last successive rank is 0, then in the
Durfee square of 1 we have a 1. If we replace this 1 by a 2, the last rank would still be 0 and
so we would get a basis partition corresponding to the same successive rank vector.

Note that in any hook of u, there can be at most one 1 — either at the northeastern end or
at the southwestern end but not both. Also, if there is a 1 in a hook of u, then the 2 at the
other end cannot be a corner, because it is were, then y would have a row and column of equal
length. So if there is a 1 in a hook of u, we could replace that by a 2, and add a 1 to the other
end of the hook provided there is a 2 immediately to the left of (or above) the position where are
introducing the new 1. We call such a hook as an allowable hook. If a minimal basis partition
has « allowable hooks (including the special case where the Durfee square has a 1 in it), then
with each such hook we have the choice of making such a change or not. Thus, each minimal
basis partition with a allowable hooks, will spawn 2% basis partitions, including u, all with the
same successive rank vector. This procedure will generate all basis partitions from minimal basis
partitions.
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Constructing basis partitions by the sliding operation. There is a nice way to get all
basis partitions from primary partitions in P, 4 using the sliding operation.

In P, 4 we define a primary partition to be one such that in its 2-modular Ferrers graph
there are no nodes below the Durfee square. In [4] the construction of all partitions in P, q
from primary partitions is discussed. This involves the sliding operation along with the creation
of secondary partitions generated by primary partitions. For the purpose of constructing basis
partitions, only primary partitions and the sliding operation are needed and we discuss this now.

Given a primary partition, we consider a column on length j only of twos to the right of
the Durfee square. If there are several such columns of the same length j, we either can slide
all the columns or none, thereby giving us two choices for each collection of columns of twos of
a given length. If we have a column of length j but whose size is odd, then such a column can
also be slid down giving us once again two choices. Through such sliding operations, all basis
partitions can be generated. Since the weights now will be powers of 2, there is an analogue
to Hirschhorn’s Theorem 2.1, but to determine these weights we need to consider separately
columns having only twos, and columns of twos ending in a one. But before stating this, we will
consider the hook operation on primary partitions.

Given a primary partition in P, 4, consider the partition 7 generated by summing the entries
on the hooks of w. This will be a partition whose parts will differ by > 4 with strict inequality
if a part is odd. We call such partitions as special, and denote the set of all special partitions
by W. Conversely given a special partition, we can find a primary partition whose hook lengths
will correspond to the given special partition. Thus, the hook operation

T T (9.1)

is a bijection between primary partitions and special partitions. It is to be noted that the
existence of a column of length j to the right of the Durfee square of a primary partition 7 is
equivalent to saying that the difference between the j-th part and the (j + 1)-st part of 7 is > 4.
Here we adopt the convention that if 7: by + ba 4 - - - 4 by, then bgy1 = —2. The construction of
basis partitions from primary partitions in the preceding paragraph together with (9.1) yields
the following analogue to Hirschhorn’s theorem:

Theorem 9.4. If : by + by + - - - + by is a special partition, then let
bi — bit1 > m(biy1) =4+ [bit1]2,
where [n]a = 0 if n is even, and [n]a = 1 if n is odd. Define the weight w(7) = 2¢, where

¢ = {number of gaps b; — bi11 > m(bi+1)}
+ {number of gaps b; — bir1 > m(bi+1) + 2 when b; is odd},

with the convention by = —2. If b(n) is the number of basis partitions of n in P, q, then
bn)= Y w(F)
eV, o(T)=n

More generally, if b(n, j) is the number of basis partitions in P, 4 with signature j, then

Zb(n;j)zj = Z w, (),
J

eV, o(1)=n

where w,(7) = (1 + 2)¢, if @ with £ as above.



Basis Partitions and Their Signature 15

The generating function of basis partitions and minimal basis partitions. We will
begin with the generating function of basis partitions which is easier to derive.

To get the generating function of basis partitions, we start with a k x k Durfee square of
all twos which we call Case 2, and a k x k Durfee square of twos with a 1 at the bottom right
hand corner, which we call Case 1. For Case 2, consider a collection of integers all equal to 2j
represented as a row of twos j in number, where 1 < j < k. We have either a choice of placing
all of them to the right of the Durfee square as columns, or all of them as rows below the Durfee
square. This gives two choices for each set of such 2j. Similarly, if we have an integer 25 — 1
occurring singly, we could either place represent it as a column to the right of the Durfee square
or as a row below the Durfee square. This yields the generating function

2. 2
e (=% a )k:
(4% ¢%),
For Case 1 with a k x k Durfee square, the argument is the same as above except that we can
only have 1 < j <k — 1, since j = k is not allowed. This yields the generating function

(—24:¢°) - (9.2)

2. 2
2k2—1 (—a%d%),
(¢*1¢%), 4
To get the generating function of b(n), the number of basis partitions of n, we need to sum the
expressions in (9.2) and (9.3) over all k to get

(—2¢:¢%),_;- (9.3)

0o oo 2k2 2. 2 2 oo 2k%—1 2. .2 .2
¢ (-% %) (20 8%, =% d%), (2047,
b(n)q" = +) - (94)
,;) kzo (4% ¢%), P (4% ¢%),_,

The above combinatorial derivation of the generating function actually allows us to refine (9.4)
by introducing parameters z and b whose powers keep track of the signature and the number of
odd parts of the partition, respectively. That is if b(n; j,4) denotes the number of basis partitions
of n with signature j and the number of odd parts equal to ¢, then (9.4) refines to

i ¢ (—2¢% %) (D1 + 2)a: 6%), N i bg® ! (—zq% ¢%),_y (D1 + 2)a: %),
= (4% ¢%), = (¢%¢%) s

= b(n; 4, i)'z q". (9.5)
n,7,t

To determine the generating function of minimal basis partitions, we need to observe that in
Case 1, when the Durfee square has dimension k£ x k, if a collection of parts all equal to 2j are
represented as a set of columns to the right of the Durfee square or as a set of rows below the
Durfee square, but not both, then the integer 25 — 1 if it is to be included in the graph, has to
be placed alongside the collection of 2j. There is no choice as to where to place the 25 — 1 if
the 25 occurs. But then, if 25 does not occur, we could have 2j — 1 represented either as a row
below the Durfee square or as a column to the right of the square, thereby giving two choices.
With regard to Case 2, the above observations in this paragraph all hold. In addition, we need
to note that the last entry in the successive rank vector has to be non-zero, thereby forcing the
graph to have either a row of length k below the Durfee square or a column of length k to the
right of the square, but not both. This row or column of length &k could represent either 2k — 1
or 2k. With these observations, we can suitably modify (9.4) and write down the generating

function of b,,(n), the number of minimal basis partitions of n, namely,

9] [e'S) k—1 ‘ 2j 2j—1
me(n)q” =1+ Zq2k2_1 H{l +2¢% 1 + 207 (1 +Z. : }
n=0 k=1 j=1 (1—¢%)
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[e’e) k—1 27 27—1 2k 2k—1
o 2¢¥(144¢¥7Y) L 2¢%R (14 g%
+ E q2]€2 | |{1 +2¢% 1 4 , } X <2q2k by ) (9.6)
k=1 j=1 (1 B qZJ) (1 - q2k)

As in the case of the generating function of basis partitions, we can refine (9.6), but here it is
best to keep track of the number of different lengths below the Durfee square, which we call as
{-signature, which, for the sake of clarity, we will keep track by a parameter . Thus, we have
the following refinement of (9.6):

0 k=1 25 2j—1
E}Mmﬂ%ﬁﬂ+§hw1H{Hﬂ+oﬁ1+“+owufw q
n,j k=1 =

(1 —q%)

> (14 g% (1+¢%71)
+Y {1+ 1+ )g% ! + . }
2 il

e (1-q%)

X {(1 T O (14 ¢)g? (1 + qzk—1)]?

(1—q*)

where b, (n; j), the number of minimal basis partitions of n with f-signature equal to j.
Parity results. The series in (9.5) collapses to

o 2 o 2
S 4> ! (9.8)
k=0 k=1

when z = —1 and so it yields a nice parity result with a parameter b. To state this, let us denote
by vp(B) and ¥ (5) the number of odd parts of 5 and the signature of 3, respectively. Here § is
a basis partition in P, 4. Also, let

Be(n,b) = > b @ By(n,b) = 3 pre(®),

Bepo,d7 a(ﬁ):n, zZ)(/B):even ﬁepo,da U(,B):'I’L, w(ﬁ):()dd

where the sums are over basis partitions 5. Then the collapse of (9.4) to (9.8) has the following
partition interpretation.

Theorem 9.5. We have Be(n,b) — Bo(n,b) = 1 if n = 2k?, b if n = 2k? — 1, and 0 otherwise.

Finally, we note that (9.7) collapses to

oo
14+ ZQ%LI’ (9.9)
k=1
when ¢ = —1. To interpret this collapse, we denote by A(u) the ¢-signature of a minimal basis

partition u, and by

M(n) = > 1 and  M,(n) = > 1,

HEP, q,0(p)=n, A(pn)=even HEP, g, 0(p)=n, A(n)=odd

where the sum is over minimal basis partitions p. Then the collapse of (9.7) to (9.9) has the
following interpretation.

Theorem 9.6. We have My(n) — My(n) =1 if n = 2k* — 1, and 0 otherwise.
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Concluding remark. We would like to point out that Andrews [6], motivated by the
generating function (2.3) of basis partitions, has investigated the more general series

— a" kQ(—ZQ)k
Gla,z1q) =y BE A2k
! kzzo (@)x

which gives the generating function of Rogers—Ramanujan partitions in the special case z = 0.
Using G(a, z; q), he studied certain polynomials which he called basis partition polynomials, and
employed these to obtain a more rapidly convergent generating function for basis partitions as
well as a new proof of the Rogers—Ramanujan identities. Note that we have combinatorially
interpreted G(1, z; ¢) in Section 7 as the generating function of basis partitions, where the power
of z keeps track of the signature. It would be worthwhile to study connections between the
combinatorics of basis partitions established in this paper and the results obtained by Andrews.
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