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Abstract. Through Borel summation, one can often reconstruct an analytic solution of
a problem from its asymptotic expansion. We view the effectiveness of Borel summation as
a regularity property of the solution, and we show that the solutions of certain differential
equation and integration problems are regular in this sense. By taking a geometric perspec-
tive on the Laplace and Borel transforms, we also clarify why “Borel regular” solutions are
associated with special points on the Borel plane. The particular classes of problems we
look at are level 1 ODEs and exponential period integrals over one-dimensional Lefschetz
thimbles. To expand the variety of examples available in the literature, we treat various
examples of these problems in detail.
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1 Introduction

1.1 The unreasonable effectiveness of Borel summation

You can often find a formal power series

= Co C1 C2 Cc3
o= —

o7 2T+l + 2T+2 + 2T+3 T

with 7 € (0,1], that looks or acts like a solution to a problem whose actual solutions are
holomorphic functions of z. For example, if you want to understand how the solutions of the
holomorphic ordinary differential equation (ODE)

(G-

behave near z = oo, you might start by looking for formal trans-monomial solutions e~**®,
where ® is a formal power series of the kind above.! Setting a = —1 and 7 = % gives a well-

®=0 (1.1)

!Trans-mononials can be of different kinds: for example, fractional powers of z can appear in the exponential.
In this paper, however, we will only deal with trans-monomials of the form e **® for o € C.
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behaved recurrence relation for ®, which produces the solution

S0 5 an o385 30 17017 5N
21207720 23/2 77 31104 25/2 1 6718464 2T7/2

(1.2)

and its constant multiples (see [84, equation (10.40.1)]). As another example, you might rewrite
the integral

= ex —Z u3—u u .
q>_/c p[—= (4 — 3u)] d (1.3)

as

t+ dt

ezl/oo vy [1_\/5 5 4\/37534r 385 4 TV 17017 4
2¢/3 9 72 243 31104 2187 T 6718464
using the substitution %tQ = 4u3 — 3u + 1. Naively integrating term by term, you again get the
trans-monomial (1.2), up to a constant.

Once you have the formal solution ®, you might try to get an actual solution by applying
Borel summation, which turns a formal power series into a function asymptotic to it. Borel
summation works in three steps.

(1) Thinking of 2 as a “frequency variable”, we take the Borel transform (also known as formal
inverse Laplace transform) of P, producmg a formal power series ¢ in a new “position
variable” (.

(2) If gzg has a positive radius of convergence, we sum it to get a holomorphic function qg on
a neighborhood of ¢ = 0. Then, by analytic continuation, we expand the domain of ¢ to
a Riemann surface B with a distinguished 1-form A, which is the continuation of d¢.

(3) If b grows slowly enough along an infinite ray ¢ € o + ¢?(0,00), its Laplace trans-
form & := Eg ¢ turns out to be a holomorphic function of z, well-defined on some sector
of the frequency plane. In this case, we say ® is Borel summable, and we call d its Borel
sum at « in the direction 6.

/

position space frequency space

Figure 1. The Laplace transform £?  integrates a function along the ray ¢ € a 4+ €(0,00) in the

fles i
position domain, turning it into a function on some half-plane Re (e‘ez) > A in the frequency domain.

The series ® and its Borel sum & have a special relationship, which is best described in the
language of Gevrey asymptoticity.

Definition 1.1. On an open, possibly bounded sector {2 around oo, a holomorphic function ®
is asymptotic to a power series

al a9 as ay
14
a+—+ S5+ 5+t g+ (1.4)
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if, along each ray toward oo,
a a2 Qn —
¢ — (a +7+7+”_+7>‘ co(z"
‘ 0T T2 2" (")
over all orders n. We will write & ~ Y~ an2z™" to denote this relationship.

This definition generalizes straightforwardly to “fractionally shifted” power series and trans-
monomials.

Definition 1.2. On an open, possibly bounded sector {2 around oo, a holomorphic function ®
is asymptotic to a fractionally shifted trans-monomial

a a a a
eaZZ_J<GIO+71+%+%+%+>
z oz z z
if, along each ray toward oo,
a a a
z 22 2"
over all orders n. We will again use ~ to denote this relationship.

If a function is asymptotic to two power series of the form (1.4), those series must be equal;
this can be deduced from the triangle inequality. The power series which a given function is
asymptotic to on a given open sector, if it exists, is therefore an intrinsic property of the function:
we call it the function’s asymptotic expansion on that sector. The functions that have asymptotic
expansions on a given sector form a ring [83, Appendix A.4], and the map that sends such a
function to its asymptotic expansion is a ring homomorphism. Since asymptotic expansions on
overlapping sectors must agree, we can think of this homomorphism as being determined by a
ray.

Definition 1.3. For any direction ¥ and any trans-monomial space e**277C [[z_l]], the asymp-
totic expansion homomorphism

&’ O(C) = e¥*27°C [[z_l]]

is the partially defined map that sends a holomorphic function on an open subset of C to its
asymptotic expansion on a sector containing the end of the ray z € e¥(0,00). To be in the
domain of aeﬁ, a function just needs to have an asymptotic expansion on one such sector.

Definition 1.4. On an open sector €2 around co, a holomorphic function ® is uniformly 1-Gevrey
asymptotic to a power series of the form (1.4) if there is a constant A € (0, 00) for which

a1 a9 An—1 A"n!
<1>—( +—+—=+--+ )‘<
‘ w2 2Lz
over all orders n and all z € . We will use < throughout the paper to mean “bounded by
a constant multiple of”, with the same constant over all the specified variables.

To compare the Borel sum & from step (3) with the original series ®, let us take it one more
step, sending it back into the world of formal power series by taking its asymptotic expansion.

(4) By construction, @ % = &. It turns out that ® is not only asymptotic to ®, but uniformly
1-Gevrey-asymptotic [79, Corollary 5.23].

Note that the Borel sum and the asymptotic expansion are taken along the complementary
directions 6 and —6, respectively.
The Borel summation process is summarized in the following diagram:
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problem
P formally
wves
e b
(1-Gevrey)
Lz[ J/B
¢ sum - ¢

You cannot be sure a priori that ® solves your original problem, even if you know that ® is
the asymptotic expansion of an actual solution. After all, ® is asymptotic to many functions;
Borel summation simply picks one of them. In many cases, however, Borel summation picks
correctly, delivering an actual solution to your problem. Borel recognized this phenomenon as
a key motivation for the study of divergent series [14, 15], and much has been said about it since
(see Section 2); the question of how it happens is the starting point for this paper.

1.2 A new perspective: Borel regularity

1.2.1 Introducing Borel regularity

We will look at the effectiveness of Borel summation from an analytic perspective, as a regu-
larity property of problems and their holomorphic solutions. Suppose we have a holomorphic
function ® which is a solution of some problem. If the asymptotic expansion b =29 is
well defined, it should be a formal solution of the same problem; we can take this as a basic
requirement for our concept of a formal solution:

problem

solves
formally
solves

)

o
é

If  is Borel summable, as described in Section 1.1, its Borel sum ® is a new holomorphic
function. Since different functions can have the same asymptotic expansion, taking the Borel
sum of the asymptotic expansion of a function must smooth away some details. We will therefore
call this process Borel reqularization. Explicitly, Borel regularization works in four steps:

(1-Gevrey)

sum - ¢

(1) Take the asymptotic expansion ® = s~ ?®.

(2) Take the Borel transform ¢ = B ®.

(3) Take the sum é of ¢, and expand its domain to a Riemann surface B with a distinguished
1-form, as before.

(4) Take the Laplace transform d = ﬁgoqg. This is possible, by definition, if ® is Borel
summable.?

2More generally, we could take the Laplace transform Eg’a starting at any point ¢ = « in B. The choice of
starting point will play an important role in our study of ODEs and thimble integrals.
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We will say a function is Borel regularizable if its asymptotic expansion is well defined and Borel
summable, ensuring that we can carry out all the steps.

Defining a regularization process picks out a class of regular functions: the ones that are
invariant under regularization. We will say a function is Borel regular if it is Borel regularizable
and Borel regularization leaves it unchanged. In other words, @ is Borel regular if b= o.

1.2.2 Borel regularity sometimes explains why Borel summation works

The idea of Borel regularity can help us understand why Borel summation is so effective in some
situations. Roughly speaking, Borel summation works well for problems that admit solutions in
terms of the Laplace transform.

The central goal of this paper is to explain, from this perspective, why Borel summation
works well for the two kinds of problems exemplified in Section 1.1.

(1) Solving a level 1 linear ODE [42, Section 2.1], [27, Section 5.2.2.1].3 Equation (1.1) is
an example. More generally, we will consider equations of the form P® = 0 given by
a differential operator of the form

0 1 0 1 1
P=P <az> +-0Q ((92> +Z—2R(z ),
where P is a monic degree-d polynomial, Q) is a degree-(d — 1) polynomial that is non-zero
at every root of P, and R(zfl) is holomorphic in some disk |z| > A around z = co. We
will restrict our attention to the case where the roots of P are simple (see Section 4.1),
and to the solutions associated with roots —a where 7, := g,(:f;) is real and positive (see
Theorem 1.5). The form of P derives from [42, equation (2.2.3), p. 105], which encompasses
both linear and nonlinear ODEs of level 1. Borel summation is more involved for the
nonlinear ones, raising the question of whether our analysis generalizes.

(2) Evaluating a one-dimensional thimble integral. Integral (1.3) is an example. More gener-
ally, we will consider integrals of the form

I—/e_zfy,
C

where X is a one-dimensional complex manifold; f: X — C is a holomorphic function with
isolated, non-degenerate critical points; v € Q'(X) is holomorphic 1-form on X; and C is
Lefschetz thimble—a type of contour described in Section 1.3.2. Under these conditions, I
is a holomorphic function of z.

These two problems are closely linked. By playing with derivatives of a thimble integral, you
can often find a linear ODE that the integral satisfies. Conversely, for many classical ODEs,
there are useful bases of thimble integral solutions.

1.3 Goals and Results

We present the results, proofs, and examples in this paper with a few central goals in mind.
Our first goal is to discuss Borel summability in a way that carefully separates the analytic
and formal sides of the theory. In particular, we highlight results that can be proven in purely
analytic ways, like Theorem 1.5 for level 1 ODEs and Lemma 1.9 for thimble integrals.

3Calling a linear ODE level 1 is a short way of saying that it has “a single level, equal to 1, at infinity”. That
means a certain Newton polygon associated with its singularity at infinity has exactly one positive-slope side,
which has slope 1. In general, the levels of a linear ODE at a given singularity are the slopes of the positive-slope
sides of the associated Newton polygon [69, Proposition 3.3.14].
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Our second goal is to emphasize how the problems we study become more regular when posed
in the position domain (the Borel plane). When we take level 1 differential equations from the
frequency domain to the position domain, we not only turn their irregular singularities into
regular ones, but also turn them into integral equations, which provide more smoothness and
can be solved more constructively. When we write thimble integrals as Laplace transforms, their
irregularly shaped integration contours collapse to rays in the position domain.

Our third goal is to illustrate the results we discuss with detailed examples involving a di-
versity of Borel regular functions. We treat several examples both as thimble integrals and as
solutions of level 1 ODEs, so you can compare these parallel explanations of how Borel regularity
arises. We include ODEs of both second degree and higher degree. Using the widely discussed
example of the Airy function, we compare our treatment with other approaches and conventions
found in the literature.

We state our main results in Sections 1.3.1-1.3.2 and prove them in Section 4. Our examples
are given in Section 5. Section 1.4 describes the layout of the paper in more detail.

1.3.1 Why does Borel summation work for solutions of level 1 ODEs?

Consider a linear level 1 differential operator P of the form described in Section 1.2.2. This
operator will always have an irregular singularity at z = co. We can find holomorphic solutions of
the equation P® = 0 by taking the Borel sums of formal trans-monomial solutions. However, this
only works when there is a coincidence between the exponential factor e~**
the base point ¢ = a we use for Borel summation, and the characteristic equation P(—a) = 0.
Why?

A first clue is the observation that every solution we get from Borel summation is, by def-
inition, the Laplace transform ® = £? o @ of a function ¢ on the position domain. In fact, the
differential equation P® = 0 is equival}ant to an integral equation 75a¢ =0.

in the formal solution,

Furthermore, when —« is a root of P, the integral equation 75a¢ = 0 has a special solution ),
which is distinguished, up to scaling, by its power-law asymptotics at ( = « [45, Theorem 4.6].
This solution is regular enough to have a well-defined Laplace transform V¥, which is a special
solution of P® = 0 distinguished by its own characteristic asymptotics.

Theorem 1.5 (Theorem 4.1). Let —« be a root of P where 7, is real and positive. Consider
an open sector o, which has an opening angle of m or less, has ( = « at its tip, and does not
touch any other root of P(—(). The equation P® = 0 has a unique solution Wq in the affine
subspace e~ [Z_T"‘ + ’HL‘ioTafl( &)] of the space e O‘ZHLOO ( ) from Definition 3.4.

The special solution ¢, is also regular enough to have a “fractionally shifted” power series ex-
pansion ¢a, whose formal Laplace transform W, is a formal solution of P® = 0. By construction,
\Ila is Borel summable, with Borel sum ¥,

Theorem 1.6 (Theorem 4.2). The analytic solution Wy from Theorem 1.5 is the Borel sum of
a formal trans-monomial solution ¥, € e*azz*TaC[[zfl]] of the equation PP = 0.

We can use this result to show that W, is Borel regular. Because of the fractional power 277,

we use Lemma 3.19 instead of a more standard result on the asymptotics of a Borel sum, such
s [79, Theorem 5.20].

Corollary 1.7 (Corollary 4.3). The analytic solution Vo from Theorem 1.5 is Borel regular.
This is because Y, is asymptotic to the formal solution W, from Theorem 1.6.

In many cases, by choosing from among the solutions ¥,, we can build a frame of Borel-
regular solutions of the equation P® = 0.
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From an analytic perspective, Theorem 1.6 justifies the ansatz that Poincaré used to solve
the equation P® = 0. On the other hand, from a formal perspective, one can start from the
computation of the Poincaré solutions and the observation that their Borel transforms converge,
and then use Theorem 1.5 to establish their Borel summability. We do this in Section 4.1.2.

As discussed in Section 2.2, the novel aspect of Theorem 1.5 is that it is stated and proved
in the world of functional analysis, rather than the world of formal series. Theorem 1.6 is a new
proof of a special case of an old result mentioned in Section 2.2.1: the multisummability of
formal solutions of linear systems of ODEs [16, 91]. The new proof is interesting because it
starts from the analytic solutions found in Theorem 1.5, rather than the formal solutions found
by Poincaré.

1.3.2 Why does Borel summation work for thimble integrals?

In Section 1.2.2, we gave the general form of a thimble integral associated with a map f: X — C.
The important thing about C here turns out to be its translation surface structure, which picks
out an atlas of charts related by translations and provides a global sense of direction. The
geometry of translation surfaces, described more fully in Section 3.1.1, provides a natural setting
for the Laplace transform. It will therefore be useful to place thimble integrals in this setting as
well.

Given a translation chart ¢ on a translation surface B, we write \7497 ., to denote the ray in
direction 6 starting at ( = a. Consider a map f: X — B with a critical value at ( = «. Each
connected component of the preimage f~! (jg a) runs through one of the critical points that f
sends to ( = a. When the complex manifold X is one-dimensional, as it will be throughout this
paper, a Lefschetz thimble is an oriented component of f~! (\72 a) that runs through a single,
non-degenerate critical point of f. A one-dimensional Lefschetz thimble is determined up to
orientation by the critical point a that it runs through and the direction 6 of the ray that
it projects to, so we will often denote it with a symbol like C/. Because, by our definition,
a Lefschetz thimble can only run through a single critical point a, the ray that it projects to
cannot touch any critical value except f(a).

/

Figure 2. On the left, we see the rays ._75 isl on the translation surface B = C, where ( is the standard
coordinate. On the right, we see the complex manifold X = C, colored according to a holomorphic map
f+ X — B whose critical values are ( = £1. The Lefschetz thimbles over the rays Jg fl are shown.

We are now ready to define a one-dimensional thimble integral precisely, at our desired level
of generality.

Definition 1.8. Fix a one-dimensional complex manifold X; a translation surface B; and a holo-
morphic map f: X — B with isolated, non-degenerate critical points. A one-dimensional thimble
integral has the form

Ia:/ e #y,
co
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where v is a holomorphic 1-form on X, a is a critical point of f, and C? is the Lefschetz thimble
that runs through a in direction 6 with a chosen orientation. Since I, depends on the frequency
coordinate z, it is a holomorphic function on the frequency domain.

We will present a proof that one-dimensional thimble integrals are always Borel regular.
The proof hinges on the following well-known formula, which can be used to express any one-
dimensional thimble integral as a Laplace transform.

Lemma 1.9 (adapted from [86, Section 3.3]). A function v, with I, = Eg ola 15 given by the
thimble projection formula

w=5e(foo)
RV T

where CY(() is the part of C0 that goes through f~1([a, Ce]).

Notice that the path C?(¢) used in the lemma starts and ends in f~(¢).
Once we know ¢4, we can go through the steps of the Borel regularization process and show
that we end up with the same function we started with.

Theorem 1.10 (Theorem 4.7). If the integral defining I, is absolutely convergent, then I, is
Borel reqular. More explicitly,

e function I, has an asymptotic expansion [, =~ a, Which lies in the space e~ z_%
1) Th tion I, h tot 1, o1 hich [ th za

X (C[[z_l]]. Here, 0 is the direction of the ray jga that defines the thimble.

(2) The Borel transform iy = Bg-fa converges near ( = a.

3) The sum of iy can be analytically continued along the ray J¢ . Its Laplace transform along
¢,
that ray is well defined, and equal to I,.

For one-dimensional thimbles, this result confirms the expectation that evaluating a thimble
integral should be equivalent to taking the Borel sum of its asymptotic series [39, Section 2].
Confirming this expectation in higher dimensions would be an interesting topic for future work,
since our argument may not generalize straightforwardly.

As an alternative to our argument, Theorem 1.10 could be deduced from Nevanlinna’s the-
orem [81]. However, that would require a careful asymptotic analysis of I,: one would have to
show that its asymptotic series is 1-Gevrey and uniformly asymptotic to it on a large enough
sector. We avoid this asymptotic analysis by working in the position domain and recasting I,
as a Laplace transform integral.

1.3.3 Other results

New perspectives on the Laplace transform. For Borel summation to work as described
in Theorems 1.6 and 1.10, one usually needs to take the Laplace and Borel transforms using
a particular position coordinate and integration base point. To explain this aspect of Borel
regularity, we introduce a geometric picture of the Laplace and Borel transforms, generalizing
the position domain from the complex plane to a translation surface B. Each translation chart ¢
gives a different version of the Laplace transform, whose associated frequency domain is the
cotangent space TZ:OB' The frequency coordinate z is a canonical coordinate on Tg*:oBv or
on TQ*:OBQM if ( = 0 is a singularity with cone angle 27n, as illustrated in Figure 3. The details
of this perspective are discussed in Sections 3.1 and 3.3.

We depart slightly from traditional Laplace transform methods for solving ODEs. One tra-
ditionally relates ODEs on the frequency domain to ODEs on the position domain [16, 94], but
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B

branch cut
at conical

singularity / ‘

Figure 3. The frequency coordinate z on the cotangent spaces of an ordinary point and a singular point.

The singularity shown here has cone angle 6, like the singularities of the translation surface associated
with the Airy function.

we find it more natural to relate them to integral equations on the position domain. The good
behavior of integral equations and their solutions is central to our proof that certain ODEs have
Borel regular solutions.

New and old examples. We illustrate our main results with detailed treatments of several
examples. Generalizing the classic example of the Airy equation (see Appendix A), we find
frames of Borel regular solutions for the Airy—Lucas and generalized Airy equations (see Sec-
tions 5.2 and 5.4). Noting that the Airy—Lucas equations reduce to special cases of the modified
Bessel equation, we also find Borel regular solutions of the general modified Bessel equation (see
Section 5.3). Similarly, noting that the Airy function is a thimble integral with a third-degree
polynomial in the exponent, we show that a general third-degree thimble integral is Borel reg-
ular (see Section 5.5). Finally, as an example of a fourth-order ODE, we solve the equation
describing the vibration of a triangular cantilever (see Section 5.6).

Each of our examples focuses on either a level 1 ODE whose solutions can be expressed as
thimble integrals or a thimble integral that satisfies a level 1 ODE. This provides an opportunity
to compare different explanations for why each example function is Borel regular.

In the literature on Borel summation, the Airy equation has been discussed many times,
using different approaches and conventions. In Appendix A.2, we explain how the treatments
in [75, Section 2.2], [79, Section 6.14], and [60, Section 2.2] line up with ours.

Links to resurgence. The examples we study all involve resurgent functions in the position
domain. The theory of resurgence, introduced by Ecalle [40, 41, 42], describes divergent series
in the frequency domain in terms of the analytic properties of their Borel transforms. Resurgent
analysis is an effective tool for computing “subleading contributions” in perturbation theory,
and it occasionally leads to the resummation of the original divergent series. It has been applied
extensively to linear ODEs [68, 69], and it has yielded results about nonlinear ODEs as well [6,
25, 26, 27].

Geometric arguments show that when a thimble integral has a holomorphic Morse function
in the exponent, as we have in at least some of our examples, the corresponding function on the
position domain is always resurgent [64], [66, Section 6.2]. Conjecturally, this property extends
to more general thimble integrals—perhaps even infinite-dimensional ones [64, Examples 5-6].
The linear ODEs and 1-dimensional thimble integrals that we study provide toy examples of how
resurgent functions arise and behave. As a concrete example, in Section 5.2.9, we use resurgence
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to find the Stokes constants of the Airy—Lucas equations.

1.4 Organization of the paper

In Section 2, we contextualize our work by reviewing some classical results related to Borel
regularity. These results come from the literature on asymptotics, ODEs, and integrals over
Lefschetz thimbles.

In Section 3, we introduce a geometric perspective on the Laplace and Borel transforms, which
will be useful for stating and proving our results. To make this section more self-contained, we
review basic definitions and properties in Section 3.1.2 and the beginnings of Sections 3.3 and 3.4.

In Section 4, we restate and prove our main results. In Section 5, we illustrate our results by
working through detailed examples of how Borel regular functions arise, both as 1-dimensional
thimble integrals and as solutions of level 1 ODEs.

In Appendix A, reprising our analysis of the Airy—Lucas equations in Section 5, we focus on
the Airy equation as a concrete special case. We then explain how our treatment lines up with
other discussions of the Airy equation in the literature on Borel summation.

In Appendix B, we prove a fact about the relationship between integral and differential
equations which is used in some of our examples.

1.5 Notation

In reasoning about Borel summation, it is important to keep track of whether we are working
with holomorphic functions or formal series, and whether we are working on the position domain
(the Borel plane) or the frequency domain (the z plane). We have adopted a variable naming
convention that makes these distinctions apparent at a glance.

Notation. Functions and series on the frequency and position domains are named as follows.

‘ Analytic: no tilde ‘ Formal: tilde

Frequency domain: upper case P ‘ d

Position domain: lower case ‘ 10) ‘ 10}

We will sometimes use a hat to emphasize that we got a holomorphic function (ZS by taking the
sum of formal series d~>

The frequency and position coordinates z and ( are excepted from this convention. The
frequency coordinates is lower-case, even though it lives on the frequency domain, and neither
variable gets a tilde when it serves as a formal variable rather than a coordinate function.

Here are some examples of this notation in action. Since the Laplace transform L¢ o turns
functions on the position domain into functions on the frequency domain, we might write
Leo¢ = ®. On the other hand, the Borel transform B; turns formal series in the frequency
variable into formal series in the position variable, so we might write ¢3 = Bcé.

We will follow our convention from [45] for integrals along paths.

Notation (reproduced from [45, Section 1.2.3]). When we integrate a holomorphic function
along a path, the integrand will always be either a 1-form, like pd(, or a density, like |pd(] [61,
Section 1.8]. On a simply connected domain, all integration paths are equivalent, so we will
typically specify an integral by its start and end points. These points may be given directly,
as in the expression fba wd(, or described in terms of coordinates, as in the equivalent expres-
sion [ 5¢d(. In the integral [ ;(¢(a) — ¢)~'/2¢pd¢, notice that ((a) is a number, which
stays constant throughout the integration, while ( is a function, whose value changes along the
integration path.
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Sometimes, in expressions like | Ca(a,): s w(a,ad’)¢(a') d¢(a’), it is useful to give a name @’ to
the point moving along the integration path. In this case, all of the functions and differential
forms whose values change along the integration path are explicitly evaluated at a’.

2 Historical context

2.1 Borel regularity as a good approximation condition

Borel regular functions can be characterized as functions that are approximated well, asymptot-
ically, by polynomials. Watson showed a century ago [99, Part II, Section 9] that a function ® is
Borel regular whenever its asymptotic expansion for large |z| is uniformly 1-Gevrey-asymptotic
in an obtuse-angled sector at infinity (see Definition 1.4).

Watson’s theorem was soon improved by Nevanlinna [81] (see a modern proof in [82, The-
orem B.15] and a generalization to power series with fractional power exponents in [31]), and
improved again later by Sokal [95]. These improvements tell us that the obtuse-angled sector
around oo in the statement above can be replaced with an open disk whose boundary touches
infinity—that is, an half-plane which does not contain 0, and may be displaced from 0 by some
distance A.

When the half-plane extends along the —@ direction, the sum ¢3 of the Borel transform of a=/®
has an absolutely convergent Laplace transform along the  direction. In fact, we have |¢| < e?¢l
uniformly over any constant-radius neighborhood of the ray ¢ € €0, 00).

The Watson—Nevanlinna—Sokal characterization of Borel regular functions is totally general,
which means it cannot take advantage of any extra structure provided by the problem you are
trying to solve. We take the opposite approach, showing that certain functions are Borel regular
just because of the extra structure provided by the problems they solve.



12 V. Fantini and A. Fenyes

2.2 Solving level 1 ODEs

The study of irregular singular differential equations on complex domains has a long history,
and interesting phenomena distinguish irregular singular equations from regular singular ones.
Analytic solutions of a linear ODE with an irregular singularity exhibit the Stokes phenomenon:
asymptotic behaviour that changes sharply from one direction to the next. Formally, this be-
haviour is captured in a formal integral solution: an expression

§ : e~ 0% ;T F,

a€cA

in which A is a finite set of complex numbers, each 7, is a real number, and each F, is a formal
power series in (C[[z_l]], where z is a coordinate that puts the singularity at z = oo. For each
direction @, the term with the lowest value of Re (eiga) represents the dominant contribution to
the solution’s asymptotic behavior.

Each term of a formal integral is an example of a trans-monomial—the basic building block
of a trans-series.* The trans-monomials in the spaces e=**27C [[z_l]] are the only ones we will
need to consider in this paper. Poincaré’s method for solving linear level 1 ODEs, discussed in
Section 2.2.1, produces trans-monomial solutions in these spaces. The Poincaré solutions serve as
the terms of a general formal integral. Each Poincaré solution is the asymptotic expansion of an
analytic solution, whose existence is guaranteed—non-constructively—by the main asymptotic
existence theorem (MAET).

The Poincaré solutions and the MAET have inspired several other methods for solving linear
level 1 ODEs. The ones we will discuss in this section are summarized in the following table.
We classify solution methods by two features: whether the solutions they produce are analytic
functions or formal series, and whether they solve the original equation on the frequency domain
or an equivalent equation in the position domain.

Analytic Formal
Frequency Poincaré: trans-monomial ansatz [89]
Position Ecalle: resurgence Ecalle: formal perturbation theory [42, 70]
Fixed-point iteration [45]

2.2.1 The Poincaré method and Borel summation

An ODE of the form described in Section 1.2.2 always has a frame of solutions in the trans-
monomial spaces e_o‘zzTa(C[[z_l]] indexed by the roots —« of P, where 7, := g,(__i) . These so-
lutions can be found systematically, using an algorithm described by Poincaré [89], [42, Propo-
sition 2.2.7, p. 111]. Poincaré observes that when z is large, the constant-coefficient equa-
tion P(%)CI) = 0 approximates the equation P® = 0 that we are trying to solve. The solutions
of this approximate equation are the exponentials {e~** | P(—«a) = 0}. Poincaré guesses that
each approximate solution e~®* can be turned into an exact solution e [, using a formal
correction factor F, € 2~ C [[z_l]]. The correction factor can be found order by order, starting

from any chosen constant term. We will refer to the resulting solutions

e"F, € e % ;TC [z_l]]

as Poincaré’s formal solutions.

Although it is not constructive, the MAET guarantees the existence of a frame of analytic
solutions asymptotic to Poincaré’s formal ones [7, Chapter 14]. Furthermore, the Ramis index
theorem tells us that the Borel transform sends Poincaré’s formal solutions to convergent series

“For the full definition of a trans-series, see [23, 24, 33, 42].



The Regularity of ODEs and Thimble Integrals with Respect to Borel Summation 13

on the position domain—the first step toward proving Borel summability [90]. This has mo-
tivated the development of summability methods, which promote formal solutions to analytic
ones [69, 72, 73, 74, 91]. These methods can be applied both within and beyond the world of
linear level 1 ODEs. For instance, Costin has applied them to a broad class of nonlinear systems
of ODEs [22].

2.2.2 Ecalle’s theory of resurgence

Ecalle’s theory of resurgence introduced a new perspective on formal solutions, mostly focused on
the analysis of the position domain [42, 70]. In a nutshell, resurgence provides information about
the analytic continuation of the Borel transform of a divergent series. In particular, it reveals
the locations of singularities in the position domain, and it quantifies the Stokes phenomenon
in terms of “Stokes constants” describing analytic continuation around the singularities.

A series is resurgent if its Borel transform converges to an endlessly analytically continuable
function on the position domain. Thus, resurgence creates a bridge between formal and analytic
solutions of problems in the position domain.

The formal solutions of a level 1 ODE are always resurgent series [42, Proposition 2.2.1].
Ecalle proved this by using formal perturbation theory to solve a corresponding integral equa-
tion in the position domain. Using the “formalism of singularities” to understand how the
singularities of the perturbative solution would propagate from one order of perturbation to the
next, Ecalle showed that the perturbation series would converge to an endlessly analytically
continuable function. Loday-Richaud and Remy went on to show that this function always has
a well-defined Laplace transform, so the corresponding formal solution in the frequency domain
is Borel summable [70]. Malgrange got similar results by working with differential equations,
rather than integral equations, on the position domain [72].

Ecalle’s theory not only shed light on Borel summation, but also generalized it. Ecalle
introduced generalized resummation methods that use “well-behaved averages” to handle infinite
sequences of singularities along the summation axis [40, 43, 76, 77].

2.2.3 Solving Riemann—Hilbert problems

A level 1 ODE can be seen as the coordinate expression of a meromorphic connection on a princi-
pal bundle—specifically, the kind of meromorphic connection called an oper [11]. Local solutions
of the ODE correspond to local flat sections of the connection. We can therefore use the theory
of meromorphic connections to study level 1 ODEs. In particular, given an ODE, we can set
up a generalized Riemann—Hilbert problem whose solution would encode a frame of analytic
solutions of the ODE [38, Section 3.2].

To formulate the Riemann—Hilbert problem, we fix the asymptotic behaviour of the frame of
solutions at z = 0 and z = oo, and we also fix its discontinuities—the Stokes data prescribing
how the frame jumps across each Stokes ray. A solution is then given by a piecewise analytic
function which is holomorphic away from the Stokes rays and has the prescribed asymptotics
and discontinuities.

In many cases, the solutions of Riemann—Hilbert problems can be found explicitly [8, 17, 18,
37, 38, 49]. These cases include some Riemann—Hilbert problems arising from level 1 ODEs. For
example, in [66, Section 6.2.1], Kontsevich and Soibelman discuss a Riemann—Hilbert problem
for thimble integrals using the formalism of analytic wall-crossing structures. As mentioned in
Section 1.2.2, every thimble integral satisfies some ODE. Kontsevich and Soibelman also explain
why the asymptotics of these thimble integrals are resurgent series.
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2.2.4 Laplace transform methods and fixed point iteration

All of the historical approaches we have discussed so far start by looking for formal solutions.
In this paper, we will focus on a different kind of approach, where we start by looking for
analytic solutions expressed as Laplace transforms. By carefully choosing the starting point of
the Laplace transform, we get analytic solutions which are asymptotic to Poincaré’s formal ones.
These solutions will turn out to be Borel regular.

We use the Laplace transform to turn differential equations on the frequency domain into in-
tegral equations on the position domain. This runs parallel to Ecalle’s use of the Borel transform.
Building on the existence and uniqueness results we proved in [45], we use Picard iteration to
solve the integral equation in the position domain, and to show that the corresponding solution
in the frequency domain is Borel regularizable.

The function spaces mentioned in Section 3.2 play an important role in our approach. They
also appear in the work of Braaksma, who uses them to solve systems of ODEs whose coefficients
are expressed as Laplace transforms [16]. This overlap suggests an opportunity to combine the
two approaches, extending our results to systems of equations, and Braaksma’s to equations
with more general coefficients.

2.3 Thimble integrals

Thimble integrals have been studied from different perspectives: in physics, they play an im-
portant technical role in quantum mechanics, where infinite-dimensional exponential integrals
are supposed to give the expectation values of observable quantities [10, 39, 46, 97]. In the al-
gebraic geometric set-up, namely when, following the notation introduced in Section 1.2.2, X is
an N-dimensional algebraic variety over C and f is a proper map f: X — C, thimble integrals
are known as exponential period integrals [32, 63, 65, 67, 48].

2.3.1 Thimble integrals in physics

In wave optics, a thimble integral can arise when we add up the secondary waves emanating
from all the points along a wavefront [47]. For example, the Airy integral approximates the sum
of the secondary waves coming from a wavefront with an inflection point [1]. The formalism
of wave optics can also be applied to the scattering of quantum particles—for example, in the
“nuclear optical model” [9, 56]. Knoll and Schaeffer’s use of thimble integrals to describe nuclear
scattering eigenstates [62] inspired Voros to find the energy eigenstates of the quartic oscillator
by resumming the asymptotic series of thimble integrals [98].

In the path integral picture of quantum mechanics, which draws inspiration from wave optics,
infinite-dimensional thimble integrals are supposed to give the expectation values of observable
quantities. In this context, the integral’s formal asymptotic expansion is often better-defined
than the integral itself, so physicists use Borel summation, resurgence, and related techniques to
assign the integral a value. For instance, in the two-dimensional, N' = 2 supersymmetric QFTs
given by Landau—Ginzburg theories, Cecotti and Vafa showed that instantons can be computed
using Picard—Lefschetz formulas. Indeed, the so-called wall-crossing phenomenon is equivalent
to the Stokes phenomenon for thimble integrals [19]. Similarly, in complex Chern—Simons theory,
the path integral can be studied by decomposing it into thimble integrals and then arguing as
in finite dimension [54, 100]. Other examples can be found in [4, 10, 12, 13, 26, 39, 46, 50, 51,
52, 57, 58, 87, 97].

2.3.2 Thimble integrals in geometry

Thimble integrals can be used to explore the geometry of complex manifolds, and even to repre-
sent elements of a homology group. To see how this works, we first recall how the one-dimensional
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definition of a Lefschetz thimble arises from the general definition. Suppose that f: X — B is
a holomorphic map from an N-dimensional complex manifold X to a translation surface B. Con-
sider a translation chart ¢ on B and a non-degenerate critical point @ € X that f sends to ( = a.
Near a, we can always find coordinates t1,...,ty on X with f*¢ = a+¢ (t% + - +t?\,). When
the ray jg ., avoids the other critical values of f, each such coordinate system defines a Lefschetz
thimble: the oriented real-analytic submanifold where t1,...,ty are real. There are many such
coordinate systems, but they are all related by local holomorphic maps from X to the complex
orthogonal group On(C). Since On(C) has only two connected components, distinguished by
the sign of the determinant, a Lefschetz thimble is determined up to homotopy and orientation
by the critical point ¢ and the direction §. When N = 1, the homotopy freedom disappears,
because O;(C) is the discrete group {£1}.

Lefschetz thimbles for f with direction 6 represent classes in the “rapid decay homology”
group HY (X, f) [86], [48, Section 1.1]. Roughly speaking, this group describes homology rel-
ative to the region where Re(e_ie f) is large and positive. In this context, each thimble in-
tegral fc e *fv computes the pairing between a rapid decay homology class C and a “twisted
1-form” e~*/v. When all the critical points of f are non-degenerate, Lefschetz thimbles actually
form a basis for H% (X, f). As 6 varies, the groups H% (X, f) fit together into a local system
over the circle of directions, which is singular at the direction of each segment connecting a pair
of critical values. The monodromy of this local system can be found using the Picard—Lefschetz
formula [5, Section 1], [86, 2eme Partie, Section 3.3].

Like solutions of level 1 ODEs, thimble integrals often exhibit the Stokes phenomenon. For
one-dimensional thimble integrals, the Stokes constants can be interpreted geometrically as in-
tersection numbers for pairs of thimbles [66]. More generally, finding the Stokes constants is
equivalent to finding the monodromy of the local system H (X, f) (see the recent develop-
ment [67]).

2.3.3 Asymptotics of thimble integrals

Thimble integrals are traditionally understood through their asymptotics, which can be found
with the saddle point approximation [2, 28, 29, 30, 34, 71, 85]. The asymptotic expansion of
a thimble integral is typically divergent, but its Borel sum often matches the integral it came
from. In other words, thimble integrals tend to be Borel regular. Theorem 1.10 explains why
this happens in the one-dimensional case.

To prove Theorem 1.10, we first shift our focus from the thimble integral to the corresponding
analytic object in the position domain. The integral contains a hint about where to find this
analytic object: the thimble itself, which is a real-analytic submanifold of a complex manifold.
When the thimble is one-dimensional, we can use the well-known formula in Lemma 1.9 to
turn it into a function whose Laplace transform is the thimble integral. This formula gener-
alizes to higher-dimensional thimbles [86] and thimbles based at degenerate critical points [44,
Section 1.2.2].

3 The Laplace and Borel transforms

3.1 The geometry of the Laplace transform

Classically, the Laplace transform turns functions on the position domain into functions on the
frequency domain. In the study of Borel summation and resurgence, it is useful to see the
position domain as a translation surface B, and the frequency domain as one of its cotangent
spaces. Roughly speaking, the Laplace transform lifts holomorphic functions on B to holomor-
phic functions on T B.
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3.1.1 Background on translation surfaces

A brief definition. A translation surface is a Riemann surface B carrying a holomorphic 1-
form A [101]. A translation chart is a local coordinate ¢ with d¢ = A. The standard metric on C
pulls back along translation charts to a flat metric on B, with a conical singularity of angle 27n
wherever A\ has a zero of order n — 1 > 0.

We will call the zeros of A branch points. To explore the region around a branch point, it can
be helpful to use a translation parameter: a function ¢ which has d¢ = A, but is not necessarily
a local coordinate.

In all of our examples, B will be a finite-type Riemann surface, and A will have a pole at each
puncture. This level of generality allows for plenty of interesting behavior without letting B get
too messy. Sections 2.4-2.5 of [55] give a sense of what B can look like near a pole of A.

A sense of direction. The translation structure gives B a notion of direction as well as
distance. Away from the branch points, we can talk about moving upward, rightward, or at
any angle, just as we would on C. At a branch point of cone angle 27n, we can also talk about
moving upward, rightward, or at any angle in R/27Z, but here there are n directions that fit each
description. To make this more concrete, note that around any point b € B, there is a unique
translation parameter (, that vanishes at b. This parameter is a translation chart when b is an
ordinary point, and an n-fold branched covering of C when b is a branch point of cone angle 27n.
In either case, ¢ € el [0,00) is a ray or a set of rays leaving b at angle 6 € R/27Z.

Near each branch point b, fix a coordinate wy with (, = fwb, where 27n is the cone angle
at b. This lets us label each direction at b with an “extended angle” in R/27mnZ. Of course,
there are n different choices for wy.

The frequency coordinate. Over the complement B’ of the branch points, the translation
structure gives us a holomorphic map z: T*B’ — C. This map is an isomorphism on every fiber,
trivializing T B almost globally. Over a branch point b of cone angle 27n, we get an analogous
isomorphism z: T B¥™ — C. In both cases, we will call z the frequency coordinate of B. Both
cases are illustrated in Figure 4 below.

"B

branch cut
at conical

singularity / ‘

Figure 4. The frequency coordinate z on the cotangent spaces of an ordinary point and a singular point.

The singularity shown here has cone angle 67, like the singularities of the translation surface associated
with the Airy function.
At an ordinary point, we can define z simply as the map

z: Ty B — C, A, = 1.

To generalize z to branch points, though, we need a more sophisticated definition. Recall
that Ty B = my/ mg, where my is the ideal of holomorphic functions that vanish at . Observing
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that (f +mp)" lies within f™ + mgﬂ for any f € my, we can identify T;" B®" with n‘LZ/m’b1+1
for n > 1. When b is an ordinary point, the translation parameter (; that vanishes at b represents

a nonzero element of my/ mg: the cotangent vector A|p. In general, (; represents a nonzero element

of mj'/ mgﬂ, where 27n is the cone angle at b. We define z as the isomorphism

z: m;;/m{;“ — C, G+ mt s 1.

When b is a branch point, the coordinate wp we fixed in “A sense of direction” gives us an
isomorphism wy: Ty B — C, wy + m? — 1 that makes the diagram

Ty B®" —2 4 C

HT Tn

TyB —p— C
commute. Here, " represents the nth-power map.

3.1.2 The Laplace transform over an ordinary point

Pick a translation parameter ( on B and an extended angle § € R. The Laplace trans-
form Ee’ ., turns a local holomorphic function ¢ on B into a local holomorphic function on TC*:OB .
When ¢ = 0 is an ordinary point, the Laplace transform is defined by the formula

59 _ —2z¢ d .
a® /jg’ae ¢dc, (3.1)

where z is the frequency function and jg o is the ray ( € a + [0, 00). To make sense of this
formula, we ask for the following conditions:

e The starting point ( = « is in the domain of (. Once we have this, we can continue (
along the whole ray jg o

e The ray jg ., avoids the branch points after leaving ¢ = a.

e The integral converges. We ensure this by putting conditions on ¢ and z.

— With respect to the flat metric, ¢ is uniformly of exponential type A along the ray \,’749 o
and is locally integrable throughout the ray.’

— The value of z satisfies the inequality Re (eigz) > A, which cuts out a half-plane Hf\
in T7_(B.

For any o > —1, the conditions on ¢ are satisfied by all of the functions in the spaces HL% (24)
introduced in [45, Definition 2.3]. Here, the domain €, must contain the ray Jg o and the
norm || - ||s,a is taken with respect to ( = a.

For convenience, we recall the definition of HL° (©2). Let H(£2) denote the space of holo-
morphic functions on the domain 2. 7

Definition 3.1. For any o, A € R, let HL\ (©2) C H(S2) be the subspace consisting of func-
tions f with |f| < [¢|7eM<l over Q, equipped with the norm

7o = sup |7l .

Recall that a function ¢ is of exponential type A if for every & > 0, there is a constant A. (which may depends
on ) such that |¢| < A.e®*9)I¢l. We instead require a uniform constant A such that |¢| < Ae*<l.
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3.1.3 The Laplace transform over a branch point

When ¢ = 0 is a branch point, we can still use formula (3.1) to define £g’a¢ on T7_, B, as long
as we take care of a few subtleties. Thanks to the labelling choices we made in Section 3.1.1, the
extended angle 6 € R still picks out a ray jg o The function z is defined on T B®", where 2mn
is cone angle at ( = 0, so we pull it back to T, E:OB along the nth-power map. This amounts
to substituting w;’ for z in formula (3.1). The inequality Re(eioz) > A cuts out a half-plane
in T,y B®™, which pulls back to n sector-like regions in T} B of angle 7/n. We only define Ez o®
on one of them: the one centered around the ray w, € e=%/"[0, c0).

3.1.4 Change of translation chart

Suppose ( is a translation chart on B, and {( = « is an ordinary point. Let (, be the translation
chart with ¢ = o+ (. The Laplace transforms L., o and L¢ o, which both turn functions on B
into functions on T¢_, B, are related in the following way.

Lemma 3.2. If the Laplace transform of ¢ is well defined, then
e " Le, 00 = Lt (3.2)

Proof. With a change of variable in the integral that defines the Laplace transform, we see
that

Leop = / e Xpd¢ = e #OHe)dg, = e / e o pd¢,
J¢a N/ T 0

= e_zaﬁgmogﬁ. [ |

We now consider a rescaling of the translation structure of B, expanding displacements by
a factor of pu € (0,00). The coordinate £ = u( is a chart for the new translation structure. The

corresponding frequency coordinate x: T*B — B is given by dé — 1, s0 . = u~ 2.

Lemma 3.3. Let p € HLX\ (Q) with o > —1 and for some A > 0, then L¢op = pLleop.

Proof. From the computation

Leop = / e pde = [ o Fpudc = pleog,
Je0 J¢,0

we get the desired result. |

3.2 Analysis of the Laplace transform
3.2.1 Regularity and decay properties

Suppose €, is an open sector with ¢ = a at its tip, and an opening angle of 7 or less. For
any A € R, let Q2 be the union of the half-planes Re (eiez) > A over all angles 6 in the opening
of Q,, as illustrated in Figure 5. The domain ﬁé\ is defined wherever z is well defined: in T, B
over each ordinary point b € B, and in T} B®" over each branch point b € B with cone an-
gle 2mn. To describe the image of the Laplace transform L¢ ,, we introduce frequency-domain
counterparts for the function spaces HL%) (€2) from Definition 3.1.

Definition 3.4. Let ﬁLg" (ﬁg) be the space of holomorphic functions ® on O with [®| < A7,
where A is the function that measures distance to the boundary of QA The norm [|®||, 5 =
supga A77|®| turns HL® (92) into a Banach space.



The Regularity of ODEs and Thimble Integrals with Respect to Borel Summation 19

Figure 5. A sector (), in the position domain, and the corresponding union of half-planes (AZQ in the
frequency domain.

To make statements about ?/-l\Lgo (ﬁg) that hold when A is large enough, it is helpful to have
a space that encompasses HL’ (Qg\) for all A. Since restriction gives an inclusion

AL (Q3) = HLE ()

whenever A < A’, we can define a colimit space ﬁLgo (ﬁ;) that all of the spaces ﬁLgo (SAZQ)
include into.

Proposition 3.5 (following [96]). Let Q, be an open sector with ( = « at its tip, and an opening
angle of w or less. For any o >0 and A > 0, and any angle 6 in the opening of Qq, the Laplace
transform Ega o s a continuous map HL | 5 (Qa) — HLZ, (Q2), with a norm of at most I'(o).

Proof. Given some ¢ € HL;? | ,(£2q), We compute

\ﬁﬁa,o¢\:|/ N Al i N
jCouO T

Cas0

< [ el g 4G
T 0

where ¢, 9 = cos(arg(z) + 6). When |z| is large and ¢,y is positive, the integrand shrinks
exponentially as |(,| grows. This shows that for each angle  in the opening of ,, the integral
defining Ega 0@ converges in some region of (AZ(/X\ It also shows that for different angles 6, the
functions £ ¢ match where their domains overlap. We can therefore glue these functions
together into one big Laplace transform of ¢, defined at large values of |z| across the whole
opening angle of ﬁg

We can now simplify the calculation of Ega,0¢ by looking at arg(z) and using the closest
angle 6 in the opening of €,. This keeps A — c; g|2| equal to A, the distance to the boundary
of QA Tt follows that

oo
122, o0 < /J e © Gl Bt el = [ e g1 a .
0

Ca,0

The integral on the last line converges throughout QQ We can evaluate it by observing that
it is a Laplace transform integral, with the roles of position and frequency played by ¢ and A
respectively }[,gmogi)‘ <TI'(0)A77||¢|lo—1,4- In terms of the metric on HL>, (ﬁg) defined above,
this bound says that Hﬁgmong_mA <T(0)|¢lls=1,a, which is what we wanted to show. [
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Proposition 3.6. Let 0, be an open sector with tip ( = a and opening angle © < w. Choose
some o >0 and A > 0, and let A = A/cos(©). Under the conditions of Proposition 3.5, for
any € € (O, %), the Laplace transform

8,0t HLZ 1 A(Q) = HL(Q))
has a continuous left inverse

(€8,0) " AL (Q2) = HLE 4 (9,
I'(1—o)

with a norm of at most TS/
of angle € off each edge of Q.

Here, Q;, C Q, is the open sector created by cutting a sector

Proof. The boundary of 5\23 consists of two rays connected by a circular arc. Extend the rays
until they meet, forming the boundary of a sector with opening angle 7 —©. Expand that sector
by angle £/2 on both sides. The edges of the expanded sector form a path C within Q2 as shown
in Figure 6.

Figure 6. The thick black line is the path C.

The path C is made of two rays, which meet at an angle of 1 — © + . Parameterize it using
the arc length parameter ¢ which is zero where the rays meet. Along C, the distance A to the
boundary of Q2 satisfies the estimate A > sin(/2)|t|, as shown in Figure 6. On Qf, x C, we
have

Re(2(a) < |Cal (A = sin(e/2)t]). (3.3)

To see why this bound holds, fix a value of the coordinate (, representing a point in €2;,. Consider

the half-plane Re (zé—z) > A/, illustrated in Figure 7 for an extreme value of (,. By construction,

the curve C lies entirely outside this half-plane, which means that Re (zé—Z') < A’ throughout C.
In fact, each of the rays that make up C makes an angle of at least £/2 with the boundary line

Re(z‘g') = A’. Therefore, as we move outward along C, our distance to the boundary of the

half-plane Re(zlg—z‘) > A’ increases at a rate of at least sin(5) with respect to the arc length

parameter ¢.
The inverse Laplace transform is given by the formula

(ﬁga,o)_l@ = ;m/cezca@ dz.

When @ is in ”;ZLZOU (ﬁg), we have the bound

1

0 -1 L
‘([’ a,O) (I)| < o1

/ eRe(=Ca) A= || |, p d2
C
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Ro(z So ) > A

[&

Figure 7. For this figure, we have chosen a value of (, representing a point on the boundary of the
sector Q5,. This is a worst-case scenario for inequality (3.3), since our assumptions require (, to represent
a point inside €2%,.

1 [ i
< o olGal(d fs1n(€/2)\t|)(sin(5/2)’t|)7UH(I)||U’A dt
T J -0
1

_ e|Ca|A' ||¢HO’,A27 / €_|CO‘| Sin(5/2)‘t|(8in(€/2)|t|)_0 dta
s

—00

which we can rewrite as

‘(ﬁe O)fl(m < eICaIA’H(I)HUAl/OO e*ICallslls‘faL
oo - 2 sin(e/2)
1

o0
BN (e VS T — —[¢als =0 g
¢ I HU’Aﬂ'sin(e/Q)/o ¢ 5 5

using the new parameter s = sin(¢/2)t. Recognizing the integral in the last line as a Laplace
transform integral, with the roles of position and frequency played by s and |(,| respectively,

we have
— / F(l — O') _
20 Y lp| < eléal @) 2T e o1
‘( Ca,o) | >e€ H HmAﬂ'Sin(E/Q)‘Ca‘ 9
which is what we wanted to show. [ |

3.3 The geometry of the Borel transform
The Laplace transform L¢ o acts in an especially simple way on powers of the coordinate ¢
Cn _ ,—n—1
ﬁC,O |:’)”L| =z .

Here, we are thinking of z as the frequency coordinate on T, <*=OB , as described in Section 3.1.1.
We can get a function on Tg: o B instead by taking the Laplace transform with respect to the
coordinate (, defined by ( = ({, + «

Cg _ ,—n—1
[:CO“O |:n' =z .
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On each cotangent space, we can define a formal inverse of the Laplace transform by turning
negative powers of z back into powers of the appropriate translation coordinate. This formal
inverse is called the Borel transform. To be more precise, the Borel transform B¢ on Tg*:OB is
the inverse of L on monomials

{z‘l,z_Q,z_?’,z“l,...}

{17 Ca %427 %635 e }
and it extends to formal power series by countable linearity
_ _ e ¢"
Be: oz 1@[[2 1]] — C[<], Zanz " 1'_>Za”ﬂ'
n>0 n>0

This definition extends straightforwardly to fractional powers of z. Observing that L¢o[(7] =

o

[(o+1)z77"! for every o € R\Z<(, we define B¢ [2*0*1] = % Then, for any o € R\Z<, we

can extend by countable linearity to the space z77C [[z_l]] of “fractionally shifted” formal power
series.

On a different fiber of T/_ B, the Borel transform B, in the translated coordinate (o is
defined on monomials as the inverse of the Laplace transform L¢, o

{z_l, z_2, z_3, z_4, . }
ﬁca,o/H/Bca
1 1
{17 (ou ?Co%? ?ng ce }

It extends countable linearity to a map B, : 2 'C[z7!] = C[¢a].

3.3.1 Action on trans-monomials

We can extend the definition of the Borel transform to these trans-monomials by recognizing
that L¢ sends ordinary monomials to trans-monomials, and then taking advantage of the
relationship between L¢ o and L, o given by identity (3.2).

Definition 3.7. On each ordinary monomial within a trans-monomial, B; acts as the formal
inverse of L¢ o,

L¢.oBe [e*m‘z*"*l] — e "oyl
The action of B¢ extends to all of e7**C [[2*1]] by countable linearity.
From this definition, and identity (3.2), we deduce that
e L, oBe[e T ] = e Le,oBcle 2] =21

B [e z 1} = o

In other words, the diagram

{z_l, 272273, 274, ... } E— e_zo‘{z_l, 272 278,274, ... }

BC \ 5470‘ BC

L¢a,0

{17C7427C37"'} T*_a {17CC¥7(§¢7C§47"'}
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commutes, where T_,, denotes translation by —a. Notice that L; o and L¢, produce functions
on the fiber TE‘ZOB, while L, o produces functions on the fiber Tg: B, so this argument depends
on the fact that z is defined almost globally T*B.

We can extend the Borel transform to the fractionally shifted trans-monomial spaces e %%z
X C[[z‘l]], where 7 € R\ Z, by applying the same argument to the definition at the end of

Section 3.3. We conclude, in particular, that B, [e_mz_T_l] = % for any 7 € R\ Z.

2O T

3.3.2 Change of translation chart

We will show that the Borel transform is compatible with the change of translation chart for
the Laplace transform in Section 3.1.4. To be more precise, we will show that the diagram

e7F {77l 272 273 274 L) e, {z71 272,273,274, }

ﬁc,aT lB(a

{1.G¢ ) {16 (3G}

commutes, where the functions of z are functions on the fiber T?_  B.

change chart

Proof. We want to show that B, [e**L¢ [¢"]] = (. Recall that B, is the formal inverse
of L¢, 0 on the cotangent fibre over . Thus, taking the Borel transform on both side of the
identity (3.2) we find

B, [ £alc"]) = B, £6,0[¢"] = Beo Lo [Z (+) ]

k=0

= (Z) "B, Lo 0[] =D (Z) "Gy = u
k=0

k=0

3.3.3 Action on translations in the frequency domain

Translations in the frequency domain do not play any role in our work, but they do appear in
other contexts—for example, in Laplace transform methods for difference equations. Since B
is the formal inverse of L; o, we can use the properties of the Laplace transform to deduce
how B, acts on translations in the frequency domain. Tt turns out that B, T* @ = e=“B;® for
all d € z_l(:[[z_l]]. Indeed, the following diagram

T,
{zil, 272278 274, ... } — {(z +eo) b (z4+e) 2 (z+0)3 (2 +0)74 }

ﬂgyo Bg [:(:’0 BC

{17C7<27C37"'} e—cC e_cc{17<7C27€37"‘}

commutes, where the functions of the variable z belong to the fiber T_,B. If z is a function on
the fiber over ¢ = «, then it is enough to replace B with B¢, and to use L¢, ¢ as the inverse.

3.4 The Borel and Laplace transforms as algebra homomorphisms

The Laplace transform as algebra homomorphism. The Laplace transform L , is defined
on the space of holomorphic functions in the position domain which are integrable at { = o and
exponentially bounded at infinity. This subspace of holomorphic functions on B has a C-algebra
structure, with product given by the convolution product.
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Definition 3.8. Choose a translation coordinate ( on B. Let €2, C B be an open set with the
point ¢ = « on its boundary, and let {3 C B be an open set with {( = 8 on its boundary. For
any ¢ € HL, () and o € HLY () with 0,0” € (=1, 00), the convolution product ¢ ¢ q 57
is the function on B defined by the integral

bt i= /S o(a) (') dc(a),
C,a, B3

where S¢ o5 is the path [0,1] — B? given by
<a(a) = t<a+,37 CB (a,) = (1 - t)Ca-i—B
in terms of the standard coordinate ¢t on [0, 1].

Notation. We denote ¢ o o by *¢ o for short. The definition of *¢ oo given by Definition 3.8
agrees with the standard definition of convolution [79, Definition 5.12], so we denote this oper-
ation simply by *¢.

Lemma 3.9. Take ¢ € HL,(Qa) and ¢ € HL \/(Qp), with 0,0" € (—1,00). The convolu-
tion ¢ *¢ .59 belongs to HLY yn(Qatp), where A" = A+ A and 0" =1+ 0 +0'.

Proof. From Definition 3.8, we get the bound

1
16 %cap ¥l < / (@)l ()] |d¢(a)] = / (@)1 (@) [Gas] dt,

S¢,a,8

using the fact that d{(a) = d{n(a) = d(t¢a+8) = (a+pdt in the second step. We can then bound
the right-hand side in terms of the norms of ¢ and

1
T /O 6(a) | (a)]
! A RUACD)
< N6lloall¥llor ar[Cats] /0 [Ca(a)[ et @l ¢g(a") | e 1oo (@) gt
1
_ ‘¢Ho,/\”¢”a’,A’|Ca+5‘1+a+al/ ]t’JeAt‘Ca‘W'\l—t]gleAl(l_t)KaW'dt
0

1
< |<a+ﬂ|1+a+a'e(A+A’)|Ca+ﬁ\ /O (1 — t)U, dt
< ’Ca+ﬁ‘1+U+Ule(A+A/)|<a+ﬂ‘. m

The product of two Laplace transforms based at different points is the Laplace transform of
a convolution.

Proposition 3.10. For any ¢ € HLY,(Qa) and ¢ € HLY \/(Qp) with 0,0" € (=1,00), we
have

L2 il 5cap V) = LL (612 5[0). (3.4)

More generally, this proposition holds for any holomorphic functions ¢ and i for which the
convolution and all of the Laplace transforms in equation (3.4) are well defined.

Proof. For simplicity, we will write out the proof for § = 0. The proof for general 6 is analogous.
The left-hand side of equation (3.4) expands to

£C70,5[¢ *¢a, 7/}} = /

T at8

e %S a)(a’ a
ac /Swm b (') d¢ (a),
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where S¢ o g is the path described in Definition 3.8. On this path, the equation

Ca(a) + CB (a/) = Ca—i—ﬁ (35)

holds, and the coordinates (,(a) and (g (a’) have the same argument as (,45. In particular,
over the ray J¢ o434, the coordinates (q(a), (g (a') and (o4 are all real and non-negative.® The
point where S¢ g starts has (,(a) = 0, and the point where S¢ o g ends has (g (a’) = 0.

The convolution and Laplace integrals can be combined into an integral over a real two-
dimensional wedge N¢ o g within the complex three-dimensional space B3

Learpld *¢ap ] = / e *p(a)y(a’) d¢(a) A dC.

Ne,a,s

The coordinates (,(a), (g (a’), Ca+p parameterize B3, and the real wedge N¢ 4 g is cut out by
equation (3.5) and the conditions a € J¢ o, @’ € T, Catp € [0,00). Equation (3.5) can be
rewritten as ((a) + ¢(a’) = ¢, which implies the identities

d¢(a) + d¢(d') = dc,
d¢(a) A [d¢(a) + d¢(a')] = d¢(a) Adg,
d¢(a) Ad¢(a’) = d¢(a) A dC.

We can substitute the last identity into the integral over N¢ 5 to get

Learpld *¢ap ] = / e @Ol g(a)y (') d¢(a) A d(a')

Ne,a,s

_ / @ p(a) d¢(a)] A [0 (a') d¢ ().
Ne,a,s

Thinking of M o3 as the graph of (,(a) + (g (a’) over the quadrant J:, X J¢ g, we can use
Fubini’s theorem to express the integral as the product

e e dg‘] { e % dc] . ]
/JC,B

Corollary 3.11. For any two functions ¢ € HL(2) and ¢ € HLY () with o,0" € (—1,00),
we have Lol x¢ ¥] = Leold]Leo[Y]-

On a domain 2 which is star-shaped around ¢ = 0, the convolution product *; induces a C-
algebra structure on HL, (©2). The Laplace transform L is special, because it is an algebra
isomorphism with respect to *.

L ot+pld *¢ a8 %) = [ /j
¢

NeY

Remark 3.12. When the Taylor expansions of ¢ and ¥ around ( = « converge in a disk of
radius 12, the Taylor expansion of the convolution ¢ ¢ o1 around ¢ = « also converges in a disk
of radius R. This is proven for a = 0 in [79, Lemma 5.14].

The Borel transform as algebra isomorphism. The Borel transform B is defined on the
space of formal power series z~1C [[z_l]] , which is a C-algebra, with product given by the Cauchy
product of formal power series. In addition, introducing the formal unit §, the Borel transform
can be extended to C[z7!] (including constants), as B¢(1) =: 6. Therefore, the Borel transform
is a C-linear map B: (C[[z_l]] — Co + C[¢]. In fact, since B¢ is defined as the formal inverse
of L¢p we can introduce the formal Laplace transform as the map from C[(] to zil(C[[zfl]]

SFor general @, we have the condition that (. (a), (s (a') and (o p all lie on the ray €0, c0).
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which acts as Lo on monomials ¢ k¥ and then it extends by countable linearity. As a result, we
find that the Borel transform is a C-linear invertible map whose inverse is the formal Laplace
transform.

In addition, on both C[({] and (C[[zil]] there is the natural product given by the Cauchy
product of formal power series. However, the Borel transform does not extend to a C-algebra
isomorphism, because B¢ (i’@) is different from the Cauchy product (Bgé) (Bgf[l).

To see the Borel transform as an algebra isomorphism, we must use a different product
on C[(]: the convolution product for formal power series. Let ¢ be a coordinate on B. For any
integers m, n,

gm Cn Cm+n+1

ml T (m+n+1)" (36)
Definition 3.13. We extend the convolution product *; by countable linearity to the whole
ring of formal power series C[(]

+1

n=0 j=0 n=0 j=0

n

i~

Furthermore, we define the convolution product of § with monomials § *C C—, % ¥ =

n! n!?
in other words, ¢ is the unit for the convolution.

Notice that from equation (3.6) and the definition of the convolution with §, we deduce the
convolution product is commutative with unit 4.

We can show that B; is an algebra homomorphism from C[[zil]] endowed with the Cauchy
product to C§ + C[(] endowed with the convolution product.

Proposition 3.14. Let z be a coordinate on the cotangent fiber over ¢ = 0, and ®, ¥ € (C[[z_l]]
The Borel transform B¢ is an algebra homomorphism, namely B¢ ((IJ\II) B@I) *¢ Bg

Proof. We assume ® = >°°° a,2"" and ¥ = S"°° ' b,2"". Then,

oo n n—1
Bc(é\i/) = BC(Z Zajbn—j2n> = apbpd + ZZGJ n— ] )!

n—Oj*O n=1 j=0

—a0b05+a02b ( +bOZCLn
oo n—1
Cj—l gn—j—l
Y X whes | —1)!*<<n—j—1>!}

n=1 j=1

:<a05—|—2an - ) <b05+2b )

= B ¢ B . u

Similarly, Be, is an algebra homomorphism from C [[z_lﬂ endowed with the Cauchy product
to Co + C[(,] endowed with the convolution product *¢, , where z is a coordinate on T}__ B.

Remark 3.15. If (;3, @E are convergent formal power series in (C:{C }N, their convolution product
is convergent too, and its sum is the convolution of the sums of ¢, 1, respectively, as defined in
Definition 3.8. We will discuss it in Section 3.5.1.
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3.5 Bridging the gap between formal and analytic objects
3.5.1 Formal to analytic

If we want to get analytic information from the Borel transform—for example, by doing Borel
summation—we should focus on the series whose Borel transforms converge. These series, called
1-Gevrey series, form a subspace C [[zfl]] , Within C [[zfl]] . They are characterized by the factorial
growth of their coefficients.

Definition 3.16. A series > - anz~ "1 is 1-Gevrey if there is some A > 0 with |a,| < A™n!
over all n > 0.

Proposition 3.17. A series P = Yons_q anz~ "1 is 1-Gevrey if and only if its Borel trans-
form ¢ = B¢® is convergent.

Proof. From the expression

~ Cn
¢=a-10 + Z afnﬁ,

n>0

we see that ¢ converges if and only if there is some A > 0 with |a,/n!| $ A" over all n > 0. The
constant A is the radius of convergence of ¢. |

The space of 1-Gevrey series is closed under the Cauchy product. In addition,
Be: (C[[z_l]]l — Co + C{¢}

extends to an algebra homomorphism, where C{(} is endowed with the convolution product
defined in Definition 3.13. In fact, we deduce that the Borel transform induces an algebra
homomorphism on 1-Gevrey series. Similarly, if z is coordinate on the fiber over ( = «, the Borel
transform B, induces an isomorphism between (C[[zfl]] , endowed with the Cauchy product,
and Cd + C{(,} endowed with the convolution .

3.5.2 Analytic to formal

Consider an open set  C C that touches but does not contain ¢ = 0.” The spaces HLE,?A(Q)
from [45] are convenient for analytic discussions of the Laplace transform, as we saw in Sec-
tion 3.2.1. To study Borel summation, however, we also need to take shifted Taylor expan-
sions around ¢ = 0, turning holomorphic functions ¢ € ’HLZ?A(Q) into convergent power se-
ries ¢ € (PC{¢} with p > o. The following discussion, leading up to Lemma 3.18, will help us
stay within a subspace of HL?, (2) where the shifted Taylor series exists.

If a function on @ has an ordinary Taylor expansion in C{(}, summing the series extends
the function to a neighborhood of { = 0. The subspace of HLZ?A(Q) where the ordinary Taylor
series exists can thus be seen as the intersection O¢—o NHL%) (), where O¢—, is the algebra of
germs of holomorphic functions at (. More generally, for any p > o, the subspace of HLZ, (Q)
where the p-shifted Taylor series exists can be seen as the intersection (?O¢—n N HLZ) ().

To study this subspace, it will be helpful to work on the universal covering 7: C* — C*.
On a simply connected open set T C C* that touches ( = 0, a function has an ordinary Taylor
expansion around ¢ = 0 if and only if it descends and extends to a holomorphic function on
a neighborhood of ¢ = 0 in C. Thus, once again, we can see the subspace of HL:° (1) where
the p-shifted Taylor series exists as the intersection (?O¢—p N ”HLZ?A(T). 7

"We say that a subset of a topological space touches the points in its closure. This is a way of expressing the
nearness relation associated with the topology [59, Chapter 5, Definition 2.11].
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Lemma 3.18. Consider a simply connected open set T C C* which touches ¢ =0 and is star-
shaped around ( = 0. Suppose that m: T — C* overlaps itself at the edges: it is two-to-one over
a simply connected open set Yo C C* which is star-shaped around { = 0, and it is one-to-one
everywhere else.

Figure 8. The domain T at ( = a.

For any o € R, A € R, and non-integer p > o, the intersection (*Oc=o N HLZ)\(T) is a closed
subspace of HLZ, (T).

Proof. Each point b € TA has two preimages by,b_ € T, where by is 2w counter-clockwise
of b_ around ¢ = a. The variation operator var: HL\ (T) — HL) (T a), defined by® var go‘b =

¢(bs) — ¢(b—) is bounded. A function in HLY) (T ) descends and extends to a function on
a neighborhood of ( = 0 in C if and only if it lies in the kernel of var — ( 2mip _ 1). This operator
is bounded, so its kernel is closed. |

Taylor expansion and summation form a two-way link between holomorphic functions and
formal power series. For regular enough functions, the formal Laplace transform preserves a one-
way vestige of this link: it turns Taylor expansions on the position domain into asymptotic
expansions on the frequency domain.

Lemma 3.19. Let 2 be an open sector with ( = 0 at its tip, and an opening angle of ™ or less.
Take some p € (—1,00). If ¢ € HL?\ () is the sum of a power series ¢ € C”C{C} then its
Laplace transform & = EC 0P 18 asymptotzc to the formal Laplace transform & = £C 0P on the
domain QA defined in Section 3.2.1.

Remark 3.20. This result is similar to [79, Theorem 5.20]. It is weaker in that it does not es-
tablish Gevrey asymptoticity, but stronger in that it can be applied to functions with fractionally
shifted Taylor expansions.

Proof of Lemma 3.19. By adding points within the disk around ¢ = 0 where ¢ converges,
expand €2 to an open set T C CX of the kind used in Lemma 3.18, Figure 8. Write ¢ out in the
form

_ Cp Cerl <p+2 Cp+3

PO T T T+ | Tt
observing that

z ao ai az as

@:

+ N

2p+1 2pt2 2p+3 2pt4

8The target of the variation operator is a space of functions on Ta because the variation is defined only on
the overlap. Our notation follows the convention of [79], described before Definition 6.46.
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For each n € Z>, define the tail sum e, € HL3, A(T) by the equation

Cp Cerl Cernfl
+a +- - tap 15— —
T(p+1)  "'T(p+2) "'T(p+n)

¥ = ao + en.

Taking the Laplace transform of both sides, we learn that

agp ai Ap—1

St ot

P —

+ En,

where E,, = Eg}oen. To show that ® is asymptotic to ®, we just need to prove that |z**"E, | — 0
as |z| — oo along every ray.

Because of the conditions we put on {2, we can apply Proposition 3.5, which tells us that £,
lies in HL™, 4 (Q3). This means that |E,| < A=P7"=1" where A is the distance to the
boundary of Qé\. Observe that Qg is a union of half-planes, the distance to the boundary of
each half-plane increases linearly along any ray that intersects the half-plane, and A is the
infimum of these distances. From this, we can deduce that |z|/A goes to a constant limit
as z — oo along any ray that intersects ?26\.9 We then reason that

[P B| S [P AT = (fa] /A TATL S A

along any ray that intersects flé\ This, as discussed above, proves the desired result. |

3.6 Action on fractional derivatives and fractional integrals

In this subsection, we will consider the action of B; and L with respect to the action of
derivatives in both the frequency and position domains, as well as fractional integrals and deriva-
tives 82"0 in the position domain. This will be useful in Section 5.

In our treatment, we will restrict the Borel transform to the space of 1-Gevrey series and the
Laplace transform to HL, (2a) with 0 > —1 and A > 0, for some domain Q, as in Figure 5.

Definition 3.21. For v € (—o0, 1), the fractional integral 82’;1 is defined by

v—1, . 1
U @:= ri1-v)

where S¢, is the line segment from ((a) = o to ((a) = (.

/ (€ — (a)) ¥ (a) dC(a),
SC}Q

The fractional integral obeys the semigroup law [80, Section 1.3] 85\7068% o= (92‘;“ , A€
(—00,0), and agrees with ordinary repeated integration when v is an integer [80, equation (35)].
For p € (0,1) and integers n > 0, fractional derivatives 8”;;“ are defined by composing 8Z 61
with powers of a%. However, 85’ al and a%ﬂdo not commute [80, equation (54)]. Various ordering
conventions give various definitions of 8< g” ¢, which differ by operators that act on the germ

2

of ¢ at zero (see [80, Section 1.3] and [88]). We will use the Riemann—Liouville convention.

Definition 3.22. For p € (0,1) and integers n > 0, the Riemann—Liouville fractional deriva-
tive 823” is defined by

N 8 n+1 1
L A, H—
i - (2)" 2

9The constant limit is not uniform over all rays, so we are showing that ® is asymptotic, but not necessarily
uniformly asymptotic, to ®.
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The symbol 82”70 is now defined for any p € R~ {0,1,2,3,...}. It denotes a fractional integral
when p is negative, and a fractional derivative when p is a positive non-integer.

The Riemann—Liouville fractional derivative is a left inverse of the fractional integral, in the
sense that 86\7085 8‘ is the identity for all A € (0, 00). This extends the semigroup law

0200t = ag,gu, AeR~{0,1,2,3,...}, pe(—00,0).

Proposition 3.23. For any ¢ € HLY, (?) with o > —1 and A > 0, we have
(1) for fractional derivatives: L¢ g [82‘(@] = 2FLeo¢ for every p€ (0,1);
(2) for fractional integrals: L¢ [82‘70¢>] = 2 e o for every X € (—o0,0);
(3) for whole derivatives: L [(a%)ngzﬁ] =2"Leo¢ foralln € {1,2,3,...}, under the condition
that ¢, oM &™) all vanish at ¢ = 0;
(4) for monomial multiplication: L [C"gb] = (—%)nﬁg()d) for everyn € {0,1,2,3,...}.

Proof. Results (1) and (2) follow from the properties of the Laplace transform with respect to
the convolution product. For every 7 € (—o0,0) U (0,1),

—7—1 —7—1 _la —7—1
s = oo 15 | o =[5 o] = [ SR —otwac
¢,0
—7—1
=Lco 8 (CFC((f)T))QXG) d¢(a) = L¢0[0Fo¢],
¢,0

where S¢ is the line segment from ((a) = 0 to ((a) = ¢. Result (3) is proven by repeated
integration by parts, with the condition on ¢©, (1) ... (" ensuring that the boundary terms
vanish

Lo = /0 e mpdC = (1) /0 o]0 d¢ = Leo[ord)-

Result (4) is also proven by repeated integration by parts, with the assumption that ("¢ €
HLE,?A(Q) ensuring that the integral converges. |

Lemma 3.24. For any non-integer p € (0,00) and any integer k > 0,
—(k+1 —(k+1
08 B [+ = B [a#2= ],

Proof. Because every operation in the statement maps monomials to monomials, we do not
need to distinguish carefully between formal and analytic arguments. Using a mostly ana-
lytic argument, we will show that for any u € (0,1) and any integer n > 0, the claim holds
with p = n + «a. First, evaluate

¢ a)k
0y el ] = s [ ) gt )
1 ! _
- F T L € e car
B ¢h=(u=1) 1 Ly B ¢h=(=1)
_F(l—u)F(k+1)/0(1_t) tkdt_F(k:—(,u—l)—Fl)

by reducing the integral to Euler’s beta function [84, identity (5.12.1)]. This establishes that

P n+1 . _(ea1)] Ck—(n—‘—,u)
(5) %8l = e o (3.7)
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for n = —1. If (3.7) holds for n = m, it also holds for n = m + 1, because

2 2 m—+1 1 . (ket1) o Qk—(m-ﬂt)
aclag)  %omlM =g (k= Gm+ )T (k— (m + 1)

Ch=(m+1+p)

- Tk = (m+p)
Hence, (3.7) holds for all n > —1, and the desired result quickly follows. The condition p € (0,1)
saves us from the trouble we would run into if £ — (m + p) were in Z<q. This is how we avoid
the initial value corrections that appear in ordinary derivatives of Borel transforms. |

We can now prove the properties of the Borel transform analogous to the one of the Laplace
transform from Proposition 3.23.

Proposition 3.25. For any 1-Gevrey series ® € (C[[z_l]]l, we have
(1) for fractional derivatives: B [z“i)] = 8ZOBC&) for every p € (0,00);
(2) for fractional integrals: By [z’\i)] = 827015’(&) for every A € (—o0,0);
(3) for whole derivatives: B [85@] = (—()kl’)’cé forallk € {0,1,2,3,...}, under the condition
that € z—*=1[z-1],.10
Proof. Result (1) follows from Lemma 3.24. To prove result (2), first notice that for A € R,
k!
A ok k=X
Xo¢" =6 T(k—A+1)

Then, given a series ® = ~;anz™", we compute

|

B n—A>A | _
8] = S oy = S gy = D e -

n>0 n>0 n>0

using the fact that Bgtf is convergent in the last step.
Finally, result (3) follows from a simple computation

Be[ore e
n=k+1 n - 1)'
Nk o0 ) (n+k—1) (k-1 . 0 ) ot
= (=¢)* B .

4 Proof of main results

4.1 Borel regularity for ODEs

In Section 4.1.1, we show that linear level 1 ODEs of a certain form always have Borel regular
solutions, indexed by the characteristic roots of their constant-coefficient parts. These solutions
turn out to be asymptotic to the formal series solutions found by Poincaré.

In Section 4.1.2, we will look at the same class of ODEs from a more formal perspective,
starting from the assumption that Poincaré’s solutions exist and their Borel transforms converge.
Using the existence and uniqueness results that characterize the Borel regular solutions, we give
a new proof that Poincaré’s solutions are Borel summable.

10This property holds for all series in (C[[zil]], even ones that are not 1-Gevrey.
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4.1.1 Regularity results

Let us recall the setting from Section 1.2.2. Let P be a linear differential operator of the form

P=r(5)+10(5 )+ 2RE). (4.

where

(1) P is a monic degree-d polynomial whose roots are all simple;
(2) Q is a degree-(d — 1) polynomial that is non-zero at every root of P;

(3) R(z_l) is holomorphic in some disk |z| > A around z = oo. In particular, the power
series R(z71) = Yo Rz ~J converges in the region |z| > A.

For each root —a of P, let P, be the Volterra operator
Pa 1= P(=¢) + 074 0 Q(=C) + 0.2 0 R(97,,), (4.2)

and define the constant 7, : g,(( a)). From [45, Lemma 4.3], we know that if ¢, satisfies the
equation ’PO/(/JQ = 0, then its Laplace transform ¥, := £C oVa satisfies the equation P¥, = 0,
as long as the Laplace transform is well defined.

We can now pick out some special solutions of the equation P¥ = 0, which are associated
with roots of P. We will see in Corollary 4.3 of Theorem 4.2 that these solutions are Borel
regular.

Theorem 4.1 (restatement of Theorem 1.5). Choose a root —a of P where 74 is real and
positive. Choose an open sector Q2 which has an opening angle of ™ or less, has { = « at its tip,
and does not touch any other root of P(—Q\. The equation P¥ = 0 has a unique solution Vq in
the affine subspace e~ ** [Z_T" +HL>, 4 (Qa)] of the space e C“ZHL‘X’ (Q’) in Definition 3.4.

Figure 9. The sectorial domain €),,.

Proof. After rescaling by a constant, [45, Theorem 4.6) tells us that the equation Pathg = 0
has a unique solution 1, in the affine subspace $ ty T ML o(Qa) of the space HLY 4 (Qa).
The same is true on any smaller sector created %oy shavmg a Sector off each edge of Q By
Theorem 3.2 and the results of Section 3.2.1, the Laplace transform Eg’ . 1s a left-invertible
map HLYL ((Qa) = e *HL>®, _(Q5). With ¥, = ﬁg,a¢a7 the desired result follows. |

Theorem 4.2 (restatement of Theorem 1.6). The analytic solution Wq from Theorem 4.1 is the
Borel sum of a formal trans-monomial solution ¥, € e_o‘zz_Ta(C[[z_l]] of the equation P¥ = 0.
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Proof. Take an open sector {1, of the kind used in Theorem 4.1, and expand it to an open
set T C C* of the kind used in Lemma 3.18. Our arguments in [45] took place on C, but
they work just as well on a covering space like C*. We can therefore use [4o Theorem 4.6]
to show that 75a¢a = 0 has a unique solution ), in the affine subspace “( ) +HLY o(7)
of the space HL:Z?L.(T). Restricting this solution to €, gives the analogous solut1on from
the proof of Theorem 4.1, as we can see from the uniqueness part of [45, Theorem 4.6]. To
express Vo, = L¢ 414 as the Borel sum of a trans-monomial, we first need to express v, as the
sum of a convergent power series. We will do this by showing that 1, lies in (Zo~1O(7Y).

For convenience, let p = P(—() and ¢ = Q(—(). To prove [45, Theorem 4.6], we rewrite the
equation Pa f =0 as a regular singular Volterra equation f = Vf that satisfies the conditions
of the underlying existence and uniqueness result [45, Theorem 1.6]. The operator V¢ is the
sum of the “prototypical” part Vi = —% ) 85; o q and the perturbation V¢ = % ) 853 o R(@C_é)

Let us run through the proof of Theorem 1.6, specialized to the case we consider in Theo-
rem 4.6. First, picking an arbitrary point b € €2,, we show that the prototype solution

mmzabwdgﬂﬁm@

lies in the space HLZ _;, (T) and satisfies the equation fy = V§ fo. We then look for a pertur-
bation f, that makes f = fy+ fx a solution of the Volterra equation we are trying to solve. This
is equivalent to solving the inhomogeneous equation

fe= foO +V fa. (4.3)

The central idea of the proof is to show that V' maps fy, and in fact all of HL ; ,(7),
into HLS o(T), and that V¢ is a contraction of HLZ® ,(T) when A is large enough. It follows,
by the contraction mapping theorem, that equation (4.’3) has a unique solution f, in HL® , (7).
More explicitly, we can solve equation (4.3) by fixed-point iteration. Defining ’

O —vyep D =y v p@ f@ oy opepd)
fO =vyeg @

we get a sequence of functions that converges in HL® , (T) to a solution fi.
In [45, Section 3.2.1], we rewrite the prototype solution in the form

1 (Cala)\™ (e,
wo) =55 (&) oo [ (52 e,

which shows that it represents a germ in (7>~ 1(94 «- By working with Taylor series, we can
show that V¢ rnap (Ta 1O<_a — ("*O¢=q and V* maps ((*O¢—, to itself. It follows that
the sequence f* f* f* ,... lies in (J*O¢—q NHLZ 4 (T), which by Lemma 3.18 is a closed
subspace of HL° , (7). The 11m1t f«, which satisfies equatlon (4.3), therefore represents a germ

W O¢—q- Recalhng that the prototype solution represents a germ in (7o~ 1(9420“ we can
deduce that 1, represents a germ in (Jo~ 1O< o too.

We now cross over into the formal world, expanding ¢, as a shifted Taylor series wa
¢7=—1C{¢}. By definition, the formal Laplace transform ¥, = Le, ol lies in e _Ta(C[[z_l]]

When we take the Borel sum of ¥, we start by retracing the construction steps described
above. The Borel transform inverts the formal Laplace transform, bringing us back to 1/10” and
summation then inverts the Taylor expansion, bringing us back to ¢,. We finish the Borel
summation by taking the Laplace transform Eg oo, giving ¥, by definition. |

Corollary 4.3 (restatement of Corollary 1.7). The analytic solution Uy from Theorem 4.1 is
Borel reqular. This is because ¥, is asymptotic to the formal solution V. from Theorem 4.2.
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Proof. In the proof of Theorem 4.2, we showed that the position-domain solution v, €
HLY 1 () is the sum of a shifted Taylor series o € (TQ_I(C{( }. Since ¥, is the Laplace
transform of Vo, and ¥, is the formal Laplace transform of ¥, Lemma 3.19 tells us that U,
is asymptotic to U,. Taking the Borel sum of ¥, gives us back U,, by construction, so ¥, is
Borel regular. |

4.1.2 A new proof of the Borel summability of the Poincaré solutions

In [89], Poincaré described a formal way to solve the equation P® = 0 for an operator of
the form (4.1). Choose a root —a of P and look for a formal solution W, in the space
e_zaz_Tﬂ(C[[z_l]], recalling that 7, := g/((:z). Once the leading coefficient of U, is chosen,
the rest of the coefficients are determined, and can be found order by order. The Ramis index
theorem guarantees that W, will be 1-Gevrey [90].

We have come this far in our discussion of Poincaré’s method through formal reasoning in
the frequency domain. From here, there are various ways to show that ¥, is Borel summable.
We do it by using [45, Theorem 4.6] to show that the relevant integral equation in the position

domain has a unique analytic solution.

Theorem 4.4. Choose a root —a of P where 14 is real and positive. Choose an open sector 2,
which has an opening angle of ™ or less, has { = « at its tip, and does not touch any other root
of P(—(). If a 1-Gevrey trans-monomial U, € e*ZO‘z*T“(C[[zfl]] | satisfies the equation PU, =0,
then it is Borel summable at o along any ray in Q, and its Borel sum is a scalar multiple of
the analogous analytic solution W, from Theorem 4.1.

Proof. By Proposition 3.25, the Borel transform ¢, = Bg « is a formal solution of the equa-
tion Pathe = 0, where P, is the operator (4.2). By Proposition 3.17, the series Yo cOnVErges
to a holomorphic function wa on some open set Qpear created by restricting 2, to a small disk
around of ( = «. Since the integrals in 750[1&04 converge absolutely, 1[1(1 satisfies the same equation
that its Taylor series does: Aad}a = 0.

Since the series wa lies in ¢Jo~'C{(,}, the function wa lies in ¢7*~'O(Quear). Since Qpear is
bounded, this implies that wa lies in c(To1 + HLY. o(near), where ¢ is the leading coefficient
of ¥g. We know from [45, Theorem 4.6] that the equatlon Pap = 0 has a unique solution in
the affine space (To~! + HLY (Q ). The same theorem applies on the domain Qyear, where its
uniqueness provision shows that wa and ¢y, must match. This means, in particular, that @ba
can be analytically continued throughout Q, and it is uniformly of exponential type on that
sector. Thus, Tﬂa has a well-defined Laplace transform along any ray ‘7C in 4, meaning
that ¥, is Borel summable along any such ray. Recalling how the solution ¥, was constructed
in Theorem 4.1, we see that the Borel sum of U, is ¢0,,. |

4.2 Borel regularity for thimble integrals

Let us recall the setting from Section 1.2.2. Let X be a 1-dimensional complex manifold equipped
with a volume form v € Q'9(X) and a holomorphic function f: X — C with non-degenerate
critical points. Let I, be the thimble integral

I, = /c@ ey, (4.4)

where C? is the thimble through the critical point a. Let a be the associated critical value, f(a).
In this subsection, we will prove that thimble integrals of the form (4.4) are Borel regular. The
first step is to rewrite I, as the Laplace transform of a function ¢, which is given explicitly by
the well-known formula that we will call the thimble projection formula.
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Lemma 4.5 (adapted from [86, Section 3.3]). A function v, with I, = Lgaba is given by the
thimble projection formula

0
lg = 3C</cg(<) v), (4.5)

where C2(C) is the part of C? that goes through f_l([oz, Ceie]). Notice that C(¢) starts and ends
in f1(C)-

Remark 4.6. In [86], Pham describes this formula in a slightly different form, integrating the
variation of v/df, instead of differentiating the integral as we do in equation (4.5).

Proof of Lemma 4.5. We first recast the integral I, into the position domain. As ( goes
rightward from a with angle 6, the start and end points of C?(¢) sweep backward along C; (¢)
and forward along C; (), respectively. Hence, we have

L, 1endCeO)
Ia:/ e‘zfy:/ e ¢ [} d¢.
cf N df start C9(¢)

¢a

Noticing that the right-hand side is a Laplace transform, we learn that

v end CY(¢)
lg = [} . (4.6)
df start C?(¢)
This is equivalent to the expression for ¢, proposed in equation (4.5). |

We will now prove that I, is Borel regular.

Theorem 4.7 (restatement of Theorem 1.10). If the integral defining I, is absolutely convergent,
then I, is Borel reqular. More explicitly,

(1) The function I, has an asymptotic expansion I, := o P1,, which lies in the space e 273

X (C[[zil]]. Here, 0 is the direction of the ray jga that defines the thimble and o = f(a).

(2) The Borel transform iq := Bgfa converges near ( = a.

(3) The sum of i, can be analytically continued along the ray jcea' Its Laplace transform along
that ray is well defined, and equal to I,.

Proof. Since f has non—degenerate critical points, we can find a holomorphic chart 7 around a
with %72 = f —a. Let C; and C; be the parts of Cg that go from the past (—e_iooo) to a and
from a to the future (+e_ieoo), respectively. By changing the sign of 7, we can arrange for it
to be valued in (—o0,0] and [0,00) on C; and CJ, respectively. Since v is holomorphic, we can
express it as a Taylor series v =)~ b% 7"d7 that converges in some disk |7] < e.

We write ~ to say that two functions are asymptotic to all orders. By the method of steepest

descent,!!

2
ezaIa s / e 7T /2V
TE[—¢,€]

as z — 00. Plugging in the Taylor series for v, we get

€ €
eza-[a ~ / e7272/2 Z bgnTm dT = / 67272/2 Z bgn7'2n dT.

-€ m>0 - n>0

"The details can be found in [78]: follow the proof of Proposition 2.1 in through equation (2.9).
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Applying the dominated convergence theorem on the right-hand side, we deduce that'?

T, ~ Z b / 67272/27271 dr

n>0
2k—1
=" (n— 1), [mzww erf(ey/2/2) — 2072 Y oL
n>0 keN+( -
k<n

. 2 . .
The annoying e *¢ /2 correction terms are crucial for the convergence of the sum, but we can

get rid of them and still have a formal series asymptotic to e **1,. In other words,

e“*1, ~ \/%Z(Qn — )N, 2~ FL/2) erf(ey/2/2).

n>0

To see why, cut the sum off after N terms, and observe that

N %1 N
Z(Zn - 1)!![)‘21”267'%2/2 Z ﬁz”ﬁk*l < 2¢~ Re(2)%/2 2(271 — NG, nlz| ™.
n=0 keNy a n=0

k<n

The right-hand side goes to 0 as Re(z) grows. The differences 1 — erf (a/z / 2) shrink exponen-
tially as z grows [21, inequality (5)], allowing the simpler estimate

™I, ~ V21 Y " (2n — 1)lIbg, 2~ (/).

n>0

Hence, defining the formal series I,

I, = e 202712 /on Z(Qn — g, 27"

n>0

we get I, € e 2@z~1/2C [[z_l]]. This ends the proof of part (1).
Using the properties of the Borel transform acting on trans-mononials (see Section 3.3.1) we
get

+7
C;Z n+3
lo = V21 ZZn—l”b —\/72 mCa 2.
n>0 ( + ) n>0 \/>
We know from the definition of ¢ that |b%|e™ < 1, thus we deduce that 7 has a finite radius of
convergence. This ends the proof of part (2).

The proof of part (3) relies on the thimble projection formula (4.5): we will show that the
Taylor expansion of ¢, at ( = « agrees with 7,. We can rewrite the Taylor series for v as

V_Zba (n 1)/2df

n>0
taking the positive branch of the square root on C; and the negative branch on C, . Plugging
this into our expression for ¢, (in Lemma 4.5), we learn that

end Cq (€)

la = {Z b [2(f — a)](ml)/Z} — Z b (12Ga] D72 — (—1)m 1 [2¢,) (M /2)

m>0 start Cq (¢) m>0

12Notice that the sum over k is empty when n = 0. Following convention, we extend the double factorial to all
odd integers by its recurrence relation, giving (—1)!! = 1.
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:Zzbg 2((1” 1/2 Z2n+1/2ba Cn 1/2

n>0 n>0

In particular, 7, can be analytically continued along jg ., and its sum is given by ¢4. |

Remark 4.8. For some applications, it is more convenient to work with ®, := 2~1/2I,, whose
asymptotic series has integer powers. The argument we use to prove of Theorem 4.7 can also
be used to show that ®, is Borel regular, but the thimble projection formula is trickier in this
case. Proposition 3.23 tells us that &, = E‘é o@a for g 1= 84_7 Cl/ 2La. To get the thimble projection
formula for ¢,, take the 1/2 fractional integral of both sides:

—1/2 L, 1 9
¢a = 0, ala = =0, o / V] = / v — / V.
¢ “ea¢ o) Jes

The second term vanishes because C?(«) is a single point, leaving ot o ¢a = fcg v. The 1/2
fractional derivative is a left inverse of the 1/2 fractional integral. Applylng it to both sides, we
find that ¢u = 92 (Joo(c) ¥)-

Remark 4.9. We can use the thimble projection formula to show that each function ¢, is
resurgent, in the sense of Ecalle [40, Section 1]. Let J,(3) be the straight path from ¢ = a
to ( = S in C. As long as this path avoids the critical values of f, it lifts uniquely along f to
a path 02(6) in X. This lets us analytically continue fcg oY to a star-shaped domain €, C C.
Intuitively, ), is constructed by drawing rays from ¢ = « through all of the other critical values,
and then cutting C along the parts of those rays that go from the other critical values to { = oo,
as shown in Figure 10.

Figure 10. The domain .

Initially, the function fCa( oY is only defined for ¢ on the ray [«, 00), but it can be analytically
continued to points off the ray by homotopy of the path C,({). Since v is holomorphic, the only
way for fcg OV to become singular is for something to go wrong with the homotopy of C,(¢),
which can only happen at the critical values of f. Therefore, C,({) is endlessly analytically
continuable away from the critical values of f. Resurgent functions have resurgent derivatives,'?
SO Lq 18 resurgent too.

13This is because analytically continuing a function to a given open set automatically continues its derivative
to the same open set.
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Remark 4.10. When f and v are polynomials and X is N-dimensional, a result of Pham [86,
equation (2.4), 2eme Partie] gives us an explicit expression for the singularity of the function ¢,
from Lemma 4.5. For some coefficients ¢, which depend on f, v, and the thimble C?, we have

[e.e]
N(N-1) _ _
lg € (1) 2 - E ck(séaN/Q k) + O¢=a,
k=0

where the singularities

/-1
[ — o Y T Zoo,
50 . —Qwue_])!og@ )+ Ocea ifLEZsyg
g,a T (_Ca)f—l f E Z
m T Oc=a if £ ¢ Zo.

can be seen as fractional derivatives of the Dirac delta distribution. In particular, if N = 1,
the inverse Laplace transform of the function I, from equation (4.4) has a singularity of the
form C;/ 2, as we compute explicitly in the proof of Theorem 4.7.

5 Examples

5.1 Airy
The Airy equation is

6 2
— | —y|P=0.
<0y> y]
One solution is given by the Airy function,

. 1 1
Aify) = 5~ / exp (3t3 — yt) dt,
Y

where 7 is a path that comes from co at —60° and returns to oo at 60°.
With the substitution ¢ = 2uy'/2, we can rewrite the Airy integral as

1 2
Ai(y) = y'/?= /6‘9 exp [Sygﬂ (4u® — 3u)] du, (5.1)
1

1

where Cf is the contour that passes through the point u = % and projects to the ray ng under
the mapping —( = 4u® — 3u. The contour and its projection are shown in Figure 11.

Note that 4u® — 3u is the third Chebyshev polynomial. By considering other Chebyshev poly-
nomials, we can situate the Airy function within the family of Airy—Lucas functions. Treating
these functions as a family adds more insight than complexity, so we will go straight to the gen-
eral case. However, since the Airy function is a classic example in the study of Borel summation
and resurgence, it may be worth seeing on its own. In Appendix A, we give a detailed treatment
of the Airy function, specializing our arguments.

5.2 Airy—Lucas

The Airy—Lucas equation is

d\? L0
(75) ~m- vy —v oo
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///////

Figure 11. The ray jg{g in the ¢ plane and its preimage Cf/s in the u plane. The upper and lower
halves of the  plane are coloured light and dark, so their preimages form a checker pattern on the u
plane. The region Re(¢) > 3 and its preimage in the u plane are shaded.

with n € {3,4,5,...} and m € {1,2,...,n—1}. A few solutions, indexed by j € {1,...,n— 1},
are given by the Airy—Lucas functions [20, equation (3.6)]

ey . . m/2 9
Ritna) = {1 7 om b [ x| 227,00 Uea () (5:2)
s

1 j even T

where C? is the contour that passes through the point u = COS(%?T) and projects to the ray jg 11
under the mapping —( = T,,(u). The ray starts at the critical value 1 when j is odd, and —1
when j is even. To ensure that the integral converges, § should be near —§ arg(y). Figure 12
shows the contours C?, at a suitable 6, in the n = 5 case.

Figure 12. The integration contours CT/S, e ,CZ/S for the Airy—Lucas functions with n = 5. The dark

and light thimbles are the preimages of the rays jg {8 and jgf é 81, respectively.

5.2.1 Rewriting as a modified Bessel 7 equation

We can distill the most interesting parts of the Airy—Lucas function by writing
—~() _ 2S1nh(%lﬂ') 1 .7 odd m/2 1 (7) 2 n/2
Aln,m—l(y) - T 1 J even Yy Km/n gy )

where

G o __m
KS() = oo ) /C Pl (1)U (1) du. (5.3)

J
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Saying that 7{\12 )m,I satisfies the Airy—Lucas equation is equivalent to saying that K fi}n satisfies

the modified Bessel equation with parameter 7

HORS SO

Let us put equation (5.4) in the form P® = 0 with P as in equation (4.1)

:[(i>2—1 Ll <m>2z_2] o = 0. (5.5)

0z n
5.2.2 Asymptotic analysis

® =0. (5.4)

From the work of Poincaré and the Ramis index theorem, as discussed at the beginning of Sec-
tion 4 1.2, we know that equation (5.5) has a frame of formal 1-Gevrey trans-monomial solutions
{em@#2 W, | a® = 1 =0}, where 7, = 1 2 and W, € C[[=~ ],- From [84, equations (10.40.2)
and (10 17.1)], we learn that K, /, ~ (2 e 212, with

1_m\y (1L m 1_my (1, m 1, my (1, m
WI —1- (2 nz)ll(f‘—i_ n)lz—l + (2 n2)22(§‘+ n)2z—2 _ (2 + n2)33(§‘+ n)?,z—?)

S

The holomorphic analysis in Section 5.2.3 will give us holomorphic solutions {e*"‘zz*”l Wy |
a?—-1= 0}, which seem analogous to the trans-monomials above. Borel summation makes the
analogy precise. We will see in Section 5.2.6 that each z77W,, is a scalar multiple of the Borel
sum of z~™TW,, as required by Theorem 4.4.

5.2.3 The big idea

We are going to look for functions v, whose Laplace transforms L¢ ,v, satisfy equation (5.5).
We will succeed when o? — 1 = 0, and we will see that K, /n 18 a scalar multiple of L¢ jv;.

By the properties of the Laplace transform laid out in Proposition 3.23, a function L v
satisfies the differential equation (5.5) if and only if v satisfies the integral equation

:[CQ —1] =9 lo¢ - (%)2 agi] =0. (5.6)

It is tempting to differentiate both sides of this equation until we get

_<§C>20[g —1] - E?C g—(:ﬂv:o, (5.7)

which is easier to solve. Unfortunately, an analytic solution of equation (5.7) will not satisfy
equation (5.6) in general. However, as we show in Appendix B, a solution of equation (5.7) will
satisfy equation (5.6) if it belongs to (¢ — &) O¢—, for some o € (—1,0).

This is good news, because equation (5.7) has a regular singularity at each root of (2 — 1, and
the Frobenius method often gives a solution of the desired kind at each regular singular point.
We can see the regular singularities by rewriting equation (5.7) as follows

(@) ke b e

In Sections 5.2.4-5.2.5, we will see this approach succeed. For each root «, we will find
a solution v, of equation (5.7) that belongs to (¢ — @)™ 1O, for some constant 7, € (0,1).
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We will express v, explicitly enough to see that it extends to a function in HLY ; ,({4) on
any sector €2, that has its tip at ( = o« and does not touch the other roots (see Flgure 9). We
will also be able to see that v, is uniformly of exponential type A for any A > 0. It follows
by Proposition 3.5 that for any ray /N 9 in Q,, the Laplace transform E oVa is a well-defined
element of HLOO (QA) that satisfies equatlon (5.5). Using the techmque from the proof of
Lemma 3.19, we can see more precisely that CQ oVa belongs to

e L HLX (QR)

for some non-zero constant ¢, confirming the existence part of Theorem 4.1.

We know from Section 3.1.4 that EC JVa =€ ¥V, for Vo = EC oVa and C = a + (. Ob-
serving that multiplication by z7 7 gives an isometry 7-[L°° (QA) — HL*>, (QA), we can do
the further decomposition L¢ (v, = e~ **27 7« W, where W, is a bounded holomorphic function
on QA

5.2.4 Focuson ¢ =1

Let us find a germ in (¢ — 1)™ 1Oy, for some 71 € (0,1), that satisfies equation (5.7). Define
a new coordinate ¢; on C so that ¢ =1+ ¢;. In this coordinate, equation (5.7) looks like

G2+ ) <68C1>2 +301 +<1)88<1 n [1 - (’:)2]] v=0.

With another change of coordinate, given by (; = —2&;, we can rewrite equation (5.7) as the
hypergeometric equation

[&(1 &) < (Z* )2 35 ‘fl’agl [1- (’:)QH v=0.

Looking through the twenty-four expressions for Kummer’s six solutions, we find one [84, for-
mula (15.10.12)] that represents a germ in §f1/2051:0

—1/2 1 m1 m1 —1/2 1 m1 m1 1
— Pl 2422 - _ Pl 422 -
& 21<2 5 T 58 > V2, o 5~ T 5Tk
From the expression above, we can see that v; has only two singularities in the complex
plane: one at ¢; = 0 from the factor of (; v 2, and one at (; = —2 from the hypergeometric

function. Therefore, v; is holomorphic throughout the sector Q1 = C ~ I o Since v; has
a power law singularity at oo, it is uniformly of exponential type A for any A > 0. Therefore, it
belongs to the space HL> A(€1) for all A > 0. By thinking about its shifted Taylor expan-
sion around (; = 0, we can see more precisely that v; belongs to —iv/2(; 124 HLl/QA(Ql) for
all A > 0. As discussed in Section 5.2.3, we conclude that v has a well-defined Laplace transform
along any ray from ¢ = 1 except the one going directly left. Its Laplace transform can be written
as Eg’lvl = e %2~ Y2W,, where W] is a holomorphic function on the slit plane z ¢ (—oo, 0] which
is bounded outside any constant-radius neighborhood of the ray z € (—oo, 0].

5.2.5 Focuson ¢ = —1

Let us find a germ in (¢ + 1)™1"1O¢__4, for some 7_1 € (0,1), that satisfies equation (5.7).
In the rescaled coordinate from Section 5.2.4, this is the point £&; = 1. Looking again through
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Kummer’s table of solutions, we find another expression [84, formula (15.10.14)] that represents
a germ in (1 — &)7Y20¢ -,

where (_; is the coordinate with ( = —1 + (_;. By the same reasoning as before, v_; is
holomorphic throughout the sector 2_1 = C ‘781 o» and it belongs to the space

V2P UL, A ()

for all A > 0. It has a well-defined Laplace transform along any ray from ¢ = —1 except the
one going directly right, and its Laplace transform can be written as £g 1 = €%z —12w_y,
where W_; is a holomorphic function on the slit plane z ¢ [0, c0) which is bounded outside any
constant-radius neighborhood of the ray z € [0, 00).

In this example, v; and v_1 happen to be related by a symmetry: the Mobius transformation
that pulls ¢ back to —¢. Kummer’s solutions typically come from six different hypergeometric
equations, which are related by the Mobius transformations that permute their singularities. In
our case, though, exchanging 1 with —1 keeps equation (5.7) the same.

5.2.6 Abstract argument for Borel regularity

The analysis in Sections 5.2.3-5.2.5 picks out a frame in the space of analytic solutions of (5.5).
The frame is generated by solutions of the form L¢ v; and L _jv_1, with v, € HL™ =12, ().

The Poincaré algorithm, as discussed in Section 5.2.2 picks out a frame in a space of formal
solutions of equation (5. 5) The frame is generated by 1-Gevrey trans-monomial solutions of the
form e #2712, and ez~ Y2W_,, with W € C[[z 1]]1 Reprising the proof of Theorem 4.4,
we will show that these solutions are Borel summable and their Borel sums generate the same
frame as L¢ v and Le _jv_1.

The Borel transform B; maps e”“*z -1/2¢ [[z 1]] into (o Y 2@{@} as discussed in Sec-
tions 3.3.1 and 4.1.2. In particular, it sends each Pomcare solution =%z~ Y2, to a convergent
series Uy € (o Y 2(C{Coé} Make a bounded sector Q) by intersecting 2, with a disk around {, = 0
whose radius is smaller than the radius of convergence of ¥,. On €, the sum ¥, of 9, can be
bounded by a shifted geometric series, showing that CO/ 2va is bounded by a constant. Therefore,
ba belongs to HL™, 5 ().

The Borel transform

B: e_o‘zz_l/z(C[[z_l]] L C;l/Q(C{Ca}

also turns formal trans-monomial solutions of equation (5.5) into formal power series solutions
of equation (5.6). Thus, by the dominated convergence theorem, 9, is an analytic solution
of equation (5.6) on €. The uniqueness part of [45, Theorem 4.6] then shows that 9, must
be a scalar multiple of the solution v, we found in Sections 5.2.3-5.2.5. Since v, belongs
to HL™ /2 .(£2a) for the full, unbounded sector €, it has a well-defined Laplace transform along
any ray j in Q4. Therefore, the Poincaré solution e~?z~1/21, has a well-defined Borel sum
along jC , whlch is a scalar multiple of e~*?*V,. It follows, by Lemma 3.19, that e~“*V/, is Borel
regular.
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5.2.7 Confirmation of Borel regularity

We can verify the conclusions of Section 5.2.6 using our explicit expressions for the formal power
series W, and the functions v,. We found in Section 5.2.2 that

oy G R GR), <1) =3 G B+, <1)

— k!

Computing

1 —1/2 1 m 1 m 1 1
Filz——>4—=-=C]).
1“(1/2)Cl 2 1<2 2 Y 2<1>

Looking back at Section 5.2.4, we recognize this as a scalar multiple of v1.
Through a similar calculation, we see that B [ezz_l/ QW_l] sums to

1 -1/2 1 m 1 m 1 1
Ol =L T
F(1/2)C71 241 <2 n + na2a C 1>

Looking back at Section 5.2.5, we recognize this as a scalar multiple of v_j.

5.2.8 Thimble projection reasoning

We can also study the Airy—Lucas functions by applying the thimble projection formula to
integral (5.3), specializing the reasoning behind Lemma 4.5. We recast integral (5.3) into the ¢
plane by setting —( = T, (u), which implies that —d¢ = nU,_1(u)du. Recall from below

equation (5.2) that the integration contour CJQ runs through the critical point u = cos(%w), with
its direction determined by the parameter 6. The critical point splits CJQ into two pieces: the
incoming branch, where the orientation of the thimble runs toward the critical point, and the
outgoing branch, where the orientation points away. Recalling that C? is a preimage of jg 17

we get

) _ n
— . 1 . / e—ZC Umfl(u‘i’) dC _ e—zc Umfl(u*) dC ’
2sinh (2in) T Up—1(u+) T Up—1(u_)

where u_ and w4 are the lifts to the incoming and outgoing branches of C]Q7 respectively.
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Since the Chebyshev polynomial T, is defined by the identity 7),(cos(¢)) = cos(ng¢), we
introduce a new variable ¢ with u = cos(¢) and —¢ = cos(n¢). On the ¢ plane, which is an
infinite branched cover of the u plane, we can lift C9 to the path L7 4+ iR. The incoming and
outgoing branches lift to 27 — [0, c0) and L Zr 410, oo) respectlvely

We can now use [84, 1dent1ty (15.4.16)] fo write the integrand explicitly in terms of ¢

Upn—1(cos(9)) _ sin(me) sin(¢) _ sin(mao)
Un—1(cos(¢)) sin(¢) sin(ng)  sin(ne)

Imz 1<1 ml,m SSSiH(n¢)2>

2 2 T aya

m 1 m 1 m 3
=k (- — 4+ —:Z:1-¢?).
n > 1<2 o' 2 T2 D C)

Initially, we only know that this equation holds in the disk [¢| < .. However, observing that the
left-hand side is meromorphic throughout the ¢ plane, we can deduce by analytic continuation
that the equation holds throughout the ¢ plane.

Next, we simplify the integrand using identities (15.8.4) and (15.8.27)—(15.8.28) from [84],
which tell us that

1 m 1 m3
F 2
21(2 m'2 " on o C)
s

1 m1 m 1 ,
ST Qn)“<2 2 2;2;4)
3
—p(;_ggﬁ(;%)?ﬂ (1 AT
=2F1<1—7:71+:;;);;—g>+2F1<1—7:,1+7:,2,;+g>
(-2 B -6 hn (-2 B3+ )
:;2F1<1—m,1+7::;2;;—g>+;2ﬂ(1—m,1+7:,2;;+g>

away from the line Re({) = 0 and the rays j& and jg’r_l
Returning to the projected thimble integral

) (0 — 1 ¢ [Uml(u+) N Uml(u)]
Km/n(z) 2sinh (Zir) /3(0#1 ¢ Un—1(uy)  Up—1(u-) d,

we can see the integrand as the variation of the function

Um—1(cos(¢))  3m m m 31 ¢ m m m 3 1 (¢
ImWEO)) S (12 2 s ey e (- e 2 o
Up_1(cos(¢))  2n°" " n’ + w2 2) Ty PR TR

across the branch cut jg 11- When j is odd, only the second term will contribute to the jump,
because the first term is regular at ¢ = 1. Similarly, when j is even, only the first term will
contribute to the jump. We can write the jump explicitly using identity (15.2.3) from [84]. For
odd j, we have

~1/2
G) (L (1, ¢ 1 m1l m11. C
Ko (2) = 2/jee (2+2 21 5 v g dg,

¢l
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and for even j, we have

—1/2
@) (53 —c(_L_¢ I.oml1l ml11 ¢
Km/n(z)_z/jgle <2 o) Pl et ty)e

Comparing the expressions above with the expressions for v1; computed in Sections 5.2.4—
5.2.5, we notice that

%£<,1v1 j Odd,

3i

Koon(2) =
—Eﬁg,lv_l j even.

5.2.9 A flavor of resurgence: the Stokes phenomenon in the position domain

So far, we have treated the Airy—Lucas functions as separate elements of a frame of solutions.
However, Ecalle’s theory of resurgence reveals that these solutions are deeply intertwined. In
fact, you can recover the whole frame from any one of its elements by studying the analytic
continuation of the corresponding function on the position domain.

As an example, consider the Borel regular solution eV} of the modified Bessel equation (5.4),
which we found by solving an integral equation in Section 5.2.3 and by evaluating a thimble
integral in Section 5.2.8. This solution arises as the Laplace transform £g71v1 of the function

(1 -1/ 1 m1 m1l (§
= _— F _— — — _——
U1 < 5 21 { 5 n’2+n’2’ 5 )

on the position domain, with ( = 1 4+ (; as before. The function vy is singular at { = 1,
but the hypergeometric factor oF} (% —m 1l o %; —%) is analytic at that point, so vy has
the typical form of a singularity in the formalism of resurgent functions [93, Section 2]. We
can see 2F1(% —m 1l o %; —4—1) as a new holomorphic function, analytically continued from

n’2 2
a germ at ¢ = 1. This new function has a branch cut singularity at ( = —1, and we can find its
jump across the branch cut ¢ € (—oo, —1] using [84, equation (15.2.3)]. Along the branch cut,
we have
1 m1 m1 (@ . 1 m1 m1 ¢ .
21(2 2 Y 2+15> 21<2 2 i 15)
_ 2mi (-1 1/2 g (m_m 1 (1
CTG-TEH) N 2 e 22
~1/2
m 1 m m 1 (1
—2 (7 5t po(mo_m 16
icos { ( 2> 21(71’ na2a2>
—-1/2
m C-1 m m 1 (.
=2 (* ) 0 Fi{ — ——i5:%
Cosn”(2> 21( n’2 2)
i\ P AN (1 m1 om 1 ¢
e (M) () (O m (Do L
Cosnﬂ<2 o) e et i

Multiplying both sides by (—(;/ 2)_1/ 2 reveals a formula for the jump of v; across the branch
cut. For any point p on the branch cut,

vi(p=) —vi(py) =2 cos(%ﬂ)v_l(p), (5.8)
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where v1(p_) and v;(p4) respectively denote the evaluation of v;(p) by analytic continuation
from the regions Im(¢) < 0 and Im(¢) > 0. The appearance of the function v_; corresponding to
the other Borel regular solution e*V_; is an example of the resurgence phenomenon [40, 41, 42].

Reviews like [3, 35, 79] discuss many details and applications of resurgence. Berry and Howls
also discuss the optimal truncation of thimble integrals from a resurgence point of view [13].
We would like to emphasize one application: through resurgence, we can use calculations in the
position domain to understand the Stokes phenomenon in the frequency domain. This lets us
skip the last and often trickiest step of Borel summation: using the Laplace transform to map the
functions under consideration back into the frequency domain. The formalism of singularities
and the alien calculus are two of the tools that make this possible.

To compute the Stokes constants for the Airy—Lucas functions, we first repeat the calculation
above for

o (T (L m L m 1
-t 2 P\ "2 T2 )

We find that
1 m1 m 1 (-1 . 1 m1 m 1 (4
A(z-T 2y m 25 SO (LU LU
21(2 n’2 n’2’2+2€> 21(2 2 i 26)
_ 2ri G\ L (m m 1 G
PE-mrG+m\2/) a2 2
1/2
m (1 m m 1 1
=2 (7 o F: Ty T Ty a9y T o
Heos 7T<2> 21<n n’2 2)
G\ (m m 1 G
2471 TL’ n77 2

Multiplying both sides by (¢_1/2)~/? gives the jump formula

v_1(py) —v_1(p-) = —2cos <%7r) v1(p) (5.9)
for any point p on the branch cut ¢ € [1, 00), where again v_;(p4) and v_1(p—) denote evaluation
by analytic continuation from Im(¢) > 0 and Im(¢) < 0.

Equations (5.8) and (5.9) are a manifestation of the Stokes phenomenon in the position
domain. When we vary the direction of integration for the Laplace transform, we expect discon-
tinuities at 52,1 and 52,71a because each of the contours jgfl and jgoﬁl hits a singularity other
than its starting point. The Stokes constant for each critical direction relates the results of the
Laplace transforms on either side. In our example,

_ m _
Egj%l — L’g’lsvl = 2cos <E7T> e Zﬁg’,lv_l,
527_11)_1 — £g_,€—1”—1 = —2co0s (%7‘(’) e“L¢v,

so the Stokes constants for the directions 7 and 0 are 2cos(%7r) and —2 cos(%ﬁ), respectively.
Because the Airy—Lucas functions can always be expressed as thimble integrals, it may seem
surprising that the Stokes constants are not always integers. For thimble integrals given by
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Morse functions, the Stokes constants are the intersection numbers of dual pairs of thimbles,
according to Picard-Lefschetz formula (see [86, Section 5] and [5, Chapter 1]). However, the
functions T}, (u) defining the Airy—Lucas thimble integrals (5.3) are only Morse in the Airy case
n = 3 and the degenerate limit n — oo that we will discuss in Section 5.3.2. In the other cases,
we speculate that the Stokes constants are non-integer because there are multiple thimbles over
each critical value.

5.3 Modified Bessel

Our analysis of the Airy—Lucas functions boiled down to an analysis of equation (5.4): the
modified Bessel equation with a rational parameter ;= 7. We now do a general analysis of the

modified Bessel equation, allowing the parameter p to be any complex number

2 (0N, 9 o
Z(az +ag (W + 27

The ODE reasoning of Sections 5.2.3-5.2.7 works basically the same in this more general setting,
so we will only briefly state the analogous results.

Asymptotic analysis. Equation (5.10) has a basis of formal solutions e ?z~'/2WW; and
e*z V2 Wy, given by

o GmmGre) o GGty s G ms )y

® = 0. (5.10)

Wy, 511 22 .9l z 55 31 e
1o (L 1) (L 1) (L
Wy 1=1+ (3 /2‘)(12' D, Sl (3 :“2)22.(22! “)22—2 n (3 /;)33.(32! :“)32_3 ..

Frame of analytic solutions. Equation (5.10) also has a basis of analytic solutions Eg’lvl
and Eg,_lv_l, which are the Laplace transforms of the functions

2

1 11
vy = V2" 1/221171 (—Ma +M;2;2C1)

1 1
= _1\/>C1 12 2F1 < — M3 + 1220 a Cl)

along the directions 6 # 7 and 0 # 0, respectively.

Borel regularity. The Borel transforms B, [2*1/ 2e*a2Wi1] sum to scalar multiples of v41,
implying through Lemma 3.19 that the solutions [,g 1,v+1 are Borel regular.

On the other hand, the thimble projection reasoning of Section 5.2.8 has to be generalized,
as we will discuss in Section 5.3.1 below.

5.3.1 Lifting to a countable cover

Formula (5.3) expresses the modified Bessel function K, /, as an exponential integral on a finite
cover of C. Lifting to a countable cover reveals this formula as a special case of a general integral
formula for modified Bessel functions. Setting u = cosh(¢/n), and recalling that cosh(nr) =
T, (cosh(7)) and sinh(m7) = Up,—1(cosh(7)) sinh(7), we can rewrite formula (5.3) as

K9 () = n
m/"(z) 2sinh (i )

QSthEm )/ exp(z cosh(t)]Um—1(cosh(t/n)) sinh(t/n) d(t/n)

/ exp[ T ()] U1 (1) du
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Figure 13. The paths C;T/S in the ¢ plane.

1

, m
= m /Cf exp|z cosh(t)] sinh <Et) dt, (5.11)

using the path Cf described below.

When jis ... CJQ comes from —oo along ... | and goes to +oo along ...
Odd (—00,0) + (jm — 0)i (0,00) + (jm + 0)i
Even (—00,0) + ((j + )7 — 0)i (0,00) + ((j — D)m + 0)i

Because cosh(t) is periodic, j only affects the integral through its parity. The path C]e is shown,
for various 7, in Figure 13.

For any p € C \ Z, the classical modified Bessel function K,(z) can be expressed as the
thimble integral

1

K = —
n(z 2 sinh (i)

/0 exp|z cosh(t)] sinh(pt) dt (5.12)
Cl
for || < . This formula can be deduced, with a lot of finagling, from [84, formulas (10.32.12)
and (10.27.4)]. The integral converges when z is in the right half-plane. Choosing a rational
parameter p = 7 gives formula (5.11), showing that qu}n(z) is the classical modified Bessel
function K,/ (2) when j is odd.

We can now apply the thimble projection formula, using the same reasoning as in Sec-
tion 5.2.8. We first recast the integral into the ¢ plane by setting —( = cosh(¢). This gives us
the expression

KO () = _ 1 / o sinh(uty)  sinh(ut-)
2sinh(pim) J 70 sinh(t4) sinh(t_)

}dC,

where t_ and t; are the lifts to the incoming and outgoing branches of Cje. We then use
identity (15.4.16) from [84] to write the integral explicitly in terms of ¢

sinh(ut) 1 w1l w3 ) 9 1 w1l wp3 9
SR (= =B S Bt Gin)?) = el (2 B SR 2 2
sinh(f) 1(2 50y T gigi—snh() mehi(g -5 5t 5igil ¢

Like before, we can deduce by analytic continuation that this identity holds throughout the ¢
plane.
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Using [84, formula (15.8.4)], followed by formulas (15.8.27) and (15.8.28) from the same
source, we can repeat the arguments of Section 5.2.8, eventually rewriting the integrand as the

variation of the function
sinh(ut)  3p 31 ¢

Iz 31 ¢
Sy N (SRS RS 1) Ly 2 R (P A )
Sll’lh(t) 22 1( Hy +M7272 2>+22 1( Hy +:U’7272+2>

across the branch cut jCQJFl. As before, the term that contributes to the jump is the one which
is singular at the critical value where the branch cut starts. We use identity (15.2.3) from [84]
to write the jump explicitly. For odd j, we get

1 1 1 11

K () ¢ 1. ¢ 2 ¢
J = —— -z —_— — —_ — — == — =
Per=-g ], ((3+5) wn(Gomytmys-s)w o1

and for even j, we get

A 3 ~ 1 ¢\ Y2 1 1 11 ¢
K@) =2 (2> = —u = . )
M (Z) 2/"75_16 ( 92 2> 241 2 N72+M,272+2 d<

5.3.2 The modified Bessel function with parameter 0

When p goes to 0, formula (5.12) becomes

j 1
Ké])(z) = 5= y exp|z cosh(t)]t dt.
J
Let us compute Kél)(z) using the contour C?, which runs rightward along the line Im(¢) = =.
In the translated coordinate w defined by t = w + im, the integral becomes

1 [ee]
Kél)(z) = 27”/ exp [z cosh(w + im)] (w + ir) dw
=T el mnd+1/m = cosh(w)lird
= 27T1 . eXp Z COS w ) lwaw 27‘(1 . eXp Z COS w)|117T Aw.

The first integrand is odd with respect to w = 0, so it vanishes, leaving

Kél)(z) =3 /O; exp|—z cosh(w)] dw = /000 exp|—z cosh(w)] dw. (5.14)

This is a special case of [84, formula (10.32.9)]. Rolling the ¢ plane up into a cylinder, parame-
terized by the coordinate s = e, we can express K’ (z) as an exponential period:

(1) 1 1 ds
KV (z) = =
o (2) qulexp[ > <5+8)] .

To confirm that the calculation above is consistent with Section 5.3.1, recall formula (5.13):

) 1 o 1 ¢\ 1111 ¢
Ké)(z)__Q/js e C<—2+2> 2 b1 25'3°3 3 dc.
¢,1

The hypergeometric function in the integrand can be expressed algebraically using identi-
ty (15.4.13) from [84]. This leads to an expression for the integrand that makes its Cif singu-
larities even more apparent

K(()l)(z) = /70 e_ZC(C2 - 1)_1/2 d¢.

¢ 1

We could get the same result from formula (5.14) by trigonometric substitution. This is a special
case of [84, formula (10.32.8)].
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5.4 Generalized Airy

In [92] and the appendix of [36], Drazin and Reid construct approximate solutions of the Orr—
Sommerfield fluid equation using the generalized Airy functions

1 3] dt
Ak(yap) - 27_‘_1/ eXp I:yt - 3:| t7p7 p S Cv k € {17273}7
@k

1 37 dt
Bo(y,p) = 2m/ﬁ exp [yt - 3} L p € Z,
0

3] dt
Bk(yvp) = €xp yt - S| p S ZSOv k; S {1)2)3}5
6 3]

which are defined by integrals along the contours g, 6, 65 shown in Figure 14 (see [36] and
[84, Section 9.13 (ii)]).

b3

Figure 14. The integration contours in the ¢ plane that define Ay, By, Bg.

These functions satisfy the generalized Airy equation

(&) 0

When p = 0, this equation reduces to

d 9\

ol ) —

Oy dy Y
which is equivalent to an inhomogeneous version of the classical Airy equation.

As we did with the Airy—Lucas functions, we will use the substitution ¢ = 2uy/? to rewrite
the generalized Airy function Aj(y,p) in terms of a thimble integral. We get

d =0.

® =0,
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with

1 du
Ii(z,p) = o /Cf exp [—z(4u3 — 3u)] "l

To find the right contour Cf , we first note that the mapping ¢ = 4u® — 3u is familiar, up to
a sign, from Section 5.1. In particular, we already know its critical points u = :l:% and the
corresponding critical values ( = +1. To get the desired integral, Cf should be the thimble
through v = —l over the ray jl However, this thimble does not live on the complex plane, like
it did for the classmal Airy function. When p is a positive integer, the volume form du/uP has
a pole at u = 0, so we put Cf as a contour on C*. More generally, for any complex value of p, we
can put C? on the universal cover C*. We will now show, in the case p = 1, that equation (5.15)
has a frame of Borel regular solutions—as long as the constant solution By(z, 1) counts as Borel

regular. For A;(y,p) to satisfy the generalized Airy equation, I, (z,1) must satisfy the equation

(G- Y-

Equivalently, %Lr(z, 1) satisfies the modified Bessel equation (5.5) with parameter 1/3. We
can now follow the reasoning of Section 5.2.3, viewing that frequency domain differential equa-
tion (5.15) as the image under L¢ , of the position domain integral equation

2
[[42 —1] =9z ,0¢~ (;) 8;2] (—¢)oM =0. (5.16)

In Sections 5.2.4 and 5.2.5, we found solutions vy of the closely related equation (5.6), which
we can turn into solutions vill) = (" vy of equation (5.16).

At the critical values ( = £1, we can build solutions v(ﬂ) of this equation from the solu-
tions vy of equation (5.6) that we found in Sections 5.2.4 and 5.2.5. Explicitly, in terms of the
coordinates defined by ( =1+ (7 and ( = —1 4 (_1, these solutions are

v( :—1\f(1+(1) lCl 1/22F1 (é 2 ; 1@)7

1 _ 1,—1/2 1511
o = Va1 ) Y (5 R e,

0
P = 1
57 0. (5.15)

Their Laplace transforms V( ) ,CCJU% ) and V—(1) = L‘C,,lv(_ll) satisfy equation (5.15). No-
tice that vg ) belongs to HL> 2, .(£1), has a simple pole at ¢(; = —1, and has a logarithmic
singularity at (; = —2. Similarly, v(ll) belongs to HL1/2.(Q_1), has a simple pole at (1 = 1,
and has a logarithmic singularity at (1 = 2.

Wlth an argument analogous to the one in Section 5.2.6, one should be able to show that Vl(l)
and V! | are Borel regular. Since equation (5.15) is third-order, we need one more Borel regular
solution to make a frame. We choose the constant solution 1, which can be seen as the Laplace
transform of the formal convolution unit ¢ introduced in Section 3.4. Interestingly, 1 is actually
the generalized Airy function By(z,1).

5.5 Third-degree thimble integrals

In this subsection, we consider the thimble integral I(z f e ?9du defined by a general
third-degree polynomial map ¢g: C — C. By definition, the Lefschetz thimble C is a connected
component of the preimage of a critical value of g. After taking various symmetries into account,
we will find that there are essentially only two cases, distinguished by whether g has two distinct
critical points or a single degenerate one.
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5.5.1 Symmetries of the integral

First, we step back and consider the completely general thimble integral

J(z) = /C ey

defined by an arbitrary holomorphic map f: X — C and an arbitrary 1-form v on a complex
manifold X. The affine group of C acts on f by post-composition, and this action affects J in
a simple way. The affine group is generated by two kinds of transformations, which we consider
separately.

Translations. For any ¢ € C, the translation action f — f 4 ¢ on maps corresponds to the
action J(z) — e~ “*J(z) on integrals. This is because

/e_z(f+c)y = ¢ / ey =e"%J(2).
C C

Scaling-rotations. For any r» € C*, the scaling-rotation action f +— rf corresponds to the
action J(z) — J(rz) on integrals. This is because

/e_z(rf)l/ = /e_(m)fu = J(rz).
C C

Next, we specialize to the case where X is the complex plane and v = du, where u is the
standard coordinate. The affine group of C now acts on f by pre-composition as well. To make
sure that C remains a Lefschetz thimble, we act on it simultaneously by the inverse of whatever
we precompose with f.

Translations. For any c € C, pulling f back along the translation T}u = u — ¢ has no effect
on the integral. This is because du is translation-invariant.

Scaling-rotations. For any s € C*, the scaling-rotation action Miu = s~
the action J(z) — sJ(z) on integrals. This is because

/ e M qu = /erMT/S du = /ezfs du = sJ(z).
Ml/sc c ¢

5.5.2 Reduction of the integral

L4 corresponds to

We now return to our original thimble integral I(z), defined by the third-degree polynomial
map g = asu’ + asu® + aiu + ag, and use the group actions from Section 5.5.1 to reduce it to
its two essential cases. We first put ¢ in depressed form by scaling the leading coefficient to 1
and translating the mean of the critical points to 0.* We then also translate the mean of the
critical values to 0.

Symmetry | Resulting polynomial | Resulting integral

f»—>i u3+%u2+@u+@ I(Z>
as as as as as
3 z

T(1/3)az/as u’tputyg I <¢13>
3 z z

f=f—q u”® + pu qu<>
as

“The coefficients of the de%)ressed form are related to the original coefficients as follows p = Z—; - %(

a=g5 —5(5) (@) +(3)"

a2z

asz

)
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Our next move depends on how many critical points g has.

Two distinct critical points. When p is non-zero, g has two distinct critical points. We
can use our symmetries turn it into any other third-degree polynomial with distinct critical
points. To illustrate, we turn ¢ into the Chebyshev polynomlal T 3 b}f scaling and rotating its
critical points to il and its critical values to £1. Setting r := 3 , we get

Symmetry | Resulting polynomial | Resulting integral
* -1 3 rp z
Tp/3 T (*4” + 3U) gequ (%)
ferf —4u® + 3u D arzg (7‘2)
3 as

We can now relate the general third-degree thimble integral I to the modified Bessel function
K3, defined in equation (5.3)

ir rz
K1/3(Z) = 72(3(17“2[ <0,3> .

From this identity, we can see that I(z) satisfies a transformed version of the modified Bessel
equation

0\ 9 B B 0 1
[(2) st —rn] ot ome )3

One degenerate critical point. When p is zero, g has a single degenerate critical point.
Like we did in Appendix A for the non-degenerate case, we will first study I(z) by viewing it as
a solution of an ODE, and we will then confirm our results using the thimble projection formula.

d =0.

By differentiating under the integral, we can see that I(z) satisfies the equation

o 1

A function Ea, .V satisfies this equation if and only if v satisfies the integral equation

When a = ¢, this equation has the solution vy = (4 2/ 3, whose Laplace transform

Vyg=e7T <;> 213

must be proportional to I(z).
We can confirm this result, and find the correct normalization, using the thimble projection
formula

—2(ud+q) _ _ in/3 —z(l -2/3 _ —zqi in/3 1 -1/3
/Ce du (le )/jge 3Cq d¢, =e i\/ge F<3z .

Cq,0

The factor of €™/3 — 1 comes from the monodromy of Cq 23 around Gq = 0.
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5.5.3 Coalescence of critical values

We can recover the degenerate case by taking the limit of the non-degenerate case as p goes to
zero. Rearranging the relationship above between I(z) and the modified Bessel function K /3(z),
we get the formula

I(z) — ﬁe—qaszK % .
1rp 1/3 T

Setting ¢ = 0, and using the Taylor expansion of K;/3(z) around z = 0, given by [84, equa-
tions (10.25.2) and (10.27.4)], we can see that I(z) converges pointwise to %ei’T/?’F(%)Z*U3
as p goes to zero with as held constant.

5.6 The triangular cantilever

5.6.1 Setting

A triangular cantilever is a flexible strip with constant thickness and linearly tapered width,
clamped at the broad end so it sticks out horizontally like a diving board.

wz

If you strike the strip from above, it vibrates up and down. Let us suppose the vibrations are
small, and uniform across the width of the strip, so we can describe them using the Euler—
Bernoulli beam model [53, Section 12.4]. The vibration modes of frequency w are described by
the vertical displacement profiles ¢ that satisfy the equation

(2) -] +2(2)

where z is the distance from the tip along the strip’s axis.

d =0, (5.17)

15

5.6.2 Solving the differential equation

We seek functions v and points ¢ = « for which the Laplace transform L¢,v satisfies the
differential equation (5.17). From Proposition 3.23, we deduce that L, ,v satisfies equation (5.17)
if and only if v satisfies the integral equation

[[¢* = w?] —20; 0 ¢Plo=0. (5.18)

Observing that
3

LN e

o¢ = w2’
we learn that

1
Uuni = T
=2

satisfies equation (5.18) whenever a* —w? = 0. Thus, a single “universal solution” in the position

domain leads to four linearly independent solutions V., = L¢ ovuni of equation (5.17), indexed
by the fourth roots of w?.

15To keep the equation simple, we have adjusted the units of time so that the strip’s elasticity, density, and
taper are absorbed into the frequency parameter.
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5.6.3 Expressing the solutions as thimble integrals

If we had a thimble integral expression for V,, we could use the thimble projection formula, as
written in equation (4.5), to find vypi. Since we found vyy; in Section 5.6.2, we can work back-
wards from equation (4.6) to guess a thimble integral expression for V,,. We hope to express V,
in the form fcg e~*/ du, where the function f is a holomorphic function on C, the function w is
the standard coordinate on C, the point a is a critical point of f with f(a) = o, and the path C?
is the component of f~!(a+¢?[0,00)) that runs through a. We know from equation (4.6) that
this thimble integral will evaluate to V,, as long as

1 [du]endcg(@

Ja o2 |df

where C?(¢) is the part of C? that goes through f_l([a, Ceie]). We can guess a function f with
this property by noting that equation (5.19) looks like one of the differential equations that
characterize the Jacobi elliptic functions.

The Jacobi function = sd(¢, k) with elliptic modulus k € [0, 1] satisfies the differential
equation [84, equation (22.13.5)]

, (5.19)
start C4 (¢)

1 dt

JO 22 (1 k2a2) A

where k' € [0,1] is the complementary modulus given by k% + k> = 1. In particular, the
function x = sd (t, %) satisfies the equation

1t
1—%3:4 dz

Introducing, for convenience, the constant & = (w/2)"/2, we can deduce that the function

1
=iesd | deu, —
g =iesa (40 75)
satisfies the equation
1 )
2 | /fA—w2| df

when we choose the branch of the square root that evaluates to iw? when f = 0. By definition,
f(endcg(()) = ( so we have

1 _du
r_2|  df

with the branch of the square root determined by analytic continuation along Cg from a.

: (5.20)
end €4 (¢)

N

From our formula for f in terms of sd, we can see that f is odd with respect to u, implying
that

du
df

__du
start C9(¢) df

end C{(¢)
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We can therefore rewrite equation (5.20) as

1 B [du]endcﬁ(o
/¢ — 2 -~ |df

confirming that our guess for f satisfies equation (5.19). It follows that

1
v, = —ziesd ( 4eu, — | | du,
/C'2€Xp|: Z1ES ( U\/§>:| u

where € = (w/2)'/? is the convenience constant we introduced earlier. The exponent is doubly
periodic, with period lattice [84, Table 22.4.1]

L=¢'K (%) [Z + %(1 + i)Z] ,

where K is the complete elliptic integral [84, formula (19.2.8)]

)
start C¢(¢)

1 dx
K(k) = .
/o \/(1 — 22) (1 — k2?)

We can therefore take the thimble to be a real submanifold of the torus C/L.

A The Airy equation

A.1 Specializing from the Airy—Lucas example
A.1.1 Motivation

Since the Airy equation is a widely used example in the study of Borel summation and resur-
gence, we find it useful to repeat the Airy—Lucas example calculations from Sections 5.1-5.2 in
this special case, with the parameters set to n = 3 and m = 1. In particular, this makes it
easier to compare our approaches and conventions with others from the literature, as we do in
Appendix A.2.
A.1.2 Rewriting as a modified Bessel equation
Starting from equation (5.1), we can distill the most interesting part of the Airy function by
writing Ai(y) = —%\/gylmK(%y?’/Q), where

K(z) = —i\/§/ exp[z(4u3 — 3u)] du (A.1)

cf

and C? is the contour described in Section 5.1. Saying that Ai satisfies the Airy equation is
equivalent to saying that K satisfies the modified Bessel equation

22 2 2+z2— 1 2+22
0z 0z 3
In fact, K is the modified Bessel function K3 [84, equation (9.6.1)]. Like we did in equa-
tion (5.5), we can rewrite the modified Bessel equation above as

”(i>2 ! +Z1c’)az N <;>222] K =0. (A.2)

K =0.




The Regularity of ODEs and Thimble Integrals with Respect to Borel Summation o7

A.1.3 Asymptotic analysis

We know from the formal theory of level 1 ODEs that equation (A.2) has a frame of formal
1-Gevrey trans-monomial solutions {e_o‘zz_TaVNVa | a? -1 = O}, where 7, = 1/2 and V~Va €
(C[[zil]] |+ Specializing the solution formulas given in Section 5.2.2, we find that K ~ (%)1/267'2
X Z71/2W1, with

- (@)1 1, ©)2@)s, o )35 s
L T TR A v TR

The analogous holomorphic solutions {e*azz*m Wo | a2 -1 = 0}, which we will describe in
Appendix A.1.4, can be recovered from the formal solutions using Borel summation. We showed
this abstractly in Section 5.2.6, and we will confirm it concretely in Appendix A.1.7. This
confirms Theorem 4.4.

A.1.4 The big idea

As discussed in Section 5.2.3, a function L v satisfies the differential equation (A.2) if and only
if v satisfies the integral equation

2
[[C2 —-1] - a;;{ ol — G) 8473] v=0. (A.3)

Every solution of equation (A.3) will also satisfy the differential equation

[(ifo[g?—l]—iog—(;)2111:0 (A.4)

obtained by differentiating twice on both sides. Conversely, as shown in Appendix B, a solution
of equation (A.4) will satisfy equation (A.3) if it belongs to ({ — @) O¢—, for some o € (—1,0).

Rewriting equation (A.4) as
2 9\? d N
[(C - 1) (ag) +3Ca 1= <3) ” v=0

emphasizes the regular singularities at the roots of (2 — 1. This will lead us, in Appendices A.1.5
and A.1.6, to a solution v, € (¢ — )20, for each root .

As described in Section 5.2.3, each solution v, will extend to a function in HL> /27.(904) on
any sector €0, that has its tip at ( = a and does not touch the other roots. The arguments
of Section 5.2.3 go on to show that Egava belongs to cz™ 7 + HL™, Q(Qé) for some non-zero
constant ¢, confirming the existence part of Theorem 4.1. Continuing through Section 5.2.3,
we get the decomposition Egava =e ¥V, for V, = Ega,ova and ( = a + (., and the flirther
decomposition L¢ (Vo = e~z —1/ 2W,,, where W, is a bounded holomorphic function on Qg

The argument in Section 5.2.6 shows that the solutions e~**V,, are Borel regular. This
argument is just as simple in general as it is in the Airy case, so we will not repeat it.

A.1.5 Focuson (=1

Switching to the translation coordinate (; defined by ¢ = 1 4 (1, and then to the rescaled
coordinate & defined by (; = —2&, we can rewrite equation (A.4) as the hypergeometric
equation

oo (@) s5(3-0) [ G-
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as described in Section 5.2.4. The solution v; € (¢ —1)~1/20,_, found in that section specifies to

_ 151 _ 151 1
U1 = 11/22F1 (6 6 2yfl> :—l\fC 1/2 <6’6;2;_241>

in the Airy equation case. As discussed in Section 5.2.4, vy is holomorphic throughout the
sector 21 = C ‘7( o» and it belongs to the space —1f§1 1/2 + ’HL1/2A(91) for all A > 0. Its
Laplace transform can be written as EC v =e %z —1/21/;, where W7 is a holomorphic function
on the slit plane z ¢ (—oo, 0] which is bounded outside any constant-radius neighborhood of the
ray z € (—o0,0].

A.1.6 Focuson (= —

We now switch to the translation coordinate (_; defined by ¢ = —1 + (_;. The solution
v_1 € ((+1)"Y20,~_; found in Section 5.2.5 specifies to

151 _ 1511
var=(1=&)" 1/22F1(6 62 > VR (6 627! )

in the Airy equation case. By the same reasoning as before, v 1 is holomorphic throughout
the sector _1 = C \ ‘7( 0> and it belongs to the space \f( Rt ’HLl/Q A(€1) for all A > 0.
Its Laplace transform can be written as EC U1 = €°z 12y 1, where W_1 is a holomorphic
function on the slit plane z ¢ [0, c0) which is bounded outside any constant-radius neighborhood
of the ray z € [0, 00).

A.1.7 Confirmation of Borel regularity

We can verify the conclusions of Section 5.2.6 in the Airy case using our explicit expressions for
the formal power series W, and the functions v,. We found in Appendix A.1.3 that

[e.9] oo
- @)@ (1N % 5 (8)r(@®)e (1) &
SO S )
Repeating the computation in Section 5.2.7, we find that
o

—3 l §
Bele "zt = Z L) 0 Lo < 2) ilw
5

=0

making it apparent that B[e_zz_l/ 2W1] sums to

1 1 151 1
F(1/2)<1 2F1<6 62 2<1>'

Looking back at Appendix A.1.5, we recognize this as a scalar multiple of v;.
Through a similar calculation, we see that B [ezz_l/ QW,l] sums to

2 (boml, mll
(1/2)4* <2 R 2C1>'

Looking back at Appendix A.1.6, we recognize this as a scalar multiple of v_;.

s13
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A.1.8 Thimble projection reasoning

In Section 5.2.8, we specialized the reasoning behind Lemma 4.5 to the case of the Airy—Lucas
functions. We now specialize even further, down to the case of the Airy function. Like in
Section 5.2.8, we first recast integral (A.1) into the ¢ plane by setting —( = 4u® — 3u, which
implies that —d{ = 3(4u2 — l)du. Recall from Section 5.1 that the integration contour Cf runs
through the critical point u = %, with its direction determined by the parameter 6. The critical
point splits Cf into two pieces: the incoming branch, where the orientation of the thimble runs
toward the critical point, and the outgoing branch, where the orientation points away. Recalling
that Cf is a preimage of jg 1, we get

K(z) = —iV3 . exp[z(4u® — 3u)] du

:L —2¢ 1 de — —2¢ 1 d
ﬁ[/ﬁle 4u? —1 ¢ jgle qu? —1 Sk

where u_ and uy are the lifts to the incoming and outgoing branches of Cf, respectively. Rec-
ognizing 4u® — 3u as the Chebyshev polynomial T3(u), we introduce a new variable ¢ with
u = cos(¢) and —C = cos(3¢). On the ¢ plane, which is an infinite branched cover of the u
plane, we can lift C? to the path 7 +iR. The incoming and outgoing branches lift to § —i[0, 0o)
and § +1i[0, 00), respectively.

Recognizing 4u? — 1 as the Chebyshev polynomial Us(u), we can use identity (15.4.16)
from [84] to write the integrand explicitly in terms of (:

1 1 sin(¢) 1 (123

dcos()2—1  Us(cos(¢)) sin(3¢) 3% '\3’ 32

1 123
N N =t p A
32 1<37372, C>

Just as in Section 5.2.8, we simplify the integrand using identities (15.8.4) and (15.8.27)—(15.8.28)
from [84], which tell us that

123, 2y __ 7 121 0\ mC 123
2F1 <3737271 g>_r(§) (%)QFl <373727C> F(é)F(§)2F1<3’3’27C>

o)

r
=201 <§§Z;g>+ 21 <§,§;;;;+g>
(34348 -bn (33349
—gz 1<§7§;§;;—g>+;2F1<§,;l;3;;+g>

away from the line Re(¢) = 0 and the rays jcol and J7_;.
In the projected thimble integral

R Y
V3 Jge, 4ui -1 4u? -1

we can now see the integrand as the variation of the function

1 ¢\ 1 2431 ¢
"2 2>+621<3’3’2’2+2>

K(2) } da,
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across the branch cut jg 1- The first term is regular at ¢ = 1, so only the second term contributes
to the jump. We can write the jump explicitly using identity (15.2.3) from [84]

1 ~ 1 ¢\ Y2 1511 ¢
__1 (1, ¢ 1511 ¢
K() 2[751e ( 2+2> 2Fi\G 522 2)d9¢

Comparing this expression with the expression for V; in Appendix A.1.5, we see that K(z) =
sLcavr
A.1.9 Thimble projection formula

In Appendix A.1.8, we specialized the reasoning behind Lemma 4.5 to the case of the Airy func-
tion. In this appendix, as an alternative, we will simply apply Lemma 4.5, using trigonometric
substitution. The lemma tells us that K is the Laplace transform of

15,
= —iV3— d .
= V5 (/Cm u>

Based on the variable ¢ from Appendix A.1.8, we introduce a new variable n defined by
¢ =35 +in, with u = cos(% + i77) and ( = COS(ﬂ' + 3177). We can lift the thimble C? to the
path n € R. Its incoming and outgoing branches lift to (—oo, 0] and [0, c0), respectively. Using
the variable 7, we calculate

end CY(¢)
/ du=u '
(<)

= Uy — U_.
start C9(¢) +

Like in Section 5.2.8, the functions u_ and u, are functions on a neighborhood of ;1 in the

position domain. They give the values of u after lifting to the incoming and outgoing branches

of Cf , respectively. We define functions n— and n4 similarly, by lifting from the position domain

to n € (—oo,0] and n € [0,00). Observing that — = —n4, we can continue the calculation

/Cf(() du = cos (g + i77+) — cos (% + in_) = cos (% + i77+> — Cos (g — i77+>
= [COS (g) cos(iny) — sin (g) sin(im_)}
— [cos (g) cos(—in4) — sin <%) sin(—in+)]
= —2sin (g) sin(—in,) = iv/3sinh(n, ).
Identity (15.4.16) from [84] implies that

: 2 (3 153 (3 \?
sinh(ny) = 3 sinh <2n+> o Fy (6’ 69 —sinh <277+> > .

Noticing that 1(1—¢) = — sinh(%m.)z, we conclude that

2 /1 ¢\Y? 1531 ¢
du= 2 -Z4+2 (= 2.2.2 >
/Ci’<<>u \/§( 2+2> #6622 2

It follows, through identity (15.5.4) from [84], that

L0 1 C\'"? 1531 ¢
F1=25¢ [<_2+2> 2f1 <6’6’2’2_2>

1/ 1 ¢\ 2 1511 ¢
—‘z<‘2+2> 2F1<6’6’2’2_2>’

matching the conclusion of Appendix A.1.8.




The Regularity of ODEs and Thimble Integrals with Respect to Borel Summation 61

A.2 Comparison with other treatments of the Airy equation
A.2.1 Other conventions for the Borel transform

Physicists often use a different version of the Borel transform

n
Bonys: C[z7'] = C[¢], 2"~ %
This version avoids sending 1 to the convolution unit §, at the cost of no longer mapping
multiplication to convolution or inverting the formal Laplace transform. It is related to the
mathematician’s Borel transform by the identity Bpnys(f) = B(271f).

For problems involving a small parameter i rather than a large parameter z, physicists also
define
<n

Bpnys: C[A] — C[(], R

From a combinatorial perspective, this is just the transformation that sends an ordinary gener-
ating function to the corresponding exponential generating function.

In [75], Marino studies the Airy functions as an example of resurgent functions. He starts
with the formal trans-monomial solutions of the Airy equation

~ 1 ~ } )
Dai(x) = —=2 Ve 3 W (2737), Bpin) = —=a V3T W (a732),

2\ /T NG
where
sty = 5 L (53) T DR )
Wiah =2 5 (+1) o
By applying the two versions Bppnys and B of the Borel transform, we get
s = 1 3\"I'(n+ n
)= B )0 = g ()
n=0 : .
15 3
- 2F1 (6 67 ]-7 :F4C>
and
- B 1 > 1 3 "P(n—l—%)r(n—i—%) Cn—l
B(WL?)(C) = %5 + nz:l o <¢4> o 11
1 *© 1 3 n+1r(n+1+%)r\(n+1+%)cn
2”“;2” <$4> (n+1)! nl

L, 3% 1( 3>"F(n+161)r(n+g)gn

2 4 —~2m 1 I'(n+2) n!
1 5 7 11 3
—6 oF1 | =, —:2;F-(C).
:': 48 <67 6 ) 7:':4C>
Comparing the two solutions, we notice that up to the factor of 9,
- 1 ) 7 11 3 d -
- 5= F 2 F () = — s . A.
B(Wi2)(C) 5.0 = Fyg2ft <6 5T C) dCBphy (W1,2)(€) (A.5)

More generally, if i)( )€z 1@[2 1]] i.e., it has no constant term, then -2 e © BphyS‘I> B®d. In
particular, d% 0 Bphys |2 UQW} (2¢) = vl(g)
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A.2.2 Integral formula for hypergeometric functions

In [79], Mitschi and Sauzin study summability and resurgent properties of solutions of the Airy
equation. They consider the formal power series

[e%S) n 5 1
~ 1 1 I’(n+g)f‘(n+g) n
b2 =35 (73) Llnte),
n=0
such that
~ 1 _ _2.3/2~ 2 ~ 1 _ 2,3/2 ~ 2
Hai(y) = —— Y4392 % , [ 2,3/2 P (1) = —— oy~ V439°2 G [ 2,3/2
Ai(y) N + (33/ ; Bi(Y) N Y
are formal solutions of the Airy equation. Notice that compared to Marino’s formal solutions,

Mitschi and Sauzin adopt a different change of coordinates z = %y?’/ 2,

Seeking solutions of the Borel-transformed equation, Mitschi and Sauzin write the Borel
transform of ®4 as a convolution product

. d ~ ~ d .
¢+(¢) : —5‘1>+—5+dC X(©),  o-(¢) =B 25—d*CX(—C),
where
21/6 _
XO = rjgrese 2+ ¢) Yo g8,
Notice that x(() is a hypergeometric function
21/6 _
X(¢) = W@C +¢?) 1o x¢ (/6
21/6 C /! / - AN /
- r(1/6)r(5/6)/o (a4 e = ¢y e
91/6

1
= 1—‘(1/6)1—‘(5/6)/0 (Ct)_1/6(2+ct)_1/6(<*{t)_5/6<'dt

_ 2!/6 b 1/60-1/6 ¢\ 5/6 4
- s Jp T <”2t> (=77 de

_ 1 ! —1/6( <>_1/6 _ 4\—5/6 3/

= ST (5/6)/01: 1+2t (1—-1) d¢
15 ¢

_2F1<6 6l _2>’

where in the last step we use the Euler formula for hypergeometric functions.
derivatives, we recover ¢4 ()

$1+(¢) =6 — lszl <7,11;2;C> =6 zEZFl <7 L C) ’

16 By taking

236 6’6 2 348 66 " 2
... 15 711, ¢\ . 25 711 ¢
0-(0) = 6+2362F1<6 ik > 5+3482F1<6 G >

and up to a multiplicative constant they match our computations for B(Wl 2) (see equa-
tion (A.5)). The main advantage of writing Gauss hypergeometrlc functions as a convolution
product relies on Ecalle’s singularity theory. Indeed (2C + C2) Y6 oxtends analytically to the
universal cover of C\ {0, —2} and the convolution with ¢~ 5/6 does not change the set of singu-
larities [79, Section 6.14.5 (c)]. Furthermore, Mitschi and Sauzin prove that ¢ (¢) are simple
resurgent functions [79, Lemma 6.106].

$The Euler formula is 2 F (a, b; ¢; ) = F(b;}(cc) 5 fo (1 — )7 (1 — wt) " dt.
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A.2.3 Comparison with exact WKB

In [60], Kawai and Takei carry out an exact WKB analysis of the Airy-type Schrodinger equation

CE

in the 7 — oo limit. They define ¥p(z,y) as the inverse Laplace transform of ¢ (x,n) with
respect to 7. In the coordinate ¢t = %ya:_?’/ 2 they find an explicit formula for ¢ 5(x,%) in terms
of Gauss hypergeometric functions

1 _\/?31_1/2 151
¢+,B($>y)—5¢+(t)—ﬁ55 o 56 2°%)

bpo) = 30-(0) = 5t (1= 9 VR (5 B gin-s).

where s = t/2+1/2. We found the same hypergeometric functions in the position domain while
solving the Airy equation [(%)2 — w] f(w) =0 in Appendix A.1. Although the two equations
look closely related, and they are equivalent under the change of coordinates w = zn?/3, they
differ in an important way. The Borel transform of 1 is computed with respect to %77:1:3/ 2 the
conjugate variable of ¢, while the Borel transform of f(w) is computed with respect to w. We
need to find a different change of coordinates to explain why the Borel transforms of v (z,n)
and f(w) are given by the same hypergeometric function.

To do this, first notice that if n and y are conjugate variables under Borel transform, meaning

Z ann_n_l £> Z %yn

n>0 n>0

then t = %yw_?’/ 2 is the conjugate variable of ¢ = %771‘3/ 2 up to correction by a factor of %x_?’/ 2

Z ang "t = Z apa 32+ <§77> o

n>0 n>0
=3/2(n+1) 73\ "+l 3
B anT 9 n__ 9, -3/2 an n
HEmr () eI
n>0 n>0

In addition, ¥p +(z,y) = L¢L(t), therefore we expect that i(z,n) = z'/2®(q).  Assume
that ¥ (z,y) is a solution of (A.6). Then ®(q) satisfies

(AN, d 1
<d:n> +x 1£—1x 2—n2$] ®(q) =0, (A.7)

2
[xm (;) n o124 ix—e»/z _ 772333/2] =0,
xT X



64 V. Fantini and A. Fenyes

r 2
<d> + afli — 15672 — x| ® =0.
3/2

Now, rewrite (A.7) in the coordinates g = %771‘ ,

d\* 1 d 1

2 (& L1294 Vo2 22 2 g —
nx(dq> +2773: +xr d 1 n°x 0,
[, 4\ 3 d 1

2 (< S22 2ol
n°x <dq> + 2 dg 15 n°r 0,
[(d\? 3 132 d 1 o 3

— = — = -1 ®=

(dq) N dq 41 * 0

This shows that ®(q) satisfies the transformed Airy equation (A.2).

Remark A.1. The new coordinate g = %nx?’/ 2 is carefully chosen. Recall that the WKB ansatz
for a Schrodinger equation is

vl =ex | S0, '),

with S(n,2) = > >4 Si(x)n~F. For the Airy-type Schrédinger equation, we have S?, =z, so
up to a choice of sign for the square root,

2 x x
Al oL Ry RO
3 0 0
We expect that the change of coordinates ¢ = 7 fow S_1(z')da’ would explain the analogies
between the Borel transform of the WKB solution of a Schrédinger equation and the Borel

transform of the associated ODE.

B Order shifting for integro-differential equations

For a differential equation with a regular singularity at ¢ = 0, the Frobenius method typically
gives a convergent power series solution in (PC{(} for some p € R, which sums to a germ
in (PO¢—¢. When p is a non-integer greater than —1, we can do a nice trick in this space of
germs: we can pass back and forth between differential and integral equations without worrying
about boundary conditions.

Proposition B.1. Consider a germ ¢ € (PO¢—g. When p is a non-integer greater than —1,
B o

3 <a§> ol + Y 9 oh_k] ¢ =0,

Lk=0 k=1

if and only if

[ n 8 k—1 m
Z <(‘3C> o hy + Z agg—l o hk] ¢ =0,
k=0

Lk=1

assuming that the coefficients hy, ..., h_p, are in O¢—g.
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Proof. The reverse implication holds without any special condition on ¢, because 6%85 é acts
as the identity on functions which are locally integrable at ¢ = 0.
To prove the forward implication, rewrite the first equation in the statement as

*[B G ow]o--

k=1

ho+ Y 07§ oh_k] V. (B.1)
k=1

The germ

n k—1
@)
k=1

belongs to Cp_("_l)(’)gzo. This tells us, in particular, that f has a shifted Taylor expansion with
no constant term. Looking at the right-hand side of equation (B.1), we can also see that 8@ f
belongs to (?O¢—p. Combining these observations, we can deduce that f belongs to C”H(’)C:O.
Since p > —1, that means f vanishes at ¢ = 0.

Integrating both sides of equation (B.1), we get

- _ 1 k-1
6470 87<f = — [8@0 o hg + kZ:1 6470 o h—k] o.

Since 8{ éa% acts as the identity on functions that vanish at ¢ = 0, this simplifies to

f=- [Z 04 "o h_k] é,
k=0

which rearranges to the second equation in the statement. |
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