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Abstract. In supersymmetric theories, protected quantities can be reorganized into holo-
morphic-topological theories by twisting. Recently, it was observed by Jonsson, Kim and
Young that residual super-Poincaré symmetries in certain twisted theories can receive higher
corrections, turning them into L∞ algebras with non-strict actions on the twisted fields.
In this note, we show that the same phenomenon occurs for the two admissible twists of
eleven-dimensional supergravity. Along the way, we discuss in detail the connection between
components of physical and twisted fields.
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1 Introduction and review

For better or worse, we have not yet said all there is to say about supersymmetric field theories.
Progress in their study is largely owed to the presence of BPS observables, which are protected
and hence exactly computable at weak coupling. Twisting offers a modern perspective on such
observables, which isolates them and casts them as associated to a more tractable holomorphic-
topological theory. Lessons and applications of such a re-organization are manifold. For one,
local operators in holomorphic-topological theories enjoy certain secondary operations which
are codified by way of tools from higher algebra [14, 15, 56]; the twisted perspective tells us
that operator products of protected observables in supersymmetric theories are controlled by
the very same structures ([1, 6, 24, 25, 29, 31, 32]; see [30] for a pedagogical review). More
ambitiously, one may hope that tests of dualities in terms of BPS quantities may be articulated
in terms of twists, a program which has successfully been applied to exact checks of the AdS/CFT
correspondence [10, 11, 13, 17].

More explicitly, twisting is a fixed-point or localization construction; given a square-zero su-
percharge, one may consider a smaller theory whose fields are those invariant under the odd
commutative subalgebra generated by that supercharge. However, the condition of being invari-
ant must be imposed homologically, as in the BV-BRST formalism. We remind the reader that
in the BV-BRST formalism, one enlarges the space of physical fields by ghosts, antifields, etc.
and encodes equations of motions and gauge transformations by way of a BV-BRST differential.
Dually, one may think of this data as equipping the (shifted) space of fields EBV[−1] with the
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structure of an L∞ algebra whose brackets encode the Taylor components of the BV-BRST
differential. We expand a bit on this notion in the following subsection. When we refer to the
space of fields of a theory, this is the object we will mean.

In twisting, one first augments the usual BV-BRST differential by a choice of square-zero
supercharge. Doing so deforms the L∞ structure on the space of fields; after possibly shearing the
ghost number grading by an R-symmetry, this deformation of the original BV-BRST theory can
be regarded as a “cochain level model” for the twist. Then one typically passes to a smaller quasi-
isomorphic (i.e., isomorphic at the level of its cohomology) model of this cochain complex. This
smaller model is typically called the twisted theory. Physically, this second step can be viewed
as integrating out fields that are rendered nondynamical by the twisting differential. Its effect
can be described in terms of the aforementioned deformed L∞ structure via homotopy transfer.

In theories of supergravity, the twisting procedure becomes more subtle, since the action of
supersymmetry is gauged. Indeed, supergravity in the first order formalism can be viewed as
a theory of connections for the super-Poincaré group. The fields on flat space in perturbation
theory around the trivial connection schematically take the following form
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The space of fields carries a Z×Z/2 grading by ghost number and fermion parity. Subscripts
denote a generic element of the corresponding summand. The fields denoted ω, e, Ψ are com-
ponents of a connection for the super-Poincaré group and give the spin connection, vielbein,
and gravitino, respectively. The field q, in bidegree (−1,−), is a ghost for local supertransla-
tions. In [16], the authors defined twisted supergravity as supergravity in perturbation theory
around a background where q takes a nonzero vacuum expectation value. The authors provided
several strands of justification for this definition, including the observation that twisting a non-
gravitational field theory can be implemented by coupling it to such a twisted supergravity
background.

Twisting in general breaks super-Poincaré invariance. More explicitly, given a supersym-
metric field theory on flat space, with a super-Poincaré algebra p of symmetries, the twist-
ing procedure deforms this symmetry algebra to a differential super Lie algebra (p, [Q,−])
where Q is the twisting supercharge. The homotopy transfer procedure equips the cohomology
pQ = H•(p, [Q,−]) with the structure of an L∞ algebra. We call pQ the residual super-Poincaré
algebra of the twisted theory.

As with twisting, the interpretation of pQ in theories of supergravity is more subtle. As
illustrated in (1.1), in theories of supergravity, the super-Poincaré algebra appears in the space
of fields as zero modes of ghosts. Accordingly, we see that the residual super-Poincaré algebra
describes those zero mode ghosts which are preserved by the VEV given to q. It is reasonable to
expect that twisted supergravity admits a first order description as a theory of connections for pQ.

It was first noticed in [41] that the L∞ structure on pQ is non-strict in the case of ten-
dimensional super Yang–Mills theory. The even part of pQ includes a parabolic subalgebra
Stab(Q) ⊂ so(d) that stabilizes Q; the higher brackets crucially involve the complement of
the Levi factor inside this parabolic. Moreover, the action of pQ on the twisted fields involves
higher brackets. Typically, the Levi factor of the parabolic in Stab(Q) determines tangential
data necessary to globalize a twist; the presence of higher brackets suggests a correction to this
picture.
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The authors of [41] further suggested that a similar phenomenon occurs for twists of eleven-
dimensional supergravity. In this note, we examine this suggestion in detail and find non-
trivial L∞ structures both in the maximal and minimal twists. In more detail

– In the maximal twist, the residual super-Poincaré algebra features a four-ary bracket.
Interestingly, this bracket depends on the G2 three-form in the topological directions.

– In the minimal twist, we find both a three-ary and a four-ary operation on the residual
super-Poincaré algebra.

Further, we explain how these L∞ algebras act on the fields of the twisted supergravity theories.
For this purpose, we construct L∞ maps pQ ⇝ EQ

BV[−1], where EQ
BV[−1] denotes the L∞ algebra

of fields of twisted supergravity. We do this by first constructing a map to the minimal model L∞
algebra of fields and then lifting this map to component fields.

– In the maximal twist, we find a module structure with components ρ(1), ρ(3), and ρ(5).
Again, these higher components depend on the G2-structure along the topological direc-
tions, even when acting on the minimal model in a flat background that is just given by
holomorphic functions on C2 with the Poisson bracket.

– In the minimal twist, the minimal model of the twisted BV fields is a central extension of
the exceptional super Lie algebra E(5|10) [49]. We construct an L∞ map from pQ to this
minimal model with components ρ(1), ρ(2), and ρ(3).

Twisted supersymmetric theories are known for admitting infinite dimensional enhancements of
their finite-dimensional symmetry algebras (see, for example, [2, 31, 52]). In the case of twisted
eleven-dimensional supergravity, these enhanced symmetry algebras are divergence-free vector
fields on C2 in the maximal twist, and E(5|10) in the minimal twist [36, 49]. These coincide,
up to central extension, with the minimal models (see below) of the twisted BV fields so that
the L∞ maps we construct can also be viewed as a compatibility check between the higher L∞
operations on pQ and the enhancement to the infinite-dimensional symmetry algebra.

One motivation for studying residual super-Poincaré symmetries and their relationship with
minimal models for twisted theories is to use them to constrain BPS amplitudes in M-theory
on flat space. Indeed, as developed in [46, 47], minimal models for BV-BRST spaces of fields
can be used to determine and derive relations for tree-level scattering. More ambitiously, one
might hope to capture a more analytically tractable portion of the BFSS duality, along the
lines of twisted holography [13, 16, 17]. Evidence that features of the BFSS duality may factor
through twists comes from [38], where we noticed that the three-point amplitude (reinterpreted
as a supersymmetric index as described by the authors), is compatible with the maximal twist of
eleven-dimensional supergravity. The minimal twist, which preserves 1/16th of the original su-
percharges [49], and enjoys an infinite dimensional exceptional symmetry, is ripe for applications
in this vein.

In the remainder of this introduction, we will provide a brief and, hopefully, friendly re-
view of the relevant homotopical algebra concepts that we make use of in this note, with an
emphasis on their physical interpretation. In Section 2, we provide a brief review of twisting
and the elementary Lie group symmetries inherited from the subgroups of the super-Poincaré
group which stabilize the corresponding twisting supercharges. We also review the two twists
of eleven-dimensional supergravity. Along the way, we show how fields in the twisted theory
arise from combinations of fields in physical eleven-dimensional supergravity (viewed as a BV-
BRST complex), and emphasize some of the subtleties in this mapping. We hope this will be
instructive for the physics readers that may (quite rightly) wonder how the geometric objects
characterizing the twisted fields get assembled from components of the eleven-dimensional su-
pergravity multiplet. We also do a similar warm-up example using the holomorphic twist of
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a free four-dimensional N = 1 vector multiplet, for supergravity-averse readers. In Section 3, we
study the maximal twist of eleven-dimensional supergravity. In particular, we compute the L∞
extension of the naive Lie symmetries and its action on twisted component fields. In Section 4,
we do the same analysis for the minimal twist, and include a derivation that the maximal twist
can be viewed as a further twist of the minimal one.

1.1 Brief review of homotopical notions

Here we give a brief, intuition-based summary of the aspects of homotopical algebra that are
important for this paper. Our precise definitions and conventions follow those in many references
which we will cite along the way, and which the reader is encouraged to turn to for the equations.

1.1.1 L∞ algebras

In the BV-BRST formalism, equations of motion and gauge invariance are imposed homologically
by equipping functions on the perturbative space of fields with a BV-BRST differential. This
information can be dually described as equipping the perturbative shifted space of fields with
the structure of an L∞ algebra. The reader may be familiar with such structures from their
appearance in string field theory [28, 58]: they feature an infinite set of higher n-ary products ℓn
(a map taking n objects as input and producing one object as output), satisfying a set of
generalized Jacobi identities. In brief, an L∞ algebra is a generalization of the notion of Lie
algebra, in which the usual Lie bracket does not necessarily satisfy the ordinary Jacobi identity
on the nose, but rather only satisfies it up to corrections known as higher homotopies, which
must satisfy a (in general infinite) set of compatibility relations; some references with explicit
details and formulas include [42, 43].1

Two different L∞ algebras are called quasi-isomorphic if there is an L∞ map between
them inducing an isomorphism in cohomology, so any two BV-BRST theories that give quasi-
isomorphic L∞ algebras are classically equivalent. (To take a trivial example, one can always
add pairs of decoupled ghost fields without changing the cohomology.) Many computations in
this field can be simplified when passing to a judiciously chosen quasi-isomorphic model.

In addition to a differential, the BV-BRST formalism equips functions on the space of fields
with an additional piece of structure: the BV anti-bracket, which is a Poisson bracket of odd
degree. For a Lagrangian theory, the Poisson bracket can dually be described in terms of a so-
called cyclic structure on the space of fields – a nondegenerate inner product ⟨−,−⟩ that is
invariant under the L∞ operations. Note that the BV-BRST differential, being a derivation of
functions on the space of fields, can be thought of as a vector field. In a Lagrangian theory, one
can ask for a Hamiltonian which generates this vector field under the anti-bracket, and this is
exactly the BV action. Accordingly, the action for a Lagrangian theory takes the form

S(α) =
∑
n≥1

1

(n+ 1)!

〈
α, ℓn

(
α⊗n

)〉
. (1.2)

1.1.2 Homotopy transfer

The primary gadget for transferring L∞ structures across different quasi-isomorphic models
is called homotopy transfer. Note from (1.2) that a differential on the space of fields (an ℓ1)
corresponds to a quadratic term in the BV action, i.e., a kinetic term. Taking cohomology with
respect to ℓ1 can therefore be thought of as integrating out fields paired together with this kinetic

1A∞ algebras are similar structures, where associativity fails in a fashion rigidly controlled by homotopies. For
a review, and a discussion of how to express these higher brackets in terms of the descent formalism of twisted
theories, see [30].
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term. Homotopy transfer is a way of keeping track of classical effective interactions that are
generated in this process. This procedure accommodates familiar maneuvers such as integrating
out massive KK modes [57].

Explicitly, the homotopy transfer procedure can be used to transfer algebraic structures on
one cochain complex (L, d) to another quasi-isomorphic cochain complex (L′, d′) (which can for
example be H•(L) with zero differential) along a deformation retract, i.e., a diagram of the form

(L, d) (L′, d′)h
p

i
(1.3)

with maps satisfying p◦i = idL′ , i◦p−idL = h◦d+d◦h. Say (L, d) is equipped with higher brack-
ets making it an L∞ algebra. Then, the homotopy transfer procedure constructs higher brackets
on (L′, d′) turning it into an L∞ algebra so that the quasi-isomorphisms of cochain complexes
specified in the deformation retract (1.3) become quasi-isomorphisms in the category of L∞ alge-
bras. The induced brackets on L′ can be expressed in terms of formulas for sums over trees, with
vertices being labeled by the brackets on L and internal lines labeled by the homotopy h [45].

1.1.3 Minimal models

Different L∞-equivalent models of the space of fields render different features of a classical
field theory manifest. For example, classical equations of motion for a massless quantum field
theory are completely determined by tree-level scattering; this is articulated via the well-known
perturbiner expansion. As classical equations of motion are encoded via an L∞ structure, one
may ask for a similar codification of tree-level scattering amplitudes and related structures.
As discussed in [46, 47], the minimal model2 of an L∞ algebra can be used to encode both
the perturbiner expansion and relations between tree-level scattering such as the Berends–Giele
recursion relations in Yang–Mills theory which we solve to obtain the Parke–Taylor formula.
More explicitly, any L∞ algebra is quasi-isomorphic to an L∞ algebra with vanishing differential
called the minimal model. The minimal model is unique up to isomorphism; its underlying vector
space is simply the cohomology of the original L∞ algebra. Specifying a deformation retract
from the original L∞ algebra to its cohomology, we can compute the brackets on the minimal
model by the homotopy transfer procedure as described above.

Starting from a dg Lie algebra, one can always choose a deformation retraction to its co-
homology and ask if higher brackets beyond the restriction of the binary bracket appear after
homotopy transfer. If this is not the case, there exists an L∞ quasi-isomorphism between the
original dg Lie algebra and the cohomology with binary bracket. In this case, the dg Lie alge-
bra is called formal. Crucially, while the form of the higher brackets depends on the choice of
deformation retract, the question whether there are non-vanishing higher brackets at all is in-
dependent of such choices. In other words, formality is well-defined property of a dg Lie algebra
and does not depend on the choice of homotopy data [45].

1.1.4 L∞ modules

We are most interested in symmetries when they act on things. In the BV-BRST formalism,
the notion of a symmetry of a perturbative classical field theory is codified by equipping the
space of fields EBV[−1] with the structure of an L∞ module. A precise definition can be found
in [44], but morally such a map includes a series of nonlinear corrections which render exact the
failure for the linear part of the map to intertwine Lie brackets. Such a homotopical weakening
of the notion of a strict Lie map is flexible enough to accommodate settings where symmetries
may only close on-shell or up to a gauge transformation. In the main body of the text, we equip

2This has nothing to do with the 2d RCFTs of the same name.
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minimal models for the L∞ algebras describing twists of eleven-dimensional supergravity with
the structure of an L∞-module for the corresponding residual super-Poincaré algebras.

2 Twisted supersymmetry

In this section, we will provide a brief review of twisting and establish our notation. We will then
turn our attention to the two possible twists of eleven-dimensional supergravity, our primary
focus in this note. We demonstrate the maps by which fields in the twisted theory – that are
identified with various geometric objects on spacetime – can be viewed as originating from certain
field configurations in the physical theory, including a warm-up treatment of the holomorphic
twist of a four-dimensional N = 1 vector multiplet. When we speak of twisted supergravity, we
shall always work perturbatively around the flat background.

2.1 Twisted field theories and their residual symmetries

By definition, any supersymmetric field theory comes with an action of a super Lie algebra of
symmetries p. For Poincaré invariant field theories, these are super-Poincaré algebras enlarging
the even affine symmetries of spacetime by odd elements; in some cases, p can be enlarged
further to a superconformal algebra. We will denote the decomposition of the algebra into even
(bosonic) and odd (fermionic) generators, respectively, as p = p+ ⊕ p−. Further, we denote the
super Lie bracket on p by [−,−], where it is understood that the bracket is antisymmetric if at
least one input is in p+ and symmetric if both inputs are in p−.

The twisting procedure extracts protected subsectors from a supersymmetric field theory
by choosing an odd square-zero element Q ∈ p and taking invariants with respect to the odd
abelian subalgebra spanned by Q. Such a subsector, the twisted theory, governs certain protected
quantities such as BPS states and operators. Since Q transforms as a spinor under the Lorentz
group, twisting will generically break Poincaré invariance,3 as described in more detail shortly.

In the BV or BRST formalism, the twisted theory is obtained by deforming the BV or BRST
differential by the action of the supercharge Q on the theory, QBV 7→ QBV+Q. We briefly remark
that, since Q carries ghost number zero and QBV is of ghost number one, such a deformation
by Q always breaks the integer ghost number grading of the BV theory. In many examples,
an integer grading in the twisted theory can be restored by performing a regrading using R-
symmetry charges; in other cases the twisted theory is only Z2-graded (see [12] for a rigorous
discussion).

The moduli space of twists is the nilpotence variety,

Y = {Q ∈ p− | [Q,Q] = 0}.

These spaces were classified for super-Poincaré algebras in [23, 25]; in these cases, the nilpotence
variety is acted upon by Lorentz transformations and R-symmetry and the orbit stratification
for this combined action classifies the different twists of a field theory with symmetry algebra p.

Remark 2.1. In theories of supergravity, where supersymmetries are viewed as gauge symme-
tries, the interpretation of the twisting procedure is subtle, especially when working in non-flat
backgrounds. In [16], these questions were clarified by defining twists of supergravity theories by
placing them in backgrounds where the supersymmetry ghosts take a non-zero value. In a flat
background, this value for the supersymmetry ghost precisely corresponds to the twisting su-
percharge Q.

3For some topological twists, invariance under a copy of Spin(d) can be restored by choosing a twisting
morphism. However, this is not possible for holomorphic or mixed type twists. For a discussion on the existence
of twisting morphisms in various dimensions, see [25].
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2.1.1 Residual symmetries

What are the symmetries of a twisted theory? Clearly, the presence of the twisting supercharge
breaks p to the subalgebra that preserves Q. Further, elements of p that are in the image
of [Q,−] are to be viewed as trivial in the twisted theory. More generally, the choice of a square
zero-supercharge Q equips the symmetry algebra p with the structure of a differential super
Lie algebra p 7→ (p, [Q,−]), where the differential is simply Q itself, acting via the bracket. Its
cohomology pQ := H•((p, [Q,−])) is the residual symmetry algebra of the twisted theory. This
means that twisting generally both breaks symmetries (elements which are not in the kernel
of [Q,−]) and trivializes symmetries (elements which are in the image of [Q,−]). The residual
symmetry algebra pQ has its own nilpotence variety YQ encoding the possible further twists of
the theory generated by the remaining odd square-zero supercharges.

The super Lie bracket on p descends to a bracket on pQ, and thereby endows it with the
structure of a super Lie algebra. However, viewing the residual symmetries simply as a super
Lie algebra is not the full story. Instead, fixing a deformation retract (cf. Section 1.1)

(p, [Q,−]) (pQ, 0)h
p

i

and performing the homotopy transfer can lead to additional higher operations that turn pQ
into an L∞ algebra. The fact that this L∞ structure is not necessarily strict was first observed
in [41] for the holomorphic twist of ten-dimensional N = 1 supersymmetry. We emphasize that,
while the precise form of the higher operations generally depends on the deformation retract,
the question whether higher brackets appear at all (i.e., whether (p, [Q,−]) is formal as a dg Lie
algebra) is independent of these choices.

While the above discussion is applicable for any super Lie algebra p and twisting super-
charges pQ acting on a field theory, we are in the following, interested in the case where p is a
super-Poincaré algebra. In this case we will call pQ the residual super-Poincaré algebra.

2.1.2 Residual super-Poincaré algebras

Let us fix a super-Poincaré algebra p and discuss the residual symmetries for this case specifically.
The even piece of p is a semidirect product (so(d) ⊕ gR) ⋉ V between Lorentz transformations
and R-symmetries, with the translations living in the vector representation V of so(d). This is
enlarged by odd elements sitting in a spin representation of so(d) and a representation of the
R-symmetry specified by the choice of one or two integers N counting the number of (possibly
chiral) supercharges, depending on spacetime dimension. Denoting this representation by Σ,
the bracket between two odd elements is specified by a map γ : Sym2(Σ) −→ V . In particular,
the usual Z2-grading that tracks even and odd elements of p can be conveniently lifted to a Z-
grading by setting p0 = so(d)⊕ gR, p1 = Σ, and p2 = V . We will work in this lifted Z-grading
for the rest of this paper.

One can read off many properties of the twisted theory directly from its residual super-
Poincaré algebra. For example, the twisted theory depends in a generically mixed topological-
holomorphic manner on the underlying spacetime. This dependence is encoded by the surviving,
nontrivial translation generators which live in

(pQ)2 = H2(p, [Q,−]) = V/Im([Q,−]).

On general grounds, for non-vanishing Q, the dimension of (pQ)2 is at most half the dimension
of the vector representation (see, for example, [25]) dim((pQ)2) ≤ 1

2 dimV . Depending on the
dimension of this cohomology group, one distinguishes different cases.
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– If (pQ)2 = 0, all translations act trivially on the twisted theory. The supercharge Q is
called topological.

– If the dimension of V is even and the inequality is saturated, precisely half of the transla-
tions act trivially on the twisted theory. Choosing such a supercharge induces a complex
structure on spacetime; the supercharge Q is called holomorphic.

– In the generic case, when more than half, but not all, translations act trivially, the super-
charge Q is called mixed.

In general, twisting a field theory on Rd by a supercharge with dim((pQ)2) = k yields a topologic-
holomorphic theory formulated on Rd−2k ×Ck. We say that Q has d− 2k topological directions
(and 2k holomorphic directions).

The degree one piece (pQ)1 = H1(p, [Q,−]) contains those odd supercharges that can act
non-trivially on the twisted theory. Note that for (pQ)1 both the kernel and the image condition
are generally non-trivial, meaning that some of the original supersymmetries in p are broken
(those not commuting with Q) while others are trivialized (those in the image of [Q,−]). Square-
zero elements in (pQ)1 define the nilpotence variety YQ which encodes further twists that can
be obtained from the Q-twisted theory.

The nilpotence variety YQ is acted upon by the Lie group exponentiating residual super-
Poincaré transformations in degree zero (pQ)0 = H0(p, [Q,−]) which is the commutant of Q.
These are precisely those Lorentz transformations and R-symmetries preserving the twisting
supercharge Q.

2.1.3 Symmetry enhancements

One interesting feature of twisted field theories is that they typically feature an enhancement
of the finite-dimensional residual symmetries pQ to an infinite-dimensional (super) Lie algebra.
This was first observed in the context of superconformal field theories in four-dimensions where
the Virasoro algebra appears for certain twists by supercharges of the superconformal algebra [2].
It was later realized that this is a more generic features of twisted theories with at least some
holomorphic directions (see, for example, [4, 31, 49, 50, 52]). Typically these infinite-dimensional
symmetry algebras involve holomorphic vector fields along the subspace of spacetime on which
the twisted theory behaves holomorphically. A systematic treatment inspired by the pure spinor
superfield formalism was developed in [36].

Denoting the enhanced infinite-dimensional symmetry algebra by G, compatibility requires
that there is an L∞ map pQ ⇝ G. In the cases of twisted eleven-dimensional supergravity,
where G coincides – up to a central extension – with the minimal model of the BV fields itself,
we construct these maps in Sections 3.2 and 4.2.

2.1.4 Twists and curved backgrounds

The twisting procedure, as we introduced it, requires the existence of a global square-zero twist-
ing supercharge. As most backgrounds break supersymmetry, this comes with severe restrictions,
e.g., on the holonomy group of spacetime. More sophisticated procedures to preserve supersym-
metry in curved backgrounds involve non-minimal couplings to supergravity [26].4 On the other
hand, twisting a supersymmetric field theory in a flat background Rd, we obtain a topological-
holomorphic field theory on Rd−2k × Ck. Such theories are well defined on any manifold M
equipped with a transversely holomorphic foliation of type (d−2k, k). These are precisely those
manifolds that are equipped with a compatible atlas whose charts map open neighborhoods
of M to Rd−2k ×Ck. In other words, M is equipped with coordinates (x1, . . . , xd−2k, z1, . . . , zk)

4For a discussion of global aspects of twists specifically in four dimensions see also [19].
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and coordinate changes are of the form (f(x, z), g(z)), where g is a holomorphic function. In this
work, we study higher structures arising in the residual symmetries of twisted theories in flat
backgrounds, but we expect similar structures to also appear in more complicated backgrounds.
These symmetries could further illuminate the geometric structures amenable to the twisting
procedure. We hope to extend this line of thought in future work.

2.2 Eleven-dimensional supergravity and its twists

Let V denote the vector representation of Spin(11) and S be the unique spinor representation
of dimension 32. The super-Poincaré algebra5 is then given by p0 = so(V ), p1 = S, p2 = V .
Eleven-dimensional supergravity is the low energy limit of M-theory. Its component fields were
first described in [18]; the physical fields are the graviton gµν , the gravitino ψ

α
µ , and a three-form

gauge field C(3). In the BV formalism, the theory is modeled by a local cyclic L∞ algebra built
from these fields together with their ghost systems and antifields. In more detail, there are
diffeomorphism ghosts ξµ which are vector fields on the spacetime thought of as infinitesimal
diffeomorphisms, as well as a bosonic ghost q for the supercharges taking values in S; further,
the three-form carries a ghost system consisting of two-, one-, and zero-forms that we denote
by C(i) for i = 0, 1, 2. In addition each of these fields and ghosts comes with its corresponding
antifield denoted by a superscript +.

The underlying cochain complex of this L∞ algebra is described in the following diagram,
where Ωk denote differential forms of degree-k and T denotes sections of the tangent bundle,

Ω0 d−→ Ω1 d−→ Ω2 d−→ Ω3 d⋆d−−→ Ω8 d−→ Ω9 d−→ Ω10 d−→ Ω11,

T
Lξg−−→ S2(T )

E−→ S2(T )
L∗
−→ T, S ⊗ Ω0 d−→ S ⊗ Ω1 DRS−−−→ S ⊗ Ω10 d−→ S ⊗ Ω11. (2.1)

Here, the horizontal axis is ghost number. As usual, the differential encodes the linearized part of
the equations of motion and gauge invariances. For the first row describing the three-form, gauge
transformations are simply given by the de Rham differential; in terms of local operators we can
write δC(3) = dC(2), and similarly for the one- and zero-form ghosts that encode dependencies
between gauge transformations. As indicated by the differential, the linearized equations of
motion for the three-form are simply d ⋆ dC(3) = 0. The second row describes the graviton as
a symmetric two-tensor that perturbs the background metric. The diffeomorphism ghosts are
vector fields that act on the graviton by the Lie derivative along the background metric. The
differential acting on the graviton field is given by the linearized Einstein equation (here indicated
by the map E). Finally, the third row contains the gravitino subject to the Rarita–Schwinger
equation and gauged by the supersymmetry ghost.

The higher brackets of the L∞ structure describe the interactions and the non-linear contri-
butions to the gauge transformations. For example, there is a binary bracket for the three-form
field,

µ2 : Ω3 ⊗ Ω3 −→ Ω8, µ2
(
C(3), C(3)

)
= dC(3) ∧ dC(3). (2.2)

Using the cyclic pairing on (2.1) that pairs fields and antifields (e.g., Ω11 with Ω0 etc.), this
binary bracket corresponds to the Chern–Simons interaction term in the action functional, here
arising via

〈
C(3), µ2

(
C(3), C(3)

)〉
=

∫
C(3) ∧ dC(3) ∧ dC(3). Note that the interactions for the

graviton give rise to an infinite series of L∞ operations µk that correspond to the expansion of
the Einstein–Hilbert action around a flat background.

5Here and in the following, we work with the complexified version of the super-Poincaré algebra. This is the
natural setting for twisted supergravity; indeed, the existence of twisting supercharges relies on complexifica-
tion [23, 25].
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2.2.1 The supersymmetry module structure

The BV fields form an L∞ module for the super-Poincaré algebra p. The linear part of the
module structure is given by the obvious action of the Poincaré algebra on the fields together with
the supersymmetry transformation described in [18]. However, working with the BV complex
of component fields presented above, the action of supersymmetry only closes on-shell on the
component fields, which means that the BV fields do not form a Lie module. Instead, there are
additional higher terms in the action making it an L∞ action. The full L∞ action is described
in a language similar to that of this note in [22] (see [3] for an earlier account).6

In theories of supergravity, supersymmetry becomes a gauge symmetry. Thus, we can recover
the action of p by restricting the ghost fields to certain values; in other words, the action
of p on the BV fields is inner. This means it can be described by an L∞ map into the BV
fields7 ρ : p⇝ EBV[−1], where EBV denotes the space of fields in the BV formalism. Explicitly,
the linear component of ρmaps so(V )⋉V to vector fields specifying values for the diffeomorphism
ghost

ρ(1)(v) = vµ
∂

∂xµ
, v ∈ V, ρ(1)(M) =Mµνxµ

∂

∂xν
, M ∈ so(V ).

These vector fields generate translations and rotations in spacetime respectively; the diffeomor-
phism ghost acts on the fields in the BV complex by the Lie derivative thereby reproducing
the standard action of the Poincaré algebra on the fields of the supergravity theory. Similarly,
the odd elements of p are mapped to covariantly constant configurations of the supersymmetry
ghosts, reproducing the supersymmetry transformations of the fields.

2.2.2 The nilpotence variety and twists

Investigating the nilpotence variety, one finds two distinct twists available to the eleven-dimen-
sional supergravity theory [23]:

– The maximal twist is topological in seven directions and holomorphic in the remaining
four directions. Starting from a flat background, it thus places the theory in R7 × C2.

– The minimal twist is holomorphic in ten directions and topological in the remaining one.
Thus, it identifies the flat background with C5 × R.

2.2.3 A first look at the maximal twist

The maximal twist of eleven-dimensional supergravity in a flat background is Poisson–Chern–
Simons theory on C2 × R7. This description was first suggested by Costello in [11]. The
conjecture was verified at the free level in [22] and realized as a further twist of minimally
twisted supergravity in [49]. In [37], pure spinor superfield techniques are used to provide
a computation of the twist at the interacting level.

Poisson–Chern–Simons theory is described by the local L∞ algebra(
Ω(0,•)(C2

)
⊗ Ω•(R7

)
, ∂̄C2 + dR7 , {−,−}

)
.

Here, the binary operation is the Poisson bracket; choosing coordinates (z1, z2) on C2, it can be
expressed in terms of the Poisson-bivector π = ∂z1 ∧ ∂z2 , {α, β} = π(∂α ∧ ∂β). Poisson–Chern–
Simons theory can be formulated on any product X ×M between a Calabi–Yau twofold X and

6Stritifications of this L∞ module structure exist in the context of the pure spinor superfield formalism (see
[7, 37]). From the perspective of the bosonic spacetime, this amounts to the introduction of an infinite set of
auxiliary fields.

7We also use the notation for cohomological degree shifts such that for a graded complex V = ⊕jVj , the
shift V [i] maps the graded subspaces via V [i]j = Vi+j . For example, if V = V0 is a space of ordinary physical
fields concentrated in cohomological degree zero, then V [−1] is concentrated in degree 1.
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an odd-dimensional real manifold M . Denoting the holomorphic volume form on X by Ω, the
BV action of the theory reads

SBV(α) =

∫
X×M

Ω ∧ α
(
1

2

(
∂̄X + dM

)
α+

1

6
{α, α}

)
.

We remark that the theory is generally only Z2-graded (i.e., there is no well defined integer ghost
number, so that there is no invariant distinction between the ghosts, antifields, and physical fields
in the twist). Only if the real manifold M is one-dimensional, the Z-grading can be restored for
degree reasons.8

2.2.4 A first look at the minimal twist

The component fields of minimally twisted eleven-dimensional supergravity at free level were
described in [8, 53], interactions were conjectured (and numerous consistency checks performed)
in [49]; a geometric pure spinor construction of the interaction was given in [37].

Explicitly, the free component fields on C5 ×R are the Z/2Z graded BV theory described by
the following cochain complex: (

Ω0,•(C5
)
, ∂̄

)
β

∂−→
(
Ω1,•(C5

)
, ∂̄

)
γ(

PV1,•(C5
)
, ∂̄

)
µ

∂Ω−→
(
PV0,•(C5

)
, ∂̄

)
ν

⊗
(
Ω•(R), d

)
. (2.3)

Here, PVk,•(C5
)
= Ω0,•(C5,∧kT

(1,0)
C5

)
denotes polyvector fields understood as Dolbeault forms

with values in exterior powers of the holomorphic tangent bundle and ∂Ω denotes the divergence
operator associated to the standard holomorphic volume form Ω = dz1∧· · ·∧dz5. The subscript
denotes notation for a generic element of the indicated summand tensored with de Rham forms
on R. This cochain complex can be equipped with an L∞ structure turning it into an interacting
BV theory. The action for this BV theory is a deformation of one of generalized BF-type [49].
Explicitly, the interaction of the theory takes the form∫

Ω ∧ ∂γ ∨ µ2

1− ν
+

∫
γ∂γ∂γ.

The first term above is interpreted as a geometric series in ν and can be related to a BF-type
extension of the BCOV interaction by way of a nonlinear field redefinition. The second term is
reminiscent of the Chern–Simons term of eleven-dimensional supergravity.

In this paper we will also work with a theory of field strengths for the minimal twist of
eleven-dimensional supergravity. The component fields read[(

Ω2,•(C5
)
, ∂̄

) ∂−→
(
Ω3,•(C5

)
, ∂̄

) ∂−→
(
Ω4,•(C5

)
, ∂̄

) ∂−→
(
Ω5,•(C5

)
, ∂̄

)(
PV1,•(C5

)
, ∂̄

) ∂Ω−→
(
PV0,•(C5

)
, ∂̄

) ]
⊗
(
Ω•(R), d

)
. (2.4)

We claim that we can equip this cochain complex with the structure of a degenerate BV
theory – i.e., it admits a degenerate copairing instead of a nondegenerate pairing. We will not
need the full structure of the BV theory here so we leave explicating it to elsewhere. We instead
highlight some essential features:

– The strict map that acts as ∂ on γ, 0 on β, and the identity on µ and ν defines a map
of BV theories from the minimal twist of eleven-dimensional supergravity to the theory of
field strengths.

– The minimal model on flat space is L∞ equivalent to E(5|10), with no central extension.
8Recall that a Z-graded BV theory is equipped with a (−1)-shifted symplectic structure on the BV fields EBV

inducing a Poisson bracket of degree +1 on the observables (often called the antibracket). In terms of the L∞
algebra EBV[−1] this structure corresponds to a cyclic pairing of degree −3. In a Z2-graded BV theory one only
has an odd shifted symplectic structure, or equivalently, an odd pairing on the L∞ algebra.
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2.3 How is the twisted theory related to the physical fields?

In the BV formalism, twisted theories are described by local L∞ algebras that typically involve
de Rham forms along the topological directions and (0, •)-forms along the holomorphic direction,
potentially with values in a graded vector bundle. While this abstract description makes the
topological-holomorphic nature of the twisted theory explicit, it raises the obvious question how
the degrees of freedom in the twisted theory precisely arise in terms of the component fields of
the full physical theory. In other words: how is the protected sector that the twisted theory
describes precisely related to the full theory?

2.3.1 An instructive example: the vector multiplet in four dimensions

Let us consider the holomorphic twist of a single vector multiplet for four-dimensional N = 1 su-
persymmetry. Recall that we have the exceptional isomorphism Spin(4) ∼= SU(2)+×SU(2)−; the
two spin representations S± are the fundamental representations of the first and the second SU(2)
respectively. We denote the vector representation by V . Then the N = 1 super-Poincaré algebra
is of the form p0 = so(4), p1 = S+⊕S−, p2 = V . The bracket between two odd elements is given
by the identification S+ ⊗ S− ∼= V . Square-zero elements are precisely those that are either
completely in S+ or in S−. This means that the nilpotence variety Y = S+ ∪{0} S− is the union
of two planes intersecting in the origin. All points in either plane are related by the action of
Spin(4) so that Y has two non-trivial orbits representing the two possible twists; both twists are
holomorphic.

The BRST fields of the abelian vector multiplet are described by the following cochain com-
plex

Ω0 Ω1

S+ ⊕ S−

Ω0.

d

The field content is a one-form gauge field A ∈ Ω1 together with its ghost field c ∈ Ω0, as well
as the gaugino

(
λ, λ̄

)
∈ S+ ⊕ S− and an auxiliary field D ∈ Ω0.

Let us choose a twisting supercharge Q ∈ S+. It is well known that the twist of the BRST
multiplet is given by

(
Ω(0,•)(C2

)
, ∂̄

)
([40, 48]; see, for example, [51] for a discussion in a language

similar to this note, and [5, 6] for more). In order to make this identification, one decomposes
the field content, supersymmetry transformations, and BRST differential under SU(2)− ×U(1)
where the U(1) is the Cartan of SU(2)+. This means that the vector and spinor representations
decompose as follows: S+ → 1+1 ⊕ 1−1, S− → 20, V → 21 ⊕ 2−1. After applying a twisting
morphism mixing the U(1) charge with the R-symmetry charge (see [51] for details on the
gradings) we decompose the field content. Under the new grading the twisting supercharge
has U(1) weight zero; further we can identify the grading with a weight on Dolbeault forms by
putting |dz| = 1 and |dz̄| = −1. For the one-form gauge field and its ghost, we identify c ∈ Ω(0,0)

and
(
A, Ā

)
∈ Ω(1,0)⊕Ω(0,1). The gaugino and the auxiliary field take values in the representations

(λ+, λ−) ∈ 10 ⊕ 1−2, λ̄ ∈ 21, D ∈ 10.

It is instructive to identify these with subrepresentations of Ω•,•(C2
)
; λ̄ is identified with a form

in Ω(1,0), λ− becomes a form in Ω(0,2), while λ+ and D can be viewed as (1, 1)-forms in the
subspace spanned by the antisymmetrized representative dz1 ∧ dz̄2 − dz2 ∧ dz̄1. We denote this
subspace by Ω

(1,1)
1 . With these identifications, the twisted BRST multiplet decomposes as
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follows:

Ω
(0,0)
c Ω

(0,1)

Ā
Ω
(0,2)
λ−

Ω
(1,0)
A

(
Ω
(1,1)
1

)
λ+

Ω
(1,0)

λ̄

(
Ω
(1,1)
1

)
D
.

∂

∂̄ ∂̄

σ ◦ ∂
σ ◦ ∂̄

∼=

σ ◦ ∂̄

∼=

Here, σ denotes the map projecting (1, 1)-forms to Ω
(1,1)
1 . The subscripts indicate the origin of

these representations in terms of the BRST fields.
Clearly, the first horizontal row forms a copy of (0, •)-forms that appear in the twisted theory.

To obtain the twisted theory, we take cohomology with respect to those pieces of the differential
denoted vertically in the picture. The horizontal ∂̄-differential descends to the differential in the
twisted theory.

Indeed, we see that there are supersymmetry transformations relating A and λ̄ as well as λ+
and D so that they form acyclic pairs, which cancel when we pass to cohomology. We can
imagine first taking cohomology with respect to these pieces of the differential and see that only
the first horizontal row remains.9

However, the elements sitting in this first horizontal row are not the full cohomology classes.
Ignoring the horizontal ∂̄-differential for a minute, we find that the complex decomposes into
three pieces

Ω
(0,0)
c Ω

(0,1)

Ā
Ω
(0,2)
λ−

.

Ω
(1,0)
A Ω

(1,0)

λ̄
,

(
Ω
(1,1)
1

)
λ+

(Ω
(1,1)
1 )D,

∂ σ◦∂

∼= ∼=

For example, we can identify the cohomology of the first piece with Ω(0,0), but the appropriate
representative of a corresponding cohomology class in terms of component fields is given by
a pair

(
c, λ̄

)
satisfying the condition that ∂c = λ̄. This is a general feature of such cochain

complexes when presented in terms of “stairs” as above: the full cohomology class is a linear
combination of pieces sitting on the diagonal of the stair. These contributions can be obtained
by “walking down the stair”; in this case this means first applying ∂ and then inverting the
isomorphism on Ω(1,0). (For a mathematical treatment of these techniques see, e.g., [55]; for
a discussion in a physics context see, e.g., [34].)

We can use this to write the quasi-isomorphism identifying the forms of the Dolbeault com-
plex appearing in the twisted theory as field configurations in the full theory i : Ω(0,•)(C2

)
−→

(EBRST, QBRST + Q). Explicitly, on (0, 0)-forms we have i(c) = c + ∂c. For (0, 1)-forms,
we have i

(
Ā
)
= Ā+ σ ◦ ∂Ā, while the (0, 2)-form representative does not get corrected at all

i(λ−) = λ−.

Remark 2.2. Although we considered the BRST complex in this example, the situation does
not change much when taking into account the equations of motion. In fact, take the repre-
sentative of the (0, 0) form: its derivative ∂c is viewed as a configuration of the gaugino in the
physical theory. The Dirac operator acts on λ̄ by εαβ∂αλ̄β so that we immediately find that
field configurations λ̄ = ∂c are automatically on-shell.

9This can be made precise by equipping the complex with an appropriate filtration and considering the asso-
ciated spectral sequence.
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2.3.2 Maximally twisted eleven-dimensional supergravity
in terms of the physical fields

We can run a similar procedure to identify the representatives of the twisted supergravity mul-
tiplet in terms of the physical fields. Since the supersymmetry transformations only close on-
shell, the underlying structure of the cochain complex is more complicated and the “stairs”
contributing to the embedding have more than just a single step, making the full form of the
representatives much more complicated.

Recall that the field content in the twisted theory organizes is Ω(0,•)(C2
)
⊗Ω•(R7

)
. In [22], the

maximal twist was computed from the component fields by identifying the trivial pairs arising
from the action of the twisting supercharge Q. This identifies contribution to the representatives
from the “top of the stair” in terms of the physical fields. For the maximal twist, these are
contributions from the three-form with its ghost system and antifields together with certain
components of the gravitino and its antifield as summarized in the following table:

Ω0
(
R7

)
Ω1

(
R7

)
Ω2

(
R7

)
Ω3

(
R7

)
Ω4

(
R7

)
Ω5

(
R7

)
Ω6

(
R7

)
Ω7

(
R7

)
Ω0,0

(
C2

)
C(0) C(1) C(2) C(3) ψ ψ+ C(3)+ C(2)+

Ω0,1
(
C2

)
C(1) C(2) C(3) ψ ψ+ C(3)+ C(2)+ C(1)+

Ω0,2
(
C2

)
C(2) C(3) ψ ψ+ C(3)+ C(2)+ C(1)+ C(0)+

Table 1. The relation between fields in the twisted theory and in the physical theory at the top of the

stair.

One can then use the decomposition of the field content and supersymmetry transformations
under G2 × SU(2) to identify the stairs contributing to the representatives in terms of the fields
of the full theory. In the following, let us sketch this for the zero-form Ω(0,0)

(
C2

)
⊗ Ω0

(
R7

)
of

the twisted theory. The corresponding “top of the stair” is simply the zero-form ghost of the
three-form ghost system. The stair then takes the following form:(

Ω(0,0) ⊗ Ω0
)
C(0)

(
Ω(1,0) ⊗ Ω0

)
C(1) T (1,0)

T (1,0) ⊗ T (0,1)

TR7 ⊗ T (1,0)

S2
0

(
T (0,1)

)
31

TR7 ⊗ 21

3−1

· · · · · · .

∂

iξΩ

Lξg

DRS

(2.5)

This means that the zero-form component of the twisted theory gets mapped to a field configu-
ration of the full theory

(
C(0), ξ, ψ, . . .

)
satisfying induced constraints that can be read off from

the diagram. First, we find that ∂C(0) has to be canceled by a supersymmetry transformation
of the diffeomorphism ghost ∂C(0) = iξΩ, where Ω = dz1 ∧ dz2 is the holomorphic volume form
on C2. However, the diffeomorphism ghost is mapped by the BRST differential to a field con-
figuration of the graviton. This is given by the Lie derivative along the flat background metric.
Recalling that in our coordinates, the metric takes the form g = δabdx

a ⊗ dxb + δijdz
i ⊗ dz̄j ,

a short calculation shows that for a vector field of the form X(x, z, z̄)i ∂
∂zi

, the Lie derivative of



Higher Symmetries in Twisted Eleven-Dimensional Supergravity 15

the metric has three non-vanishing components,

(Lξg)ziz̄j ∈ T (1,0) ⊗ T (0,1), (Lξg)z̄ia ∈ TR7 ⊗ 21, (Lξg)z̄iz̄j ∈ S2
(
T (0,1)

)
.

These contributions are, in turn, canceled by a supersymmetry transformation of the gravitino.
However, the stair continues: these gravitino components are mapped to components of the
gravitino antifield by the Rarita–Schwinger operator, which are again canceled by supersymme-
try transformations of some components of the antifields of other physical fields of the theory
etc. We refrain from working this out in full detail here, but emphasize that the fields of the
twisted theory are best viewed as some complicated field configuration in the physical theory,
where the values of the different ghosts, physical fields and antifields are generated by various
derivatives of the field in the twisted theory as determined by such stairs as described above.

3 Residual symmetries in the maximal twist

Let us now investigate the residual super-Poincaré algebra pQ for maximally twisted eleven-
dimensional supergravity. In Section 3.1, we will see how homotopy transfer gives rise to higher
operations on pQ making it an L∞ algebra. Then, we move on to study the action of this L∞
algebra both on its minimal model (see Section 1.1) and on the component fields of the twisted
theory.

3.1 The residual super-Poincaré algebra and homotopy transfer

Let us fix a maximal twisting supercharge Q ∈ p1. In order to investigate pQ, we decompose
the super-Poincaré algebra under G2 × SU(2) × U(1). For this purpose, we use the following
inclusion of groups:

Spin(11) ⊃ Spin(7)× Spin(4) ⊃ G2 × SU(2)×U(1).

Here, in the last step we identified Spin(4) = SU(2)+ × SU(2)−, and the U(1) appearing in the
last step is the Cartan of SU(2)−.

The spin representation S of Spin(11) decomposes as

S ∼= (1G2 ⊕ V7)⊗
(
20 ⊕ 11 ⊕ 1−1

)
.

Our maximal twisting supercharge lives in the summand Q ∈ 1G2 ⊗ 1−1.

Fixing a maximal twisting supercharge determines a decomposition of the vector representa-
tion into topological, holomorphic, and anti-holomorphic directions. We will denote this split-
ting by

V = V7 ⊕ L⊕ L∨ ∼= V7 ⊕ 21 ⊕ 2−1.

Here, we identified the seven topological directions with the seven-dimensional representation
of G2; holomorphic and anti-holomorphic directions are L ∼= 21 and L∨ ∼= 2−1, respectively.

Remembering10 that so(V ) ∼= ∧2V as so(V )-representations and that ∧2V7 ∼= V7 ⊕ g2 as
g2-representations, it is straightforward to decompose the dg Lie algebra (p, [Q,−]). Explicitly,

10Here we use the notation ∧2V to denote the exterior square of V ; in other words, ∧2V is the two-index
antisymmetric tensor representation.
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it takes the following form:

V7 V7 ⊗ 1−1

g2 V7 ⊗ 11 V7

V7 ⊗ 21 V7 ⊗ 20 21

V7 ⊗ 2−1 20 2−1

10 1−1

12 11

1−2

sl(2).

Note that the arrows denote the action of the differential [Q,−]. Since each arrow constitutes an
equivariant map between finite-dimensional irreducible representations of G2 × SU(2), Schur’s
lemma implies that these maps are simply multiples of the identity. It is thus immediate to read
off the cohomology

H•(p, [Q,−]) =
(
g2 ⊕ sl(2)⊕ V7 ⊗ 2−1 ⊕ 1−2

)
⋉ L.

3.1.1 Homotopy transfer and L∞ structure

Let us now fix a retraction

(p, [Q,−]) (H•(p, [Q,−]), 0)h
p

i
(3.1)

and perform homotopy transfer of the Lie structure on (p, [Q,−]) along this diagram. This
equips the residual super-Poincaré algebra pQ with the structure of an L∞ algebra.

Explicitly, we can fix the homotopy data (3.1) by setting i and p to be the obvious inclusion
of and projection to the cohomology. Further, we can take h to be the inverse of [Q,−] along
all the arrows in (3.1) and vanishing everywhere else.

The Lie bracket on p induces a binary bracket on pQ in straightforward manner. Explicitly,
this equips g2 and sl(2) with their standard Lie brackets and lets them act on the other summands
according to their representations. In addition, the bracket between two elements V7⊗L∨ maps
to 1−2 by using the trace on the two elements in V7 and the isomorphism ∧2L∨ ∼= 1−2.

Higher brackets arising from homotopy transfer are obtained by sum-over-trees formulas [45].
In our case, an additional four-ary bracket arises from diagrams of the following form:

µ4 =

i

i

i

i

p

h

h

i

i

i

i

p

h

h

+ + · · · . (3.2)
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Here, the binary vertices mean application of the binary bracket in p while the homotopy is
applied at each internal line. In formulas, this means that we have

µ4(x1, x2, x3, x4) = p[i(x4), h[i(x3), h[i(x2), i(x1)]]] + · · · .

One has to evaluate all such diagrams using our homotopy data in order to see what contributions
can arise. This can be done systematically by decomposing the Lie bracket in p under G2×SU(2);
more details can be found in Appendix A. In our case, one finds that there are two non-vanishing
contributions to µ4. Both take three-inputs in degree zero and one input in degree two, i.e.,

µ4 : (pQ)2 ⊗ [(pQ)0]
⊗3 −→ (pQ)0.

The first, is given by a map

µ
(A)
4 : 21 ⊗

(
V7 ⊗ 2−1

)⊗3 −→ g2 ⊕ sl(2),

while the second option is described by

µ
(B)
4 : 21 ⊗ 1−2 ⊗

(
V7 ⊗ 2−1

)⊗2 −→ V7 ⊗ 2−1.

We start by investigating µ
(A)
4 . Taking into account the antisymmetry of the four-ary bracket,

it is easy to see on purely representation theoretic grounds that the map is unique up to scalar
multiples. Indeed, decomposing 21 ⊗ ∧3

(
V7 ⊗ 2−1

)
into irreducibles, we find a single copy

of sl(2)⊕ g2. We denote our inputs by v ∈ L ∼= 21 and R1, R2, R3 ∈ V7 ⊗ 2−1 = V7 ⊗ L∨ and
expand Ri = ri ⊗ f∨i we find

µ
(A)
4 (v,R1, R2, R3) = φ(r1, r2, r3)

(
f∨1 ⊙ f∨2 ⊙ f∨3

)
(v)

+
∑
σ∈S3

pg2(rσ(3) ∧ pV7(rσ(1) ∧ rσ(2)))
(
f∨σ(2) ∧ f

∨
σ(3)

)
f∨σ(1)(v).

The notation in this formula deserves some explanation. First, φ denotes the G2 three-form
on V7 while ⊙ are symmetrized tensor products. This means that the first term can be viewed
as an element in sl(2) by identifying the adjoint representation with the symmetric square
of the fundamental representation (sl(2) ∼= 3). To understand the second term, recall the
decomposition ∧2V7 ∼= V7⊕ g2. We denote the projections on these factors by pV7 and pg2 . Note
that these projectors can be expressed in terms of φ as pV7(r) = (φ ∨ r)♯ and pg2 = id−pV7 .
Here and in the following we denote the isomorphisms V ∨ ∼= V induced by the metric by raising
and lowering indices with superscripts ♯ and ♭. Further, ∨ denotes contraction between a form
and a vector.

Let us now turn our attention to µ
(B)
4 . Again, we see on representation theoretic grounds

that there is a unique such map up to a prefactor. We find

µ
(B)
4 (v, α,R1, R2) = α ·

(
f∨1 ∧ f∨2

)
(r1 ∨ r2 ∨ φ)♯ ⊗ v,

where α is the input in 1−2.
The full four-ary bracket is then the sum of both terms, µ4 = µ

(A)
4 + µ

(B)
4 . Writing down

possible trees for operations with more than four external legs, it is easy to see that there can’t
be any additional higher brackets µk for k > 4. Thus, (pQ, µ2 = [−,−], µ4) completely specifies
the residual super-Poincaré algebra as an L∞ algebra.

3.2 A module structure for the minimal model

The residual super-Poincaré L∞ algebra pQ acts on the twisted theory. In the following we will
describe this module structure, first on the minimal model, then on the component fields.
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3.2.1 The minimal model of maximally twisted eleven-dimensional supergravity

As described in Section 2.2.3, the maximal twist in a flat background is Poisson–Chern–Simons
theory on R7 × C2. The minimal model of this L∞ algebra is holomorphic functions on C2,(
O
(
C2

)
, {−,−}

)
. There is only the binary operation, again given by the Poisson bracket. In

coordinates, it takes the usual form

{f1, f2} =
∂f1
∂z1

∂f2
∂z2

− ∂f2
∂z1

∂f1
∂z2

.

We further recall that
(
O
(
C2

)
, {−,−}

)
is a central extension of divergence-free vector fields,

0 −→ C −→ O
(
C2

)
−→ Vect0

(
C2

)
−→ 0.

This is done by assigning to a holomorphic function f ∈ O
(
C2

)
its Hamiltonian vector field

Xf = {f,−}.

3.2.2 The action on the minimal model

The L∞ algebra pQ acts on the minimal model
(
O
(
C2

)
, {−,−}

)
turning it into a pQ-module.

Conceptually, one should think of this module structure as arising from the action of the full
super-Poincaré algebra on the BV fields of the eleven-dimensional supergravity multiplet via
homotopy transfer of module structures. Here, instead of deriving the module structure via
homotopy transfer, we take a more direct route and solve the L∞ relations directly.

An inner action is given by an L∞ map11 ρ : (pQ, µ2, µ4) ⇝
(
O
(
C2

)
, {−,−}

)
. We can view

this as an action of vector fields by identifying holomorphic functions with its Hamiltonian vector
field.

The strict part of the module structure is fixed by the geometric action of holomorphic
translations and sl(2) on C2. Explicitly, we want these to act by the usual vector fields vi∂zi ,
v ∈ L and Aijz

i∂zj , A ∈ sl(2). Fixing a basis ei for L and (e, h, f) for sl(2), this is achieved by
setting

ρ(1)(e1) = −z2, ρ(1)(e2) = z1,

ρ(1)(e) =
1

2
(z1)

2, ρ(1)(h) = −z1z2, ρ(1)(f) =
1

2
(z2)

2. (3.3)

All other elements act trivially at the strict level, i.e., the kernel of ρ(1) is g2⊕
(
V7⊗2−1

)
⊕1−2.

In order to identify any higher operations for our module structure, we solve the L∞ coherence
relation. The first nontrivial relation arises with four inputs and simplifies to{

ρ(1)(v), ρ(3)(R1, R2, R3)
}
= ρ(1)(µ4(v,R1, R2, R3)).

We immediately see that the term on the right-hand-side is given by the quadratic polynomials
representing sl(2) so that we can solve this relation for ρ(3) to find

ρ(3)(R1, R2, R3) =
1

6
φ(r1, r2, r3)

(
f∨1 ⊙ f∨2 ⊙ f∨3

)ijk
zizjzk.

Here and in the following equations we continue to use the notation Ri = ri ⊗ f∨i for inputs
in V7 ⊗ L∨.

11Here and for the following discussions of module structures, we view the right hand side as an L∞ algebra by
taking global sections of the underlying local L∞ algebra. Alternatively, we can also view the left hand side as
a local L∞ by promoting it to the locally constant sheaf on C2 and turning ρ into a map of local L∞ algebras.
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This means the image of ρ(3) consists of all cubic polynomials in O
(
C2

)
. It is easy to compute

the corresponding Hamiltonian vector fields

Xρ(3)(r1⊗e∨1 ,r2⊗e∨1 ,r3⊗e∨1 )
=

1

2
φ(r1, r2, r3)(z1)

2 ∂

∂z2
,

Xρ(3)(r1⊗e∨1 ,r2⊗e∨1 ,r3⊗e∨2 )
=

1

2
φ(r1, r2, r3)

[
(z1)

2 ∂

∂z1
− 2z1z2

∂

∂z2

]
,

Xρ(3)(r1⊗e∨2 ,r2⊗e∨2 ,r3⊗e∨1 )
=

1

2
φ(r1, r2, r3)

[
(z2)

2 ∂

∂z2
− 2z1z2

∂

∂z1

]
,

Xρ(3)(r1⊗e∨2 ,r2⊗e∨2 ,r3⊗e∨2 )
=

1

2
φ(r1, r2, r3)(z2)

2 ∂

∂z1
. (3.4)

Moving on, the bracket between two ρ(3)’s gives rise to the L∞ relation with six inputs. This
relation can be simplified to

1

2

∑
σ∈Sh(3;6)

χ(σ)
{
ρ(3)(Rσ(1), Rσ(2), Rσ(3)), ρ

(3)(Rσ(4), Rσ(5), Rσ(6))
}

=
∑

σ∈Sh(2;6)

χ(σ)ρ(5)(µ2(Rσ(1), Rσ(2)), Rσ(3), Rσ(4), Rσ(5), Rσ(6),

where Sh(i;n) denotes the set of (i, n)-shuffles12 and χ(σ) is the Koszul-sign of the permutation σ.
Remembering that the binary bracket on pQ maps ∧2

(
V7 ⊗ L∨) → 1−2, this means that there

is a five-ary term in the module structure of the form

ρ(5) : 1−2 ⊗ ∧4
(
V7 ⊗ L∨) −→ O

(
C2

)
.

The image of ρ(5) are quartic polynomials, explicitly we find

ρ(5)(α,R1, R2, R3, R4) = α(⋆φ)(r1, r2, r3, r4)
(
f∨1 ⊙ f∨2 ⊙ f∨3 ⊙ f∨4

)ijkl
zizjzkzl,

where ⋆φ denotes the Hodge dual of the G2 three form φ. Again, it is easy to compute the
associated Hamiltonian vector fields. Explicitly, the image of ρ(5) is spanned by

(z1)
3 ∂

∂z2
, (z1)

2z2
∂

∂z2
− 1

3
(z1)

3 ∂

∂z2
, z1(z2)

2 ∂

∂z2
− (z2)

2z1
∂

∂z1
, z1 ↔ z2.

This fixes the L∞ map completely. One can check on purely representation theoretic grounds
that the brackets that could contribute to higher term relations all vanish. For example, terms
like

{
ρ(3), ρ(5)

}
appear in the L∞ relation with eight inputs. The result of this bracket would

be a polynomial of fifth order living in the representation Sym5
(
C2

) ∼= 6. However, this re-
lation is completely antisymmetric on the inputs, so that this term would represent a map
1⊗ ∧7

(
V7 ⊗ L∨) → 6. It is easy to check from the decomposition of the source into irreducible

representations that there are no such G2×SU(2) maps except zero. A similar argument applies
to brackets of the form

{
ρ(5), ρ(5)

}
appearing in the L∞ relation with ten inputs.

3.2.3 The action on component fields

The above action of pQ on O
(
C2

)
can be extended to an action on the component fields

Ω0,•(C2
)
⊗ Ω•(R7

)
in an obvious way. This extension is given by a L∞ map

ρ̃ : pQ ⇝
(
Ω(0,•)(C2

)
⊗ Ω•(R7

)
, ∂̄ + d, {−,−}

)
.

12Recall that an (i, n)-shuffle is a permutation σ ∈ Sn such that the first i and the last n − i elements are
ordered, i.e., σ(1) < σ(2) < · · · < σ(i) and σ(i + 1) < σ(i + 2) < · · · < σ(n).
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Note that pQ has vanishing differential so that ρ̃(1) has to satisfy
(
d + ∂̄

)
◦ ρ̃(1) = 0. This

means that elements in the image of ρ̃(1) have to be constant along the topological directions
and depend holomorphically on C2. Including holomorphic functions into zero forms along the
obvious map i : O

(
C2

)
↪→ Ω(0,0)

(
C2

)
⊗ Ω0

(
R7

)
, we find that ρ̃ = i ◦ ρ defines an L∞ module

structure on the component fields.

3.2.4 The action in terms of the physical fields

In Section 2.3.2, we sketched how the fields in the maximal twist correspond to field config-
urations in the physical theory. In the physical theory, we know that the even piece of the
supersymmetry algebra acts by vector fields through the diffeomorphism ghost.

Indeed, we can compose ρ̃ with the embedding of the Ω(0,0)
(
C2

)
⊗ Ω0

(
R7

)
to the fields of

the physical configurations along the representatives determined by the stair in (2.5). Note
that a holomorphic function f(z) thereby gives rise to a value of the diffeomorphism ghost
ξ = Ω−1 ∨ ∂f . In other words, the diffeomorphism ghost is identified with the Hamiltonian
vector field of f . Consequently, we recover the vector fields (3.3) and (3.4) as field configurations
of the diffeomorphism ghost in the image of the composition

gQ ⇝ (Ω•(C2
)
⊗ Ω•(R7

)
, d + ∂̄, {−,−}) ↪→ (EBV, QBV +Q).

3.2.5 Summary

The four-ary brackets constructed in this section show that the residual super-Poincaré alge-
bra in maximally twisted supergravity should be viewed as an L∞ algebra rather than a super
Lie algebra. Further, these symmetries are represented in non-trivial ways both on the mini-
mal model and the component fields of the twisted theory. Interestingly, even at the level of
the minimal model in a flat background where all the topological directions have been inte-
grated out, the action of the residual symmetries depends on the G2 three-form, suggesting
that through these higher-order terms, the twisted four-dimensional holomorphic field theory
remembers something of its M-theoretic origins. It would be interesting to see how pQ, the
minimal model for the BV-BRST fields of the maximal twist, and the action of the former on
the latter, are modified when R7 is replaced with a nontrivial G2-manifold. In that case Kaluza–
Klein compactification gives a holomorphically twisted four-dimensional N = 1 theory on the
remaining C2, which will admit currents realizing the action of residual symmetries in super-
gravity. Further, reducing on a circle in the holomorphic directions gives an A-type topological
twist of seven-dimensional N = 1 whose equations of motion count G2-instantons [20]. It would
be interesting to see if our residual symmetries imply any higher structure on the conjectured
algebra of G2-instantons, thought to model BPS states in this seven-dimensional theory.

Moreover, in [11], Costello defines a class of Ω-backgrounds for the maximal twist, in settings
where the G2-manifold has an isometry with isolated fixed points; this background should lead
to further deformations of the residual symmetry algebra.

4 Residual symmetries in the minimal twist

We now turn our attention to the minimal twist of eleven-dimensional supergravity. In Sec-
tion 4.1, we construct the higher L∞ operations on the residual super-Poincaré algebra, and
in Section 4.2, we describe a module structure on the minimally twisted supergravity theory.
Finally, in Section 4.3, we show how the maximal twist arises as a further twist from the minimal
twist.
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4.1 The residual super-Poincaré algebra and homotopy transfer

Let us now fix a minimal twisting superchargeQ. The choice ofQ fixes a maximally isotropic sub-
space L ⊂ V and thereby a decomposition V ∼= L⊕L∨⊕C, into holomorphic, anti-holomorphic
and one topological direction. In order to study the residual super-Poincaré algebra, we de-
compose (p, [Q,−]) into sl(5) representations. This decomposition and the description of pQ as
a super Lie algebra was already done in [53]

L∨ ∧5L C

∧2L∨ ∧4L L∨

sl(5) ∧3L L

∧2L ∧2L

L ∧1L

gl(1) ∧0L.

We can read off the cohomology to find

pQ = sl(5)⋉
(
L∨ ⊕ ∧2L∨)⊕ ∧3L(−1)⊕ L(−2).

Again, the Lie bracket on the super-Poincaré algebra descends to a binary bracket on pQ. This
equips sl(5) with its standard Lie bracket; further sl(5) acts on all other summands according
to their representation. In addition, there is a bracket L∨ × L∨ → ∧2L∨ in the obvious way.

Note that, as opposed to the maximal twist, there are odd elements in the residual super-
Poincaré algebra. It is convenient to apply the identifications ∧3L ∼= ∧2L∨. Then, the bracket
is given by the wedge product followed by the identification L ∼= ∧4L∨. This also means
that pQ has a non-trivial nilpotence variety encoding further twists; indeed, the YQ has a single
orbit corresponding to the maximal twist viewed as a further twist of the minimal twist and is
isomorphic to the affine cone over the Grassmanian Gr(2, 5) [53].

Homotopy transfer gives rise to three-ary and four-ary brackets. These terms can be sys-
tematically identified by writing all possible diagrams contributing to the homotopy transfer
procedure using the equivariant decomposition of the bracket in p.

There are two types of terms contributing to µ3. The first takes two inputs from degree zero
and one input from degree two so that the output is in degree one. Explicitly, the homotopy
transfer procedure induces a map

µ
(A)
3 : L(−2)⊗ ∧2L∨ ⊗ L∨ −→ ∧3L(−1).

There are two diagrams that contribute to µ
(A)
3

µ
(A)
3 =

L

∧2L∨

L∨

p +

L

∧2L∨

L∨

p,
h h

where we already denoted the inputs such that a non-vanishing contribution arises. Explicitly
for inputs v ∈ L, B ∈ ∧2L∨, and R ∈ L∨, we have µ3(v,B,R) = R ∧ (v ∨B) +B ·R(v), where
we leave the isomorphism ∧2L∨ ∼= ∧3L implicit.



22 F. Hahner, N.M. Paquette and S. Raghavendran

The second takes two inputs in degree zero and one input degree one so that the output lies
in degree zero,

µ
(B)
3 : ∧3 L(−1)⊗ ∧2L∨ ⊗ L∨ −→ sl(5).

Again, there are two diagrams contributing to µ
(B)
3

µ
(B)
3 =

∧3L

∧2L∨

L∨

p +

∧3L

L∨

∧2L∨

p.
h h

For inputs q ∈ ∧3L, B ∈ ∧2L, and R ∈ L∨, we find the following form:

µ3(q,B,R) = psl(5)(R⊗ (q ∨B)) + p′sl(5)(B ⊗ (q ∨R)),

where psl(5) and p′sl(5) are the projections L ⊗ L∨ → sl(5) (given by removing the trace)
and ∧2L⊗ ∧2L∨ → sl(5), respectively.

Finally, the four ary bracket is given by a map

µ4 : L(−2)⊗ ∧3
(
∧2 L∨) −→ sl(5)

that arises from the diagrams (3.2). Explicitly, the four-ary bracket yields

µ4(v,B1, B2, B3) =
∑
σ∈S3

χ(σ)p′sl(5)
[
Bσ(3) ⊗

(
Bσ(2) ∨ Ω−1(v ∨Bσ(1))

)]
,

where the inverse of the holomorphic volume form Ω−1 provides an isomorphism L∨ ∼= ∧4L.
Again, explicitly writing out diagrams with more than four external legs, one finds that there

are no higher brackets µk for k > 4.

4.2 A module structure for the minimal model

Let us now move on to discuss the module structure of this L∞ algebra on the fields of minimally
twisted supergravity.

4.2.1 The minimal model of minimally twisted eleven-dimensional supergravity

In [49], the minimal model of the minimally twisted theory was identified with a central extension
of the infinite-dimensional exceptional super Lie algebra E(5|10). This description is obtained by
computing the cohomology of the component fields (2.3) and performing the homotopy transfer
of the L∞ structure. The even piece of E(5|10) consists of divergence-free vector fields, while
the odd piece is identified as closed two-forms: E(5|10)+ = Vect0

(
C5

)
, E(5|10)− = Ω2

cl

(
C5

)
.

The bracket between two even elements is just the bracket of vector fields, the bracket between
a vector field X and a two-form α is given by the Lie derivative [X,α] = LXα, finally, the
bracket between two odd elements is defined by [α, β] = ιΩ−1(α ∧ β). Here, Ω = dz1 ∧ · · · ∧ dz5
denotes the holomorphic volume form so that Ω−1 is the corresponding polyvector ∂z1 ∧· · ·∧∂z5 .

The central extension introduces an additional copy of C whose elements we denote by b.
The corresponding higher bracket is

µ3 : E(5|10)⊗3 −→ Cb, µ3(α,X,X
′) = α(X ∧X ′)(0),

i.e., we evaluate the two-form α on a pair of vectors at the origin 0 ∈ C5. We denote the centrally
extended algebra by Ê(5|10).
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4.2.2 The action on the minimal model

The action on the minimal model is given by an L∞ map pQ ⇝ Ê(5|10). In [49], the authors
considered the problem of constructing an inner action of the strict Lie algebra underlying pQ
on Ê(5|10). They found that one needs to consider a certain one-dimensional L∞ central ex-
tension of this strict Lie algebra. The L∞ extension considered therein, is of a different nature
than those we consider – their presence is owed to the fact that eleven-dimensional supergravity
is more properly thought of as a gauge theory for an L∞ algebra denoted m2brane that can
be thought of as extending the super-Poincaré algebra by the tower of gauge transformations
for the C-field. In addition to the usual Lie brackets on the super-Poincaré algebra, m2brane
features a single additional four-ary operation that takes two odd elements and two translations
to the one-dimensional central summand. Such central extensions of super-Poincaré algebras in
ten and eleven dimensions have a rich history (see, for example, [27]); they correspond to BPS
branes and are often dubbed “brane scan” cocycles. The resulting L∞ algebras provide local
models of the Lie n-algebroids underlying generalized tangent bundles featuring in descriptions
of non-geometric supergravity backgrounds via generalized geometry [9, 33, 39, 54].

The authors of [49] computed the Q-twist of m2brane keeping track of only those higher
brackets generated by the four-ary bracket, and found the result to be an L∞ algebra with
a three-ary bracket. The resulting L∞-algebra has a strict map to Ê(5|10). In this paper, we will
produce an L∞ map ρ : pQ ⇝ E(5|10) leaving questions of how the L∞ brackets on pQ interact
with L∞ brackets obtained by twisting brane scan cocycles, along with potential applications
to descriptions of non-geometric supergravity backgrounds, to future work.

The strict part of the map is easily described: Rotations A ∈ sl(5) and holomorphic trans-
lations v ∈ L are mapped to the corresponding vector fields ρ(1)(v) = vi∂zi , ρ

(1)(A) = A j
i z

i∂zj ,
while we set for the odd elements q ∈ ∧2L∨ ρ(1)(q) = qijdz

i ∧ dzj . The L∞ relation with two
inputs has two contributions that have to satisfied, namely one coming from µ

(A)
3 and one

from µ
(B)
3 . These read[
ρ(1)(v), ρ(2)(R,B)

]
E(5|10) = ρ(1)(µ3(v,R,B))

and [
ρ(1)(q), ρ(2)(R,B)

]
E(5|10) = ρ(1)(µ3(q,R,B)).

In the first relation, recall that the bracket on the left-hand-side of this relation is given by the
Lie derivative, while in the second relation it arises from the wedge product and the contraction
with Ω−1. In both cases, we see that ρ(2)(R,B) is a two-form with a coefficient linear in zi.
Solving these relations explicitly gives ρ(2)(B,R) = (BijRk +R[iBj]k)z

kdzi ∧ dzj .
Next, we move on to the L∞ relation with four inputs. Again, there are two different

contributions. First, the four-ary bracket µ4 gives rise to[
ρ(1)(v), ρ(3)(B1, B2, B3)

]
E(5|10) = ρ(1)(µ4(v,B1, B2, B3)).

In addition, the bracket between two ρ(2)’s also contributes. In our case, this part of the relation
can be simplified to[

ρ(2)(R1, B1), ρ
(2)(R2, B2)

]
E(5|10) = ρ(3)(µ2(R1, R2), B1, B2).

Recall that the µ2 on the right-hand-side of this equation maps the two inputs R1, R2 ∈ L∨

to R1 ∧R2 ∈ ∧2L∨.
From both equations, we find that elements in the image of ρ(3) are divergence-free vector

fields on C5 with coefficients that are quadratic in the coordinates zi. This means that ρ(3) is
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a map ρ(3) : ∧3
(
∧2 L∨) −→ Vect0

(
C5

)
. It is easy to check that there is a unique such SU(5)-

equivariant map that lands in quadratic vector fields and solves both relations. Explicitly, we
can write

ρ(3)(B1, B2, B3) = p(B1 ∧B2 ∧B3)
ij
k zizj

∂

∂zk
,

where p is the projection ∧3
(
∧2L∨) → [1, 0, 0, 2]. Again, one can investigate the terms con-

tributing to the higher term relations on purely representation theoretic grounds to find that
there are no additional contributions to the higher L∞ relations with more inputs, showing that
this discussion fixes the L∞ module structure completely.

4.2.3 The action on component fields

As for the maximal twist, we expect to obtain an action of pQ on component fields of the field
strength formulation of the minimal twist from (2.4) by postcomposing the map ρ : pQ ⇝ E(5|10)
with a suitable inclusion from E(5|10) to the component fields. Such an inclusion is part of
a homotopy retract between the component fields and the minimal model and is given by the
obvious inclusion of holomorphic divergence free vector fields and holomorphic closed two forms.

4.3 The maximal twist as a further twist

We can pick an odd square-zero element Qmax in the residual super-Poincaré algebra pQ of the
minimal twist. Such a choice realizes the maximal twist as a further twist of the minimal twist.
In the following, we sketch how the residual super-Poincaré algebra of the maximal twist arises
as (pQ)Qmax .

The choice of Qmax fixes a decomposition of the holomorphic and antiholomorphic directions
in the minimal twist as L = Lmax ⊕ V3 and L∨ = L∨

max ⊕ V ∨
3 . Here, V3 and V ∨

3 are the
additional directions rendered topological by Qmax; together with the one direction that was
already topological in the minimal twist, these form the seven topological directions of the
maximal twist.

We can decompose the minimal residual super-Poincaré algebra under sl(2) × sl(3), where
Lmax and V3 are the fundamental representations of sl(2) and sl(3) respectively. For the dg Lie
algebra (pQ, [Qmax,−]), we find the following:

L∨
max

V ∨
3

∧2 L∨
max

L∨
max ⊗ V ∨

3 Lmax

∧2 V ∨
3 ∧2Lmax ⊗ V3 V3

gl(1) ∧3V3

Lmax ⊗ V ∨
3 Lmax ⊗ V ∨

3

L∨
max ⊗ V3

sl(3)

sl(2)

L∨

∧2L∨

sl(5)
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Note that the cohomology in degree zero can be organized into the four pieces appearing in
degree zero of the residual super-Poincaré algebra of the maximal twist. First, using the identi-
fication ∧2V ∨

3
∼= V3, we have sl(3)⊕V3⊕V ∨

3 which is the decomposition of the adjoint represen-
tation of g2 under it sl(3)-subalgebra. Second, we identify L∨

max⊗
(
V3⊕V ∨

3 ⊕10
)
with V7⊗2−1

and ∧2L∨
max with 1−2. Finally, the identification of sl(2) and the holomorphic translations as

symmetries of the maximal twist is obvious.

4.3.1 Homotopy transfer of the L∞ structure

The four-ary bracket on (pQ)Qmax arises as a combination of the brackets on pQ via homotopy
transfer. One contribution comes from composing the four-ary bracket of pQ with the inclusion
and projection in the obvious way. In addition, the three-ary and binary brackets contribute
with the following two diagrams

µ4 =

i

i

i

i

ph

i

i

i

i

p.
h

+

Together, these terms give rise to the four-ary bracket in the maximal twist described in Sec-
tion 3.1.

4.3.2 Summary

Similarly to the maximal twist, we have seen that higher brackets turn the residual super-
Poincaré algebra into an L∞ algebra that is also represented on the minimally twisted theory in
a non-strict way. Several directions here could be of interest for future work. First, our analysis
in this paper is purely classical. It would be interesting to see how these higher operations
behave under quantization. Since these actions are inner, the structure of quantum corrections
are governed by BV-BRST anomalies of the theory. We anticipate that there are no anomalies
in the maximal twist on flat space due to the results of [56] for holomorphic-topological theories
with at least two topological directions (see also the conjectured formality of holomorphic-
topological colored operads of [29]). The minimal twist is less immediate: the obstruction to
quantization to all orders in perturbation theory is controlled by the twelfth Gelfand–Fuchs
cohomology of E(5|10) – a group which remains unknown. However, we note that a similar
formality theorem at the perturbative level for 3d twisted theories with a single topological
direction was recently established in [21]. Finally, L∞ extensions of super-Poincaré algebras
of a different flavor were studied in the context of the brane scan, which are meant to codify
how spacetime super-Poincaré symmetries are corrected in the presence of extended objects in
the theory [27]. These extensions also appear to play a crucial role in twisted supergravity,
where the inclusion of such extensions is necessary for the map realizing the inner action of
twisted supertranslations on the twisted fields to be a Lie map: see [16, 49] for examples in type
IIB and eleven-dimensional supergravity respectively. We work out the relations between the
higher symmetries constructed in this paper and brane extensions for twisted theories in our
forthcoming work [35].
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A Additional details on some equivariant decompositions

A.1 Decomposition of the Lie bracket under G2 × SU(2)

In the following, we decompose the Lie bracket in the eleven-dimensional N = 1 super-Poincaré
algebra p under G2 × SU(2). These results allow us to evaluate all diagrams in the homotopy
transfer calculation giving rise to the four-ary bracket described in Section 3.1.1.

A.1.1 so(V ) × so(V ) −→ so(V )

Recall that so(V ) ∼= ∧2V decomposes into contributions of three different types, corresponding
to terms in so(V7) ∼= ∧2V7, so(V4) ∼= ∧2V4, and mixed terms in V7 ⊗ V4.

For convenience, we also recall the G2 × SU(2) × U(1)-equivariant decomposition of these
components

∧2V7 ∼= g2 ⊕ V7, V7 ⊗ V4 ∼= (V7 ⊗ 21)⊕
(
V7 ⊗ 2−1

)
, ∧2V4 ∼= sl(2)⊕ 11 ⊕ 10 ⊕ 1−1.

With respect to this decomposition, the bracket has the following restrictions:

so(V7)× so(V ) −→ so(V )

– g2 is a subalgebra, [g2, g2] ⊂ g2 and acts on all g2-representations, i.e., [g2, V7] ⊂ V7,[
g2, V7 ⊗ 2±1

]
⊂ V7 ⊗ 2±1.

– V7 contains those rotations of R7 that do not respect the G2-structure; we have
[V7, V7] ⊂ g2 ⊕ V7 and

[
V7, V7 ⊗ 2±1

]
⊂ V7 ⊗ 2±1.

(V7 ⊗ V4)× so(V ) −→ so(V )

–
[
V7 ⊗ 21, V7 ⊗ 2−1

]
⊂ g2 ⊕ V7 ⊕ sl(2)⊕ 10.

–
[
V7 ⊗ 2±1, V7 ⊗ 2±1

]
⊂ 1±2.

so(V4)× so(V ) −→ so(V )

– [sl(2), sl(2)] ⊂ sl(2) and sl(2) acts on all sl(2)-representations.

–
[
12,1−2

]
⊂ 10,

[
1±2,10

]
⊂ 1±2.

–
[
1±2, V7 ⊗ 2±1

]
⊂ V7 ⊗ 2∓1,

[
10, V7 ⊗ 2±1

]
⊂ V7 ⊗ 2±1.

A.1.2 so(V ) × S −→ S

Recall the decomposition S ∼= (1G2 ⊕V7)⊗
(
20⊕11⊕1−1

)
. Here, the trivial representation 1G2

corresponds to the spinor compatible with the G2-structure on R7:

so(V7)× S −→ S

– g2 acts according to representations, i.e., [g2,1G2 ⊗R] = 0 and [g2,1G2 ⊗R] = R for
all SU(2)×U(1)-representations R.

– V7 consists of those rotations that do not respect the spinor specified by the G2-
structure: [V7,1G2 ⊗R] ⊂ V7 ⊗R and [V7, V7 ⊗R] ⊂ (1G2 ⊕ V7)⊗R.

(V7 ⊗ V4)× S −→ S

– A mixed element v ⊗ w ∈ V7 ⊗ V4 acts on a spinor ψ ⊗ σ ∈ S7 ⊗ S4 through Clifford
multiplication (v⊗w) · (ψ⊗ σ) = (v ·ψ)⊗ (w · σ). Clifford multiplication on the first
factor maps V7 ⊗ 1G2 −→ V7 and V7 ⊗ V7 −→ 1G2 ⊕ V7; on the second factor, we
have 2±1 ⊗ 20 −→ 1±1 and 2±1 ⊗ 1±1 −→ 20.
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so(V4)× S −→ S

– sl(2) acts according to representation.

– 1q for q = 2, 0,−2 acts by shifting the U(1) weights by q where possible..=

A.1.3 so(V ) × V −→ V

so(V7)× V −→ V

– [g2, V7] ⊂ V7 and [V7, V7] ⊂ V7.

(V7 ⊗ V4)× V −→ V

–
[
V7 ⊗ 2±1, V7

]
⊂ 2±1 and

[
V7 ⊗ 2±1,2∓1

]
⊂ V7.

so(V4)× V −→ V

– sl(2) acts according to representation.

–
[
10,2±1

]
⊂ 2±1 and

[
1±2,2∓1

]
⊂ 2±1.

A.2 Decomposition of vector fields

Recall that so(11) acts on R11 via vector fields

xµ∂ν − xν∂µ. (A.1)

In the following, we spell out how these vector fields relate to the decomposition of so(11) both
in the maximal and minimal twists.

A.2.1 Maximal twist

Identifying R11 ∼= R7 × C2, we define coordinates by xa = xµ for µ = 1, . . . , 7 and

z1 = x8 + ix9, z2 = x10 + ix11, z̄1 = x8 − ix9, z̄2 = x10 − ix11.

The vector fields (A.1) then decompose as follows:

Representation Vector field Remarks

g2 Aab(xa∂b − xb∂a) Aabφabc = 0

V7 aab(xa∂b − xb∂a) aab = vcφabc, v ∈ V7

V7 ⊗ 2−1 zi∂xa − xa∂z̄i

V7 ⊗ 21 z̄i∂xa − xa∂zi

z1∂z2 − z̄2∂z̄1
sl(2) z1∂z1 − z2∂z2 − (z̄1∂z̄1 − z̄2∂z̄2)

z2∂z1 − z̄1∂z̄2

10 z1∂z1 + z2∂z2 − (z̄1∂z̄1 + z̄2∂z̄2)

12 z̄1∂z2 − z̄2∂z1

1−2 z1∂z̄2 − z2∂z̄1
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A.2.2 Minimal twist

Identifying R11 ∼= C5 × R, we can introduce coordinates
(
zi, z̄i, t

)
with i = 1, . . . , 5. Then the

action of so(11) via vector fields decomposes as follows:

Representation Vector field

L∨ zi∂t − t∂z̄i

∧2L∨ zi∂z̄j − zj∂z̄i

sl(5) A j
i

(
zi∂zj + z̄j∂z̄i

)
with A j

i ∈ sl(5)

∧2L z̄i∂zj − z̄j∂zi

L z̄i∂t − t∂zi

gl(1) zi∂zi + z̄i∂z̄i
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[34] Gukov S., Nawata S., Saberi I., Stošić M., Su l kowski P., Sequencing BPS spectra, J. High Energy Phys.
2016 (2016), no. 3, 004, 160 pages, arXiv:1512.07883.

[35] Hahner F., Paquette N.M., Raghavendran S., Saberi I., in preparation.

[36] Hahner F., Raghavendran S., Saberi I., Williams B.R., Local superconformal algebras, arXiv:2410.08176.

[37] Hahner F., Saberi I., Eleven-dimensional supergravity as a Calabi–Yau twofold, Selecta Math. (N.S.) 31
(2025), 38, 34 pages, arXiv:2304.12371.

[38] Herderschee A., Maldacena J., Three point amplitudes in matrix theory, J. Phys. A 57 (2024), 165401,
21 pages, arXiv:2312.12592.

[39] Hull C.M., Generalised geometry for M-theory, J. High Energy Phys. 2007 (2007), no. 7, 079, 31 pages,
arXiv:hep-th/0701203.

[40] Johansen A., Twisting of N = 1 SUSY gauge theories and heterotic topological theories, Internat. J. Modern
Phys. A 10 (1995), 4325–4357.

[41] Jonsson D.S.H., Kim H., Young C.A.S., Homotopy representations of extended holomorphic symmetry in
holomorphic twists, J. Geom. Phys. 217 (2025), 105632, 16 pages, arXiv:2408.00704.

https://doi.org/10.1017/9781316678626
https://doi.org/10.1017/9781316678664
http://arxiv.org/abs/1606.00365
https://doi.org/10.1007/s00220-021-04065-3
https://doi.org/10.1007/s00220-021-04065-3
http://arxiv.org/abs/2001.02177
https://doi.org/10.1016/0370-2693(78)90894-8
http://arxiv.org/abs/2311.08394
https://doi.org/10.1007/jhep08(2022)214
http://arxiv.org/abs/2109.01110
http://arxiv.org/abs/2508.11749
https://doi.org/10.1007/s00220-022-04516-5
http://arxiv.org/abs/2106.15640
https://doi.org/10.1007/s00023-020-01007-y
http://arxiv.org/abs/1807.03766
http://arxiv.org/abs/2403.19753
https://doi.org/10.1007/s00220-019-03393-9
http://arxiv.org/abs/1805.10806
https://doi.org/10.1007/JHEP06(2011)114
http://arxiv.org/abs/1105.0689
https://doi.org/10.1142/S0219887815500188
https://doi.org/10.1016/S0550-3213(97)00580-4
http://arxiv.org/abs/hep-th/9705038
https://doi.org/10.1007/jhep05(2025)230
http://arxiv.org/abs/2403.13049
https://doi.org/10.22323/1.403.0007
http://arxiv.org/abs/2204.01914
https://doi.org/10.4310/atmp.250929221027
http://arxiv.org/abs/2310.08516
https://doi.org/10.1016/j.aim.2025.110566
http://arxiv.org/abs/2310.08524
https://doi.org/10.1016/j.physletb.2024.139199
http://arxiv.org/abs/2024.13919
https://doi.org/10.1007/JHEP03(2016)004
http://arxiv.org/abs/1512.07883
http://arxiv.org/abs/2410.08176
https://doi.org/10.1007/s00029-025-01024-x
http://arxiv.org/abs/2304.12371
https://doi.org/10.1088/1751-8121/ad389b
http://arxiv.org/abs/2312.12592
https://doi.org/10.1088/1126-6708/2007/07/079
http://arxiv.org/abs/hep-th/0701203
https://doi.org/10.1142/S0217751X9500200X
https://doi.org/10.1142/S0217751X9500200X
https://doi.org/10.1016/j.geomphys.2025.105632
http://arxiv.org/abs/2408.00704


30 F. Hahner, N.M. Paquette and S. Raghavendran
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