Symmetry, Integrability and Geometry: Methods and Applications SIGMA 21 (2025), 096, 22 pages

Weak Gauge PDEs

Mazim GRIGORIEV ® and Dmitry RUDINSKY "¢

a) Service de Physique de I’Univers, Champs et Gravitation,
Université de Mons, 20 place du Parc, 7000 Mons, Belgium
E-mail: grigoriev.max@gmail.com

b) Institute for Theoretical and Mathematical Physics,

Lomonosov Moscow State University, 119991 Moscow, Russia
E-mail: dmitry.rudinsky@Qyandex.ru

©) Lebedev Physical Institute, 53 Leninsky Ave., 119991 Moscow, Russia

Received March 17, 2025, in final form November 03, 2025; Published online November 13, 2025
https://doi.org/10.3842/SIGMA.2025.096

Abstract. Gauge PDEs generalise the AKSZ construction when dealing with generic local
gauge theories. Despite being very flexible and invariant, these geometrical objects are
usually infinite-dimensional and are difficult to define explicitly, just like standard infinitely-
prolonged PDEs. We propose a notion of a weak gauge PDE in which the nilpotency of the
BRST differential is relaxed in a controllable way. In this approach a nontopological local
gauge theory can be described in terms of a finite-dimensional geometrical object. Moreover,
among the equivalent weak gauge PDEs describing a given system, a minimal one can usually
be found and is unique in a certain sense. In the case of a Lagrangian system, the respective
weak gauge PDE naturally arises from its weak presymplectic formulation. We prove that
any weak gauge PDE determines the standard jet-bundle Batalin—Vilkovisky formulation of
the underlying gauge theory, giving an unambiguous physical interpretation of these objects.
The formalism is illustrated by a few examples, including the non-Lagrangian self-dual Yang—-
Mills theory and a finite jet-bundle. We also discuss possible applications of the approach
to the characterisation of those infinite-dimensional gauge PDEs that correspond to local
theories.
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1 Introduction

Batalin—Vilkovisky (BV) formalism [13, 14] gives an elegant way to uplift gauge systems to
supergeometry. More precisely, a Lagrangian gauge system is embedded into a Z-graded sym-
plectic supermanifold equipped with a compatible homological vector field. The non-Lagrangian
version of this lift is obtained by forgetting the symplectic structure, see [11, 48, 66]. If one is
interested in local gauge theories and insists on maintaining manifest locality, the way out is
the jet-bundle extension of the BV formulation [4, 5], see also [6, 45, 58], which gives a powerful
framework to analyse anomalies, consistent interactions, and renormalization in terms of local
BRST cohomology.

Despite being a powerful framework, the jet-bundle BV approach is not sufficiently flexible
and hides the geometry of the underlying gauge fields and their symmetries. For instance, it
is not very well suited to study the relation between gauge fields in the bulk and their values
at submanifolds/boundaries. A more invariant version of the manifestly local BV formulation is
the so-called AKSZ construction [1] (see also [9, 12, 20, 23, 25, 26, 39, 47, 59]) that was initially
developed in the context of topological theories. In particular, AKSZ sigma-models behave well
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when restricted to submanifolds/boundaries [7, 8, 27, 28, 39]. The generalisation of the non-
Lagrangian version of AKSZ sigma-models to generic local gauge theories is also known under
the name of gauge PDEs [40], see also [10, 11], where these objects were initially introduced in
a less general and less geometrical framework. Gauge PDEs can also be understood as a BV-
BRST extension of the unfolded approach [69, 72] of higher spin theory. Gauge PDEs (a gPDE,
for short) are supergeometrical objects that encode the BV description of local non-Lagrangian
gauge theories. Particular cases of gPDEs include usual PDEs, jet-bundle BV formulations,
AKSZ sigma-models, and free differential algebras. Just like AKSZ sigma-models, gPDEs behave
well when restricted to submanifolds, which makes them useful [15, 16, 17, 29, 43] in the study
of gauge theories on manifolds with boundaries. However, gPDEs are infinite-dimensional unless
the underlying system is a PDE of finite type or a topological theory. Moreover, just like usual
PDEs, gauge PDEs are often defined only implicitly as infinite prolongations of subbundles of
jet-bundles. Of course, one can always define a local gauge theory in terms of a finite jet-bundle,
but such a description is far from being elegant and is very ambiguous. The ambiguity arises,
in particular, from the fact that the same gauge theory can be formulated using different field
content. For example, the first-order and second-order formulations of a given physical system
employ distinct sets of fields.

An interesting alternative, advocated in this work, is to consider a finite-dimensional ana-
log of a gPDE in which the BRST differential @) is nilpotent only modulo certain integrable
@-invariant distribution K. In particular, this structure naturally arises from the weak presym-
plectic formulation [33, 38], see also [2, 32, 37, 41, 63], of Lagrangian systems. More specifically,
the distribution IC is a suitable version of the kernel distribution of the presymplectic struc-
ture. Another perspective on weak gPDEs is that they arise as certain truncations of genuine
gPDEs. In particular, starting from a minimal gPDE describing a given gauge system, one can
consider its maximal consistent truncation as a sort of minimal weak gPDE that describes the
system, see [33] for a more detailed discussion of such minimal models in the case of Lagrangian
systems.

The main statement proved in this work is that any weak gPDE naturally determines a jet-
bundle BV formulation defined on a certain quotient of the super-jet bundle of the initial weak
gPDE. This can be considered as a far-reaching generalisation of the AKSZ construction. In-
deed, the non-Lagrangian version [8, 36], see also [9, 51|, of the AKSZ construction determines
a local BV system in terms of the trivial bundle over T'[1](spacetime) and the fiber being the
Z-graded @-manifold. Now, the analogous geometrical input, in which the bundle is allowed
to be nontrivial and Q2 belongs to the distribution, still defines a local BV system that is not
necessarily topological or diffeomorphism-invariant.

The paper is organised as follows: in Section 2, we recall the basic notions of @-manifolds,
non-Lagrangian BV formalism on jet-bundles and gauge PDEs. In the main Section 3, we
define weak gPDEs and prove the main Theorem 3.18. In addition, in this Section we in-
troduce auxiliary notions needed to work with weak gPDEs. These include vertical jets and
weak local BV systems. In the final Section 4, we collected a few explicit examples. The
first one, the scalar field, illustrates the construction of this work in the case of a system
without gauge freedom. The second is the minimal weak gPDE formulation of the self-dual
Yang—Mills gauge theory which is a genuine non-Lagrangian gauge system. We also use this
example to demonstrate that the weak gPDE formulation naturally leads to the AKSZ-like
formulation of the type proposed in [30] by K. Costello, see also [22, 23, 42], and based on
the non-freely generated differential graded commutative algebra which replaces the space-time
exterior algebra. As a third example we demonstrate that a finite-order jet bundle naturally
gives rise to a weak gPDE whose inequivalent solutions are one-to-one with the sections of
the initial bundle. In the concluding section, we discuss possible applications of the construc-
tion.
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2 Preliminaries

2.1 (@Q-manifolds and gauge systems

Throughout the paper, we utilize the language of Q-manifolds and related supergeometrical ob-
jects. Below we recall some basic definitions and examples. More details and original references
can be found, e.g., in [51, 56, 61, 68, 74].

Definition 2.1. A @-manifold is a pair (M, Q), where M is a Z-graded supermanifold and @
is an odd vector field of degree 1, such that [Q, Q] = 0. Such vector field is called homological.

The Z-degree is called “ghost degree” and is denoted by gh(-) and the Grassmann par-
ity by | - |. To simplify the exposition, we assume that the two degrees are compatible, i.e.,
|- | = gh(-) mod 2. From the field theory point of view, this means that there are no physical
fermions. To incorporate fermionic degrees of freedom and fermionic gauge symmetries, one
should relax the requirement that the ghost degree and the Grassmann degree are compati-
ble. This is a standard and straightforward generalization. We refer to [42] for a treatment of
supersymmetric systems in the closely related framework.

The very basic and useful example of (Q-manifold is as follows.

Example 2.2. Given a (graded) manifold M, let T[1]M — M be its shifted tangent bundle.
T[1]M is a @Q-manifold, with the Q-structure given by the de Rham differential dy; = 9“6%(1,
where %, a = 1,...,dim(M) are base coordinates and §* are fiber ones of degree 1.

Morphisms of )-manifolds are maps between the underlying graded supermanifolds that
preserve the Q-structure.

Definition 2.3. Let (M;,Q;) and (M2, Q2) be two @Q-manifolds. A degree preserving map
¢: My — My is called a Q-morphism (or a @Q-map) if it satisfies the following condition:

Q10" =¢"0Qq,
where ¢* is a pullback of ¢.

(Q-manifolds provide a useful geometrical description of gauge systems at the level of equations
of motion. Let us recall how the data of a gauge system in 0 dimensions is encoded in a given
(Q-manifold.

Let (M,Q) be a @Q-manifold that encodes a gauge system and (pt,0) denotes a trivial @
manifold, where pt is just a point. Solutions of the underlying gauge system are identified with
@Q-morphisms o: pt — M, i.e., maps satisfying ¢* o Q = 0. In other words, solutions are points
of the zero locus of M. The infinitesimal gauge transformation of a given map o is defined as

do* =0%0[Q,Y],

where Y is a vector field on M of degree —1, referred to as the gauge parameter. It is easy
to check that the above gauge transformation transforms solutions to solutions. Gauge for
gauge symmetries, which are present if the gauge transformations are redundant, can be defined
analogously.! For instance, §Y = [Q, Y(l)], where “gauge for gauge parameter” Y (Y is a vector
field of degree —2.

!By definition, redundant gauge transformations of gauge parameters that do not affect the transformation of
fields, see, e.g., [35, 46] for further details.
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2.2 Jet-bundle BV description

A systematic framework to describe local gauge theories maintaining manifest locality is pro-
vided by the jet-bundle BV approach. The detailed exposition of the approach in the case of
Lagrangian theories is available, e.g., in [6]. Now we are concerned with gauge theories at the
level of equations of motion. A suitable extension of the jet-bundle BV to this case is achieved by
forgetting the BV symplectic structure. The following definition is a more geometrical version
of the one from [11] (see also [8, 10, 38, 48]).

Definition 2.4.

e A local non-Lagrangian BV system is a graded fiber bundle £ — X together with a de-
gree 1 evolutionary vector field s on an infinite jet-bundle J*°&E, which is required to be
homological, i.e., s? = %[s, s] =0.

e Section o: X — £ is called a solution if its jet prolongation 5: X — J*°& satisfies

g*os=0. (2.1)

e Gauge parameters of level [ = 0,1,2,... are vertical vector fields on £ of ghost de-
gree —1 — [. Gauge parameters of level 0 are referred to as gauge parameters.

e Infinitesimal gauge transformations are defined by
55" = 5% o [5,7],

where Y is a jet-prolongation of the gauge parameter vector field Y. Level [, [ > 0 gauge
transformation is given by

50 = [5,Y"*1].

Here and in what follows, J>°E£ denotes a superjet-bundle (jets of supersections in contrast to
jets of sections, see, e.g., [19]). In particular, J°°& is necessarily a graded manifold if the grading
of £ is nontrivial. Equation (2.1) says that section o is a solution if its prolongation & belongs
to the zero-locus of s. Note that ¢ is a map of graded manifolds and hence for an arbitrary
function f € C*°(J*°E) of nonvanishing degree, one has *(f) = 0, because on X there are no
functions of non-vanishing degrees .

Because in this work we are only concerned with gauge systems at the level of equations
of motion, we systematically omit the term “non-Lagrangian” in the names of objects. For
instance, “local non-Lagrangian BV systems” defined above are refereed to in what follows as
“local BV systems”, unless otherwise specified.

2.3 Gauge PDEs

Although local BV systems provide a powerful framework to study local gauge theories, it is not
sufficiently flexible and geometrical. A more flexible framework is provided by so-called gauge
PDEs.

Definition 2.5.

e A Z-graded fiber bundle 7: E — T[1]X equipped with a homological vector field Q:
gh(Q) =1, [@,Q] = 0 such that Q o 7* = 7* o dx is called a gauge PDE (gPDE) and is
denoted (E,Q,T[1]X), where dx is the de Rham differential understood as a vector field
on T[1]X.
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e Sections of E are interpreted as field configurations. Section o: T[1]X — E is called
a solution if?

dxoo" =0"0Q, (2.2)

where o* is a pullback of o.

e Infinitesimal gauge transformations of a given section o are defined by
do*:=0"0[Q,Y], (2.3)

where Y is a vertical vector field of degree —1 and it is understood as a gauge parameter.
In a similar way, one defines gauge for gauge symmetries.

In addition, one often requires (F, @, T[1]X) to be equivalent to a local BV system in order
to exclude nonlocal theories. Another natural requirement is the equivalence to a nonegatively
graded gPDE. See [40] for the precise notion of equivalence of gPDEs and further details.

It is easy to check that (2.3) preserves the equation (2.2). In a similar way, thanks to (2.3)
the gauge for gauge transformation §Y = [Q, Y(l)] of gauge parameter Y does not affect the
gauge transformation it determines. It should be noted that the gauge transformation of (2.2)
can also be defined as follows:

do*i=dx o0& +&,0Q,

where £&: C*°(FE) — C*°(T[1]X) is a degree —1 vector field along o, i.e., £ satisfies to the
graded version of (3.2),

&(f9) =& (o™ (9) + (=DVa* ()€ (9),

where f,g € C*°(E). Furthermore, £ satisfies the condition £} (7*a) = 0 for all « € C*°(T'[1]X),
which excludes gauge transformations involving reparametrisations of X. If one takes £ = o*oY’,
then one indeed recovers (2.3) if o is a solution.

It is easy to see that a local BV system gives rise to a gauge PDE of special form. Namely,
pulling back J*& from X to T[1]X one can identify functions on the total space E with hori-
zontal forms on J°°E so that the horizontal differential di, on J°>°E can be seen as a homological
vector field. In this way, we arrive at Q-bundle E over T'[1]X, whose Q-structure is given
by @ = dy, + s. It can be proved [10] (see also [11, 40]) that the resulting gauge PDE is equiva-
lent to the starting point local BV system.

3 Weak gauge PDEs

Although gPDEs seem to be right geometrical objects underlying local gauge theories they are
often not very practical because E is finite-dimensional only in special cases such as mechanical
systems, topological theories or PDEs of finite type. The situation here is analogous to the
geometrical theory of PDEs [52, 53, 73], where the invariant geometrical object underlying
a given PDE (which can be seen as a special case of gPDE) is usually infinite-dimensional and
in the case of nonlinear PDEs can be often defined only implicitly. As the example relevant in
the gPDE context, let us mention that the explicit form of minimal gPDE formulation (such
formulations are also known as unfolded) of Yang—Mills theory in four dimensions has appeared

2The equation (2.2) represents the condition that the zeros of a vector field R, := dx o 0* — o™ o Q along the
map o are precisely those o for which dx and @ are o-related.
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only recently [57] and employs dimension-specific techniques.® It goes without saying, that
such a formulation is by far more involved than the usual BV formulation of Yang—Mills. Of
course, one can always reconsider the conventional jet-bundle BV formulation of a given system
as a gPDE and hence achieve the explicit gPDE description but such a reformulation is quite
ambiguous and is still infinite-dimensional.

In this section, we introduce a concept of weak gPDEs. These objects can be thought of
as specific finite-dimensional truncations of gPDEs that still contain all the information about
the underlying gauge theory. In particular, the local BV system describing the underlying gauge
theory can be constructed from a weak gPDE in a systematic way.

3.1 Weak @Q-manifolds

To illustrate the main idea of the approach, it is instructive to start with the case of gauge
theory in 0 dimensions. In this case, a gPDE is just a (-manifold. The generalization amounts
to relaxing the nilpotency condition [Q, Q] = 2Q? = 0 in a controllable way. Namely, we let @Q?
to belong to an involutive distribution which is an additional geometrical structure present on
the underlying manifold. As we are going to see, () is nilpotent on the subalgebra of functions
annihilated by the distribution and hence under the standard technical assumptions makes the
respective quotient into a ()-manifold. This gives a way to encode (-manifolds in terms of more
flexible structures.
The above idea is formalized as follows.

Definition 3.1. A weak Q-manifold is a Z-graded manifold M equipped with a degree-1 vector
field @ and a distribution IC satisfying

[Q,Q] =2Q* € K, LoK CK, K,K] C K. (3.1)

Note that the distribution involved in the above definition is generally not required to be
a subbundle of M. For the moment, we only require it to be a finitely-generated submodule
of the C>°(M)-module X(M) of vector fields on M. It is clear that @ is defined modulo degree 1
vector field from K and hence can be naturally considered as an equivalence class modulo K.

Remark 3.2. More generally, instead of globally defined vector field () one can give represen-
tatives @, satisfying (3.1) in each coordinate patch and such that in the overlaps of patches
Qo — Qp € K. In this case, the equivalence class of K is still globally well-defined.

The following proposition illustrates in which sense weak (J-manifolds encode genuine gauge
systems.

Proposition 3.3. Let (M,Q,K) be a weak Q-manifold and let A C C*°(M) be a subalgebra of
functions annihilated by KC. Then Q preserves A and Q*(f) = 0 for any f € A.

In particular, it follows that if the distribution K is regular, then, at least locally, the quotient
of M by K is a @-manifold.

Proof. For any f € A and K € K one has KQ(f) = £QK(f) = 0, where + depends on the
degree of K and we made use of [Q, K] € K. Tt follows Q preserves A and hence Q*(f) = 0
thanks to [@Q, Q] € K. [ |

A class of examples of weak @-manifolds is provided by weak presymplectic @-manifolds [33,
38] which are known to encode Lagrangian gauge systems. More precisely, we have the following.

3Nevertheless, let us mention that, so far, the covariant formulation of chiral higher spin gravity is only known
in the unfolded/gPDE terms [64, 65]. The same applies to AdS higher spin gravity [70, 71] but this does not seem
to determine a sensible perturbatively-local system.
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Example 3.4. Let M be equipped with a vector field @, gh(Q) = 1 and a closed 2-form w,
gh(w) = k satisfying Low = 0, igigw = 0. It is not hard to show that conditions (3.1) are
satisfied for IC being the kernel distribution of w so that (M, @, K) is a weak-@Q) manifold.

Somewhat similar idea underlies the following construction, where the distribution is defined
as the kernel of a (1, 1) tensor field P.

Example 3.5. Let M be equipped with a vector field @, gh(Q) = 1. Let us endow M with
a (1,1) tensor field P of degree gh(P) = k, which satisfies

P?=P, LgP=0, Lg(igP)=0, Np=0,

where Np is the Nijenhuis tensor of P. Let K be a kernel distribution of P. It is a well-known
fact (see, e.g., [49]) that Np = 0 and P? = P imply that K is involutive. Moreover, LoP = 0
implies that K is preserved by Q. Finally, Lg(igP) = 0 implies that Q? lies in K so that we are
dealing with a weak ()-manifold.

Remark 3.6. It is useful to briefly discuss Lo-structures associated to formal weak (J-manifolds.
Recall that formal pointed @-manifolds are 1 : 1 with L.-algebras see, e.g., [1, 50]. More pre-
cisely, () determines multilinear operation on the underlying vector space L while the nilpotency
condition Q? = 0 is equivalent to higher Jacobi identities satisfied by them. Let us consider
a weak @Q-manifold (M, @, K) which we assume formal. We also assume K regular so that in
a suitable coordinate system it is constant and hence can be identified with the subspace K C L.
It is not difficult to see that Q% C K implies that the higher Jacobi identities are satisfied mod-
ulo K C L. In particular, the quotient space L/K is an Ly algebra. These consideration can
be extended to weak gPDEs following the lines of [44].

Remark 3.7. An alternative interpretation of weak ()-manifolds can be given in terms some-
what generalised Lie algebroids. More precisely, suppose that our weak (J-manifold has coor-
dinates of degree 0 and 1 only. If the distribution K is trivial, then according to [68] we are
dealing with a Lie algebroid. More precisely, the manifold itself can be identified with E[1]X
where FF — X is the vector bundle underlying our graded manifold. In so doing, all the struc-
tures of the Lie algebroid are encoded in Q). If K is nontrivial, let us for simplicity assume that
it is generated by the vector fields of degree 0. In this case, K is clearly tangent to X C E[1]X
(embedded as a zero section of E) and defines an involutive distribution Ky therein. By inspect-
ing the condition Q2 € K, one finds that the axioms of the underlying Lie algebroid are satisfied
modulo the distribution Ky. For instance, choosing local coordinates x! and local trivialisa-
tion e, one finds that the condition that the anchor is a homomorphism is fulfilled modulo Cy.
If KC is regular, then the (possibly locally defined) quotient of E[1]X by K is already a standard
Lie algebroid. Analogous considerations can be applied to more general nonnegatively graded
@-manifolds and their associated Lie n-algebroids, see, e.g., [21, 62] for more details on Lie
n-algebroids.

3.2 Vector fields along sections (maps)

In what follows, we need a notion of vector fields along maps. Here we recall the notion in the
form suitable for supermanifolds.

Definition 3.8. Let ¢: M; — M; be a smooth map. A vector field Vy along ¢ is a derivation
of functions on My with values in functions on M;

Vg: C(Ma) — C™(My),
for which the following Leibniz-type property holds:
Vo(f9) = Vs(£)o"(9) + (=) WIg"(f)Vi(g),  Vf.g € C(Ma). (3.2)
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Alternatively, a vector field along ¢: M; — My is a section of a pullback bundle ¢*(T'Ms) —
My, see, e.g., [54].

It is clear that vector field along ¢: M; — My form a module over C*°(M;). One can also
define a C*°(Mz)-module structure by taking (fV)(g) = ¢*(f)V(g) for all f € C*(Ms). Any
vector field V' on My gives rise to a vector field ¢* o V along ¢.

One can also speak of distributions over ¢. These are submodules of all vector fields along ¢
seen as a module over C*°(Mj). In particular, any distribution K on My gives rise to a distribu-
tion ¢* o K along ¢, which is generated by vector field along ¢ of the form ¢* o K, K € K. Note
that if V' and V' coincide at ¢(My), then ¢* o V = ¢* o V.

Let us prove the following useful proposition.

Proposition 3.9. Let ¢: M1 — My be an embedding and My be equipped with a distribution IC.
For a vector field V along ¢, the following conditions are equivalent:

(7) V belongs to ¢* o K.
(1) Vf =0 for any (possibly locally defined) function annihilated by K.

Proof. The statement is local so we restrict ourselves to a contractible domain. First of all note
that under the conditions, any V along ¢ can be represented as ¢* o V' for some vector field V'
on M. Then (ii) implies 0 =V f = (¢* o V') f = ¢*(V'f) so that (V'f) vanishes on ¢(M;) and
hence V'|, € K|, for all p € ¢(M;). It follows V' belongs to ¢* o K. Other way around, (i) means
that V = v*(¢* o K,,) for some v® € C*(M;) and K, € K, giving (ii). [ |

3.3 Vertical jets

Let us briefly recall the construction of jet-bundles, for further details see, e.g., [3, 73]. Given
a fibre bundle £ — X a fibre of the order-k jet bundle J*€ — X at x € X is given by the
space of equivalence classes of sections (possibly locally-defined) with respect to the following
equivalence relation: sections ¢, ¢ are equivalent if all their partial derivatives to order k coincide
at z. There is a natural projection J*t1€ — J*€ and J°E = £. The infinite jet bundle J®E is
then defined as the inverse (also known as projective) limit of the chain of projections

R (T LT A S

Another ingredient which we need in what follows is the vertical jet-bundle. The setup is
as follows: let m: & — B be a fibre bundle whose base B is itself a bundle p: B — X over X.
In analogy to the standard definition of k-jets one can now introduce the following equivalence
relation: two (locally defined) sections B — E are equivalent at b € B if all their derivatives of
order <k along vertical directions in B coincide at b. It is easy to check that the equivalence
does not depend on the choice of coordinates and defines a fibre of the vertical jet-bundle over
a point b € B, which we denote as J{jE. The construction can be generalised to the case where
the base B is equipped with a foliation which is not necessarily a fibration.

Although the above construction is very intuitive, it is difficult to literally apply it to the case
of supermanifolds. In the case, where X is a real manifold, one can easily define vertical jets
without the explicit reference to the equivalence classes of sections. In what follows, we assume
that X is a real manifold while £ and B are generally graded manifolds. Unless otherwise
specified, by jets we always mean jets of super-sections (not to be confused with jets of sections).

For each point x € X, let B, denote a fiber of B over z. Then we have a natural fiber
bundle 7,: E, — By, where E;, = E|p,. Given the fiber bundle E, — B,, its associated
infinite jet-bundle J*°FE, is constructed in a standard way. Finally, taking a disjoint union of
J>®E, over X gives a well-defined bundle J{PE — B over B. Moreover, JiPE is a well-defined
bundle over E and we denote it by n{7: J;°E — E. Furthermore, any section 0: B — E has



Weak Gauge PDEs 9

a canonical vertical prolongation to a section of J{*E — B which can be defined through the
standard prolongations of ¢ restricted to B,.

In a similar way, one generalizes to vertical jets the concept of total vector fields. Namely,
if V' is a vertical vector field on B, its associated total vector field tot V' is the vector field on
JyP I that projects to V' and for any section o and a local function f satisfies

g (tot Vf) = V(a"(f)),

where ¢ is a vertical prolongation of o and o* its associated pullback map. In particular, if z#, v®
are adapted local coordinates on B such that x* are pullbacks of local coordinates on X, one can
define vertical total derivatives D((lv) as follows: DC(LU = tot 8%@.

The analog of the usual prolongation of vertical vector fields can be defined as follows.

Definition 3.10. Let V' be a vertical vector field on E. Its vertical prolongation to Ji°E is the
vector field V' on J{FE such that

(1) () (V) =V,
2) [, V] =0,
where (7{7)«: TJP E — TE denotes the differential of the projection 7.

In what follows, we are mainly concerned with the fibre bundles over T'[1]X, with X being
a real manifold, so that the vertical jet-bundle Ji°E' is finite dimensional provided E is. It is
convenient to introduce a new bundle £ — X to be the restriction of JiPE to the zero section
of T[1]X — X. In this setup, it is easy to see that the fiber of E at x € X is the supermanifold
of supermaps from T,[1]X to the fiber of E.

Remark 3.11. The jet-bundle J*°FE restricted to the zero section of T[1]X — X coincides
with J®E.

Another useful property of vertical jets over T[1]X is the following.

Remark 3.12. J*E — T[1]X (J*E — T[1]X) is a pullback of E — X (resp. J*E — X) by
the canonical projection T[1]X — X.

Later in this section we show that this is indeed true.

Finally, let us sketch the coordinate description of the vertical jets of E — T[1]X. Let
(a:a, 6’“,1,!)’4) be local coordinates on E — T'[1]X adapted to local trivialization. Vertical total
derivatives are denoted by D((LG) = tot 5%. A convenient coordinate system on Jy°E is given by
(a:a, 6%, 4, 7(31.__), where zﬁl’z is totally antisymmetric with respect to the lower indices,

1...Qk
TA A
gh(¥ia,..a) = 80(¥7) — k.
The additional conditions defining this coordinate system is that D((le) = 82a and the canonical
projection my? : JiPE — E reads as
— — 1 —
(m9)* () = P + 0%y + 506 Uiy + -+ . (3.3)

Somewhat implicitly the construction of vertical jets in this case was in [38, 40, 41] (see
also [9, 10, 19]).

In the above coordinates it is easy to see that Remark 3.12 is true. Let € X and (J{°E),
denote a restriction of J°E to T;[1]X. Consider the horizontal distribution generated by DY 1t
determines a fibration because it is integrable and purely odd. Moreover, it is transversal to
the fibres of (J{°E), and hence (J{°E), can be identified as a product of the fiber and T;[1]X.
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Because the fiber can be seen as a restriction of (J{E), to the zero point of T;[1].X, it coincides
with the fiber of E at z and hence one concludes that (J{°E), is a pullback of E; by the
projection T;[1]X — 0. Applying the same argument for all € X shows that Ji°E can be
identified with a pullback of E by T[1]X — X.

Let us also give an example of what the vertical prolongation of a vector field looks like in
coordinates.

Example 3.13. Let E be a trivial bundle over T[1]R! with the fiber R'. The standard adapted
coordinate system is z, 6, . Consider a vector field V = 08@. The associated coordinate
system on Ji°E is given by x, 6, 1, 1 and the projection acts as (w{°)*(¢) = 9o + 6. In
this coordinate system, the prolongation Vof V is given by V= —%.

Remark 3.14. The important observation is that the vertical prolongation of non-regular vector
field can be regular.

The above observation motivates the following definition.

Definition 3.15. Let V be a vertical distribution on E and V be its vertical prolongation
to JpPE. V is called quasi-regular if V is a regular distribution.

Note that V is tangent to E seen as a submanifold in JiP E. Moreover, the restriction of %
to E remains regular if V is regular.
3.4 Weak gauge PDEs

Now we are ready to introduce our main objects which are gPDEs with the condition Q% = 0
relaxed in a controllable way.

Definition 3.16.

1. A weak gPDE (E,Q,K,T[1]X) is a Z-graded bundle 7: E — T[1]X equipped with a vector
field @ such that gh(Q) =1, Q om* = 7* o dx and an involutive vertical distribution K
satisfying

e K is compatible with a @Q-structure on E, i.e., LoK C K,
b [Q?Q] = 2Q2 € ,Cv

e K is quasi-regular.

2. A solution of (E, Q, K, T[1]X) is asection o: T[1]X — F if the degree 1 vector field along o
defined as R, :=dx oo™ — * 0 (), satisfies

Ry € 0", (3.4)

where ¢*/C denotes the pullback of the distribution K by o.

3. Infinitesimal gauge transformations of a given section ¢ are defined by
do* =0"0[Q,Y], (3.5)

where Y is a vertical vector field of degree —1 and Ly /C C K. In a similar way, one defines
gauge for gauge symmetries.

4. Two solutions differing by an algebraic gauge equivalence generated by
dogg =0 0K,

where K € K, gh(K) = 0, are considered equivalent.
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Recall that the distributions involved are assumed to be finitely-generated submodules of
vector fields. Let us check that the gauge transformation (3.5) preserves the form of (3.4). To
this end, let us denote by A the subalgebra of functions annihilated by K. Proposition 3.9 then
implies that for any function f € A we have

Ro+5cr(f) :Ra(f)+(dXOU*O[Y7Q] _U*O[KQ]OQ)(JC)
=(dx oo™ oYQ(f) =07 0QoYQ(f)) =0,

where we used Proposition 3.3, equations of motion 3.4, and the fact that Y preserves .
Let us give an important class of examples of weak gPDEs (wgPDEs in what follows).

Example 3.17. Let 7: F — T[1]X, dim X = n, be a Z-graded fiber bundle equipped with
a 2-form w of degree n — 1, a O-form £ of degree n and a degree 1 vector field @) satisfying
Qonm*=7n*odx and

1
dw =0, iqw +dL €I, iiQiQw +QL=0,

where Z is an ideal generated by the differential forms 7*«a with a € F(/\k>O(T [1]X)).* This
data defines the so-called presymplectic BV-AKSZ formulation (also known as a weak presym-
plectic gPDE) [33, 38], which is known to encode the local BV system describing the underlying
gauge theory. As we show below this also defines a wgPDE.
Consider a vertical distribution I on E generated by vertical vector fields K satisfying

igw € T. (36)
Let K1, K3 be vector fields from K and o € Z. Acting on (3.6) with Lie derivative Lg,, we have

Ly,ig,w = Lg,q,

Ky, KW T ix, Lr,w =i, da,

i[K%Kl]w + iKldisz = isza,

i[K%Kl]w =i, da+ iKldo/,
where the sign + depends on the degrees of K1, K. Since o and o’ are 1-forms from the ideal Z,
it follows that i[g, g, )w € Z. Hence, [Ki, K2] € K. Acting on (3.6) with Lg and taking into
account that @) preserves Z, we obtain

i[QyK]w S I,

and hence [@Q, K] € K.
Let us check the condition i[Q’Q]w el

i,Qw = (Lgig —igLg)w = (igd — dig)igw — ig(igd — dig)w
= igdigw — digigw + igdigw = 2ig(digw) + 2d(QL)
= 2ig(igd — Lg)w + 2d(igdL) = —2igLow + 2(igd — Lg)dL
= —2igLgow —2Lg(T — iqw) = 2(Lgig —igLg)w — 2LgT. (3.7)
Combining left- and right-hand sides in (3.7), we get
i[Q,Qw = 2LqgZ,

where 2LoZ belongs to Z and hence i gw € Z. Therefore, the vertical distribution K is
involutive and Q-invariant, and [@, Q] € K so that we have indeed arrived at a weak gPDE.
This gives a variety of examples of wgPDEs describing Lagrangian gauge systems, see [33, 38]
for further details and examples.

“We use I‘(/\k>0(T[1}X )) to denote the algebra of differential form of positive form-degree on graded mani-
fold T[1]X. Locally, this algebra is generated by z¢, ¢, dz®, d6°.
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3.5 Local BV system from wgPDE

Theorem 3.18. Let (E,Q,K,T[1]X) be a weak gPDE such that the prolongation K of K to
vertical jets JiPE is a fibration. Then it induces an equivalent local BV system whose underly-
ing bundle is E/Ko — X, where E is a restriction of JI°E to X C T[1]X and Ko is a restriction
of K to E. In particular, any weak gPDE defines a local BV system, at least locally.

Before giving a proof it is useful to introduce the notion of a weak local BV system.

Definition 3.19. A weak local BV system (J*&, s, N, X) is a graded fiber bundle £ — X
endowed with an involutive, vertical, regular distribution N and a degree 1 evolutionary vector
field s on J*°E, which satisfy the following conditions:

1. The jet-prolongation N of A/ is s-invariant, i.e., LA C N,
2. [s,8] =2s> € N.

One can easily specialise the definition of equations of motion and gauge symmetries to this
setup.
The following proposition explains the relation to local BV systems.

Proposition 3.20. Let (J>&,s,N, X) be a weak local BV system such that N defines a fibra-
tion. Then the quotient E/N is naturally a local BV-system. In particular, any weak local BV
system defines a local BV system, at least locally.

Proof. By assumption A defines a fibration and hence the quotient space £ /N is well defined.
Furthermore, since N is vertical, £/N is naturally a fiber bundle over the same base X.

Let NV C TJ®E denotes a jet-prolongation of A/. Because A is generated by evolutionary
vector field, it is preserved by the vector field of the form tot (h), for all h € X(X) and, in
particular, by total derivatives D, = tot %. It follows that vector field of the form tot (h),
h € X(X), are well defined on the quotient J*°& /N, determining the Cartan distribution therein.
In fact, J°& /N is isomorphic to J*(£/N).

Because BRST differential s preserves NV, it induces a well-defined vector field s’ on J*°(€/N).
Moreover, s> € N implies that s’ is nilpotent while [s, tot h] = 0, for all h € X(X) implies that s’
is evolutionary. Thus we conclude that J*°(£/N) is endowed with the structure of a local BV
system. |

Now we are ready to give a proof of the main Theorem 3.18.

Proof. Given a weak gPDE (E,Q,IC,T[HX), its prolongation (J‘”E,Q,IC,TH]X) is again
aweak gPDE. Here, @, K are prolongations of Q and K respectively. The defining relations (3.16)
of wgPDE imply

K.K]CK, [@.Qlek, ILokck. (3.8)

Moreover, K is vertical.

By definition of prolongation, @ projects to Q@ by J*(E) — E and its vertical part is
evolutionary. It follows @ can be decomposed as Q = D + s, where D = tot (dy) and s is
an evolutionary vector field, see, e.g., [38, 40] for more details. Then, the last two conditions
in (3.8) give us

[s,s] € K,
LpK +L,K €K, VK ¢cK. (3.9)

Since K is the pro_longation of a vertical distribution, D preserves KC and hence for all K € K
one has [D, K] € K. The last equation in (3.9) then implies that K is s-invariant as well.
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The space-time manifold X can be considered as a zero section in T[1]X. The restriction
of J®E to X C T[1]X can be identified with J>E for another bundle E over X (see Section 3.3).
Moreover, Cartan distribution on J*FE is generated by the restrictions to J*E of vector field
of the form tot h, h € X(T[1]X) with h tangent to X C T[1]X. Note also that J*>E is naturally
a submanifold in J*F.

It turns out that J*E is equipped with all the structures of a weak local BV-system. Indeed,
because s is vertical it is automatically tangent to J>° E seen as a submanifold in J> E. Moreover,
its restriction to J>®E is evolutionary therein because s commutes with the vector field of the
form tot h, h € X(T[1]X). Distribution K is also vertical and hence restricts to J°E as well,
giving a regular distribution /Cy generated by evolutionary vector field. Note that Ky is regular
because it originates from the prolongation of K which is quasi-regular by assumption.

Recall, that on J*FE we had s> € K, L,K c K. It follows the same relations hold for
Ko = K| oo (i) and the restrictions of s to J ©E. Furthermore, Ky can be also obtained as follows:
(i) taking the vertical prolongation of K from E to its vertical jets J{°E; (ii) then restricting the
resulting distribution K to E seen as JiPE|x, giving a regular vertical distribution IEO on E; (iii)
taking the prolongation of IEO to JE. In this way, one concludes that Ky is a jet-prolongation to
J®E of the distribution IEO on E. Tt follows (J *F, s, ’Eo, X ), where by some abuse of notations
s also denotes its restriction to J®F, is a weak local BV system. Its construction from the
starting point wgPDE (E, @, IC, T[1]X) is canonical.

Finally, Proposition 3.20 implies that (J ©F, s,Ko, X ) determines a local BV system whose
underlying bundle is E/Kp. |

3.6 Inequivalent solutions

As we have just seen a wgPDE defines a local BV system, at least locally. This gives wgPDEs
the unambiguous field-theoretical interpretation. In particular, solutions of a wgPDE related by
algebraic gauge transformations, as defined in Definition 3.16, correspond to one and the same
solution of the underlying local BV system.

It is desirable to define inequivalent solutions of wgPDESs from the very start without resorting
to algebraic equivalence, at least in the case where K is sufficiently good. To this end, we restrict
ourselves to the case where the regular distribution K (the vertical prolongation of K) defines
a fibration of J{PE. Of course, this is always the case locally, as by assumption K is quasi-regular.

To define inequivalent solutions as subbundles, consider vertical jets of sections (as opposed to
supersections) of £ and denote it by J{ E. Note that Joj E is naturally a subbundle in J{°E and
its restriction to X is nothing but the body of E. The ghost degree zero component of A/ deter-
mines an involutive vertical distribution on J{{ E. We say that a subbundle > C Jp3 E is an inte-
gral subbundle of Ji{, E if its fibres are integral submanifolds of the above distribution on J{, E.

Any section o: T[1]X — FE defines a section of J)QFE via vertical prolongation. It is easy
to check that two solutions are algebraically equivalent if their prolongations to J{, £ belong
to the same integral subbundle of J7)E. In other words, an equivalence class of solutions to
(E,Q,K,T[1]X) is an integral subbundle of J{{ E such that there exists a solution o: T[1]X — E
such that its prolongation to Jyj £ belongs to this integral subbundle.

4 Examples

4.1 Scalar field

We begin with the simplest example of a local theory without gauge freedom, namely, a free
massive scalar field in Minkowski spacetime. In this case the fiber bundle underlying the minimal
wgPDE formulation is E — T[1]X, where X = R!3 is a four-dimensional Minkowski space with
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the metric 74. The fiber is R! x R with coordinates ¢, ¢, of ghost degree zero. The adapted
local coordinates on E are (z%, 6%, ¢, ¢*). The Q-structure is defined by

Q") = 07, Q") =
Q(¢) = 0°¢a, Q(¢“)= 29“925,

where m € R is the mass. Note that Q*(¢*) = —1m?696°¢;, and hence Q is not nilpotent in
general. The generalization to the case of interacting field and curved spacetime is straightfor-
ward.

Let us consider the distribution K generated by

w._, 0 1 .09 K .= 9 KO . 9
Kab = ea@ — Zna(ﬂ a¢c7 : 0 056¢ abc . 9 Gbaqsc (41)
It is easy to verify that
QK =KS,  [QKJ] =m0k, [QKG)] = ~0.K)

as well as Q? = —m20ad>ch(L?. Thus, @ preserves K and all the conditions of Definition 3.16
are fulfilled. Of course, this system is Lagrangian and the above distribution can be defined as
the kernel distribution of the presymplectic structure w = d(eabch“ObHCqbddgb) of the minimal
presymplectic BV-AKSZ formulation of the scalar field.
Let us now define the prolongation of the distribution (4.1) to E. Specializing to the case
at hand the coordinate system on Jp°E introduced in Section 3.3, we arrive at coordinates z¢,
, ¢| gi)‘ on Jy*E such that D( " fga and the projection 7{P: Ji°E — E acts as

(7°)"(¢) = ¢ + 0°Pjq + 79"0"% +-
(T9)"(6") = " +0°¢), + 5 Loveege e T

where gh(gi_>|a1 ak) gh( as.. ak) = —k.
If K denotes the prolongation of K to Jy* F, then the restriction of KtoE C JyPE is denoted
by ICO and is generated by the following vector fields

(177 o 5m) B ) ) )

7 MabPn T TlanC m ~a ~a )

4 o9 In 8(Z)|bc 8¢|bcd 8¢|bcde
0 0 0

8¢|(lb ’ a§b|abc ’ a(rb\abcd '

It is easy to check that the subalgebra of functions on FE, annihilated by IEO is generated by x¢
and

¢a q_sa’ ¢ = ¢ la’ Q_SZ = q_a\aa (42)

giving the field content of the standard BV formulation of the first-order form of the scalar field.

We have seen in Section 3.5 that the BRST differential s of the underlying local BV system
is the vertical part of the prolongation of Q to J®E, restricted to E. In the case at hand, it is
easy to find how s acts on the coordinates (4.2),

s(¢) =0, s(¢°) =0,
s(¢") = Dad® —m?¢,  5(;) = Dad — 1.

This is of course the standard BRST-differential for the BV extension of the first-order formu-
lation of the scalar field.
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4.2 Self-Dual Yang—Mills

Let us take as X the Euclidean space R* with the standard metric d,, and consider a wgPDE
E — T[1]R*, with the fiber being g[1], where g is a real Lie algebra. The local coordinates
on E are (:Ea, 0°, C’A). Instead of C'4, it is convenient to work in terms of g-valued coordinate
function C' = C4t4, where t4 denote a basis in g. The Q-structure is then defined as

QU =0, QUY=0, Q) =—4IC.Cl,

where [-, -] denotes the Lie bracket in g. Note that the above data defines a gPDE which describe
a zero-curvature equation for a g-valued 1-form. In other words, if we take IC = 0, we are dealing
with a topological system.

To describe the self-dual YM which is not topological, we take K to be generated by

0

1
Kab — ‘9&96 ~ _ab gced
A ( + 9 € cd 9CA”

b abmn

where € .5 = 0emOdn€
It is easy to check that

[Q7 K?Xb] - fABCCBKg'b7

where f4p® are the structure constants: [ta,tg] = fap®tc. In this case, @ is nilpotent due to
the graded Jacobi identities. Thus, all axioms of Definition 3.16 are satisfied.

Now let us discuss the BV-system induced by the above wgPDE. Coordinate system on Ji*E
is given by (ac“,@a, C"m), where gh(qalmak) = 1—k, and the projection 77 : Jp°E — E acts in
a standard way as in (3.3).

The distribution g on E C JiP E induced by K is generated by the following vector fields:

0 1 0 ) )
acd, 2" mmach o ach,  aCh.,

where the second and the third groups are the prolongations of GGKIIZ‘C and HBGbeLXd, respectively.
It is easy to check that the subalgebra of functions on E annihilated by Ky is generated by =
and

_ _ _ 1 _
C, A, = C\aa ’F;b_ = C\ab — §6adeC|cd-
The induced BRST differential s acts on (4.2) as follows:

S(f;l;) = *(DaAb - DbAa + [[AaaAb]])_ - [[.7:;1:,6]],
d@:—ﬁaémsM@:%é+Mmﬂ,

where D, is the total derivative on J> (E / I%O). This defines the BRST differential of the local
BV system on J*° (E / ICO). It is easy to see that this is indeed the BRST differential of the
self-dual Yang—Mills theory. Note that the BRST complex for a version of this system was
discussed in [55].

Let us finally comment on the relation between weak gPDEs and the AKSZ sigma models,
where the algebra C*°(T'[1]X) of functions on the source (this is of course just the exterior algebra
of X) is replace by a more general differential graded commutative algebra, for instance, not
freely generated one. Such AKSZ-like formulations were put-forward in [30], see also [22, 23, 42].
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Without trying to be general, let us restrict ourselves to the above example of SDYM. In
this case, it is easy to observe that taking the quotient by X prolonged to the space of super-
sections, simply amounts to keeping only certain components of the differential forms on X.
Because distribution K has the factorized form (there is no mixing between x, § and C’A),
taking the quotient only affects the base space component of the differential forms and the
remaining fields can be understood as those parametrizing supermaps from the certain quotient
of C*°(T'[1]X) to the fibre g[1]. This can be made more precise with the following proposition.

Proposition 4.1. Suppose that (E,Q,T[1]X,K) be a wgPDE of AKSZ type, that is, E =
T[]X x F, Q = dx + q. Moreover, let K be of the factorized form, i.e., generated by vector
fields of the form ha%, where hy € C®(T[1]X) and C4 are local coordinates on F. In
addition, we assume that gh(hy) > 0 so that hy do not restrict the base X. Then the quotient
of Smaps(T[1]X, F') by the prolongation of K is isomorphic (as Q-manifolds) to the space of
super-homomorphisms from C*°(F') to C*(T[1]X)/I(hqa), where I(hy) is the ideal in C*°(T'[1]X)
generated by hy.”

Proof. Because h, do not restrict X it is enough to check the statement at a given point
x € X, i.e., toreplace C>°(T[1]X) with a finite dimensional algebra C*°(7T,[1].X). Without loss of
generality one can assume that e, = ha|7,1x form a basis in I(ha)|7,1)x- Let e; € C°(T;[1]X)
be such that {e;, e} form a basis in C*>°(7;[1]X). Then coordinates of the space of supermaps
can be introduced as

ev” (CA) = e + ey, (4.3)

where ev* is the pullback by the evaluation map ev: Smaps(7,[1]X, F) x T,[1]X — F, see,
e.g., [60] for details on spaces of supermaps and map ev. In these coordinates the prolongation
of Koa = eaacif\ to the space of supermaps reads as

= 0
Kar = giaa-

Functions on the quotient by K are clearly the 1»*“-independent ones and they can be identified
with the functions on the space of superhomomorphsims from C*(F) to C*(T,[1]X)/I(eq).
Furthermore, under this identification the Q-structure induced by dx + g on the space of super-
homomorphisms coincides with the usual wgPDE one on the quotient by the prolonged K is easily
seen by direct computation. Note that dx preserves I(h,) and hence descends to the quotient
because K is by definition Q-invariant and @ is a product @Q-structure, i.e., Q@ =dx +g. |

Applying the above statement to wgPDE describing the self-dual YM equations, we find
that the resulting system is the AKSZ sigma model with the same target and source being
the quotient of T[1]JR* by the ideal generated by §26° + %eabchCGd. This gives a derivation of
the AKSZ formulation of self-dual YM equations in terms of non-freely generated source space
DGCA similar to the initial proposal [30] by K. Costello.

4.3 Finite jets as a weak gPDE

Let £ — X be a fibre bundle. We show that its associated finite jet bundle J*& naturally gives
rise to a weak gPDE (Ek, Q,K,T[1]X ) such that its underlying local BV system is equivalent
to J®E equipped with the trivial BRST differential. In particular, inequivalent solutions of E*
are one-to-one with sections of &.

® Alternatively, one can speak of supermaps from Spec(C*(T[1]X)/I(ha)) to F, where Spec(A) is the “space”
whose algebra of functions is A.
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Although (Ek,Q,IC,T [1]X ) can be defined in a coordinate-free way, we present the con-
struction in local coordinates to simplify the exposition and make it more explicit. Let (z%, u)
be local coordinates on £ such that x® are coordinates on X pulled back to £ and u is a fi-
bre coordinate. By slight abuse of notations, the induced coordinates on J*E are denoted
by (2% U, U, - - - ,Uq,..a, ). The Cartan distribution C on J*& is generated by the following vec-
tor fields:

k—1 9

0 0
D, = — Vel —  — 4.4
a Oza + ; Uab; ...b; 8ub1...bi s aual...ak , ( )

where D, is often refereed to as the truncated total derivative. Note that in contrast to the
Cartan distribution on infinite jet-bundles this one is not involutive, see, e.g., [18].

Now we turn to the construction of the associated wgPDE. First we take E™ — T[1]X,
m < k to be the pullback of J™E by the projection p: T[1]X — X. The natural coordinates on
the total space of E™ — T[1]X are then (2%, 6% u,ug, ..., Uq,. a,, ). Note that there are natural
projections E™ — E™~! induced by the canonical projections J™E — J™1E. The algebra
C*> (Ek) of functions on E* has the following natural filtration:

Fo=C®(E)CFLC CFpo1 C Fp=C®(EY),

where F,, is the subalgebra of functions pulled back from E™, i.e., functions depending on jets
of order not higher than m. The following derivation Q: Fr_1 — Fy is well defined:

Q = Qasz

where D, is the truncated total derivative from (4.4). This can be easily checked by performing

the coordinate change on £ and the associated coordinate change on E*. Note that the above Q

can be formally applied to functions from F; but the result is coordinate-dependent.
Furthermore, on E* one can define the distribution K generated by the following vector fields:

0

aual...am

b1 ... b ) r+m=k+1, r>1, m=>0. (4.5)
Note that these vector fields clearly vanish for r > n = dim(X) and m <k —n+1 and m > k.
Note that although generators (4.5) are generally coordinate-dependent the distribution itself is
well defined.

Although @ is not invariantly defined on Fj, = C™® (Ek), in each coordinate patch it defines
a unique equivalence class of locally-defined vector fields modulo X and the equivalence classes
agree on the overlap of patches. In this sense the equivalence class of () is well-defined globally.
Modulo this subtlety (Ek, Q, K, T[l]X) is a weak gPDE. Indeed, it is easy to check that all the
axioms are satisfied: K is Q-invariant and Q? € K.

Let us see what systems does the constructed wgPDE determine. To this end we construct
its associated local BV system. According to the Theorem 3.18, the fiber-bundle underlying the
local BV system is the quotient of E by the distribution ICO which is the restriction to £ C JPE
of the prolongation of K to J{PE. In our case, this distribution is generated by the following
vector fields:

0

S E— m+r=>k+1, 4.6
8ua1...am|b1...b ( )

where U, 4. [p;..5, denote the fibre coordinates on E induced by ug,. 4, , see Section 3.3. It fol-
lows that the subalgebra of functions in the kernel of Ko is generated by z% and
7jal...am|b1‘..br7 m+r<k

In other words, all the coordinates with the total number of indices < k are in the kernel of (4.6).
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Now we turn to the BRST differential induced by @ on J* (E/I%O) It has the follow-
ing structure (see, e.g., [10, 40]): s = d' — o) where df' arises from a vertical part of
the prolongation of dy = 02 5pa and ol originates from the prolongation of the vector field
c=Q —dx = 0“( o (%a) Of course, the decomposition of () into dx and o is not invariant
and hence depends on the trivialisation and is defined only locally. Working locally and using
our adapted coordinate system, one observes that ¢ is a vertical vector field on E and hence its
prolongation to Jy°E is well defined. Restricting the prolongation to E, one gets a vector field
on E, which preserves ICO and hence defines a vector field 5y on E /ICO Explicitly, the action
of & on coordinates on E/ Ko is given by

~ _ r_
Uoual..,am|b1,,_bT = (_1) ua1...am[b1\b2...br]a m+r< k.

For instance, coti|, = —Ug|, 00ljqy = 1(ua|b — Up|q)-

Now we are ready to show that the local BV system (J°° (E/ICO) df — ot X) is equivalent
to J*°E equipped with the trivial BRST differential. To this end, we introduce the auxiliary
degree deg in C*° (Ek) according to deg(a,..a,,) = m. Then it is easy to check that deg of =1
while deg (dF ) = 0. It follows that if w®, v® are coordinates on F /Ko such that cpw® = v these
coordinates give rise to generalised auxiliary fields of the local BV system. Indeed, the equation
sw® = 0 can be uniquely solved with respect to v and hence the system can be equivalently
reduced to the subbundle of J*° (E / IEO) singled out by the prolongations of w® = 0, sw® = 0.
Moreover, the resulting subbundle is again a jet bundle. See [11, 40] for more details on the
equivalent reductions.

In the case at hand, it is easy to see that all the coordinates g, . q,,[,..5, save for @ can be
split into two subsets w® and v® such that cow® = v®. To see this, one can package @
into the generating function

al...am‘bl...br

1
U= Y ™y 0, by, = v 0 ), (4.7)

where y?, gh(y®) = 0 are commuting variables and £%, gh(£%) = 0 are anti-commuting variables.
Then one observes that ogU = £* 82a U. Thanks to the Poincaré lemma, £ 82a does not have
cohomology in the space of polynomials in y%, £* except for constants. The same is true for
polynomials of total order not higher than k. It follows, there exist homogeneous monomi-
als fa, go in y, & such that together with 1, they form a basis in the space of polynomials in y,
& and 5“% fa = Ga, §“ =1 =0. We then have the following decomposition of (4.7):

U=1u+ fov" + gaw®,

and thus, coordinates g, . 4,,(p;..b, With m+r > 0 can be replaced with coordinates v, w® such
that oqw® = v°.

Finally, the elimination of w®, v® leaves us with just coordinates u, i.e., the fibre bundle
underlying the reduced local BV system is the starting point £. It is clear that the reduced BRST
differential vanishes simply by the degree reasoning. Of course, this can also be checked directly.

5 Conclusions

As a concluding remark, let us discuss how weak gauge PDEs arise from genuine gauge PDEs
because this creates an interesting approach to characterise those gauge PDESs that correspond to
local gauge theories. More precisely, let (E, @, T[1]X) be a gPDE equipped with an involutive Q-
invariant quasi-regular distribution K so that (F, @, C, T[1]X) can be also considered as a weak
gPDE. This means that (E,Q, K, T[1]X) gives rise to two apparently different gauge systems:
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(i) the one encoded in (E,Q,T[1]X) seen as a gPDE; (ii) the one encoded in (E, @, C,T[1]X)
seen as a wgPDE. In particular, the difference between the two is that section o: T[1]X — E
is a solution to the gPDE if dx o 0 — 6™ o Q = 0 while the condition to be a solution to the
wgPDE is much weaker: dx oo™ —o* o0 @) € ¢* o K. However, solutions to the wgPDE related by
algebraic gauge transformations generated by K are to be considered equivalent so that solutions
to the gPDE can be one to one with equivalence classes of solutions to the wgPDE. We say
that K is complete if the local BV systems determined by (F,Q,T[1]X) and (E,Q, K, T[1]X)
are equivalent. A variety of examples of complete K arise as kernel distributions of complete
presymplectic structures on gPDEs describing Lagrangian systems, see [32, 33, 37, 41].

If the underlying system is local, the corank of I (or better the corank of the prolongation
of £ to J{°E as only this prolongation is assumed regular) is finite-dimensional. Of course,
if the number of dependent variables of the underlying PDE is infinite, one needs to replace
this with the appropriately modified requirement (e.g., being locally finite dimensional). In the
case where KC arises from a presymplectic structure, as in Example 3.17, or from a projector, as
in Example 3.5, the condition is that the rank of the presymplectic structure or the projector
prolonged to JiPE is finite.

This observation gives a way to characterise those gauge PDEs that describe genuine local
theories as those admitting complete distributions C of finite-dimensional corank. The problem
of characterising gPDEs describing local systems is well known, for instance, in the context of
higher spin gauge theories on AdS space [70, 71], in which case the theory is usually defined
from the outset in terms of a free differential algebra which is a particular example of gPDE,
see, e.g., [24, 31, 34, 67].

A Notations and conventions

Let M be a graded manifold and C*°(M) denote its algebra of functions. A Z-grading on M
corresponds to the ghost degree that appears in the text. The Grassmann parity is denoted
by |A| and is given by |A| = gh(A) mod 2 if no physical fermions are present. We use the Koszul
sign convention, i.e., for all f,g € C®(M) f-g = (—D)ll9lg. £ Let X(M) denote the space
of vector fields on M. Vector fields on M act as left derivations, i.e., for all V€ X(M) and
f.g € C®(M), the graded Leibniz rule holds V(fg) = V(f)g + (=1)VIFI £V (g).

The de Rham differential d and the interior product iy can both be seen as vector field on
the shifted tangent bundle T[1]M. Let (¢, dyp?) be local coordinates on T[1]M, where 14 are
base coordinates and dy? are fibre ones, |di?| = [¢p4| + 1, then d and iy are given by

4 Of of

df =dpiz s wdf=V()=Vi)g g

The components of a differential n-form « are introduced as

1
o= —dpttdytrag, a, (¥).
The Lie derivative is defined by the graded version of Cartan’s magic formula
Ly = [iv,d] = iyd + (—1)VIdiy.

Since |d| = 1 and |iy| = |V| — 1, the Lie derivative is of degree |V|. The following formula is
useful for us:

VI(IW|=1);

iy,w) = [Lv,iw] = Lyiw — (1) iw Ly,

where V, W € X(M).
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